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HQWLVWV� HQJLQHHUV� DQG UHVHDUFKHUV KDV EHFRPH FRPPRQSODFH� 0DWKHPDWLFDO PRGHOV DUH XVHG IRU

DQDO\VLV� GHVLJQ� DQG WR SUHGLFW WKH EHKDYLRU RI FRPSOH[
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7KHVH FRPPRQ IHDWXUHV SURYLGH D XQLI\LQJ IUDPHZRUN ZKLFK HQDEOHV WKH V\VWHPDWLF DQG XQLIRUP

WUHDWPHQW RI GLYHUVH VXEMHFW PDWWHU ZKLFK PD\ DSSHDU XQUHODWHG �VHH DERYH OLVW�� 0RUH VSHFLnFDOO\�

WKH\ PRWLYDWH WKH FRQFHSW RI D G\QDPLFDO V\VWHP RU V\VWHP � D FRQFHSW ZKLFK ZDV GHYHORSHG WR

UHIHU WR WKH LPSOLFLW FDXVH�HmHFW UHODWLRQVKLS EHWZHHQ LQSXW YDULDEOHV LQWHUQDO YDULDEOHV� DQG RXWSXW

YDULDEOHV�

7KH FRQFHSW RI D V\VWHP JHQHUDOL]HV WKH VLPSOH QRWLRQ RI D IXQFWLRQ WR G\QDPLFDO VHWWLQJV� 7R

XQGHUVWDQG WKLV� LW LV XVHIXO WR UHFDOO WKH GHnQLWLRQ RI D IXQFWLRQ�

q /HW 8 DQG < GHQRWH WZR QRQHPSW\ VHWV� $ IXQFWLRQ 7 �c� IURP 8 WR < LV D UXOH RI FRUUHVSRQ�

GHQFH WKDW DVVLJQV H[DFWO\ RQH HOHPHQW RI < WR HDFK HOHPHQW RI 8 � 7KH nUVW VHW 8 LV FDOOHG

WKH GRPDLQ RI 7 �c�� 7KH VHFRQG VHW < LV FDOOHG WKH FR�GRPDLQ RI 7 �c��

)RU V\VWHPV� WKH ?V\VWHP� UHSUHVHQWV WKH ?IXQFWLRQ� DQG WKH QDWXUDO HOHPHQWV RI WKH ?IXQFWLRQ

GRPDLQ� 8 DQG ?FR�GRPDLQ� < DUH WKHPVHOYHV IXQFWLRQV >��@�
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��� /LQHDU 6\VWHPV� $ *RRG 7RRO )RU $SSUR[LPDWLRQ

/LQHDU G\QDPLFDO V\VWHPV RU OLQHDU V\VWHPV UHSUHVHQW D YHU\ ODUJH FODVV RI V\VWHPV� RU PDWKHPDWLFDO

PRGHOV� ZKLFK DUH XVHG WR GHVFULEH� PRGHO� VLPXODWH� HPXODWH� RU DSSUR[LPDWH V\VWHPV H[KLELWLQJ

?OLQHDU EHKDYLRU�� 5HFDOO WKDW D OLQHDU UHODWLRQVKLS 7 �c� LV RQH ZKLFK VDWLVnHV WKH IROORZLQJ SURSHUW\

7 �D�X� � D�X��  D�7 �X�� � D�7 �X�� �����

IRU DOO VFDODUV D�� D� DQG DOO ?LQSXW HOHPHQWV� X�� X� ZLWKLQ WKH GRPDLQ RI 7 �c��

/LQHDU V\VWHPV DUH XVHG LQ DOO nHOGV RI VFLHQFH DQG HQJLQHHULQJ �H�J� URERWLFV� VHPLFRQGXFWRU

PDQXIDFWXULQJ� PLVVLOH QDYLJDWLRQ� JXLGDQFH DQG FRQWURO� HFRQRPLFV� HWF��� :KLOH WKH XVH RI VXFK

PRGHOV LV ZLGHVSUHDG� LW LV LPSRUWDQW WR QRWH WKDW WKH\ DUH W\SLFDOO\ XVHG DV DSSUR[LPDWLRQV WR

PRUH FRPSOH[ QRQOLQHDU V\VWHPV RU PRGHOV� $V VXFK� XVHUV RI V\VWHP PRGHOV� DQG HVSHFLDOO\ OLQHDU

PRGHOV� PXVW NHHS LQ PLQG WKH IROORZLQJ FRPSHOOLQJ WUXWK� ?PDWKHPDWLFDO PRGHOV KDYH OLPLWDWLRQV�

VWXSLGLW\ GRHV QRW�� 7KH SRLQW KHUH� LV WKDW LW LV YHU\ LPSRUWDQW WR XQGHUVWDQG KRZ ZHOO RU SRRUO\

D PDWKHPDWLFDO PRGHO DSSUR[LPDWHV WKH EHKDYLRU RI D V\VWHP�

&RQQHFWLRQ :LWK 0DWKHPDWLFDO 2EMHFWV� 0RUH SUHFLVHO\� WKH WHUP OLQHDU V\VWHP LV JHQHUDOO\ XVHG WR

UHIHU WR V\VWHPV ZKRVH LQSXWV� RXWSXWV� DQG LQWHUQDO YDULDEOHV �H�J� VWDWH YDULDEOHV� DUH UHODWHG E\

�� OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV� OLQHDU DOJHEUDLF DQG LQWHJUDO UHODWLRQVKLSV� DQG OLQHDU

SDUWLDO GLmHUHQWLDO HTXDWLRQV� DQG�RU

�� OLQHDU RUGLQDU\ GLmHUHQFH HTXDWLRQV� OLQHDU DOJHEUDLF DQG VHULHV UHODWLRQVKLSV� DQG OLQHDU SDUWLDO

GLmHUHQFH HTXDWLRQV�

��� 6\VWHP 7\SHV

&RQWLQXRXV 7LPH 6\VWHPV� 6\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV� OLQHDU DOJH�

EUDLF DQG LQWHJUDO UHODWLRQVKLSV� DQG OLQHDU SDUWLDO GLmHUHQWLDO HTXDWLRQV� DUH UHIHUUHG WR DV FRQWLQX�

RXV WLPH V\VWHPV VLQFH WKH\ GHSHQG RQ D FRQWLQXRXV �UHDO YDOXHG� LQGHSHQGHQW YDULDEOH W � XVXDOO\
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UHSUHVHQWLQJ WLPH >��@� >��@�

'LVFUHWH 7LPH 6\VWHPV� 6\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQFH HTXDWLRQV� OLQHDU DOJHEUDLF

DQG VHULHV UHODWLRQVKLSV� DQG OLQHDU SDUWLDO GLmHUHQFH HTXDWLRQV� DUH UHIHUUHG WR DV GLVFUHWH WLPH V\V�

WHPV VLQFH WKH\ GHSHQG RQ D GLVFUHWH �LQWHJHU YDOXHG� LQGHSHQGHQW YDULDEOH Q � XVXDOO\ UHSUHVHQWLQJ

GLVFUHWH WLPH >��@� >��@� >��@�

6DPSOHG�'DWD 6\VWHPV� 6\VWHPV GHVFULEHG E\ ERWK GLmHUHQWLDO DQG GLmHUHQFH HTXDWLRQV DUH UHIHUUHG

WR DV VDPSOHG�GDWD V\VWHPV >�@� >��@�

*HQHUDO 2XWOLQH� ,Q ZKDW IROORZV� WKH LQLWLDO IRFXV ZLOO EH SODFHG RQ FRQWLQXRXV WLPH V\VWHPV

GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV >��@� 7KH GHYHORSPHQW

ZLOO WKHQ VKLIW WR GLVFUHWH WLPH V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQFH HTXDWLRQV ZLWK

FRQVWDQW FRHpFLHQWV�

%HIRUH GHYHORSLQJ PDWKHPDWLFDO PRGHOV IRU FRQWLQXRXV WLPH V\VWHPV� LW LV HVVHQWLDO WR GHYHORS

PDWKHPDWLFDO PRGHOV IRU W\SLFDOO\ HQFRXQWHUHG FRQWLQXRXV WLPH WHVW VLJQDOV �IXQFWLRQV��



&KDSWHU �

0DWKHPDWLFDO 3UHOLPLQDULHV

��� &RPSOH[ 1XPEHUV $QG &RPSOH[ $ULWKPHWLF

&RPSOH[ QXPEHUV DUH SDUWLFXODUO\ LPSRUWDQW LQ WKH VWXG\ RI OLQHDU G\QDPLFDO V\VWHPV� 7KHLU

PDLQ XWLOLW\ OLHV LQ WKH IDFW WKDW WKH\ SHUPLW HQJLQHHUV WR UHSUHVHQW VLQXVRLGDO DQG H[SRQHQWLDO

VLQXVRLGDO IXQFWLRQV E\ FRPSOH[ H[SRQHQWLDOV� *LYHQ WKLV� FRPSOH[ H[SRQHQWLDOV JUHDWO\ IDFLOLWDWH

WKH VWXG\ RI OLQHDU V\VWHPV� 0RUHRYHU� WKHLU XVH OHDGV QDWXUDOO\ WR QHZ SRZHUIXO V\VWHP FRQFHSWV

�H�J� IUHTXHQF\ UHVSRQVH RI D V\VWHP� HWF��� $V VXFK� FRPSOH[ QXPEHUV DUH LQGLVSHQVDEOH LQ WKH

VWXG\ RI G\QDPLFDO V\VWHPV�

0RWLYDWLRQ� 7KH 1HHG )RU &RPSOH[ 1XPEHUV� %HFDXVH HTXDWLRQV RI WKH IRUP

]�  b� �����

ZHUH IRXQG WR EH SUHVHQW HYHU\ZKHUH LQ VFLHQFH DQG HQJLQHHULQJ� LW EHFDPH HVVHQWLDO WR LQYHQW FRP�

SOH[ QXPEHUV� �1HFHVVLW\ LV WKH PRWKHU RI LQYHQWLRQ��

'HnQLWLRQ ����� 'HnQLWLRQ� &RPSOH[ 1XPEHUV�

$ FRPSOH[ QXPEHU ] LV DQ RUGHUHG SDLU RI UHDO QXPEHUV [ DQG \� 7KH FRPSOH[ QXPEHU ] LV GHQRWHG

]
GHI
 �[� \�� 7KH UHDO QXPEHU [ LV FDOOHG WKH UHDO SDUW RI WKH FRPSOH[ QXPEHU ]  �[� \�� 7KH UHDO

QXPEHU \ LV FDOOHG WKH LPDJLQDU\ SDUW RI WKH FRPSOH[ QXPEHU ]  �[� \�� ,I [  �� ZH VD\ WKDW WKH

��
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FRPSOH[ QXPEHU ]  ��� \� LV SXUHO\ LPDJLQDU\� ,I \  �� ZH VD\ WKDW WKH FRPSOH[ QXPEHU ]  �[� ��

LV UHDO� 7KH VHW RI DOO FRPSOH[ QXPEHUV LV GHQRWHG &�

(TXDOLW\ RI &RPSOH[ 1XPEHUV� 7ZR FRPSOH[ QXPEHUV ]�  �[�� \�� DQG ]�  �[�� \�� DUH HTXDO LI

DQG RQO\ LI WKHLU UHDO SDUWV DUH HTXDO DQG WKHLU LPDJLQDU\ SDUWV DUH HTXDO� L�H�

]�  ]� LI DQG RQO\ LI [�  [� DQG \�  \�� �����

$GGLWLRQ RI &RPSOH[ 1XPEHUV� 7KH VXP RI WZR FRPSOH[ QXPEHUV ]�  �[�� \�� DQG ]�  �[�� \��

LV GHQRWHG ]� � ]� DQG GHnQHG DV IROORZV�

]� � ]�
GHI
 � [� � [�� \� � \� �� �����

7KDW LV� WKH VXP LV REWDLQHG E\ DGGLQJ WKH UHDO SDUWV DQG E\ DGGLQJ WKH LPDJLQDU\ SDUWV WR JHW WKH

QHZ UHDO DQG LPDJLQDU\ SDUWV� UHVSHFWLYHO\� 7KLV GHnQLWLRQ LPSOLHV WKDW FRPSOH[ QXPEHUV DGG OLNH

YHFWRUV� $Q LQWXLWLYH JHRPHWULF LQWHUSUHWDWLRQ LV WKXV SRVVLEOH�

0XOWLSOLFDWLRQ RI &RPSOH[ 1XPEHUV� 7KH SURGXFW RI WZR FRPSOH[ QXPEHUV ]�  �[�� \�� DQG ]�  

�[�� \�� LV GHQRWHG ]�]� DQG GHnQHG DV IROORZV�

]�]�
GHI
 � [�[� b \�\�� [�\� � [�\� �� �����

:KLOH WKLV GHnQLWLRQ LV HDV\ WR XVH� LW LV UDWKHU VWUDQJH DQG DUJXDEO\ XQPRWLYDWHG� $Q LQWXLWLYH

�JHRPHWULF� LQWHUSUHWDWLRQ IRU FRPSOH[ PXOWLSOLFDWLRQ ZLOO EH JLYHQ EHORZ�

&RPPXWDWLYH� $VVRFLDWLYH� DQG 'LVWULEXWLYH 3URSHUWLHV� ,W FDQ EH VKRZQ WKDW WKH DGGLWLRQ DQG

PXOWLSOLFDWLRQ RI FRPSOH[ QXPEHUV DUH FRPPXWDWLYH� DVVRFLDWLYH� DQG GLVWULEXWLYH RSHUDWLRQV� 7KDW

LV� IRU DQ\ FRPSOH[ QXPEHUV ]�� ]�� DQG ]�� WKH IROORZLQJ UHODWLRQVKLSV KROG�

]� � ]�  ]� � ]� ]�]�  ]�]�
�]� � ]�� � ]�  ]� � �]� � ]�� �]�]��]�  ]��]�]��
]��]� � ]��  ]�]� � ]�]� �]� � ]��]�  ]�]� � ]�]��

�����
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0RVW RI XV WDNH WKHVH SURSHUWLHV IRU JUDQWHG ZKHQ ZRUNLQJ ZLWK UHDO QXPEHUV� ,W LV YHU\ FRPIRUWLQJ

WKDW WKH\ KROG IRU FRPSOH[ QXPEHUV DV ZHOO�

7KH 6\PERO M� *LYHQ WKH DERYH GHnQLWLRQ IRU FRPSOH[ PXOWLSOLFDWLRQ� LW IROORZV WKDW ��� ����� ��  

�b�� ��  b� DQG ���b�����b��  ��� ����� ��  �b�� ��  b�� )URP WKLV� LW IROORZV WKDW ]  ��� ��

DQG ]  ���b��  b��� �� DUH HDFK VROXWLRQV WR WKH TXDGUDWLF HTXDWLRQ ]�  b�� %HFDXVH RI WKLV�

ZH DVVLJQ WKH VSHFLDO V\PERO M WR ��� ��� L�H�

M
GHI
 ��� ��� �����

%HFDXVH M�  b�� LW IROORZV WKDW M  Sb�� ,W VKRXOG EH QRWHG WKDW ZKLOH WKH V\PERO M LV ZLGHO\

XVHG ZLWKLQ WKH HQJLQHHULQJ FRPPXQLW\� WKH V\PERO L LV VWLOO WKH SUHIHUUHG V\PERO ZLWKLQ WKH PDWK�

HPDWLFV FRPPXQLW\ >�@� >�@� >��@� 7KH V\PERO L LV XVHG WR UHSUHVHQW HOHFWULFDO FXUUHQW ZLWKLQ WKH

HQJLQHHULQJ FRPPXQLW\ >��@�

5HFWDQJXODU 5HSUHVHQWDWLRQ� :LWK WKH DERYH ?M�QRWDWLRQ� LQ SODFH� LW IROORZV WKDW

�[� \�  �[� �� � ��� \� �����

 �[� �� � ��� ���\� �� �����

 �[� �� � M�\� �� �����

 [� M\ ������

7KLV SURYLGHV PRWLYDWLRQ IRU WKH ZLGHO\ XVHG QRWDWLRQ

]  [� M\ ������

ZKLFK ZH DGRSW KHUHDIWHU� 7KLV UHSUHVHQWDWLRQ IRU ] LV FRPPRQO\ UHIHUUHG WR DV WKH UHFWDQJXODU

UHSUHVHQWDWLRQ IRU ]� *LYHQ WKLV� WKH FRPSOH[ QXPEHU ]  [ � M\ FDQ EH YLVXDOL]HG DV LQGLFDWHG

LQ )LJXUH ���� 7KH LGHD RI UHSUHVHQWLQJ FRPSOH[ QXPEHUV E\ SRLQWV �YHFWRUV� LQ WKH SODQH ZDV
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IRUPXODWHG E\ *DXVV LQ KLV ���� GLVVHUWDWLRQ DQG� LQGHSHQGHQWO\� E\ $UJDQG LQ ���� >�� SJ� ��@�

)LJXUH ��� LV VRPHWLPHV UHIHUUHG WR DV DQ $UJDQG GLDJUDP�

&RPSOH[ ]�3ODQH

�'UDZQ IRU [� \ ! ��

5HDO $[LV

� ,PDJLQDU\ $[LV

E
E
E
E
EU

]  [� M\q

M
[

b\

)LJXUH ���� 9LVXDOL]LQJ D &RPSOH[ 1XPEHU ] ,Q 7KH &RPSOH[ ]�3ODQH

:LWK WKH DERYH QRWDWLRQ� HTXDWLRQV ����� DQG ����� EHFRPH

]� � ]�
GHI
 >[� � [�@ � M >\� � \�@ ������

]�]�
GHI
 >[�[� b \�\�@ � M >[�\� � [�\�@ � ������

,Q RUGHU WR SURSHUO\ GHnQH FRPSOH[ GLYLVLRQ� LW LV XVHIXO WR LQWURGXFH QHZ WHUPV�

&RQMXJDWH RI D &RPSOH[ 1XPEHU� 7KH FRQMXJDWH RI D FRPSOH[ QXPEHU ]  [� M\ LV GHQRWHG ] DQG

GHnQHG DV IROORZV�

]
GHI
 [b M\� ������

7KH FRQMXJDWH ] RI WKH FRPSOH[ QXPEHU ]  [�M\ PD\ YLVXDOL]HG DV VKRZQ LI )LJXUH ���� 0RUHRYHU�

LW FDQ EH VKRZQ WKDW

]  ]� ������
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&RPSOH[ ]�3ODQH

�'UDZQ IRU [� \ ! ��

5HDO $[LV

�,PDJLQDU\ $[LV

E
E
E
E
EUM]M

E
EU

E
EL
��

�� ]  [� M\q

�
�
�
�
�(

]  [b M\
q

M
[

b\

)LJXUH ���� 9LVXDOL]LQJ 7KH &RQMXJDWH ] 2I $ &RPSOH[ 1XPEHU ] ,Q 7KH &RPSOH[ ]�3ODQH

0DJQLWXGH RI D &RPSOH[ 1XPEHU� 7KH PDJQLWXGH RI D FRPSOH[ QXPEHU ]  [� M\ LV GHQRWHG M]M

DQG GHnQHG DV IROORZV�

M]M GHI 
T
[� � \�� ������

7KH PDJQLWXGH M]M FDQ EH YLVXDOL]HG DV VKRZQ LQ )LJXUH ���� )URP WKH nJXUH� DQG WKH 3\WKDJRUHDQ

WKHRUHP� LW IROORZV WKDW M]M LV SUHFLVHO\ WKH OHQJWK RI WKH YHFWRU XVHG LQ UHSUHVHQWLQJ ]� ,W LV XVHIXO

WR QRWH WKDW

M]M  S
] ] ������

'LYLVLRQ� *LYHQ WKH DERYH� WKH GLYLVLRQ RI WZR FRPSOH[ QXPEHUV ]�  [� � M\� DQG ]�  [� � M\�

�]� � �� LV GHnQHG LQ WHUPV RI WKH UDWLR

]�
]�
 

]�
]�

]�
]�
 
�[� � M\���[� b M\��

�[� � M\���[� b M\��
������

DV IROORZV

]�
]�

GHI
 

�
[�[� � \�\�
[�� � \��

w
� M

�
\�[� b [�\�
[�� � \��

w
� ������
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$V ZLWK FRPSOH[ PXOWLSOLFDWLRQ� DQ LQWXLWLYH �JHRPHULF� LQWHUSUHWDWLRQ IRU FRPSOH[ GLYLVRQ ZLOO EH

JLYHQ EHORZ�

7KH UHFWDQJXODU UHSUHVHQWDWLRQ IRU FRPSOH[ QXPEHUV LV PRVW XVHIXO IRU FDUU\LQJ RXW DQG YLVX�

DOL]LQJ WKH DGGLWLRQ DQG VXEWUDFWLRQ RI FRPSOH[ QXPEHUV� 5HFWDQJXODU UHSUHVHQWDWLRQV� KRZHYHU�

DUH QRW YHU\ LQWXLWLYH ZKHQ LW FRPHV WR FDUU\LQJ RXW DQG YLVXDOL]LQJ FRPSOH[ PXOWLSOLFDWLRQ DQG

GLYLVLRQ� 7R REWDLQ QLFHU IRUPXODH � ZLWK XVHIXO JHRPHWULF LQWHUSUHWDWLRQ� ZH QHHG WR PRWLYDWH

DQ DOWHUQDWLYH UHSUHVHQWDWLRQ IRU FRPSOH[ QXPEHUV� 5HFDOOLQJ WKDW UHDO H[SRQHQWLDOV VDWLVI\ YHU\

QLFH UHODWLRQVKLSV IRU PXOWLSOLFDWLRQ DQG GLYLVRQ� ZH DUH OHG QDWXUDOO\ WR SRODU UHSUHVHQWDWLRQV DQG

FRPSOH[ H[SRQHQWLDOV� 7R SURSHUO\ LQWURGXFH WKHVH LGHDV� ZH UHTXLUH D QHZ WHUP � WKH DQJOH RI D

FRPSOH[ QXPEHU�

$QJOH 2I $ &RPSOH[ 1XPEHU� &RQVLGHU WKH FRPSOH[ QXPEHU ]  [� M\ VKRZQ LQ )LJXUH ���� 7KH

DQJOH RI WKH FRPSOH[ QXPEHU ] LV GHnQHG DV IROORZV�

�]
GHI
 

�!!!!�
!!!!�

WDQb� \
[ [ ! �� \ ! �

���b WDQb� \
M[M [ � �� \ ! �

b��� � WDQb� M\MM[M [ � �� \ � �

b WDQb� M\M[ [ ! �� \ � �

������

(QJLQHHUV RIWHQ XVH WKH ZRUG SKDVH LQVWHDG RI DQJOH� )URP )LJXUH ���� LW IROORZV WKDW WKH UHDO DQG

LPDJLQDU\ SDUWV RI D FRPSOH[ QXPEHU ] PD\ EH UHDGLO\ FRPSXWHG IURP WKH PDJQLWXGH DQG DQJOH

RI ] DV IROORZV�

5HI]J  M]M FRV�] ������

,PI]J  M]M VLQ�]� ������

7KLV PRWLYDWHV WKH DOWHUQDWLYH UHSUHVHQWDWLRQ WKDW ZH VHHN IRU FRPSOH[ QXPEHUV � WKH VR�FDOOHG

SRODU RU H[SRQHQWLDO UHSUHVHQWDWLRQ�
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&RPSOH[ ]�3ODQH

�'UDZQ IRU [� \ ! ��

5H

�,P

E
E
E
E
EUM]M

]  [� M\  M]MHM�]q

�
�
�
�
�(

]  [b M\  M]MHbM�]q
M]M

M
[  M]M FRV�]

�]

�
b\  M]M VLQ�]

b�]

)LJXUH ���� 9LVXDOL]LQJ 7KH 3RODU )RUP 2I $ &RPSOH[ 1XPEHU

3RODU �([SRQHQWLDO� 5HSUHVHQWDWLRQ� )URP WKH DERYH GLVFXVVLRQ� LW IROORZV WKDW

]  M]MHM�] ������

ZKHUH

HM
�] GHI FRV�] � M VLQ�]� ������

(TXDWLRQ ������ GHnQHV WKH WKH SRODU RU H[SRQHQWLDO UHSUHVHQWDWLRQ IRU WKH FRPSOH[ QXPEHU ]�

3RODU 5HSUHVHQWDWLRQ 3URSHUWLHV� *HRPHWULF ,QWHUSUHWDWLRQV )RU 0XOWLSOLFDWLRQ $QG 'LYLVLRQ� 7KH

SRODU UHSUHVHQWDWLRQ RI D FRPSOH[ QXPEHU RmHUV YHU\ QLFH SURSHUWLHV ZKHQ LW FRPHV WR FRPSOH[

PXOWLSOLFDWLRQ DQG GLYLVLRQ� ,I ]�  M]�MH�]� DQG ]�  M]�MH�]� � WKHQ LW FDQ EH VKRZQ WKDW

]�]�  M]�MM]�M HM��]���]�� ������

]�
]�

 
M]�M
M]�M H

M��]�b�]��� ������

8QOLNH WKHLU UHFWDQJXODU FRXQWHUSDUWV �FI� HTXDWLRQV ������� �������� WKHVH SURSHUWLHV DUH YHU\ XVH�

IXO DQG DUH UHDGLO\ YLVXDOL]HG JHRPHWULFDOO\� (TXDWLRQ ������ VKRZV WKDW WKH PXOWLSOLFDWLRQ RI WZR

FRPSOH[ QXPEHUV LQYROYHV WKH PXOWLSOLFDWLRQ RI WKHLU PDJQLWXGHV DQG WKH DGGLWLRQ RI WKHLU DQJOHV�
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(TXDWLRQ ������ VKRZV WKDW WKH GLYLVLRQ RI WZR FRPSOH[ QXPEHUV LQYROYHV WKH GLYLVLRQ RI WKHLU PDJ�

QLWXGHV DQG WKH VXEWUDFWLRQ RI WKHLU DQJOHV�

(XOHU ,GHQWLWLHV� )URP WKH DERYH GLVFXVVLRQ DQG )LJXUH ���� RQH REWDLQV WKH IROORZLQJ (XOHU LGHQ�

WLWLHV�

] � ]  �5HI]J  �M]M FRV�] ������

] b ]  M�,PI]J  �M]M VLQ�]� ������

7KHVH LGHQWLWLHV DUH H[WHQVLYHO\ XVHG LQ VFLHQFH DQG HQJLQHHULQJ�

&RPSOH[ 3ODQH
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] b x]  M�,P]
 M�M]M VLQ�]

)LJXUH ���� 9LVXDOL]LQJ (XOHU
V ,GHQWLWLHV

&RPSOH[ ([SRQHQWLDO� 3HULRGLFLW\� -XVW DV WKH SRODU UHSUHVHQWDWLRQ RI D FRPSOH[ QXPEHU ZDV

PRWLYDWHG E\ WKH QLFH PXOWLSOLFDWLRQ DQG GLYLVLRQ SURSHUWLHV WKDW H[SRQHQWLDOV RmHU� WKHVH LGHDV

PRWLYDWH WKH GHnQLWLRQ IRU WKH FRPSOH[ H[SRQHQWLDO H] RI D FRPSOH[ QXPEHU ]  [� M\�

H]
GHI
 H[HM\ ������

)URP HTXDWLRQ ������� LW WKHQ IROORZV WKDW

H]  H[HM\  H[ FRV \ � MH[ VLQ \� ������
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)URP WKLV� LW IROORZV WKDW WKH PDJQLWXGH RI H] LV JLYHQ E\

MH]M  H[ ������

DQG WKH DQJOH H] LV JLYHQ E\

�H]  \� ������

,W LV YHU\ LPSRUWDQW WR QRWH WKDW WKH FRPSOH[ H[SRQHQWLDO LV SHULRGLF LQ WKH DQJOH \ ZLWK SHULRG �{�

7KXV� H� DQG HM�{ DUH GLmHUHQW UHSUHVHQWDWLRQV IRU WKH VDPH QXPEHU� QDPHO\ ]  ��

5RRWV� 7KH SRODU UHSUHVHQWDWLRQ RI D FRPSOH[ QXPEHU ] LV DOVR YHU\ XVHIXO IRU GHWHUPLQLQJ WKH URRWV

RI WKH QXPEHU DV IROORZV�

]
P
Q  M]MPQ HMPQ�] ������

 M]MPQ HMPQ ��]��{N� N  �� �� � � � Qb �� ������

([DPSOH ����� �&XEH 5RRW RI ����

6LQFH WKH QXPEHU b� PD\ EH H[SUHVVHG DV HbM���
p
� HM���

p
� DQG HM���

p
� LW IROORZV WKDW WKH WKUHH

URRWV ZKLFK VDWVI\ ]�  b� DUH JLYHQ E\

]  HbM��
p

� HM��
p

� HM���
p

� ������

([DPSOH ����� �*HQHUDWLRQ RI ([SRQHQWLDO 6LQXVRLGV )URP &RPSOH[ ([SRQHQWLDOV��

2QH YHU\ LPSRUWDQW XVH RI FRPSOH[ H[SRQHQWLDOV OLHV LQ WKHLU XWLOLW\ WR FRQVWUXFW UHDO H[SRQHQWLDO

VLQXVRLGV� 7KLV IROORZV IURP WKH UHODWLRQVKLS�

[�W�  M;MH}RW FRV��RW��;�  M;MH}RW5HIHM��RW��;�J ������

 5HIM; MH}RWHM��RW��;�J ������

 5HIM; MHM�;H�}R�M�R�WJ� ������
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6LPLODUO\�

[�W�  M; MH}RW VLQ��RW��;�  M; MH}RW,PIHM��RW��;�J ������

 ,PIM;MH}RWHM��RW��;�J ������

 ,PIM;MHM�;H�}R�M�R�WJ� ������

:H VD\ WKDW WKH DERYH H[SRQHQWLDO VLQXVRLGV DUH JHQHUDWHG IURP WKH FRPSOH[ H[SRQHQWLDO

]  M]MHM�]  M; MH}RWHM��RW��;�  M; MHM�;H�}R�M�R�W  ;HVRW ������

ZKHUH

VR  }R � M�R ������

LV FDOOHG WKH FRPSOH[ IUHTXHQF\ RI WKH H[SRQHQWLDO VLQXVRLGV DQG

;
GHI
 M; MHM�; ������

LV FDOOHG WKH SKDVRU UHSUHVHQWDWLRQ IRU WKH IXQFWLRQ [�c�� ,W LV RIWHQ YHU\ XVHIXO WR DVVRFLDWH WKH

DERYH UHDO H[SRQHQWLDO VLQXVRLGV ZLWK WKHLU SKDVRU UHSUHVHQWDWLRQV� 7KLV DVVRFLDWLRQ LV PDGH LQ

PDQ\ DUHDV RI VFLHQFH DQG HQJLQHHULQJ� 2QH DUHD LQFOXGHV WKH VWHDG\ VWDWH DQDO\VLV RI OLQHDU WLPH

LQYDULDQW �/7,� FRQWLQXRXV WLPH G\QDPLFDO V\VWHPV >��@ DQG WKH VWHDG\ VWDWH DQDO\VLV RI OLQHDU VKLIW

LQYDULDQW �/6,� GLVFUHWH WLPH G\QDPLFDO V\VWHPV >��@�

([DPSOH ����� �$GGLWLRQ 2I 6LQXVRLGV 8VLQJ &RPSOH[ 3KDVRUV��

$GGLWLRQ 2I 7ZR 6LQXVRLGV� &RQVLGHU WKH FRQWLQXRXV WLPH VLJQDO

I�W�  � VLQ��RWb ��p� � FRV��RW� ��p�� ������

7KLV VLJQDO LV WKH VXP RI WZR VLQXVRLGV RI WKH VDPH IUHTXHQF\ �R� 7KH JRDO LQ WKLV H[DPSOH LV WR

LOOXVWUDWH KRZ FRPSOH[ SKDVRUV PD\ EH XVHG WR DGG WKH VLQXVRLGV WR JHW D VLQJOH FRVLQH VLJQDO RI

IUHTXHQF\ �R� :H SURFHHG DOJHEUDLFDOO\ XVLQJ WKH WULJRQRPHWULF UHODWLRQVKLS

VLQ�[�  FRV�[b ��p� ������
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DQG (XOHU
V LGHQWLWLHV� DV IROORZV�

I�W�  � FRV��RWb ���p� � FRV��RW� ��
p� ������
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 5HIM; MHM��RW��;�J ������

 M;M FRV��RW��;� ������

ZKHUH WKH FUWLFDO FDOFXODWLRQ OLHV LQ WKH DGGLWLRQ RI FRPSOH[ SKDVRUV DVVRFLDWHG ZLWK HDFK VLQXVRLG

DV IROORZV�
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$GGLWLRQ 2I 0XOWLSOH 6LQXVRLGV� 7KH DERYH FDOFXODWLRQ VKRZV WKDW WKH DGGLWLRQ RI WZR VLQXVRLGV RI

WKH VDPH IUHTXHQF\ LV HTXLYDOHQW WR WKH DGGLWLRQ RI FRPSOH[ SKDVRUV� 7KH VDPH LV WUXH LI ZH DUH

DGGLQJ PDQ\ VLQXVRLGV RI WKH VDPH IUHTXHQF\� 7KLV LV LOOXVWUDWHG E\ WKH IROORZLQJ DOJHEUDLF VWHSV�
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��� 5HVXOWV )URP 7ULJRQRPHWU\

7KH IROORZLQJ UHODWLRQVKLSV DUH XVHIXO LQ WKH VWXG\ RI G\QDPLFDO V\VWHPV�

VLQ�[h \�  VLQ [ FRV \ h FRV[ VLQ \ ������
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WDQ� [� �  VHF� [ ������

FRW� [� �  FVF� [ ������

��� 5HVXOWV )URP &DOFXOXV

7KH IROORZLQJ UHODWLRQVKLSV DUH XVHIXO LQ WKH VWXG\ RI G\QDPLFDO V\VWHPV�
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7KHRUHP ����� �0HDQ 9DOXH 7KHRUHP )RU 'LmHUHQWLDWLRQ��

,I I�c� LV GLmHUHQWLDEOH RQ WKH RSHQ LQWHUYDO �[�� [�� DQG FRQWLQXRXV RQ WKH FORVHG LQWHUYDO >[�� [�@�

WKHQ WKHUH H[LVWV ] � �[�� [�� VXFK WKDW

I ��]�  
I�[��b I�[��

[� b [�
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7KH QXPEHU I ��]� LV VRPHWLPHV UHIHUUHG WR DV WKH PHDQ GHULYDWLYH RU DYHUDJH UDWH RI FKDQJH RI I

RQ WKH LQWHUYDO >[�� [�@�

7KHRUHP ����� �0HDQ 9DOXH 7KHRUHP )RU ,QWHJUDWLRQ��

,I I�c� LV FRQWLQXRXV RQ D FORVHG LQWHUYDO >[�� [�@� WKHQ WKHUH H[LVWV ] � �[�� [�� VXFK WKDW
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7KH QXPEHU I�]� LV VRPHWLPHV UHIHUUHG WR DV WKH PHDQ YDOXH RU DYHUDJH YDOXH RI I RQ WKH LQWHUYDO

>[�� [�@�

7KHRUHP ����� �)XQGDPHQWDO 7KHRUHP 2I &DOFXOXV��

6XSSRVH I LV FRQWLQXRXV RQ WKH FORVHG LQWHUYDO >D� E@�
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IRU DOO [ � >D� E@�

�LL� ,I ) LV DQ\ DQWLGHULYDWLYH RI I � WKHQ

= E

D
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7KLV WKHRUHP ZDV GLVFRYHUHG LQGHSHQGHQWO\ E\ 6LU ,VDDF 1HZWRQ ����������� LQ (QJODQG DQG E\

*RWWIULHG /HLEQL] ����������� LQ *HUPDQ\� ,W LV SULPDULO\ EHFDXVH RI WKLV� WKDW WKH\ DUH FUHGLWHG

ZLWK WKH LQYHQWLRQ RI FDOFXOXV�

7KHRUHP ����� �7D\ORU
V 7KHRUHP��

/HW I EH D IXQFWLRQ DQG Q D SRVLWLYH LQWHJHU VXFK WKDW WKH GHULYDWLYH I �Q����[� H[LVWV IRU HYHU\

[ LQ DQ LQWHUYDO ,� ,I [R DQG [ DUH GLVWLQFW QXPEHUV LQ ,� WKHQ WKHUH H[LVWV D QXPEHU ] � �[R� [�

VXFK WKDW
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7KLV WKHRUHP ZDV GLVFRYHUHG E\ WKH (QJOLVK PDWKHPDWLFLDQ %URRN 7D\ORU ������������

$OJRULWKP ����� �1HZWRQ
V 0HWKRG )RU 6ROYLQJ I�[�  ���

1HZWRQ
V PHWKRG IRU VROYLQJ WKH HTXDWLRQ
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LV EDVHG RQ D VHTXHQFH RI WDQJHQW OLQH DSSUR[LPDWLRQV� 7KH PHWKRG LV GHVFULEHG E\ WKH IROORZLQJ

UHFXUVLYH DOJRULWKP�

[Q��  [Q b I�[Q�

I ��[Q�
�������

ZKHUH Q  �� �� �� � � �� &RQYHUJHQFH LGHDV DUH GLVFXVVHG LQ >��@�



&KDSWHU �

0DWKHPDWLFDO 0RGHOV )RU &RQWLQXRXV
7LPH 6LJQDOV

,Q WKLV VHFWLRQ� PDWKHPDWLFDO PRGHOV IRU W\SLFDOO\ HQFRXQWHUHG FRQWLQXRXV WLPH VLJQDOV �IXQFWLRQV�

DUH SUHVHQWHG >��@� >��@�

)XQFWLRQ 1RWDWLRQ� ,Q ZKDW IROORZV� D IXQFWLRQ I ZLOO EH GHQRWHG E\ WKH QRWDWLRQ I�c� RU VLPSO\

I � $W WLPHV WKH V\PERO I�W� PLJKW EH XVHG� ,W PXVW EH QRWHG� KRZHYHU� WKDW VWULFWO\ VSHDNLQJ I�W�

GRHV QRW UHSUHVHQW WKH IXQFWLRQ I EXW UDWKHU� WKH YDOXH RI WKH I DW W� 'HVSLWH WKLV� WKH V\PERO I�W�

LV ZLGHO\ XVHG WR UHSUHVHQW I �

��� $ 0RGHO IRU 7DOO 7KLQ 3XOVH�OLNH 6LJQDOV� 'LUDF 'HOWD 'LVWUL�
EXWLRQ

,Q WKH VWXG\ RI V\VWHPV� LW LV XVHIXO WR XVH WHVW VLJQDOV ZKLFK DUH SXOVH�OLNH LQ QDWXUH� $ PRGHO

IRU WDOO WKLQ SXOVH�OLNH VLJQDOV SRVVHVVLQJ XQLW DUHD LV QRZ GHYHORSHG� /HW Sq�c� GHQRWH WKH WDOO WKLQ

SXOVH GHnQHG DV IROORZV�
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ZKHUH q UHSUHVHQWV D VPDOO SRVLWLYH TXDQWLW\� Sq GHnQHV D SXOVH ZLWK KHLJKW
�
q � ZLGWK q� ZKLFK LV

V\PPHWULF ZLWK UHVSHFW WR WKH RULJLQ� $V q DSSURDFKHV ]HUR� WKH DERYH SXOVH EHFRPHV WKLQQHU DQG
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WDOOHU� ZKLOH LWV DUHD UHPDLQV XQLW\ �FI� )LJXUH ����� ,Q WKH OLPLW Sq DSSURDFKHV D ?IXQFWLRQ� ZKLFK

KDV LQnQLWH YDOXH DW W  � DQG LV ]HUR HOVHZKHUH� 7KLV OLPLW FHUWDLQO\ GRHV QRW GHVFULEH D WUDGLWLRQDO

IXQFWLRQ� $ IXQGDPHQWDO VLIWLQJ SURSHUW\ RI Sq�c� LV QRZ REVHUYHG� /HW I�c� GHQRWH D IXQFWLRQ ZKLFK

LV FRQWLQXRXV LQ D VPDOO q�QHLJKERUKRRG RI WKH SRLQW W  D� *LYHQ WKLV� LW IROORZV WKDW IRU VXpFLHQWO\

VPDOO q
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7KLV UHODWLRQVKLS LV UHIHUUHG WR DV D VLIWLQJ SURSHUW\ EHFDXVH LW VWDWHV WKDW WKH SXOVH Sq�c b D� ZLWK

FHQWHU DW W  D� DOORZV WKH YDOXH I�D� WR SDVV WKURXJK WKH LQWHJUDO � LQ WKH VDPH PDQQHU WKDW D

ZLUHPHVK VLHYH �SURQRXQFHG ?VLY�� DOORZV FHUWDLQ PDWHULDO WR SDVV WKURXJK LW� 7KLV VLIWLQJ SURSHUW\

PRWLYDWHV WKH LQWURGXFWLRQ RI D QHZ ?QRQ�WUDGLRQDO IXQFWLRQ� � WKH XQLW 'LUDF GHOWD GLVWULEXWLRQ�

,WV GHnQLWLRQ LV QRZ JLYHQ�
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)LJXUH ���� 7DOO 7KLQ 3XOVH�/LNH 6LJQDOV

'HnQLWLRQ ����� �8QLW 'LUDF 'HOWD 'LVWULEXWLRQ��

7KH XQLW 'LUDF GHOWD GLVWULEXWLRQ LV GHQRWHG p�c� DQG GHnQHG E\ WKH IROORZLQJ WKUHH SURSHUWLHV�

L� ,QWHJUDO 6LIWLQJ 3URSHUW\�
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LL� (YHQ 6\PPHWU\ 3URSHUW\�
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LLL� ,QnQLWH +HLJKW =HUR :LGWK 3URSHUW\�
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7KH nUVW SURSHUW\ LPSOLHV WKDW p KDV XQLW DUHD� MXVW OLNH WKH SXOVH Sq�c�� 7KH VHFRQG SURSHUW\ LPSOLHV

WKDW p LV V\PPHWULF ZLWK UHVSHFW WR WKH YHUWLFDO D[LV DW W  �� MXVW OLNH Sq�c�� 7KH ODVW SURSHUW\

LPSOLHV WKDW p KDV LQnQLWH KHLJKW DQG ]HUR ZLGWK� MXVW OLNH Sq�c� DV q DSSURDFKHV ]HUR� 7KH XQLW

'LUDF GHOWD GLVWULEXWLRQ LV XVXDOO\ GHSLFWHG DV VKRZQ LQ )LJXUH ���� ,W LV LPSRUWDQW WR HPSKDVL]H

WKDW WKH XQLW 'LUDF GHOWD GLVWULEXWLRQ LV QRW D WUDGLWLRQDO IXQFWLRQ� 'HVSLWH WKLV� LW LV ZLGHO\ UHIHUUHG

WR DV WKH XQLW 'LUDF GHOWD IXQFWLRQ RU WKH XQLW LPSXOVH IXQFWLRQ� 6RPHWLPHV� LW LV UHIHUUHG WR DV D

JHQHUDOL]HG IXQFWLRQ >��@� )LQDOO\� LW VKRXOG EH QRWHG WKDW ZKLOH WKH XQLW 'LUDF GHOWD GLVWULEXWLRQ

RQO\ PDNHV VHQVH XQGHUQHDWK LQWHJUDOV� LW LV RIWHQ UHIHUUHG WR ZLWKRXW H[SOLFLW UHIHUHQFH WR LQWHJUDOV�

 W

�

�
p�W� ���b GHQRWHV XQLW DUHD

)LJXUH ���� 8QLW 'LUDF 'HOWD 'LVWULEXWLRQ

��� $ 0RGHO IRU 6WHS�OLNH 6LJQDOV� 8QLW 6WHS )XQFWLRQ

6WHS�OLNH WHVW VLJQDOV DUH DOVR XVHIXO LQ WKH VWXG\ RI V\VWHPV� $ PRGHO IRU VXFK VLJQDOV LV WKH XQLW

VWHS IXQFWLRQ� 5HSUHVHQWHG E\ WKH V\PERO ��c�� WKH XQLW VWHS IXQFWLRQ LV GHnQHG DV IROORZV�
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\R

V� D
�

�
E

V� D

w
8�V�� ������

7KLV VKRZV WKDW < �c� FRQVLVWV RI WZR WHUPV� 7KH nUVW WHUP LV GXH WR LQLWLDO FRQGLWLRQV� 7KH VHFRQG

WHUP LV GXH WR WKH V\VWHP LQSXW �RU IRUFLQJ IXQFWLRQ� X�c��

,9� &KDUDFWHULVWLF (TXDWLRQ� 6\VWHP 3ROHV� $QG 1DWXUDO 0RGHV� %RWK WHUPV LQ HTXDWLRQ ������

KDYH WKH FRPPRQ GHQRPLQDWRU

j�V�  V� D� ������

7KLV SRO\QRPLDO LV FDOHG WKH FKDUDFWHULVWLF HTXDWLRQ RU FKDUDFWHULVLWF SRO\QRPLDO RI WKH V\VWHP� 7KH

URRWV RI WKLV HTXDWLRQ DUH FDOOHG WKH V\VWHP SROHV� *LYHQ WKLV� LW IROORZV WKDW RXU V\VWHP KDV D VLQJOH

SROH DW

V  bD ������

LQ WKH OHIW KDOI FRPSOH[ V�SODQH �VLQFH D ! ��� )URP /DSODFH WUDQVIRUPV� ZH NQRZ WKDW WKLV SROH

FRUUHVSRQGV WR D GHFD\LQJ H[SRQHQWLDO

HbDW ��W� ������
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LQ WKH WLPH GRPDLQ� :H WKXV VD\ WKDW RXU V\VWHP SRVVHVVHV D QDWXUDO H[SRQHQWLDO GHFD\LQJ PRGH�

9� /LQHDU 6\VWHP� (TXDWLRQ ������ VKRZV WKDW < �c� LV OLQHDU LQ > \R 8�c� @� 7KDW LV� LI > \RL 8L�c� @7

SURGXFHV <L�c� �L  �� ��� WKHQ
�

\R
8�c�

�
 D�

�
\R�
8��c�

�
� D�

�
\R�
8��c�

�
SURGXFHV� < �c�  D�<��c� � D�<��c�� ������

6LQFH WKH LQYHUVH /DSODFH RSHUDWRU /b� LV DOVR D OLQHDU RSHUDWRU� LW IROORZV WKDW \�c� LV OLQHDU LQ

> \R X�c� @� L�H� LI > \RL XL�c� @7 SURGXFHV \L�c� �L  �� ��� WKHQ
�

\R
X�c�

�
 D�

�
\R�
X��c�

�
� D�

�
\R�
X��c�

�
SURGXFHV� \�c�  D�\��c� � D�\��c�� ������

%HFDXVH RI WKLV� ZH VD\ WKH WKH V\VWHP XQGHU FRQVLGHUDWLRQ LV D OLQHDU V\VWHP�

9,� =HUR ,QSXW 5HVSRQVH� 7KH nUVW WHUP LQ HTXDWLRQ ������ LV LGHQWLnHG DV WKH /DSODFH WUDQVIRUP

RI WKH ]HUR LQSXW UHVSRQVH

\]LU�W�  \RH
bDW ��W�� ������

L�H� <]LU�V�
GHI
 �/\]LU��V�  \R

V�D � 7KH IXQFWLRQ \]LU�c� UHSUHVHQWV WKH QDWXUDO UHVSRQVH RI WKH V\VWHP

WR DQ LQLWLDO FRQGLWLRQ \R ZLWK QR LQSXW �X  ��� L�H� LW LV D VROXWLRQ WR WKH KRPRJHQHRXV HTXDWLRQ

B\�W�  bD\�W� \��b�  \R W ! �� ������

7KH WHUP ?KRPRJHQHRXV HTXDWLRQ� FRPHV IURP GLmHUHQWLDO HTXDWLRQV� 7KH QDWXUDO UHVSRQVH H[KLELWV

WKH QDWXUDO PRGHV RI WKH V\VWHP� 2XU V\VWHP� DV PHQWLRQHG DERYH� KDV D QDWXUDO H[SRQHQWLDO GH�

FD\LQJ PRGH�

9,,� (TXLOLEULXP $QG ([SRQHQWLDO 6WDELOLW\� )URP WKH RULJLQDO V\VWHP GLmHUHQWLDO HTXDWLRQ �HTXD�

WLRQ �������� RQH QRWHV WKDW ZKHQ X  �� DQG KHQFH B\  bD\� WKH V\VWHP KDV D QDWXUDO HTXLOLEULXP RI

\  �� 7KDW LV� ZKHQ OHIW DORQH ZLWK \R  X  �� WKH V\VWHP UHPDLQV DW \  �� )URP HTXDWLRQ �������

ZH VHH WKDW LI WKH V\VWHP LV JLYHQ DQ RmVHW \R WKHQ LW QDWXUDOO\ UHWXUQV EDFN �H[SRQHQWLDOO\� WR LWV
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HTXLOLEULXP \  �� %HFDXVH RI WKLV� ZH VD\ WKDW WKH V\VWHP� RU PRUH SUHFLVHO\ WKH HTXLOLEULXP \  �

LV H[SRQHQWLDOO\ VWDEOH�

9,,,� 6\VWHP 7UDQVIHU )XQFWLRQ� )URP HTXDWLRQ ������� LW IROORZV WKDW

+�V�
GHI
 

�/\��V�
�/X��V� M

]HUR LQLWLDO
FRQGLWLRQV ������

 
E

V� D
� ������

7KH UHJLRQ RI FRQYHUJHQFH RI +�c� LV JLYHQ E\

52&+  IV � & M 5H V ! bDJ� ������

7KLV UHJLRQ GHnQHV D KDOI SODQH ZKLFK OLHV WR WKH OHIW RI WKH V\VWHP SROH DW V  bD� 7KLV ]HUR LQLWLDO

FRQGLWLRQ UDWLR LV FDOOHG WKH WUDQVIHU IXQFWLRQ RI WKH V\VWHP� ,W LV LPSRUWDQW WR QRWH WKDW WKH V\VWHP

WUDQVIHU IXQFWLRQ FRPSOHWHO\ GHWHUPLQHV WKH V\VWHP LQSXW�RXWSXW OLQHDU GLmHUHQWLDO HTXDWLRQ PRGHO

DQG YLFH YHUVD� 7KDW LV� NQRZOHGJH RI RQH LPSOLHV NQRZOHGJH RI WKH RWKHU� 7KLV IROORZV IURP WKH

YHU\ LPSRUWDQW ]HUR LQLWDO FRQGLWLRQ WUDQVIRUP SDLU

BI�W�
/�� V) �V�� ������

,;� 6\VWHP ,PSXOVH 5HVSRQVH� 1RZ VXSSRVH WKDW \R  � DQG WKDW WKH LQSXW LV D XQLW 'LUDF GHOWD

GLVWULEXWLRQ� L�H� X�W�  p�W�� 8QGHU WKHVH FRQGLWLRQV� < �V�  +�V� DQG KHQFH \�W�  K�W�
GHI
 

�/b�+��W�� %HFDXVH RI WKLV� ZH FDOO

K�W�
GHI
 �/b�+��W�  EHbDW��W� ������

WKH LPSXOVH UHVSRQVH RI WKH V\VWHP� $V ZLWK WKH V\VWHP WUDQVIHU IXQFWLRQ +�c�� WKH V\VWHP LPSXOVH

UHVSRQVH K�c� FRPSOHWHO\ VSHFLnHV WKH V\VWHP GLmHUHQWLDO HTXDWLRQ� 0RUHRYHU� NQRZOHGJH RI DQ\ RQH

RI WKH IROORZLQJ�

q V\VWHP RUGLQDU\ GLmHUHQWLDO HTXDWLRQ�

q V\VWHP WUDQVIHU IXQFWLRQ +�c��



6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo ��

q V\VWHP LPSXOVH UHVSRQVH K�c��

LPSOLHV NQRZOHGJH RI WKH RWKHU WZR�

;� *HQHUDO 6ROXWLRQ $QG &RQYROXWLRQ� )URP HTXDWLRQ ������� LW IROORZV WKDW LI \R DQG 8�c� DUH

NQRZQ� WKHQ SDUWLDO IUDFWLRQ H[SDQVLRQ LQYHUVLRQ PHWKRGV FDQ EH XVHG WR GHWHUPLQH \�c�� :KLOH WKLV

SRZHUIXO WHFKQLTXH LV DYDLODEOH� LW LV DOVR YHU\ XVHIXO WR QRWH WKDW

\�W�  \]LU�W� � �K e X��W� ������

 \]LU�W� �

= W

�
K�Wb ~�X�~ �G~ W ! � ������

ZKHUH �K e X��c� GHQRWHV WKH FRQYROXWLRQ RI WKH V\VWHP LPSXOVH UHVSRQVH K�c� ZLWK WKH V\VWHP LQ�

SXW X�c�� 7KLV VKRZV WKDW FRQYROXWLRQ RFFXUV QDWXUDOO\ IRU V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\

GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV� (TXDWLRQ ������ JLYHV XV DQRWKHU PHWKRG IRU GH�

WHUPLQLQJ \�c� JLYHQ \R DQG X�c� �DQG NQRZOHGJH RI K�c��� :KLOH WKH nUVW WHUP LV FDOOHG WKH ]HUR

LQSXW UHVSRQVH� WKH VHFRQG WHUP LV FDOOHG WKH IRUFHG UHVSRQVH� 7KH VHFRQG WHUP LV DOVR D SDUWLFXODU

VROXWLRQ WR WKH V\VWHP GLmHUHQWLDO HTXDWLRQ �DVVXPLQJ ]HUR LQLWLDO FRQGLWLRQV�� 7KH WHUP ?SDUWLFXODU

VROXWLRQ� FRPHV IURP GLmHUHQWLDO HTXDWLRQV�

;,� &DVXDO 6\VWHP� )URP HTXDWLRQ ������� LW IROORZV WKDW WKH FXUUHQW RXWSXW \�W� GHSHQGV RQ FXUUHQW

DQG SDVW YDOXHV RI WKH LQSXW X�c�� 7KLV LPSOLHV WKDW WKH V\VWHP FDQQRW SURGXFH DQ RXWSXW \�c� XQWLO DQ

LQSXW X�c� LV DSSOLHG� %HFDXVH RI WKLV� ZH VD\ WKDW WKH V\VWHP XQGHU FRQVLGHUDWLRQ LV D FDXVDO V\VWHP�

;,,� %RXQGHG�,QSXW %RXQGHG�2XWSXW �%,%2� 6WDELOLW\� 6XSSRVH WKDW WKH V\VWHP LV LQLWLDOO\ LQHUW

�L�H� \R  ��� 7KLV LPSOLHV WKDW

\�W�  

= W

�
K�Wb ~�X�~�G~  

= W

�
X�Wb ~�K�~�G~� ������

6XSSRVH WKDW D ERXQGHG LQSXW X�c� LV DSSOLHG WR WKH V\VWHP� 6SHFLnFDOO\� VXSSRVH WKDW

MX�W�M � 0 ������
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IRU DOO W� *LYHQ WKLV� LW IROORZV WKDW

M\�W�M �
= W

�
MX�Wb ~�K�~�MG~ ������

�
= W

�
0 MK�~�MG~ ������

� 0

= W

�
MK�~�MG~ ������

� 0

= �

�
MK�~�MG~ ������

� 0

= �

�
EHbD~G~ ������

� 0
E

D
� ������

7KLV LPSOLHV WKDW D ERXQGHG�LQSXW X�c� UHVXOWV LQ D ERXQGHG�RXWSXW \�c�� :H WKXV VD\ WKDW WKH V\VWHP

XQGHU FRQVLGHUDWLRQ LV ERXQGHG�LQSXW ERXQGHG�RXWSXW �%,%2� VWDEOH�

;,,,� 7LPH ,QYDULDQFH� 6XSSRVH WKDW \R  �� ,W WKHQ IROORZV WKDW < �V�  +�V�8�V�� 6XSSRVH X��c�

SURGXFHV \��c�� :KDW LV WKH RXWSXW \�c� ZKHQ D GHOD\HG LQSXW X�W�  X��Wbc� �c w �� LV DSSOLHG

WR WKH V\VWHP" 7KLV LQSXW UHVXOWV LQ

< �V�  +�V�8��V�  +�V�8�V�HbVc  <��V�H
bVc� ������

DQG KHQFH \�W�  \��W b c�� L�H� VKLIWHG LQSXWV UHVXOW LQ VKLIWHG RXWSXWV� %HFDXVH RI WKLV� ZH VD\

WKDW RXU V\VWHP LV D WLPH LQYDULDQW V\VWHP� )XQGDPHQWDOO\� RXU V\VWHP LV WLPH LQYDULDQW EHFXDVH

WKH FRHpFLHQWV LQ WKH GLmHUHQWLDO HTXDWLRQ DUH FRQVWDQW� %HFDXVH WKH\ DUH FRQVWDQW� WKH ?VKDSH� RI

WKH RXWSXW GRHVQ
W GHSHQG RQ ZKHQ WKH LQSXW LV DSSOLHG�

;,9� $QDO\VLV $W W  WR� 6XSSRVH WKDW WKH LQSXW X�c� LV DSSOLHG DW VRPH WLPH W  WR � 5� 7KDW LV�

VXSSRVH WKDW ZH DUH LQWHUHVWHG LQ

B\�W�  bD\�W� � EX�W� \�WbR �  \R W ! WR� ������

,Q VXFK D FDVH� ZH KDYH

\�W�  HbD�WbWR�\R �
= W

WR

K�Wb ~�X�~�G~ W ! WR� ������
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;9� &RQFHSW 2I 6WDWH� 6WDWH 9DULDEOHV� 6WDWH (TXDWLRQ� 7KH VWDWH RI WKH V\VWHP DW WLPH WR LV GHnQHG

WR EH WKH PLQLPXP DPRXQW RI LQIRUPDWLRQ UHTXLUHG WR FRPSXWH WKH IXWXUH HYROXWLRQ RI WKH V\VWHP

RXWSXW \�c�� JLYHQ NQRZOHGJH RI WKH LQSXW X�c�� :LWK WKLV GHnQLWLRQ� LW IROORZV IURP HTXDWLRQ ������

WKDW WKH VWDWH RI WKH V\VWHP DW W  WR LV SUHFLVHO\ WKH LQLWDO FRQGLWLRQ \R� �2QH FDQQRW� IRU H[DPSOH�

FRPSXWH WKH VSHHG RI D YHKLFOH JLYHQ NQRZOHGJH RI WKH DSSOLHG IRUFH LI WKH LQLWDO VSHHG RI WKH YHKLFOH

LV QRW NQRZQ�� 6LQFH WKH VWDWH RI WKH V\VWHP DW WLPH WR LV \�WbR �  \R IRU DQ\ WR� ZH FDOO \�c� D VWDWH

YDULDEOH� ,I ZH OHW [
GHI
 \ GHQRWH WKH VWDWH RI WKH V\VWHP� WKHQ HTXDWLRQ ������ PD\ EH UHZULWWHQ DV

IROORZV�

B[�W�  bD[�W� � EX�W� ������

\�W�  [�W�� ������

6LQFH WKH nUVW HTXDWLRQ LQYROYHV WKH VWDWH [� WKH HTXDWLRQ LV FDOOHG D VWDWH HTXDWLRQ� 6LQFH WKH VHF�

RQG HTXDWLRQ UHODWHV WKH RXWSXW \ WR WKH V\VWHP VWDWH [ �DQG WKH V\VWHP LQSXW X�� WKH HTXDWLRQ LV

FDOOHG DQ RXWSXW HTXDWLRQ� 7KH WZR HTXDWLRQV FRQVWLWXWH D VWDWH VSDFH UHSUHVHQWDWLRQ IRU WKH V\VWHP�

;9,� =HUR 6WDWH 5HVSRQVH� -XVW DV \]LU�c� GHQRWHV WKH ]HUR LQSXW UHVSRQVH� WKH DERYH WHUPLQRORJ\

OHDGVRQH WR FDOO WKH VHFRQG WHUP �IRUFHG UHVSRQVH� �K e X��c�� LQ HTXDWLRQ ������� WKH ]HUR VWDWH UH�

VSRQVH �=65�� L�H� LW LV WKH UHVSRQVH RI WKH V\VWHP WR WKH LQSXW X�c� DVVXPLQJ ]HUR LQLWLDO FRQGLWLRQV

�\R  �� ]HUR LQLWLDO VWDWH��

;9,,� 6WHS 5HVSRQVH� 7KH UHVSRQVH WR D VWHS LQSXW RI VL]H N LV IRXQG E\ VHWWLQJ 8�V�  N
V
DQG XVLQJ

SDUWLDO IUDFWLRQ H[SDQVLRQ PHWKRGV DV IROORZV�

< �V�  +�V�8�V�  

�
E

V� D

w
N

V
 +���N

�
�

V
b �

V� D

w
 

E

D
N
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�

V
b �

V� D

w
� ������

)URP WKLV LW IROORZV WKDW WKH VWHS UHVSRQVH LV JLYHQ E\

\�W�  +���N
K
�b HbDW

L
��W�  

E

D
N
K
�b HbDW

L
��W�� ������
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7KH H[SRQHQWLDO SRUWLRQ RI HTXDWLRQ ������ LV GXH WR WKH V\VWHP
V QDWXUDO H[SRQHQWLDO PRGH� 7KLV

SRUWLRQ LV FDOOHG WKH WUDQVLHQW SRUWLRQ RI WKH UHVSRQVH RU WKH WUDQVLHQW UHVSRQVH� 7KH FRQVWDQW

SRUWLRQ RI HTXDWLRQ ������ LV GXH WR WKH V\VWHP LQSXW� 7KLV SRUWLRQ LV FDOOHG WKH VWHDG\ VWDWH SRUWLRQ

RI WKH UHVSRQVH RU WKH VWHDG\ VWDWH UHVSRQVH�

7KH VWHS UHVSRQVH PD\ DOVR EH FRPSXWHG XVLQJ

\�W�  

= W

�
X�Wb ~�K�~�G~  N

= W

�
K�~�G~� ������

*LYHQ WKLV� ZH QRWH IXUWKHU WKDW WKH XQLW LPSXOVH UHVSRQVH K�c� DQG WKH XQLW VWHS UHVSRQVH V�c�

�N  �� DUH UHODWHG E\ WKH IROORZLQJ IRUPXODH�

V�W�  

= W

�
K�~�G~ ������

K�W�  
G

GW
V�W�� ������

)LJXUH ��� LOOXVWUDWHV KRZ WKH VWHS UHVSRQVH RI WKH V\VWHP GHSHQGV RQ WKH SDUDPHWHU D ZLWK E  D�

$V D LQFUHDVHV� WKH UHVSRQVH WLPH GHFUHDVHV�
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1
Step Response of First Order System: H(s) = a/(s+a), a =[ 0.25, 0.5, 0.75, 1 ]

y(
t)

time (seconds)

As a increases, the response time decrease.

As a decreases, the response time increase.

a = 0.25a = 0.5

a = 0.75a = 1

)LJXUH ���� 6WHS 5HVSRQVH 2I $ )LUVW 2UGHU 6\VWHP
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;9,,,� 6WHDG\ 6WDWH 5HVSRQVH 7R 6WHS ,QSXW� )URP HTXDWLRQ ������� LW IROORZV WKDW DV W � �� WKH

RXWSXW \�c� DSSURDFKHV WKH VWHDG\ VWDWH YDOXH�

\VV
GHI
 OLP

Wb�� \�W�+���N  
E

D
N ������

ZKHUH

+�V�MV M�  E

D
������

LV FDOOHG WKH GF JDLQ RI WKH V\VWHP�

;,;� 5HVSRQVH 7R $ 6LQXVRLG� 1RZ VXSSRVH WKDW DQ LQSXW X�W�  M;M FRV��RW��;� LV DSSOLHG WR

WKH V\VWHP� 6HWWLQJ

8�V�  M;M
�
FRV�;Vb �R VLQ�;

V� � ��R

w
������

\LHOGV

< �V�  

�
E

V� D

w
M;M

�
FRV�;Vb �R VLQ�;

V� � ��R

w
 

$

V� D
�

%

Vb M�R
� e ������

ZKHUH e GHQRWHV WKH FRQMXJDWH RI WKH SUHFHHGLQJ WHUP� )URP WKLV LW IROORZV WKDW

\�W�  
K
$HbDW � �M%M FRV��RW��%�

L
��W� ������

ZKHUH

$  OLP
Vb�bD�V� D�< �V�  bM;ME �D FRV�; � �R VLQ�;�

D� � ��R
������

%  OLP
Vb�M�R

�Vb M�R�< �V�  
+�M�R�

�
M; MHM�; � ������

7KH nUVW WHUP LQ HTXDWLRQ ������ LV GXH WR WKH V\VWHP
V QDWXUDO GHFD\LQJ H[SRQHQWLDO PRGH� 7KLV

WHUP LV FDOOHG WKH WUDQVLHQW UHVSRQVH VLQFH LW JRHV DZD\ DV W b� �� 7KH VHFRQG WHUP LQ HTXD�

WLRQ ������ LV GXH WR WKH VLQXVRLGDO IRUFLQJ IXQFWLRQ X�c� DQG LV FDOOHG WKH VWHDG\ VWDWH UHVSRQVH�
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;;� 6WHDG\ 6WDWH 5HVSRQVH 7R $ 6LQXVRLG� )URP HTXDWLRQ ������� RQH REWDLQV WKH VWHDG\ VWDWH

UHVSRQVH \VV WR D VLQXVRLG X�c� DV IROORZV�

X�W�  M; M FRV��RW��;�

 5H I M; MHM�;HM�RW J
 5H I ;HM�RW J

SURGXFHV
 �

\VV  M+�M�R�MM;M FRV��RW��; ��+�M�R��

 5H I +�M�R�M; MHM�;HM�RW J
 5H I +�M�R�;HM�RW J

������

ZKHUH

;
GHI
 M; MHM�; ������

LV FDOOHG WKH SKDVRU UHSUHVHQWDWLRQ RI WKH LQSXW VLJQDO X�c�� (TXDWLRQ ������ LPSOLHV WKDW LQ WKH

VWHDG\ VWDWH� WKH LQSXW FRVLQH ZLWK IUHTXHQF\ �R� DPSOLWXGH M;M� DQG DQJOH �;� FRPHV RXW RI WKH

V\VWHP DV D FRVLQH VLJQDO ZLWK WKH VDPH IUHTXHQF\ �R� ZLWK QHZ DPSOLWXGH M+�M�R�MM;M� DQG QHZ

DQJOH �; ��+�M�R�� 7KDW LV� WKH DPSOLWXGH RI WKH LQSXW LV PRGLnHG E\ D PXOWLSOLFDWLYH IDFWRU

M+�M�R�M DQG WKH DQJOH LV PRGLnHG E\ DQ DGGLWYH IDFWRU �+�M�R��

;;,� &RQWLQXRXV 7LPH )RXULHU 7UDQVIRUP� 7KH XQLODWHUDO FRQWLQXRXV WLPH )RXULHU WUDQVIRUP RI D

IXQFWLRQ I�c� LV GHQRWHG �)I��Mc� DQG GHnQHG DV IROORZV�

�)I��M��
GHI
 

= �

�
I�~�HbM�~G~� ������

,Q RXU H[DPSOH� WKH UHJLRQ RI FRQYHUJHQFH IRU +�c� GHI �/K��c� LQFOXGHV WKH LPDJLQDU\ D[LV� *LYHQ

WKLV� LW IROORZV WKDW IRU WKH V\VWHP XQGHU FRQVLGHUDWLRQ +�Mc� LV WKH )RXULHU WUDQVIRUP RI K�c�� ,Q

JHQHUDO� KRZHYHU�

+�M��
GHI
 �/K��V�MV M� � �)K��M�� ������

EHFDXVH V  M� PD\ QRW OLH ZLWKLQ WKH UHJLRQ RI FRQYHUJHQFH RI +�c� GHI �/K��c�� $Q H[DPSOH

LOOXVWUDWLQJ WKLV SRLQW LV HDVLO\ REWDLQHG >��� SJ� ���@� >��@�

K�W�  X�W� +�V�
GHI
 �/K��V�  �

V
+�M��  

�

M�
� �)K��M��  

�

M�
� {p���� ������
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,Q JHQHUDO�

�/K��V�MV M�  �)K��M�� ������

LI DQG RQO\ LI WKH V  M� OLHV ZLWKLQ WKH UHJLRQ RI FRQYHUJHQFH RI �/K��V�� 7KH DERYH VWDWHPHQWV

DOVR DSSO\ ZKHQ ZRUNLQJ ZLWK ELODWHUDO /DSODFH DQG )RXULHU WUDQVIRUPV�

�/K��V� GHI
 

= �

b�
K�~�HbV~G~ ������

�)K��M��
GHI
 

= �

b�
K�~�HbM�~G~� ������

;;,,� )UHTXHQF\ 5HVSRQVH� 7KH IXQFWLRQ +�M��
GHI
 �/K��V�MV M� LV FDOOHG WKH IUHTXHQF\ UHVSRQVH

RI WKH V\VWHP� 7KH IXQFWLRQ M+�M��M LV FDOOHG WKH PDJQLWXGH UHVSRQVH RI WKH V\VWHP� ,WV UHOHYDQFH

LV VXFFLQFWO\ FRQYH\HG E\ HTXDWLRQ ������� )RU RXU V\VWHP� WKH PDJQLWXGH UHVSRQVH IXQFWLRQ LV JLYHQ

DV IROORZV�

M+�M��M  ES
�� � D�

� ������

7KH IXQFWLRQ �+�M�� LV FDOOHG WKH SKDVH UHVSRQVH RI WKH V\VWHP� ,WV UHOHYDQFH LV DOVR VXFFLQFWO\

FRQYH\HG E\ HTXDWLRQ ������� )RU RXU V\VWHP� WKH PDJQLWXGH UHVSRQVH IXQFWLRQ LV JLYHQ DV IROORZV�

�+�M��  b WDQb� �
D
� ������

)LJXUH ��� LOOXVWUDWHV KRZ WKH IUHTXHQF\ UHVSRQVH RI WKH V\VWHP GHSHQGV RQ WKH SDUDPHWHU D ZLWK

E  D� ,Q WKLV nJXUH� ��ORJ��M+�M��M LV SORWWHG RQ D OLQHDU YHUWLFDO VFDOH YHUVXV � LQ UDGLDQV�VHFRQG

RQ D KRUL]RQWDO ORJDULWKPLF �EDVH ��� VFDOH� :H VD\ WKDW M+�M��M LV SORWWHG LQ XQLW RI GHFLEHOV �G%�

YHUVXV � RQ D VHPLORJ JULG� $V D LV LQFUHDVHG� WKH V\VWHP PDJQLWXGH UHVSRQVH LV VHHQ WR VKLIW WR�

ZDUGV WKH ULJKW� ,Q WKH VDPH nJXUH� �+�M�� LV SORWWHG LQ GHJUHHV RQ D OLQHDU YHUWLFDO VFDOH YHUVXV �

LQ UDGLDQV�VHFRQG RQ D KRUL]RQWDO ORJDULWKPLF �EDVH ��� VFDOH� $V D LV LQFUHDVHG� WKH DQJOH UHVSRQVH

LV VHHQ WR VKLIW WRZDUGV WKH ULJKW�
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Frequency (rad/sec)
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Frequency Response of First Order System: H(s) = a/(s+a), a =[ 0.25, 0.5, 0.75, 1, 2, 5 ]

As a increases, the system bandwidth increases.
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)LJXUH ���� )UHTXHQF\ 5HVSRQVH 2I $ )LUVW 2UGHU 6\VWHP

;;,,,� %DQGZLGWK� 7KH EDQGZLGWK RI D V\VWHP LV D WHUP ZKLFK LV DLPHG DW TXDQWLI\LQJ WKH DELOLW\

RU LQDELOLW\ RI D V\VWHP WR DPSOLI\ UDSLGO\ YDU\LQJ VLJQDOV� 7KH PRVW ZLGHO\ XVHG GHnQLWLRQ IRU

EDQGZLGWK LV DV IROORZV� 7KH EDQGZLGWK RI D V\VWHP LV GHnQHG WR EH WKDW IUHTXHQF\ %: DW ZKLFK

M+�M��M  +���
�S
�
� ������

)RU RXU V\VWHP� ZH KDYH

%:  D� ������

*LYHQ WKLV� )LJXUH ��� VKRZV WKDW DV D LV LQFUHDVHG WKH V\VWHP EDQGZLGWK LQFUHDVHV� 7KLV H[SODLQV

ZK\ WKH VWHS UHVSRQVH ORRNV PRUH DQG PRUH OLNH D VWHS DV D LV LQFUHDVHG�

7KH IROORZLQJ H[DPSOH LOOXVWUDWHV KRZ HOHPHQWDU\ WUDQVIRUP WHFKQLTXHV PD\ EH XVHG WR DGGUHVV

OLQHDU V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV�

([DPSOH ����� ��WK 2UGHU /LQHDU 2UGLQDU\ 'LmHUHQWLDO (TXDWLRQ��
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6XSSRVH WKDW D V\VWHP ZLWK LQSXW X�c� DQG RXWSXW \�c� LV GHVFULEHG E\ WKH IROORZLQJ �WK RUGHU

OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQ ZLWK FRQVWDQW FRHpFLHQWV

���

\�W� �D�
���

\�W� �D�
���

\�W� �D�
���

\�W� �D� B\�W� � DR\�W�  X�W� ������

ZKHUH

V� � D�V
� � D�V

� � D�V
� � D�V� DR  V�V� ����V� � �V� ���� ������

,Q WKLV H[DPSOH� ZH LOOXVWUDWH HOHPHQWDU\ WUDQVIRUP WHFKQLTXHV DQG ZH LQWURGXFH IXQGDPHQWDO V\V�

WHP FRQFHSWV� :H SURFHHG LQ VHYHUDO VWHSV�

,� 6\VWHP 7UDQVIHU )XQFWLRQ� $VVXPLQJ ]HUR LQLWLDO FRQGLWLRQV� ZH EHJLQ E\ GHWHUPLQLQJ WKH UDWLR

+�V�
GHI
 

�/\��V�
�/X��V� M

]HUR LQLWLDO
FRQGLWLRQV � ������

7KLV UDWLR LV FDOOHG WKH WUDQVIHU IXQFWLRQ RI WKH V\VWHP� 7DNLQJ /DSODFH WUDQVIRUPV RI ERWK VLGHV RI

HTXDWLRQ ������ \LHOGV WKH UHDO�UDWLRQDO V�GRPDLQ IXQFWLRQ

+�V�  
�

V�V� ����V� � �V� ���
� ������

,,� 6LQXVRLGDO 5HVSRQVH� 7KH JRDO QRZ LV WR GHWHUPLQH \�c� ZKHQ X�W�  M; M VLQ��RW ��;� ��W��

7KLV UHTXLUHV WKDW ZH WDNH WKH /DSODFH WUDQVIRUP RI HTXDWLRQ ������ DQG XVH WKH IDFW WKDW

8�V�  
b VLQ�;V� �R FRV�;

V� � ��R
������

WR REWDLQ

< �V�  +�V�8�V�  
b VLQ�;V� �R FRV�;

V�V� ����V� � �V� ����V� � ��R�
� ������

7R GHWHUPLQH WKH LQYHUVH WUDQVIRUP \�c� LW LV HVVHQWLDO WR QRWH WKDW WKLV < �c� KDV SROHV DW V  

��b��b��b� h M��hM�R� 7KHVH SROHV DUH FULWLFDO IRU GHWHUPLQLQJ \� 1H[W� H[SDQG < LQ D SDUWLDO

IUDFWLRQ H[SDQVLRQ >��@ DV IROORZV�

< �V�  
$

V
�

%

�V� ���
�

&

V� �
�

'

V� �b M�
� e � (

Vb M�R
� e ������
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ZKHUH $�%� &�'�( DUH FRQVWDQWV WR EH GHWHUPLQHG EHORZ DQG e GHQRWHV WKH FRPSOH[ FRQMXJDWH RI WKH

SUHYLRXV WHUP LQ WKH H[SDQVLRQ� ,Q SHUIRUPLQJ WKH DERYH SDUWLDO IUDFWLRQ H[SDQVLRQ� ZH KDYH XVHG

WKH IDFW WKDW WKH VXP LV D UDWLRQDO IXQFWLRQ ZLWK UHDO FRHpFLHQWV DQG KHQFH WKH FRPSOH[ TXDQWLWLHV

PXVW RFFXU LQ FRPSOH[ FRQMXJDWH SDLUV� 7DNLQJ WKH LQYHUVH /DSODFH WUDQVIRUP RI HDFK WHUP \LHOGV�

\�W�  > $�%WHbW � &HbW �'H�b��M��W � e �(HM�RW � e @ ��W� ������

6XEVWLWXWLQJ '  M'MHM�' DQG (  M(MHM�( LQWR WKH DERYH H[SUHVVLRQ \LHOGV�

\�W�  > $�%WHbW � &HbW � M'MHb�WHM��W��'� � e � M(MHM��RW��(� � e @ ��W� ������

6LPSOH DSSOLFDWLRQ RI (XOHU
V IRUPXOD WKHQ \LHOGV�

\�W�  > $�%WHbW � &HbW � �5H IM'MHb�WHM��W��'�J� �5H IM(MHM��RW��(�J @ ��W� ������

RU

\�W�  > $�%WHbW � &HbW � �M'MHb�W FRV��W��'� � �M(M FRV��RW��(� @ ��W� ������

,W QRZ UHPDLQV WR GHWHUPLQH WKH FRHpFLHQWV $�%�&�'�(� 7KHVH FDQ EH GHWHUPLQHG XVLQJ WKH

IROORZLQJ VWDQGDUG SDUWLDO IUDFWLRQ H[SDQVLRQ IRUPXODH >��� SS� �����@�

$  OLP
V�� V< �V�  

b VLQ�;V� �R FRV�;
�V� ����V� � �V� ����V� � ��R�

MV � ������

%  OLP
V�b��V� ��

�< �V�  
b VLQ�;V� �R FRV�;
V�V� � �V� ����V� � ��R�

MV b� ������

&  OLP
V�b�

G

GV
>�V� ���< �V�@  

G

GV
>

b VLQ�;V� �R FRV�;
V�V� � �V� ����V� � ��R�

@ MV b� ������

'  OLP
V�b��M��V� �b M��< �V�  

b VLQ�;V� �R FRV�;
V�V� ����V� � � M���V� � ��R�

MV b��M� ������

(  OLP
V�M�R

�Vb M��< �V�  
b VLQ�;V� �R FRV�;

V�V� ����V� � �V� ����V� M�R�
MV M�R� ������

,,,� 6LQXVRLGDO 6WHDG\ 6WDWH $QDO\VLV� ,W LV XVHIXO WR QRWH WKDW IRU ODUJH W� \ PD\ EH DSSUR[LPDWHG

DV IROORZV�

\�W� { > $� �M(M FRV��RW��(� @ ��W� �������
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7KH ULJKWKDQG VLGH LV FDOOHG WKH VWHDG\ VWDWH FRPSRQHQW RI \ DQG LV GHQRWHG

\VV  > $� �M(M FRV��RW��(� @ ��W� �������

6SHFLnFDOO\� LW LV XVHIXO WR QRWH WKDW WKH VWHDG\ VWDWH FRPSRQHQW GXH WR WKH LQSXW VLQXVRLG X�c� LV

DOVR D VLQXVRLG� 6SHFLnFDOO\� LW FDQ EH VKRZQ WKDW

(  OLP
V�M�R

�Vb M�R�< �V�  
b VLQ�;V� �R FRV�;

V�V� ����V� � �V� ����V� M�R�
MV M�R  

+�M�R�

�
HM��GHJ��������

7KLV� KRZHYHU LPSOLHV WKDW

X�W�  M; M VLQ��RW��;�

 ,P I M;MHM�;HM�RW J
 ,P I ;HM�RW J

SURGXFHV
 �

\VVVLQXVRLG  M+�M�R�MM;M FRV��RW��; ��+�M�R�b ��GHJ�
 M+�M�R�MM;M VLQ��RW��; ��+�M�R��

 ,P I +�M�R�M; MHM�;HM�RW J
 ,P I +�M�R�;HM�RW J

�������

ZKHUH

;
GHI
 M; MHM�; �������

LV FDOOHG WKH SKDVRU UHSUHVHQWDWLRQ RI WKH LQSXW VLJQDO X�c�� (TXDWLRQ ������� LPSOLHV WKDW LQ WKH

VWHDG\ VWDWH� WKH LQSXW VLQH ZDYH ZLWK IUHTXHQF\ �R� DPSOLWXGH M; M� DQG DQJOH �;� UHVXOWV LQ D

VWHDG\ VWDWH VLQXVRLGDO FRPSRQHQW ZLWK WKH VDPH IUHTXHQF\ �R� ZLWK QHZ DPSOLWXGH M+�M�R�MM; M�

DQG QHZ DQJOH �; ��+�M�R�� 7KDW LV� WKH DPSOLWXGH RI WKH LQSXW LV PRGLnHG E\ D PXOWLSOLFDWLYH

IDFWRU M+�M�R�M DQG WKH DQJOH LV PRGLnHG E\ DQ DGGLWLYH IDFWRU �+�M�R��

9� )UHTXHQF\ 5HVSRQVH� 7KH IXQFWLRQ +�M�� LV FDOOHG WKH IUHTXHQF\ UHVSRQVH RI WKH V\VWHP� 7KH

IXQFWLRQ M+�M��M LV FDOOHG WKH PDJQLWXGH UHVSRQVH RI WKH V\VWHP� ,WV UHOHYDQFH LV VXFFLQFWO\ FRQYH\HG

E\ HTXDWLRQ �������� 7KH IXQFWLRQ �+�M�� LV FDOOHG WKH SKDVH RU DQJOH UHVSRQVH RI WKH V\VWHP� ,WV

UHOHYDQFH LV DOVR VXFFLQFWO\ FRQYH\HG E\ HTXDWLRQ ��������
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&KDSWHU �

6,62 ,QSXW�2XWSXW 0RGHOV� /7,
6\VWHPV

��� $Q ,QWURGXFWLRQ 7R /LQHDU 6\VWHPV� $Q ,OOXVWUDWLYH ([DPSOH

7KH IROORZLQJ VLPSOH 5/& VHULHV FLUFXLW H[DPSOH ZLOO EH XVHG WR PRWLYDWH� LQWURGXFH� DQG LOOXVWUDWH

PDQ\ RI WKH OLQHDU V\VWHP FRQFHSWV WR IROORZ�

([DPSOH ����� �6HULHV 5/& &LUFXLW � $ 6LQJOH�,QSXW 6LQJOH�2XWSXW �6,62� 6\VWHP��

&RQVLGHU WKH VHULHV 5/& FLUFXLW VKRZQ LQ )LJXUH ���� 7KH FLUFXLW� RU V\VWHP� LQSXW �IRUFLQJ

IXQFWLRQ� LV WKH YROWDJH VRXUFH X� 7KH FLUFXLW� RU V\VWHP� RXWSXW LV WKH YROWDJH PHDVXUHPHQW \� ,Q

WKLV FLUFXLW� WKH UHVLVWRU� LQGXFWRU� DQG FDSDFLWRU YDOXHV DUH GHQRWHG 5� /� DQG & UHVSHFWLYHO\� ,W

LV DVVXPHG WKDW WKH\ DUH QRQQHJDWLYH DQG FRQVWDQW� 7KH V\PERO L/ LV XVHG WR UHSUHVHQW WKH FXUUHQW

oRZLQJ WKURXJK WKH LQGXFWRU DQG \ UHSUHVHQWV WKH YROWDJH DFURVV WKH FDSDFLWRU�

u

−

+ +

−

R L

C y

iL

)LJXUH ���� 6LQJOH�,QSXW 6LQJOH�2XWSXW �6,62� 6HULHV 5/& &LUFXLW

7KLV VLPSOH VLQJOH�LQSXW VLQJOH�RXWSXW �6,62� H[DPSOH ZLOO EH XVHG WR PRWLYDWH�LOOXVWUDWH WKH IRO�

ORZLQJ FRQFHSWV�WHFKQLTXHV� LQSXW�RXWSXW PRGHO� V\VWHP RUGHU� DQDO\VLV YLD /DSODFH WUDQVIRUPV�

��
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QDWXUDO UHVSRQVH� VWDELOLW\� FKDUDFWHULVWLF HTXDWLRQ� FKDUDFWHULVWLF URRWV� SROHV� GDPSLQJ IDFWRU� V\V�

WHP WUDQVIHU IXQFWLRQ� JHQHUDO 5/& FLUFXLW LPSHGDQFH PHWKRGV� LPSXOVH UHVSRQVH� JHQHUDO VROXWLRQ�

FRQYROXWLRQ� OLQHDULW\� FDXVDOLW\� VWHS UHVSRQVH� RYHUVKRRW� XQGHUVKRRW� WLPH LQYDULDQFH� OLQHDU WLPH

LQYDULDQFH �/7,�� ERXQGHG�LQSXW ERXGHG�RXWSXW VWDELOLW\� VLQXVRLGDO VWHDG\ VWDWH DQDO\VLV� ]HURV�

IUHTXHQF\ UHVSRQVH� PDJQLWXGH UHVSRQVH� SKDVH UHVSRQVH� )RXULHU WUDQVIRUP� GHVFULSWRU UHSUHVHQ�

WDWLRQV� VWDWH� VWDWH YDULDEOHV� DQG VWDWH VSDFH UHSUHVHQWDWLRQV� $V VXFK� WKH H[DPSOH SURYLGHV DQ

H[FHOOHQW ?IXHO�ULFK� YHKLFOH IRU HPEDUNLQJ RQ RXU VWXG\ RI OLQHDU V\VWHPV� 0RUHRYHU� LW ZLOO EH

VKRZQ WKDW $// RI WKH SULQFLSOHV DQG FRQFHSWV WR EH LOOXVWUDWHG XVLQJ WKLV YHU\ VLPSOH H[DPSOH H[�

WHQG HmRUWOHVVO\ WR DUELWUDULO\ FRPSOH[ V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV

ZLWK FRQVWDQW FRHpFLHQWV�

��� /7, 6\VWHP &RQFHSWV

7KH IROORZLQJ H[DPSOH LV XVHG WR PRWLYDWH DQG LQWURGXFH YDULRXV LPSRUWDQW V\VWHP FRQFHSWV�

([DPSOH ����� �6HULHV 5/& &LUFXLW ,QSXW�2XWSXW 0RGHO $QDO\VLV��

&RQVLGHU WKH VHULHV 5/& FLUFXLW LQ )LJXUH ����

,QSXW�2XWSXW /LQHDU 'LmHUHQWLDO (TXDWLRQ 0RGHO� 2QH FDQ XVH .LUFKKRm
V YROWDJH DQG FXUUHQW

ODZV >��@ WR UHODWH WKH RXWSXW \�c� WR WKH LQSXW X�c�� 'RLQJ VR� \LHOGV WKH IROORZLQJ VHFRQG RUGHU

OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQ ZLWK FRQVWDQW FRHpFLHQWV�

�\�W� �
5

/
B\�W� �

�

/&
\�W�  

�

/&
X�W�� �����

7KLV HTXDWLRQ LV VXEMHFW WR WKH WZR LQLWLDO FRQGLWLRQV� \��b�  \R� B\��
b�  B\R� (TXDWLRQ �����

UHODWHV WKH RXWSXW \�c� WR WKH LQSXW X�c� IRU W ! �� $V VXFK� ZH VD\ WKDW LW GHnQHV D OLQHDU GLmHU�

HQWLDO HTXDWLRQ LQSXW�RXWSXW PRGHO IRU WKH V\VWHP� %HFDXVH WKH V\VWHP LV GHVFULEHG E\ D VHFRQG

RUGHU GLmHUHQWLDO HTXDWLRQ� ZH VD\ WKDW WKH V\VWHP LV D VHFRQG RUGHU V\VWHP� ,W VKRXOG EH QRWHG
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WKDW ZH KDYH REWDLQHG D VHFRQG RUGHU PRGHO EHFDXVH ZH KDYH DVVXPHG WKH SUHVHQFH RI WZR HQHUJ\

VWRUDJH HOHPHQWV� QDPHO\ / DQG &� ,W VKRXOG DOVR EH QRWHG WKDW PRGHOLQJ RWKHU �SHUKDSV GLpFXOW WR

PHDVXUH� SDUDVLWLF LQGXFWDQFHV DQG FDSDFLWDQFHV ZRXOG LQFUHDVH WKH V\VWHP RUGHU�

$QDO\VLV 9LD /DSODFH 7UDQVIRUPV� ,W LV QRZ VKRZQ KRZ /DSODFH WUDQVIRUP WHFKQLTXHV PD\ EH XVHG

WR DQDO\]H V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV VXFK

DV HTXDWLRQ ������ 7KH RSSRUWXQLW\ LV WDNHQ WR LQWURGXFH IXQGDPHQWDO WHUPLQRORJ\ DV ZHOO�

/HW < �c� DQG 8�c� GHQRWH WKH /DSODFH WUDQVIRUPV RI WKH RXWSXW \�c� DQG WKH LQSXW X�c�� UHVSHF�

WLYHO\� 1RZ DSSO\ WKH WUDQVIRUP SURSHUWLHV LQ 7DEOH ����� �WLPH GLmHUHQWLDWLRQ SURSHUW\� WR WKH

GLmHUHQWLDO HTXDWLRQ ������ 'RLQJ VR \LHOGV�

> V�< �V�b V\R b B\R @ �
5

/
> V< �V�b \R @ �

�

/&
> < �V� @  

�

/&
> 8�V� @� �����

6ROYLQJ IRU < �V� \LHOGV�

< �V�  

�
V\R � B\R �

5
/
\R

V� � 5
/
V� �

/&

�
�

�
�
/&

V� � 5
/
V� �

/&

�
8�V�� �����

1DWXUDO �=HUR ,QSXW� 5HVSRQVH� $W WKLV SRLQW� LW LV XVHIXO WR QRWH WKDW WKH nUVW WHUP LV GXH WR LQLWLDO

FRQGLWLRQV� :H WKHUHIRUH LGHQWLI\

<]LU�V�  
V\R � B\R �

5
/
\R

V� � 5
/
V� �

/&

 
�V� 5

/
�\R � B\R

V� � 5
/
V� �

/&

�����

DV WKH /DSODFH WUDQVIRUP RI WKH ]HUR LQSXW UHVSRQVH \]LU�c�� L�H� WKH UHVSRQVH WR LQLWLDO FRQGLWLRQV

ZLWK QR LQSXW �X  ��� 7KH ]HUR LQSXW UHVSRQVH FDSWXUHV WKH QDWXUDO WHQGHQFLHV RU QDWXUDO PRGHV

RI WKH V\VWHP� $ GHWDLOHG ]HUR LQSXW UHVSRQVH SDUWLDO IUDFWLRQ DQDO\VLV IRU RXU 5/& FLUFXLW ZLOO EH

JLYHQ VXEVHTXHQWO\�

6\VWHP 7UDQVIHU )XQFWLRQ� ,W LV XVHIXO WR ZULWH HTXDWLRQ ���� � DV

< �V�  <]LU�V� �+�V�8�V� �����
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ZKHUH

+�V�
GHI
 

�/\��V�
�/X��V� M

]HUR LQLWLDO
FRQGLWLRQV �����

 
�
/&

V� � 5
/
V� �

/&

�����

LV FDOOHG WKH V\VWHP WUDQVIHU IXQFWLRQ�

6\VWHP 2XWSXW DQG &RQYROXWLRQ� *LYHQ YDOXHV IRU WKH LQLWLDO FRQGLWLRQV �\R� B\R� DQG WKH LQSXW X�c��

RQH FDQ �LQ SULQFLSOH� DOZD\V XVH SDUWLDO IUDFWLRQ WHFKQLTXHV WR GHWHUPLQH WKH V\VWHP RXWSXW \�c� �

DVVXPLQJ� RI FRXUVH� WKDW DOO UHOHYDQW /DSODFH WUDQVIRUPV DQG LQYHUVH WUDQVIRUPV DUH FRPSXWDEOH�

'HVSLWH WKH DYDLODELOLW\ RI SRZHUIXO SDUWLDO IUDFWLRQ WHFKQLTXHV� LW LV LQVWUXFWLYH WR QRWH WKDW WKH

V\VWHP RXWSXW \�c� LV UHODWHG WR V\VWHP LQLWLDO FRQGLWLRQV �\R� B\R� DQG WKH V\VWHP LQSXW X�c� DV IROORZV�

\�W�  \]LU�W� � �7X��W� �����

 \]LU�W� � �K e X��W� �����

 \]LU�W� �

= W

�
K�Wb ~�X�~�G~ ������

ZKHUH

�7X��W�
GHI
 �K e X��W� ������

 

= W

�
K�Wb ~�X�~�G~� ������

GHQRWHV WKH V\VWHP
V FRQYROXWLRQ RSHUDWRU� �K e X��c� UHSUHVHQWV WKH FRQYROXWLRQ RI K�c� ZLWK X�c��

DQG

K�W�
GHI
 �/b�+��W�� ������

6\VWHP ,PSXOVH 5HVSRQVH� 6XSSRVH WKDW DOO LQLWLDO FRQGLWLRQV DUH VHW WR ]HUR �\R  B\R  �� DQG WKDW

D XQLW 'LUDF GHOWD GLVWULEXWLRQ LV DSSOLHG WR WKH V\VWHP� L�H� X�W�  p�W�� ,Q VXFK D FDVH� LW IROORZV

WKDW < �V�  +�V� DQG KHQFH \�W�  K�W�� %HFDXVH RI WKLV� ZH FDOO

K�W�
GHI
 �/b�+��W� ������
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WKH LPSXOVH UHVSRQVH RI WKH V\VWHP� ,W VKRXOG EH QRWHG WKDW K�W�  � IRU DOO W � �� 7KH LPSXOVH

UHVSRQVH IRU RXU 5/& FLUFXLW PD\ EH FRPSXWHG XVLQJ SDUWLDO IUDFWLRQ WHFKQLTXHV�

&DXVDO 6\VWHP� 0DQ\ V\VWHPV GR QRW H[KLELW DQ RXWSXW XQWLO VRPH LQSXW LV DSSOLHG WR WKH V\VWHP�

6XFK V\VWHPV DUH VDLG WR EH FDXVDO� 0RUH SUHFLVHO\� RXU 5/& FLUFXLW LV D FDXVDO V\VWHP EHFDXVH WKH

FXUUHQW RXWSXW \�W� GHSHQGV RQ WKH SUHVHQW DQG�RU SUHYLRXV LQSXWV X�~�� ~ � >�� W@� 7KLV IROORZV IURP

WKH LQWHJUDO OLPLWV LQ HTXDWLRQ ������� 7KH ORZHU LQWHJUDO OLPLW IROORZV IURP WKH DVVXPSWLRQ WKDW WKH

LQSXW LV DSSOLHG DW W  �� 7KH XSSHU OLPLW RI W IROORZV IURP WKH IDFW WKDW WKH LPSXOVH UHVSRQVH K�c�

LV ]HUR IRU DOO W � �� 7KLV IDFW LPSOLHV WKDW K�Wb ~�  � IRU W � ~ � 7KLV� LQ WXUQ� IRUFHV WKH XSSHU

OLPLW LQ HTXDWLRQ ������ WR EH W UDWKHU WKDQ ��

/LQHDU 6\VWHP� )URP HTXDWLRQ ������ LW IROORZV WKDW < �c� LV OLQHDU LQ �\R� B\R� 8�c��� 6LQFH WKH LQYHUVH

/DSODFH RSHUDWRU /b� LV DOVR D OLQHDU RSHUDWRU� LW IROORZV WKDW WKH RXWSXW \�c� LV OLQHDU LQ �\R� B\R� X�c���

L�H�

7KH RXWSXW \�c� LV OLQHDU LQ WKH LQLWLDO FRQGLWLRQV DQG WKH LQSXW X�c��

7KDW LV� LI >\R� B\R� X��c�@7 SURGXFHV DQ RXWSXW \��c� DQG >\R� B\R� X��c�@7 SURGXFHV DQ RXWSXW \��c��

WKHQ WKH OLQHDU FRPELQDWLRQ >\R B\R X�c�@7  D�>\R� B\R� X��c�@7 �D�>\R� B\R� X��c�@7 SURGXFHV WKH RXWSXW

\�c�  D�\��c� � D�\��c�� )RU WKLV UHDVRQ� ZH VD\ WKDW RXU 5/& FLUFXLW LV D OLQHDU V\VWHP�

7LPH ,QYDULDQW 6\VWHP� )RU PDQ\ V\VWHPV� WKH UHVSRQVH WR D JLYHQ LQSXW X LV ?WLPH LQYDULDQW��

L�H� VKLIWLQJ WKH LQSXW UHVXOWV LQ D VKLIWHG RXWSXW� 7R VKRZ WKDW WKLV LV WUXH IRU RXU 5/& FLUFXLW�

GHnQH WKH WKH GHOD\ RSHUDWRU

�6cZ��W�
GHI
 Z�Wbc�� ������

1RZ FRQVLGHU WKH IROORZLQJ �]HUR LQLWLDO FRQGLWLRQ� FDOFXODWLRQ�

�76cX��W�  

= W

�
K�Wb ~�X�~ bc�G~ ������
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= Wbc

bc
K�Wbcb m�X�m�Gm m

GHI
 ~ bc Gm  G~ ������

 

= Wbc

�
K�Wbcb m�X�m�Gm ������

 

= Wbc

�
K�Wbcb m�X�m�Gm ������

 \�Wbc� ������

 �6c7X��W� ������

,Q WKLV FDOFXODWLRQ� ZH KDYH DVVXPHG WKDW WKH LQSXW KDV EHHQ DSSOLHG DW W  �� ,W VKRZV WKDW RXU

5/& FLUFXLW LV D WLPH LQYDULDQW V\VWHP�

/LQHDU 7LPH ,QYDULDQW �/7,� 6\VWHP� %HFDXVH RXU 5/& FLUFXLW LV OLQHDU DQG WLPH LQYDULDQW� ZH VD\

WKDW LW LV D OLQHDU WLPH LQYDULDQW �/7,� V\VWHP� :H ZLOO VWXG\ /7, V\VWHPV LQ JUHDW GHWDLO�

2EVHUYDWLRQV� 6WUXFWXUH RI 2XWSXW� $W WKLV SRLQW� VRPH JHQHUDO REVHUYDWLRQV DUH LQ RUGHU� < �c�

DQG LWV LQYHUVH \�c� FRQVLVWV RI WZR FRPSRQHQWV �FI� HTXDWLRQ ��������

�� 1DWXUDO 5HVSRQVH� 7KH nUVW WHUP �<]LU�c� RU \]LU�c�� LV GXH WR LQLWLDO FRQGLWLRQV DQG KHQFH

FDSWXUHV WKH QDWXUDO UHVSRQVH RI WKH V\VWHP� L�H� WKH UHVSRQVH RI WKH V\VWHP WR LQLWLDO FRQGLWLRQV

ZLWK QR LQSXW DSSOLHG �X  ��� 7KH GHQRPLQDWRU RI <]LU�c� �RU WKDW RI +�c�� LV FDOOHG WKH

FKDUDFWHULVWLF HTXDWLRQ RI WKH V\VWHP� ,WV URRWV DUH FDOOHG WKH V\VWHP SROHV� 7KHVH SROHV

FRUUHVSRQG WR WLPH GRPDLQ VLJQDOV ZKLFK UHSUHVHQW WKH QDWXUDO WHQGHQFLHV RU QDWXUDO PRGHV

RI WKH V\VWHP�

�� )RUFHG 5HVSRQVH� 7KH VHFRQG WHUP LV GXH WR WKH V\VWHP LQSXW �IRUFLQJ IXQFWLRQ� X�c�� 0RUH

SUHFLVHO\� LW LV GXH WR WKH V\VWHP LQSXW ?H[FLWLQJ� WKH V\VWHP WUDQVIHU IXQFWLRQ +�c� DQG KHQFH

WKH V\VWHP
V QDWXUDO PRGHV� 7KH LGHD EHLQJ FRQYH\HG KHUH LV EHVW XQGHUVWRRG LQ WKH V�GRPDLQ�

%RWK 8�c� DQG +�c� KDYH SROHV� 7KHVH SROHV FRUUHVSRQG WR WLPH GRPDLQ IXQFWLRQV ZKLFK KHOS

PDNH XS WKH VHFRQG WHUP �IRUFHG UHVSRQVH�� 7KH VHFRQG WHUP WKXV KDV D FRQWULEXWLRQ GXH WR

WKH V\VWHP WUDQVIHU IXQFWLRQ +�c� DQG D FRQWULEXWLRQ GXH WR WKH LQSXW 8�c��
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6,62 /7, 6\VWHPV 'HVFULEHG %\ /LQHDU 'LmHUHQWLDO (TXDWLRQ 0RGHOV� 7KH VLJQLnFDQFH RI WKH DERYH

REVHUYDWLRQV OLHV LQ WKH IDFW WKDW WKH\ DSSO\ WR DUELWUDULO\ FRPSOH[ /7, V\VWHPV� ,Q ZKDW IROORZV�

ZH ZLOO H[DPLQH /7, V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW

FRHpFLHQWV DV IROORZV�

Q�;
N �

DN
�N�
\ �W�  

Q�;
N �

EN
�N�
X �W� ������

< �V�  <]LU�V� �+�V�8�V� ������

<]LU�V�  

3Q�
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�
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\R

w
3Q�

N � DNVN
������

+�V�
GHI
 

�/\��V�
�/X��V� M

]HUR LQLWLDO
FRQGLWLRQV  

3Q�
N � ENV

N3Q�
N � DNV

N
������

K�W�
GHI
 �/b�+��W� ������

\�W�  \]LU�W� � �K e X��W� ������

 \]LU�W� �

= W

�
K�Wb ~�X�~�G~ ������

ZKHUH
�N�
\ ��b�  

�N�
\R GHQRWH LQLWLDO WLPH GHULYDWLYHV� ,Q HTXDWLRQ ������� LW KDV EHHQ DVVXPHG WKDW

DOO LQLWLDO FRQGLWLRQV DVVRFLDWHG ZLWK WKH LQSXW X DUH ]HUR� L�H� I�N�XR  �JN� ,I WKH ODWWHU LQLWLDO LQSXW

GHULYDWLYHV DUH QRW ]HUR� WKHQ DQRWKHU �VLPLODU� WHUP PXVW EH DGGHG LQ HTXDWLRQ �������

6\VWHP 2UGHU� )RU V\VWHPV GHVFULEHG E\ OLQHDU GLmHUHQWLDO HTXDWLRQ PRGHOV �FI� HTXDWLRQ ��������

WKH RUGHU RI WKH V\VWHP LV GHnQHG WR EH WKH RUGHU RI WKH KLJKHVW GHULYDWLYH DSSHDULQJ LQ WKH GLmHU�

HQWLDO HTXDWLRQ PRGHO� L�H� Q
GHI
 PD[�Q�� Q���

6,62 /7, 6\VWHPV 'HVFULEHG %\ /LQHDU ,QWHJUDO 0RGHOV� ,Q ZKDW IROORZV� ZH ZLOO DOVR FRQVLGHU /7,

�SRVVLEO\ QRQFDXVDO� V\VWHPV GHVFULEHG E\ OLQHDU LQWHJUDO PRGHOV DV IROORZV�

\�W�  �7X��W�
GHI
 

= �

b�
K�Wb ~�X�~�G~� ������
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)RU VXFK �SRVVLEO\ QRQFDXVDO� V\VWHPV� WKH WUDQVIHU IXQFWLRQ LV GHnQHG E\ D ELODWHUDO /DSODFH WUDQV�

IRUP DV IROORZV�

+�V�
GHI
 

= �

b�
K�~�HbV~X�~�G~� ������

��� 1DWXUDO 5HVSRQVH� 6WDELOLW\� &KDUDFWHULVWLF (TXDWLRQ� $QG
3ROHV

7R GHHSO\ XQGHUVWDQG DQ\ V\VWHP� LW LV LPSRUWDQW WR XQGHUVWDQG WKH QDWXUDO WHQGHQFLHV RU QDW�

XUDO PRGHV RI WKH V\VWHP� 7ZR SK\VLFDO H[DPSOHV DUH JLYHQ WR LOOXVWUDWH WKHVH DQG UHODWHG LGHDV

�H�J� HTXLOLEULXP� VWDELOLW\� HWF���

([DPSOH ����� �$Q 8SULJKW %URRPVWLFN��

&RQVLGHU DQ XSULJKW EURRPVWLFN� :KHQ OHIW FRPSOHWHO\ DORQH� LW UHPDLQV XSULJKW � DVVXPLQJ D

SHUIHFWO\ oDW�DOEHLW LQnQLWHVLPDOO\ WKLQ� ERWWRP� :H VD\ WKDW WKH XSULJKW SRVLWLRQ LV DQ HTXLOLEULXP

IRU WKH EURRPVWLFN� :KHQ WKH EURRPVWLFN LV JLYHQ D VPDOO LQLWLDO RmVHW �LQLWLDO FRQGLWLRQ�� LWV QDWXUDO

WHQGHQF\ LV WR IDOO �DVVXPLQJ QR KXPDQ LQSXW LV DSSOLHG�� 2QH FDQ XVH 1HZWRQ
V ODZV WR VKRZ WKDW

LWV DQJOH ZLWK UHVSHFW WR WKH YHUWLFDO JURZV H[SRQHQWLDOO\ DV

H
S

J

O
W ������

ZKHUH J LV WKH DFFHOHUDWLRQ GXH WR JUDYLW\ DQG O LV WKH OHQJWK RI WKH EURRPVWLFN� 7KLV VKRZV WKDW WKH

EURRPVWLFN SRVVHVVHV D QDWXUDO JURZLQJ H[SRQHQWLDO PRGH� 0RUHRYHU� VLQFH WKH EURRPVWLFN GRHV QRW

UHWXUQ WR LWV YHUWLFDO HTXLOLEULXP DQG DFWXDOO\ PRYHV IXUWKHU DZD\ IURP LW� ZH VD\ WKDW WKH YHUWLFDO

HTXLOLEULXP LV DQ XQVWDEOH HTXLOLEULXP� :H DOVR VD\ WKDW WKH EURRPVWLFN SRVVHVVHV D QDWXUDO PRGH

ZKLFK LV XQVWDEOH� )URP /DSODFH WUDQVIRUPV ZH NQRZ WKDW WKLV LQVWDELOLW\ KDV DVVRFLDWHG ZLWK LW D

ULJKW KDOI SODQH �XQVWDEOH� SROH DW

V  

U
J

O
������
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VLQFH

/I H
S

J
O
W J  �

Vb
T

J
O

� ������

([DPSOH ����� �6ZLQJLQJ 3HQGXOXP :LWKLQ *UDQGIDWKHU &ORFN��

1RZ FRQVLGHU WKH SHQGXOXP ZKLFK VZLQJV ZLWKLQ D JUDQGIDWKHU FORFN� :KHQ OHIW DORQH� WKH

SHQGXOXP QDWXUDOO\ UHPDLQV GRZQZDUG� :H VD\ WKDW WKH GRZQZDUG SRVLWLRQ LV DQ HTXLOLEULXP IRU

WKH SHQGXOXP� :KHQ JLYHQ D VPDOO LQLWDO RmVHW �LQLWLDO FRQGLWLRQ�� WKH SHQGXOXP
V QDWXUDO WHQGHQF\

LV WR UHWXUQ WR LWV GRZQZDUG HTXLOLEULXP SRVLWLRQ� 1HZWRQ
V ODZV FDQ EH XVHG WR VKRZ WKDW WKH DQJOH

RI WKH SHQGXOXP ZLWK UHVSHFW WR WKH YHUWLFDO GHFD\V OLNH DQ H[SRQHQWLDO VLQXVRLG

Hb
N
�
W FRV�

V
J

O
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�
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ZKHUH N UHSUHVHQWV D IULFWLRQ FRHpFLHQW� J WKH DFFHOHUDWLRQ GXH WR JUDYLW\� DQG O WKH OHQJWK RI

WKH SHQGXOXP� 7KLV VKRZV WKDW WKH SHQGXOXP SRVVHVVHV D QDWXUDO GHFD\LQJ H[SRQHQWLDO VLQXVRLGDO

PRGH� 0RUHRYHU� VLQFH WKH SHQGXOXP UHWXUQV WR LWV GRZQZDUG HTXLOLEULXP H[SRQHQWLDOO\� ZH VD\ WKDW

WKH GRZQZDUG HTXLOLEULXP LV DQ H[SRQHQWLDOO\ VWDEOH HTXLOLEULXP� :H DOVR VD\ WKDW WKH SHQGXOXP

SRVVHVVHV D QDWXUDO PRGH ZKLFK LV H[SRQHQWLDOO\ VWDEOH� )URP /DSODFH WUDQVIRUPV ZH NQRZ WKDW WKLV

PRGH KDV DVVRFLDWHG ZLWK LW D OHIW KDOI SODQH �VWDEOH� SROH DW

V  bN

�
h M

V
J

O
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7KH DERYH H[DPSOHV VXJJHVW WKDW LQ RUGHU WR H[DPLQH WKH QDWXUDO WHQGHQFLHV RU QDWXUDO PRGHV

RI D V\VWHP� LW LV HVVHQWLDO WR VWXG\ WKH QDWXUDO �XQIRUFHG� UHVSRQVH �]HUR LQSXW UHVSRQVH� RI WKH

V\VWHP� L�H� WKH UHVSRQVH GXH WR LQLWDO FRQGLWLRQV ZLWK QR LQSXW �X  ��� 'RLQJ VR DOVR WHOOV XV DERXW
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WKH VWDELOLW\ RI WKH V\VWHP�

6WDELOLW\� )RU V\VWHPV GHVFULEHG E\ OLQHDU GLmHUHQWLDO HTXDWLRQV �ZLWK FRHpFLHQWV WKDW DUH SRVVLEO\

WLPH YDU\LQJ�� ZH VD\ WKDW WKH V\VWHP LV

q XQVWDEOH LI LQLWLDO FRQGLWLRQV SURGXFH WLPH UHVSRQVHV ZKLFK GR QRW UHPDLQ ERXQGHG�

q VWDEOH RU PDUJLQDOO\ VWDEOH LI LQLWLDO FRQGLWLRQV SURGXFH ERXQGHG WLPH UHVSRQVHV�

q DV\PSWRWLFDOO\ VWDEOH LI LQLWLDO FRQGLWLRQV GHFD\ WR ]HUR�

q H[SRQHQWLDOO\ VWDEOH LI LQLWLDO FRQGLWLRQV GHFD\ WR ]HUR H[SRQHQWLDOO\�

6WDELOLW\ )RU )LQLWH�'LPHQVLRQDO /7, 6\VWHPV� )RU V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO

HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV �DQG KHQFH UHDO�UDWLRQDO WUDQVIHU IXQFWLRQV�� DV\PSWRWLF DQG

H[SRQHQWLDO VWDELOLW\ DUH HTXLYDOHQW� 6XFK V\VWHPV DUH

H[SRQHQWLDOO\ VWDEOH LI DQG RQO\ LI DOO RI WKH V\VWHP SROHV

OLH LQ WKH ULJKW KDOI FRPSOH[ V�SODQH� L�H� KDYH QHJDWLYH UHDO SDUWV�

2WKHU QRWLRQV RI VWDELOLW\ ZLOO EH SUHVHQWHG VXEVHTXHQWO\�

([DPSOH ����� �1DWXUDO 0RGHV 2I 6WDQGDUG 6HFRQG 2UGHU 6\VWHP��

&RQVLGHU WKH 5/& VHULHV FLUFXLW LQ )LJXUH ���� $Q LQSXW�RXWSXW PRGHO IRU WKLV FLUFXLW LV JLYHQ

E\ HTXDWLRQ ������

&KDUDFWHULVWLF (TXDWLRQ� 3ROHV� 7R XQGHUVWDQG WKH QDWXUDO PRGHV RI WKLV V\VWHP� DQG LWV VWDELOLW\�

RQH EHJLQV ZLWK DQ H[DPLQDWLRQ RI LWV FKDUDFWHULVWLF HTXDWLRQ�

j�V�
GHI
 V� �

5

/
V�

�

/&
� ������

,W
V URRWV DUH FDOOHG WKH FKDUDFWHULVWLF URRWV RI WKH V\VWHP� WKH SROHV RI WKH V\VWHP� RU VLPSO\ WKH

V\VWHP SROHV� 7KHVH SROHV FRPSOHWHO\ GHWHUPLQH WKH QDWXUDO WHQGHQFLHV RU PRGHV RI WKH V\VWHP�
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6WDQGDUG 6HFRQG 2UGHU )RUP� $W WKLV SRLQW� LW LV FRQYHQLHQW WR ZULWH WKH FKDUDFWHULVWLF HTXDWLRQ

j�c� DV IROORZV�

j�V�  V� � �r�QV� ��Q ������

ZKHUH

�Q
GHI
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LV FDOOHG WKH XQGDPSHG QDWXUDO IUHTXHQF\ DQG

r
GHI
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LV FDOOHG WKH GDPSLQJ IDFWRU� :KHQ ZULWWHQ LQ WKLV PDQQHU� ZH VD\ WKDW WKH FKDUDFWHULVLWF HTXDWLRQ

LV LQ VWDQGDUG VHFRQG RUGHU IRUP�

6\VWHP 3ROHV� 1DWXUDO 5HVSRQVH 'HSHQGHQFH 2Q 'DPSLQJ )DFWRU r� :LWK WKLV QRWDWLRQ� WKH SROHV

RI WKH V\VWHP DUH JLYHQ E\

V�  br�Q � �Q

T
r� b � V�  br�Q b �Q

T
r� b � ������

IRU r w � DQG

V�  br�Q � M�Q

T
�b r� V�  br�Q b M�Q

T
�b r� ������

IRU r � >�� ��� 7KH QDWXUDO �XQIRUFHG� UHVSRQVH RI WKLV V\VWHP WR LQLWLDO FRQGLWLRQV GHSHQGV JUHDWO\

RQ WKH QDWXUH RI WKHVH SROHV� *LYHQ WKLV� LW LV XVHIXO WR H[DPLQH KRZ WKH V\VWHP SROHV GHSHQG RQ WKH

GDPSLQJ IDFWRU r �SURQRXQFHG ?]HWD��� )RXU FDVHV DULVH�

&DVH �� 8QGDPSHG �r  ��� :KHQ r  �� WKH V\VWHP LV VDLG WR EH XQGDPSHG� ,Q VXFK D FDVH WKH

V\VWHP SROHV DUH GLVWLQFW� SXUHO\ LPDJLQDU\� FRPSOH[ FRQMXJDWHV RI RQH DQRWKHU� DQG FRUUHVSRQG WR
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FRPSOH[ H[SRQHQWLDOV HhM�QW RU D VLQXVRLG� ,Q VXFK D FDVH� WKH QDWXUDO UHVSRQVH RI WKH V\VWHP LV DQ

XQGDPSHG RVFLOODWLRQ� 0RUH SUHFLVHO\�

\]LU�W�  > �M$M FRV��QW��$� @ ��W� ������

ZKHUH

$  
V\R � B\R �

5
/
\R

V� M�Q
MV M�Q � ������

,Q VXFK D FDVH� WKH V\VWHP LV VDLG WR EH PDUJLQDOO\ VWDEOH�

&DVH �� 8QGHUGDPSHG �� � r � ��� :KHQ � � r � �� WKH V\VWHP LV VDLG WR EH XQGHUGDPSHG� ,Q VXFK

D FDVH WKH V\VWHP SROHV DUH GLVWLQFW� FRPSOH[� FRPSOH[ FRQMXJDWHV RI RQH DQRWKHU� DQG FRUUHVSRQG WR

GHFD\LQJ �H[SRQHQWLDOO\ VWDEOH� FRPSOH[ H[SRQHQWLDOV H�br�QhM�Q
S
�br��W RU DQ H[SRQHQWLDO VLQXVRLG�

0RUH SUHFLVHO\�

\]LU�W�  > �M$MHbr�QW FRV��Q
T
�b r�W��$� @ ��W� ������

ZKHUH

$  
V\R � B\R �

5
/
\R

V� r�Q � M�Q
S
�b r�

M
V br�Q�M�Q

S
�br� � ������

)RU WKLV FDVH

q }  br�Q LV WKH QHSHU IUHTXHQF\�

q ~  �
r�Q

LV WKH WLPH FRQVWDQW�

q �G
GHI
 �Q

S
�b r� LV WKH GDPSHG QDWXUDO IUHTXHQF\�

q 7  �{
�G

LV WKH SHULRG RI RVFLOODWLRQ�

q V  } � M�G LV WKH FRPSOH[ IUHTXHQF\� DQG

q V  } b M�G LV WKH FRQMXJDWH FRPSOH[ IUHTXHQF\�

$V r LV PDGH VOLJKWO\ SRVLWLYH� WKH V\VWHP SROHV PRYH LQWR WKH OHIW KDOI V�SODQH� WKH V\VWHP EHFRPHV

XQGHUGDPSHG� DQG WKH V\VWHP
V QDWXUDO UHVSRQVH EHFRPHV OHVV RVFLOODWRU\ WKDQ IRU WKH r  � �XQ�

GDPSHG� FDVH� )RU VPDOO r� WKH QDWXUDO UHVSRQVH RI WKH V\VWHP LV VWLOO YHU\ RVFLOODWRU\� $V r LV
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LQFUHDVHG� WKH UHVSRQVH EHFRPHV OHVV RVFLOODWRU\�

&DVH �� &ULWLFDOO\ 'DPSHG �r  ��� :KHQ r  �� WKH V\VWHP LV VDLG WR EH FULWLFDOO\ GDPSHG�

,Q VXFK D FDVH WKH V\VWHP SROHV DUH UHSHDWHG �ERWK DW V  b�Q�� UHDO� DQG FRUUHVSRQG WR GHFD\LQJ

�H[SRQHQWLDOO\ VWDEOH� H[SRQHQWLDOV Hb�QW� WHb�QW� 0RUH SUHFLVHO\�

\]LU�W�  > W$H
b�QW �%Hb�QW @ ��W� ������

ZKHUH

$  b�Q\R � B\R �
5

/
\R %  \R� ������

)RU WKLV r� RVFLOODWLRQV DUH QR ORQJHU SUHVHQW LQ WKH V\VWHPV
V QDWXUDO UHVSRQVH DQG WKH V\VWHP WLPH

FRQVWDQW LV ~  �
�Q

�

&DVH �� 2YHUGDPSHG �r ! ��� :KHQ r ! �� WKH V\VWHP LV VDLG WR EH RYHUGDPSHG� ,Q VXFK D FDVH�

WKH V\VWHP SROHV DUH GLVWLQFW� UHDO� DQG FRUUHVSRQG WR GHFD\LQJ �H[SRQHQWLDOO\ VWDEOH� H[SRQHQWLDOV

H�br�Q��Q
S
r�b��W� H�br�Qb�Q

S
r�b��W� 0RUH SUHFLVHO\�

\]LU�W�  > $H
V�W �%HV�W @ ��W� ������

ZKHUH

$  
V�\R � B\R �

5
/
\R

V� b V�
%  

V�\R � B\R �
5
/
\R

V� b V�
� ������

$V r LV LQFUHDVHG DERYH XQLW\� WKH V\VWHP SROHV VSOLW � RQH PRYLQJ WR WKH ULJKW� WKH RWKHU WR WKH OHIW�

%HFDXVH ~�  
�
MV�M ! ~�  

�
MV�M � LW IROORZV WKDW V� LV WKH VORZ SROH DQG V� LV WKH IDVW SROH� *HQHUDOO\�

OHIW KDOI SODQH SROHV QHDU WKH RULJQ DUH VORZHU WKDQ SROHV ZKLFK DUH IXUWKHU WR WKH OHIW� $V r LV

LQFUHDVHG VLJQLnFDQWO\� WKH VORZ SROH V� GRPLQDWHV WKH QDWXUDO UHVSRQVH� )RU r ! �� WKH V\VWHP LV

H[SRQHQWLDOO\ VWDEOH�
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,I RQH GHnQHV WKH FULWLFDOO\ GDPSHG UHVLVLWDQFH DV IROORZV�

5F
GHI
 �

V
/

&
������

WKHQ RXU 5/& FLUFXLW LV XQGDPSHG�XQGHUGDPSHG IRU 5 � >�� 5F�� FULWLFDOO\ GDPSHG IRU 5  5F� DQG

RYHUGDPSHG IRU 5 � �5F����

7KH DERYH GLVFXVVLRQ VKRZV KRZ WKH V\VWHP SROHV DQG QDWXUDO UHVSRQVH GHSHQG RQ WKH GDPSLQJ

IDFWRU r� 7KH GHSHQGHQFH RI WKH SROHV RQ r PD\ EH YLVXDOL]HG DV LQGLFDWHG LQ WKH URRW ORFXV SORW

VKRZQ LQ )LJXUH ���� ,W LV LQWHUHVWLQJ WR QRWH WKDW IRU � � r � �� WKH V\VWHP SROHV OLH RQ D FLUFOH RI

UDGLXV �Q ZLWK FHQWHU DW V  ��
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)LJXUH ���� 3ROH 'HSHQGHQFH RQ 'DPSLQJ )DFWRU� 6WDQGDUG 6HFRQG 2UGHU 3RO\QRPLDO

1DWXUDO 5HVSRQVH� *HQHUDO )LQLWH�'LPHQVLRQDO 6\VWHP 0RGDO DQG 6WDELOLW\ $QDO\VLV� &RQVLGHU D

V\VWHP ZKRVH LQSXW�RXWSXW PRGHO \LHOGV WKH IROORZLQJ JHQHUDO QWK RUGHU FKDUDFWHULVWLF HTXDWLRQ�

j�V�
GHI
 

Q;
N �

DNV
N �DQ

GHI
 �� ������

 
.�<
N �

�Vb SN�
.�<
N �
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ZKHUH Q  .� � �.�� DN� SN � 5� rN � �b�� ��� DQG �QN � ������ 7KH URRWV RI j�c� DUH SUHFLVHO\

WKH SROHV RI WKH V\VWHP�

$VVRFLDWHG ZLWK WKH nUVW SURGXFW DUH .� UHDO SROHV ISNJ.�N � DQG KHQFH .� UHDO H[SRQHQWLDO PRGHV

I $NH
SNW J.�N �� ������

$VVRFLDWHG ZLWK WKH VHFRQG SURGXFW DUH �.� FRPSOH[ SROHV IbrN�QN h M�QN

T
�b r�NJ.�N �� 7KHVH

DUH DVVRFLDWHG ZLWK �.� FRPSOH[ H[SRQHQWLDO PRGHV ZKLFK RFFXU LQ FRPSOH[ FRQMXJDWH SDLUV RU .�

UHDO H[SRQHQWLDO VLQXVRLGDO PRGHV

I M%NMHbrN�QN W FRV��QN
T
�b r�N W��%N� J.�N �� ������

*LYHQ WKH DERYH� LW IROORZV WKDW WKH DERYH JHQHUDO V\VWHP LV

q H[SRQHQWLDOO\ VWDEOH LI DQG RQO\ LI DOO RI WKH SROHV OLH LQ WKH OHIW KDOI V�SODQH�

q PDUJLQDOO\ VWDEOH LI DQG RQO\ LI DOO RI WKH SROHV OLH LQ WKH OHIW KDOI V�SODQH ZLWK WKH SRVVLEOH

H[FHSWLRQ RI XQUHSHDWHG SROHV RQ WKH LPDJLQDU\ D[LV�

q XQVWDEOH LI DQG RQO\ LI DQ\ RQH RI LWV SROHV OLHV LQ WKH ULJKW KDOI SODQH DQG�RU LI WKHUH LV D

UHSHDWHG SROH RQ WKH LPDJLQDU\ D[LV�

��� 6\VWHP 7UDQVIHU )XQFWLRQ

,Q WKLV VHFWLRQ� ZH FRQVLGHU WUDQVIHU IXQFWLRQV IRU 6,62 /7, V\VWHPV�

6WDQGDUG 6HFRQG 2UGHU 7UDQVIHU )XQFWLRQ� 7KH WUDQVIHU IXQFWLRQ

+�V�  
��Q

V� � �r�QV� ��Q
������

LV VDLG WR EH LQ VWDQGDUG VHFRQG RUGHU IRUP� 7KLV VWDQGDUG IRUP DSSHDUV HYHU\ZKHUH LQ WKH VWXG\ RI

PRUH FRPSOH[ 6,62 /7, V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW
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FRHpFLHQWV�

([DPSOH� 5/& 6HULHV &LUFXLW� 6WDQGDUG 6HFRQG 2UGHU 7UDQVIHU )XQFWLRQ�

&RQVLGHU WKH 5/& VHULHV FLUFXLW LQ )LJXUH ���� $VVXPLQJ ]HUR LQLWLDO FRQGLWLRQV� WKH UDWLR

< �V� 8�V� LV JLYHQ E\

+�V�
GHI
 

�/\��V�
�/X��V� M

]HUR LQLWLDO
FRQGLWLRQV ������

 
�
/&

V� � 5
/
V� �

/&

� ������

7KLV UDWLR LV FDOOHG WKH V\VWHP WUDQVIHU IXQFWLRQ� 7KLV WUDQVIHU IXQFWLRQ PD\ EH ZULWWHQ LQ VWDQGDUG

VHFRQG RUGHU IRUP DV IROORZV�

+�V�  
��Q

V� � �r�QV� ��Q
������

ZKHUH �Q
GHI
 �S

/&
� ����� DQG r

GHI
 5

�

T
&
/
� >�����

*HQHUDO 5HDO�5DWLRQDO 7UDQVIHU )XQFWLRQ� &RQVLGHU D 6,62 /7, V\VWHP ZLWK UHDO�UDWLRQDO WUDQVIHU

IXQFWLRQ

+�V�
GHI
 

/�\�W��
/�X�W�� M

]HUR LQLWLDO
FRQGLWLRQV  

3Q�
N � ENV

N3Q�
N � DNV

N
�DQ�

GHI
 �� ������

:KHQ ZULWWHQ LQ WKLV IRUP� ZH ZLOO VD\ WKDW LW LV ZULWWHQ LQ VWDQGDUG SRO\QRPLDO IRUP� ,W LV RIWHQ

XVHIXO WR ZULWH WKLV WUDQVIHU IXQFWLRQ LQ WKH IROORZLQJ VWDQGDUG SROH�]HUR�JDLQ IRUP�

+�V�  J

415=
N � �Vb ]N�4153
N � �Vb SN�

41&=3
N � �V� � �r]N�Q]N V� ��Q]N

�41&33
N � �V� � �rSN�QSN V� ��QSN

�
������

ZKHUH DN� EN � ��

q 153 LV WKH QXPEHU RI nQLWH UHDO SROHV DQG WKH ISNJ DUH UHDO SROHV �SN � ���

q 1&33 LV WKH QXPEHU RI nQLWH FRPSOH[ SROH SDLUV DQG WKH IbrSN�QSN h M�QSN

T
�b r�SNJ DUH

FRPSOH[ SROHV �rSN � �b�� ��� �QSN � ����� ��
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q 15= LV WKH QXPEHU RI nQLWH UHDO ]HURV DQG WKH ]N DUH UHDO ]HURV �]N � ���

q 1&=3 LV WKH QXPEHU RI nQLWH FRPSOH[ ]HUR SDLUV DQG WKH Ibr]N�Q]N h M�Q]N

T
�b r�]NJ DUH

FRPSOH[ ]HURV �r]N � �b�� ��� �Q]N � ����� �� DQG

q WKH V\VWHP
V OHDGLQJ JDLQ J � � LV JLYHQ E\

J
GHI
 OLP

Vb�� VQ�bQ�+�V�  EQ� � ������

,I Q� � Q�� WKHQ WKH DERYH V\VWHP LV VDLG WR KDYH Q� b Q� ]HURV DW �� ,I Q� ! Q�� WKHQ WKH DERYH

V\VWHP LV VDLG WR KDYH Q� b Q� SROHV DW �� :LWK WKLV PHWKRG RI ?DFFRXQWLQJ� �FRXQWLQJ SROHV DQG

]HURV DW �� WKH QXPEHU RI SROHV LV DOZD\V HTXDO WR WKH QXPEHU RI V\VWHP ]HURV�

%HFDXVH WKH DERYH 6,62 /7, V\VWHPV SRVVHVV D nQLWH QXPEHU RI SROHV� WKH\ DUH UHIHUUHG WR DV

nQLWH�GLPHQVLRQDO V\VWHPV� 7KH\ DUH VRPHWLPHV UHIHUUHG WR DV OXPSHG SDUDPHWHU V\VWHPV�

,W VKRXOG EH QRWHG WKDW IRU 6,62 /7, V\VWHPV ZLWK D UHDO�UDWLRQDO WUDQVIHU IXQFWLRQ� WKH V\VWHP

WUDQVIHU IXQFWLRQ LV UHDGLO\ REWDLQDEOH IURP WKH V\VWHP LQSXW�RXWSXW GLmHUHQWLDO HTXDWLRQ DQG YLFH

YHUVD� 7KLV LV DOZD\V WKH FDVH � IRU DQ\ 6,62 /7, V\VWHP GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHUHQWLDO

HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV� 6SHFLnFDOO\� WKLV ?HTXLYDOHQFH� EHWZHHQ WLPH GRPDLQ GLmHUHQ�

WLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV DQG V�GRPDLQ WUDQVIHU IXQFWLRQV IROORZV IURP WKH IROORZLQJ

�]HUR LQLWLDO FRQGLWLRQ� WUDQVIRUP SDLU�

B\�W��� V< �V�� ������

7KLV SDLU VXJJHVWV WKDW WKH /DSODFH WUDQVIRUP YDULDEOH V LV IXQGDPHQWDOO\ D GLmHUHQWLDO RSHUDWRU�

([DPSOH� $QDO\VLV 2I *HQHUDO 5/& &LUFXLWV 9LD ,PSHGDQFH 0HWKRGV�

)RU JHQHUDO 5/& FLUFXLWV� WUDQVIHU IXQFWLRQV DQG KHQFH GLmHUHQWLDO HTXDWLRQV� DUH UHDGLO\ RE�

WDLQDEOH LI RQH H[SORLWV WKH FLUFXLW FRQFHSW RI LPSHGDQFH� 7KLV FRQFHSW JHQHUDOL]HV WKH FRQFHSW RI
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UHVLVWDQFH� 7KH LPSHGDQFH RI D UHVLVWRU 5 LV

=5
GHI
 

95�V�

,5�V�
M]HUR LQLWLDOFRQGLWLRQV  5� ������

7KH LPSHGDQFH RI DQ LQGXFWRU / LV

=/
GHI
 

9/�V�

,/�V�
M]HUR LQLWLDOFRQGLWLRQV  V/� ������

7KH LPSHGDQFH RI D FDSDFLWRU & LV

=&
GHI
 

9&�V�

,&�V�
M]HUR LQLWLDOFRQGLWLRQV  

�

V&
� ������

:LWK WKLV LPSHGDQFH FRQFHSW� DUELWUDU\ 5/& FLUFXLWV PD\ EH DQDO\]HG LQ WKH V�GRPDLQ E\ PHUHO\

WUHDWLQJ WKH LPSHGDQFHV DV LI WKH\ ZHUH UHVLVWDQFHV�

&RQVLGHU WKH 5/& VHULHV FLUFXLW LQ )LJXUH ���� *LYHQ WKH DERYH LPSHGDQFH LGHDV� RQH FDQ XVH

YROWDJH GLYLVLRQ �LQ WKH V�GRPDLQ� WR UHDGLO\ REWDLQ WKH V\VWHP WUDQVIHU IXQFWLRQ IURP WKH LQSXW

X�c� WR WKH RXWSXW YROWDJH \�c� DFURVV WKH FDSDFLWRU� 'RLQJ VR \LHOGV WKH IROORZLQJ�

< �V�

8�V�
M]HUR LQLWLDOFRQGLWLRQV  

�
V&

5� V/� �
V&

������

 
�
/&

V� � 5
/
V� �

/&

� ������

$QDORJRXV LGHDV H[LVW IRU RWKHU G\QDPLFDO V\VWHPV�

,UUDWLRQDO 7UDQVIHU )XQFWLRQV� 1RW DOO /7, V\VWHPV DUH DVVRFLDWHG ZLWK UHDO�UDWLRQDO WUDQVIHU IXQF�

WLRQV� 7UDQVIHU IXQFWLRQV ZKLFK DUH QRW UHDO�UDWLRQDO DUH VDLG WR EH LUUDWLRQDO� 6XFK V\VWHPV DUH

RIWHQ UHIHUUHG WR DV LQnQLWH�GLPHQVLRQDO V\VWHPV RU GLVWULEXWHG SDUDPHWHU V\VWHPV >��@�

([DPSOH ����� �$ 'HOD\ 6\VWHP��
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&RQVLGHU WKH 6,62 /7, V\VWHP GHVFULEHG E\ WKH OLQHDU RUGLQDU\ �GHOD\� GLmHUHQWLDO HTXDWLRQ ZLWK

FRQVWDQW FRHpFLHQWV�

B\�W�  b\�W� � X�Wbc� ������

ZKHUH c ! � UHSUHVHQWV D WLPH GHOD\� 7KH V\VWHP WUDQVIHU IXQFWLRQ LV JLYHQ E\

+�V�
GHI
 

/�\�W��
/�X�W�� M

]HUR LQLWLDO
FRQGLWLRQV  

HbVc

V� �
� ������

7KLV LV DQ LUUDWLRQDO WUDQVIHU IXQFWLRQ�

([DPSOH ����� �$Q ,UUDWLRQDO 7UDQVIHU )XQFWLRQ��

&RQVLGHU WKH /7, V\VWHP GHVFULEHG E\ WKH IROORZLQJ OLQHDU LQWHJUDO FRQYROXWLRQ HTXDWLRQ�

\�W�  �7X��W�
GHI
 

= W

b�
K�Wb ~�X�~� ������

ZLWK LPSXOVH UHVSRQVH K�c� JLYHQ E\ WKH ]HURWK RUGHU %HVVHO IXQFWLRQ

K�W�  -R�W�
GHI
 

�
�b W�

��
�

W�

����
b W�

������
� c c c

�
��W�� ������

,W FDQ EH VKRZQ WKDW WKH V\VWHP WUDQVIHU IXQFWLRQ LV JLYHQ E\ >��� SJ� ��@

+�V�
GHI
 

/�\�W��
/�X�W�� M

]HUR LQLWLDO
FRQGLWLRQV  

�S
V� � �

� ������

7KLV LV DQ LUUDWLRQDO WUDQVIHU IXQFWLRQ�

��� ,PSXOVH 5HVSRQVH

,W KDV EHHQ VKRZQ WKDW IRU DQ /7, V\VWHP ZLWK WUDQVIHU IXQFWLRQ +�c�� WKH LPSXOVH UHVSRQVH K�c� LV

JLYHQ E\

K�W�  �/b�+��W�� ������

7KH LPSXOVH UHVSRQVH RI DQ /7, V\VWHP LV LPSRUWDQW IRU YDULRXV UHDVRQV�
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q 7KH LPSXOVH UHVSRQVH K�c� GHWHUPLQHV WKH WUDQVIHU IXQFWLRQ +�c��

q 7KH LPSXOVH UHVSRQVH K�c� GHWHUPLQHV WKH V\VWHPV
 LQSXW�RXWSXW PRGHO �H�J� OLQHDU RUGLQDU\

GLmHUHQWLDO HTXDWLRQ ZLWK FRQVWDQW FRHpFLHQWV� FRQYROXWLRQ LQWHJUDO� HWF���

7KH LPSXOVH UHVSRQVH K�c� RI D V\VWHP FRUUHVSRQGLQJ WR D UHDO�UDWLRQDO WUDQVIHU IXQFWLRQ +�c�

FDQ EH UHDGLO\ IRXQG XVLQJ VWDQGDUG SDUWLDO IUDFWLRQ H[SDQVLRQ WHFKQLTXHV >��@�

([DPSOH ����� �5/& 6HULHV &LUFXLW ,PSXOVH 5HVSRQVH��

&RQVLGHU WKH 5/& FLUFXLW LQ )LJXUH ���� ,W VKRXOG EH QRWHG WKDW WKH TXDOLWDWLYH VWDWHPHQWV ZKLFK

ZHUH PDGH IRU WKH FLUFXLW
V ]HUR LQSXW UHVSRQVH LQ DQ HDUOLHU H[DPSOH� DOVR DSSO\ WR WKH FLUFXLW
V

LPSXOVH UHVSRQVH� 7KLV LV EHFDXVH WKH URRWV RI WKH FKDUDFWHULVWLF SRO\QRPLDO DUH DOVR SROHV RI WKH

V\VWHP WUDQVIHU IXQFWLRQ�

��� *HQHUDO 6ROXWLRQ $QG &RQYROXWLRQ

,W KDV EHHQ VKRZQ WKDW WKH JHQHUDO VROXWLRQ IRU DQ /7, V\VWHP GHVFULEHG E\ D OLQHDU RUGLQDU\

GLmHUHQWLDO HTXDWLRQ ZLWK FRQVWDQW FRHpFLHQWV� WDNHV WKH IRUP�

\�W�  \]LU�W� � �K e X��W� ������

 \]LU�W� �

= W

�
K�Wb ~�X�~�G~ ������

ZKHUH \]LU�c� GHQRWHV WKH V\VWHP
V ]HUR LQSXW �RU QDWXUDO� UHVSRQVH DQG �K e X��c� UHSUHVHQWV WKH

FRQYROXWLRQ RI K�c� ZLWK X�c��

$ VXEVWLWXWLRQ RI YDULDEOHV VKRZV WKDW FRQYROXWLRQ LV FRPPXWDWLYH� L�H�

�K e X��W�  
= W

�
K�Wb ~�X�~�G~  

= W

�
X�Wb ~�K�~�G~  �X e K��W�� ������

)URP WKLV� LW IROORZV WKDW

\�W�  \]LU�W� � �X e K��W� ������
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 \]LU�W� �

= W

�
X�Wb ~�K�~�G~� ������

,Q SULQFLSOH� RQFH K�c� LV NQRZQ� HTXDWLRQ ������ RU ������ PD\ EH XVHG WR GHWHUPLQH WKH RXWSXW \�c�

WR DQ\ LQSXW X�c� � JLYHQ WKH LQLWDO FRQGLWLRQV� \]LU�c� PD\ EH IRXQG XVLQJ SDUWLDO IUDFWLRQ /DSODFH

LQYHUVLRQ WHFKQLTXHV�

&RQYROXWLRQ ,QWHJUDO (YDOXDWLRQ 0HWKRGV� ,W KDV EHHQ VKRZQ KRZ FRQYROXWLRQ LQWHJUDOV PD\ EH

HYDOXDWHG XVLQJ /DSODFH WUDQVIRUP WHFKQLTXHV� ,W PXVW EH QRWHG WKDW JUDSKLFDO FRQYROXWLRQ PHWK�

RGV >��@ PD\ EH XVHG WR HYDOXDWH FRQYROXWLRQ LQWHJUDOV� ,I WKH LQWHJUDQGV LQ HTXDWLRQV ������ DQG

������ DUH WRR FRPSOH[� WKHQ WKH FRQYROXWLRQ LQWHJUDOV PD\ KDYH WR EH HYDOXDWHG XVLQJ QXPHULFDO

PHWKRGV >��@� >��@�

(TXDWLRQV ������ DQG ������ VKRZ WKDW FRQYROXWLRQ RFFXUV QDWXUDOO\ IRU /7, V\VWHPV GHVFULEHG

E\ OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV�

��� /LQHDULW\

)URP HTXDWLRQV ������ DQG ������ RQH VHHV ZK\ 6,62 /7, V\VWHPV GHVFULEHG E\ D OLQHDU RUGLQDU\

GLmHUHQWLDO HTXDWLRQ ZLWK FRQVWDQW FRHpFLHQWV DUH FDOOHG OLQHDU V\VWHPV� 6SHFLnFDOO\� WKHVH HTXDWLRQV

VKRZ WKDW WKH V\VWHP RXWSXW \�c� LV OLQHDU LQ WKH �MRLQW LQLWLDO FRQGLWLRQ � LQSXW� YHFWRU
�
������
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WKHQ WKH OLQHDU FRPELQDWLRQ�
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SURGXFHV� \�c�  D�\��c� � D�\��c�� ������

*LYHQ WKLV� LW IROORZV WKDW VXFK V\VWHPV DUH OLQHDU LQ WKH LQSXW DVVXPLQJ ]HUR LQLWLDO FRQGLWLRQV DQG

OLQHDU LQ WKH LQLWLDO FRQGLWLRQV DVVXPLQJ ]HUR LQSXW�

,W VKRXOG EH QRWHG WKDW VRPHWLPHV WKH DERYH OLQHDULW\ SULQFLSOH LV UHIHUUHG WR DV WKH SULQFLSOH

RI VXSHUSRVLWLRQ >��@�

1RQOLQHDU 6\VWHPV� 6\VWHPV WKDW DUH QRW OLQHDU DUH VDLG WR EH QRQOLQHDU V\VWHPV >��@� >��@�

([DPSOH ����� �6DWXUDWLRQ 1RQOLQHDULW\��

&RQVLGHU WKH V\VWHP GHnQHG E\ WKH VWDWLF LQSXW�RXWSXW PRGHO

\  

�!�
!�

b� X � b�
X b� � X � �
� � � X

� ������

7KLV V\VWHP GHnQHV D VDWXUDWLRQ QRQOLQHDULW\ � 7KLV W\SH RI QRQOLQHDULW\ LV XVHG� IRU H[DPSOH� WR

PRGHO WKH IDFW WKDW WKH HOHYDWRU RQ DQ DLUFUDIW FDQ QRW URWDWH DQ DUELWUDU\ DPRXQW�

��� 7LPH ,QYDULDQFH

)RU PDQ\ V\VWHPV WKH UHVSRQVH WR D JLYHQ LQSXW LV ?WLPH LQYDULDQW�� L�H� LW GRHV QRW GHSHQG RQ

ZKHQ WKH LQSXW LV DSSOLHG� 7KLV QRWLRQ PRWLYDWHV WKH IROORZLQJ GHnQLWLRQ�

7LPH ,QYDULDQFH� 6XSSRVH WKDW DOO LQLWLDO FRQGLWLRQV DUH VHW WR ]HUR DQG WKDW DQ LQSXW X�c� UHVXOWV

LQ DQ RXWSXW \�c�� $ V\VWHP LV VDLG WR EH WLPH LQYDULDQW LI WKH GHOD\HG LQSXW X�c bc� UHVXOWV LQ WKH

FRUUHVSRQGLQJ GHOD\HG RXWSXW \�cbc� IRU DQ\ LQSXW X�c� DQG DQ\ GHOD\ c w �� 7KLV GHnQLWLRQ PD\
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EH YLVXDOL]HG YLD V\VWHP EORFN GLDJUDP DV LQGLFDWHG LQ )LJXUH ��� ZKHUH 7 UHSUHVHQWV WKH V\VWHP

LQ TXHVWLRQ DQG 6c LV D GHOD\ RSHUDWRU GHnQHG E\ WKH UHODWLRQVKLS

�6cZ��W�
GHI
 Z�Wbc�� ������

X
 7 

\�W�  �7X��W�

6c 
\�Wbc�  �6c7X��W�  �7X��Wbc�

 6c

�6cX��W�
 7 

�76cX��W�  �7X�c bc���W�

)LJXUH ���� %ORFN 'LDJUDP 9LVXDOL]DWLRQ RI 7LPH ,QYDULDQFH 7HVW� �6c7X��W�  �76cX��W�

)URP )LJXUH ���� LW IROORZV WKDW D V\VWHP 7 LV WLPH LQYDULDQW LI DQG RQO\ LI WKH RSHUDWRU GHnQHG

E\ 7 FRPPXWHV ZLWK WKH GHOD\ RSHUDWRU 6c� 7KDW LV� WKH V\VWHP 7 LV WLPH LQYDULDQW LI DQG RQO\ LI

\�Wbc�  �7X��Wbc�  �6c7X��W�  �76cX��W�  �7X�c bc���W� ������

IRU DQ\ LQSXW X DQG DQ\ GHOD\ c w ��

&RQYROXWLRQ 2SHUDWRUV� ,I 7 GHnQHV D FRQYROXWLRQ RSHUDWRU� WKHQ LW FDQ EH VKRZQ WKDW 7 GHnQHV D

WLPH LQYDULDQW V\VWHP �FI� HTXDWLRQV ��������������� $OO V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\ GLmHU�

HQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV GHnQH WLPH LQYDULDQW V\VWHPV�

/LQHDU 7LPH ,QYDULDQW �/7,� 6\VWHPV� 6\VWHPV ZKLFK DUH OLQHDU DQG WLPH LQYDULDQW DUH FDOOHG

OLQHDU WLPH LQYDULDQW �/7,� V\VWHPV� 3UDFWLFDOO\ VSHDNLQJ� PRVW /7, V\VWHPV GHnQH D FRQYROXWLRQ

RSHUDWLRQ� DQ LPSXOVH UHVSRQVH� DQG D WUDQVIHU IXQFWLRQ� 2QO\ ?SDWKRORJLFDO� �L�H� ZHLUG� /7, V\V�

WHPV >��� SJ� �@ GR QRW GHnQH D FRQYROXWLRQ RSHUDWLRQ� $OO V\VWHPV GHVFULEHG E\ OLQHDU RUGLQDU\

GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV GHnQH DQ /7, V\VWHP�
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7LPH 9DU\LQJ 6\VWHPV� 6\VWHPV ZKLFK DUH QRW WLPH LQYDULDQW DUH VDLG WR EH WLPH YDU\LQJ V\VWHPV�

/LQHDU GLmHUHQWLDO HTXDWLRQV ZLWK FRHpFHQWV WKDW GHSHQG RQ WKH LQGHSHQGHQW YDULDEOH W DUH DQ H[�

DPSOH RI OLQHDU WLPH YDU\WLQJ V\VWHPV�

��� &DXVDOLW\

$ FDXVDO V\VWHP LV RQH ZKRVH FXUUHQW RXWSXW GHSHQGV RQ WKH SUHVHQW DQG�RU SUHYLRXV LQSXWV� %DVHG

RQ WKLV GHnQLWLRQ� LW IROORZV WKDW WKH 5/& FLUFXLW LQ )LJXUH ��� LV D FDXVDO V\VWHP�

0RUH JHQHUDO �QRW QHFHVDULO\ FDXVDO� /7, V\VWHPV PD\ EH GHVFULEHG E\ WKH FRQYROXWLRQ RSHUDWLRQ�

\�W�  �K e X��W�  
= �

b�
K�Wb ~�X�~�G~� ������

)RU PRUH JHQHUDO V\VWHPV� WKH FXUUHQW RXWSXW PD\ GHSHQG RQ IXWXUH LQSXWV DV ZHOO DV SDVW DQG

SUHVHQW LQSXWV� 6XFK GHVFULSWLRQV PLJKW RFFXU LQ DSSOLFDWLRQV ZKHUH W GRHV QRW UHSUHVHQW UHDO WLPH�

)RU H[DPSOH� K�c� PLJKW UHSUHVHQW WKH LPSXOVH UHVSRQVH RI D OLQHDU V\VWHP ZKRVH SXUSRVH LV WR

SURFHVV D VSDWLDOO\ GLVWULEXWHG LPDJH X�c� >��@�

([DPSOH ����� �$ 1RQFDXVDO /LQHDU 6SDFH ,QYDULDQW 6\VWHP��

&RQVLGHU WKH V\VWHP GHVFULEHG E\ WKH IROORZLQJ VHFRQG RUGHU OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQ

ZLWK FRQVWDQW FRHpFLHQWV

�\�[� � \�[�  b�X�[� [ � �b���� ������

ZKHUH [ UHSUHVHQWV D VSDWLDO LQGHSHQGHQW YDULDEOH � QRW WLPH� :H VHHN D VROXWLRQ \�c� ZKLFK GHSHQGV

RQ X�c� DQG KROGV IRU DOO [ � �b����� 7KLV JRDO LV YHU\ GLmHUHQW IURP WKDW ZKLFK ZH KDYH SXUVXHG

LQ WKH LQLWLDO YDOXH SUREOHPV ZKLFK ZH KDYH IRFXVVHG RQ WKXV IDU�

6XSSRVH RQH GHnQHV D ELODWHUDO /DSODFH WUDQVIRUP

) �V�
GHI
 

= �

b�
I�[�HbV[G[� ������
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:LWK WKLV GHnQLWLRQ� LW FDQ EH VKRZQ WKDW

HbD[��[� /�� �

V� D
5H V ! b5H D ������

HD[��b[�
/�� b�

Vb D
5H V � 5H D ������

�Q�

I �[�
/�� VQ) �V� Q  �� �� �� � � � � ������

:KLOH WKH nUVW WUDQVIRUP SDLU LV QRW QHZ� WKH ODWWHU WUDQVIRUP SDLUV GR GLmHU IURP WKH XQLODWHUDO

WUDQVIRUP SDLUV ZH KDYH VHHQ HDUOLHU �FI� 7DEOHV ���� �����

$SSO\LQJ WKHVH WR RXU GLmHUHQWLDO HTXDWLRQV \LHOGV

< �V�  
b�

V� b �8�V�� ������

)URP WKLV� LW IROORZV WKDW WKH V\VWHP WUDQVIHU IXQFWLRQ

+�V�  
b�

V� b �  
�

V� �
�

b�
Vb � b � � 5H V � �� ������

7KH FRUUHVSRQGLQJ LPSXOVH UHVSRQVH LV JLYHQ E\ WKH WZR�VLGHG IXQFWLRQ

K�[�  Hb[��[� � H[��b[�  HbM[M� ������

7KH RXWSXW LV QRZ JLYHQ E\ WKH IROORZLQJ FRQYROXWLRQ RSHUDWLRQ

\�[�  

= �

b�
K�[b ]�X�]�G] [ � �b����� ������

+HUH� +�c� FDQ EH WKRXJKW RI DV DQ OLQHDU VSDFH LQYDULDQW V\VWHP �nOWHU RU LPDJH SURFHVVRU� ZKLFK

SURFHVVHV WKH WZR�VLGHG LPDJH LQWHQVLW\ VSHFLnHG E\ WKH LQSXW X�c�� %HFDXVH WKH V\VWHP LPSXOVH

UHVSRQVH GHFD\V WR ]HUR H[SRQHQWLDOO\ DV WKH VSDWLDO YDULDEOH M[M b� �� LW LV PHDQLQJIXO WR VD\ WKDW

WKH V\VWHP LV H[SRQHQWLDOO\ VWDEOH�

���� %RXQGHG�,QSXW %RXQGHG�2XWSXW �%,%2� 6WDELOLW\

,Q DQ HDUOLHU VHFWLRQ� ZH FRQVLGHUHG RQH QRWLRQ RI VWDELOLW\� +HUH ZH FRQVLGHU DQRWKHU QRWLRQ�
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%RXQGHG�,QSXW %RXQGHG�2XWSXW �%,%2� 6WDELOLW\� $ V\VWHP LV VDLG WR EH ERXQGHG�LQSXW ERXQGHG�

RXWSXW �%,%2� VWDEOH LI ERXQGHG LQSXWV UHVXOW LQ ERXQGHG RXWSXWV�

6XSSRVH WKDW K�c� LV WKH LPSXOVH UHVSRQVH RI D 6,62 /7, V\VWHP� *LYHQ WKLV� WKH /7, V\VWHP

GHnQHG E\ K�c� GHnQHV D %,%2 V\VWHP >��� SJ� ��@ LI DQG RQO\ LI

NKN/� GHI 
= �

b�
MK�~�MG~ � �� ������

)RU VXFK D V\VWHP WKH IROORZLQJ UHODWLRQVKLS KROGV�

PD[
W

M\�W�M � NKN/� PD[W MX�W�M� ������

6LPLODU UHVXOWV KROG IRU JHQHUDO �QRW QHFHVVDULO\ FDXVDO� PXOWLSOH�LQSXW PXOWLSOH�RXWSXW �0,02� /7,

V\VWHPV ZLWK ZHOO GHnQHG LPSXOVH UHVSRQVH PDWULFHV DQG FRQYROXWLRQ UHSUHVHQWDWLRQV >��� SJ� ��@�

���� 6WHS 5HVSRQVH

2QFH WKH LPSXOVH UHVSRQVH K�c� RI DQ /7, V\VWHP LV NQRZQ� HTXDWLRQ ������ PD\ EH XVHG WR GHWHUPLQH

WKH VWHS UHVSRQVH RI WKH V\VWHP� 'HQRWHG E\ WKH V\PERO V�c�� WKH VWHS UHVSRQVH LV JLYHQ E\

V�W�  

= W

�
K�Wb ~�G~  

= W

�
K�~�G~ ������

ZKHUH WKH ODWWHU H[SUHVVLRQ IROORZV IURP D VXEVWLWXWLRQ RI YDULDEOHV� )RU YHU\ FRPSOH[ K�c� � IRU

ZKLFK FORVHG IRUP LQWHJUDO H[SUHVVLRQV DUH XQNQRZQ � WKLV UHODWLRQVKLS PD\ EH XVHG WR GHWHUPLQH

V�c� XVLQJ VRPH QXPHULFDO LQWHJUDWLRQ URXWLQH >��@� >��@� )URP HTXDWLRQ ������� LW IROORZV WKDW

K�W�  
G

GW
V�W�� ������

7KHVH UHODWLRQVKLSV EHWZHHQ K�c� DQG V�c� IROORZ IURP HTXDWLRQV ����������� DQG WKH IDFW WKDW WKH

V\VWHPV XQGHU FRQVLGHUDWLRQ DUH OLQHDU� 2QH FDQ DOVR XVH VWDQGDUG SDUWLDO IUDFWLRQ H[SDQVLRQ WHFK�

QLTXHV WR GHWHUPLQH WKH VWHS UHVSRQVH� 7KLV LV LOOXVWUDWHG LQ WKH IROORZLQJ H[DPSOH�
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([DPSOH ������ �6WHS 5HVSRQVH )RU 6WDQGDUG 6HFRQG 2UGHU 6\VWHP��

&RQVLGHU D 6,62 V\VWHP ZKRVH WUDQVIHU IXQFWLRQ LV LQ VWDQGDUG VHFRQG RUGHU IRUP DV IROORZV�

+�V�  
��Q

V� � �r�Q � ��Q
� ������

7KH VWHS UHVSRQVH RI WKLV V\VWHP FDQ EH IRXQG E\ nQGLQJ WKH LQYHUVH /DSODFH WUDQVIRUP RI

< �V�  +�V�
�

V
� �������

8VLQJ SDUWLDO IUDFWLRQ H[SDQVLRQ WHFKQLTXHV JLYHV ULVH WR VHYHUDO FDVHV ZKLFK GHSHQG RQ WKH GDPSLQJ

IDFWRU r DV IROORZV�

8QGDPSHG�8QGHUGDPSHG � � � r � ���

V�W�  > $� �M%MHbr�QW FRV��Q
T
�b r�W��%� @ ��W� �������

ZKHUH $  +���  � DQG %  ��Q

V�r�Q�M�Q
S
�br� MV br�Q�M�QS�br��

&ULWLFDOO\ 'DPSHG �r  ���

V�W�  > $�%WHb�QW � &Hb�QW @ ��W� �������

ZKHUH $  +���  �� %  ��Q� DQG &  ��

2YHUGDPSHG �r ! ���

V�W�  > $�%HV�W � &HV�W @ ��W� �������

ZKHUH $  +���  �� %  ��Q
V�V�bV�� � DQG &  ��Q

V�V�bV�� �

(DFK RI WKHVH PD\ EH YLVXDOL]HG DV VKRZQ LQ )LJXUH ������ ,W VKRXOG EH QRWHG WKDW LQ HDFK FDVH� WKH

VWHDG\ VWDWH RXWSXW LV JLYHQ E\ V���  +���  ��
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Dashed Plot: Critically Damped

Below Dashed Plot: Over Damped

Above Dashed Plot: Under Damped

ζ varies between 0 and 1.6 in increments of 0.2

Dependence of Step Response on Damping Factor ζ (ω
n

= 1)

s(
t)

time (seconds)

)LJXUH ���� 6WHS 5HVSRQVH )RU 6WDQGDUG 6HFRQG 2UGHU 6\VWHP� 'HSHQGHQFH RQ 'DPSLQJ )DFWRU

2YHUKRRW� 8QGHUVKRRW� 7LPH�7R�3HDN� )URP WKH DERYH GLVFXVVLRQ� RQH VHHV WKDW IRU VPDOO r� WKH

VWHS UHVSRQVH RI RXU VWDQGDUG VHFRQG RUGHU V\VWHP ������ H[KLELWV RVFLOODWRU\ EHKDYLRU� :KHQ WKH

UHVSRQVH JRHV DERYH XQLW\ � WKH VWHDG\ VWDWH YDOXH � ZH VD\ WKDW WKH UHVSRQVH H[KLELWV DQ RYHUVKRRW�

:KHQ LW GLSV EHORZ XQLW\� ZH VD\ WKDW ZH KDYH DQ XQGHUVKRRW� 0RUH VSHFLnFDOO\� RQH REVHUYHV WKDW

IRU VPDOO HQRXJK r� WKH VWHS UHVSRQVH H[KLELWV D UDSLG ULVH WR D ZHOO GHnQHG PD[LPXP� ,Q VXFK D

FDVH� ZH VD\ WKDW WKH UHVSRQVH H[KLELWV RYHUVKRRW� 6HH )LJXUH ����

7KH PD[LPXP SHUFHQW RYHUVKRRW 0S LV GHnQHG DV IROORZV >��� SS� �������@�

0S
GHI
 
PD[Ww� V�W�b V���

V��� � �������

,W FDQ EH VKRZQ YLD HOHPHQWDU\ FDOFXOXV WKDW RYHUVKRRW RFFXUV IRU r � >�� ��� 0RUHRYHU�

0S  Hbr�QWS  H
b{rS
�br� �������

ZKHUH

WS  
{

�Q
S
�b r�

 
{

�G
�������

LV WKH WLPH DW ZKLFK \ DFKLHYHV LWV PD[LPXP RYHUVKRRW �SHDN�� L�H� PD[Ww� \�W�  \�WS��



6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo ��

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

time (seconds)

Visualization of Overshoot
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p
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p

s(
t)

)LJXUH ���� 6WHS 5HVSRQVH )RU 6WDQGDUG 6HFRQG 2UGHU 6\VWHP� 9LVXDOL]DWLRQ RI 2YHUVKRRW

(TXDWLRQ ������� GHPRQVWUDWHV WKDW 0S GHSHQGV RQ r� LV LQGHSHQGHQW RI �Q� DQG OLHV LQ WKH LQWHUYDO

0S � ��� �@ IRU r � >�� ��� 6SHFLnFDOO\� 0S DSSURDFKHV XQLW\ DV r DSSURDFKHV ]HUR �XQGDPSHG

V\VWHP�� 0S DSSURDFKHV ]HUR DV r DSSURDFKHV XQLW\ �FUWLFDOO\ GDPSHG V\VWHP�� (TXDWLRQ �������

IRU 0S PD\ EH YLVXDOL]HG DV VKRZQ LQ )LJXUH ���� (TXDWLRQ ������� GHPRQVWDWHV WKDW WKH SHDN WLPH

WS YDULHV LQYHUVHO\ ZLWK WKH GDPSHG QDWXUDO IUHTXHQF\ �G  �Q
S
�b r�� $V �G LV LQFUHDVHG� WKH WLPH

WR UHDFK WKH SHDN WS GHFUHDVHV�

([DPSOH ������ �(mHFW 2I 1XPHUDWRU =HUR 2Q 6WHS 5HVSRQVH 2I 6WDQGDUG 6HFRQG

2UGHU 6\VWHP��

&RQVLGHU WKH XQGHUGDPSHG 6,62 /7, V\VWHP

+�V�  
�

D

�
V� D

V� � �V� �

w
� �������

ZLWK SROHV DW V  b�h M� DQG D ]HUR DW V  bD� :H ZRXOG OLNH WR XQGHUVWDQG KRZ WKH QXPHUDWRU

]HUR DmHFWV WKH VWHS UHVSRQVH RI WKH V\VWHP� 7KH V\WHP
V VWHS UHVSRQVH LV SORWWHG LQ )LJXUH ���
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IRU GLmHUHQW YDOXHV RI WKH SDUDPHWHU D� )RU ODUJH D� WKH V\VWHP UHVSRQGV OLNH WKH XQGHUGDPSHG

�r  ������� VHFRQG RUGHU V\VWHP

+�V�  
�

V� � �V� �
� �������

$V D LV GHFUHDVHG� WKH GHULYDWLYH DFWLRQ RI WKH ]HUR EHFRPHV PRUH SURQRXQFHG DQG WKH V\VWHP
V

VWHS UHVSRQVH H[KLELWV PRUH RYHUVKRRW� 7KH GHULYDWLYH DFWLRQ EHFRPHV PRVW SURQRXQFHG ZKHQ WKH

QXPHUDWRU ]HUR OLHV WR WKH ULJKW RI WKH UHDO SDUW RI WKH V\VWHP SROH� L�H� D � ��
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Step Response: H(s) = (2/a) (s+a)/(s2+2s+2), a =[ 100, 10, 5, 2, 1, 0.5 ]

y(
t)

time (seconds)

For large a, system responds like H(s) = 2/(s2 + 2s + 2).

a = 100
a = 2

a = 1

a = 0.5

As a increases, derivative action of zero becomes less pronounced.

As a decreases, derivative action of zero becomes more pronounced.

Derivative action of zero becomes most pronounced for a > 1.

)LJXUH ���� 6WHS 5HVSRQVH )RU 6WDQGDUG 6HFRQG 2UGHU 6\VWHP� (mHFW 2I 1XPHUDWRU =HUR

���� 6LQXVRLGDO 6WHDG\ 6WDWH $QDO\VLV $QG 6\VWHP =HURV

6LQXVRLGDO VLJQDOV DUH DUJXDEO\ DPRQJVW WKH PRVW ZLGHO\ XVHG WHVW VLJQDOV LQ WKH DQDO\VLV RI G\QDP�

LFDO V\VWHPV� 8QGHUVWDQGLQJ WKHLU VWHDG\ VWDWH LPSDFW RQ /7, V\VWHP LV RI IXQGDPHQWDO LPSRUWDQFH�

6WHDG\ 6WDWH 5HVSRQVH 7R $Q ([SRQHQWLDO� /HW + GHQRWH WKH WUDQVIHU IXQFWLRQ RI DQ DV\PSWRWLFDOO\

VWDEOH V\VWHP �H�J� 5/& VHULHV FLUFXLW LQ )LJXUH ����� 6XSSRVH WKDW VR GHQRWHV DQ DUELWUDU\ FRPSOH[



6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo ��

QXPEHU LQ WKH UHJLRQ RI FRQYHUJHQFH RI +�c� DQG WKDW WKH LQSXW

X�W�  HVRW �������

LV DSSOLHG WR +� 7KH RXWSXW \�c� LV JLYHQ E\

\�W�  \]LU�W� � �X e K��W�  \]LU�W� �

= W

�
X�Wb ~�K�~�G~  \]LU�W� �

= W

�
HVR�Wb~�K�~�G~ �������

RU

\�W�  \]LU�W� � >

= W

�
K�~�HbVR~G~ @ HVRW �������

)RU W ODUJH� \ DSSURDFKHV WKH VWHDG\ VWDWH IXQFWLRQ

\VV  +�VR� H
VRW� �������

6WHDG\ 6WDWH 5HVSRQVH 7R $Q ([SRQHQWLDO 6LQXVRLG� ,Q ZKDW IROORZV� LW ZLOO EH VHHQ KRZ WKLV

IXQGDPHQWDO UHODWLRQVKLS HVWDEOLVKHV D IRXQGDWLRQ IRU WKH VWXG\ RI /7, V\VWHPV� 7RZDUG WKLV HQG�

VXSSRVH WKDW

X�W�  M;MH}RW FRV��RW��;�  
M;M
�
> H�}R�M�R�WHM

�; � H�}RbM�R�WHbM�; @� �������

7KLV SURGXFHV

\VV  
M; M
�

+�}R � M�R�H
�}R�M�R�WHM

�; �
M;M
�

+�}R b M�R�H
�}RbM�R�WHbM�; �������

8VLQJ WKH IDFW WKDW +�VR�  +�VR� ZKHQ K�c� LV UHDO� \LHOGV WKH IROORZLQJ�

\VV  5H > +�}R � M�R�M;MHM�;H�}R�M�R�W @ �������

RU

\VV  M+�}R � M�R�MM; M H}RW FRV��RW��; ��+�M�R��� �������

7KLV UHVXOW LPSOLHV WKDW H[SRQHQWLDO VLQXVRLGDO LQSXWV UHVXOW LQ D VWHDG\ VWDWH H[SRQHQWLDO VLQXVRLG�



�� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

6WHDG\ 6WDWH 5HVSRQVH 7R $ 6LQXVRLG� )URP WKH DERYH UHODWLRQVKLS� RQH REWDLQV WKH PDLQ UHVXOW

IRU VLQXVRLGDO VWHDG\ VWDWH DQDO\VLV RI /7, V\VWHPV�

X�W�  M;M FRV��RW��;� SURGXFHVb� \VV  M+�M�R�MM;M FRV��RW��; ��+�M�R��� �������

)URP WKLV UHVXOW� LW IROORZV WKDW WKH VWHDG\ VWDWH RXWSXW RI DQ /7, V\VWHP WR D VLQXVRLGDO LQSXW LV

D VLQXVRLG� 7KH LQSXW VLQXVRLG LV PRGLnHG LQ DPSOLWXGH E\ WKH PXOWLSOLFDWLYH IDFWRU M+�M�R�M DQG

LQ SKDVH E\ WKH DGGLWLYH IDFWRU �+�M�R�� (TXDWLRQ ������� DUJXDEO\ HVWDEOLVKHV WKH PDLQ UHVXOW IRU

WKH VWXG\ RI /7, V\VWHPV�

,QWHUSUHWDWLRQ RI =HURV� 7KH ]HURV RI D WUDQVIHU IXQFWLRQ DUH WKRVH YDOXHV RI V VXFK WKDW +�V�  ��

)URP WKLV� LW IROORZV WKDW LI +�c� UHSUHVHQWV DQ DV\PSWRWLFDOO\ VWDEOH /7, V\VWHP ZLWK ]HURV DW

V  hM�R� WKHQ WKH DSSOLFDWLRQ RI DQ LQSXW X�W�  M;M FRV��R ��;� ZLOO UHVXOW LQ D VWHDG\ VWDWH

RXWSXW \VV  � VLQFH +�M�R�  ��

6WHDG\ 6WDWH '& $QDO\VLV DQG '& *DLQ� $ VSHFLDO FDVH RI HTXDWLRQ ������� DULVHV ZKHQ WKH LQSXW

X LV D FRQVWDQW� 6XFK DQ LQSXW FRUUHVSRQGV WR DQ LQSXW IUHTXHQF\ �R  �� ,Q VXFK D FDVH� ZH VD\

WKDW WKH LQSXW X LV D GF VLJQDO� 7KH WHUP ?GF� LV ZLGHO\ XVHG DQG KDV LWV URRWV LQ FLUFXLW DQDO\VLV

�L�H� GF IRU GLUHFW FXUUHQW >��@�� )RU VXFK D VLJQDO� HTXDWLRQ ������� EHFRPHV

X�W�  N
SURGXFHVb� \VV  +��� N �������

IRU DQ\ UHDO FRQVWDQW N� 7KH TXDQWLW\ +��� LV FDOOHG WKH GF JDLQ RI WKH V\VWHP� 6LQFH PDQ\ V\VWHPV

DUH GHVLJQHG WR RSHUDWH DW ORZ IUHTXHQFLHV� LW IROORZV WKDW WKH DERYH GF DQDO\VLV LV RI JUHDW LPSRU�

WDQFH LQ WKH DQDO\VLV DQG GHVLJQ RI V\VWHPV�



6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo ��

���� )UHTXHQF\ 5HVSRQVH� 0DJQLWXGH 5HVSRQVH� 3KDVH 5HVSRQVH�
$QG )RXULHU 7UDQVIRUP

,Q VWXG\LQJ WKH VWHDG\ VWDWH UHVSRQVH RI /7, V\VWHPV WR VLQXVRLGDO VLJQDOV� LW EHFRPHV LPPHGLDWHO\

HYLGHQW WKDW WKH V\VWHP WUDQVIHU IXQFWLRQ +� DQG VSHFLnFDOO\� WKH FRPSOH[ IXQFWLRQ RI �

+�M��  M+�M��MHM�+�M�� �������

LV RI IXQGDPHQWDO LPSRUWDQFH�

)UHTXHQF\ 5HVSRQVH� 0DJQLWXGH 5HVSRQVH� 3KDVH 5HVSRQVH� 7KH WZR IXQFWLRQV M+�M��M DQG�+�M��

DUH UHIHUUHG WR DV WKH IUHTXHQF\ UHVSRQVH RI WKH V\VWHP� 6RPHWLPHV +�M�� LV FDOOHG WKH V\VWHP IUH�

TXHQF\ UHVSRQVH RU IUHTXHQF\ UHVSRQVH� 6RPHWLPHV +�M�� LV FDOOHG WKH VSHFWUXP RI WKH VLJQDO K�c��

7KH IXQFWLRQ M+�M��M LV FDOOHG WKH PDJQLWXGH UHVSRQVH RI WKH V\VWHP� 7KH IXQFWLRQ�+�M�� LV FDOOHG

WKH SKDVH UHVSRQVH RI WKH V\VWHP�

0DJQLWXGH DQG 3KDVH 5HVSRQVH 3URSHUWLHV� ,W FDQ EH VKRZQ WKDW LI WKH LPSXOVH UHVSRQVH K�c� LV

UHDO �L�H� K�c�  K�c�� � ZKLFK LV W\SLFDOO\ WKH FDVH LQ PRVW DSSOLFDWLRQV� WKHQ

M+�M��M  M+�bM��M �������

�+�M��  b�+�bM��� �������

7KDW LV� M+�M��M LV DQ HYHQ IXQFWLRQ RI � DQG �+�M�� LV DQ RGG IXQFWLRQ RI ��

&RQWLQXRXV 7LPH )RXULHU 7UDQVIRUP� 7KH XQLODWHUDO FRQWLQXRXV WLPH )RXULHU WUDQVIRUP RI K�c� >��@

LV GHnQHG DV IROORZV�

�)K��M��
GHI
 

= �

�b
K�~�HbM�~G~� �������

,W LV LPSRUWDQW WR QRWH WKDW WKLV IXQFWLRQ LV QRW DOZD\V HTXDO WR WKH IXQFWLRQ REWDLQHG E\ VXEVWLWXWLQJ

V  M� LQWR WKH /DSODFH WUDQVIRUP RI K�c� >��@� 7KLV LV EHFDXVH V  M� QHHG QRW OLH ZLWKLQ WKH



�� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

UHJLRQ RI FRQYHUJHQHFH RI +�c�� ,Q JHQHUDO�

�/K��V�MV M�  �)K��M�� �������

LI DQG RQO\ LI V  M� OLHV ZLWKLQ WKH UHJLRQ RI FRQYHUJHQFH RI �/K��c�� 7KH DERYH VWDWHPHQWV DOVR

DSSO\ ZKHQ ZRUNLQJ ZLWK ELODWHUDO /DSODFH DQG )RXULHU WUDQVIRUPV�

�/K��V� GHI
 

= �

b�
K�~�HbV~G~ �������

�)K��M��
GHI
 

= �

b�
K�~�HbM�~G~� �������

6\VWHP %DQGZLGWK� ,W LV RIWHQ XVHIXO WR GLVFXVV D V\VWHP
V DELOLW\ RU LQDELOLW\ WR DPSOLI\ RU DWWHQXDWH

UDSLGO\ FKDQJLQJ LQSXW VLJQDOV� 7KH FRQFHSW RI EDQGZLGWK DWWHPSW WR TXDQWLI\ WKLV QRWLRQ� 7KH

PRVW ZLGHO\ DFFHSWHG GHnQLWLRQ IRU EDQGZLGWK LV RQH ZKLFK DSSOLHV WR /7, V\VWHPV ZLWK D ORZ SDVV

PDJQLWXGH UHVSRQVH� L�H� RQH ZKLFK LV DSSUR[LPDWHO\ ]HUR DERYH VRPH IUHTXHQF\� 7KH EDQGZLGWK�

GHQRWHG %:� RI DQ /7, V\VWHP ZLWK WUDQVIHU IXQFWLRQ +�c� LV GHnQHG WR EH WKDW IUHTXHQF\ DW ZKLFK

WKH PDJQLWXGH UHVSRQVH LV GRZQ � GE �D IDFWRU RI � 
S
�� IURP WKH GF JDLQ� L�H�

M+�M%: �M  �S
�
M+�M��M� �������

,I D V\VWHP LV WR DPSOLI\ UDSLGO\ YDU\LQJ VLJQDOV� WKHQ LW VKRXOG KDYH D KLJK EDQGZLGWK� 6FDOLQJ

D V\VWHP
V LQSXW RU RXWSXW E\ D JDLQ JUHDWHU WKDQ XQLW\ LQFUHDVHV WKH EDQGZLGWK RI WKH V\VWHP�

6FDOLQJ D V\VWHP
V LQSXW RU RXWSXW E\ D JDLQ OHVV WKDQ XQLW\ GHFUHDVHV WKH EDQGZLGWK RI WKH V\VWHP�

([DPSOH ������ �0DJQLWXGH $QG 3KDVH )RU 6WDQGDUG 6HFRQG 2UGHU 6\VWHP��

7KH GHSHQGHQFH RI WKH PDJQLWXGH DQG SKDVH UHVSRQVHV IRU WKH VWDQGDUG VHFRQG RUGHU V\VWHP

+�V�  
��Q

V� � �r�QV� ��Q
�������

RQ WKH GDPSLQJ IDFWRU r DUH VKRZQ LQ )LJXUH ����
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Frequency (rad/sec)

P
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(d

eg
);

M
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(d

B
)

Magnitude and Phase Response (ω
n

= 1, ζ = 0.1, 0.2, 0.3, 0.5, 0.7071)
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As ζ decreases, peaking increases

No peaking in Magnitude Response for ζ ∈ [ 0.7071, ∞ )
Peaking in Magnitude Response for ζ ∈ [ 0, 0.7071 )
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)LJXUH ���� )UHTXHQF\ 5HVSRQVH )RU 6WDQGDUG 6HFRQG 2UGHU 6\VWHP� 'HSHQGHQFH RQ 'DPSLQJ
)DFWRU

,Q WKLV nJXUH� WKH LQGHSHQGHQW YDULDEOH � LV SORWWHG RQ D ORJDULWKPLF �EDVH ��� KRUL]RQWDO VFDOH� 7KH

PDJQLWXGH UHVSRQVH M+�M��M LV SORWWHG RQ D OLQHDU YHUWLFDO VFDOH LQ GHFLEHOV �GE�� L�H� �� ORJ�� M+�M��M

LV SORWWHG RQ D OLQHDU YHUWLFDO VFDOH >��@� 7KH DQJOH UHVSRQVH �+�M�� LV SORWWHG LQ GHJUHHV RQ D OLQHDU

YHUWLFDO VFDOH� 0HWKRGV IRU V\VWHPDWLFDOO\ VNHWFKLQJ DV\PSWRWLF DSSUR[LPDWLRQV � FDOOHG %RGH SORWV

� WR WKHVH ZHUH GHYHORSHG E\ +�:� %RGH >�@� $ GLVFXVVLRQ RI )LJXUH ��� QRZ IROORZV�

:H NQRZ WKDW IRU VPDOO r� RXU VWDQGDUG VHFRQG RUGHU V\VWHP KDV SROHV QHDU WKH LPDJLQDU\ D[LV�

)RU r  � ERWK SROHV DUH RQ WKH LPDJLQDU\ D[LV DW V  hM� DQG +�hM��  �� %DVHG RQ WKLV� RQH

H[SHFWV E\ FRQWLQXLW\ WKDW WKH PDJQLWXGH UHVSRQVH ZLOO H[KLELW D ODUJH SHDN IRU VPDOO r� ,I RQH OHWV

�U GHQRWH WKH IUHTXHQF\ DW ZKLFK WKH PDJLQLWXGH UHVSRQVH SHDNV DQG 0U GHQRWH WKH SHDN PDJQLWXGH�

L�H�

0U
GHI
 PD[

�
M+�M��M  M+�M�U�M� �������

WKHQ RQH REWDLQV WKH IROORZLQJ UHODWLRQVKLSV IRU �U DQG 0U >��� SS� �������@�

�U  

�
ZQ

S
�b �r� r � >�� �� @

� r ! �
�

�������
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&KDSWHU �

,QWURGXFWLRQ 7R %RGH 3ORWV

��� &RQVLGHU WKH 6,62 /7, V\VWHP

/  
�

V
� �����

7KLV V\VWHP UHSUHVHQWV DQ LQWHJUDWRU� 7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV SORWWHG LQ

)LJXUH ���� 7KH VORSH RI WKH PDJQLWXGH SORW LV b�� GE GHF RU b� GE RFW �GE � GHFLEHOV� GHF �

GHFDGH� RFW � RFWDYH�� 7KH SKDVH FRQWULEXWHV b�� GHJUHHV DW DOO IUHTXHQFLHV�
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Frequency Response for an Integrator: L = 1/s
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��� &RQVLGHU WKH 6,62 /7, V\VWHP

/  
�

V� ���
� �����

7KLV V\VWHP UHSUHVHQWV DQ DSSUR[LPDWH LQWHJUDWRU� 7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV

SORWWHG LQ )LJXUH ���� ,W DSSUR[LPDWHV DQ LQWHJUDWRU ZHOO DW KLJK IUHTXHQFLHV� ,W DSSUR[LPDWHV WKH

LQWHJUDWRU ZHOO DERYH �  � UDG VHF� $ERYH �  � UDG VHF� WKH PDJQLWXGH UHVSRQVH UROOV�Rm DW D

VORSH RI b�� GE GHF�

Frequency (rad/sec)

P
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(d
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);

M
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(d

B
)

Integrator L = 1/s and Approximate Integrator L = 1/(s+0.4)
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��� &RQVLGHU WKH 6,62 /7, V\VWHP

/�  V� �����

7KLV V\VWHP UHSUHVHQWV D GLmHUHQWLDWRU� 7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV SORWWHG LQ

)LJXUH ���� 7KH PDJQLWXGH UHVSRQVH KDV D VORSH RI �� GE GHF� 7KH SKDVH UHVSRQVH FRQWULEXWHV

�� GHJUHHV DW DOO IUHTXHQFLHV�

Frequency (rad/sec)
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)

Frequecny Response for a Differentiator: L = s
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��� &RQVLGHU WKH 6,62 /7, V\VWHP

/�  
��V

V� ��
� �����

7KLV V\VWHP UHSUHVHQWV DQ DSSUR[LPDWH GLmHUHQWLDWRU� 7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU

/ LV SORWWHG LQ )LJXUH ���� ,W DSSUR[LPDWHV WKH GLmHUHQWLDWRU ZHOO DW ORZ IUHTXHQFLHV� %HORZ

�  � UDG VHF� LW DSSUR[LPDWHV WKH GLmHUHQWLDWRU ZHOO�

Frequency (rad/sec)

P
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(d
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M
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(d

B
)

Differentiator L = s and Approximate Differentiator L = 10 s/(s + 10)
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��� &RQVLGHU WKH 6,62 /7, V\VWHP
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7KLV V\VWHP UHSUHVHQWV D VHFRQG RUGHU ODJ�LQWHJUDO V\VWHP ZLWK D KLJK IUHTXHQF\ SROH� 7KH PDJQL�

WXGH DQG SKDVH UHVSRQVH IRU / DUH SORWWHG LQ )LJXUH ���� 7KH KLJK IUHTXHQF\ SROH FRQWULEXWHV DQ

DGGLWLRQDO �� GHJUHHV RI SKDVH ODJ E\ � { ��� UDG VHF�

Frequency (rad/sec)

P
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(d
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);

M
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B
)

L = 1/s, L = 1/s [ 1/(s + 1) ], L = 1/s [ 1/(s + 1) ] [ 103 /(s + 103) ]
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��� &RQVLGHU WKH 6,62 /7, V\VWHP
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7KLV V\VWHP UHSUHVHQWV D VHFRQG RUGHU ODJ�LQWHJUDO V\VWHP ZLWK D KLJK IUHTXHQF\ SROH DQG ]HUR� 7KH

PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV SORWWHG LQ )LJXUH ���� 7KH KLJK IUHTXHQF\ ]HUR FRQWULEXWHV

DQ DGGLWLRQDO �� GHJUHHV RI SKDVH OHDG E\ � { ��� UDG VHF�

Frequency (rad/sec)

P
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se
(d
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);

M
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(d

B
)

L = 1/s [ 1/(s + 1) ] [ 103 /(s + 103) ] and L = 1/s [ 1/(s + 1) ] [ 103 /(s + 103) ] [(s + 106)/106]
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��� &RQVLGHU WKH 6,62 /7, V\VWHP
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7KLV V\VWHP UHSUHVHQWV D VHFRQG RUGHU ODJ�LQWHJUDO V\VWHP ZLWK D KLJK IUHTXHQF\ SROH DQG WZR ]HURV�

7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV SORWWHG LQ )LJXUH ���� 7KH WZR KLJK IUHTXHQF\ ]HURV

FRQWULEXWH DQ DGGLWLRQDO ��� GHJUHHV RI SKDVH OHDG E\ � { ��� UDG VHF�

Frequency (rad/sec)
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��� &RQVLGHU WKH 6,62 /7, V\VWHP
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7KLV V\VWHP UHSUHVHQWV D nUVW RUGHU XQVWDEOH V\VWHP� 7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV

SORWWHG LQ )LJXUH ���� :KLOH WKH PDJQLWXGH UHVSRQVH LV LGHQWLFDO WR WKDW RI WKH VWDEOH V\VWHP �
V�� �

WKH SKDVH UHVSRQVH ORRNV YHU\ GLmHUHQW� 7KH SKDVH FRQWULEXWHV ��� GHJUHHV RI SKDVH ODJ DW GF� $V

ZH JR XS LQ IUHTXHQF\� / FRQWULEXWHV SKDVH OHDG�

Frequency (rad/sec)

P
ha

se
(d

eg
);

M
ag

ni
tu

de
(d

B
)

Unstable First Order System: L = 5/(s - 1)
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��� &RQVLGHU WKH 6,62 /7, V\VWHP
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7KLV V\VWHP UHSUHVHQWV D nUVW RUGHU XQVWDEOH V\VWHP ZLWK D KLJK IUHTXHQF\ SROH� 7KH PDJQLWXGH

DQG SKDVH UHVSRQVH IRU / LV SORWWHG LQ )LJXUH ���� 7KH KLJK IUHTXHQF\ SROH FRQWULEXWHV DQ DGGLWLRQDO

�� GHJUHHV RI ODJ E\ � { ��� UDG VHF�

Frequency (rad/sec)
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(d

B
)

L = 10/(s - 1) and L = [ 10/(s - 1) ] 103/(s+103)
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���� &RQVLGHU WKH 6,62 /7, V\VWHP
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7KH PDJQLWXGH DQG SKDVH UHVSRQVH IRU / LV SORWWHG LQ )LJXUH ����� 7KH KLJK IUHTXHQF\ SROH

FRQWULEXWHV DQ DGGLWLRQDO �� GHJUHHV RI ODJ E\ � { ��� UDG VHF�

Frequency (rad/sec)

P
ha

se
(d
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);
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B
)

L = [ 10/(s - 1) ] 103/(s+103) and L = [ 10/(s - 1) ] [ 103/(s+103) ] 106/(s + 106)
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&KDSWHU �

$Q ,QWURGXFWLRQ 7R 6WDWH 6SDFH
&RQFHSWV

��� 6WDWH 2I $ 6\VWHP $QG 6WDWH 9DULDEOHV

6WDWH 2I $ 6\VWHP� 7KH VWDWH RI D V\VWHP LV WKH PLQLPXP LQIRUPDWLRQ UHTXLUHG WR SUHGLFW WKH

V\VWHP
V IXWXUH RXWSXW \�c� JLYHQ NQRZOHGJH RI FXUUHQW DQG IXWXUH LQSXWV X�FGRW��

([DPSOH ����� �6WDWH DQG 6WDWH 9DULDEOHV )RU 6HULHV 5/& &LUFXLW��

&RQVLGHU WKH VHULHV 5/& FLUFXLW LQ )LJXUH ���� )URP HTXDWLRQ ������ LW IROORZV WKDW WKH VWDWH RI

WKH FLUFXLW DW W  � �RU DW DQ\ LQLWLDO WLPH W  WR� LV WKH LQLWLDO FRQGLWLRQ YHFWRU > \R B\R @� %HFDXVH

RI WKLV� ZH VD\ WKDW \ DQG B\ DUH VWDWH YDULDEOHV� ,W PXVW EH QRWHG WKDW WKH 7KH VWDWH RI D V\VWHP

LV QRW XQLTXH� )RU WKH 5/& FLUFXLW LW VXpFHV� IRU H[DPSOH� WR NQRZ DQ\ WZR LQGHSHQGHQW SLHFHV RI

LQIRUPDWLRQ �H�J� LQLWLDO FDSDFLWRU YROWDJH DQG LQGXFWRU YROWDJH� LQ RUGHU WR GHWHUPLQH > \R B\R @ DQG

SUHGLFW WKH IXWXUH RXWSXW ZLWK NQRZOHGJH RI IXWXUH LQSXWV� *LYHQ WKLV� LW IROORZV WKDW VWDWH YDULDEOHV

DUH DOVR QRW XQLTXH� )RU WKH 5/& FLUFXLW� DQRWKHU VHW RI VWDWH YDULDEOHV FRQVLVWV RI WKH FDSDFLWRU

YROWDJH \ DQG WKH LQGXFWRU FXUUHQW L/�

6HOHFWLRQ 2I 6WDWH 9DULDEOHV� ,Q JHQHUDO� VWDWH YDULDEOHV DUH W\SLFDOO\ VHOHFWHG WR EH YDULDEOHV

DVVRFLDWHG ZLWK HQHUJ\ VWRUDJH �H�J� YHORFLWLHV� VSULQJ GLVSODFHPHQWV� HWF���

���



��� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

)RU 5/& FLUFXLWV� WKH FDSDFLWRU YROWDJHV DQG LQGXFWRU FXUUHQWV

DUH W\SLFDOO\ FKRVHQ DV VWDWH YDULDEOHV >��@�

$Q\ QWK RUGHU V\VWHP KDV Q �QRW XQLTXH� VWDWH YDULDEOHV DVVRFLDWHG ZLWK LW� 6LPLODUO\� DQ\ V\VWHP

ZKLFK LV GHVFULEHG E\ Q VWDWH YDULDEOHV PD\ EH UHSUHVHQWHG E\ DQ QWK RUGHU �YHFWRU� GLmHUHQWLDO

HTXDWLRQ� 7KLV ZLOO EH IXUWKHU H[SORUHG EHORZ�

��� ,QWURGXFWLRQ WR 'HVFULSWRU 0RGHOV� 6WDWH 6SDFH 0RGHOV� DQG
0,02 /7, 6\VWHPV

0DQ\ G\QDPLFDO V\VWHPV DUH GHVFULEHG E\ YHU\ KLJK RUGHU GLmHUHQWLDO HTXDWLRQV �H�J� D oH[LEOH

VSDFH VWUXFWXUH >��@�� 5DWKHU WKDQ ZULWLQJ KLJK RUGHU GLmHUHQWLDO HTXDWLRQV� LW LV RIWHQ PXFK HDVLHU

WR ZULWH PDQ\ VLPSOH HTXDWLRQV� 7KLV PRWLYDWHV WKH QHZ V\VWHP GHVFULSWLRQV SUHVHQWHG LQ WKLV

VHFWLRQ�

'HVFULSWRU 5HSUHVHQWDWLRQ� &RQVLGHU V\VWHPV ZKLFK DUH GHVULEHG E\ OLQHDU DOJHEUDLF DQG RUGLQDU\

GLmHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHpFLHQWV� 6XFK V\VWHPV PD\ EH ZULWWHQ LQ GHVFULSWRU IRUP

DV IROORZV�

0 B[  1[� 3X [��b�  [R W ! � �����

\  &[�'X �����

ZKHUH 0 � 5QdQ� 1 � 5QdQ� 3 � 5QdP� X  >X�� � � � � XP@7 � 5P GHQRWHV D YHFWRU RI P LQSXW

YDULDEOHV� [  >[�� � � � � [Q@
7 � 5Q GHQRWHV D YHFWRU RI Q VWDWH YDULDEOHV� \  >\�� � � � � \S@

7 � 5S

GHQRWHV D YHFWRU RI S RXWSXW YDULDEOHV� DQG [R  >[�R � � � � � [QR @
7 � 5Q GHQRWHV D YHFWRU RI Q LQLWLDO

FRQGLWLRQV IRU WKH VWDWH�

)RU V\VWHPV GHVFULEHG E\ OLQHDU GLmHUHQWLDO DQG DOJHEUDLF HTXDWLRQV� LW LV DOZD\V HDV\ WR ZULWH

V\VWHP HTXDWLRQV LQ GHVFULSWRU IRUP�



6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo ���

6WDWH 6SDFH 5HSUHVHQWDWLRQ� 0XOWLSOH�,QSXW 0XOWLSOH�2XWSXW �0,02� /7, 6\VWHPV� :KHQ WKH

PDWUL[ 0 LV LQYHUWLEOH� HTXDWLRQ ����� PD\ EH UHZULWWHQ LQ VR�FDOOHG VWDWH VSDFH IRUP� 'RLQJ VR

\LHOGV�

6WDWH (TXDWLRQ � B[  $[�%X� [��b�  [R W ! � �����

2XWSXW (TXDWLRQ � \  &[�'X� �����

ZKHUH

$  0b�1 �����

%  0b�3� �����

)RU JHQHUDO 0,02 /7, V\VWHPV� $ � 5QdQ� % � 5QdP� & � 5SdQ� ' � 5SdP� X  >X�� � � � � XP@7 �

5P GHQRWHV D YHFWRU RI P LQSXW YDULDEOHV� [  >[�� � � � � [Q@
7 � 5Q GHQRWHV D YHFWRU RI Q VWDWH YDUL�

DEOHV� \  >\�� � � � � \S@
7 � 5S GHQRWHV D YHFWRU RI S RXWSXW YDULDEOHV� DQG [R  >[�R � � � � � [QR @

7 � 5Q

GHQRWHV D YHFWRU RI Q LQLWLDO FRQGLWLRQV IRU WKH VWDWH� 7KH TXDGUXSOH �$�%�&�'� LV VDLG WR GHnQH

D VWDWH VSDFH UHSUHVHQWDWLRQ IRU WKH V\VWHP� 7KH SDLU �$�%� GHnQH WKH VWDWH HTXDWLRQ ����� ZKLOH

WKH SDLU �&�'� GHnQH WKH RXWSXW HTXDWLRQ ������ %HFDXVH WKH VWDWH HTXDWLRQ FRQWDLQV Q GLmHUHQWLDO

HTXDWLRQV� ZH VD\ WKDW WKH V\VWHP LV DQ QWK RUGHU V\VWHP� $ JHQHUDO 0,02 /7, V\VWHP ZLWK VWDWH

VSDFH UHSUHVHQWDWLRQ �$�%�&�'� PD\ EH YLVXDOL]HG DV VKRZQ LQ )LJXUH ����

X
%  � B[ ,

V

[  & 

]$
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 '

��  \

)LJXUH ���� %ORFN 'LDJUDP 9LVXDOL]DWLRQ RI *HQHUDO /7, 6\VWHP 6WDWH 6SDFH 5HSUHVHQWDWLRQ



��� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

8WLOLW\ RI 6WDWH 6SDFH 5HSUHVHQWDWLRQV� 6WDWH VSDFH UHSUHVHQWDWLRQV �$�%�&�'� DUH YHU\ XVHIXO IRU

D YDULHW\ RI UHDVRQV�

q 0DQ\ V\VWHPV PD\ EH DSSUR[LPDWHG ZHOO E\ D VWDWH VSDFH UHSUHVHQWDWLRQ �$�%� &�'��

q $ ULFK VHW RI DQDO\VLV DQG GHVLJQ WHFKQLTXHV H[LVW�

q 6WDWH�RI�WKH�DUW VXSSRUW VRIWZDUH LV UHDGLO\ DYDLODEOH >��@� >��@� >��@�

([DPSOH ����� �6HULHV 5/& &LUFXLW 'HVFULSWRU DQG 6WDWH 6SDFH 5HSUHVHQWDWLRQV��

&RQVLGHU WKH VHULHV 5/& FLUFXLW LQ )LJXUH ���� ,W PD\ EH UHSUHVHQWHG E\ WZR nUVW RUGHU OLQHDU

GLmHUHQWLDO HTXDWLRQV DV IROORZV�
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GW
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7KHVH PD\ EH ZULWWHQ LQ VR FDOOHG GHVFULSWRU IRUP DV IROORZV�

/
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RU LQ PDWUL[�YHFWRU GHVFULSWRU IRUP DV IROORZV�
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6LQFH WKH PDWUL[ 0 LV LQYHUWLEOH� WKH DERYH HTXDWLRQ PD\ EH ZULWWHQ LQ VWDWH VSDFH IRUP DV IROORZV�
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ZKHUH
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$Q RXWSXW HTXDWLRQ PD\ EH ZULWWHQ DV IROORZV�

\  &[�'X ������

ZKHUH
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� �

L
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�

L
� ������

��� /LQHDU 7UDQVIRUPDWLRQ RI 6\VWHP 9DUDLEOHV

,Q PDQ\ DSSOLFDWLRQV� LW LV GHVLUDEOH WR

q FKDQJH WKH XQLWV RI WKH YDULDEOHV EHLQJ XVHG RU

q FKDQJH WKH FRRUGLQDWH V\VWHP EHLQJ XVHG�

,Q HLWKHU FDVH� D WUDQVIRUPDWLRQ RI YDULDEOHV LV UHTXLUHG� *LYHQ WKLV� VXSSRVH WKDW ZH DUH JLYHQ DQ

/7, V\VWHP ZLWK VWDWH VSDFH UHSUHVHQWDWLRQ �$�� %�� &�� '���

B[�  $�[� �%�X� ������

\�  &�[� �'�X�� ������

6XSSRVH WKDW ZH GHVLUH WR WUDQVIRUP WKH YDULDEOHV X�� [�� \�� 7KLV FDQ EH DFFRPSOLVKHG YLD WKH

IROORZLQJ OLQHDU WUDQVIRUPDWLRQV�

X�  6XX� ������

[�  6[[� ������

\�  6\\� ������



��� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

ZKHUH 6X � 5PdP� 6[ � 5QdQ� 6\ � 5SdS DUH LQYHUWLEOH �QRQVLQJXODU� PDWULFHV� *LYHQ WKLV� WKH

QHZ VWDWH VSDFH UHSUHVHQWDWLRQ �$�� %�� &�� '�� LV JLYHQ E\�

B[�  $�[� �%�X� ������

\�  &�[� �'�X� ������

ZKHUH

$�  6[$�6
b�
[ %�  6[%�6

b�
X ������

&�  6\&�6
b�
[ '�  6\'�6

b�
X � ������

7KH WUDQVIRUPDWLRQ PDWUL[ 6[ LV RIWHQ FDOOHG D VLPLODULW\ WUDQVIRUPDWLRQ >��@ DQG WKH PDWULFHV $�

DQG $� DUH VDLG WR EH VLPLODU WR RQH DQRWKHU� $V PLJKW EH H[SHFWHG� LW FDQ EH VKRZQ WKDW FKDQJLQJ

XQLWV GRHV QRW FKDQJH WKH IXQGDPHQWDO SURSHUWLHV RI D V\VWHP�

����� 6WDWH 6SDFH 5HSUHVHQWDWLRQ $QDO\VLV 9LD /DSODFH� 6\VWHP 5HVROYHQW

7KH PDWUL[�YHFWRU HTXDWLRQV ����� DQG ����� PD\ EH DQDO\]HG XVLQJ /DSODFH 7UDQVIRUPV� 7DNLQJ

WKH WUDQVIRUP RI HDFK HTXDWLRQ \LHOGV�

;�V�  �V, b$�b�[R � �V, b$�b�%8�V� ������

< �V�  &�V, b$�b�[R � > &�V, b$�b�% �' @ 8�V�� ������

7KH PDWUL[ �V, b$�b� LV FDOOHG WKH UHVROYHQW RI WKH V\VWHP�

��� 7UDQVIHU )XQFWLRQ 0DWUL[� 0DWUL[ ([SRQHQWLDO� $QG ,PSXOVH
5HVSRQVH 0DWUL[

)RU 6,62 V\VWHPV� WKH FRQFHSW RI D WUDQVIHU IXQFWLRQ LV LPSRUWDQW� )RU 0,02 V\VWHPV� WKH DQDO�

RJRXV FRQFHSW LV WKH WUDQVIHU IXQFWLRQ PDWUL[� )URP HTXDWLRQ ������� RQH VHHV WKDW WKH WUDQVIHU



6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo ���

IXQFWLRQ PDWUL[ +�c� IURP WKH LQSXW YHFWRU X  >X�� � � � � XP@7 WR WKH RXWSXW YHFWRU \  >\�� � � � � \S@7

LV JLYHQ E\

+�V�  &�V, b$�b�% �'� ������

+�c� LV D S dP PDWUL[ RI VFDODU WUDQVIHU IXQFWLRQV� ,WV LMWK HQWU\ UHSUHVHQWV WKH WUDQVIHU IXQFWLRQ

IURP WKH MWK LQSXW XM�c� WR WKH LWK RXWSXW \L�c�� $W WKLV SRLQW� LW LV XVHIXO WR LGHQWLI\ WKH PDWUL[

H[SRQHQWLDO H$W DV WKH LQYHUVH /DSODFH WUDQVIRUP RI �V, b$�b�� L�H�

H$W
GHI
 

�;
L �

�$W�Q

Q�
 /b�I �V, b$�b� J� ������

7KLV LPSOLHV WKDW WKH PDWUL[ H[SRQHQWLDO H$W PD\ EH FRPSXWHG DV WKH WHUP�E\�WHUP LQYHUVH /DSODFH

WUDQVIRUP RI �V, b$�b�� *LYHQ WKH DERYH� WKH LPSXOVH UHVSRQVH PDWUL[ K LV JLYHQ E\

K�W�  &H$W% ��W� �' p�W� ������

DQG WKH JHQHUDO VROXWLRQV IRU [�c� DQG \�c� DUH JLYHQ E\

[�W�  H$W[R �

= W

�
H$�Wb~�%X�~�G~ ������

\�W�  &H$W[R �

= W

�
&H$�Wb~�%X�~�G~ �'X�W�� ������

/LQHDULW\� (TXDWLRQV ������������� VKRZ WKDW ERWK WKH VWDWH [�c� DQG WKH RXWSXW \�c� DUH OLQHDU LQ

WKH YHFWRU >[7R X7 �c�@7 � D FRQnUPDWLRQ WKDW V\VWHPV GHVFULEHG E\ D VWDWH VSDFH UHSUHVHQWDWLRQ

�$�%� &�'� GR LQGHHG GHnQH D OLQHDU V\VWHP�

7LPH ,QYDULDQFH� %HFDXVH WKH LQWHJUDO LQ HTXDWLRQ ������ GHnQHV D FRQYROXWLRQ RSHUDWRU� LW IROORZV

WKDW V\VWHPV GHVFULEHG E\ D VWDWH VSDFH UHSUHVHQWDWLRQ �$�%�&�'� GR LQGHHG GHnQH D WLPH LQYDUL�

DQW V\VWHP� 6HH HTXDWLRQV ��������������

&RPSXWDWLRQDO $SSURDFKHV� 6HYHUDO DSSURDFKHV H[LVW IRU HYDOXDWLQJ [�c� DQG \�c�� 7ZR FRPPRQO\

XVHG DSSURDFKHV DUH �L� V�GRPDLQ PDWUL[ DOJHEUD >��@ ZLWK WHUP�E\�WHUP /DSODFH WUDQVIRUP LQYHUVLRQ



��� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

DQG �LL� HLJHQYDOXH�HLJHQYHFWRU WHFKQLTXHV � WR EH GLVFXVVHG VXEVHTXHQWO\� :KLOH WKH nUVW DSSURDFK

LV D VWUDLJKW IRUZDUG H[WHQVLRQ RI FODVVLFDO 6,62 WHFKQLTXHV� WKH VHFRQG PHWKRG RmHUV QHZ XVHIXO

LQVLJKW UHJDUGLQJ WKH QDWXUDO PRGHV RI D V\VWHP� 1XPHULFDO LQWHJUDWLRQ >��@� RI FRXUVH� UHSUHVHQWV

RQH PRUH DSSURDFK�

6WUXFWXUH $QG 7HUPLQRORJ\� 6WDWH 7UDQVLWLRQ 0DWUL[� ,I WKH LQSXW X�c� LV DSSOLHG DW W  WR� WKHQ

HTXDWLRQ ������ PD\ EH ZULWWHQ DV

[�W�  j�W� WR�[R �

= W

WR

j�W� ~�%X�~�G~ ������

ZKHUH [�Wb� �  [R DQG

j�W� ~�
GHI
 H$�Wb~� ������

LV FDOOHG WKH VWDWH WUDQVLWLRQ PDWUL[ IRU WKH V\VWHP�

3URSHUWLHV RI 6WDWH 7UDQVLWLRQ 0DWUL[� ,W FDQ EH VKRZQ WKDW WKH VWDWH WUDQVLWLRQ PDWUL[ VDWLVnHV

WKH IROORZLQJ SURSHULHV�

j�W� W�  , �,GHQWLW\ 3URSHUW\� ������

j�W�� W��  j�W�� W��j�W�� W�� �6HPLb*URXS 3URSHUW\� ������

G

GW
j�W� ~�  $j�W� ~� �'HULYDWLYH 3URSHUW\� ������

IRU DOO W� W�� W�� W� � 5�

/RRNLQJ $KHDG 7R 7LPH 9DU\LQJ 6\VWHPV� ,Q VXEVHTXHQW VHFWLRQV� WLPH YDU\LQJ V\VWHPV ZLOO EH

VWXGLHG LQ JUHDWHU GHWDLO� *LYHQ WKLV� LW LV XVHIXO WR QRWH WKDW

q 7KH VWUXFWXUH H[KLELWHG LQ HTXDWLRQ ������ ZLOO EH VHHQ WR KROG ZKHQ WKH PDWULFHV �$�%� DUH

IXQFWLRQV RI WKH LQGHSHQGHQW YDULDEOH W�
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q 3URSHUWLHV ������������� ZLOO KROG ZKHQ WKH PDWUL[ $ LV D IXQFWLRQ RI WKH LQGHSHQGHQW YDULDEOH
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WUDQVIHU IXQFWLRQ�
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ZKHUH WKH DL� EL� DQG G DUH DUELWUDU\ UHDO �VFDODU� FRQVWDQWV� 7KH JRDO LV WR REWDLQ D �UG RUGHU VWDWH
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IRU WKH JHQHUDO �UG RUGHU 6,62 WUDQVIHU IXQFWLRQ
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7KH DERYH VWDWH VSDFH UHSUHVVHQWDWLRQ LV VDLG WR EH LQ FRQWUROOHU FDQRQLFDO IRUP >��@� ,WV C$
 PD�

WUL[� VSHFLnFDOO\� LV VDLG WR EH LQ FRPSDQLRQ IRUP >��@� 2WKHU FDQRQLFDO IRUPV �L�H� VWDQGDUG EORFN

GLDJUDP VWUXFWXUHV� DUH GLVFXVVHG LQ >��@� 7KH LGHDV SUHVHQWHG LQ WKLV H[DPSOH PD\ EH H[WHQGHG WR

KLJKHU RUGHU V\VWHPV DQG WR 0,02 /7, V\VWHPV >��@ DV ZHOO�
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��� 2EWDLQLQJ $Q ,QSXW�2XWSXW �7UDQVIHU )XQFWLRQ 0DWUL[� 'H�
VFULSWLRQ )URP $Q /7, 6WDWH 6SDFH 5HSUHVHQWDWLRQ

*LYHQ D 0,02 /7, V\VWHP ZLWK VWDWH VSDFH UHSUHVHQWDWLRQ
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ZH ZRXOG OLNH WR nQG DQ LQSXW�RXWSXW GHVFULSWLRQ�
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GHW�V, b$�  VQ � DQb�V
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ZKHUH WKH DL DUH UHDO �VFDODU� FRQVWDQWV�

&D\OH\�+DPLOWRQ 7KHRUHP� 1H[W� LW LV LPSRUWDQW WR UHFDOO WKH &D\OH\�+DPLOWRQ 7KHRUHP >��@�

7KLV IXQGDPHQWDO UHVXOW IURP OLQHDU DOJHEUD VWDWHV WKDW HYHU\ PDWUL[ VDWLVnHV LWV FKDUDFWHULVWLF

SRO\QRPLDO� L�H�

$Q � DQb�$
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8VLQJ WKH &D\OH\�+DPLOWRQ 7KHRUHP� RQH FDQ VKRZ WKDW WKH RXWSXW YHFWRU \ � 5S LV UHODWHG WR WKH

LQSXW YHFWRU X � 5P DV IROORZV�
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([DPSOH ����� �$ 7ZR�,QSXW 7ZR�2XWSXW �7,72� 5/& &LUFXLW��

&RQVLGHU WKH 5/& FLUFXLW LQ )LJXUH ���� 7KH FLUFXLW� RU V\VWHP� LQSXWV �IRUFLQJ IXQFWLRQV� DUH

WKH YROWDJH VRXUFHV X� DQG X�� 7KH FLUFXLW� RU V\VWHP� RXWSXWV DUH WKH YROWDJH PHDVXUHPHQWV \� DQG
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ZKLFK UHODWHV WKH RXWSXWV \� DQG \� WR WKH LQSXWV X� DQG X��

��� 1DWXUDO 0RGHV� ([SRQHQWLDO 6WDELOLW\� (LJHQYDOXHV� (LJHQYHF�
WRUV� 0DWUL[ ([SRQHQWLDO� $QG 0RGDO (TXDWLRQV

$V GLVFXVVHG HDUOLHU� HYHU\ V\VWHP KDV QDWXUDO WHQGHQFLHV RU QDWXUDO PRGHV� (DFK PRGH FRUUHVSRQGV

WR D V\VWHP SROH �H�J� UHDO H[SRQHQWLDO PRGH� RU FRPSOH[ SROHV �H�J� H[SRQHQWLDO VLQXVRLGDO PRGH��

$V IRU 6,62 V\VWHPV� D 0,02 /7, V\VWHP ZLWK VWDWH VSDFH UHSUHVHQWDWLRQ �$�%� &�'� LV VDLG WR

EH H[SRQHQWLDOO\ VWDEOH LI DOO RI WKH HLJHQYDOXHV RI $ �L�H� V\VWHP SROHV� OLH LQ WKH OHIW KDOI SODQH

�L�H� KDYH QHJDWLYH UHDO SDUWV��

7KH PRGHV RI DQ /7, V\VWHP DUH EHVW H[DPLQHG E\ DSSO\LQJ VWDQGDUG WRROV IURP OLQHDU DOJHEUD�

QDPHO\ HLJHQYDOXHV DQG HLJHQYHFWRUV� WR WKH V\VWHP PDWUL[ $�

(LJHQYDOXHV DQG (LJHQYHFWRUV� 7KH HLJHQYDOXHV IVLJQL � RI D VTXDUH PDWUL[ $ � 5QdQ DUH WKH Q

URRWV RI WKH FKDUDFWHULVWLF HTXDWLRQ
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LW IROORZV WKDW WKH IVLJQL � DUH SUHFLVHO\ WKH Q V\VWHP SROHV� 7KH ULJKW HLJHQYHFWRUV YL FRUUHVSRQGLQJ

WR WKH HLJHQYDOXHV VL RI $ DUH IRXQG E\ VROYLQJ
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7KLV VKRZV WKDW $ PD\ EH ZULWWHQ DV D OLQHDU FRPELQDWLRQ RI Q UDQN RQH PDWULFHV� 7KH VXP LQ

HTXDWLRQ ������ LV UHIHUUHG WR DV D G\DGLF GHFRPSRVLWLRQ IRU $� )URP WKLV� LW IROORZV WKDW >��@
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7KHVH UHODWLRQVKLSV DUH YHU\ XVHIXO IRU XQGHUVWDQGLQJ WKH PDQQHU LQ ZKLFK WKH QDWXUDO PRGHV RI DQ

/7, V\VWHP LPSDFW WKH LQSXW�RXWSXW DQG LQWHUQDO EHKDYLRU RI WKH V\VWHP LQ WKH SUHVHQFH RI LQLWLDO

FRQGLWLRQV [R DQG LQSXWV X�c��

��� 0RGDO $QDO\VLV

7KH DERYH PRGDO UHODWLRQVKLSV DUH YHU\ XVHIXO IRU XQGHUVWDQGLQJ WKH QDWXUDO WHQGHQFLHV RI DQ /7,

V\VWHP� 7R H[DPLQH WKH QDWXUDO PRGHV RI WKH V\VWHP� RQH VHWV WKH LQSXW X WR ]HUR DQG H[DPLQH WKH
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7KLV LV WKH IXQGDPHQWDO UHODWLRQVKLS IRU H[DPLQLQJ DQG XQGHUVWDQGLQJ WKH QDWXUDO PRGHV RI DQ /7,

V\VWHP� )RU D FRPSOH[ PRGH VL  }L � M�L� LW IROORZV IURP HTXDWLRQ ������ WKDW

[R  D 5HIYLJ� E ,PIYLJ SURGXFHV
 � [�W�  D 5HIHVLW YLJ� E ,PIHVLW YLJ� ������

��� 7UDQVPLVVLRQ =HURV $QG (QHUJ\ $EVRUSWLRQ

-XVW DV VRPH V\VWHPV ?JLYH Rm� HQHUJ\ DW FHUWDLQ IUHTXHQFLHV � LQ WKH IRUP RI QDWXUDO PRGHV� VRPH

V\VWHPV ?DEVRUE� FHUWDLQ IUHTXHQFLHV� 7KLV PRWLYDWHV WKH FRQFHSW RI D ]HUR� $ 6,62 WUDQVIHU IXQF�

WLRQ KDV D ]HUR DW V  VR LI +�VR�  �� $QDORJRXVO\� D 0,02 WUDQVIHU IXQFWLRQ PDWUL[ + KDV

D ]HUR DW V  VR LI +�VR� ORVHV UDQN� :KLOH WKLV GHnQLWLRQ UHSUHVHQWV D GLUHFW H[WHQVLRQ RI WKH

FODVVLFDO 6,62 GHnQLWLRQ� ZH QRZ JLYH D GHnQLWLRQ IRU 0,02 V\VWHPV � D GHnQLWLRQ ZKLFK FDSWXUHV

RXU HQHUJ\ DEVRUSWLRQ QRWLRQ RI ]HURV�

7UDQVPLVVLRQ =HURV� $ G\QDPLFDO V\VWHP ZLWK LQSXW X� VWDWH [� DQG RXWSXW \� LV VDLG WR KDYH D

WUDQVPLVVLRQ ]HUR DW V  VR LI WKHUH H[LVWV D SDLU RI YHFWRUV �XR� [R�� VXFK WKDW >[
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IRU DOO W w �� 7KLV GHnQLWLRQ VKRZV WKDW WKH FRQFHSW RI D WUDQVPLVVRLQ ]HUR LV DQ HQHUJ\ DEVRUSWLRQ

FRQFHSW� 7KH YHFWRUV XR DQG [R DUH VDLG WR GHnQH WKH GLUHFWLRQ RI WKH WUDQVPLVVRQ ]HUR� 7KH YHFWRU

XR GHnQHV WKH LQSXW GLUHFWLRQ� 7KH YHFWRU [R GHnQHV WKH VWDWH GLUHFWLRQ�

,W FDQ EH VKRZQ WKDW D 0,02 /7, V\VWHP ZLWK VWDWH VSDFH UHSUHVHQWDWLRQ �$�%�&�'� KDV D
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,W LV LPSRUWDQW WR QRWH WKDW IRU 6,62 /7, V\VWHPV� WKH GHnQLWLRQ JLYHQ DERYH IRU WUDQVPLVVLRQ

]HURV FRUUHVSRQGV SUHFLVHO\ WKH FODVVLFDO GHnQLWLRQ IRU ]HURV� )RU 0,02 /7, V\VWHPV� KRZHYHU� WKH

WUDQVPLVVLRQ ]HURV RI WKH V\VWHP QHHG QRW EH ]HURV RI DQ\ RI WKH LQGLYLGXDO WUDQVIHU IXQFWLRQV ZLWKLQ

WKH V\VWHP WUDQVIHU IXQFWLRQ PDWUL[� ([DPSOHV ZKLFK LOOXVWUDWH WKLV SRLQW DUH UHDGLO\ FRQVWUXFWHG�

([DPSOH ����� �7UDQVPLVVLRQ =HURV $QG 7UDQVIHU )XQFWLRQ 0DWUL[ (QWULHV��

&RQVLGHU WKH /7, V\VWHP
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7KLV V\VWHP KDV D WUDQVIHU IXQFWLRQ PDWUL[
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,W FDQ EH VKRZQ WKDW IRU N  ��� WKH V\VWHP KDV D WUDQVPLVVLRQ ]HUR DW VR  � ZLWK LQSXW GLUHFWLRQ

XR  > �� b �� @7 DQG VWDWH GLUHFWLRQ [R  > � � b � @7 � :H QRWH WKDW IRU N  ��� WKH

WUDQVPLVVLRQ ]HUR DW VR  � LV 127 D ]HUR RI DQ\ RI WKH LQGLYLGXDO WUDQVIHU IXQFWLRQ HQWULHV ZLWKLQ

WKH WUDQVIHU IXQFWLRQ PDWUL[ +�c��



��� 6LJQDOV� 6\VWHPV� DQG &RQWUROV� $�$� 5RGULJXH] Fo

,I [R  �� WKHQ ZH VD\ WKDW WKH V\VWHP KDV D WUDQVPLVVLRQ ]HUR DW HYHU\ VR LQ WKH V�SODQH� ,I

XR  �� WKHQ VR LV D V\VWHP SROH� ,I VR LV QRW D V\VWHP SROH� WKHQ VR, b$ LV LQYHUWLEOH DQG LW IROORZV

WKDW [R  �VR, b$�b�%XR DQG

+�VR� XR  � ������

ZKHUH +�V�
GHI
 &�V, b$�b�% �' LV WKH V\VWHP WUDQVIHU IXQFWLRQ PDWUL[� ,I WKH QXPEHU RI RXWXWV

S LV HTXDO WR WKH QXPEHU RI LQSXWV P� WKHQ ZH VD\ WKDW WKH V\VWHP LV D VTXDUH V\VWHP� ,Q VXFK D

FDVH� WKH PDWUL[ LQ LV VTXDUH DQG WKH WUDQVPLVVLRQ ]HURV PD\ EH IRXQG E\ VROYLQJ IRU WKH URRWV RI

WKH IROORZLQJ SRO\QRPLDO�
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