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Foreword

This book, together with Linear Algebra, constitutes a curriculum for an
algebra program addressed to undergraduates.

The separation of the linear algebra from the other basic algebraic
structures fits all existing tendencies affecting undergraduate teaching,
and I agree with these tendencies. I have made the present book self
contained logically, but it is probably better if students take the linear
algebra course before being introduced to the more abstract notions of
groups, rings, and fields, and the systematic development of their basic
abstract properties. There is of course a little overlap with the book Lin-
ear Algebra, since 1 wanted to make the present book self contained. I
define vector spaces, matrices, and linear maps and prove their basic
properties.

The present book could be used for a one-term course, or a year’s
course, possibly combining it with Linear Algebra. 1 think it is important
to do the field theory and the Galois theory, more important, say, than
to do much more group theory than we have done here. There is a
chapter on finite fields, which exhibit both features from general field
theory, and special features due to characteristic p. Such fields have
become important in coding theory. ‘

There is also a chapter on some of the group-theoretic features of
matrix groups. Courses in lincar algebra usually concentrate on the
structure theorems, quadratic forms, Jordan form, etc. and do not have
the time to mention, let alone emphasize, the group-theoretic aspects of
matrix groups. I find that the basic algebra course is a good place to
introduce students to such examples, which mix abstract group theory
with matrix theory. The groups of matrices provide concrete examples
for the more abstract properties of groups listed in Chapter II.
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The construction of the real numbers by Cauchy sequences and null
sequences has no standard place in the curriculum, depending as it does
on mixed ideas from algebra and analysis. Again, I think it belongs in a
basic algebra text. It illustrates considerations having to do with rings,
and also with ordering and absolute values. The notion of completion is
partly algebraic and partly analytic. Cauchy sequences occur in mathe-
matics courses on analysis (integration theory for instance), and also
number theory as in the theory of p-adic numbers or Galois groups.

For a year’s course, I would also regard it as appropriate to introduce
students to the general language currently in use in mathematics con-
cerning sets and mappings, up to and including Zorn’s lemma. In this
spirit, I have included a chapter on sets and cardinal numbers which is
much more extensive than is the custom. One reason is that the state-
ments proved here are not easy to find in the literature, disjoint from
highly technical books on set theory. Thus Chapter X will provide at-
tractive extra material if time is available. This part of the book, to-
gether with the Appendix, and the construction of the real and complex
numbers, also can be viewed as a short course on the naive foundations
of the basic mathematical objects.

If all these topics are covered, then there is enough material for a
year’s course. Different instructors will choose different combinations ac-
cording to their tastes. For a one-term course, I would find it appropri-
ate to cover the book up to the chapter on field theory, or the matrix
groups. Finite fields can be treated as optional.

Elementary introductory texts in mathematics, like the present one,
should be simple and always provide concrete examples together with the
development of the abstractions (which explains using the real and com-
plex numbers as examples before they are treated logically in the text).
The desire to avoid encyclopedic proportions, and specialized emphasis,
and to keep the book short explains the omission of some theorems
which some teachers will miss and may want to include in the course.
Exceptionally talented students can always take more advanced classes,
and for them one can use the more comprehensive advanced texts which
are easily available.

New Haven, Connecticut, 1987 S. LANG
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Foreword to the Third Edition

In this new edition I have added new material in Chapters IV and VI, first on
polynomials, and second on linear algebra in combination with group
theory. The additions to Chapter VI describe various product structures for
SL, (Iwasawa and other decompositions). These also have to do with the
conjugation action and the decomposition of the Lie algebra under this
action. The algebra involved comes from deeper theories, but the parts I
have extracted on SL, belong to an elementary level. Students are then put
into contact with some algebra used as a backdrop for analysis on groups,
starting with SL,,.

A new section in Chapter IV gives a complete account of the Mason-
Stothers theorem about polynomials, with Noah Snyder’s beautifully simple
proof. It is worth emphasizing that the derivative for polynomials is a purely
algebraic operation, for which limits are not required. A Springer pamphlet
has been published to present a self-contained treatment of polynomials
(from scratch) culminating with this topic. Here it takes its place as a section
in the general chapter on polynomials. It occurs as a natural twin for the
section on the abc conjecture.

I have tried on several occasions to put students in contact with genuine
research mathematics, by selecting instances of conjectures which can be for-
mulated in language at the level of this course. I have stated more than half
a dozen such conjectures, of which the abc conjecture provides one spectac-
ular example. Usually students have to wait years before they realize that
mathematics is a live activity, sustained by its open problems. I have found
it very effective to break down this obstacle whenever possible.
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CHAPTER |

The Integers

I, §1. TERMINOLOGY OF SETS

A collection of objects is called a set. A member of this collection is also
called an element of the set. It is useful in practice to use short symbols
to denote certain sets. For instance, we denote by Z the set of all inte-
gers, i.e. all numbers of the type 0, +1, +2,.... Instead of saying that x
is an element of a set S, we shall also frequently say that x lies in S, and
write xeS. For instance, we have 1eZ, and also —4eZ.

If S and §’ are sets, and if every element of S’ is an clement of S, then
we say that § is a subset of S. Thus the set of positive integers
11,2,3,...} is a subset of the set of all integers. To say that S’ is a subset
of § is to say that S is part of S. Observe that our definition of a subset
does not exclude the possibility that §'=S. If §' is a subset of S, but
S # 8, then we shall say that S’ is a proper subset of S. Thus Z is a
subset of Z, and the set of positive integers is a proper subset of Z. To
denote the fact that S is a subset of S, we write S’ = S, and also say that
S’ is contained in S.

If S,, S, are sets, then the intersection of S, and S,, denoted by
S, S,, is the set of elements which lie in both S; and §,. For instauce,
if S, is the set of integers = 1 and §, is the set of integers < 1, then

S, nS,={1}

(the set consisting of the number 1).
The union of S, and S,, denoted by S, uUS,, is the set of elements
which lie in §; or in S,. For instance, if S, is the set of integers <0
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and S, is the set of integers = 0, then S, U S, = Z is the set of all inte-
gers.

We see that certain sets consist of elements described by certain prop-
erties. If a set has no elements, it is called the empty set. For instance,
the set of all integers x such that x >0 and x <0 is empty, because
there is no such integer x.

If S, § are sets, we denote by S x §” the set of all pairs (x, x") with
x€eS and x'e¥§.

We let #S denote the number of elements of a set S. If S is finite, we
also call #S the order of S.

I, §2. BASIC PROPERTIES

The integers are so well known that it would be slightly tedious to axio-
matize them immediately. Hence we shall assume that the reader is ac-
quainted with the elementary properties of arithmetic, involving addition,
multiplication, and inequalities, which are taught in all elementary
schools. In the appendix and in Chapter III, the reader will see how one
can axiomatize such rules concerning addition and multiplication. For
the rules concerning inequalities and ordering, see Chapter IX.

We mention explicitly one property of the integers which we take as
an axiom concerning them, and which is called well-ordering.

Every non-empty set of integers = 0 has a least element.

(This means: If S is a non-empty set of integers = 0, then there exists an
integer ne S such that n £ x for all xe8§.)

Using this well-ordering, we shall prove another property of the inte-
gers, called induction. It occurs in several forms.

Induction: First Form. Suppose that for each integer n =1 we are
given an assertion A(n), and that we can prove the following two
properties:

(1) The assertion A(1) is true.
(2) For each integer n = 1, if A(n) is true, then A(n + 1) is true.

Then for all integers n =z 1, the assertion A(n) is true.
Proof. Let S be the set of all positive integers n for which the asser-

tion A(n) is false. We wish to prove that S is empty, i.e. that there is no
element in S. Suppose there is some element in S. By well-ordering,
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there exists a least element n, in S. By assumption, ny # 1, and hence
ny > 1. Since n, is least, it follows that ny — 1 is not in S, in other
words the assertion A(n, — 1) is true. But then by property (2), we con-
clude that A(n,) is also true because

e = (1o — 1) + 1.

This is a contradiction, which proves what we wanted.

Example. We wish to prove that for each integer n = 1,

_n(n+ 1).

An): 14+24+---+n 7

This is certainly true when n = 1, because

_ 11+

1
2

Assume that our equation is true for an integer n = 1. Then

_nn+1)
2
_nn+1)+2n+1)
B 2
n4+n+2n+2

2

_(n+1)n+2)
=

l+--+n+@m+1) +(n+1)

Thus we have proved the two properties (1) and (2) for the statement
denoted by A(n + 1), and we conclude by induction that A(n) is true for
all integers n = 1.

Remark.

In the statement of induction, we could replace 1 by 0

everywhere, and the proof would go through just as well.

The second form is a variation on the first.
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Induction: Second Form. Suppose that for each integer n = QO we are gi-
ven an assertion A(n), and that we can prove the following two proper-
ties:

(1Y  The assertion A(Q) is true.
(2') For each integer n > 0, if A(k) is true for every integer k with
0 <k < n, then A(n) is true.

Then the assertion A(n) is true for all integers n = 0.

Proof. Again let S be the set of integers = 0 for which the assertion is
false. Suppose that S is not empty, and let n, be the least element of S.
Then n, # 0 by assumption (1'), and since n, is least, for every integer k

with 0 <k < ng, the assertion A(k) is true. By (2') we conclude that
A(ng) is true, a contradiction which proves our second form of induction.

As an example of well ordering, we shall prove the statement known
as the Euclidean algorithm.

Theorem 2.1. Let m, n be integers and m > 0. Then there exist integers
q, r with O < r < m such that

n=gqgm-+r.
The integers g, v are uniquely determined by these conditions.

Proof. The set of integers ¢ such that gm < n is bounded from above
proof?). and therefore by well ordering has a largest element satisfying

gm<n<(qg+ Dm=gm+ m.

Hence
0Zn—gm<m

Let r = n — gm. Then 0 < r < m. This proves the existence of the integers
q and r as desired.
As for uniqueness, suppose that

n=qm+ry, 0sr <m,

n=q,m+r,, 0sr,<m
If r, # r,, say r, > r,. Subtracting, we obtain
(41 — g )m=ry —ry.

But r, —r; <m, and r, —r, > 0. This is impossible because g, — ¢, is
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an integer, and so if (g, — g,)m > 0 then (g9, — g,)m = m. Hence we con-
clude that r, = r,. But then gq,m = g,m, and thus g, = ¢g,. This proves
the uniqueness, and concludes the proof of our theorem.

Remark. The result of Theorem 2.1 is nothing but an expression of
the result of long division. We call r the remainder of the division of n
by m.

l, §2. EXERCISES

1. If n, m are integers = 1 and n = m, define the binomial coefficients

m_ooonm
<m>_m!(n—m)!

As usual, nl=n-(n—1)---1 is the product of the first » integers. We define

0!'=1 and (g) = 1. Prove that

() ()= 00")

2. Prove by induction that for any integers x, y we have

(x+y)" = ; (rl_l)xiy”‘i =)y"+ (T)xy"fl + <;>x2y”"2 +o X"
3. Prove the following statements for all positive integers:

(@ 1+3+5+--+Q2n—-1)=#n?

b) P+22 4 +nt=nn+2n+1)/6

© P+22 43+ 4n>=nn+1)/2"

4. Prove that
! 12 1\ ot
(+1) () (1) e

5. Let x be a real number. Prove that there exists an integer ¢ and a real number s
with 0 < s < 1 such that x = g + s, and that g, s are uniquely determined. Can you
deduce the euclidean algorithm from this result without using induction?

I, §3. GREATEST COMMON DIVISOR

Let n be a non-zero integer, and d a non-zero integer. We shall say that
d divides n if there exists an integer g such that n =dq. We then write
d|n. If m, n are non-zero integers, by a common divisor of m and n we
mean an integer d # 0 such that d|n and d|m. By a greatest common
divisor or g.c.d. of m and »n, we mean an integer d > 0 which is a common
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divisor, and such that, if e is a divisor of m and »n then e divides d. We
shall see in a moment that a greatest common divisor always exists. It is
immediately verified that a greatest common divisor is uniquely de-
termined. We define the g.c.d. of several integers in a similar way.

Let J be a subset of the integers. We shall say that J is an ideal if it
has the following properties:

The integer 0 is in J. If m, n are in J, then m + n is in J. If m is in
J, and n is an arbitrary integer, then nm is in J.

Example. Let m,,...,m, be integers. Let J be the set of all integers
which can be written in the form

xXymy; + -+ X, m,

with integers x,,...,x,. Then it is immediately verified that J is an ideal.
Indeed, if y,,...,y, are integers, then

(xlml + oo+ xrmr) + (ylml + o+ yrmr)
=(x; +ydmy + -+ (x, + yom,

lies in J. If n is an integer, then
n(xm; + -+ x,m) =nxmy + -+ nx,m,

lies in J. Finally, 0 = Om, + --- + Om, lies in J, so J is an ideal. We say
that J is generated by m,,...,m, and that m,,...,m, are generators.

We note that {0} itself is an ideal, called the zero ideal. Also, Z is an
ideal, called the unit ideal.

Theorem 3.1. Let J be an ideal of Z. Then there exists an integer d
which is a generator of J. If J # {0} then one can take d to be the
smallest positive integer in J.

Proof. If J is the zero ideal, then 0 is a generator. Suppose J # {0}.
If neJ then —n=(—1)n is also in J, so J contains some positive inte-
ger. Let d be the smallest positive integer in J. We contend that d is a
generator of J. To see this, let neJ, and write n =dg + r with 0 <r < d.
Then r=n—4dq is in J, and since r <d, it follows" that r = 0. This
proves that n = dg, and hence that d is a generator, as was to be shown.

Theorem 3.2. Let m,, m, be positive integers. Let d be a positive gener-
ator for the ideal generated by m,, m,. Then d is a greatest common
divisor of m, and m,.
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Proof. Since m, lies in the ideal generated by m,, m, (because m, =
1m; + Om,), there exists an integer g, such that

m; = qd,

whence d divides m,. Similarly, d divides m,. Let e be a non-zero
integer dividing both m, and m,, say

m; = hye and m, = hye

with integers h;, h,. Since d is in the ideal generated by m, and m,,
there are integers s,, s, such that d = s;m, + s,m,, whence

d =sihie + syhye = (sihy + s, hy)e.
Consequently, e divides d, and our theorem is proved.

Remark. Exactly the same proof applies when we have more than
two integers. For instance, if m,,...,m, are non-zero integers, and d is a
positive generator for the ideal generated by m,...,m,, then d is a grea-
test common divisor of m,,... m,.

Integers m,,...,m, whose greatest common divisor is 1 are said to be
relatively prime. If that is the case, then there exist integers x,,...,x,
such that

xymy + -+ xm, =1,

because 1 lies in the ideal generated by m,,... m,.

1, §4. UNIQUE FACTORIZATION
We define a prime number p to be an integer = 2 such that, given a fac-
torization p = mn with positive integers m, n, then m=1 or n = 1. The

first few primes are 2, 3, 5, 7, 11,....

Theorem 4.1. Every positive integer n = 2 can be expressed as a prod-
uct of prime numbers (not necessarily distinct),

R=DP1""Pes
uniquely determined up to the order of the factors.

Proof. Suppose that there is at least one integer = 2 which cannot be
expressed as a product of prime numbers. Let m be the smallest such
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integer. Then in particular m is not prime, and we can write m = de with
integers d, ¢ > 1. But then d and e are smaller than m, and since m was
chosen smallest, we can write

d=p,---p, and  e=pi-p;
with prime numbers p,,....p,, p},....p;. Thus
m=de=py---ppy-p;
is expressed as a product of prime numbers, a contradiction, which
proves that every positive integer = 2 can be expressed as a product of

prime numbers.
We must now prove the uniqueness, and for this we need a lemma.

Lemma 4.2. Let p be a prime number, and m, n non-zero integers such
that p divides mn. Then p|m or p|n.

Proof. Assume that p does not divide m. Then the greatest common
divisor of p and m is 1, and there exist integers a, b such that

1 =ap + bm.
(We use Theorem 3.2.) Multiplying by n yields
n = nap + bmn.
But mn = pc for some integer ¢, whence
n = (na + bo)p,
and p divides n, as was to be shown.
This lemma will be applied when p divides a product of prime
numbers ¢, ---¢,. In that case, p divides g, or p divides q,---q,. If p di-
vides ¢q,, then p =¢q,. Otherwise, we can proceed inductively, and we

conclude that in any case, there exists some i such that p = g,.
Suppose now that we have two products of primes

Pr> Dy =41 Y-

By what we have just seen, we may renumber the primes ¢,,...,q, and
then we may assume that p, = g,. Cancelling q,, we obtain

PPy =42 4s-



(1, §4] UNIQUE FACTORIZATION 9

We may then proceed by induction to conclude that after a renumbering
of the primes q,,...,q, we have r = s, and p; = q; for all i. This proves
the desired uniqueness.

In expressing an integer as a product of prime numbers, it is conve-
nient to bunch together all equal factors. Thus let n be an integer > 1,
and let p,,...,p, be the distinct prime numbers dividing n. Then there ex-
ist unique integers my,...,m, > 0 such that n = p7'---pl". We agree to
the usual convention that for any non-zero integer x, x° = 1. Then given
any positive integer n, we can write n as a product of prime powers with
distinct primes p,,...,p,:

n=py--pr,

where the exponents m,,...,m, are integers = 0, and uniquely determined.

The set of quotients of integers m/n with n # 0 is called the rational
numbers, and denoted by Q. We assume for the moment that the reader
is familiar with Q. We show later how to construct Q from Z and how
to prove its properties.

Let a = m/n be a rational number, n # 0 and assume a # 0, so m # 0.
Let d be the greatest common divisor of m and n. Then we can write
m=dm’ and n =dn’, and m', n’ are relatively prime. Thus

If we now express m' = pi'---pir and n' = ¢J'---g¥* as products of prime
powers, we obtain a factorization of a itself, and we note that no p, is
equal to any g;.

If a rational number is expressed in the form m/n where m, n are inte-
gers, n # 0, and m, n are relatively prime, then we call n the denominator
of the rational number, and m its numerator. Occasionally, by abuse of
language, when one writes a quotient m/n where m, n are not necessarily
relatively prime, one calls n a denominator for the fraction.

I, §4. EXERCISES

1. Prove that there are infinitely many prime numbers. [Hint from Euclid: Let 2,
3, 5,...,P be the set of primes up to P. Show that there is another prime as
follows. Let

N=2-3.57...P+1,

the product being taken over all primes < P. Show that any prime dividing
N is not among the primes up to P.]
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2. Define a twin prime to be a prime p such that p + 2 is also prime. For in-
stance (3, 5), (5,7), (11, 13) are twin primes.
(a) Write down all the twin primes less than 100.
(b) Are there infinitely many twin primes? Use a computer to compute more
twin primes and see if there is any regularity in their occurrence.

3. Observe that 5=2%+ 1, 17 =42+ 1, 37 = 6% 4 1 are primes. Are there infin-
itely many primes of the form n? + 1 where n is a positive integer? Compute
all the primes less than 100 which are of the form n? + 1. Use a computer to
compute further primes and see if there is any regularity of occurrence for
these primes.

4. Start with a positive odd integer n. Then 3n + 1 is even. Divide by the
largest power of 2 which is a factor of 3n + 1. You obtain an odd integer n,.
Iterate these operations. In other words, form 3n, + 1, divide by the maximal
power of 2 which is a factor of 3n; + 1, and iterate again. What do you think
happens? Try it out, starting with n =1, n =3, n =35, and go up to n =41,
You will find that at some point, for each of these values of n, the iteration
process comes back to 1. There is a conjecture which states that the above
iteration procedure will always yield 1, no matter what odd integer n you
started with. For an expository article on this problem, see J. C. Lagarias,
“The 3x 4+ 1 problem and its generalizations”, American Mathematical Month-
Iy, Vol. 92, No. 1, 1985. The problem is traditionally credited to Lothar
Collatz, dating back to the 1930’s. The problem has a reputation for getting
people to think unsuccessfully about it, to the point where someone once made
the joke that “this problem was part of a conspiracy to slow down
mathematical research in the U.S.”. Lagarias gives an extensive bibliography
of papers dealing with the problem and some of its offshoots.

Prime numbers constitute one of the oldest and deepest areas of research in
mathematics. Fortunately, it is possible to state the greatest problem of
mathematics in simple terms, and we shall now do so. The problem is part of the
more general framework to describe how the primes are distributed among the
integers. There are many refinements to this question. We start by asking
approximately how many primes are there < x when x becomes arbitrarily large?
We want first an asymptotic formula. We recall briefly a couple of definitions
from the basic terminology of functions. Let f, g be two functions of a real
variable and assume g positive. We say that f(x) = O(g(x)) for x — oo if there is a
constant C > 0 such that | f(x)| £ Cg(x) for all x sufficiently large. We say that
f(x) is asymptotic to g(x) and we write f ~ ¢ if

lim E——— 1.

xow G(X)

Let n(x) denote the number of primes p < x. At the end of the 19th century
Hadamard and de la Vallée—Poussin proved the prime number theorem, that

X

(x) ~ .
log x
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Thus x/log x gives a first-order approximation to count the primes. But although
the formula x/log x has the attractiveness of being a closed formula, and of being
very simple, it does not give a very good approximation, and conjecturally, there
is a much better one, as follows.

Roughly speaking, the idea is that the probability for a positive integer n to be
prime is 1/logn. What does this mean? It means that n(x) should be given with
very good approximation by the sum

1 1 LI
+ +.+ = Z 1)
log2 log3 logn =, logk

L(x) =

where n is the largest integer < x. If x is taken to be an integer, then we take
n = x. For those who have had calculus, you will see immediately that the above
sum is a2 Riemann sum for the integral usually denoted by Li(x), namely

1
Lix)=| — di,
, logt

and that the sum differs from the integral by a small error, bounded independent-
ly of x; in other words, L(x) = Li(x) + O(1).

The question is: How good is the approximation of zn(x) by the sum L(x), or
for that matter by the integral Li(x)? That’s where the big problem comes from.
The following conjecture was made by Riemann around 1850.

Riemann Hypothesis. We have
n(x) = L(x) + O(x'/? log x).

This means that the sum L(x) gives an approximation to n(x) with an error term
which has the order of magnitude x!/?logx so roughly the square root of x,
which is very small compared to x when x is large. You can verify this
relationship experimentally by making up tables for n(x) and for L{x). You will
find that the difference is quite small.

Even knowing the Riemann hypothesis, lots of other questions would still
arise. For instance, consider twin primes

3,5, (5 7), (11,13), (17, 19), ....

These are primes p such that p + 2 is also prime. Let n(x) denote the number of
twin primes < x. It is not known today whether there are infinitely many twin
primes, but conjecturally it is possible to give an asymptotic estimate for their
number. Hardy and Littlewood conjectured that there is a constant C, > 0 such
that

X

m(x) ~ C, (log—x)z'

and they determined this constant explicitly.
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Finally, let n(x) denote the number of primes < x which are of the form
n? + 1. It is not known whether there are infinitely many such primes, but
Hardy~Littlewood have conjectured that there is a constant C, > 0 such that

1/2

nx) ~ Cs :
log x

and they have determined this constant explicitly. The determination of such
constants as C, or C, is not so easy and depends on subtle relations of
dependence between primes. For an informal discussion of these problems with a
general audience, and some references to original papers, cf. my books: The Beauty of
Doing Mathematics, and Math talks for undergraduates (the talk on prime numbers),
Springer-Verlag.

I, §5. EQUIVALENCE RELATIONS AND CONGRUENCES

Let S be a set. By an equivalence relation in S we mean a relation, writ-
ten x ~ y, between certain pairs of elements of S, satisfying the following
conditions:

ER 1. We have x ~ x for all xeS8§.
ER 2. If x~y and y ~ z then x ~ z.
ER 3. If x ~y then y ~ x.

Suppose we have such an equivalence relation in S. Given an element
x of S, let C, consist of all elements of S which are equivalent to
x. Then all elements of C, are equivalent to one another, as follows
at once from our three properties. (Verify this in detail.) Furthermore,
you will also verify at once that if x, y are elements of S, then either
C,=C,, or C,, C, have no element in common. Each C, is called an
equivalence class. We see that our equivalence relation determines a
decomposition of S into disjoint equivalence classes. Each element of
a class is called a representative of the class.

Our first example of the notion of equivalence relation will be the
notion of congruence. Let n be a positive integer. Let x, y be integers.
We shall say that x is congruent to y modulo # if there exists an integer m
such that x — y = mn. This means that x — y lies in the ideal generated
by n. If n # 0, this also means that x — y is divisible by n. We write the
relation of congruence in the form.

x=y (modn).
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It is then immediately verified that this is an equivalence relation, namely
that the following properties are verified:

(a) We have x = x (mod n).
(b) If x =y and y = z (mod #), then x = z (mod n).
(¢) If x =y (mod n) then y = x (mod n).

Congruences also satisfy further propertics:

(d) If x=y (mod n) and z is an integer, then xz = yz (mod n).
(¢) If x=y and x’' =) (mod n), then xx" = yy' (mod n). Furthermore
X+ x'=y+y (mod n).

We give the proof of the first part of (¢) as an example. We can write
X=y+ mn and xX'=y +mn
with some integers m, m’. Then
XX'= (v + mn)(y 4+ m'n)=yy' + mny' + ym'n + mm'nn,

and the expression on the right is immediately seen to be equal to
vy + wn

for some integer w, so that xx’ = yy’ (mod n), as desired.

We define the even integers to be those which are congruent to
Omod 2. Thus #n is even if and only if there exists an integer m such that
n=2m. We define the odd integers to be all the integers which are not
even. It is trivially shown that an odd integer n can be written in the
form 2m + 1 for some integer m.

I, §5. EXERCISES

1. Let n, d be positive integers and assume 1 <d < n. Show that n can be
written in the form

n=cy+cd+ -+ cd*

with integers ¢; such that 0 < ¢; <d, and that these integers ¢; are uniquely
determined. [Hint: For the existence, write n = gqd + ¢, by the Euclidean
algorithm, and then use induction. For the uniqueness, use induction,
assuming ¢, ...,¢, are uniquely determined; show that ¢, is then uniquely
determined. ]
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2. Let m, n be non-zero integers written in the form

mzpill...pir and nzplil...pir’
where i,, j, are integers = 0 and p,,...,p, are distinct prime numbers.

(a) Show that the g.c.d. of m, n can be expressed as a product pt'--- p* where
ky, ...k, are integers = 0. Express k, in terms of i, and j,.

(b) Define the notion of least common multiple, and express the least common
multiple of m, n as a product p*' .- p¥ with integers k, = 0. Express k, in
terms of i, and j,.

3. Give the g.c.d. and l.cm. of the following pairs of positive integers:

(a) 53253 and 225

(b) 248 and 28.

4. Let n be an integer = 2.

(a) Show that any integer x is congruent mod n to a unique integer m such
that 0 < m < n.

(b) Show that any integer x # 0, relatively prime to n, is congruent to a
unique integer m relatively prime to n, such that 0 <m < n.

(c) Let ¢(n) be the number of integers m relatively prime to n, such that
0 <m < n We call ¢ the Euler phi function. We also define ¢(1) = 1. If
n = p is a prime number, what is ¢(p)?

(d) Determine ¢(n) for each integer n with 1 < n < 10.

5. Chinese Remainder Theorem. Let n, n' be relatively prime positive integers.
Let a, b be integers. Show that the congruences
x=a (mod n),
x=b (mod n)
can be solved simultaneously with some xeZ. Generalize to several con-

gruences x = a; mod n;, where n,,...,n, are pairwise relatively prime positive
mtegers.

6. Let a, b be non-zero relatively prime integers. Show that 1/ab can be written
in the form

with some integers x, y.

7. Show that any rational number a # 0 can be written in the form
X1 Xn
a=—4+=

- Tl ¥
Py b,

where x,, ...,x, are integers, p,,....p, are distinct prime numbers, and r, ... r,
are integers = 0.
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8.

Let p be a prime number and n an integer, 1 £n < p— 1. Show that the

binomial coefficient <p> is divisible by p.
n

. For all integers x, y and all primes p show that (x + »)? = x? + y? (mod p).
10.

Let n be an integer = 2. Show by examples that the bionomial coefficient

<i> need not be divisible by p" for 1 £k < p" — L.

. {a) Prove that a positive integer is divisible by 3 if and only if the sum of its

digits is divisible by 3.

{(b) Prove that it is divisible by 9 if and only if the sum of its digits is
divistble by 9.

(c) Prove that it is divisible by 11 if and only if the alternating sum of its
digits is divisible by 11. In other words, let the integer be

n=aud_, dg =dg+ @, 10 +a,10% + - + g, 105,  0<a, <9

Then n is divisible by 11 if and only if @y —a, + a, —a; + - + (—a,
is divisible by 11.

. A positive integer is called palyndromic if its digits from left to right are the

same as the digits from right to left. For instance, 242 and 15851 are palyn-

dromic. The integers I1, 101, 373, 10301 are palyndromic primes. Observe

that except for 11, the others have an odd number of digits.

(a) Is there a palyndromic prime with four digits? With an even number of
digits (except for 11)?

(b) Are there infinitely many palyndromic primes? (This is an unsolved prob-
lem in mathematics.)



CHAPTER |l

Groups

Il, §1. GROUPS AND EXAMPLES
A group G is a set, together with a rule (called a law of composition)
which to each pair of elements x, y in G associates an element denoted

by xy in G, having the following properties.

GR 1. For dall x, y, z in G we have associativity, namely

(xy)z = x(yz).

GR 2. There exists an element e of G such that ex = xe = x for all x
in G.

GR 3. If x is an element of G, then there exists an element y of G
such that xy = yx = e.

Strictly speaking, we call G a multiplicative group. If we denote the
element of G associated with the pair (x,y) by x + y, then we write
GR 1 in the form

x+y+z=x+ @+ 2),
GR 2 in the form that there exists an element O such that

0O+x=x4+0=x
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for all x in G, and GR 3 in the form that given xe G, there exists an
element y of G such that

x+y=y+x=0

With this notation, we call G an additive group and x + y the sum. We shall
use the 4 notation only when the group satisfies the additional rule

X+y=y+x

for all x, y in G. With the multiplicative notation, this is written xy = yx
for all x, y in G, and if G has this property, we call G a commutative, or
abelian group.

We shall now prove various simple statements which hold for all
groups.

Let G be a group. The element e of G whose existence is asserted by
GR 2 is uniquely determined.

Proof. If e, ¢ both satisfy this condition, then

; ’

e = ¢ee =e¢.

We call this element the unit element of G. We call it the zero element
in the additive case.

Let xeG. The element y such that yx = xy = e is uniquely determined.

Proof. If z satisfies zx = xz = e, then

z=-ez =(yx)z = y(xz) = ye = y.
We call y the inverse of x, and denote it by x 1.
tion, we write y = —Xx.
We shall now give examples of groups. Many of these involve notions
which the reader will no doubt have encountered already in other
courses.

In the additive nota-

Example 1. Let Q denote the rational numbers, i.e. the set of all frac-
tions m/n where m, n are integers, and n # 0. Then Q is a group under
addition. Furthermore, the non-zero elements of Q form a group under
multiplication, denoted by Q*.

Example 2. The real numbers and complex numbers are groups under
addition. The non-zero real numbers and non-zero complex numbers are
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groups under multiplication. We shall always denote the real and com-
plex numbers by R and C respectively, and the group of non-zero ele-
ments by R* and C* respectively.

Example 3. The complex numbers of absolute value 1 form a group
under multiplication.

Example 4. The set consisting of the numbers 1, —1 is a group under
multiplication, and this group has 2 elements.

Example 5. The set consiting of the numbers 1, —1, i, —i is a group
under multiplication. This group has 4 elements.

Example 6 (The direct product). Let G, G’ be groups. Let G x G be
the set consisting of all pairs (x, x') with xe G and x'e G". If {x, x") and
(y, y') are such pairs, define their product to be (xy, x'y’). Then G x G’ is
a group.

It is a simple matter to verify that all the conditions GR 1,2, 3 arc
satisfied, and we leave this to the reader. We call G x G’ the direct
product of G and G'.

One may also take a direct product of a finite number of groups.
Thus if G,,...,G, are groups, we let

[16.=6G, x--- x G,
i=1

be the set of all n-tuples (x,,...,x,) with x;eG,. We define multiplication
componentwise, and see at once that G, x --- x G, is a group. If ¢, is
the unit element of G, then (e,,...,e,) is the unit element of the product.

Example 7. The Euclidean space R” is nothing but the product
RP=R x ---x R

taken n times. In this case, we view R as an additive group.

A group consisting of one element is said to be trivial. A group in
general may have infinitely many elements, or only a finite number. If G
has only a finite number of elements, then G is called a finite group, and
the number of elements of G is called its order. The group of Example 4
has order 2, and that of Example 5 has order 4.

In Examples 1 through 5, the groups happen to be commutative. We
shall find non-commutative examples later, when we study groups of per-
mutations. See also groups of matrices in Chapter VI.
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Let G be a group. Let x,,...,x, be elements of G. We can then form
their product, which we define by induction to be

X1 Xy = (xl'”xn—l)xn'

Using the associative law of GR 1, one can show that one gets the same
value for this product no matter how parentheses are inserted around its
elements. For instance for n = 4,

(X1 X3)(x3x4) = x1(X2(X3x4))
and also
(x;x,)(x3%,) = ((X1xz)x3)x4-

We omit the proof in the general case (done by induction), because it

involves slight notational complications which we don’t want to go into.
The above product will also be written

n
I x.
-1

If the group is written additively, then we write the sum sign instead
of the product sign, so that a sum of n terms looks like

s

X;=(x;+ -+ X))+ X, =%+ -+ X,

i=1

The group G being commutative, and written additively, it can be shown
by induction that the above sum is independent of the order in which
Xy....X, are taken. We shall again omit the proof For example, if
n =4,

(¢ + %) + (X3 + x4) = x; +(x; + X3+ Xx4)
=X, + (X3 + x; + x4)
= X3+ (x; + X, + Xy).

Let G be a group, and H a subset of G. We shall say that H is a
subgroup if it contains the unit element, and if, whenever x, ye H, then
xy and x~! are also elements of H. (Additively, we write x + ye H and
—xeH.) Then H is itself a group in its own right, the law of composi-
tion in H being the same as that in G. The unit clement of G constitutes
a subgroup, which is called the trivial subgroup. Every group G is a
subgroup of itself.

Example 8. The additive group of rational numbers is a subgroup of
the additive group of real numbers. The group of complex numbers of
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absolute value 1 is a subgroup of the multiplicative group of non-zero
complex numbers. The group {1, —1} is a subgroup of {1, —1, i, —i}.

There is a general way of obtaining subgroups from a group. Let S
be a subset of a group G, having at least one element. Let H be the set
of elements of G consisting of all products x, ---x, such that x; or x; ! is
an element of S for each i, and also containing the unit element. Then H
is obviously a subgroup of G, called the subgroup generated by S. We
also say that S is a set of generators of H. If S is a set of generators for

H, we shall use the notation

H=<S).
Thus if elements {x,,...,x,} form a set of generators for G, we write
G =X, X0

Example 9. The number 1 is a generator for the additive group of
integers. Indeed, every integer can be written in the form

L+1+ - +1
or
== =1,
or it is the O integer.

Observe that in additive notation, the condition that S be a set of
generators for the group is that every element of the group not 0 can be
written

Xp A+ e+ X,

where x;€8 or —x;eS.

Example 10. Let G be a group. Let x be an element of G. If n is a
positive integer, we define x" to be

XX - X,

the product being taken n times. If n =0, we define x° =e, If n= —m
where m is an integer > 0, we define

xTm=(x")"

It is then routinely verified that the rule

m+n mxn

*
N
®
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holds for all integers m, n. The verification is tedious but straightforward.
For instance, suppose m, n are positive integers. Then

m,.n

XX = X+ X XX = XX .
N et N e’ N——’
m times n times m + n times

Suppose again that m, n are positive integers, and m < n. Then (see
Exercise 3)

Pyl = T

m times n times

m

because the product of x ! taken m times will cancel the product of x
taken m times, and will leave x"~™ on the right-hand side. The other
cases are proved similarly. One could also formalize this by induction,
but we now omit these tedious steps.

Similarly, we also have the other rule of exponents, namely

(xm)n — xmn.

It is also tedious to prove, but it applies to multiplication in groups just
as it applies to numbers in elementary school, because one uses only the
law of composition, multiplication, and its associativity, and multi-
plicative inverses for the proof. For instance, if m, n are positive integers,
then

XM= x"...x" = x-..x =x"

. f
n times mn times

If m or n is negative, then one has to go through the definitions to see
that the rule applies also, and we omit these arguments.

If the group is written additively, then we write nx instead of x", and
the rules read:

(m + n)x = mx + nx and (mn)x = m(nx).

Observe also that we have the rule

(xn)- 1 _ (X* l)n'
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To verify this, suppose that n is a positive integer. Then (see Exercise 3)

XX x_l...x71 =¢

—
n times n times

because we can use the definition xx~! = e repeatedly. If n is negative,

one uses the definition x ™ = (x )" with m positive to give the proof.
Let G be a group and let ae G. Let H be the subset of elements of G

consisting of all powers a" with neZ. Then H is the subgroup generated

by a. Indeed, H contains the unit element e = a®. Let a", a™e H. Then

a"a"=ag"* " "e H.

Finally, (¢")"!' =a "eH. So H satisfies the conditions of a subgroup,
and H is generated by a.

Let G be a group. We shall say that G is cyclic if there exists an
element a of G such that every element x of G can be written in the form
a" for some integer n. The subgroup H above is the cyclic subgroup
generated by a.

Example 11. Consider the additive group of integers Z. Then Z is
cyclic, generated by 1. A subgroup of Z is merely what we called an
ideal in Chapter I. We can now interpret Theorem 3.1 of Chapter I as
stating:

Let H be a subgroup of Z. If H is not trivial, let d be the smallest
positive integer in H. Then H consists of all elements nd, with neZ,
and so H is cyclic.

We now look more closely at cyclic groups. Let G be a cyclic group
and let a be a generator. Two cases can occur.

Case 1. There is no positive integer m such that a" =e. Then for
every integer n # 0 it follows that a" # e. In this case, we say that G is
infinite cyclic, or that a has infinite order. In fact the elements

a* with nelZl

are all distinct. To see this, suppose that a" = &* with some integers r,
se€Z. Then ¢* "=¢ so s—r =0 and s =r. For example, the number 2
generates an infinite cyclic subgroup of the multiplicative group of
complex numbers. Its elements are

e, 278,27 L 101,2,4,8, 24,25,
Case 2. There cxists a positive integer m such that a” =e. Then we

say that a has finite order, and we call m an exponent for a. Let J be the
set of integers neZ such that a" = e. Then J is a subgroup of Z. This
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assertion is routinely verified: we have 0eJ because a° = e by definition.
If m, neJ then

m+n __ . m_n

a a'a" =ee = e,
som+neld. Alsoa ™™= (a""!=e, s0 —meJ. Thus J is a subgroup of
Z. By Theorem 3.1 of Chapter I, the smallest positive integer d in J is a
generator of J. By definition, this positive integer d is the smallest
positive integer such that o’ = ¢, and d is called the period of 4. If ¢" = ¢

then n = ds for some integer s.

Suppose a i1s an element of period d. Let n be an integer. By the
Euclidean algorithm, we can write

n=gqd+r with ¢, reZ and 0 <r < d.

Then

=da.
Theorem 1.1. Let G be a group and aeG. Suppose that a has finite
order. Let d be the period of a. Then a generates a cyclic subgroup of
order d, whose elements are e, a, ... a% .

Proof. The remark just before the theorem shows that this cyclic
subgroup consists of the powers e, a,...,a" ', We must now show that
the elements

are distinct. Indeed, suppose " = a* with 0 < r <d — 1 and

0Ls=<d—1,
say r = 5. Then a* " =e. Since
0<s—r<d,

we must have s — r = 0, whence r = 5. We conclude that the cyclic group
generated by a in this case has order d.

Example 12. The multiplicative group {1, —1} is cyclic of order 2.

Example 13. The complex numbers {1,i, —1, —i} form a cyclic group
of order 4. The number i is a generator.

I, §1. EXERCISES

1. Let G be a group and a, b, ¢ be elements of G. If ab = ac, show that b =c.

2. Let G, G’ be finite groups, of orders m, n respectively. What is the order of
G x G
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. Let x,,...,x, be elements of a group G. Show (by induction) that

(Xl...x")71 =x;1...x;1‘

What does this look like in additive notation? For two elements x, ye G, we
have (xy)~' =y~ 'x~!. Write this also in additive notation.

. (a) Let G be a group and xe G. Suppose that there is an integer n = 1 such
that x" = e. Show that there is an integer m > 1 such that x~! = x™.
(b) Let G be a finite group. Show that given xe G, there exists an integer
n = 1 such that x" = e.

. Let G be a finite group and S a set of generators. Show that every element of
G can be written in the form

XX,
where x; e S.

. Let G be a group such that x> = 1 for all xe G. Prove that G is abelian.

. There exists a group G of order 4 having two generators x, y such that
x? = y? = ¢ and xy = yx. Determine all subgroups of G. Show that

G={e x, y, xy}.

. There exists a group G of order 8 having two generators x, y such that
x*=y? =¢ and xy = yx3. Show that every element of G can be written in
the form x'y/ with integers i, j such that i =0, 1, 2, 3 and j =0, 1. Conclude
that these elements are distinct. Make up a multiplication table by writing the
product of two elements in the blank spaces, and expressing them in the form
x'y withi=0,1,2,3and j=0, 1.

yx

yx

2

yx

yx?

We filled one entry, namely x*yx = yx*.
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9.

There exists a group G of order 8§ having generators denoted by i, j, k such
that

Denote i2 by m.
(a) Show that every element of G can be written in the form

e, i, j, k, m, mi, mj, mk,

and hence that these are precisely the distinct elements of G.
(b) Make up a multiplication table as in Exercise 8.

The group G in Exercise 9 is called the quaternion group. One frequently

writes —1, —i, —j, —k instead of m, mi,mj,mk. Cf. Chapter VI, §4 for the space of
quaternions.
10. There exists a group G of order 12 having generators x, y such that

11

12.

13.

x0=y?=cand xy= xS,
Show that the elements x’y/ with 0 <i < 5 and 0 £ j £ 1 are the distinct ele-
ments of G. Make up a multiplication table as in the previous exercises.

The groups of Exercises 8 and 10 have representations as groups of sym-
metries. For instance, in Exercise &, let o be the rotation which maps each
corner of the square

on the next corner (taking, say counterclockwise rotation), and let 7 be
the reflection across the indicated diagonal. Show geometrically that ¢ and 7
satisfy the relations of Exercise 8. Express in terms of powers of ¢ and 7
the reflection across the horizontal line as indicated on the square. Using the
notation of §6, we can write ¢ = [1234] and t = [24].

In the case of Exercise 10, do the analogous geometric interpretation, taking a
hexagon instead of a square.

(Note: The groups of Exercises 11 and 12 can essentially be understood as
groups of permutations of the vertices. Cf. Exercises 8 and 9 of §6.)

Let G be a group and H a subgroup. Let xeG. Let xHx ! be the subset of
G consisting of all elements xyx~! with ye H. Show that xHx ! is a
subgroup of G.
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14. Let G be a group and let S be a set of generators of G. Assume that xy = yx
for all x,yeS. Prove that G is abelian. Thus to test whether a group is
abelian or not, it suffices to verify the commutative rule on a set of
generators.

Exercises on cyclic groups

15. A root of unity in the complex numbers is a number { such that {" =1 for
some positive integer n. We then say that { is an n-th root of unity. Describe
the set of n-th roots of unity in C. Show that this set is a cyclic group of
order n.

16. Let G be a finite cyclic group of order n. Show that for each positive integer
d dividing n, there exists a subgroup of order d.

17. Let G be a finite cyclic group of order n. Let a be a generator. Let r be an
integer # 0, and relatively prime to .
(a) Show that " is also a generator of G.
(b) Show that every generator of G can be written in this form.
(c) Let p be a prime number, and G a cyclic group of order p. How many
generators does G have?

18. Let m, n be relatively prime positive integers. Let G, G’ be cyclic groups of
orders m, n respectively. Show that G x G’ is cyclic, of order mn.

19. (a) Let G be a multiplicative finite abelian group. Let a be the product of all
the elements of the group. Prove that a® = e.
(b) Suppose in addition that G is cyclic. If G has odd order, show that a =e.
If G has even order, show that a # e.

II, §2. MAPPINGS

Let S, §' be sets. A mapping (or map) from S to S’ is an association which
to every clement of § associates an element of S". Instead of saying that
f is a mapping of S into §’, we shall often write the symbols f: S — §".

If f: S > § is a mapping, and x is an element of S, then we denote by
f(x) the element of S’ associated to x by f. We call f(x) the value of f
at x, or also the image of x under f. The set of all elements f(x), for all
x€eS, is called the image of f. If T is a subset of S, then the set of ele-
ments f(x) for all xe T is called the image of T, and denoted by f(T).

If f is as above, we often write x+ f(x) to denote the image of x
under f. Note that we distinguish two types of arrows, namely

- and .

Examplel. Let § and §' be both equal to R. Let f:R—R be
the mapping f(x) = x?, i.e. the mapping whose value at x is x2. We can
also express this by saying that f is the mapping such that x — x2. The
image of f is the set of real numbers = 0.
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Let f:S— S be a mapping, and T a subset of S. Then we can define
a map T — § by the same rule x> f(x) for xe T. In other words, we
can view f as defined only on T. This map is called the restriction of f
to T and is denoted by f|T: T - §'.

Let S, §" be sets. A map f:S— S’ is said to be injective if whenever
x, yeS and x # y then f(x) # f(¥). We could also write this condition
in the form: if f(x) = f(y) then x = y.

Example 2. The mapping [ of Example 1 is not injective. Indeed, we
have f(1) = f(—1). Let g: R — R be the mapping x+-»x + 1. Then g is
injective, because if x # y then x + 1 # y + 1, ie. g(x) # g(y).

Let S, S’ be sets. A map f:S— §' is said to be surjective if the image
f(S) of S is equal to all of §". This means that given any element x' €8,
there exists an element xeS such that f(x) = x. One says that f is onto
S

Example 3. Let f:R > R be the mapping f(x) = x2 Then f is not
surjective, because no negative number is in the image of f.

Let g:R—->R be the mapping g{x) =x+ 1. Then g is surjective,
because given a number y, we have y = g(y — 1).

Remark. Let R’ denote the set of real numbers = 0. One can view
the association x — x? as a map of R into R". When so viewed, the map
is then surjective. Thus it is a reasonable convention not to identify this
map with the map f: R — R defined by the same formula. To be com-
pletely accurate, we should therefore incorporate the set of arrival and
the set of departure of the map into our notation, and for instance write

5858

instead of our f: S — §. In practice, this notation is too clumsy, so that
one omits the indices S, S". However, the reader should keep in mind
the distinction between the maps

/R:R>R and fRR-R

both defined by the rule x+— x2. The first map is surjective whereas the
second one is not.

Let S, 8’ be sets, and f: S —» 5 a mapping. We say that f is bijective if
f is both injective and surjective. This means that given an element
x'e S, there exists a unique element xe S such that f(x) = x'. (Existence
because f is surjective, and uniqueness because f is injective.)
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Example 4. Let J, be the set of integers {1,2,...,n}. A bijective map
o:J,—J, is called a permutation of the integers from 1 to n. Thus, in
particular, a permutation ¢ as above is a mapping i+ o(i). We shall
study permutations in greater detail later in this chapter.

Example 5. Let S be a non-empty set, and let
S-S

be the map such that I(x) = x for all xe8. Then I is called the identity
mapping, and also denoted by id. It is obviously bijective. Often we
need to specify the set S in the notation and we write I or idg for the
identity mapping of S. Let T be a subset of S. The identity map t+¢
for teT, viewed as a mapping T — S is called the inclusion, and is
sometimes denoted by

TsS.
Let S, T, U be sets, and let
S:S->T and ¢g:T->U
be mappings. Then we can form the composite mapping

gof:S-U
defined by the rule
(g < f)x) = g(f(x))

for all xeS.

Example 6. Let f:R—>R be the map f(x)=x? and g:R—R the
map g(x) = x + 1. Then g(f(x)) = x> + 1. Note that in this case, we
can form also f(g(x)) = f(x + 1) = (x + 1)*, and thus that

feg#g-f.

Composition of mappings is associative. This means: Let S, T, U, V be
sets, and let

f:8-T, g:- T—-U, hU->V
be mappings. Then

ho(gof)=(hog)of.
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Proof. The proof is very simple. By definition, we have, for any
element xe S,

(ho(go NH)x) = hl(g=f)x)) = h(g(f (x)).

On the other hand,

((hog)of)(x) = (hog)(f () = h(g(f(x))).
By definition, this means that (hog)o f = ho(gof).

Let S, T, U be sets, and f:S— T, g: T— U mappings. If f and g are
injective, then gof is injective. If f and g are surjective, then gof is
surjective. If f and g are bijective, then so is g- f.

Proof. As to the first statement, assume that f, g are injective. Let
x, yeS and x # y. Then f(x)# f(y) because f is injective, and hence
g(f(x)) # g(f(y)) because g is injective. By the definition of the com-
posite map, we conclude that gof is injective. The second statement will
be left as an exercise. The third is a consequence of the first two and the
definition of bijective.

Let f:S— S be a mapping. By an inverse mapping for /' we mean a
mapping
g: 8-S
such that
geo f =1idg and fog=ids.

As an exercise, prove that if an inverse mapping for f exists, then it is
unique, in the sense that if g,, g, are inverse mappings for f, then
d, =¢g,. We then denote the inverse mapping g by f ! Thus by
definition, the inverse mapping f ' is characterized by the property that
for all xe S and x'e§" we have

SW)=x  and  f(f ) =X

Let S — S be a mapping. Then f is bijective if and only if f has an
inverse mapping.

Proof. Suppose f is bijective. We define a mapping g: §' - S by the
rule: For x' e §, let

g(x') = unique element x € S such that f(x) = x".

It is immediately verified that ¢ satisfies the conditions of being an
inverse mapping, and therefore the inverse mapping. We leave the other
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implication as Exercise 1, namely prove that if an inverse mapping for f
exists, then f is bijective.

Example 7. If f:R — R is the map such that
fx)=x+1,
then f~1:R =R is the map such that f~1(x) = x — 1.

Example 8. Let R denote the set of positive real numbers (ie. real
numbers > 0). Let &: R* - R* be the map h(x) = x2. Then h is bijective,
and its inverse mapping is the square root mapping, i.e.

W) = Jx

for all xeR, x > 0.

Let S be a set. A bijective mapping f: S — S of S with itself is called a
permutation of S. The set of permutations of S is denoted by

Perm(S).

Proposition 2.1. The set of permutations Perm(S) is a group, the law of
composition being composition of mappings.

Proof. We have already seen that composition of mappings is
associative. There is a unit element in Perm(S), namely the identity Ig. If
f, g are permutations of §, then we have already remarked that fog and
g~ [ are bijective, and fog, go f map S onto itself, so fog and go f are
permutations of S. Finally, a permutation f has an inverse f ! as
already remarked, so all the group axioms are satisfied, and the
proposition is proved.

If o, = are permutations of a set S, then we often write
ot instead of o¢or7,

namely we omit the small circle when we compose permutations to fit the
abstract formalism of the law of composition in a group.

Example 9. Let’s go back to plane geometry. A mapping F:R?* - R?
is said to be an isometry if F preserves distances, in other words, given
two points P, Q e R? we have

dist(P, Q) = dist(F(P), F(Q)).
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In high school geometry, it should have been mentioned that rotations,
reflections, and translations preserve distances, and so are isometries. It is
immediate from the definition that a composite of isometries is an
isometry. It is not immediately clear that an isometry has an inverse.
However, there is a basic theorem:

Let F be an isometry. Then there exist reflections R,,...,R,, (through
lines L,,...,L, respectively) such that

F=R,"R,.

The product is of course composition of mappings. If R is a reflection
through a line L, then RoR=R?*>=1 so R =R~ !. Hence if we admit
the above basic thecorem, then we see that every isometry has an inverse,
namely

F '=R, " R/.

Since the identity I is an isometry, it follows that the set of isometries is
a subgroup of the group of permutations of R2. For a proof of the above
basic theorem, see, for instance, my book with Gene Murrow: Geometry.

Remark. The notation f ! is also used even when f is not bijective.
Let X, Y be sets and let

fi XY
be a mapping. Let Z be a subset of Y. We define the inverse image

f7'(Z) = subset of X consisting of those elements x € X

such that f(x)e Z.
Thus in general f~' is NOT a mapping from Y into X, but is a mapping
from the set of subsets of Y to the set of subsets of X. We call f~12)
the inverse image of Z under f. You can work out some properties of the
inverse image in Exercise 6. Often the subset Z may consist of one
element y. Thus, if ye Y we define £~ 1(y) to be the set of all elements
x€ X such that f(x)=y. If y is not in the image of f, then f~(y) is
empty. If y is in the image of f, then f !(y) may consist of more than
one element.

Example 10. Let f: R — R be the mapping f(x) = x*>. Then
f_l(l) = {17 “1},

and f~!(—2) is empty.
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Example 11. Suppose f: X — Y is the inclusion mapping, so X is a

subset of Y. Then f~1(Z) is the intersection, namely

" Y2Z)=ZnX.

Coordinate maps. Let Y, (i = 1,...,n) be sets. A mapping

n

fX-]]Y=Y, x-xY,

of X into the product is given by n mappings f;: X — Y; such that

f) = (fi(x), ... f(x))  forall xeX.

The maps f; are called the coordinate mappings of f.

Il, §2. EXERCISES

L.

Let /S — 8 be a mapping, and assume that there exists a map g: S — S
such that

gef=Is and  fog=lIs,

in other words, f has an inverse. Show that f is both injective and surjective.

. Let ¢,,...,0, be permutations of a set S. Show that

(51...(7’)*1 :(;:1...01-1_

. Let S be a non-empty set and G a group. Let M(S, G) be the set of map-

pings of S into G. If f, ge M(S, G), define fy:S — G to be the map written
such that (fg)(x) = f(x)g(x). Show that M(S, G) is a group. If G is written
additively, how would you write the law of composition in M(S, G)?

. Give an example of two permutations of the integers {1, 2,3} which do not
commute.
. Let S be a set, G a group, and f: S — G a bijective mapping. For each x,

y€S define the product
xy =1 S ):

Show that this multiplication defines a group structure on S.

. Let X, Y be sets and f: X — Y a mapping. Let Z be a subset of Y. Define

f7YZ) to be the set of all xe X such that f(x)eZ. Prove that if Z, W are
subsets of Y then

i zowy=f"YzZyuf YW,

SN ZoaW)y=["HZ)nf"'(W)
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I, §3. HOMOMORPHISMS
Let G, G’ be groups. A homomorphism
f[:G-G

of G into G’ is a map having the following property: For all x, ye G, we
have

fxy) = fC)f ),

and in additive notation, f(x + y) = f(x) + f(¥).

Example 1. Let G be a commutative group. The map x> x~! of G
into itself is a homomorphism. In additive notation, this map looks like
x+— —x. The verification that it has the property defining a homo-
morphism is immediate.

Example 2. The map
z|z|

is a homomorphism of the multiplicative group of non-zero complex
numbers into the multiplicative group of non-zero complex numbers (in
fact, into the multiplicative group of positive real numbers).

Example 3. The map

Xt e*
is a homomorphism of the additive group of real numbers into the mul-
tiplicative group of positive real numbers. Its inverse map, the logarithm,
is also a homomorphism.

Let, G, H be groups and suppose H is a direct product
H=H,x--xH,.

Let f:G—> H be a map, and let f;: G— H; be its i-th coordinate map.
Then f is a homomorphism if and only if each f; is a homomorphism.

The proof is immediate, and will be left to the reader.

For the sake of brevity, we sometimes say: “let f:G—> G be a
group-homomorphism” instead of saying: “Let G, G’ be groups, and let
be a homomorphism of G into G'.”
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Let f:G— G’ be a group-homomorphism, and let e, ¢ be the unit ele-
ments of G, G respectively. Then f(e) = ¢

Proof. We have f(e) = f(ee) = f(e)f(e). Multiplying both sides by
f(e)~! gives the desired result.

Let f: G — G' be a group-homomorphism. Let xe G. Then

fem D= )"
Proof. We have

¢ =fle)=flxx") =fx)f(x7").

Let f:G— G and g: G > G" be group-homomorphisms. Then the com-
posite map geof is a group-homomorphism of G into G".

Proof. We have

(g )xy) = g(f(xp) = g(fC)L M) = 9(S g (f »))-

Let f: G —> G’ be a group-homomorphism. The image of f is a subgroup
of G'.

Proof. If x' = f(x) with xe G, and y' = f(y) with yeG, then

Xy = fx)f(y) = f(xy)

is also in the image. Also, ¢ = f(e) is in the image, and x' ! = f(x™ ') is
in the image. Hence the image is a subgroup.

Let /: G — G’ be a group-homomorphism. We define the kernel of [
to consist of all elements xe G such that f(x) = ¢

The kernel of a homomorphism f:G — G’ is a subgroup of G.

The proof is routine and will be left to the reader. (The kernel contains
the unit element e because f(e) is the unit element of G'. And so on.)

Example 4. Let G be a group and let ae G. The map

n—a"

is a homomorphism of Z into G. This is merely a restatement of the
rules for exponents discussed in §1. The kernel of this homomorphism



[11,83] HOMOMORPHISMS 35

consists of all integers n such that a" = ¢, and as we have seen in §1, this
kernel is either O, or is the subgroup generated by the period of a.

Let f: G — G’ be a group-homomorphism. If the kernel of f consists of
e alone, then f is injective.

Proof. Let x, ye G and suppose that f(x) = f(y). Then

¢ =f)f)7 T =ffGTH =f0y™.

! = ¢, and consequently x = y, thus showing that f is injective.

Hence xy~
An injective homomorphism will be called an embedding. The same
terminology will be used for other objects which we shall meet later, such
as rings and fields. An embedding is sometimes denoted by the special
arrow
GG

In general, let /: X — Y be a mapping of sets. Let Z be a subset of Y.
Recall from §2 that we defined the inverse image:

f~YZ) = subset of elements x € X such that f(x)e Z.

Let f:G— G’ be a homomorphism and let H' be a subgroup of G'. Let
H=f"YH) be its inverse image, ie. the set of xeG such that
f(x)e H'. Then H is a subgroup of G.

Prove this as Exercise 8.

In the above statement, let us take H' = {¢’}. Thus H' is the trivial
subgroup of G'. Then f~!(H’) is the kernel of f by definition.

Let f:G - G’ be a group-homomorphism. We shall say that f is an
isomorphism (or more precisely a group-isomorphism) if there exists a
homomorphism g:G'— G such that fog and gof are the identity
mappings of G' and G respectively. We denote an isomorphism by the
notation

G~G.

Remark. Roughly speaking, if a group G has a property which can be
defined entirely in terms of the group operation, then every group
isomorphic to G also has the property. Some of these properties are:
having order n, being abelian, being cyclic, and other properties which
you will encounter later, such as being solvable, being simple, having a
trivial center, etc. As you encounter these properties, verify the fact that
they are invariant under isomorphisms.
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Example 5. The function exp is an isomorphism of the additive group
of the real numbers onto the mutiplicative group of positive real
numbers. Its inverse is the log.

Example 6. Let G be a commutative group. The map

fix—x!

is an isomorphism of G onto itself. What is f-f? What is {17

A group-homomorphism f: G — G’ which is injective and surjective is an
isomorphism.

Proof. We let f~1:G'— G be the inverse mapping. All we need to
prove is that /™! is a group-homomorphism. Let x’, yeG’, and let
x, y€G be such that f(x) = x’ and f(y) =y. Then f(xy)= x"y’. Hence
by definition,

[y =xy=f1 7).
This proves that f ' is a homomorphism, as desired.

From the preceding condition for an isomorphism, we obtain the
standard test for a homomorphism to be an isomorphism.

Theorem 3.1. Let f: G — G’ be a homomorphism.

(@) If the kernel of f is trivial, then f is an isomorphism of G with its
image f(G).

(b) If f:G — G is surjective and the kernel of f is trivial, then f is an
isomorphism.

Proof. We have proved previously that if the kernel of f is trivial
then f is injective. Since f is always surjective onto its image, the
assertion of the theorem follows from the preceding condition.

By an automerphism of a group, one means an isomorphism of the
group onto itself. The map of Example 6 is an automorphism of the
commutative group G. What does it look like in additive notation? Ex-
amples of automorphisms will be given in the exercises. (Cf. Exercises 3,
4, 5) Denote the set of automorphisms of G by Aut(G).

Aut(G) is a subgroup of the group of permutations of G, where the
law of composition is composition of mappings.

Verify this assertion in detail. See Exercise 3.
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We shall now see that every group is isomorphic to a group of per-
mutations of some set.
Example 7 (Translation). Let G be a group. For each ae G, let
T:.G-G

be the map such that T,(x)=ax. We call T, the left translation by a.
We contend that T, is a bijection of G onto itself, i.e. a permutation of
G. If x # y then ax # ay (multiply on the left by a~! to see this), and
hence T, is injective. It is surjective, because given xe G, we have

x = T (a 'x).
The inverse mapping of T, is obviously 7, .. Thus the map
a—T,

is a map from G into the group of permutations of the set G. We con-
tend that it is a homomorphism. Indeed, for a, be G we have

T, (x) = abx = Ta(Tb(x)),

so that T,, = T,T,. Furthermore, one sees at once that this homomor-
phism is injective. Thus the map

a—T, (aeG)

is an isomorphism of G onto a subgroup of the group of all permuta-
tions of G. Of course, not every permutation need be given by a transla-
tion, i.e. the image of the map is not necessarily equal to the full group
of permutations of G.

The terminology of Example 7 is taken from Euclidean geometry. Let
G =R?*=R x R. We visualize G as the plane. Elements of G are called
2-dimensional vectors. If AR x R, then the translation

T;i:RxR->RxR

such that T(X)=X + A for all XeR x R is visualized as the usual
translation of X by means of the vector A.

Example 8 (Conjugation). Let G be a group and let ae G. Let
¢ G— G

1

be the map defined by x+—axa™'. This map is called conjugation by a.
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In Exercises 4 and 5 you will prove:

A conjugation ¢, is an automorphism of G, called an inner automorphism.
The association a — ¢, is a homomorphism of G into Aut(G), whose law of
composition is composition of mappings.

Let A be an abelian group, written additively. Let B, C be subgroups.
We let B + C consist of all sums b + ¢, with be B and ¢ceC. You can
show as an exercise that B + C is a subgroup, called the sum of B and C.
You can define the sum B, + --- + B, of a finite number of subgroups
similarly. We say that 4 is the direct sum of B and C if every element
x € A can be written uniquely in the form x = b + ¢ with be B and ceC.
We then write

A=B®C.

Similarly we define A to be the direct sum

A=@®B,=B,® - ®B,

if every element x € A can be written in the form

with elements b; e B; uniquely determined by x. In Exercise 14 you will
prove:

Theorem 3.2. The abelian group A is a direct sum of subgroups B and

C if and only if A=B+ C and Bn C = {0}. This is the case if and
only if the map

BxC—-A given by (b, c)—>b +c

is an isomorphism.

Example9 (The group of homomorphisms). Let A, B, be abelian
groups, written additively. Let Hom(A, B) denote the set of homomor-
phisms of A into B. We can make Hom(4, B) into a group as follows.
If f, g are homomorphisms of 4 into B, we define f+ g: A » B to be the
map such that

(f + 9(x) = f(x) + g(x)

for all xe A. Tt is a simple matter to verify that the three group axioms
are satisfied. In fact, if f, g, he Hom(A, B), then for all xe A,

((f + @) + B)(x) = (f + 9)(x) + h(x) = f(x) + g(x) + h(x),
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and

(f + (g + W) = f(x) + (g + h)Xx) = f(x) + g(x) + h(x).

Hence f+(g+h)=(f+g)+h We have an additive unit element,
namely the map O (called zero) which to each element of A assigns the
zero element of B. It obviously satisfies condition GR 2. Furthermore,
the map —f such that (—f)(x) = —f(x) has the property that

f+(=NH=0.

Finally, we must of course observe that f + g and —f are homomorphisms.
Indeed, for x, ye 4,

(f+Hx+p)=f+y)+gx+y)=[ )+ f(y)+ g(x) + g(yv)
= f(x) + g(x) + f(») + g(y)
=+ 9x)+(f + 90O,

so that f + g is a homomorphism. Also,

(N +y) = —fx+y) =)+ 1) = —f(x) = fB),

and hence —f is a homomorphism. This proves that Hom(A4, B) is a
group.

Il, §3. EXERCISES

1. Let R* be the multiplicative group of non-zero real numbers. Describe
explicitly the kernel of the absolute value homomorphism

X | x|

of R* into itself. What is the image of this homomorphism?

2. Let C* be the multiplicative group of non-zero complex numbers. What is
the kernel of the homomorphism absolute value

z|z|
of C* into R*?

3. Let G be a group. Prove that Aut(G) is a subgroup of Perm(G).
4, Let G be a group. Let a be an clement of G. Let

c: G— G
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be the map such that

ca(x) = axa™.

(a) Show that ¢,: G — G is an automorphism of G.
(b) Show that the set of all such maps ¢, with a € G is a subgroup of Aut(G).

. Let the notation be as in Exercise 4. Show that the association a+ ¢, is a

homomorphism of G into Aut(G). The image of this homomorphism is called
the group of inner automorphisms of G. Thus an inner automorphism of G is
one which is equal to ¢, for some a € G.

. If G is not commutative, is x+—x~! a homomorphism? Prove your assertion.

. (a) Let G be a subgroup of the group of permutations of a set S. If s, ¢ are

elements of S, we define s to be equivalent to ¢ if there exists 6 € G such
that as = . Show that this is an equivalence relation.

(b) Let s€ 8, and let G, be the set of all ¢ € G such that gs = 5. Show that G,
is a subgroup of G.

(c) If teG is such that ts = ¢, show that G, = tG,t L.

. Let f:G — G’ be a group homomorphism. Let H' be a subgroup of G’. Show

that f~'(H') is a subgroup of G.

. Let G be a group and S a set of generators of G. Let f:G—> G and g: G- G’

be homomorphisms of G into the same group G'. Suppose that f(x) = g(x)
for all xeS. Prove that f =g.

Let f:G — G’ be an isomorphism of groups. Let ae G. Show that the period
of a is the same as the period of f(a).

Let G be a cyclic group, and f:G — G’ a homomorphism. Show that the
image of G is cyclic.

Let G be a commutative group, and » a positive integer. Show that the map
X+ x" is a homomorphism of G into itself.

Let A be an additive abelian group, and let B, C be subgroups. Let B + C
consist of all sums b+ ¢, with heB and ceC. Show that B+ C is a
subgroup, called the sum of B and C.

(a) Give the proof of Theorem 3.2 in all details.
(b) Prove that an abelian group A4 is a direct sum of subgroups B,,...,B, if
and only if the map
(by,....0)—=b, + -+ b, of []B—4

is an isomorphism.

. Let A be an abelian group, written additively, and let n be a positive integer

such that nx =0 for all xe A. Such an integer n is called an exponent for A.
Assume that we can write n =rs, where r, s are positive relatively prime
integers. Let A, consist of all x€ A such that rx = 0, and similarly A, consist
of all xe A such that sx = 0. Show that every element ae A can be written
uniquely in the form a = b + ¢, with be 4, and ce A;. Hence A = 4, ® A,.



[11,84] COSETS AND NORMAL SUBGROUPS 41

16. Let A be a finite abelian group of order n, and let n = pi+--p* be its prime
power factorization, the p; being distinct. (a) Show that 4 is a direct sum
A=A, @ - D A, where every element a € 4; satisfies p;/’a = 0. (b} Prove that
#(A;) = pr-

17. Let G be a finite group. Suppose that the only automorphism of G is the
identity. Prove that G is abelian and that every element has order 2. [After
you know the structure theorem for abelian groups, or after you have read
the general definition of a vector space, and viewing G as vector space over
Z)2Z, prove that G has at most 2 elements.]

Il, §4. COSETS AND NORMAL SUBGROUPS

In what follows, we need some convenient notation. Let S, S’ be subsets
of a group G. We define the product of these subsets to be

SS' = the set of all elements xx’ with xe § and x'€ 5.
It is easy to verify that if S;, S,, S, are three subsets of G, then
(S182)85 = 81(S,53)

This product simply consists of all elements xyz, with xeS,, ye S, and
ze S5. Thus the product of subsets is associative.

Example 1. Show that if H is a subgroup of G, then HH = H. Also if
S is a non-empty subset of H, then SH = H. Check for yoursell other
properties, for instance

Si(S,USy) =S5,5,US,S,.

Let G be a group, and H a subgroup. Let a be an element of G. The
set of all elements ax with xe H is called a coset of H in G. We denote it
by aH, following the above notation.

In additive notation, a coset of H would be written a + H.

Since a group G may not be commutative, we shall in fact call aH a
left coset of H. Similarly, we could define right cosets, but in the sequel,
unless otherwise specified, coset will mean left coset.

Theorem 4.1. Let aH and bH be cosets of H in the group G. Either
these cosets are equal, or they have no element in common.

Proof. Suppose that aH and bH have one element in common. We
shall prove that they are equal. Let x, y be elements of H such that
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ax = by. Since xH = H = yH (see Example 1) we get
aH = axH = byH = bH
as was to be proved.

Suppose that G is a finite group. Every element xe G lies in some
coset of H, namely xe xH. Hence G is the union of all cosets of H. By
Theorem 4.1, we can write G as the union of distinct cosets, so

G = O a;H,
i=1

where the cosets a,H,...,a,H are distinct. When we write G in this
manner, we say that G = ) a;H is a coset decomposition of G, and that
any element ah with he H is a coset representative of the coset aH. In a
coset decomposition of G as above, the coset representatives a,....q,
represent distinct cosets, and are of course all distinct.

If a and b are coset representatives for the same coset, then

aH = bH.
Indeed, we can write b = ah for some he H, and then
bH = ahH = aH.

If G is an infinite group, we can still write G as a union of distinct
cosets, but there may be infinitely many of these cosets. Then we use the
notation

G=JaH

iel
where I is some indexing set, not necessarily finite.

Theorem 4.2. Let G be a group, and H a finite subgroup. Then the
number of elements of a coset aH is equal to the number of elements in
H.

Proof. Let x, x' be distinct elements of H. Then ax and ax’ are
distinct, for if ax = ax’, then multiplying by a~! on the left shows that
x = x'. Hence, if x,,...,x, are the distinct elements of H, then ax,,...,ax,
are the distinct elements of aH, whence our assertion follows.
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Let G be a group and let H be a subgroup. The set of left cosets of H
1s denoted by
G/H.

We'll not run across the set of right cosets, but the notation is H\G for
the set of right cosets, in case you are interested.

The number of distinct cosets of H in G is called the index of H in G.
This index may of course be infinite. If G is a finite group, then the
index of any subgroup is finite. The index of a subgroup H is denoted by
(G:H). Let #3S denote the number of elements of a set S. As a matter of
notation, we often write #(G/H) = (G:H), and

#G=(G:1),
in other words, the order of G is the index of the trivial subgroup in G.
Theorem 4.3. Let G be a finite group and H a subgroup. Then:

(1) order of G =(G: H) (order of H).

(2) The order of a subgroup divides the order of G.

(3) Let ac G. Then the period of a divides the order of G.
(4) If G > H o K are subgroups, then

(G:K)=(G:H)H:K).

Proof. Every element of G lies in some coset (namely, a lies in the
coset aH since a = ae). By Theorem 4.1, every element lies in precisely
one coset, and by Theorem 4.2, any two cosets have the same number of
elements. Formula (1) of our corollary is therefore clear. Then we see
that the order of H divides the order of G. The period of an element a is
the order of the subgroup generated by a, so (3) also follows. As to the
last formula, we have by (1):

#G=(G:H)#H =(G:H)(H:K)#K
and also
#G = (G:K)#K.

From this (4) follows immediately.

Example 2. Let S, be the group of permutations of {1,...,n}. Let H
be the subset of §, consisting of all permutations ¢ such that a(n) = n
(ie. all permutations leaving n fixed). Tt is clear that H is a subgroup,
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and we may view H as the permutation group S,_,. (We assume n > 1.)
We wish to describe all the cosets of H. For each integer i with 1 £i < n,
let 7; be the permutation such that 7,(n) =i, 1,(i) = n, and t; leaves all
integers other than n and i fixed. We contend that the cosets

wH,. .. 1,H

are distinct, and constitute all distinct cosets of H in S,.
To see this, let o€ S,, and suppose o(n) =i. Then

7 to(n) = ;7 (i) = n.
Hence 1, 'o lies in H, and therefore ¢ lies in t;H. We have shown that
every element of G lies in some coset 7;H, and hence 7,H,...,7,H yield
all the cosets. We must still show that these cosets are distinct. If i # j,
then for any oeH, t,0(n)=1t(n) =i and t;6(n) = 1(n) =j. Hence t,H
and t;H cannot have any element in common, since elements of t;H and
7;H have distinct effects on n. This proves what we wanted.

From Theorem 4.3, we conclude that
order of S, =n-order of §,_;.
By induction, we see immediately that

order of S, =n!=n(n—1)---1.

Theorem 44. Let f: G — G be a homomorphism of groups. Let H be
its kernel, and let a’ be an element of G' which is in the image of f, say
a = f(a) for acG. Then the set of elements x in G such that f(x)=d
is precisely the coset aH.

Proof. Let xeaH, so that x = ah with some he H. Then
J(x) = fla)f(h) = f(a).
Conversely, suppose that xe G, and f(x) =a’. Then
fa ') = f@ ' f(x)=a"'d =¢.

Hence a™'x lies in the kernel H, say a 'x = h with some he H. Then
x = ah, as was to be shown.
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Let G be a group and let H be a subgroup. We shall say that H is
normal if H satisfies either one of the following equivalent conditions:

NOR 1. For all xe G we have xH = Hx, that is xHx ! = H.

NOR 2. H is the kernel of some homomorphism of G into some
group.

We shall now prove that these two conditions are equivalent. Suppose
first that H is the kernel of a homomorphism f. Then

fGHx™Y = f()f(H)f(x)"" =L

1 1

Hence xHx ' c H for all xeG, so x 'Hx < H, whence H < xHx™ 1.
Hence xHx~' = H. This proves NOR 2 implies NOR 1. The converse
will be proved in Theorem 4.5 and Corollary 4.6.

Warning. The condition in NOR 1 is not the same as saying that
xhx~! = h for all elements he H, when G is not commutative. Observe
however that a subgroup of a commutative group is always normal, and
even satisfies the stronger condition than NOR 1, namely xhx ! = h for
all he H.

We now prove that NOR 1 implies NOR 2 by showing how a
subgroup satisfying NOR 1 is the kernel of a homomorphism.

Theorem 4.5. Let G be a group and H a subgroup having the property
that xH = Hx for all xeG. If aH and bH are cosets of H, then the
product (aH)YbH) is also a coset, and the collection of cosets is a group,
the product being defined as above.

Proof. We have (aH)(bH)= aHbH = abHH = abH. Hence the pro-
duct of two cosets is a coset. Condition GR 1 is satisfied in view of
previous remarks on multiplication of subsets of G. Condition GR 2 is
satisfied, the unit element being the coset eH = H itself. (Verify this in
detail) Condition GR 3 is satisfied, the inverse of aH being a 'H.
(Again verify this in detail) Hence Theorem 4.5 is proved.

The group of cosets in Theorem 4.5 is called the factor group of G by
H, or G modulo H. We note that it is a group of left or right
cosets, there being no difference between these by assumption on H.
We emphasize that it is this assumption which allowed us to define multi-
plication of cosets. If the condition xH = Hx for all xeG is not
satisfied, then we cannot define a group of cosets.
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Corollary 4.6. Let G be a group and H a subgroup having the property
that xH = Hx for all xe G. Let G/H be the factor group, and let

f:G—->G/H

be the map which to each a€ G associates the coset f(a) =aH. Then f
is a homomorphism, and its kernel is precisely H.

Proof. The fact that f is a homomorphism is nothing but a repeti-
tion of the properties of the product of cosets. As for its kernel, it is
clear that every element of H is in the kernel. Conversely, if xe G, and
f(x) = xH is the unit element of G/H, it is the coset H itself, so xH = H.
This means that xe = x is an element of H, so H is equal to the kernel
of f, as desired.

We call the homomorphism f in Corollary 4.6 the canonical homo-
morphism of G onto the factor group G/H.

Let f: G — G’ be a homomorphism, and let H be its kernel. Let xe G.
Then for all he H we have

Sxhy = f(x)f(h) = f(x).
We can rewrite this property in the form
f(xH) = f(x).

Thus all the elements in a coset of H have the same image under f. This
is an important fact, which we shall use in the next result, which is one of
the cornerstones for arguments involving homomorphisms. You should
master this result thoroughly.

Corollary 4.7. Let f:G— G be a homomorphism, and let H be its
kernel. Then the association xH +— f(xH) is an isomorphism

G/HSIm f
of G/H with the image of f.
Proof. By the remark preceding the corollary, we can define a map

f:G/H-G by xH — f(xH).
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Remember that G/H is the set of cosets of H. By Theorem 3.1, we have
to verify three things:

f is a homomorphism. Indeed,
JxHyH) = f(xyH) = f(xy) = f()f(y) = [(xH) f(yH).

f is injective. Indeed, the kernel of f consists of those cosets xH
such that f(xH) = ¢, so consists of H itself, which is the unit element of
G/H.

_ The image of f is the image of f, which follows directly from the way
f is defined.

This proves the corollary.

The isomorphism f of the corollary is said to be induced by f. Note
that G/H and the image of f are isomorphic not by any random
isomorphism, but by the map specified in the statement of the corollary,
in other words they are isomorphic by the mapping f. Whenever one
asserts that two groups are isomorphic, it is best to specify what is the
mapping giving the isomorphism.

Example 3. Consider the subgroup Z of the additive group of the real
numbers R. The factor group R/Z is sometimes called the circle group.
Two elements x, yeR are called congruent mod Z if x —yeZ. This
congruence is an equivalence relation, and the congruence classes are
precisely the cosets of Z in R. If x =y (mod Z), then ¢?™* = ¢*"¥, and
conversely. Thus the map

X — eme

defines an isomorphism of R/Z with the multiplicative group of complex
numbers having absolute value 1. To prove these statements, one must
of course know some facts of analysis concerning the exponential func-
tion.

Example 4. Let C* be the multiplicative group of non-zero complex
numbers, and R* the multiplicative group of positive real numbers.
Given a complex number a # 0, we can write

o = ru,

where reR™* and u has absolute value 1. (Let u = «/la|.) Such an ex-
pression is uniquely determined, and the map
o

aHm
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is a homomorphism of C* onto the group of complex numbers of abso-
lute value 1. The kernel is R*, and it follows that C*/R™* is isomorphic
to the group of complex numbers of absolute value 1. (Cf. Exercise 14.)

For coset representatives in Examples 3 and 4, cf. Exercises 15 and 16.

The exercises list a lot of othér basic facts about normal subgroups
and homomorphisms. The proofs are all easy, and it is better for you to
carry them out than to clutter up the text with them. You will learn
them better for that. You should know these basic results as a matter of
course. Especially, you will find a very useful test for a subgroup to be
normal, namely:

Example 5. Let H be a subgroup of a finite group G, and suppose that
the index (G : H) is equal to the smallest prime number dividing the order
of G. Then H is normal. In particular, a subgroup of index 2 is normal.
See Exercises 29 and 30.

We shall now give a description of some standard cases of homomor-
phisms and isomorphisms. The easiest case is the following.

Let K @ H < G be normal subgroups of a group G. Then the associa-
tion
xK+—xH Jor xeG

is a surjective homomorphism
G/K - G/H,
which we also call the canonical homomorphism. The kernel is H/K.

The verification is immediate and will be left to you.
Note that following Corollary 4.7, we have the formula

G/H ~ (G/K)/(H/K),
which is analogous to an elementary rule of arithmetic.

Example. Let G = Z be the additive group of integers. The subgroups
of Z are simply the sets of type nZ. Let m, n be positive integers. We
have nZ < mZ if and only if m divides n. (Proof?) Thus if m|n, we have
a canonical homomorphism

Z/nZ — Z/mZ.

If we write n = md, then we can also write the canonical homomorphism
as
Z/mdZ. — Z/mZ.
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The following facts are used constantly, and you will prove them as
Exercises 7 and 9, using Corollary 4.7.

Theorem 4.8. Let f: G — G’ be a surjective homomorphism. Let H' be a
normal subgroup of G’ and let H= f~'(H'). Then H is normal, and the
map x> f(x)H' is a homomorphism of G onto G'/H' whose kernel is H.
Therefore we obtain an isomorphism

G/H ~ G'/H..

Note that the homomorphism x+— f(x)H' of G into G'/H’ can also
be described as the composite homomorphism

L6 gH

where G' — G'/H’ is the canonical homomorphism. Using Theorem 4.8,
you can prove:

Theorem 4.9. Let G be a group and H a subgroup. Let N be a
normal subgroup of G. Then:

(1) HN is a subgroup of G;
(2) H ~ N is a normal subgroup of H,

(3) The association
fih—hN

is a homomorphism of H into G/N, whose kernel is H ~N. The
image of [ is the subgroup HN/N of G/N, so we obtain an
isomorphism

f: H(H ~nN)3 HN/N.

Remark. Once you show that H n N is the kernel of the association
in (3), then you have also proved (2).

Theorem 4.8 is important in the following context. We define a group
G to be solvable if there exists a sequence of subgroups

G=Hy,>oH,>--->H, ={e}

such that H;,, is normal in H, for i =0,...,r — 1, and such that H/H,,,
is abelian. It is a problem to determine which groups are solvable, and
which are not. A famous theorem of Feit-Thompson states that every
group of odd order is solvable. In §6 you will see a proof that the
permutation group on n elements is not solvable for n = 5. The groups
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of Theorem 3.8 in Chapter VI give other examples. As an application of
Theorem 4.8, we shall now prove:

Theorem 4.10. Let G be a group and K a normal subgroup. Assume
that K and G/K are solvable. Then G is solvable.

Proof. By definition, and the assumption that K is solvable, it suffices
to prove the existence of a sequence of subgroups

G=Hy,oH,>--oH,=K

such that H,,, is normal in H; and H,/H,;,, is abelian, for all i. Let
G = G/K. By assumption, there exists a sequence of subgroups

G=Hy,>H >--->H,=1{¢

such that H;,, is normal in H; and H,/H,; , is abelian for all i. Let
f:G = G/K be the canonical homomorphism and let H; = f~'(H). By
Theorem 4.8 we have an isomorphism H,/H; ., ~ H/H;,;, and
K = f"YH,), so we have found the sequence of subgroups of G as we
wanted, proving the theorem.

In mathematics, you will meet many structures, of which groups are
only one basic type. Whatever structure one meets, one asks system-
atically for a classification of these structures, and especially one tries to
answer the following questions:

1. What are the simplest structures in the category under considera-
tion?

2. To what extent can any structure be expressed as a product of
simple ones?

3. What is the structure of the group of automorphisms of a given
object?

In a sense, the objects having the “simplest” structure are the building
blocks for the more complicated objects. Taking direct products is an
easy way to form more complicated objects, but there are more complex
ways. For instance, we define a group to be simple if it has no normal
subgroup except the group itself and the trivial subgroup consisting of
the unit element. Let G be a finite group. Then one can find a sequence
of subgroups

G=Hy>H, >H,>---2H,={e}

such that H,,, is normal in H, and such that H,/H,,, is simple.
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The Jordan—Holder theorem states that at least the sequence of simple
factor groups H,/H,,, is uniquely determined up to a permutation and
up to isomorphism. You can look up a proof in a more advanced
algebra text (e.g., my Algebra). Such a sequence already gives information
about G. To get a full knowledge of G, one would have to know how
these factor groups are pieced together. Usually it is not true that G is
the direct product of all these factor groups. There is also the question of
classifying all simple groups. In §7 we shall see how a finite abelian
group is a direct product of cyclic factors. In Chapter VI, Theorem 3.8,
you will find an example of a simple group. Of course, every cyclic group
of prime order is simple. As an exercise, prove that a simple abelian
group is cyclic of prime order or consists only of the unit element.

Il, §4. EXERCISES

1. Let G be a group and H a subgroup. If x, ye€ G, define x to be equivalent to
y if x is in the coset yH. Prove that this is an equivalence relation.

2. Let f:G —» G’ be a homomorphism with kernel H. Assume that G is finite.
{a) Show that

order of G = (order of image of f)(order of H).

(b) Suppose that G, G are finite groups and that the orders of G and G’ are
relatively prime. Prove that f is trivial, that is, f(G) = ¢/, the unit element

of G'.
3. The index formula of Theorem 4.3(4) holds even if G is not finite. All that

one needs to assume is that H, K are of finite index. Namely, using only that
assumption, prove that

(G:K)=(G:H)YH:K).

In fact, suppose that

G:OaiH and H=[J)bK

i=1 j=1
are coset decompositions of G with respect to H, and H with respect to K.
Prove that
G = U ab;K
i

is a coset decomposition of G with respect to K. Thus you have to prove
that G is the union of the cosets a;p;K (i =1,...,m; j=1,...,r) and that these
cosets are all distinct.
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Let p be a prime number and let G be a group with a subgroup H of index p
in G. Let S be a subgroup of G such that G = § > H. Prove that S=H or
S = G. (This theorem applies in particular if H is of index 2.)

. Show that the group of inner automorphisms is normal in the group of all

automorphisms of a group G.

. Let H,, H, be two normal subgroups of G. Show that H, n H, is normal.

. Let f:G— G’ be a homomorphism and let H be a normal subgroup of G'.

Let H = [~ Y(H).
(a) Prove that H is normal in G.
(b) Prove Theorem 4.8.

. Let f:G— G’ be a surjective homomorphism. Let H be a normal subgroup

of G. Show that f(H) is a normal subgroup of G'.

. Prove Theorem 4.9.

Let G be a group. Define the center of G to be the subset of all elements a in
G such that ax = xa for all xe G. Show that the center is a subgroup, and
that it is a normal subgroup. Show that it is the kernel of the conjugation
homomorphism x — 7, in Exercise 5, §3.

Let G be a group and H a subgroup. Let N, be the set of all xe G such that
xHx"! = H. Show that Ny is a group containing H, and H is normal in N,.
The group Ny is called the normalizer of H.

. (a) Let G be the set of all maps of R into itself of type x> ax + b, where

acR, a+#0and beR. Show that G is a group under composition. We de-
note such a map by o, 5. Thus g, »(x) = ax +b.
(b) To each map o, , we associate the number a. Show that the association

Ogp>d

is a homomorphism of G into R*. Describe the kernel.

View Z as a subgroup of the additive group of rational numbers Q. Show
that given an element X € Q/Z there exists an integer n > 1 such that nx = 0.

Let D be the subgroup of R generated by 2z. Let R* be the multiplicative
group of positive real numbers, and C* the multiplicative group of non-zero
complex numbers. Show that C* is isomorphic to R* x R/D under the
map

(r, O)r>re.

(Of course, you must use properties of the complex exponential map.)

Show that every coset of Z in R has a unique coset representative x such that
0<x < 1. [Hint: For each real number y, let n be the integer such that
nSy<n+ 1]

Show that every coset of R* in C* has a unique representative complex
number of absolute value 1.
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17. Let G be a group and let x,,...,x, be a set of generators. Let H be a
subgroup.
(a) Assume that x;Hx; ! = H for i = 1,...,r. Show that H is normal in G.
(b) Suppose G is finite. Assume that x;Hx; ' = H for i =1,...,r. Show that
H is normal in G.
(c) Suppose that H is generated by elements y,,...,y,. Assume that
x;y;%; "eH for all i, j. Assume again that G is finite. Show that H is

normal.

18. Let G be the group of Exercise 8 of §1. Let H be the subgroup generated by
x, so H = {e, x, x?, x*}. Prove that H is normal.

19. Let G be the group of Exercise 9, §1, that is, G is the quaternion group. Let
H be the subgroup generated by i, so H = {e,i,i% i®}. Prove that H is
normal.

20. Let G be the group of Exercise 10, §1. Let H be the subgroup generated by
x, so H={e, x,...,x*}. Prove that H is normal.

Commutators and solvable groups

21. (a) Let G be a commutative group, and H a subgroup. Show that G/H is
commutative.

(b) Let G be a group and H a normal subgroup. Show that G/H is

commutative if and only if H contains all elements xyx !y~ ! for x, ye G.

Define the commutator subgroup G° to be the subgroup generated by all
elements

1

xyx~ ly” with x, yeG.

Such elements are called commutators.

22. (a) Show that the commutator subgroup is a normal subgroup.
(b) Show that G/G° is abelian.

23. Let G be a group, H a subgroup, and N a normal subgroup. Prove that if
G/N is abelian, then H/(H n N) is abelian.

24, (a) Let G be a solvable group, and H a subgroup. Prove that H is solvable.
(b) Let G be a solvable group, and f:G — G’ a surjective homomorphism.
Show that G’ is solvable.

25. (a) Prove that a simple finite abelian group is cyclic of prime order.
(b) Let G be a finite abelian group. Prove that there exists a sequence of
subgroups
GoH o -oH, ={e

such that H/H;, , is cyclic of prime order for all i.

Conjugation

26. Let G be a group. Let S be the set of subgroups of G. If H, K are subgroups
of G, define H to be conjugate to K if there exists an element x € G such that
xHx~! = K. Prove that conjugacy is an equivalence relation in S,
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Let G be a group and S the set of subgroups of G. For each xeG, let
¢x: S — § be the map such that

c.(H) = xHx™ L.

Show that ¢, is a permutation of S, and that the map x — ¢, is a homomor-
phism

¢: G — Perm(S).

Translations

28.

29.

30.

31.

Let G be a group and H a subgroup of G. Let S be the set of cosets of H in
G. For each xeG, let T,:S— S be the map which to each coset yH
associates the coset xyH. Prove that T, is a permutation of S, and that the
map x+ T, is a homomorphism

T: G - Perm(S).

Let H be a subgroup of G, of finite index n. Let S be the set of cosets of H.
Let

T: x—T,

be the homomorphism of G — Perm(S) described in the preceding exercise.
Let K be the kernel of this homomorphism. Prove:
(a) K is contained in H.
(b) #(G/K) divides n!.
(¢) If H is of index 2, then H is normal, and in fact, H = K.

[Hint: use the index formula and prove that (H:K)= 1. If you get into
trouble, look at Proposition 8.3.]

Let G be a finite group and let p be the smallest prime number dividing the
order of G. Let H be a subgroup of index p. Prove that H is normal in G.
[Hint: Let S be the set of cosets of H. Consider the homomorphism

x—=T,

of G — Perm(S).
Let K be the kernel of this homomorphism. Use the preceding exercise and
the index formula as well as Corollary 4.7.]

Let G be a group and let H,, H, be subgroups of finite index. Prove that
H, n H, has finite index. In fact, prove something stronger. Prove that there
exists a normal subgroup N of finite index such that N « H, n H,. [Hint:
Let S, be the set of cosets of H; and let S, be the set of cosets of H,. Let
S =28, x §,. Define a map

T: G - Perm(S) = Perm(S; x S,)
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by the formula
TJA«H,, bH,) = (xaH,, xbH,), for x,a, beG.

Show that this map x> T, is a homomorphism. What is the order of
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S?

Show that the kernel of this homomorphism is contained in H, ~ H,. Use

Corollary 4.7.]

Il, §5. APPLICATION TO CYCLIC GROUPS

Let G be a cyclic group and let a be a generator. Let dZ be the kernel
the homomorphism

n

Z - G such that n—a"

In case the kernel of this homomorphism is 0, we get an isomorphism

of

of

Z with G. In the second case, as an application of Corollary 4.7, when

the kernel is not 0, we get an isomorphism

7/d7 5 G.

Theorem 5.1. Any two cyclic groups of order d are isomorphic. If a is

a generator of G of period d, then there is a unique isomorphism

f:Z/dZ7. > G

such that f()=a. If G,, G, are cyclic of order d, and a,, a, are

generators of G,, G, respectively, then there is a unique isomorphism
g: G, -G,
such that g(a,) = a,.
Proof. By the remarks before the theorem, let
Jit ZJdZ - G, and [t ZJdZ - G,
be isomorphisms such that fi(n) = ¢} and f,(n) = a’ for all ne Z. Then

h=f2°f1'1:G1_’Gz
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is an isomorphism such that h(a,) = a,. Conversely, let g: G; = G, be an
isomorphism such that g(a,) = a,. Then

n

g(a}) = g(a,)" = d;

and therefore g = h, thereby proving the uniqueness.

Remark. The uniqueness part of the preceding result is a special case
of a very general principle:

Theorem 5.2. A homomorphism is uniquely determined by its values on a
set of generators.

We expand on what this means. Let G, G’ be groups. Suppose that G
is generated by a subset of elements S. In other words, every element of
G can be written as a product

with x;eS or x; 'eS.

X:)Cl'x i

r

Let b,,...,b, be elements of G'. If there is a homomorphism
f: GG

such that f(x;) = b, for i = 1,...,r, then such a homomorphism is uniquely
determined. In other words, if

g. G- G

is a homomorphism such that g(x;) =5, for i=1,...r then g = f. The
proof is immediate, because for any element x written as above,
X = x;---x, with x;€ S or x; ' €S, we have

glx) = glx1)--- glx,) = f(x1) -+ fx,) = f(x).

Of course, given arbitrary elements b,,...,b,€ G’ there does not nec-
essarily exist a homomorphism f:G — G’ such that f(x;)=b,. Some-

times such an f exists and sometimes it does not exist. Look at Exercise
12 to see an example.

Theorem 5.3. Let G be a cyclic group. Then a factor group of G is
cyclic and a subgroup of G is cyclic.

Proof. We leave the case of a factor group as an exercise. See
Exercise 11 of §3. Let us prove that a subgroup of G is cyclic. Let a be a
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generator of G, so that we have a surjective homomorphism f:Z - G
such that f(n) = a". Let H be a subgroup of G. Then f !(H) (the set of
ne Z such that f(n)e H) is a subgroup A of Z, and hence is cyclic. In
fact, we know that there exists a unique integer d = 0 such that f~!(H)
consists of all integers which can be written in the form md with m e Z.
Since f is surjective, it follows that f maps A on all of H, ie. every
element of H is of the form a™ with some integer m. It follows that H is
cyclic, and in fact ¢? is a generator. In fact we have proved:

Theorem 5.4. Let G be cyclic of order n, and let n = md be a factoriza-

tion in positive integers m, d. Then G has a unique subgroup of order
m. If G = {a), then this subgroup is generated by a® = a"™,

» §5. EXERCISES

1. Show that a group of order 4 is isomorphic to one of the following groups:
(a) The group with two distinct elements a, b such that

at=b*=v¢ and ab = ba.

(b} The group G having an element a such that G = {e, a, % a*} and a* = e.
2. Prove that every group of prime order is cyclic.

3. Let G be a cyclic group of order n. For each aeZ define f,:G— G by
Jalx) = x“.
(a) Prove that f, is a homomorphism of G into itself.
(b) Prove that f, is an automorphism of G if and only if a is prime to n.

4. Again assume that G is a group of order p, prime. What is the order of
Aut(G)? Proof?

5. Let G and Z be cyclic groups of order n. Show that Hom(G, Z) is cyclic of
order n. [Hint: If a is a generator of G, show that for each ze Z there exists
a unique homomorphism f: G — Z such that f(a) = z.]

6. Let G be the group of Exercise 8, §1 and let H be the subgroup generated by
x. Either recall or prove that H is normal. Show that G/H is cyclic of order
2.

7. Let G be the group of Exercise 10, §1, and let H be the subgroup generated
by x. Show that G/H is cyclic of order 2.

8. Let Z be the center of a group G, and suppose that G/Z is cyclic. Prove that
G is abelian.

9. Let G be a finite group which contains a subgroup H, and assume that H is
contained in the center of G. Assume that (G: H) = p for some prime number
p. Prove that G is abelian.
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10. Let G be the group of order 8 of Exercise 8 of §l, so G is generated by
elements x, y satisfying x* = e = y% and yxy = x>.
(a) Prove that all subgroups of G are those shown on the following diagram.

{1, x*, y, x%y} {1, x, x%, x%} {1, x2, xy, x*y}

\{1 /

{1, v} {1, x*y} . %) {1, xy} {1, 3y

(b) Determine all the normal subgroups of G.

11. Let G be the quaternion group of Exercise 9 of §1.
(a) Make up a lattice of all subgroups of G similar to the lattice of subgroups
of the preceding exercise.
(b) Prove that all subgroups of G are normal.

12. (a) Let H, N be normal subgroups of a finite group G. Assume that the
orders of H, N are relatively prime. Prove that xy = yx for all xe H and

yeN, and that HN ~ H x N. [Hint: Show that xyx " 'y"'e Hn N.]
(b) Let G be a finite group and let H,,...,H, be normal subgroups such that
the order of H; is relatively prime to the order of H; for i # j. Prove that

H, ---H ~H; x---xH,.

13. Let G be a finite group. Let N be a normal subgroup such that N and G/N
have orders relatively prime. Let H be a subgroup of G having the same
order as G/N. Prove that G = HN.

14. Let G be a finite group. Let N be a normal subgroup such that N and G/N
have orders relatively prime. Let ¢ be an automorphism of G. Prove that
@(NYy=N.

15. Let G be a group and H an abelian normal subgroup. For x € G let ¢, denote
conjugation.
{(a) Show that the association x — ¢, induces a homomorphism

G/H — Aut(H).
(b) Suppose that G is finite, that #(G/H) is relatively prime to # Aut(H), and
that G/H is cyclic. Prove that G is abelian.

16. Let G be a group of order p?. Prove that G is abelian. [Hint: Let aeG,
a # e. If a has period p?, we are done. Otherwise a has period p (why?). Let
H = {a) be the subgroup generated by a. Let be G and b¢ H. Prove that
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G = <{a, b), namely G is generated by a and b. Using Exercise 30 of {4,
conclude that H is normal. Get a homomorphism G — Aut(H), and prove
that the image of this homomorphism is trivial. Hence b commutes with a.
Conclude that G is abelian by using Exercise 14 of §1.]

Il, §6. PERMUTATION GROUPS

In this section, we investigate more closely the permutation group S, of n
elements {1,...,n} = J,. This group is called the symmetric group.

If 6eS,, then we recall that ¢ ':J, - J, is the permutation such that
o (k) = unique integer jeJ, such that o(j)= k. A transposition T is a
permutation which interchanges two numbers and leaves the others fixed,
i.e. there exist integers i, jeJ,, i#j such that (i)=j, ©(j)=1i, and
k) =k if k# i and k #j. One sees at once that if t is a transposition,
then 1! = 7 and t? = I. In particular, the inverse of a transposition is a
transposition. We shall prove that the transpositions generate S,,.

Theorem 6.1. Every permutation of J, can be expressed as a product of
transpositions.

Proof. We shall prove our assertion by induction on n. For n=1,
there is nothing to prove. Let n > | and assume the assertion proved for
n— 1. Let ¢ be a permutation of J,. Let o(n) = k. Let 1t be the transpo-
sition of J, such that t(k) = n, 1(n) = k. Then 7o is a permutation such
that

ta(n) = (k) = n.

In other words, 7o leaves n fixed. We may therefore view 1o as a permu-
tation of J,_ ,, and by induction, there exist transpositions 7,,...,t, of
J,_1, leaving n fixed, such that

We can now write

Thereby proving our proposition.

A permutation ¢ of {1,...,n} is sometimes denoted by

1 “ e n
[o(l) a(n)]'
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1 2 3
2 13
denotes the permutation ¢ such that o(1) =2, ¢(2) =1, and &(3) = 3.

This permutation is in fact a transposition.
Let iy,...,i, be distinct integers in J,. By the symbol

Thus

[iy---i]
we shall mean the permutation ¢ such that
o(iy)y=1,, o(i,)=1iy, ..., o(i) =1y,
and o leaves all other integers fixed. For example
[132]

denotes the permutation ¢ such that o(1)=3, ¢(3) =2, 6(2)=1, and ¢
leaves all other integers fixed. Such a permutation is called a cycle, or
more precisely, an r-cycle.

If o =[i,---i] is a cycle, then one verifies at once that ¢~
cycle, and that in fact

! is also a

Thus if ¢ = [132] then
o ' =[231]
Note that a 2-cycle [ij] is nothing but a transposition, namely the trans-

position such that i+—j and j—i.
A product of cycles is easily determined. For instance,

[132][34] = [2134].

One sees this using the definition: If ¢ =[132] and t = [34], then for
instance

a(x(3)) = o(4) = 4,
o(1(4)) = 0(3) = 2,
o((2)) = o(2) = 1,
o(z(1)) = o(1) = 3.
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Let G be a group. Recall that G is selvable if and only if there exists a
sequence of subgroups

G=Hy,>oH oH,>--->H,={e}

such that H; is normal in H;_, and such that the factor group H,_,/H; is
abelian, for i = 1,...,m. We shall prove that for n =5, the group S, is
not solvable. We need some preliminaries.

Theorem 6.2. Let G be a group, and H a normal subgroup. Then G/H

is abelian if and only if H contains all elements of the form xyx 'y~ !,

with x, yeG.

Proof. Let f:G — G/H be the canonical homomorphism. Assume that
G/H is abelian. For any x, ye G we have

flyx'y™H = fOSWMf) )Y

and since G/H is abelian, the expression on the right-hand side is equal
to the unit element of G/H. Hence xyx 'y !'eH. Conversely, assume
that this is the case for all x, ye G. Let X,  be elements of G/H. Since
f is surjective, there exists x, ye G such that X = f(x) and y = f(y). Let
e be the unit element of G/H, and e the unit element of G. Then

e=fle)= flxyx" 'y = ff W) f™!

Multiplying by ¥ and X on the right, we find
yxX = Xy,

and hence G/H is abelian.
Theorem 6.3. If n = 5, then S, is not solvable.

Proof. We shall first prove that if H, N are two subgroups of S, such
that N < H and N is normal in H, if H contains every 3-cycle, and if
H/N is abelian, then N contains every 3-cycle. To see this, let i, j, k, r, s
be five distinct integers between 1 and », and let

o = [ijk] and Tt = [krs].

Then
oto 't = [ijk][krs1[kji1[srk]
= [rki].
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Since the choice of i, j, k, r, s was arbitrary, we see that the cycles [rki]
all lie in N for all choices of distinct r, k, i thereby proving what we
wanted.

Now suppose that we have a chain of subgroups

S,=Hy>H,oH,>--2H,={e}

such that H, is normal in H,_, for v=1,...,m, and H,/H, | is abelian.
Since S, contains every 3-cycle, we conclude that H, contains every
3-cycle. By induction on v, we conclude that H, = {e} contains every
3-cycle, which is impossible. Hence such a chain of subgroups cannot
exist, and our theorem is proved.

The sign of a permutation

For the next theorem, we need to describe the operation of permutations
on functions. Let f be a function of » real variables, so we can evaluate

S(Xq5 5%, for x,,...,x,eR.
Let ¢ be a permutation of J,. Then we define the function of by
(G )x1 X)) = [(Xo1ys oo Xam)
Then we have for g, 1€ S,:
(1) (6)f = o(zf).
Proof. We use the definition applied to the function g = tf. Then
(T WXy, %) = T gtys oo v X))

= f(xar(l)’ e ’xa-r(n))

= (D )Xys .- ,X,)

thus proving (1). Note that the middle step comes from applying the
definition

V) = S Wy Vo) With = x4
It is trivially verified that if I:J, —» J, is the identity permutation, then

(2) If =f.
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If f, g are two functions of n variables, then we may form their sum
and product as usual. The sum [ + g is defined by the rule

(f 4 9N X1s oo X) = S (X1 e Xy) + G010 %)
and the product fg is defined by
() X1s- X0 = [y X)G(Eps - X,).
We claim that
(3 olf +g)=0cf +og and  o(fg) = (af)oy).

To see this, we have

(O-(f + g))(xl’ e sxn) = (f + g)(xa'(l)’ e >xa'(n))
= f(xa(l)’ o ’xa(n)) + g(xo(l)! e ’xa'(n))

= (0f)x1, . x0) + (0g)(x1, - X),

thereby proving (3) for the sum. The formula for the product is done the
same way. As a consequernce, for every number ¢ we have

olcf)=caf.

Theorem 6.4. To each permutation o of J, it is possible to assign a sign
1 or —1, denoted by €(o), satisfying the following conditions:

(a) If t is a transposition, then e(t) = — 1.
(b) If o, ¢ are permutations of J,, then

«(o0") = e(o)e(a’).
Proof. Let A be the function

A(xy,..x) =[] (x5 — x),

i<j
the product being taken for all pairs of integers i, j satisfying

1<i<jZn
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Let 7 be a transposition, interchanging the two integers r and s. Say
r <s. We wish to determine

Ay, .. 0%,) = ] g — %)

i<j
=[] ox; — x).
i<j
For one factor, we have
T(xs - xr) = (X,. - xs) = _(xs - xr)'

If a factor does not contain x, or x, in it, then it remains unchanged
when we apply t. All other factors can be considered in pairs as follows:

(e —x)0 — %) if k>,
(x, — X (X — X,) if r<k<s,
(x, — x)(x, — x) if k<r

Each one of these pairs remains unchanged when we apply 7. Hence we
see that

A= —A.

Now let o be an arbitrary permutation. Clearly, A = +A. Define ¢(o) to
be the sign 1 or —1 such that

a(A) = ¢(o)A.

It is now useful to use the notation zn(s) f instead of gf when applying a per-
mutation to a function f. Thus ¢ is in the group of permutations of
{1,...,n}, whereas =(c) is in the group of permutations of functions of n
variables. Then

n(ac’) = n(o)n(a").

It follows at once that ¢ — &(c) is a homomorphism of S, into {1, —1}. The
theorem follows.

In particular, if ¢ is a product of transpositions

J:‘L’l...rm
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then

Hence in any such product, m is either always odd or always even, depend-
ing on g. We restate this as a corollary.

Corollary 6.5. If a permutation o of J, is expressed as a product of
transpositions,

0 =T Ty

then s is even or odd according as €(a) =1 or —1.

Corollary 6.6. If o is a permutation of J,, then
(o) = e(a™ ).

Proof. We have
1 = ¢(id) = e(oo 1) = e(0)e(o ).

Hence either e(c) and ¢(c~!) are both equal to 1, or both equal to —1,
as desired.

As a matter of terminology, a permutation is called even if its sign is
1, and it is called odd if its sign is —1. Thus every transposition is odd.
From Theorem 6.4 we see that the map

eS, - {1, -1}

is a homomorphism of §, onto the group consisting of the two elements
1, —1. The kernel of this homomorphism by definition consists of
the even permutations, and is called the alternating group A4,. If 7 is a
transposition, then A4, and 1A, are obviously distinct cosets of 4,, and
every permutation lies in A4, or tA4,. (Proof: If ceS, and o¢ A,, then
«(6)=—1, so €(t6)=1 and hence toeAd,, whence set '4, =14,)
Therefore,

A,, 14,

are distinct cosets of 4, in §,, and there is no other coset. Since A4, is
the kernel of a homomorphism, it is normal in S,. We have 14, = 4,1,
which can also be verified easily directly.
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§6. EXERCISES

. Determine the sign of the following permutations.

N

®) |:1 2 3] © [1 3]
31 2 ¢ 3 21
123 4 1 2 3 4

L] el
21 43 3 2 41

()[123]
Y1231
[1234}
d)

231 4

. In each one of the cases of Exercise 1, write the inverse of the permutation.

. Show that the number of odd permutations of {1,...,n} for n 2 2 is equal to

the number of even permutations.

. Show that the groups S,, S5, S, are solvable. [Hint: For S,, find a subgroup

H of order 4 in A,. Consider the homomorphism of 4, into S, given by
translation on the cosets of H. Analyze the kernel of this homomorphism.]

. Let o be the r-cycle [i, ---i,]. Show that (o) = (—1)"*!. Hint: Use induction.

If r = 2, then o is a transposition. If r > 2, then

[il lr] = [lllr][ll e ir-l]'

. Two cycles [i,---i,] and [j,---j,] are said to be disjoint if no integer i, is

equal to any integer j,. Prove that a permutation is equal to a product of
disjoint cycles.

. Express the permutations of Exercise 1 as a product of disjoint cycles.

. Show that the group of Exercise 8, §1 exists by exhibiting it as a subgroup of

S, as follows. Let ¢ =[1234] and t=[24]. Show that the subgroup
generated by o, T has order 8, and that o, 7 satisfy the same relations as x, y
in the exercise loc. cit.

. Show that the group of Exercise 10, §1 exists by exhibiting it as a subgroup

of S,.

Let n be an even positive integer. Show that there exists a group of order 2n,
generated by two elements o, t such that ¢" = e = 12 and o1 = 16"~ !. [Also
see Exercises 6, 7 of Chapter VI, §2.] Draw a picture of a regular n-gon,
number the vertices, and use the picture as an inspiration to get o, 1.

. Let G be a finite group of order 2k for some positive integer k.

(a) Prove that G has an element of period 2. [Hint: show that there exists
xe€G, x #e, such that x = x7']

(b) Assume that k is odd. Let ae G have period 2 and let T,:G — G be
translation by a. Prove that T, is an odd permutation.

Let G be a finite group of even order 2k, and assume that k is odd. Prove
that G has a normal subgroup of order k. [Hint: Use the previous exercise.]
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il, §7. FINITE ABELIAN GROUPS

The groups referred to in the title of this section occur so frequently that
it is worth while to state a theorem which describes their structure com-
pletely. Throughout this section we write our abelian groups additively.

Let A be an abelian group. An element ae A is said to be a torsion
element if it has finite period. The subset of all torsion elements of A is
a subgroup of A4 called the torsion subgroup of A. (If a has period m and
b has period n then, writing the group law additively, we see that a + b
has a period dividing mn.) Let p be a prime number. A p-group is a
finite group whose order is a power of p. Finally, a group is said to be
of exponent m if every element has period dividing m.

If A 1s an abelian group and p a prime number, we denote by A(p)
the subgroup of all elements xe A whose period is a power of p. Then
A(p) is a torsion group, and is a p-group if it is finite.

Theorem 7.1. Let A be an additive abelian group of exponent n. If
n=mn' is a factorization with (m, m') = 1, then A is the direct sum

A = Am @ Am"

The group A is the direct sum of its subgroups A(p) for all primes p
dividing n.

Proof. For the first statement, since m, m’ are relatively prime, there
exist integers r, s such that

rm+ sm' = 1.
Let xe A. Then
(%) X = lx =rmx + sm'x.

But rmx e A, because m'rmx =rm'mx = rnx = 0. Similarly, sm'x e A4,,.
Hence A4 = A4,, + A,,. This sum is direct, for suppose x€ 4,n A,,.. By
the same formula (x) we see that x =0, so A4, " A, = {0}, whence the
sum is direct. The final statement is obtained by writing n as a product

of distinct prime power factors

n=[]p

and using induction. We thus get 4 = @A(p,.).
Note that if A is finite, we can take n equal to the order of A.

Our next task is to describe the structure of finite abelian p-groups.
Let ry,....r, be integers = 1. A finite p-group A4 is said to be of type
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(p,...,p™) if A is isomorphic to the product of cyclic groups of orders
plii=1,....9).

Example. A group of type (p,p) is isomorphic to a product of cyclic
groups Z/pZ x Z/pZ.

Theorem 7.2. Every finite abelian p-group is isomorphic to a product of
cyclic p-groups. If it is of type (p",....p"™) with

F2r 2 27

v

1,
then the sequence of integers (ry,...,r,) is uniquely determined.

Proof. Let A be a finite abelian p-group. We shall need the following
remark: Let b be an element of 4, b # 0. Let k be an integer = 0 such
that p*b # 0, and let p™ be the period of p*p. Then b has period p**™.
Proof: We certainly have p**™b =0, and if p"b = 0 then first n = k, and
second n = k + m, otherwise the period of p*p would be smaller than p™

We shall now prove the existence of the desired product by induction.
Let a,€ A be an eclement of maximal period. We may assume without
loss of generality that A is not cyclic. Let A, be the cyclic subgroup
generated by a,, say of period p". We need a lemma.

Lemma 7.3. Let b be an element of A/A,, of period p". Then there ex-
ists a representative a of b in A which also has period p’.

Proof. Let b be any representative of b in 4. Then p'b lies in A, say
p'b = na, with some integer n 2 0. If n =0 we let a=>b. Suppose n # 0.
We note that the period of b is < the period of b. Write n = p*t where ¢
is prime to p. Then ta, is also a generator of A,, and hence has period
p". We may assume k <r,. Then p*ta, has period p"~* By our
previous remark, the element b has period

pr+r1—k,

whence by hypothesis, r + r;, — k <r, and r £ k. This proves that there
exists an element ce A, such that p’b=p'c. Let a=b~—c. Then ais a
representative for b in 4 and p’a =0. Since period(a) = p” we conclude
that a has period equal to p".

We return to the main proof. By induction, the factor group A/A,
is expressible as a direct sum

A/A, =4, - DA,

of cyclic subgroups of orders p™,...,p"™ respectively, such that
r,=--2r. Let @ be a generator for 4, (i=2,...,s) and let a; be a
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representative in 4 having the same period as ;. Let A4; be the cyclic
subgroup generated by «a;. We contend that A is the direct sum of
Ay, .. A,

We let A = 4/4,. First observe that since a; and a; have the same
period, the canonical homomorphism 4 — A induces an isomorphism
A; B A forj=2,..s

Next we prove that A = A4; + .- + A,. Given xe A4, let x denote its
image in A/A; = A. Then there exist elements x;€ A; for j =2,....s such
that

X=X, 4+ X,

Hence x — x, —--- — x, lies in A4, so there exists an element x, € A such
that
X=X +x,+-+ X

which proves that A is the sum of the subgroups 4; (i = 1,...,s).
To prove that A is the direct sum, suppose xe A and

X=X+t X =y +--+ ) with  x;, y;€ 4;.
Subtracting, and letting z; = y; — x;, we find that
O=z, + -+ z, with z, e A4,

Then

0=z, +--+12

whence z; = 0 for j = 2,...,s because A is the direct sum of the subgroups
A; for j=2,...,s. Butsince A;~ 4, it follows that z; =0 for j = 2,....s.
Hence 0 = z, also. Hence, finally, x; = y; for i = 1,...,s, which concludes
the proof of the existence part of the theorem.

We prove uniqueness, by induction on the order of A. Suppose that 4
is written in two ways as a product of cyclic groups, say of type

@, ....p" and ™, ....p™

with ry=---2r,=21and m; =2---2m, = 1. Then pA is also a p-group,
of order strictly less than the order of A4, and is of type

("7 and (pMThp™ ),

it being understood that if some exponent r; or m; is equal to 1, then the
factor corresponding to

m;— 1

pimt or p
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in pA is simply the trivial group 0. Let i = 1,...,n be those integers such
that r; = 2. Since #(pA) < #(A), by induction the subsequence

r,—=1,...0s—1)

consisting of those integers = 1 is uniquely determined, and is the same
as the corresponding subsequence of

(my —1,...m — 1)

In other words, we have r;, — 1 = m; — 1 for all those integers i =1,....n.
Hence r, = m; for i = 1,...,n, and the two sequences

P, ....p" and @™, ....p™)

can differ only in their last components which are equal to p. These
correspond to factors of type (p,...,p} occurring say v times in the first
sequence and u times in the second sequence. Thus A is of type

("....p" p,..p) and (PP pap).
N e’ ——

v times 4 times

Hence the order of 4 is equal to

FLt g,y

p p'=7p

rittry

P,

whence v =y, and our theorem is proved.

Il, §7. EXERCISES

1. Let 4 be a finite abelian group, B a subgroup, and C = A/B. Assume that
the orders of B and C are relatively prime. Show that there is a subgroup C’
of A isomorphic to C, such that

A=BdC.

2. Using the structure theorem for abelian groups, prove the following:
(a) An abelian group is cyclic if and only if, for every prime p dividing the
order of G, there is one and only one subgroup of order p.
(b) Let G be a finite abelian group which is not cyclic. Then there exists
a prime p such that G contains a subgroup C, x C, where C; and C, are
cyclic of order p.
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3. Let f:A—> B be a homomorphism of abelian groups. Assume that there
exists a homomorphism g: B —» A such that f-g = id;.
(a) Prove that A is the direct sum

A=Ker f@Im g.

(b) Prove that f and g are inverse isomorphisms between g(B) and B.

Note: You may wish to do the following exercises only after reading §3 of the next
chapter, especially Exercises 7 through 12 of 111, §3. Then the following Exercises
5 and 6 are completely subsumed by Exercises 7 through 12 of Chapter 111, §3.

4. Define (Z/nZ)* to be the set of elements in Z/nZ having coset representatives
which are integers aeZ prime to n. Show that (Z/nZ)* is a multiplicative

group.

5. Let G be a multiplicative cyclic group of order N and let Aut(G) be its group
of automorphisms. For each ae(Z/NZ)* let ¢,: G — G be the map such that
o{w) = w?. Show that ¢, Aut(G) and that the association

ar>o,

is an isomorphism of (Z/NZ)* with Aut(G).

6. (a) Let n be a positive integer, which can be written n = n n, where n,, n, are
integers = 2 and relatively prime. Show that there is an isomorphism

S ZmL > Z/nZ x Z/n,Z

where the map f associates to each residue class a mod nZ the pair of
classes

a mod Z—(a mod n,Z, a mod n,Z).

For the surjectivity, you will need the Chinese Remainder Theorem of
Chapter 1, §5, Exercise 5.

(b) Extend the result to the case when n = nn,---n, is a product of pairwise
relatively prime integers = 2.

7. Let n be a positive integer, and write n as product of prime powers
r
n=1]pr
i=1

Show that the map f of Exercise 6 restricts to an isomorphism of
multiplicative groups

@z ~ [ @y

i=1
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8. Let p be a prime number. Let | £k <m. Let U, = Up") be the subset of
(Z/p™Z)* consisting of those elements which have a representative in Z which
is = 1 mod p*. Thus

U, =1+ p*Z mod p"Z.

Show that U, is a subgroup of (Z/p™Z)*. Thus we have a sequence of
subgroups

UoUy>5U,  >U,={l

9. (a) Let p be an odd prime and let m = 2. Show that for k<m —1 in
Exercise 8, the map

Z/pL > U /Upy
given by (a mod p)—1 + p‘amod p**1Z is an isomorphism.
(b) Prove that the order of U, is p™~ 1.
(c) Prove that U, is cyclic and that 1 + p mod p™Z is a generator.
[Hint: If p is odd, show by induction that for every positive integer r,

(+pF=14+p " modp+2

Is this assertion still true if p=2? State and prove the analogue of this
assertion for (1 + 4)*.]

10. Let p be an odd prime. Show that there is an isomorphism
(Z/p"Z)* ~ (Z/pZ)* x U,.
11. (a) For the prime 2, and an integer m = 2, show that
(Z2"Z)* = {1, —1} x U,.

(b) Show that the group U> = 1 +4Z mod 2™Z is cyclic, and that the class of
1 4+ 4 is a generator. What is the order of U, in this case?

12. Let ¢ be the Euler phi function, ie. ¢(n) is the order of (Z/nZ)*.
(a) If p is a prime number, and r an integer = 1, show that

p(p)=(p—p L
(b) Prove that if m, n are positive relatively prime integers, then

p(mn) = p(m)p(n).

(You may (should) of course use previous exercises to do this.)
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Il, §8. OPERATION OF A GROUP ON A SET

In some sense, this section is a continuation of §6. We shall define
a general notion which contains permutation groups as a special
case, and which has already been illustrated in the exercises of §3
and §4.

Let G be a group and let S be a set. An operation or an action
of G on § is a homomorphism

. G — Perm(S)

of G into the group of permutations of S. We denote the permutation
associated with an element xe G by =n,. Thus the homomorphism is
denoted by

X—r

x*

Given seS the image of s under the permutation =, is 7 (s). From
such an operation, we obtain a mapping

GxS§S-S8

which to each pair (x,s) with xeG and seS associates the element
n(s) of S. Sometimes we abbreviate the notation and write simply
xs instead of m(s). With this simpler notation, we have the two
properties:
OP 1. Forall x,y € G and s € S we have associativity
x(ys) = (xy)s.
OP 2. If e is the unit element of G, then es = s for all s€S.
Note that the formula of OP 1 is simply an abbreviation for the property
Ty = Ty 7L

xy ¥y

Similarly, the formula OP 2 is an abbreviation for the property that =, is
the identity permutation, namely

T (S) =$ for all seS.
Conversely, if we are given a mapping

GxS§S-S denoted by (x, s)> Xxs,
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satisfying OP 1 and OP 2, then for each xe G the map sroxs is a
permutation of § which we may denote by 7. (s). Then x—n, is a
homomorphism of G into Perm(S). (Proof?) So an operation of G on a
set S could also be defined as a mapping G x S — S satisfying properties
OP 1 and OP 2. Hence we often use the abbreviated notation xs instead
of 7 (s) for the operation.

We shall now give examples of operations.

1. Translations. In Example 7 of §3 we have met translations: for each
x € G we defined the translation

T.G->G by  T(y)=xy.

Thus we got a homomorphism x +— T, of G into Perm(G). Of course T, is
not a group homomorphism, it is only a permutation of G.

Similarly, G operates by translation on the set of subsets, for if 4 is a
subset of G, then T(A) = xA4 is a subset. If H is a subgroup of G, then
T{H)= xH is a coset of H, and G operates by translation on the set of
cosets of H. You should previously have worked out several exercises
concerning this operation, although we did not call it by that name.

2. Conjugation. For each x € G we let ¢(x): G — G be the map such that
c(x)(y) = xyx~!. Then we have seen in Example 8 of §3 that the map

x — e(x)

is a homomorphism of G into Aut(G), and so this map gives an operation
of G on itself by conjugation. The kernel of this homomorphism is the
set of all xe G such that xyx~! = y for all ye G, so the kernel is what we
called the center of G.

We note that G also operates by conjugation on the set of subgroups
of G, because the conjugate of a subgroup is a subgroup. We have met
this operation before, although we did not call it by that name, and you
should have worked out exercises on this operation in §4. In the case of
conjugation, we do not use the notation of OP 1 and OP 2, because it
would lead to confusion if we write xH for conjugation. We reserve xH
for the translation of H by x. For conjugation of H by x we write ¢(x)(H).

3. Example from linear algebra. Let R" be the vector space of column
vectors in n-space. Let G be the set of n x n matrices which are
invertible. Then G is a multiplicative group, and G operates on R”. For
A€ G and X e R" we have the linear map L, : R" —» R” such that

L(X)=AX.



[11,88] OPERATION OF A GROUP ON A SET 75

The map A+ L, is a homomorphism of G into the multiplicative group
of invertible linear maps of R” onto itself. Since we write frequently AX
instead of L ,(X), the notation

(4, X)— AX

is particularly useful in this context, where we see directly that the two
properties OP 1 and OP 2 are satisfied.
For other examples, see the exercises of Chapter VI, §3.

Suppose we have an operation of G on §. Let seS. We define the
isotropy group of se S to be the set of elements x e G such that n(s) =s.
We denote the isotropy group by G,, and we leave it as an exercise to
verify that indeed, the isotropy group G, is a subgroup of G.

Examples. Let G be a group and H a subgroup. Let G operate on the
set of cosets of H by translation. Then the isotropy group of H is H
itself, because if x e G, then xH = H if and only if xe H.

Suppose next that G operates on itself by conjugation. Then the
isotropy group of an element ae G is called the centralizer of a. In this
case, the centralizer consists of all elements x e G such that x commutes
with a, that is

xax ~=d or xXa = ax.

If we view G as operating by conjugation on the set of subgroups, then
the isotropy group of a subgroup H is what we called the normalizer of
H.

Let G operate on a set S. We use the notation of OP 1 and OP 2.
Let s€S. The subset of S consisting of all elements xs with xe G is
called the orbit of s under G, and is denoted by Gs. Let us denote
this orbit by 0. Let te 0. Then

0 =Gs=Gt.

This 1s easily seen, because t € O = Gs means that there exists x € G such
that xs = t, and then

Gt = Gxs = Gs because Gx = G.

An element 7€ O is called a representative of the orbit, and we say that ¢
represents the orbit. Note that the notion of orbit is analogous to the
notion of coset, and the notion of representative of an orbit is analogous
to the notion of coset representative. Compare the formalism of orbits
with the formalism of cosets in §4.
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Example. Let G operate on itself by conjugation. Then the orbit of an
element x is called a conjugacy class, and consists of all elements

yxy ! with yeG.

In general, let G operate on a set S. Let seS. If x, y are in the same
coset of the subgroup G, then xs = ys. Indeed, we can write y = xh with
he G, so

ys = xhs = xs since hs = s by assumption.
Therefore we can define a mapping
f:G/G,»S by  f(xG)=xs.

We say that f is induced by f.

Proposition 8.1. Let G operate on a set S, and let s€S.
(1) The map x+ xs induces a bijection between G/G, and the orbit Gs.

(2) The order of the orbit Gs is equal to the index (G:G,).

Proof. The image of f is the orbit of s since it consists of all elements
xs of S with xe G. The map f is injective, because if x, ye G and
xs = ys, then x " 'ys =s so x " 'ye G,, whence ye xG,, and x, y lie in the
same coset of G,. Hence f(xG)) = f(yG,) implies xs = ys, which implies
xG, = yGg, which concludes the proof.

In particular, when G operates by conjugation on the set of subgroups,
and H is a subgroup, or when G operates on itself by conjugation, we
obtain from Proposition 8.1 and the definitions:

Proposition 8.2

(a) The number of conjugate subgroups to H is equal to the index of the
normalizer of H.

(b) Let xeG. The number of elements in the conjugacy class of x is
the index of the centralizer (G:G,).

The next result gives a very good test for normality. You should have
done it as an exercise before, but we now do it as an example.

Proposition 8.3. Let G be a group and H a subgroup of index 2. Then
H is normal.
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Proof. Let S be the set of cosets of H and let G operate on S by
translation. For each xeG let T.:S — S be the translation such that
T.(aH) = xaH. Then

x+— T, is a homomorphism of G — Perm(S).

Let K be the kernel. If xe K, then in particular, T{H)=H, so xH = H
and xe H. Therefore K = H. Then G/K is embedded as a subgroup of
Perm(S), and Perm(S) has order 2, because S has order 2. Hence
(G:K)=1 or 2. But

(G:K)=(G:H)YH :K),

and (G: H) =2. Hence (H:K) =1, whence H = K, whence H is normal
because K is normal. This concludes the proof.

Proposition 8.4. Let G operate on a set S. Then two orbits of G are
either disjoint or are equal.

Proof. Let Gs and Gt be two orbits with an element in common. This
element can be written

xs =yt with some x, yeG.

Hence
Gs = Gxs = Gyt = Gt

so the two orbits are equal, thus concluding the proof.

It follows from Proposition 8.4 that S is the disjoint union of the
distinct orbits, and we can write

S =1JGs; (disjoint)

iel

where I is some indexing set, and the s; represent the distinct orbits.

Suppose that S is a finite set. Let #(S) be the number of elements of
S. We call #(S) the order of S. Then we get a decomposition of the
order of S as a sum of orders of orbits, which we call the orbit
decomposition formula; namely by Proposition 8.1:

#5)= ¥ (G:6,)




78

GROUPS [11,§9]

Example. Let G operate on itself by conjugation. An element xe G is

in the center of G if and only if the orbit of x is x itself, and thus has
one element. In general, the order of the orbit of x is equal to the index
of the centralizer of x. Thus we obtain:

Proposition 8.5. Let G be a finite group. Let G, be the centralizer of x.
Let Z be the center of G and let y,,....y,, represent the conjugacy
classes which contain more than one element. Then

(G:1)=(Z:1) + i(G:Gyi)

i=1

and (G:G,)>1 fori=1,...,m.

The formula of Proposition 8.5 is called the class formula or class

equation.

1.

tn

§8. EXERCISES

Let a group G operate on a set S. Let s, ¢ be elements of S, and let xe G be
such that xs = ¢. Show that

G, =xG,x L

. Let G operate on a set S, and let n:G - Perm(S) be the corresponding

homomorphism. Let K be the kernel of =. Prove that K is the intersection
of all isotropy groups G, for all seS. In particular, K is contained in every
isotropy group.

(a) Let G be a group of order p" where p is prime and n > 0. Prove that G
has a non-trivial center, i.e. the center of G is larger than {e}.
(b) Prove that G is solvable.

. Let G be a finite group operating on a finite set S.

(a) For each se S prove that

=1

v 1

teGs #(Gt)
(b) Y es(1/#(Gs)) = number of orbits of G in S.

. Let G be a finite group operating on a finite set S. For each xe G define

72(x) = number of elements s S such that xs =s. Prove that the number of
orbits of G in S is equal to

1
Y oalx).

#(G\) xeG
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Hint: Let T be the subset of G x S consisting of all elements (x,s) such that
xs = s. Count the order of T in two ways.

6. Let S, T be sets and let M(S, T) denote the set of all mappings of S into T.
Let G be a finite group operating on S. For each map f:S— T and xe€G
define the map n,f/:S— T by

(e fNs) = fx71s).

(a) Prove that x+— 7, is an operation of G on M(S, T).

(b) Assume that S, T are finite. Let n(x) denote the number of orbits of the
cyclic group (x> on S. Prove that the number of orbits of G in M(S, T) is
equal to

1
- Ty
20 & *D

Il, §9. SYLOW SUBGROUPS

Let p be a prime number. By a p-group, we mean a finite group whose
order is a power of p (i.e. p" for some integer n > 0). Let G be a finite
group and H a subgroup. We call H a p-subgroup of G if H is a p-group.

Theorem 9.1. Let G be a p-group and not trivial, i.e. # {e}. Then:
(1) G has a non-trivial center.

(2) G is solvable.

Proof. For (1) we use the class equation. Let Z be the center of G.
Then
(G:)=(Z: 1)+ (G:G,),

where the sum is taken over a finite number of elements x; with
(G:G,) # 1. Since G is a p-group, it follows that p divides (G:1) and also
(G:G,). Hence p divides (Z:1), so the center is not trivial.

For (2), #(G/Z) divides #(G) so G/Z is a p-group, and by (1), we
know that #(G/Z) < #(G). By induction G/Z is solvable. By Theorem
4.10 it follows that G is solvable.

Let G be a finite group and let H be a subgroup. Let p be a prime
number. We say that H is a p-Sylow subgroup if the order of H is p” and
if p" is the highest power of p dividing the order of G. We shall prove
below that such subgroups always exist. For this we need a lemma.

Lemma 9.2. Let G be a finite abelian group of order m, let p be a prime
number dividing m. Then G has a subgroup of order p.
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Proof. Write m = p's where s is prime to p. By Theorem 7.1 we can
write G as a direct product

G=Gp) x G

where the order of G’ is prime to p. Let ae G(p), a # e. Let p* be the
period of a. Let

b=a"".
Then b # ¢ but b” = ¢, and b generates a subgroup of order p as desired.

Theorem 9.3. Let G be a finite group and p a prime number dividing the
order of G. Then there exists a p-Sylow subgroup of G.

Proof. By induction on the order of G. If the order of G is prime, our
assertion is obvious. We now assume given a finite group G, and assume
the theorem proved for all groups of order smaller than that of G. If
there exists a proper subgroup H of G whose index is prime to p, then a
p-Sylow subgroup of H will also be one of G, and our assertion follows
by induction. We may therefore assume that every proper subgroup has
an index divisible by p. We now let G act on itself by conjugation. From
the class formula we obtain

G:H=(Z: )+ i(G:Gyi).

i=1

Here, Z is the center of G, and the term (Z:1) is the number of orbits
having one element. The sum on the right is taken over the other orbits,
and each index (G:G,) is then > 1, hence divisible by p. Since p divides
the order of G, it follows that p divides the order of Z, hence in
particular that G has a non-trivial center.

By Lemma 9.2, let a be an element of period p in Z, and let H be the
cyclic group generated by a. Since H is contained in Z, H is normal. Let
f:G— G/H be the canonical homomorphism. Let p" be the highest
power of p dividing (G:1). Then p"~ ! divides the order of G/H. By
induction on the order of the group, there is a p-Sylow subgroup K’ of
G/H. Let K = f YK’). Then K o H and f maps K onto K'. Hence we
have an isomorphism K/H =~ K'. Hence K has order p" !p =p" as
desired.

Theorem 9.4. Let G be a finite group.

(i) If H is a p-subgroup of G, then H is contained in some p-Sylow
subgroup.
(i) All p-Sylow subgroups are conjugate.
(iii) The number of p-Sylow subgroups of G is =1 mod p.
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Proof. All proofs are applications of the technique of the class
formula. We let § be the set of p-Sylow subgroups of G. Then G
operates on S by conjugation.

Proof of (i). Let P be one of the p-Sylow subgroups of G. Let §, be
the G-orbit of P. Let G, be the normalizer of P. Then

#(So) = (G:Gp)

and G, contains P, so #(S,;) is not divisible by p. Let H be a
p-subgroup of G of order > 1. Then H operates by conjugation on S,
and hence S, itself breaks up into a disjoint union of H-orbits. Since
#(H) is a p-power, the index in H of any proper subgroup of H is
divisible by p. But we have the orbit decomposition formula

#(So)= Y (H:Hy)
i=1

Since #(S,) is prime to p, it follows that one of the H-orbits in S, must
consist of only one element, namely a certain Sylow subgroup P’. Then
H is contained in the normalizer of P, and hence HP' is a subgroup of
G. Furthermore, P’ is normal in HP'. Since

HP'/P' ~ H/(H A P'),

it follows that the order of HP'/P' is a power of p, and therefore so is
the order of HP'. Since P’ is a maximal p-subgroup of G, we must have
HP' = P', and hence H < P’, which proves (i).

Remark. We have also proved:

Let H be a p-subgroup of G and suppose that H is contained in the
normalizer of a p-Sylow group P'. Then H < P'.

Proof of (ii). Let H be a p-Sylow subgroup of G. We have shown that
H is contained in some conjugate P’ of P, and is therefore equal to that
conjugate because the orders of H and P’ are equal. This proves (ii).

Proof of (iii). Finally, take H = P itself. Then one orbit of H in S has
exactly one element, namely P itself. Let S’ be another orbit of H in S.
Then S’ cannot have just one element P’, otherwise H is contained in the
normalizer of P’, and by the remark H = P'. Let s’eS. Then the
isotropy group of s cannot be all of H, and so the index in H of the
isotropy group is > 1, and is divisible by p since H is a p-group.
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Consequently the number of elements in S’ is divisible by p. Hence we

obtain
#(S) = 1 + indices divisible by p

=1 mod p.
This proves (iii).

, §9. EXERCISES

1. Let p be a prime number. What is the order of the p-Sylow subgroup of the
symmetric group on p elements?

2. Prove that a group of order 15 is abelian, and in fact cyclic.

3. Let S; be the symmetric group on 3 elements.
(a) Determine the 2-Sylow subgroups of Sj.
(b) Determine the 3-Sylow subgroups of Sj.

4. (a) Prove that a group of order 12 is solvable.
(b) Prove that S, is solvable.

5. Let G be a group of order p* which is not abelian.
(a) Show that the center has order p.
(b) Let Z be the center. Show that G/Z ~ C x C, where C is a cyclic group
of order p.

6. (a) Let H be a subgroup of a finite group G. Let P be a Sylow subgroup of
G. Prove that there exists a conjugate P’ of P in G such that P H is a
p-Sylow subgroup of H.

(b) Assume H normal and (G: H) prime to p. Prove that H contains every
p-Sylow subgroup of G.

7. Let G be a group of order 6, and assume that G is not commutative. Show
that G is isomorphic to S;. [Hint: Show that G contains elements a, b such
that a> = ¢, b> = ¢, and aba = b*> = b~ 1.}

8. Let G be a non-commutative group of order 8. Show that G is isomorphic to
the group of symmetries of the square, or to the quaternion group, in other
words G is isomorphic to one of the groups of Exercises 8 and 9 of §1.

9. Let G be a finite group and assume that all the Sylow subgroups are normal.
Let P,,...,P, be the Sylow subgroups. Prove that the map
PIX”'XPr_’G given by (xlr"'vxr)Hxl"'xr
is an isomorphism. So G is isomorphic to the direct product of its Sylow
subgroups. [Hint: Recall Exercise 12 of §5.]

10. Let G be a finite group of order pgq, where p, g are prime and p < ¢. Suppose
that ¢ # 1 mod p. Prove that G is abelian, and in fact cyclic.

11. Let G be a finite group. Let N(H) denote the normalizer of a subgroup H.
Let P be a p-Sylow subgroup of G. Prove that N(N(P)) = N(P).



CHAPTER Il

Rings

In this chapter, we axiomatize the notions of addition and multiplication.

I, §1. RINGS

A ring R is a set, whose objects can be added and multiplied (i.e. we are
given associations (x, y)— x + y and (x, y)+—> xy from pairs of elements
of R, into R), satisfying the following conditions:

RI 1. Under addition, R is an additive (abelian) group.
RI2. For all x, y, ze R we have

x(y+2)=xy + xz and (y + 2)x = yx + zx.

RI 3. For all x, y,z € R, we have associativity (xy)z = x(yz).

RI 4. There exists an element ec R such that ex = xe = x for all xeR.
Example 1. Let R be the integers Z. Then R is a ring.

Example 2. The rational numbers, the real numbers, and the complex
numbers all are rings.

Example 3. Let R be the set of continuous real-valued functions on
the interval [0,1]. The sum and product of two functions f, g are de-

fined as usual, namely (f+ g)(t) =f(@) + g(¥), and (fg)r) = F(£)g(t).
Then R is a ring.
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More generally, let S be a non-empty set, and let R be a ring. Let
M(S, R) be the set of mappings of § into R. Then M(S, R) is a ring, if
we define the addition and product of mappings f, g by the rules

(f+Px)=f(x)+g(x) and  (fgdx) = f(x)g(x).
We leave the verification as a simple exercise for the reader.

Example 4 (The ring of endomorphisms). Let A be an abelian group.
Let End(A4) denote the set of homomorphisms of A4 into itself. We call
End(A) the set of endomorphisms of 4. Thus End(4) = Hom(4, A) in the
notation of Chapter II, §3. We know that End(A4) is an additive group.

If we let the multiplicative law of composition on End(4) be ordinary
composition of mappings, then End(A) is a ring.

We prove this in detail. We already know RI 1. As for RI 2, let f, g,
he End(A4). Then for all xe A4,

(folg + M)x) = f((g + h)(x))
= f(g(x) + h(x)) = f(g(x)) + 1 (h(x))
= fog(x) + foh(x).

Hence fo(g + h) = fog + foh. Similarly on the other side. We observe
that RI 3 is nothing but the associativity for composition of mappings in
this case, and we already know it. The unit element of RI 4 is the iden-
tity mapping I. Thus we have seen that End(A4) is a ring.

A ring R is said to be commutative if xy = yx for all x, yeR. The
rings of Examples 1, 2, 3 are commutative. In general, the ring of Exam-
ple 4 is not commutative.

As with groups, the element e of a ring R satisfying RI 4 is unique,
and is called the unit element of the ring. It is often denoted by 1. Note
that if 1 =0 in the ring R, then R consists of 0 alone, in which case it is
called the zero ring.

In a ring R, a number of ordinary rules of arithmetic can be deduced
from the axioms. We shall list these.

We have 0x = 0 for all xeR.

Proof. We have
Ox + x=0x+ex=(0+ e)x = ex = x.

Hence 0x = 0.
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We have (—e)x = —x for all xeR.
Proof.
(—e)x+x=(—e)x+ex=(—e+e)x=0x=0.
We have (—e)(—e) = e.
Proof. We multiply the equation
e+ (—e)=0
by —e, and find
—e+(—e)(—e)=0.
Adding e to both sides yields (—e)(—e) = e, as desired.
We leave it as an exercise to prove that
(=x)y=—xy and  (=x)}(—y)=xy

for all x, yeR.

From condition RI 2, which is called the distributive law, we can de-
duce the analogous rule with several elements, namely if x, y,,...,y, are
elements of the ring R, then

X(yy + oY) =Xy A XY
Similarly, if x,,...,x, are elements of R, then

(xl+...+xm)(yl+...+yn):x1yl+...+xmyn

=) )Xy

i=1j=1

The sum on the right hand side is to be taken over all indices i and j as
indicated. These more general rules can be proved by induction, and we
shall omit the proofs, which are tedious.

Let R be a ring. By a subring R’ of R one means a subset of R such
that the unit element of R is in R, and if x, ye R/, then —Xx, x + y, and
xy are also in R’. It then follows obviously that R’ is a ring, the opera-
tions of addition and multiplication in R’ being the same as those in R.

Example 5. The integers form a subring of the rational numbers,
which form a subring of the real numbers.
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Example 6. The real-valued differentiable functions on R form a sub-
ring of the ring of continuous functions.

Let R be a ring. It may happen that there exist elements x, y€ R such
that x #0 and y #0, but xy =0. Such elements are called divisors of
zero. A commutative ring without divisors of zero, and such that 1 #0
is called an integral ring. A commutative ring such that the subset of
nonzero elements form a group under multiplication is called a field.
Observe that in a field, we have necessarily 1 # 0, and that a field has no
divisors of zero (proof?).

Example 7. The integers Z form an integral ring. Every field is an
integral ring. We shall see later that the polynomials over a field form an
integral ring.

Let R be a ring. We denote by R* the set of elements x € R such that
there exists y e R such that xy = yx = e. In other words, R* is the set of
clements x € R which have a multiplicative inverse. The elements of R*
are called the units of R. We leave it as an exercise to show that the
units form a multiplicative group. As an example, the units of a field
form the group of non-zero elements of the field.

Let R be a ring, and xe R. If n is a positive integer, we define

the product being taken n times. Then for positive integers m, n we have

x"tm=x"x" and  (x™)" = x™.

I, §1. EXERCISES

1. Let p be a prime number. Let R be the subset of all rational numbers m/n
such that n # 0 and n is not divisible by p. Show that R is a ring.

2. How would you describe the units in Exercise 1? Prove whatever assertion
you make.

3. Let R be an integral ring. If a, b, ¢ceR, a # 0, and ab = ac, then prove that
b=c

4. Let R be an integral ring, and a€ R, a # 0. Show that the map xr—ax is an
injective mapping of R into itself.

5. Let R be a finite integral ring. Show that R is a field. [Hint: Use the
preceding exercise. ]

6. Let R be a ring such that x*> = x for all xe R. Show that R is commutative.
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7. Let R be a ring and xeR. We define x to be nilpotent if there exists a
positive integer n such that x" = 0. If x is nilpotent, prove that 1 + x is a
unit, and so is 1 — x.

8. Prove in detail that the units of a ring form a multiplicative group.

9. Let R be a ring, and Z the set of all elements ae R such that ax = xa for all
x e R. Show that Z is a subring of R, called the center of R.

10. Let R be the set of numbers of type a+b\/2 where a, b are rational
numbers. Show that R is a ring, and in fact that R is a field.

11. Let R be the set of numbers of type a + bﬁ where a, b are integers. Show
that R is a ring, but not a field.

12. Let R be the set of numbers of type a + bi where a, b are integers and
i=.,/—1. Show that R is a ring. List all its units.

13. Let R be the set of numbers of type a + bi where a, b are rational numbers.
Show that R is a field.

14. Let S be a set, R a ring, and f: S —» R a bijective mapping. For each x, yeS
define

X+y=f"'fM+f) and  xy=f"'(f)f )

Show that these sum and product define a ring structure on S.

15. In a ring R it may happen that a product xy is equal to 0 but x # 0 and
y # 0. Give an example of this in the ring of n x n matrices over a field K.
Also give an example in the ring of continuous functions on the interval
[0, 1]. [In this exercise we assume that you know matrices and continuous
functions. For matrices, see Chapter V, §3.]

i, §2. IDEALS

Let R be a ring. A left ideal of R is a subset J of R having the follow-
ing properties: If x, yeJ, then x + yeJ also, the zero element is in J,
and if xeJ and aeR, then axeJ.

Using the negative —e, we see that if J is a left ideal, and xeJ, then
—xeJ also, because —x = (—e)x. Thus the elements of a left ideal form
an additive subgroup of R and we may as well say that a left ideal is an
additive subgroup J of R such that, if xeJ and a€R then axeJ.

We note that R is a left ideal, called the unit ideal, and so is the sub-
set of R consisting of 0 alone. We have J = R if and only if 1€ J.

Similarly, we can define a right ideal and a two-sided ideal. Thus a
two-sided ideal J is by definition an additive subgroup of R such that, if
xeJ and aeR, then ax and xaelJ.
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Example 1. Let R be the ring of continuous real-valued functions on
the interval [0, 1]. Let J be the subset of functions f such that f(3) =0.
Then J is an ideal (two-sided, since R is commutative).

Example 2. Let R be the ring of integers Z. Then the even integers,
i.e. the integers of type 2n with neZ, form an ideal. Do the odd integers
form an ideal?

Example 3. Let R be a ring, and a an element of R. The set of cle-
ments xa, with xeR, is a left ideal, called the principal left ideal gener-
ated by a. (Verify in detail that it is a left ideal) We denote it by (a).
More generally, let a,,....a, be elements of R. The set of all elements

x4y + -+ x,a,

with x;eR, is a left ideal, denoted by (a,,...,a,). We call a,,...,a, gener-
ators for this ideal.

We shall give a complete proof for this to show how easy it is, and
leave the proof of further statements in the next examples as exercises.
If yi,oois¥Vps Xp5.--.%,€R then

(xlal + .- +xnan)+(y1a1 +'”+ynan
= X,4, +y1a1 +“'+xnan+ynan

:(xl +y1)a1 +'“+(xn+yn)an'
If zeR, then

z(xa; + -+ + x,0,) = zxa, + --- + zx,4,.
Finally,
0=0a, +---+ 0Oa,.

This proves that the set of all elements x,a;, + --- + x,4a, with x;eR is a
left ideal.

Example 4. Let R be a ring. Let L, M be left ideals. We denote by
LM the set of all elements x,y, + -+ + x,y, with x;e L and y,e M. It is
an easy exercise for the reader to verify that LM is also a left ideal.
Verify also that if L, M, N are left ideals, then (LM)N = L(MN).

Example 5. Let L, M be left ideals. We define L + M to be the sub-
set consisting of all elements x + y with xeL and yeM. Then L + M is
a left ideal. Besides verifying this in detail, also show that if L, M, N are
left ideals, then

L(M + N)=LM + LN.
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Also formulate and prove the analogues of Examples 4 and 5 for right,
and two-sided ideals.

Example 6. Let L be a left ideal, and denote by LR the set of ele-
ments x,y, + -+ x,y, with x;e L and y;e R. Then LR is a two-sided
ideal. The proof is again left as an exercise.

Example 7. In Theorem 3.1 of Chapter I we proved that every ideal
of Z is principal.

lil, §2. EXERCISES

1. Show that a field has no ideal other than the zero and unit ideal.

2. Let R be a commutative ring. If M is an ideal, abbreviate MM by M2 Let
M,, M, be two ideals such that M, + M, = R. Show that M} + M3 =R.

3. Let R be the ring of Exercise 1 in the preceding section. Show that the subset
of elements m/n in R such that m is divisible by p is an ideal.

4, Let R be a ring and J,, J, left ideals. Show that J, nJ, is a left ideal, and
similarly for right and two-sided ideals.

5. Let R be a ring and aeR. Let J be the set of all xe R such that xa=0.
Show that J is a left ideal.

6. Let R be a ring and L a left ideal. Let M be the set of all xe R such that
xL =0 (i.e. xy =0 for all yeL). Show that M is a two-sided ideal.

7. Let R bc a commutative ring. Let L, M be ideals.
(a) Show that LM < L n M.
(b) Given an example when LM # L n M.
Note that as a result of (a), if J is an ideal of R, then we get a sequence of
ideals contained in each other by taking powers of J, namely

JoJ?P=slPs o) s...

8. The following example will be of interest in calculus. Let R be the ring of in-
finitely differentiable functions defined, say, on the open interval —1 <t < 1.
Let J, be the set of functions fe R such that D (0) = O for all integers k with
0 <k £n Here D denotes the derivative, so J, is the set of functions all of
whose derivatives up to order n vanish at 0. Show that J, is an ideal in R.

9. Let R be the ring of real-valued functions on the interval [0,1]. Let § be a
subset of this interval. Show that the set of all functions feR such that
f(x)=0 for all xeS is an ideal of R.

Note: 1If you know about matrices and linear maps then you should do im-
mediately the exercises of Chapter V,§3, and you should look at those of
Chapter V,§4. Of course, if necessary, do them after you have read the required
material. But they give examples of rings and ideals.
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I, §3. HOMOMORPHISMS

Let R, R’ be rings. By a ring-homomorphism f: R — R’, we shall mean a
mapping having the following properties: For all x, yeR,

S+ =1 +/0 S =f)fQ), fle)=¢

(if e, ¢ are the unit elements of R and R’ respectively).

By the kernel of a ring-homomorphism f: R — R’, we shall mean its
kernel viewed as a homomorphism of additive groups, ie. it is the set of
all elements xe R such that f(x) = 0. Exercise: Prove that the kernel is
a two-sided ideal of R.

Example 1. Let R be the ring of complex-valued functions on the in-
terval [0,1]. The map which to each function fe R associates its value
f(3) is a ring-homomorphism of R into C.

Example 2. Let R be the ring of real-valued functions on the interval
[0,1]. Let R’ be the ring of real-valued functions on the interval [0, 1].
Each function feR can be viewed as a function on [0, 1], and when we
so view f, we call it the restriction of f to [0,1]. More generally, let §
be a set, and S’ a subset. Let R be the ring of real-valued functions on
S. For each feR, we denote by f|S the function on S whose value at
an element xe 8 is f(x). Then f|S’ is called the restriction of f to S
Let R’ be the ring of real-valued functions on §’. Then the map

S f18
is a ring-homomorphism of R into R'.

Since the kernel of a ring-homomorphism is defined only in terms of
the additive groups involved, we know that a ring-homomorphism whose
kernel is trivial is injective.

Let f: R— R’ be a ring-homomorphism. If there exists a ring-homo-
morphism g: R — R such that gof and fog are the respective identity
mappings, then we say that f is a ring-isomorphism. A ring-isomorphism
of a ring with itself is called an automorphism. As with groups, we have
the following properties.

If f:R— R is a ring-homomorphism which is a bijection, then [ is a
ring-isomorphism.

Furthermore, if f:R— R’ and g: R" > R" are ring-homomorphisms, then
the composite g-f: R— R” is also a ring-homomorphism.

We leave both proofs to the reader.
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Remark. We have so far met with group homomorphisms and ring
homomorphisms, and we have defined the notion of isomorphism in a
similar way in each one of these categories of objects. Our definitions
have followed a completely general pattern, which can be applied to
other objects and categories (for instance modules, which we shall meet
later). In general, not to prejudice what kind of objects one deals with,
one may use the word merphism instead of homomorphism. Then an
isomorphism (in whatever category) is a morphism f for which there exists
a morphism ¢ satisfying

fog=id and gof=id

In other words, it is a morphism which has an inverse.

The symbol id denotes the identity. For this general definition to
make sense, very few properties of morphisms need be satisfied: only
associativity, and the existence of an identity for each object. We don’t
want to go fully into this abstraction now, but watch for it as you
encounter the pattern latter. An automorphism is then defined as an
isomorphism of an object with itself. It then follows completely generally
directly from the definition that the automorphisms of an object form a
group. One of the basic topics of study of mathematics is the structure of
the groups of automorphisms of various objects. For instance, in Chapter
II, as an exercise you determined the group of automorphisms of a cyclic
group. In Galois theory, you will determine the automorphisms of
certain fields.

We shall now define a notion similar to that of factor group, but ap-
plied to rings.

Let R be a ring and M a two-sided ideal. If x, ye R, define x congru-
ent to y mod M to mean x — ye M. We write this relation in the form

x=y (modM).

It is then very simple to prove the following statements.

(a) We have x = x (mod M).

(b) If x=y and y =z (mod M), then x = z (mod M).

(¢) If x =y then y = x (mod M).

(d If x=y(mod M), and zeR, then xz = yz(mod M), and also
zx = zy (mod M).

(e) If x=y and x' =y (mod M), then xx' = yy (mod M). Further-
more, x + x' = y + y' (mod M).

The proofs of the preceding assertions are all trivial. As an example,

we shall give the proof of the first part of (e). The hypothesis means
that we can write

x=y+z and X'=y 47
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with z, Z7 e M. Then
xx'=(y+2)y +2)=yy +zy + yz' + zZ.

Since M is a two-sided ideal, each one of zy, yz', zz’' lies in M, and con-
sequently their sum lies in M. Hence xx' = yy' (mod M), as was to be
shown.

Remark. The present notion of congruence generalizes the notion
defined for the integers in Chapter 1. Indeed, if R =7, then the
congruence

x=y (modn)

in Chapter I, meaning that x — y is divisible by n, is equivalent to the
property that x — y lies in the ideal generated by n.

If xeR, we let X be the set of all elements of R which are congruent
to x (mod M). Recalling the definition of a factor group, we see that x is
none other than the additive coset x + M of x, relative to M. Any ele-
ment of that coset (also called congruence class of x mod M) is called a
representative of the coset.

We let R be the set of all congruence classes of R mod M. In other
words, we let R = R/M be the additive factor group of R modulo M.
Then we already know that R is an additive group. We shall now define
a multiplication which will make R into a ring.

If x and y are additive cosets of M, we define their product to be the
coset of xy, i.e. to be xy. Using condition (e) above, we see that this
coset is independent of the selected representatives x in X and y in y.
Thus our multiplication is well defined by the rule

(x+ M)y + M) =(xy + M).

It is now a simple matter to verify that the axioms of a ring are sat-
isfied. RI'1 is already known since R/M is taken as the factor group.
For RI2, let X, y, Z be congruence classes, with representatives x, y, z
respectively in R. Then y + z is a representative of y + Z by definition,
and x(y +z) is a representative of x(y + 2). But x(y + z) = xy + xz
Furthermore, xy is a representative of xy and xz is a representative of
xz. Hence by definition,

XJ + 2) = X + Xz
Similarly, one proves RI 3. As for RI 4, if e denotes the unit element of

R, then Z is a unit element in R, because ex = x is a representative of éx.
This proves all the axioms.
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We call R = R/M the factor ring of R modulo M.

We observe that the map f: R - R/M such that f(x) =x is a ring-
homomorphism of R onto R/M, whose kernel is M. The verification is
immediate, and essentially amounts to the definition of the addition
and multiplication of cosets of M.

Theorem 3.1. Let f: R —> S be a ring-homomorphism and let M be its
kernel. For each coset C of M the image f(C) is an element of S, and
the association

f:Cr f(C)
is a ring-isomorphism of R/M onto the image of f.

Proof. The fact that the image of f is a subring of S is left as an exer-
cise (Exercise 1). Each coset C consists of all elements x + z with some
x and all ze M. Thus

fx+2)=f(x)+f(2) = f(x)
implies that f(C) consists of one element. Thus we get a map
f:Cm f(C)
as asserted. If x, y represent cosets of M, then the relations

fxy) = f)f (),
fx+y) =1+ f(),
fleg) = e

show that f is a homomorphism of R/M into S. If X R/M is such that
f(X) = 0, this means that for any representative x of ¥ we have f(x) =0,
whence xe M and x =0 (in R/M). Thus f is injective. This proves what
we wanted.

Example 3. If R =Z, and » is a non-zero integer, then R/(n) = Z/(n)
is called the ring of integers modulo n. We note that this is a finite ring,
having exactly n elements. (Proof?) We also write Z/nZ instead of

Z/(n).

Example 4. Let R be any ring, with unit element e. Let ae R. Since
R is also an additive abelian group, we know how to define na for
every integer n. If n is positive, then

na=a+a-+---+a,
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the sum being taken n times. If n = —k where k is positive, so n is
negative, then
na = —(ka).

In particular, we can take a = e, so we get a map

f:Z—->R such that nesne.
As in Example 4 of Chapter II, §3 we know that this map f is a
homomorphism of additive abelian groups. But f is also a ring
homomorphism. Indeed, first note the property that for every positive

integer n,

(neJa=(e+--+ea=ea+---+ea=nlea)=a+---+a=na.
[

n times

If m, n are positive integers, then

mna)=na+---+na=a+---+a+--+a+---+a=a+---+a

m times n times n times mn times

m times

= (mn)a.
Hence putting a = e, we get

f(mn) = (mn)e = m(ne) = (me)(ne) = f(m)f(n).

We leave it to the reader to verify the verify the similar property when m
or n is negative. The proof uses the case when m, n are positive, together
with the property of homomorphisms that f(—n) = — f(n).

Let f:Z — R be a ring homomorphism. By definition we must have
f(1) = e. Hence necessarily for every positive integer n we must have

J)=fA 4+ D= 1)+ + [(1) = ne,

and for a negative integer m = —k,

J(=k) = —f(k) = —(ke).

Thus there is one and only one ring homomorphism of Z into a ring
R, which is the one we defined above.

Assume R # {0}. Let f:Z —> R be the ring homomorphism. Then
the kernel of f is not all of Z and hence is an ideal nZ for some integer
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n = 0. It follows from Theorem 3.1 that Z/nZ is isomorphic to the image
of f. In practice, we do not make any distinction between Z/nZ and its
image in R, and we agree to say that R contains Z/nZ as a subring.
Suppose that n # 0. Then we have relation

na=0  forall aeR.

Indeed, na = (ne)a = 0a = 0. Sometimes one says that R has character-
istic n. Thus if n is the characteristic of R, then na = 0 for all ae R.

Theorem 3.2. Suppose that R is an integral ring, so has no divisors of
0. Then the integer n such that Z/nZ is contained in R must be 0 or a
prime number.

Proof. Suppose n is not 0 and is not prime. Then n = mk with
integers m, k = 2, and neither m, k are in the kernel of the homomor-
phism f:Z — R. Hence me #0 and ke #0. But (me)ke) = mke =0,
contradicting the hypothesis that R has no divisors of 0. Hence n is
prime.

Let K be a field and let f:Z - K be the homomorphism of the
integers into K. If the kernel of f is {0}, then K contains Z as a subring,
and we say that K has characteristic 0. If the kernel of f is generated by
a prime number p, then we say that K has characteristic p. The field
Z/pZ is sometimes denoted by F,, and is called the prime field, of
characteristic p. This prime field F, is contained in every field of
characteristic p.

Let R be a ring. Recall that a wnit in R is an element ue R which
has a multiplicative inverse, that is there exists an element ve R such
that uv = e. The set of units is denoted by R*. This set of units is a
group. Indeed, if u,;, u, are units, then the product u,u, is a unit, because
it has the inverse u; 'u;!. The rest of the group axioms are immediately
verified from the ring axioms concerning multiplication.

Example. Let n be an integer = 2 and let R = Z/nZ. Then the units
of R consist of those elements of R which have a representative ae Z
which is prime to n. (Do Exercise 3.) This group of units is especially
important, and we shall now describe how it occurs as a group of
automorphisms.

Theorem 3.3. Let G be a cyclic group of order N, written multi-
plicatively. Let me Z be relatively prime to N, and let

O GG
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m

be the map such that o,(x) = x™
the association

Then a,, is an automorphism of G, and

me o,
induces an isomorphism (Z/INZ)* 5 Aut(G).

Proof. Since o,(xy) = (xy)" = x"y™ (because G is commutative), it
follows that o,, is a homomorphism of G into itself. Since (m, N) = 1, we
conclude that x™ =e¢=-x =e. Hence ker(s,) is trivial, and since G is
finite, it follows that ¢, is bijective, so o, is an automorphism. If
m=nmod N then o¢,=0, so o, depends only on the coset of
mmod NZ. We have

TnlX) = X™" = (xX")" = 0,0,,(X)

so mi— g, induces a homomorphism of (Z/NZ)* into Aut(G). Let a be
a generator of G. If o,=1id, then a™=a, whence a" ! =e and
Ni(m — 1), so m=1mod N. Hence the kernel of m— g, in (Z/NZ)* is
trivial. Finally, let f: G— G be an automorphism. Then f(a)= d* for
some keZ because a is a generator. Since f is an automorphism, we
must have (k, N) = 1, otherwise a* is not a generator of G. But then for
all xe G, x = d' (i depends on x), we get

f(@) = fla) = a = (@),

so f=o0,. Hence the injective homomorphism (Z/NZ)* — Aut(G) given
by m— g, is surjective, and is therefore an isomorphism. QED.

Let R be a commutative ring. Let P be an ideal. We define P to be
a prime ideal if P # R and whenever a, be R and abe P then aeP or
beP. In Exercise 17 you will prove that an ideal of Z is prime if and
only if this ideal is 0, or is generated by a prime number.

Let R be a commutative ring. Let M be an ideal. We define M to be
maximal ideal if M # R and if there is no ideal J such that R>J > M
and R#£J,J#M.

You should do Exercises 17, 18, and 19 to get acquainted with prime
and maximal ideals. These exercises will prove:

Theorem 3.4. Let R be a commutative ring.

(a) A maximal ideal is prime.
(b) An ideal P is prime if and only if R/P is integral.
() An ideal M is maximal if and only if R/M is a field.

To do these exercises, you may want to use the following fact:
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Let M be a maximal ideal and let xe R, x¢ M. Then

M + Rx =R.

Indeed, M + Rx is an ideal # M, so M + Rx must be R since M is
assumed maximal.

i, §3. EXERCISES

1.

Let f : R —> R’ be a ring-homomorphism. Show that the image of f is a sub-
ring of R'.

. Show that a ring-homomorphism of a field K into a ring R # {0} is an

isomorphism of K onto its image.

. (a) Let n be a positive integer, and let Z, = Z/nZ be the factor ring of Z

modulo n. Show that the units of Z, are precisely those residue classes x
having a representative integer x # 0 and relatively prime to n. (For the
definition of unit, see the end of §1.)

(b) Let x be an integer relatively prime to n. Let ¢ be the Euler function.
Show that x?® = 1 (mod n).

. (a) Let n be an integer = 2. Show that Z/nZ is an integral ring if and

only if n is prime.

(b) Let p be a prime number. Show that in the ring Z/(p), every non-zero
element has a multiplicative inverse, and that the non-zero elements form
a multiplicative group.

(¢) If a is an integer, a # 0{(mod p), show that a? ! = 1 (mod p).

. {(a) Let R be a ring, and let x, ye R be such that xy = yx. What is (x + y)"?

(Cf. Exercise 2 of Chapter I, §2.)

(b) Recall that an element x is called nilpotent if there exists a positive integer
n such that x" = 0. If R is commutative and x, y are nilpotent, show that
X + y is nilpotent.

. Let F be a finite field having ¢ elements. Prove that x? ! =1 for every

nonzero element x € F. Show that x? = x for every element x of F.

. Chinese Remainder Theorem. Let R be a commutative ring and let J,, J, be

ideals. They are called relatively prime if
Ji+J,=R

Suppose J, and J, are relatively prime. Given elements a, be R show that
there exists x € R such that

x=a (modJ,) and x=b (modJ,).

[This result applies in particular when R =Z, J, =(m,) and J, = (m,) with
relatively prime integers m,, m,.]
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10.

11.

12.

13.
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. 1f Jy, J, are relatively prime, show that for every positive integer n, J| and J

are relatively prime.

. Let R be a ring, and M, M’ two-sided ideals. Assume that M contains M'. If

x € R, denote its residue class mod M by x(M). Show that there is a (unique)
ring-homomorphism R/M’' — R/M which maps x(M’) on x(M).

Example. If n, m are integers # 0, such that n divides m, apply Exercise 9 to
get a ring-homomorphism Z/(m) — Z/(n).

Let R, R’ be rings. Let R x R’ be the set of all pairs (x, x’) with xe R and
x'e R’. Show how one can make R x R’ into a ring, by defining addition and
multiplication componentwise. In particular, what is the unit element of
R x R?

Let R, R,,...,R, be rings and let f: R > R, x --- x R,. Show that f is a ring
homomorphism if and only if each coordinate map f;:R—R; is a ring
homomorphism.

(a) Let J,, J, be relatively prime ideals in a commutative ring R. Show that
the map a mod J; nJ,+>(amod J,,a mod J,) induces an isomorphism

SiRIJ nJy) > R/J x RIJ,.

(b) Again, if J,, J, are relatively prime, show that J, nJ, = J,J,.
Example. If m, n are relatively prime integers, then (m) n (n) = (mn).

(c) If J,, J, are not relatively prime, give an example to show that one does
not necessarily have J, nJ, = J,J,.

(d) In (a), show that f induces an isomorphism of the unit groups

(RI (T2 S (R/T)* x (RIT ).

(e} Let J,,...,J, be ideals of R such that J; is relatively prime to J, for i # k.
Show that there is a natural ring isomorphism

R/, J, > [ R,

Let P be the set of positive integers and R the set of functions defined on P,
with values in a commutative ring K. Define the sum in R to be the ordinary
addition of functions, and define the product by the formula

(fxg)m) = 3 f(¥g(y)

xy=m

where the sum is taken over all pairs (x,y) of positive integers such that
xy = m. This sum can also be written in the form

(f *xgfm) = 3 f(d)glm/d)

dlm

where the sum is taken over all positive divisors of m, including 1 of course.
(a) Show that R is a commutative ring, whose unit element is the function ¢
such that §(1) =1 and d(x) = 0 if x # 1.
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14.

15.

16.

17.

18.

19.

20.

21.

(b) A function f is said to be multiplicative if f(mn) = f(m)f(n) whenever m, n
are relatively prime. If f, g are multiplicative, show that fxg is
multiplicative.

(c) Let 4 be the Moebius function such that px(1)=1, u(p,---p)=(—1y if
P1,-..,p, are distinct primes, and u(m) = 0 if m is divisible by p? for some
prime p. Show that u#*¢, = (where ¢, denotes the constant function
having value 1). [Hint: Show first that p is multiplicative and then prove
the assertion for prime powers.] The Mdobius inversion formula of
elementary number theory is then nothing else but the relation

e f =
In other words, if for some function g we have

Jn) =Y g(d) = (@1 % g)n)

dln
then
g(m) = (ux f)n) = Y, p(d)f(n/d).

d|n

The product f * g in this exercise is called the convolution product. Note how
formalizing this product and viewing functions as elements of a ring under the
convolution product simplifies the inversion formalism with the Moebius
function.

Let f: R - R’ be a ring-homomorphism. Let J" be a two-sided ideal of R’,
and let J be the set of elements x of R such that f(x) lies in J'. Show that J
is a two-sided ideal of R.

Let R be a commutative ring, and N the set of elements xe R such that
x" =0 for some positive integer n. Show that N is an ideal.

In Exercise 15, if x is an element of R/N, and if there exists an integer n = 1
such that x" =0, show that x = 0.

Let R be a commutative ring. An ideal P is said to be a prime ideal if
P # R, and whenever a, beR and abe P then aeP or beP. Show that a
non-zero ideal of Z is prime if and only if it is generated by a prime number.

Let R be a commutative ring. An ideal M of R is said to be a maximal
ideal if M # R, and if there is no ideal J such that R > J > M, and R # J,
J # M. Show that every maximal ideal is prime.

Let R be a commutative ring.
(a) Show that an ideal P is prime if and only if R/P is integral.
(b) Show that an ideal M is maximal if and only if R/M is a field.

Let K be a field of characteristic p. Show that (x + y)’ = x* + y* for all x,
yveK.

Let K be a finite field of characteristic p. Show that the map x+x” is an
automorphism of K.
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22. Let S be a set, X a subset, and assume neither S nor X is empty. Let R be a
ring. Let F(S, R) be the ring of all mappings of § into R, and let

p: F(S, R) > F(X, R)

be the restriction, ie. if feF(S,R), then p(f) is just f viewed as a
map of X into R. Show that p is surjective. Describe the kernel of p.

23. Let K be a field and S a set. Let x, be an element of S. Let F(S, K) be the
ring of mappings of S into K, and let J be the set of maps f € F(S, K) such
that f(xo) =0. Show that J is a maximal ideal. Show that F(S, K)/J is
isomorphic to K.

24. Let R be a commutative ring. A map D:R— R is called a derivation if
D(x + y) = Dx + Dy, and D(xy) = (Dx)y + x(Dy) for all x, yeR. If D,, D,
are derivations, define the bracket product

(D,D,]=D,D;, —D,-Dy.
Show that [D,, D,] is a derivation.

Example. Let R be the ring of infinitely differentiable real-valued func-
tions of, say, two real variables. Any differential operator

g ( )(z
f(x,y)ax or gx,yay

with coefficients f, g which are infinitely differentiable functions, is a deriva-
tion on R.

lil, §4. QUOTIENT FIELDS

In the preceding sections, we have assumed that the reader is acquainted
with the rational numbers, in order to give examples for more abstract
concepts. We shall now study how one can define the rationals from the
integers. Furthermore, in the next chapter, we shall study polynomials
over a field. One is accustomed to form quotients f/g (g # 0) of poly-
nomials, and such quotients are called rational functions. QOur discussion
will apply to this situation also.

Before giving the abstract discussion, we analyze the case of the
rational numbers more closely. In elementary school, what is done
(or what should be done), is to give rules for determining when two
quotients of rational numbers are equal. This is needed, because, for
instance, 3 = §. The point is that a fraction is determined by a pair of
numbers, in this special example (3, 4), but also by other pairs, e.g. (6, 8).
If we view all pairs giving rise to the same quotient as equivalent, then
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we get our cue how to define the fraction, namely as a certain equiva-
lence class of pairs. Next, one must give rules for adding fractions, and
the rules we shall give in general are precisely the same as those which
are (or should be) given in elementary school.

Our discussion will apply to an arbitrary integral ring R. (Recall
that integral means that 1 0, that R is commutative and without
divisors of 0.)

Let (a, b) and (c, d) be pairs of elements in R, with b #0 and d # 0.
We shall say that these pairs are equivalent if ad = bc. We contend that
this is an equivalence relation. Going back to the definition of Chapter
I, §5, we see that ER1 and ER 3 are obvious. As for ER 2, suppose
that (a, b) is equivalent to (¢,d) and (¢, d) is equivalent to (e, f). By
definition,

ad = bc and cf = de.
Multiplying the first equality by f and the second by b, we obtain
adf = bef  and bef = bde,

whence adf = bde, and daf — dbe = 0. Then d(af — be) = 0. Since R has
no divisors of 0, it follows that af — be = 0, i.e. af = be. This means that
(a, b) is equivalent to (e, f), and proves ER 2.

We denote the equivalence class of (a, b) by a/b. We must now define
how to add and multiply such classes.

If a/b and ¢/d are such classes, we define their sum to be

a N ¢ _ad+bc
b d  bd
and their product to be
ac _ac
d bd

We must show of course that in defining the sum and product as above,
the result is independent of the choice of pairs (a, b) and (c, d) represent-
ing the given classes. We shall do this for the sum. Suppose that

alb=da/b and  c¢/d=c/d.

We must show that
ad +£ _ g'd’ + b'c’
bd ~—  bd
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This is true if and only if

b'd'(ad + bc) = bd(a'd + b'c’),
or in other words
0] b'dad + b'd'bc = bda'd’ + bdb'c'.

But ab’ = a'b and c¢d’' = ¢’'d by assumption. Using this, we see at once
that (1) holds. We leave the analogous statement for the product as an
exercise.

We now contend that the set of all quotients a/b with b # 0 is a ring,
the operations of addition and multiplication being defined as above.
Note first that there is a unit element, namely 1/1, where 1 is the unit
element of R. One must now verify all the other axioms of a ring. This
is tedious, but obvious at each step. As an example, we shall prove the
associativity of addition. For three quotients a/b, c/d, and e/f we have

g+g +§_ad+bc+§_fad+fbc+bde
b d] f  bd f bdf

On the other hand,

a ¢ e\ a ¢ +de adf + bcf+ bde
b+<d+f)_b+ i bdf

It is then clear that the expressions on the right-hand sides of these
equations are equal, thereby proving associativity of addition. The other
axioms are equally easy to prove, and we shall omit this tedious routine.
We note that our ring of quotients is commutative.

Let us denote the ring of all quotients a/b by K. We contend that K
is a field. To see this, all we need to do is prove that every non-zero
element has a multiplicative inverse. But the zero element of K is 0/1,
and if a/b = 0/1 then a = 0. Hence any non-zero element can be written
in the form a/b with b # 0 and a # 0. Its inverse is then b/a, as one sees
directly from the definition of multiplication of quotients.

Finally, observe that we have a natural map of R into K, namely the
map

ara/l.

It is again routine to verify that this map is an injective ring-homo-
morphism. Any injective ring-homomorphism will be called an embed-
ding. We see that R is embedded in K in a natural way.

We call K the quotient field of R. When R = Z, then K is by defini-
tion the field of rational numbers. When R is the ring of polynomials
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defined in the next chapter, its quotient field is called the field of rational
functions.

Suppose that R is a subring of a field F. The set of all elements ab™*
with a, beR and b # 0 is easily seen to form a field, which is a subfield
of F. We also call this field the quotient field of R in F. There can be
no confusion with this terminology, because the quotient field of R as
defined previously is isomorphic to this subfield. under the map

a/brsab™ L.

The verification is trivial, and in view of this, the element ab™ ' of F is
also denoted by a/b.

Example. Let K be a field and as usual, Q the rational numbers.
There does not necessarily exist an embedding of Q into K (for instance,
K may be finite). However, if an embedding of Q into K exists, there is
only one. This is easily seen, because any homomorphism

QoK

must be such that f(1) =e (unit element of K). Then for any integer
n > 0 one sees by induction that f(n) = ne, and consequently

f(—n)= —ne.

Furthermore,

e=f()y=f(mn"")=f(m)f(n")

so that f(n~') = f(n)"' =(ne)~'. Thus for any quotient m/n = mn~!
with integers m, n and n > 0 we must have

f(m/n) = (me)(ne)~!

thus showing that f is uniquely determined. It is then customary to
identify Q inside K and view every rational number as an element of K.

Finally, we make some remarks on the extension of an embedding of
a ring into a field.

Let R be an integral ring, and
f:R->E
an embedding of R into some field E. Let K be the quotient field of R.

Then f admits a unique extension to an embedding of K into E, that is
an embedding *: K - E whose restriction to R is equal to f.
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To see the uniqueness, observe that if f* is an extension of f, and
f*K—>E
is an embedding, then for all @, be R we must have
f*a/b) = fH(@)/f*(®b) = f(@)/f(b),

so the effect of f* on K is determined by the effect of f on R. Con-
versely, one can define f* by the formula

S*a/b) = f(a)/f (D),

and it is seen at once that the value of f* is independent of the choice of
the representation of the quotient a/b, that is if a/b = ¢/d with

a, b, c,deR and bd # 0,

then
f@/f(b) = f(c)/f(d).

One also verifies routinely that f* so defined is a homomorphism, there-
by proving the existence.

i, §4. EXERCISES

1. Put in all details in the proof of the existence of the extension f* at the end
of this section.

2. A (ring-) isomorphism of a ring onto itself is also called an automorphism. Let
R be an integral ring, and ¢: R —» R an automorphism of R. Show that ¢
admits a unique extension to an automorphism of the quotient field.



CHAPTER IV

Polynomials

IV, §1. POLYNOMIALS AND POLYNOMIAL FUNCTIONS

Let K be a field. Every reader of this book will have written expressions
like
a,t"+a,_ "+ + ag,

where ay, ...,a, are real or complex numbers. We could also take these
to be elements of K. But what does “t” mean? Or powers of “t” like ¢,
12, "

In elementary courses, when K = R or C then we speak of polynomial
functions. We write

SO =a,t"+---+a

to mean the function of K into itself such that for each element te K the
value of the function f is f(¢), the value given by the above expression.

But in operating with polynomials, we usually work formally, without
worrying about f being a function. For instance, let ag,...,q, be ele-
ments of K and b,,...,b, also be elements of K. We just write expres-
sions like

f)=a,t"+ - +ag,
g(t) = b,t" + -+ + by,

If, say, n > m we let b; =0 if j > m and we also write

gt)y=0"+---+ b, t"+--- + by,
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and we write the sum formally as
(%) (f + 9)0) = (a, + b)t" + -+ + (a0 + by).
If ce K then we write
() = ca,t” + -+ + cay.
We can also take the product which we write as

(Jg)D) = (a,b,)r" "™ + - + agbo.

In fact, if we write

(fg)(t) = Cn+mtn+m + -+ Co,

then
k

(*%) =Y ab,_;=agh +ab_y + -+ a.b,.
i=o

This expression for ¢, simply comes from collecting all the terms
a;t’b,_t* " = a;b, 1

in the product which will give rise to the term involving .

All that matters is that we defined a rule for the addition and
multiplication of the above expressions according to formulas (x) and (xx).
Furthermore, it does not matter either that the coefficients a;, b; are in a
field. The only propertiecs we need about such coefficients is that they
satisfy the ordinary properties of arithmetic, or in other words that they
lie in a commutative ring. The only thing we still have to clear up is the
role of the letter “t”, selected arbitrarily. So we must use some device to
define polynomials, and especially a “variable” t. There are several
possible devices, and one of them runs as follows.

Let R be a commutative ring. Let Pol, be the set of infinite vectors

(ag, ay, azy <oy Gy, -.)

with a,e R and such that all but a finite number of a, are equal to 0.
Thus a vector looks like

(ag, dy, -.-,a4, 0,0,0,...)

with zeros all the way to the right. Elements of Pol, are called
polynomials over R. The elements a,, a,,... are called the coeflicients of
the polynomial. The zero polynomial is the polynomial (0,0,...) which
has a; = 0 for all i. We define addition of infinite vectors componentwise,
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just as for finite n-tuples. Then Polg is an additive group. We define
multiplication to mimic the multiplication we know already. If

f=(ag,ay,...) and g =(bg,by,...)

are polynomials with coefficients in R, we define their product to be

k
fg=1(co,cs,..)  with ¢ =Y ab,_;= Y ab;
i=0

iti=k

It is then a routine matter to prove that under this definition of
multiplication Polg is a commutative ring. We shall prove associativity
of multiplication and leave the other axioms as exercises.
Let
h=(dy,dy,...)

be a polynomial. Then

where by definition

Il
gl

-
&..c.‘
‘&

This last sum is taken over all triples (i, j,r) of integers = 0 such that
i+ j+r=s If we now compute f(gh) in a similar way, we find exactly
the same coeflicients for (fg)h as for f(gh), thereby proving associativity.
We leave the proofs of the other properties to the reader.
Now pick a letter, for instance ¢, to denote

t=(0,1,0,0,0,...).
Thus t has coefficient 0 in the 0-th place, coefficient 1 in the first place,
and all other coefficients equal to 0. Having our ring structure, we may
now take powers of ¢, for instance

t,t3 1,

By induction of whatever means you want, you will prove immediately
that if »n is a positive integer, then

" =(0,0,...,0,1,0,0,..)),
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in other words " is the vector having the n-th component equal to 1, and
all other components equal to 0.
The association

av— {a,0,0,...) for aeR

is an embedding of R in the polynomial ring Polg, in other words it is an
injective ring homomorphism. We shall identify ¢ and the vector
(@,0,0,0,...). Then we can multiply a polynomial f= (ay,d,,...,) by an
element of R componentwise, that is

af = (aay, aa,, aa,, ...).
This corresponds to the ordinary multiplication of a polynomial by a
scalar.
Observe that we can now write
f=ayg+at+-+ agt* =(ag, ay,...,44,0,0,0,...)
if a, =0 for n > d. This is the more usual way of writing a polynomial.

So we have recovered all the basic properties concerning addition and
multiplication of polynomials. The polynomial ring will be denoted by

R[t].
Let R be a subring of a commutative ring S. If feR[t] is a
polynomial, then we may define the associated polynomial function
fs:S—> S
by letting for xe S
fs(x) = f(x) = ag + ayx + - + a;x".
Therefore fg is a function (mapping) of S into itself, determined by the
polynomial f. Given an element ceS, directly from the definition of
multiplication of polynomials, we find:
The association
eve: f = fle)
is a ring homomorphism of R[t] into S.

This property simply says that

(f+ g =S +glc) and  (fg)c) = [f(c)g(o).
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Also the polynomial 1 maps to the unit element 1 of S. This homomor-
phism is called the evaluation homomorphism, and is denoted by ev, for
obvious reasons. You are used to evaluating polynomials at numbers,
and all we have done is to point out that the whole procedure of
evaluating polynomials is applicable to a much more general context over
commutative rings. The element ¢ in the polynomial ring is also called a
variable over K. The evaluation f(c) of f at ¢ is also said to be obtained
by substitution of ¢ in the polynomial.

Note that f = f(t), according to our definition of the evaluation
homomorphism.

Let R be a subring of a ring S and let x be an element of S. We
denote by R[x] the set of all elements f(x) with fe R[t]. Then it is
immediately verified that R[x] is a commutative subring of S, which is
said to be generated by x over R. The evaluation homomorphism

R[t] - R[x]

is then a ring homomorphism onto R[x]. If the evaluation map
S f(x) gives an isomorphism of R[t] with R[x], then we say that x 1s
transcendental over R or that x is a variable over R.

Example. Let a = \/5 Then the set of all real numbers of the form

a+ ba with a, beZ

is a subring of the real numbers, generated by \/5 This is the subring

Z[ﬁ]. (Prove in detail that it is a subring.) Note that o is not
transcendental over Z. For instance, the polynomial ¢ — 2 lies in the

kernel of the evaluation map f(t)+— f (\/5).

Example. The polynomial ring R[t] is generated by the variable ¢ over
R, and t is transcendental over R.

If x, y are transcendental over R, then R[x], and R[y] are isomorphic,
since they are both isomorphic to the polynomial ring R[¢]. Thus our
definition of polynomials was merely a concrete way of dealing with a
ring generated over R by a transcendental element.

Warning. When we speak of a polynomial, we always mean a
polynomial as defined above. If we mean the associated polynomial
function, we shall say so explicitly. In some cases, it may be that two
polynomials can be distinct, but give rise to the same polynomial
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function on a given ring. For example, let F, = Z/pZ be the field with p
elements. Then for every element x € F, we have

xf = x,

Indeed, if x =0 this is obvious, and if x # 0, since the multiplicative
group of F, has p — 1 elements, we get x?~' = 1. It follows that x” = x.
Thus we see that if we let K = F,, and we let

f=1t and g=t
then fy = g but f # ¢g. In our original notation,
f=0,0,...,0,1,0,0,..) and g=1(0,1,0,0,0,..).

If K is an infinite field, then this phenomenon cannot happen, as we
shall prove below. Most of our work will be over infinite fields, but finite
fields are sufficiently important so that we have taken care of their
possibilities from the beginning. Suppose that F is a finite subfield of an
infinite field K. Let f(¢) and g(t)€ F{t]. Then it may happen that f # g,
Jx # gk, but fr = gp. For instance, the polynomials t* and t give rise to
the same function on Z/pZ, but to different functions on any infinite field
K containing Z/pZ. according to what we shall prove below.

We now return to a general field K.

When we write a polynomial

f=a,t"+ -+ aq

with g;e K for i =0,...,n then these elements of K are called the coeffi-
cients of the polynomial f. If n is the largest integer such that a, # 0,
then we say that n is the degree of f and write n = deg f. We also say
that a, is the leading coefficient of f. We say that a, is the constant term

of f.

Example. Let —
@) =715 — 863 + 4t — /2.

Then f Whas degree 5. The leading coefficient is 7, and the constant term
is —\/ 2.
If f is the zero polynomial then we shall use the convention that

deg f = —oo. We agree to the convention that
-0+ —0 = —o0,
—w+a= —w, —w<a

for every integer a, and no other operation with — oo is defined.
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A polynomial of degree [ is also called a linear polynomial.
Let o be an element of K. We shall say that « is a root of f if
f(@)=0.

Theorem 1.1. Let f be a polynomial in K, written in the form
f@® =a,t"+ -+ ay.

and suppose f has degree n = 0, so f # 0 (f is not the zero polynomial).
Then f has at most n roots in K.

Proof. We shall need a lemma.

Lemma 1.2. Let [ be a polynomial over K, and let «e K. Then there
exist elements c,,...,c,€ K such that

S =co+c(t—a)+ -+t — )

Proof. We write t = o + (t — «), and substitute this value for t in the
expression of f. For each integer k with 1 <k < n, we have

F=(a+(t—a)f =+ 4 ()

(the expansion being that obtained with the binomial coefficients), and
therefore

at* = apd + - + a(t — o)
can be written as a sum of powers of (t — «), multiplied by elements of
K. Taking the sum of a,t* for k =0,...,n we find the desired expression

for f, and prove the lemma.

Observe that in the lemma, we have f(a) =c¢,. Hence, if f(x) =0,
then ¢, = 0, and we can write

J(O) = (t — (1),

where we can write
hWty=d, +d(t —o)+ - +d,t —o)!
for some elements d,, d,,....d, in K. Suppose that f has more than n

roots in K, and say a,,...,&,,, are n + 1 distinct roots in K. Let o = a,.
Then a; — oy #0 for i =2,...,n+ 1. Since

0= f(o) = (o — o )h(a,),
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we conclude that h(a;)) =0 for i=2,...,n+ 1. By induction on n we
now sce that this is impossible, thereby proving that f has at most n
roots in K.

Corollary1.3. Let f(t)=a,t"+ -+ +a, and g(t)=b,t"+ - + b,.
Suppose that K is an infinite field. If f(c) = g(c) for all ce K then
f=g, that is a, = b, for all k =0,... n.

Proof. Consider the polynomial

SO =g = (a, = b)t" + --- + (ap — bo).

Every element of K is a root of this polynomial. Hence by Theorem 1.1,
we must have a, — b; =0 for i =0,...,n, in other words, a; = b;, thereby
proving the corollary.

Corollary 1.3 shows that over an infinite field, a polynomial is no dif-
ferent from a polynomial function. For what we do in this chapter, how-
ever, most results are true working formally with polynomials. So we do
not necessarily assume that the base field is infinite.

Our convention on the degree of a polynomial was also useful to make
the following result true without exception.

Theorem 1.4. Let f, g be polynomials with coefficients in K. Then
deg(fyg) = deg f + deg g.
Proof. Let
f®O=a,t"+- -+ aq, and gt) = b, t" + --- + by

with a, # 0 and b,, # 0. Then from the multiplication rule for fg, we see
that

S = a,b,t""™ + terms of lower degree,

and a,b,, #0. Hence deg fg=n+m=deg f+ degg. If f or g is O, then
our convention about — oo makes our assertion also come out.

Corollary 1.5. The ring K[t] has no divisors of zero, and is therefore an
integral ring.

Proof. If f, g are non-zero polynomials, then deg f and deg g are =0,
whence deg(fg) = 0, and fy # 0, as was to be shown.
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In light of Corollary 1.5, we may form the quotient field of the poly-
nomial ring K[¢f]. This quotient field is denoted by K(f) and is called the
field of rational functions. Its elements consist of quotients

S(0)/g(0)

where f, g are polynomials. More precisely, the elements of K(t) are
equivalence classes of such quotients, where

flg=fi/g, if and only if fg, = gf;.

This relation is merely the relation of elementary school arithmetic, as we
have seen in Chapter 111, §4.

The next theorem is the Euclidean algorithm or long division, taught

in elementary school. It is the analogue of the Euclidean algorithm for
integers.

Theorem 1.6. Let f, g be polynomials over the field K, ie. polynomials
in K[t], and assume degg = 0. Then there exist polynomials q, r in
K[t] such that

(1) = q(0)g(t) + (o),

and degr < degg. The polynomials q, r are uniquely determined by
these conditions.

Proof. Let m = deg g = 0. Write

SO =a,t" + -+ a,
g(t) = b, t" + --- + by,

with b, #0. Hn<m,let q=0,r=f I n=m, let
[1O) = f(6) — a,b, """ "g(t).
(This is the first step in the process of long division.) Then

deg f, < deg f.

Continuing in this way, or more formally by induction on », we can find
polynomials g,, r such that

Ji=aq9+r,
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with degr < degg. Then

1l

a,b, 't g(1) + f1(1)
a,by, ' g(n) + q,(Dg(r) + (1)
(a,by, "™ + q)g(t) + r(0),

S

I

and we have consequently expressed our polynomial in the desired form.
To prove the uniqueness, suppose that

S=aq,9+r =q,9+r,,

with degr, < degg and degr, < degg. Then

(g1 —q)g =1, — 1.

Either the degree of the left-hand side is = deg g, or the left-hand side is
equal to 0. Either the degree of the right-hand side is < degg, or the
right-hand side is equal to 0. Hence the only possibility is that they are
both 0, whence

41 = 4> and Fy=Ta

as was to be shown.

From the Euclidean algorithm, we can reprove a fact already proved
by other means.

Corollary 1.7. Let f be a non-zero polynomial in K[t]. Let a€K be
such that f(a) = 0. Then there exists a polynomial q(t) in K[t] such
that

@) = (t — 0g(D).
Proof. We can write
SO = q()(t — o) + r(1),
where deg r < deg(t — o). But deg(t — o) = 1. Hence r is constant. Since
0 = f(0) = gla)(or — o) + (o) = r(a),
it follows that r = 0, as desired.

Corollary 1.8. Let K be a field such that every non-constant polynomial
in K[t] has a root in K. Let [ be such a polynomial. Then there exist
elements o,,...,n0,€ K and ce K such that

SO =t —ay)--(t — o).
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Proof. In Corollary 1.7, observe that degg =deg f— 1. Let a = o, in
Corollary 1.7. By assumption, if g is not constant, we can find a root a,
of g, and thus write

SO = g0t — a )t — o).
Proceeding inductively, we keep on going until ¢, is constant.

A field K having the property stated in Corollary 1.8, that every non-
constant polynomial over K has a root in K, is called algebraically
closed. We shall prove later in the book that the complex numbers are
algebraically closed. We shall also prove later that a finite field is not
algebraically closed. You may assume this from now on.

We now reprove Theorem 1.1 using the Euclidean algorithm.

Corollary 1.9. Let K be a field and [ a polynomial of degree n = 1.
Then f has at most n roots in K.

Proof. Let o,...,2, be distinct roots of f in K. Then by the Eucli-
dean algorithm we know there is a factorization

f(t) = C(Z - O(1)' “(t - O(r)g(t),

so r < n, as was to be shown.

Example. Let F be a finite field, say F = Z/pZ where p is a prime
number. The polynomial

OREES

is equal to (¢ — 1)? and therefore has only one root, namely 1.

Suppose F has characteristic p. If p =2 then the polynomial ¢ — 1,
which is (t — 1)%, has only one root, namely 1. On the other hand, if
p # 2 then this polynomial has two distinct roots, 1 and —1. In case
p#2 we have 1 # —1 in F, for otherwise 1 = —1 implies 1 + 1 =2=0
in F, so F would have characteristic 2.

As an application of Corollary 1.9 we can completely determine the
structure of finite subgroups of the multiplicative group in a field.

Theorem 1.10. Let K be a field and let G be a finite subgroup of the
group of non-zero elements. Then G is cyclic.

Proof. Here we shall give a proof using the structure theorem for finite
abelian groups. By that theorem, we know that

G =[] G(p)
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is the direct product of the subgroups G(p) which consist of elements
whose period is a power of p. By Exercise 18 of Chapter II, §1 it will
suffice to prove that each G(p) is cyclic. If G(p) is not cyclic, then by the
structure theorem, Theorem 7.2 of Chapter II, G(p) contains a product
H, x H, where H, is cyclic of order p" and H, is cyclic of order p*, with
r, s= 1. Say r=s. Then every element of G(p) lying in the product of
these two factors satisfies the equation

" —1=0.

This equation has at most p” roots, but there are more than p" elements
in the product of the two factors (there are in fact p'p* = p"** elements in
this product). This contradiction proves the theorem.

Remark. If you don’t like the use of the structure theorem for abelian
groups, then give an independent proof of just those properties which are
needed here. Such a proof will be given in Chapter VIII, §3. On the
other hand, you could also use Exercise 2(b) of Chapter II, §7, which can
be proved directly more easily than the structure theorem.

We denote by p, the group of n-th roots of unity. This is the set of
elements { such that (" = 1. Strictly speaking, we should denote by p,(K)
the group of n-th roots of unity in K, but we often omit the K when the
reference to the field is clear by the context. Suppose that K has
characteristic p. Then

p,=1

Indeed suppose {? = 1. Then {* — 1 =0. But

so {—1=0and {=1. We shall see in §3 that if p does not divide n,
then p, has order n, and is thus a cyclic group of order n. A generator
for p, is called a primitive n-th root of unity. In the complex numbers,
n, = n,(C) is the ordinary group of n-th roots of unity, generated by 2™,
The primitive n-th roots of unity are ¢***/* with r prime to n.

Consider the field F = Z/pZ. An integer a € Z such that its image in
Z/pZ is a generator of F* is called a primitive root mod p. Thus the
period of amod p ts p— 1. Artin conjectured that there are infinitely
primes p such that, for instance, 2 is a primitive root mod p. Cf. the
introduction to his collected works. The answer is still not known.

For further remarks on Theorem 1.10 in connection with finite fields,
and especially Z/pZ, see Chapter VIII, §3.
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IV, §1. EXERCISES

1. In each of the following cases, write /' = gg + r with degr < degg.
fy==2t+1, gt)=1—1
fA)=3+t—-1, gb=r>+1
(=1 +1, gty =1t
O=t -1, g)=1—1

2. If f(¢) has integer coefficients and if g(r) has integer coefficients and leading
coefficient 1, show that when we express f = gg + r with degr < degyg, the
polynomials ¢ and r also have integer coefficients.

3. Using the intermediate value theorem of calculus, show that every polynomial
of odd degree over the real numbers has a root in the real numbers.

4. Let f(t)=1t"+ - + a, be a polynomial with complex coefficients, of degree n,
and let o be a root. Show that |a| < n-max,|q;|. [Hint: Note a, = 1. Write

—ot":a,,,laz”" PR +a0.

If {x| > n-max;|¢], divide by o” and take the absolute value, together with a
simple estimate, to get a contradiction.]

In Exercises 5 and 6 you may assume that the roots of a polynomial in an
algebraically closed field are uniquely determined up to a permutation.

5. Let f(t) = t* — 1. Show that the three roots of f in the complex numbers are

1 ()Zni;’3 e*2ﬂi,"3
, € R .

Express these roots as @ + b,/ —3 where a, b are rational numbers.
6. Let n be an integer = 2. How would you describe the roots of the
polynomial f(z) = ¢" — 1 in the complex numbers?

7. Let F be a field and let o: F[t] - F[t] be an automorphism of the
polynomial ring such that ¢ restricts to the identity on F. Show that there
exists elements ae F, a # 0, and be F such that ot = at + b.

Finite fields

8. Let F be a finite field. Let ¢ be the product of all non-zero elements of F.
Show that ¢ = —1.

Example. Let F = Z/pZ. Then the result of Exercise 8 can also be stated in
the form

(p—D'=—1 (mod p),

which is known as Wilsen’s theorem.
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9. Let p be a prime of the form p =4n + 1 where n is a positive integer. Prove
that the congruence

x2= —1 ({(mod p)

has a solution in Z.

10. Let K be a finite field with g elements. Prove that x?= x for all xeK.
Hence the polynomials ¢4 and ¢ give rise to the same function on K.

11. Let K be a finite field with g elements. If f, g are polynomials over K of
degrees < g, and if f(x) = g(x) for all xe K, prove that f =g (as polynomials
in K[c]).

12. Let K be a finite field with g elements. Let f be a polynomial over K. Show
that there exists a polynomial f* over K of degree < g such that

SHx) = f(x)
for all xe K.

13. Let K be a finite field with g elements. Let ae K. Show that there exists a
polynomial f over K such that f(a) =0 and f(x) =1 for xe K, x # a. [Hint:
(t—af ']

14. Let K be a finite field with g elements. Let ae K. Show that there exists a
polynomial f over K such that f(a) =1 and f(x) =0 for all xeK, x # a.

15. Let K be a finite field with g clements. Let ¢: K —» K be any function of K
into itself. Show that there exists a polynomial f over K such that
o(x) = f(x) for all xe K.

[For a continuation of these ideas in connection with polynomials in
several variables, see Exercise 6 of §7.]

IV, §2. GREATEST COMMON DIVISOR

Having the Euclidean algorithm, we may now develop the theory of
divisibility exactly as for the integers, in Chapter 1.

Theorem 2.1. Let J be an ideal of K[t]. Then there exists a polynomial
g which is a generator of J. If J is not the zero ideal, and g is a
polynomial in J which is not 0, and is of smallest degree, then g is a
generator of J.

Proof. Suppose that J is not the zero ideal. Let g be a polynomial in
J which is not 0, and is of smallest degree. We assert that g 1s a genera-
tor for J. Let f be any element of J. By the Euclidean algorithm, we
can find polynomials ¢, r such that

f=ag+r
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with degr < degg. Then r = f — gg, and by the definition of an ideal, it
follows that r also lies in J. Since degr < degg, we must have r = 0.
Hence f = qg, and g is a generator for J, as desired.

Remark. Let g, be a non-zero gencrator for an ideal J, and let
g, also be a generator. Then there exists a polynomial g such that
g, = qg,. Since

degg, = deg g + deg g,,

it follows that deg g, < degg,. By symmetry, we must have

deg g, = degg;.
Hence g is constant. We can write
g1 = €G>
with some constant c¢. Write
g,(ty=a,t"+ -+ qg

with a, # 0. Take b =aqa,!. Then by, is also a generator of J, and its
leading coefficient is equal to 1. Thus we can always find a generator for
an ideal (# 0) whose leading coefficient is 1. It is furthermore clear that
this generator is uniquely determined.

Let f, g be non-zero polynomials. We shall say that g divides f, and
write g| f, if there exists a polynomial ¢ such that f=ggq. Let f,, f, be
polynomials # 0. By a greatest common divisor of f,, f, we shall mean
a polynomial g such that g divides f; and f,, and furthermore, if h
divides f, and f,, then A divides g.

Theorem 2.2, Let f,, f, be non-zero polynomials in K[t]. Let g be a
generator for the ideal generated by f,, f,. Then g is a greatest com-

mon divisor of f; and f,.

Proof. Since f, lies in the ideal generated by f,, f,, there exists a
polynomial g, such that

J1=q.9

whence g divides f,. Similarly, g divides f,. Let h be a polynomial
dividing both f, and f,. Write

fi=hh and  f,=hyh
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with some polynomials h, and h,. Since g is in the ideal generated by
f1, f», there are polynomials g,, g, such that g =g, f, + g, f,, whence

g =gihih + g,h,h =(g1h, + g h)h
Consequently & divides g, and our theorem is proved.

Remark 1. The greatest common divisor is determined up to a non-
zero constant multiple. If we select a greatest common divisor with lead-
ing coefficient 1, then it is uniquely determined.

Remark 2. Exactly the same proof applies when we have more than
two polynomials. For instance, if f,,...,f, are non-zero polynomials,
and if g is a generator for the ideal generated by f,,...,f,, then g is a
greatest common divisor of f,....f,.

Polynomials f,...,f, whose greatest common divisor is 1 are said to
be relatively prime.

IV, §2. EXERCISES

1. Show that " — 1 is divisible by t — 1.

2. Show that t* + 4 can be factored as a product of polynomials of degree 2
with integer coefficients. [Hint: try 1> + 2t + 2.]

3. If n is odd, find the quotient of t" + 1 by t + 1.

IV, §3. UNIQUE FACTORIZATION

A polynomial p in K[t] will be said to be irreducible (over K) if it is of
degree =1, and if, given a factorization p = fg with f, ge K[t], then
deg f or degg =0 (i.e. one of f, g is constant). Thus, up to a non-zero
constant factor, the only divisors of p are p itself, and 1.

Example 1. The only irreducible polynomials over the complex
numbers are the polynomials of degree 1, i.e. non-zero constant multiples
of polynomials of type t — «, with aeC.

Example 2. The polynomial t* + 1 is irreducible over R.

Theorem 3.1. Every polynomial in K[t] of degree = 1 can be expressed
as a product p,---p,, of irreducible polynomials. In such a product, the
polynomials p,,...,p,, are uniquely determined, up to a rearrangement,
and up to non-zero constant factors.



[1v, §3] UNIQUE FACTORIZATION 121

Proof. We first prove the existence of the factorization into a product
of irreducible polynomials. Let f be in K[t], of degree = 1. If f is irre-
ducible, we are done. Otherwise, we can write

f=gh

where deg g < deg f and deg h < deg f. By induction we can express g
and h as products of irreducible polynomials, and hence f = gh can also
be expressed as such a product.

We must now prove uniqueness. We need a lemma.

Lemma 3.2. Let p be irreducible in K[t]. Let f, ge K[t] be non-zero
polynomials, and assume p divides fg. Then p divides f or p divides g.

Proof. Asume that p does not divide f. Then the greatest common
divisor of p and f is 1, and there exist polynomials h,, A, in K[t] such
that

l=hp+h,f.

(We use Theorem 2.2.) Multiplying by ¢ yields
g =ghp + h, fy.
But fg = ph; for some h;, whence
g = (ghy + hyhy)p,
and p divides g, as was to be shown.

The lemma will be applied when p divides a product of irreducible
polynomials ¢q,---q,. In that case, p divides q, or p divides ¢q,---4,.
Hence there exists a constant ¢ such that p = cq,, or p divides g, ---g,.
In the latter case, we can proceed inductively, and we conclude that in
any case, there exists some i such that p and g, differ by a constant

factor.
Suppose now that we have two products of irreducible polynomials

Py Dr =41 45

After renumbering the g;, we may assume that p, = c,q, for some con-
stant ¢;. Cancelling ¢,, we obtain

CiP2 Py =42 (s
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Repeating our argument inductively, we conclude that there exist con-
stants ¢; such that p, = ¢;q; for all i, after making a possible permutation
of q,,...,9,- This proves the desired uniqueness.

Corollary 3.3. Let f be a polynomial in K[t] of degree = 1. Then f
has a factorization f = cp,---p,, where py,...,p, are irreducible polyno-
mials with leading coefficient 1, uniquely determined up to a permutation.

Corollary 3.4. Let K be algebraically closed. Let f be a polynomial in
K[t], of degree = 1. Then f has a factorization

f@ = c(t —ay)---(t — o),

with o,€ K and ce K. The factors t — u; are uniquely determined up to
a permutation.

We shall deal mostly with polynomials having leading coefficient 1.
Let f be such a polynomial of degree = 1. Let py,...,p, be the distinct
irreducible polynomials with leading coefficient 1 occurring in its factori-
zation. Then we can express f as a product

f:prlnl"'p;nr’

where m,,...,m, are positive integers, uniquely determined by pi,...,p,.
This factorization will be called a normalized factorization for f. In parti-
cular, over an algebraically closed field, we can write

F@) = (= ™ (= a)™.

A polynomial with leading coefficient 1 is sometimes called monic.

If p is irreducible, and f = p™g, where p does not divide g, and m is an
integer > 0, then we say that m is the multiplicity of p in f. (We define
p°® to be 1.) We denote this multiplicity by ord, f, and also call it the
order of f at p.

If o is a root of f, and

J@® =@ —a)"9(0),

with g(o) # 0, then t — o does not divide ¢(t), and m is the multiplicity of
t — o in £ We also say that m is the multiplicity of « in £ A root of [ is
said to be simple if its multiplicity is 1. A root is said to be multiple if
m> 1.

There is an easy test for m > 1 in terms of the derivative.



{1v, §3] UNIQUE FACTORIZATION 123

Let f(t) = a,t” + --- + a, be a polynomial. Define its (formal) deriva-
tive to be

Df()=f') =na,t" ' +(n—Da,_ " >+ - +a, =) kat*" "
k=1
Then we have the following properties, just as in ordinary calculus.

Proposition 3.5. Let f, g be polynomials. Let ce K. Then

(cf) =cf,
f+9=+4d,
(fgy =fg' + 19

Proof. The first two properties (¢fY =¢f’ and (f+g) =f" +g are
immediate from the definition. As to the third, namely the rule for
the derivative of a product, suppose we know this rule for the product
f1g9 and f,g where f,, f,, g arc polynomials. Then we deduce it for
(fi + f,)g as follows:

((f1 +f2)g)l =(f19 + f29Y = (f19) + (f29)
=f19 + 119+ /29 +fay
=i + )9 + ([ + /g

Similarly, if we know the rule for the derivative of the products fg, and
fg, then this rule holds for the derivative of f(g, + g,). Therefore it suf-
fices to prove the rule for the derivative of a product when f(¢) and g(t)
are monomials, that is

f@) =at" and g(t) = bt™
with a, be K. But then
(at"bt™y = (abt"*™Y = (n + m)abt"*™ 1
= nat"”"'bt™ + at"mbt™ !

=f(Og® + (g (®).

This concludes the proof.

As an exercise, prove by induction:

If f(t) = h(t)" for some integer m = 1, then

J'@®) = mh(ty"~'H(2).
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Theorem 3.6. Let K be a field. Let f be a polynomial over K, of de-
gree = 1, and let o be a root of f in K. Then the multiplicity of « in f
is > 1 if and only if f'(&) =0.

Proof. Suppose that
J(@) = (t —)"g(1)
with m > 1. Taking the derivative, we find
f) = m(t — a)y""g(t) + (¢t — )"g'(0).

Substituting o shows that f'(x) =0 because m — 1= 1. Conversely,
suppose

f(@) = (¢t — 1)"g(t),

and g(o) # 0, so that m is the multiplicity of « in f. If m =1 then

S =g() + (¢ —a)g'(0),
so that f'(a) = g(a) # 0. This proves our theorem.

Example, Let K be a field in which the polynomial * — 1 factorizes
into factors of degree 1, that is

I ()
i=1

The roots of " — 1 constitute the group of n-th roots of unity p,.
Suppose that the characteristic of K is 0, or is p and p 4 n. Then we
claim that these n roots (;, ...,(, are distinct, so the group p, has order n.
Indeed, let f(t) = t" — 1. Then

S =nert,

and if {ep, then f'({) =n{""! # 0 because n # 0 in K. This proves that
every root occurs with multiplicity 1, whence that the n roots are distinct.
By Theorem 1.10 we know that p, is cyclic, and we have now found that
n, is cyclic of order n when p .y n. The equation t" — 1 = 0 is called the
cyclotomic equation. We shall study it especially in Exercise 13, Chapter
VII, §6 and Chapter VIII, §5.

IV, §3. EXERCISES

1. Let f be a polynomial of degree 2 over a field K. Show that either f is
irreducible over K, or f has a factorization into linear factors over K.
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2. (a) Let f be a polynomial of degree 3 over a field K. If f is not irreducible
over K, show that f has a root in K.
(b) Let F =Z/2Z. Show that the polynomial 3 + > + 1 is irreducible in

F[1].

3. Let f(r) be an irreducible polynomial with leading coefficient 1 over the real
numbers. Assume deg f = 2. Show that f(f) can be written in the form

) =(t —a? + b?

with some a, beR and b # 0. Conversely, prove that any such polynomial is
irreductble over R.

4. Let ¢: K — L be an isomorphism of fields. If f(t)=3 a;t' is a polynomial
over K, define af to be the polynomial } a(ay)t’ in Lft].
(a) Prove that the association f+ gf is an isomorphism of K[t] onto L[t].
(b) Let xe K be a root of f of multiplicity m. Prove that oo is a root of af
also of multiplicity m. [Hint: Use unique factorization.]

Example for Exercise 4. Let K =C be the complex numbers, and let o
be conjugation, so ¢:C—->C maps a+—3% If f is a polynomial with
complex coefficients, say

SO =2,"+ - + a.

Then its complex conjugate

S =a,t" + - + 3

is obtained by taking the complex conjugate of each coefficient. If f, g are
in C[¢], then
f+9=r+3 (J9=1d

and if feC, then (ff) = .

5. (a) Let f(r) be a polynomial with real coefficients. Let « be a root of f, which
is complex but not real. Show that z is also a root of f.

(b) Assume that the complex numbers are algebraically closed. Let f(t)e R[¢]
be a polynomial with real coefficients, of degree = 1. Assume that f is
irreducible. Prove that degf =1 or degf=2. It follows that if a real
polynomial is expressed as a product of irreducible factors, then these
factors have degree 1 or 2.

6. Let K be a field which is a subfield of a field E. Let f(r)e K[t] be an
irreducible polynomial, let g(t)e K{t] be any polynomial # 0, and let x€ E be
an element such that f(«) = g(a) = 0. In other words, f, g have a common
root in E. Prove that f(1)|g(t) in K[r].

7. (a) Let K be a field of characteristic 0, subfield of a field E. Let xe E be a
root of f(t)e K[t]. Prove that » has multiplicity m if and only if

[ ®(a) =0 for k=1,....m—1 but [f"(a)#0

(As usual, f* denotes the k-th derivative of f)
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(b) Show that the assertion of (a) is not generally true if K has characteris-
tic p.

(c) In fact, what is the value of f™)x)? There is a very simple expression for
it.

(d) If K has characteristic 0 and if f(¢) is irreducible in K{t], prove that a has
multiplicity 1.

(e) Suppose K has characteristic p and p t n. Let f(r) be irreducible in K[t],
of degree n. Let « be a root of f. Proof that « has multiplicity 1.

8. Show that the following polynomials have no multiple roots in C:
(@) t* +1t (b) > =5t+1
(c) any polynomial t2 + bt + ¢ if b, ¢ are numbers such that b> — 4c is not 0.

9. (a) Let K be a subfield of a field E, and «eE. Let J be the set of all
polynomials f(t) in K[¢] such that f(x) = 0. Show that J is an ideal. If J
is not the zero ideal, show that the monic generator of J is irreducible.

(b) Conversely, let p(t) be irreducible in K[¢] and let « be a root. Show that
the ideal of polynomials f(f) in K[f] such that f(x) =0 is the ideal
generated by p(r).

10. Let f, g be two polynomials, written in the form

f=pt-pf
and

g =pi---pk,

where i,, j, are integers =0, and p,,...,p, are distinct irreducible polyno-

mials.

(a) Show that the greatest common divisor of f and g can be expressed as a
product pkt-..p¥ where k,,... k, are integers = 0. Express k, in terms of
i, and j,.

(b) Define the least common multiple of polynomials, and express the least
common multiple of f and g as a product p%'...p* with integers k, = 0.
Express k, in terms of i, and j,.

11. Give the greatest common divisor and least common multiple of the follow-
ing pairs of polynomials with complex coefficients:
(a) (t —2)%t — 3)*(t — i) and (t — 1)(t — 2)(t — 3)*
(b) (t2 + 1)(¢2 — 1) and (¢t + i)*(> — 1)

12. Let K be a field, R = K[t] the ring of polynomials, and F the quotient field
of R, ie. the field of rational functions. Let aeK. Let R, be the set of
rational functions which can be written as a quotient f/g of polynomials
such that g(x) # 0. Show that R, is a ring. If ¢ is a rational function, and
¢ = f/g such that g(a) # 0, define ¢(a) = f(a)/g(x). Show that this value ¢(a)
is independent of the choice of representation of ¢ as a quotient f/g. Show
that the map ¢ — ¢(a) is a ring-homomorphism of R, into K. Show that the
kernel of this ring-homomorphism consists of all rational functions f/g such
that g(2) #0 and f(x) =0. If M, denotes this kernel, show that M, is a
maximal ideal of R,.
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13. Let W, be the set of primitive n-th roots of unity in C*. Define the n-th
cyclotomic polynomial to be

(a) Prove that " — 1 =[]y, ®u)
(b) @,(0) = [ [ajult™ — D@ where u is the Moebius function.
(c) Let p be a prime number and let k be a positive integer. Prove

Q) =0,("") and DO =1"""+ + 1

(d) Compute explicitly @,(t) for n < 10.
14. Let R be a rational function over the field K, and express R as a quotient of
polynomials, R = g/f. Define the derivative
R-f f_z o’
where the prime means the formal derivative of polynomials as in the text.

(a) Show that this derivative is independent of the expression of R as a quo-
tient of polynomials, i.e. if R = g,/f, then

fg,_gfi_flth %fl

f? T

(b) Show that the derivative of rational functions satisfies the same rules as
before, namely for rational functions R, and R, we have

(R, +R,)) =R, + R, and (R{R,)Y = R{R, + R{R,.
(¢) Let ay,...,0, and a,,...,a, be elements of K such that

1 a, a,

= ot
(=) (t—2) t—g t -2,

Let f(t)=(t — a,)---(t — ,) and assume that «,,...,, are distinct. Show
that
1 1

a, = - - —

(o0 — o)+ (o — ) N ;/(;‘1)

15. Show that the map R+— R’/R is a homomorphism from the multiplicative
group of non-zero rational functions to the additive group of rational func-
tions. We call R'/R the logarithmic derivative of R. If

R =[]0 — 2y

where m,,...,m, are integers, what is R'/R?
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16. For any polynomial f, let ny(f) be the number of distinct roots of f
when f is factored into factors of degree 1. So if

110 =[] (¢ — 2™
i=1

where ¢ # 0 and «,, ..., are distinct, then ny(f) = r. Prove:

Mason-Stothers Theorem. Let K = C, or more generally an algebraically
closed field of characteristic 0. Let f,g,h € K[t] be relatively prime polynomials
not all constant such that f + g = h. Then

deg /, deg g, deg h < no( fgh) — 1.
[Mason’s proof. You may assume that f, g,/ can be factored into products of
polynomials of degree 1 in some larger field. Divide the relation f + g =h by
h, so get R+ S =1 where R, S are rational functions. Take the derivative and

write the resulting relation as

R 5
“R+-5=0.
R S

Solve for S/R in terms of the logarithmic derivatives. Let

gy =c [[(t =By and  h)=c3 [T —n)™

Let D=JJ¢—o)[]¢—Bp]1(t—7) Use D as a common denominator
and multiply R’/R and §'/S by D. Then count degrees.]

17. Assume the preceding exercise. Let f, g € K[t] be non-constant polynomials
such that /3 — ¢? #0, and let h = 3 — g2, Prove that

deg f<2degh—2 and degg < 3degh — 3.

18. More generally, suppose f™ + ¢" = h # 0. Assume mn > m + n. Prove that

degf§—L—degh.
mn — (m + n)

19. Let f, g, h be polynomials over a field of characteristic 0, such that
f’l + gn — hn

and assume f, g relatively prime. Suppose that f, g have degree = 1. Show
that n < 2. (This is the Fermat problem for polynomials. Use Exercise 16.)

For an alternate treatment of the above, see §9.
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IV, §4. PARTIAL FRACTIONS

In the preceding section, we proved that a polynomial can be expressed
as a product of powers of irreducible polynomials in a unique way (up
to a permutation of the factors). The same is true of a rational function,
if we allow negative exponents. Let R=g/f be a rational function,
expressed as a quotient of polynomials g, f with f 3 0. Suppose R # 0.
If g, f are not relatively prime, we may cancel their greatest common
divisor and thus obtain an expression of R as a quotient of relatively
prime polynomials. Factoring out their constant leading coeflicients, we
can write

g1

R = —>

S

where f,, g, have leading coefficient 1. Then f,, g,, and ¢ are uniquely
determined, for suppose

cgi/f1 = 29211,

for constants ¢, ¢, and pairs of relatively prime polynomials f,, g, and
[z, g, with leading coefficient 1. Then

cgi fr =129, 11

From the unique factorization of polynomials, we conclude that g, = g,
and f, = f, so that ¢ = c,.

If we now factorize f; and g, into products of powers of irreducible
polynomials, we obtain the unique factorization of R. This is entirely
analogous to the factorization of a rational number obtained in
Chapter 1, §4.

We wish to decompose a rational function into a sum of rational
functions, such that the denominator of each term is equal to a power of
an irreducible polynomial. Such a decomposition is called a partial frac-
tion decomposition. We begin by a lemma which allows us to apply
induction.

Lemmad.l. Let f,, f, be non-zero, relatively prime polynomials over a
field K. Then there exist polynomials h,, h, over K such that

L _ by hy
Nfy N fz
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Proof. Since f,, f, are relatively prime, there exist polynomials h,, h,
such that

h2f1 + h1f2 =1
Dividing both sides by f, f,, we obtain what we want.

Theorem 4.2. Every rational function R can be written in the form

h h
R=—+ -+ 1 +h
pl pn"
where py,....p, are distinct irreducible polynomials with leading coeffi-
cient 1; i,,...,i, are integers = 0; hy,....h,, h are polynomials, satisfying
deg h, < deg p¥ and  p, 1 h,

Jor v=1,...,n. In such an expression, the integers i, and the polyno-
mials h,, h(v = 1,...,n) are uniquely determined when all i, > 0.

Proof. We first prove the existence of the expression described in our
theorem. Let R = g/f where f is a non-zero polynomial, with g, f rela-
tively prime, and write

f=pt-pir,

where p,,....p, are distinct irreducible polynomials, and i,,...,i, are
integers = 0. By the lemma, there exist polynomials g, g¥ such that

1 g g7
Tt e
A A R

and by induction, there exist polynomials g,,...,g, such that

*
7i2g1 L= gizz + -4 g::.

P3Py D3 Py
Multiplying by g, we obtain

9_99n L 9
f Py pr:I

By the Euclidean algorithm, we can divide gg, by pi for v=1,...,n
letting

99, = q,p% + h,,  degh, < deg p.

In this way obtain the desired expression for g/f, with h=gq, + - + g,,.
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Next we prove the uniqueness. Suppose we have expressions

h h, h
_ill+"'+Ai+h:Tll+'“+ ;
P py Py Py

n

+ h,

satisfying the conditions stated in the theorem. (We can assume that the
irreducible polynomials p,,...,p, are the same on both sides, letting some
i, be equal to O if necessary.) Then there exist polynomials ¢, ¥ such
that  # 0 and p, t ¥, for which we can write

b ko _o
PPy Y
Say i; £j,. Then
mpl ™t —hy o
py Y
Since ¥ is not divisible by p,, it follows from unique factorization that
pi divides h;p* ™" — h,. If j, # i, then p,|h, contrary to the conditions

stated in the theorem. Hence j, =i,. Again since ¥ is not divisible by
p,, it follows now that pi divides h, — h,. By hypothesis,

deg(h, — h,) < deg p".
Hence h; — h, = 0, whence h, = h,. We therefore conclude that

h h h h
R TR T T

- + };,
p3 2 p% P

and we can conclude the proof by induction.

The expression of Theorem 4.2 is called the partial fraction decomposi-
tion of R.

The irreducible polynomials p,,...,p, in Theorem 4.2 can be described
somewhat more precisely, and the next theorem gives additional informa-
tion on them, and also on h.

Theorem 4.3 Let the notation be as in Theorem 4.2, and let the
rational function R be expressed in the form R = g/f where g, f are
relatively prime polynomials, f # 0. Assume that all integers i,,...,i,
are > 0. Then

f=pt-pi

is the prime power factorization of f. Furthermore, if deg f > deg g,
then h = 0.
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Proof. If we put the partial fraction expression for R in Theorem 4.2
over a common denominator, we obtain

hip--py + -+ hpi - proi + hpY o py

(*) R= i i
pi-- by

Then p, does not divide the numerator on the right in (x), for any index
v=1,...,n. Indeed, p, divides every term in this numerator except the
term

i Iv In
hopt - py Py

(where the roof over p’* means that we omit this factor). This comes
from the hypothesis that p, does not divide h,. Hence the numerator
and denominator on the right in (x) are relatively prime, thereby proving
our first assertion.

As to the second, letting ¢ be the numerator of R and f its denomina-
tor, we have f = pi---pin and

g=Rf=hps---plr+ -+ h,pi--pr=i + hpi---pr.

Assume that degg < deg f. Then every term in the preceding sum has
degree < def f, except possibly the last term

hf = hp¥ -+ pj;.
If i # 0, then this last term has degree = deg f, and we then get
W =g—hps-pip— -~ hptprcd,

where the left-hand side has degree = deg f and the right-hand side has
degree < deg f. This is impossible. Hence h = 0, as was to be shown.

Remark. Given a rational function R = g/f where g, f are relatively
prime polynomials, we can use the Euclidean algorithm and write

g=g,f+ g2

where g,, g, are poloynomials and deg g, < deg f. Then

and we can apply Theorem 4.3 to the rational function g,/f. In studying
rational functions, it is always useful to perform first this long division to
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reduce the study of the rational function to the case when the degree of
the numerator is smaller than the degree of its denominator.

Example 1. Let «,,...,x, be distinct elements of K. Then there exist
elements a,,....a,€ K such that

1 a, a,

L — + .- - .
(o) (t—m) [—a t— 2,

Indeed, in the present case we can apply Theorems 4.2 and 4.3, with
g =1, and hence deg g < deg f. In Exercise 14 of the preceding section,
we showed how to determine ¢; in a special way.

Each expression h,/p in the partial fraction decomposition can be
further analyzed, by writing A, in a special way, which we now describe.

Theorem 4.4. Let ¢ be a non-constant polynomial over the field K. Let
I be any polynomial over K. Then there exist polynomials g, ... .Y,
such that

h=o + Y1+ + Yo"

and deg iy, < deg o for all i =0,....,m. The polynomials ,... .Y, are
uniquely determined by these conditions.

Proof. We prove the existence of ..., by induction on the
degree of h. By the Euclidean algorithm, we can write

h=qe + ¥,

with the polynomials ¢, ¥, and deg iy, < deg @. Then deggq < degh, so
that by induction we can write

g=vi+ b0+ Pne"
with polynomials ; such that degy; < deg ¢. Substituting, we obtain
h=@y + Y20+ +d0" Do + .
which yields the desired expression.

As for uniqueness, we observe first that in the expression given in the
theorem, namely

h=Yo+ 0+ - +¥,0" =+ oW, + -+ 0" ")
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the polynomial i, is necessarily the remainder of the division of h by ¢,
so that its uniqueness is given by the Euclidean algorithm. Then, writing
h=q¢ + y,, we conclude that

=i+t emh

and g is uniquely determined. Thus ¢,... ¥, are uniquely determined
by induction, as was to be proved.

The expression of h in terms of powers of ¢ as given in Theorem 4.4
is called its ¢-adic expansion. We can apply this to the case where ¢ is
an irreducible polynomial p, in which case this expression is the p-adic
expansion of h. Suppose that

h=vo+¥ip+-+y,p"

is its p-adic expansion. Then dividing by p’ for some integer i > 0, we
obtain the following theorem.

Theorem 4.5. Let h be a polynomial and p an irreducible polynomial
over the field K. Let i be an integer > 0. Then there exists a unique
expression

i R R

i

P

where g, are polynomials of degree < deg p.

In Theorem 4.5, we have adjusted the numbering of g_;, g_;44,... SO
that it would fit the exponent of p occurring in the denominator.
Otherwise, except for this numbering, these polynomials ¢ are nothing
but ¥, ¥,,... found in the p-adic expansion of k.

Corollary 4.6. Let o€ K, and let h be a polynomial over K. Then

@)y  a; A_it+y

(t—a) (—a) (¢ o) "

+-rtagtat—a)y+---,

where a, are elements of K, uniquely determined.

Proof. In this case, p(t) =t — o has degree 1, so that the coefficients
in the p-adic expansion must be constants.
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Example 2. To determine the partial fraction decomposition of a given
rational function, one can solve a system of linear equations. We give an
example. We wish to write

1 a b

t-D-2 t—171-2

with constants ¢ and b. Putting the right-hand side over a common de-
nominator, we have

1 _at=2)+ bt — 1)
t—Dt—2)  (@—1Dt—=2)

Setting the numerators equal to each other, we must have

a+b=0,
—2a—b=1.
We then solve for @ and b to get a = —1 and b= 1. The general case

can be handled similarly.

IV, §4. EXERCISES

1. Determine the partial fraction decomposition of the following rational func-
tions.
t+1

@ Qe

2. Let R = ¢g/f be a rational function with degg < deg f. Let

n

in
p"n

~ =

hy
=T,+“'+
D1

be its partial fraction decomposition. Let d, = deg p,. Show that the coeffi-
cients of hy,...,h, are the solutions of a system of linear equations, such that
the number of variables is equal to the number of equations, namely

deg f=id, +---+id,

Theorem 4.3 shows that this system has a unique solution.

3. Find the (t — 2)-adic expansion of the following polynomials.
(a) t* —1 b P+t —1 © 343 (d) t* +23 -t +5

4. Find the (¢t — 3)-adic expansion of the polynomials in Exercise 3.
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IV, §5. POLYNOMIALS OVER RINGS AND
OVER THE INTEGERS

Let R be a commutative ring. We formed the polynomial ring over R,
just as we did over a field, namely R[r] consists of all formal sums

SO = a0+ + ag

with elements aq,...,q, in R which are called the coefficients of . The
sum and product are defined just as over a field. The ring R could be
integral, in which case R has a quotient field K, and R[] is contained in
K[t]. In fact, R[t] is a subring of K[¢].

The advantage of dealing with coefficients in a ring is that we can deal
with more refined properties of polynomials. Polynomials with coeffi-
cients in the ring of integers Z form a particularly interesting ring. We
shall prove some special properties of such polynomials, leading to an
important criterion for irreducibility of polynomials over the rational
numbers. Before we do that, we make one more general comment on
polynomials over rings.

Let

c:R-S

be a homomorphism of commutative rings. If f(t)e R[t] is a polynomial
over R as above, then we define the polynomial of in S[t] to be the
polynomial

(af Nt) = ola)t" + -+ + alag) = Y o(a)t"
i=0
Then it is immediately verified that ¢ thereby is a ring homomorphism
R[] - S[]

which we also denote by ¢. Indeed, let

f) = zn: at and  g(t) = i b;t'.
i=0 i=0

Then (f + g)(t) = ). (a; + b))t so
o(f + g)t) = ). ala; + b)t' =} (a(ay) + a(b)t' = af (1) + ag(2).

Also fy(t) =Y c,t* where

k
Cp = Z a;b, ;.
i=0
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SO

a(fg)t) =Y, Y ola;b,_pt* = Y. Y ola)o(b;_ )t

k i=0 k i=0

= (af )N ag)(®).
This proves that ¢ induces a homomorphism R[] — S[t].

Example, Let R =7 and let S =Z/nZ for some integer n = 2. For
each integer aeZ let a denote its residue class mod n. Then the map

Y gt afrt

is a ring homomorphism of Z[t] into (Z/nZ)[t]. Note that we don’t need
to assume that » is prime. This ring homomorphism is called reduction
mod n. If n = p is a prime number, and we let F, = Z/pZ so F, is a field,
then we get a homomorphism

Z[1] - F[(]
where F,[t] is the polynomial ring over the field F,.

A polynomial over Z will be called primitive if its coefficients are
relatively prime, that is if there is no prime p which divides all
coefficients. In particular, a primitive polynomial is not the zero poly-
nomial.

Lemma 5.1. Let f be a polynomial # 0 over the rational numbers. Then
there exists a rational number a # 0 such that af has integer coefficients,
which are relatively prime, i.e. af is primitive.

Proof. Write
f®) =a,t" + -+ ay,

where qq,...,a, are rational numbers, and a,# 0. Let d be a common
denominator for a,,....a,. Then df has integral coefficients, namely
da,,...da,. Let b be a greatest common divisor for da,,...,da,. Then

d da, da,
bf(t)_ b 4+ b

has relatively prime integral coefficients, as was to be shown.

Lemma 5.2 (Gauss). Let f, g be primitive polynomials over the integers.
Then fg is primitive.



138 POLYNOMIALS [1V, §5]

Proof. Write

f®)y=a,t"+--- + ag, a, #0,
g(t) = b, t™ + --- + by, b, #0,

with relatively prime (a,,...,q,) and relatively prime (b,,,...,by). Let p be
a prime. It will suffice to prove that p does not divide every coefficient of
fg. Let r be the largest integer such that 0 <r <n, a, # 0, and p does
not divide a,. Similarly, let b, be the coefficient of g farthest to the left,
b, # 0, such that p does not divide b,. Consider the coefficient of ' in
f()g(t). This coefficient is equal to

czarbs+ar+1bs—1 + e
+ o ybgyy -

and p does not divide a,b,. However, p divides every other non-zero
term in this sum since each term will be of the form

ab

iYr+s—i
with g, to the left of a,, that is i > r, or of the form

ar+s—jbj
with j > s, that is b; to the left of .. Hence p does not divide ¢, and our
lemma is proved.

We shall now give a second proof using the idea of reduction modulo
a prime. Suppose f, g are primitive polynomials in Z[f] but fg is not
primitive. So there exists a prime p which divides all coefficients of fg.
Let ¢ be reduction modp. Then of #0 and 6g #0 but o(fyg) =0.
However, the polynomial ring (Z/pZ)[t] has no divisors of zero, so we
get a contradiction proving the lemma.

I prefer this second proof for several reasons, but the technique of
picking coefficients furthest to the left or to the right will reappear in the
proof of Eisenstein’s criterion, so I gave both proofs.

Let f(t)eZ[t] be a polynomial of degree = 1. Suppose that f is
reducible over Z, that is

where g, h have coefficients in Z and degg, degh = 1. Then of course [
is reducible over the quotient field Q. Conversely, suppose f is reducible
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over Q. Is f reducible over Z? The answer is yes, and we prove it in the
next theorem.

Theorem 5.3 (Gauss). Let f be a primitive polynomial in Z[t], of degree
2 1. If [ is reducible over Q, that is if we can write f = gh with g,
heQ[t], and degg =1, degh = 1, then f is reducible over Z. More
precisely, there exist rational numbers a, b such that, if we let g, = ag
and h, = bh, then g, h, have integer coefficients, and f= g h;.

Proof. By Lemma 5.1, let a, b be non-zero rational numbers such that
ag and bh have integer coefficients, relatively prime. Let g, = ag and
h, = bh. Then

1 1
f - agl Bhb
whence abf = g,h,. By Lemma 5.2, g,h, has relatively prime integer
coefficients. Since the coeflicients of f are assumed to be relatively prime
integers, it follows at once that ab itself must be an integer, and cannot
be divisible by any prime. Hence ab = +1, and dividing (say) g, by ab

we obtain what we want.

Warning. The result of Theorem 5.3 is not generally true for every
integral ring R. Some restriction on R is needed, like unique factoriza-
tion. We shall see later how the notion of unique factorization can be
generalized, as well as its consequences.

Theorem 5.4 (Eisenstein’s criterion). Let
f([) = an[" + - 4 ao

be a polynomial of degree n =1 with integer coefficients. Let p be a
prime, and assume

a, # 0 (mod p), a;=0(mod p) forall i<n,
a, # 0 (mod p?).

Then [ is irreducible over the rationals.

Proof. We first divide f by the greatest common divisor of its coeffi-
cients, and we may then assume that f has relatively prime coefficients.
By Theorem 5.3, we must show that f cannot be written as a product
f=gh with g, h having integral coefficients, and degg, degh = 1. Sup-
pose this can be done, and write

gt) = byt* + -+ + by,
W) = cpt™ + - + cq,
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with d, m 2 1 and byc,, # 0. Since byc, = a, is divisible by p but not p?,
it follows that one of the numbers by, ¢, is not divisible by p, say b,.
Then p|c,. Since ¢, b, = a, is not divisible by p, it follows that p does
not divide c,. Let ¢, be the coefficient of h farthest to the right such
that ¢, # 0 (mod p). Then r # 0 and

a, =bgc, + byc,_y + -+ + b,cq.

Since p{byc, but p divides every other term in this sum, we conclude
that pta,, a contradiction which proves our theorem.

Example. The polynomial t> —2 is irreducible over the rational
numbers, as a direct application of Theorem 5.4.

Another criterion for irreducibility is given by the next theorem, and
uses the notion of reduction mod p for some prime p.

Theorem 5.5 (Reduction criterion). Let f(1)eZ[t] be a primitive
polynomial with leading coefficient a, which is not divisible by a prime
p. Let Z - Z/pZ = F be reduction mod p, and denote the image of f by

f. If f is irreducible in F[t], then f is irreducible in Q[t].

Proof. By Theorem 5.3 it suffices to prove that f does not have a
factorization f = gh with degg and degh =1 and g, he Z[t]. Suppose
there is such a factorization. Let

f(t) = a,t" + lower terms,
g(t) = b,t" + lower terms,

h(t) = c,t* + lower terms.

Then a, = b,c,, and since a, is not divisible by p by hypothesis, it follows
that b,, ¢, are not divisible by p. Hence

f=gh

and degg, degh =1, which contradicts the hypothesis that f is irre-
ducible over F. This proves Theorem 5.5.

Example. The polynomial t> — ¢t — 1 is irreducible over Z/3Z, other-
wise it would have a root which must be 0, 1, or —1 mod 3. You can see
that this is not the case by plugging in these three values. Hence
t> —t — 1 is irreducible over Q[z].
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In Chapter VII, §3, Exercise 1, you will prove that > —t—1 is
irreducible over Z/5Z. It follows that t> — ¢t — 1 is irreducible over Qt].
You could already try to prove here that t> —t — 1 is irreducible over
Z7/5Z.

IV, §5. EXERCISES

1. Integral root theorem. Let f(t) ="+ - - + a, be a polynomial of degree n > 1
with integer coefficients, leading coefficient 1, and a, # 0. Show that if f has a
root in the rational numbers, then this root is in fact an integer, and that this
integer divides a,.

2. Determine which of the following polynomials are irreducible over the rational
numbers:
@ rP—t+1 ®+2t+10 @©P—-1-1 (d)y 2 -2t +t+ 15

3. Determine which of the following polynomials are irreducible over the rational
numbers:
(a) t* +2 (b) t* =2 (©) r*+4 (d) t*—r+1

4. Let f(t)=a,t"+ - - + a, be a polynomial of degree n = 1 with integer coeffi-
cients, assumed relatively prime, and a,a, # 0. If b/c is a rational number ex-
pressed as a quotient of relatively prime integers, b, ¢ # 0, and if f(b/c) =0,
show that ¢ divides a, and b divides a,. (This result allows us to determine
effectively all possible rational roots of f since there is only a finite number of
divisors of a, and a,.)

Remark. The integral root theorem of Exercise 1 is a special case of the above
statement.

5. Determine all rational roots of the following polynomials:
(a) t’ — 1 by ¥ —1 (€) 26> -3t + 4 (d 33+t-5
(e) 2t* —4r + 3

6. Let p be a prime number. Let
SO =P P+ P 44 1
Prove that f(t) is irreducible in Z[t]. [Hint: Observe that
f@O =@ - DIt -1

Let u=t—1sot=u+ 1. Use Eisenstein.}

The next two exercises show how to construct an irreducible polynomial over
the rational numbers, of given degree d and having precisely d — 2 real roots (so
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of course a pair of complex conjugate roots). The construction will proceed in
two steps. The first has nothing to do with the rational numbers.

7. Continuity of the roots of a polynomial. Let d be an integer = 3. Let
o=t +aP 4+ a
be a sequence of polynomials with complex coefficients a{”. Let
fO=t"4+a,_ " "+ +a

be another polynomial in C[t]. We shall say that f,(t) converges to f(t) as
n— oo if for each j=0,...,d — 1 we have

; ” —
lim af" = a;.

n— o

Thus the coefficients of f, converge to the coefficients of f.
Factorize f, and f into factors of degree 1:

fO=@—oa)-(t—a) and  fly=(—a{)---(r —a{)

(a) Prove the following theorem.

Assume that f,(t) converges to f(t), and for simplicity assume that the roots
Ay, ...,0q are distinct. Then for each n we can order the roots o, ... 4
in such a way that for i = 1,...,d we have

lim o™ = o;.

n— oo

This shows that if the coefficients of f, converge to the coefficients of f,
then the roots of f, converge to the roots of f.

(b) Suppose that f and f, have real coefficients for all n. Assume that a5, ...,a,
are real, and o, o, are complex conjugate. Prove that for all n sufficiently
large, o/ is real for i = 3,....d; and o, o’ are complex conjugate.

8. Let d be an integer = 3. Prove the existence of an irreducible polynomial of
degree d over the rational numbers, having precisely d — 2 real roots (and a
pair of complex conjugate roots). Use the following construction. Let
by,...,by_, be distinct integers and let a be an integer > 0. Let

gty =(* + a)t —by)---(t —by_p) =t"+ gt + -+ o

Observe that c;e Z. Let p be a prime number, and let

9.(0) = 9(0) + —,
14

so that g,(t) converges to g(t).
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(a) Prove that g,(t) has precisely d — 2 real roots for n sufficiently large.
(b) Prove that g,(t) is irreducible over Q.

(Note: You might use the preceding exercise for (a), but one can also give a
simple proof just looking at the graph of g, using the fact that g, is just a
slight raising of g above the horizontal axis.

Obviously the same method can be used to construct irreducible poly-
nomials over Q with arbitrarily many real roots and pairs of complex
conjugate roots. There is particular significance for the special case of d — 2
real roots, when d is a prime number, as you will see in Chapter VII, §4,
Exercise 15. In this special case, you will then be able to prove that the
Galois group of the polynomial is the full symmetric group.)

9. Let R be a factorial ring (see the definition in the next section), and let p be a
prime element in R. Let d be an integer = 2, and let

O =t it 4 g
be a polynomial with coefficients ¢;e R. Let n be an integer = 1, and let

g(t) = f(t) + p/p™.

Prove that g(t) is irreducible in K[t], where K is the quotient field of R.

IV, §6. PRINCIPAL RINGS AND FACTORIAL RINGS

We have seen a systematic analogy between the ring of integers Z and
the ring of polynomials K[t]. Both have a Euclidean algorithm; both
have unique factorization into certain elements, which are called primes
in Z or irreducible polynomials in K[¢]. It turns out actually that the
most important property is not the Euclidean algorithm, but another
property which we now axiomatize.

Let R be an integral ring. We say that R is a principal ring if in
addition every ideal of R is principal.

Examples. If R =Z or R = K[t], then R is principal. For Z this was
proved in Chapter I, Theorem 3.1, and for polynomials it was proved in
Theorem 2.1 of the present chapter.

Practically all the properties which we have proved for Z or for
K[t] are also valid for principal rings. We shall now make a list.

Let R be an integral ring. Let peR and p # 0. We define p to be
prime if p is not a unit, and given a factorization

p=ab with a, beR

then a or b is a unit.



144 POLYNOMIALS [1V,§6]

An element aeR, a #0 is said to have unique factorization into
primes if there exists a unit u and there exist prime elements p;
(i=1,...,r) in R (not necessarily distinct) such that

a=upy - py

and if given two factorizations into prime elements

a=upy---p=uqy--qs

then » =s and after a permutation of the indices i, we have p; = u;q,,
where u; isaunit i = 1,...,r.

We note that if p is prime and u is a unit, then up is also prime, so we
must allow multiplication by units in the factorization. In the ring of
integers Z, the ordering allows us to select a representative prime
element, namely a prime number, out of two possible ones differing by a
unit, namely =+ p, by selecting the positive one. This is, of course,
impossible in more general rings. However, in the ring of polynomials
over a field, we can select the prime element to be the irreducible
polynomial with leading coeflicient 1.

A ring is called factorial, or a unique factorization ring, if it is integral,
and if every element # 0 has a unique factorization into primes.

Let R be an integral ring, and a, be R, a # 0. We say that a divides b
and write a|b if there exists ¢ce R such that ac = b. We say that deR,
d#0 is a greatest common divisor of @ and b if d|a, d|b, and if any
element ¢ of R, ¢ # 0 divides both a and b, then ¢ also divides d. Note
that a g.c.d. is determined only up to multiplication by a unit.

Proposition 6.1. Let R be a principal ring. Let a, be R and ab # Q.
Let (a, b) = (¢), that is let ¢ be a generator of the ideal (a,b). Then c is
a greatest common divisor of a and b.

Proof. Since b lies in the ideal (¢), we can write b = xc for some xeR,
so that c¢|b. Similarly, c|a. Let d divide both a and b, and write a = dy,
b = dz with y, ze R. Since c lies in (a, b) we can write

c=wa+th

with some w, teR. Then ¢ = wdy + tdz = d(wy + tz), whence d|c, and
our proposition is proved.

Theorem 6.2. Let R be a principal ring. Then R is factorial.

Proof. We first prove that every non-zero element of R has a
factorization into irreducible elements. Given ae R, a # 0. If a is prime,
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we are done. If not, then ¢ = a b, where neither a; nor b, is a unit.
Then (a) < (a,). We assert that

(a) # (a,)-

Indeed, if (a) = (a,) then a, = ax for some xR and then a =axb; so
xb, = 1, whence both x, b, are units contrary to assumption. If both a,,
b, are prime, we are done. Suppose that a, is not prime. Then
a, = a,b, where neither a, nor b, are units. Then (a,) = (a,), and by
what we have just seen, (a,) # (4,). Proceeding in this way we obtain a
chain of ideals

(a)g@lcla)s...ca)s....

We claim that actually, this chain must stop for some integer n. Let
J = (@)
n=1

Then J is an ideal. By assumption J is principal, so J = (¢) for some
element ce R. But c lies in the ideal (a,) for some n, and so we have the
double inclusion

(a,) = (0) = (a,),
whence (¢) = (a,). Therefore (a,) =(a,,,) =..., and the chain of ideals
could not have proper inclusions at each step. This implies that a can
be expressed as a product
a=p,---p, where py, ...,p, are prime.

Next we prove the uniqueness.

Lemma 6.3. Let R be a principal ring. Let p be a prime element. Let a,
beR. If p|ab then p|a or plb.

Proof. If pta then a gcd. of p, a is 1, and (p,a) is the unit ideal
Hence we can write

1=xp+ya

with some x, yeR. Then b = bxp + yab, and since p|ab, we conclude
that p|b. This proves the lemma.

Suppose finally that a has two factorizations

aAa=Ppy P =41 4s
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into prime elements. Since p; divides the product furthest to the right, it
follows by the lemma that p, divides one of the factors, which we may
assume to be ¢, after renumbering these factors. Then there exists a
unit u, such that g, =u;p,. We can now cancel p, from both
factorizations and get

P2 Py =U1qs " gy

The argument is completed by induction. This concludes the proof of
Theorem 6.2.
For emphasis, we state separately the following result.

Proposition 6.4. Let R be a factorial ring. An element peR, p#0 is
prime if and only if the ideal (p) is prime.

Note that for any integral ring R, we have the implication
a€R, a#0 and (a) prime = a prime.

Indeed, if we write a=bc with b,ceR then be(a) or ce(a) by
definition of a prime ideal. Say we can write b = ad with some deR.
Then a = acd. Hence c¢d = 1, whence ¢, d are units, and therefore a is
prime.

In a factorial ring, we also have the converse, because of unique
factorization. In a principal ring, the key step was Lemma 6.3, which
means precisely that (p) is a prime ideal.

In a factorial ring, we can make the same definitions as for the
integers or polynomials. If

a=upyep

is a factorization with a unit 4 and distinct primes p,,....p,, then we
define

m; = ord,(a) = order of a at p,.

If a, be R are non-zero elements, we say that a, b are relatively prime if
the g.cd. of a and b is a unit. Similarly elements a,,...,q, are relatively
prime means that no prime element p divides all of them. If R is a
principal ring, to say that a, b are relatively prime is equivalent to saying
that the ideal (g, b) is the unit ideal.

Other theorems which we proved for the integers Z are also valid in
factorial rings. We now make a list, and comment on the proofs, which
are essentially identical with the previous ones, as in §5. Thus we now
study factorial rings further.
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Let R be factorial. Let f(t)e R[t] be a polynomial. As in the case
when R = Z, we say that f is primitive if there is no prime of R which
divides all coefficients of f; i.e. if the coefficients of f are relatively prime.

Lemma 6.5. Let R be a factorial ring. Let K be its quotient field. Let
feK[t] be a polynomial # 0. Then there exists an element ac K, a # 0
such that af is primitive.

Proof. Follow step by step the proof of Lemma 5.1. No other
property was used besides the fact that the ring is factorial.

Lemma 6.6 (Gauss). Let f, g be primitive polynomials over the factorial
ring R. Then fy is primitive.

Proof. Follow step by step the proof of Lemma 5.2.

Theorem 6.7. Let R be a factorial ring and K its quotient field. Let
feR[t] be a primitive polynomial, and deg f = 1. If f is reducible over
K then f is reducible over R. More precisely, if f = gh with g, he K[t]
and degg = 1, deg h = 1, then there exist elements a, be K such that, if
we let g, =ag and h, = bh, then g,, h, have coefficients in R, and

f=gih

Proof. Follow step by step the proof of Theorem 5.3. Of course, at
the end of the proof, we found ab equal to a unit. When R =Z, a unit
is +1, but in the general case all we can say is that ab is a unit, so a is
a unit or b is a unit. This is the only difference in the proof.

If R is a principal ring, it is usually not true that R[¢] is also a princi-
pal ring. We shall discuss this systematically in a moment when we con-
sider polynomials in several variables. However, we shall prove that
R[1] is factorial, and we shall prove even more.

First we make a remark which will be used in the following proofs.

Lemma 6.8. Let R be a factorial ring, and let K be its quotient field.
Let

g=9MeR[t], h=h)eR[]
be primitive polynomials in R. Let be K be such that

g = bh.
Then b is a unit of R.
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Proof. Write b = a/d where a, d are relatively prime elements of R, so
a is a numerator and d is a denominator for b. Then

dg = ah.

Write h(t) = c,,t" + --- + ¢o. If p is a prime dividing d then p divides ac;
for j=0,...,m. Since cq,....c,, are relatively prime, it follows that p
divides a, which is against our assumption that a, d are relatively prime
in R. Similarly, no prime can divide a. Therefore b is a unit of R as
asserted.

Theorem 6.9. Let R be a factorial ring. Then R[t] is factorial. The
units of R[t] are the units of R. The prime elements of R[t] are either
the primes of R, or the primitive irreducible polynomials in R[t].

Proof. Let p be a prime of R. If p=ab in R[t] then
dega =degh =0,

so a, be R, and by hypothesis a or b is a unit. Hence p is also a prime of
R[1].

Let p(t) = p be a primitive polynomial in R[t] irreducible in K[z]. If
p=/fg with fgeR[t], then from unique factorization in K[t} we
conclude that degf=degp or degg = degp. Say degf =degp. Then
g€ R. Since the coeflicients of p(t) are relatively prime, it follows that g is
a unit of R. Hence p(t) is a prime element of R[¢].

Let f(t)e R[t]. We can write f=cg where ¢ is the gcd. of the
coefficients of f, and g then has relatively prime coefficients. We know
that ¢ has unique factorization in R by hypothesis. Let

g=4, 4,

be a factorization of g into irreducible polynomials g,,...,q, in K[t].
Such a factorization exists since we know that K[r] is factorial. By
Lemma 6.5 there exist elements by,....,b, € K such that if we let p;, = b,q;
then p; has relatively prime coefficients in R. Let their product be

u=b>b,---b,.
Then
ug =py---p,.

By the Gauss Lemma 6.6, the right-hand side is a polynomial in R[t]
with relatively prime coefficients. Since g is assumed to have relatively
prime coefficients in R, it follows that ue R and u is a unit in R. Then

f=cuTlp;--p,
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is a factorization of f in R[f] into prime elements of R[t] and an ele-
ment of R. Thus a factorization exists.

There remains to prove uniqueness (up to factors which are units, of
course). Suppose that

f=cpy-p,=dq,-q,

where ¢, deR, and p,,....p,, q;,..-.4, are irreducible polynomials in R[]
with relatively prime coefficients. If we read this relation in K[t¢], and
use the fact that K[t] is factorial, as well as Theorem 6.7, then we
conclude that after a permutation of indices, we have r = s and there are
elements b,e K, i = 1, ...,r such that

p: = b;g, for i=1,...,r

Since p;, ¢; have relatively prime coefficients in R, it follows that in fact
b; is a unit in R by Lemma 6.8. This proves the uniqueness.

Theorem 6.10 (Eisenstein’s criterion). Let R be a factorial ring, and let
K be its quotient field. Let

fO)=a,"+ -+ ag

be a polynomial of degree n =1 with coefficients in R. Let p be a
prime, and assume:

a, # 0 (mod p), a;=0(mod p) forall i<n,
a, # 0 (mod p?).
Then f is irreducible over K.

Proof. Follow step by step the proof of Theorem 5.4.

Example. Let F be any field. Let K = F(t) be the quotient field of
the ring of polynomials, and let R = F[t]. Then R is a factorial ring.
Note that ¢ itself is a prime element in this ring. For any element ce F
the polynomial ¢ — ¢ is also a prime element.

Let X be a variable. Then for every positive integer n, the polynomial

f(X)=X"—1

is irreducible in K[X]. This follows from Eisenstein’s Criterion. In this
case, we let p =t, and:

a,=1%#0 modt, ap = —t, ;=0 for O<i<n

Thus the hypotheses in Eisenstein’s Criterion are satisfied.
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Similarly, the polynomial
X+ —(t—-DX3 4+ —1DX2+1t—D*X —(t—1)
is irreducible in K[X]. In this case, we let p=1¢ — 1.

The analogy between the ring of integers Z and the ring of poly-
nomials F[t] is one of the most fruitful in mathematics.

Theorem 6.11 (Reduction criterion). Let R be a factorial ring and let K
be its quotient field. Let f(t)e R[t] be a primitive polynomial with
leading coefficient a, which is not divisible by a prime p of R. Let
R = R/pR be reduction mod p, and denote the image of f by f. Let F be
the quotient field of R/pR. If f is irreducible in F[t] then [ is
irreducible in K[t].

Proof. The proof is essentially similar to the proof of Theorem 5.5, but
there is a slight added technical point due to the fact that R/pR is not
necessarily a field. To deal with that point, we have to use the ring R,
of Exercise 3, so we assume that you have done that exercise. Thus the
ring R, is principal, and R,/pR,, is a field. Furthermore, F = R,)/pR ;.
Now exactly the same argument as in Theorem 5.5 shows that if f is
irreducible in F[t], then f is irreducible in R[t] and hence f is
irreducible in K[t], because K is also the quotient field of R. This
concludes the proof.

IV, §6. EXERCISES

1. Let p be a prime number. Let R be the ring of all rational numbers m/n,
where m, n are relatively prime integers, and p } n.
(a) What are the units of R?
(b) Show that R is a principal ring. What are the prime elements of R?

2. Let F be a field. Let p be an irreducible polynomial in the ring F[t], Let R
be the ring of all rational functions f(t)/g(t) such that f, g are relatively prime
polynomials in F[¢] and p 4 g.

(a) What are the units of R?
(b) Show that R is a principal ring. What are the prime elements of R?

3. If you are alert, you will already have generalized the first two exercises to
the following. Let R be a factorial ring. Let p be a prime elment. Let R, be
the set of all quotients a/b with a, be R and b not divisible by p. Then:

(a) The units of R, are the quotients a/b with a, be R, p ¥ ab.
(b) The ring R, has a unique maximal ideal, namely pR,,,. consisting of all
elements a/b such that p ¥ b and p|a.
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(c) The ring R, is principal, and every ideal is of the form p"R, for some
integer m = 0.

(d) The factor ring R, /pR, is a field, which “is” the quotient field of R/pR.

If you have not already done so, then prove the above statements.

4. Let R =Z[r]. Let p be a prime number. Show that ¢t — p is a prime element
in R. Is t> —p a prime element in R? What about ¢* — p? What about
t" — p where n is a positive integer?

5. Let p be a prime number. Show that the ideal (p, ) is not principal in the
ring Z[t].

6. Trigonometric polynomials. Let R be the ring of all functions f of the form

fxX)=ag + Y (a, cos kx + b, sin kx)
k=1
where ag, a,, b, are real numbers. Such a function is called a trigonometric
polynomial.
(a) Prove that R is a ring.
(b) If a, or b, # 0 define n to be the (trigonometric) degree of f. Prove that if
f, g are trigonometric polynomials, then

deg(fg) = deg f + degyg.

Deduce that R has no divisors of zero, so is integral.

(c) Conclude that the functions sin x, 1 + cos x, 1 — cos x are prime elements
in the ring. As Hale Trotter observed (Math. Monthly, April 1988) the
relation

sin? x = (1 + cos x)(1 — cos x)

is an example of non-unique factorization into prime elements.

7. Let R be the subset of the polynomial ring Q[¢] consisting of all polynomials
ap + ayt* + azt> + --- + a,t" (so the term of degree 1 is missing), with @, € Q.
{(a) Show that R is a ring, and that the ideal (¢, ¢®) is not principal.

(b) Show that R is not factorial.

8. Let R be the set of numbers of the form

a+ b/ -5 with a, beZ.

(a) Show that R is a ring.

(b) Show that the map a+ b,/ —5—a—b/—5 of R into itself is an
automorphism.
(c) Show that the only units of R are +1.

(d) Show that 3, 2+ ./—5 and 2 — ./ —35 are prime elements, and give a
non-unique factorization

=2+ -5
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(e) Similarly, show that 2, 1 +./—5 and 1 —./—5 are prime elements,
which give the non-unique factorization

23 =(14=5(1~./—9.

9. Let d be a positive integer which is not a square of an integer, so in
particular, d = 2. Let R be the ring of all numbers a + b/ —d with a, beZ.

Let o =a+ b/—d be an element of this ring, and let & be its complex

conjugate.

(a) Prove that « is a unit in R if and only if a& = 1.

(b) If a& = p, where p is a prime number, prove that « is a prime element of
R.

10. Let p be an odd prime number, and suppose p = ax, with aeZ[./—1].
Prove that p=1mod 4. (The converse is also true, but is more difficult to

prove, in other words: if p = 1 mod 4 then p = a& with some e Z[./ —1])

11. Determine whether 3 — 2,/2 is a square in the ring Z[\/E].

IV, §7. POLYNOMIALS IN SEVERAL VARIABLES

In this section, we study the most common example of a ring which is
factorial but not principal.

Let F be a field. We know that F[t] is a principal ring. Let F[t] = R.
Let t=1t,, and let t, be another variable. Since F[t] is factorial, it
follows from Theorem 6.9 that R[t,] is factorial. Similarly,

Fle 020 - 2]
is factorial. This ring is usually denoted by
Flty,....t,],

and its elements are called polynomials in n variables. Every element of
F[t,,...,t,] can be written as a sum

dn
f(th--'»tn): Z ( Z aix----intlll"'t;"—{> t:nn
i1

in=0

and we thus see that f can be written

dn
f(tl’ . "9tn) = Z fj(tl’ . "tn—l)t{la
j=0

where f; are polynomials in n — 1 variables.
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As a matter of notation, it is useful to abbreviate

a.

i1

i = A
and write
Sty ...ty = Z a(i)till"'ti"-
)

The sum is taken separately over all the indices

0<i, <d, .., 0<i
Sometimes one also abbreviates

£ i =

and one writes the polynomial in the form

[ =3 apt?.

(i)

The ring F[t,,....t,] is definitely not a principal ring for n =z 2. For
instance, let n = 2. The ideal

M = (tla tZ)
generated by ¢, and t, in F[t, ¢,] is not principal. (Prove this as an
exercise.) This ideal (¢,,1,) is a maximal ideal, whose residue class ficld
is F itself. You can prove this statement as an exercise. Similarly, the

ideal (ty,...,t,) is maximal in F[t,,...,t,] and its residue class field is F.
Let f be a polynomial in n variables, and write

Sy, ) =) cptl -1, where ¢y = ¢y
We call each term
i i
c(i)[’l‘ e tn

a monomial, and if ¢; # 0 we define the degree of this monomial to be
the sum of the exponents, that is

deg(t)---th) =iy + - + i,

A polynomial f as above is said to be homogeneous of degree d if all the
terms with ¢, # 0 have the property that

i+t iy =d.
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Example. The monomial 537, has degree 8. The polynomial
78,15 — wileyt,
is not homogeneous. The polynomial
Tty — niiesed
is homogeneous of degree 8.
Given a polynomial f(z,,...,t,) in n variables, we can write f as a sum
f=fo+fi+-+1s
where f, is homogeneous of degree k or is 0. By convention, we agree
that the zero polynomial has degree — oo, because some of the terms f,

may be 0. To write f in the above fashion, all we have to do is collect
together all the monomials of the same degree, that is

fe= X et

it in=k
If f; # 0 is the term of highest homogeneous degree in the sum for f

above, then we say that f has total degree d, or simply degree d. Just as
for polynomials in one variable, we have the property:

Theorem 7.1. Let f, g be polynomials in n variables, and [ #0, g # 0.
Then

deg(fg) = deg f + degg.

Proof. Write f=f,+---+f; and g=go + --- + ¢, with f;# 0 and
g. #0. Then

19 =1ogo + -+ + fuge
and since the polynomial ring is integral, f,g, # 0. But f;g, is the
homogeneous part of f of highest degree, so deg(fg) = d + e, as was to be

shown.

Remark. Do not confuse the degree (i.e. the total degree) and the
degree of f in each variable. If f can be written in the form

d
f(tl’ . "’tn) = Z fk(tl’ . "tn—l)tﬁ
k=0
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and f, # 0 as a polynomial in ¢,,....,t,_; then we say that f has degree d
in t,. For instance, the polynomial

R, ES + Lyt ty + 1S
has total degree 9, it has degree 3 in ¢, degree 1 in t, and degree 5 in ¢;.

From Theorem 7.1, or from the fact that the ring of polynomials in
several variables is

K[tlﬂ .. '>tn] = K[tl][tZ:I U [tn]

we conclude that this ring is integral. Thus we may form its quotient
field, just as in the case of one variable. We denote this quotient field by

K(ty, ..., t,)

and call it the field of rational functions (in several variables).

The above results go as far as we wish in our study of polynomials.
We end this section with some comments on polynomial functions.

Let K"=K x --- x K. Just as in the case of one variable, a poly-
nomial f(t)e K[t,,...,t,] may be viewed as a function

Jet K" > K.

Indeed, let x = (x,,...,x,) be an n-tuple in K" If

flty, ot =) =Y apt] -ty
then we define

Sxy, X)) = f(x) = apxi -
The map x - f(x) is a function of K” into K. But also the map

S ()
is a homomorphism of K[¢,,...,t,] into K, called the evaluation at x.
More generally, let K be a subring of a commutative ring 4. Let

f®eK[t,,...t,] be a polynomial. If

X ={xy,...,.x,)EA"
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is an n-tuple in A" then again we may define f(x) by the same expres-
sion, and we obtain a function

fai A" > A by x> f(x).

Just as in the case of one variable, different polynomials can give rise to
the same function. We gave an example of this phenomenon in §1, in
the context of a finite field.

Theorem 7.2. Let K be an infinite field. Let feK[t,,...,t,] be a
polynomial in n variables. If the corresponding function

X f(x) of K"> K

is the zero function, then f is the zero polynomial. Furthermore, if f, g
are two polynomials giving the same function of K" into K, then f = g.

Proof. The second assertion is a consequence of the first. Namely,
given f, g which give the same function of K" into K, let h=f—g.
Then h gives the zero function, so h =0 and f=¢g. We now prove the
first by induction. Write

d
f(tla"'atn) = z fj(tl’ ""tn—l)t{x'
j=0

Thus we write f as a polynomial in t,, with coefficients which are poly-
nomials in f,,...,t,_;. Let (¢q,...,c,_,) be arbitrary elements of K. By
assumption, the polynomial

d
fleq, ety = Y filey, e DY
=0

vanishes when we substitute any element ¢ of K for ¢. In other words,
this polynomial in one variable ¢t has infinitely many roots in K. There-
fore this polynomial is identically zero. This means that

filet, o yeam1) =0 forall j=0,...,d
and all (n — 1)-tuples (c,,...,c,—;) in K* . By induction, it follows that

for each j the polynomial f;(t;,...,t,_;) is the zero polynomial, whence
finally /= 0. This concludes the proof.

Let R be a subring of a commutative ring S. Let x,...,x, be
elements of S. We denote by

R[xy,...,x,]
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the ring consisting of all elements f(x,,...,x,) where f ranges over all
polynomials in »n variables with coefficients in R. We say that

R[xy, ..., %]
is the ring generated by x,,...,x, over R.

Example. Let R be the real numbers, and let ¢, ¥ be the two
functions

@(x) = sin x and Y(x) = cos x.
Then

R, ¥]

is the subring of all functions (even the subring of all differentiable
functions) generated by ¢ and . In fact, R[e,y] is the ring of
trigonometric polynomials as in Exercise 6 of §6.

Let K be a subfield of a field E. Let x,,...,x, be elements of E. As
we have seen, we get an evaluation homomorphism

K[t,,....t,] > E by JUn. o t)—=f(xy,..x) = f(x).

If the kernel of this homomorphism is 0, that is if the evaluation map is
injective, then we say that x,,...,x, are algebraically independent, or that
they are independent variables over K. The polynomial ring K[t,,...,t,]
is then isomorphic to the ring K[x,,...,x,] generated by x,,...,x, over
K.

Example. It can be shown that if K = Q, there always are infinitely
many algebraically independent n-tuples (x,,...,x,) in the complex, or in
the real numbers.

In practice, it is quite hard to determine whether two given numbers
are or are not algebraically independent over Q. For instance, let e be
the natural base of logarithms. It is not known if ¢ and = are
algebraically independent. It is not even known if e/x is irrational.

IV, §7. EXERCISES

1. Let F be a field. Show that the ideal (¢,t,) is not principal in the ring
F[t,.t,]. Similarly, show that (t,,....t,) is not principal in the ring F[t,,...,t,].

2. Show that the polynomial t; — ¢, is irreducible in the ring F(¢,,t,].
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3. In connection with Theorem 7.2 one can ask to what extent it is necessary
to have an infinite field. Or even over the real numbers, let S be a subset of
R" Let f(t,,...,t,) be a polynomial in »n variables. Suppose that f(x) =0 for
all xeS. Can we assert that f=0? Not always, not even if S is infinite and
n>2. Prove the following statement which gives a first result in this
direction.

Let K be a field, and let S,,....S, be finite subsets of K. Let
feK[ty,....t,] and suppose that the degree of f in the variable t; is <d;.
Assume that #(S;) > d; for i=1,...,n. Also suppose that

S(xy..x)=0  forall x;€8,

that is f(x)=0 for all xeS; x--- x S,. Then f=0.

The proof will follow the same pattern as the proof of Theorem 7.2.

Application to finite fields
4. Prove the following analogue of Theorem 7.2 for finite fields.

Let K be a finite field with q elements. Let f(t)e K[t,,...,t,] be a polynomial
in n variables, such that the degree of f in each variable t; is < q. Assume
that

flay,....a)=0  forall ay,.. ,a,ekK.

Then f is the zero polynomial.

Let K be a finite field and let f(t)e K[t,,....t,] be a polynomial. If 7
occurs in some monomial in f, replace t? by t,. After doing this a finite
number of times, you obtain a polynomial g¢(¢,, ...,t,) such that the degree of g
in each variable r; is < g. Since x? = x for all xe K, it follows that f, g induce
the same function of K" into K. By a reduced polynomial associated with f we
mean a polynomial g such that the degree of ¢ in each variable is < g and
such that the functions induced by f and g on K" are equal. The existence of
a reduced polynomial was proved above.

5. Given a polynomial fe K[t,, ...,t,] prove that a reduced polynomial associated
with f is unique, i.e. there is only one.

6. Chevalley’s theorem. Let K be a finite field with g elements. Let

Sy, t)eK[ty,....t,]

be a polynomial in n variables of total degree d. Suppose that the constant
term of f is 0, that is f(0,...,0)=0. Assume that n >d. Then there exist
elements ay,...,a,€ K not all 0 such that f(a,,...,a,) =0. [Hint: Think of the
exercises of §1. Compare the polynomials

1—f9"%  and  (1—¢71). (1 - b

and their degrees.]
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IV, §8. SYMMETRIC POLYNOMIALS

Let R be an integral ring and let ¢,,...,t, be algebraically independent
elements over R. Let X be a variable over R[t,,...,t,]. We form the
polynomial

PX)=(X —t)- (X —1,)
=X"—5; X" 4+ + (=),

where each s;=s(ty,...,t,) is a polynomial in t,,...,t,. Then, for
instance,

S,=t; + - +1, and Sy =1ty t,.

The polynomials s, ...,s, are called the elementary symmetric polynomials
of ty,....t,.

We leave it as an easy exercise to verify that s; is homogeneous of
degree i in t,,...,t,.

Let ¢ be a permutation of the integers (1,...,n). Given a polynomial
fMeR[t] = R[t,,....t,], we define af to be

af(ty, ..oty = f(tyays - sbogm)-

If g, 7 are two permutations, then (¢7)f = o(tf), and hence the symmetric
group G on n letters operates on the polynomial ring R[t]. A polynomial
is called symmetric if of = f for all 6eG. It is clear that the set of
symmetric polynomials is a subring of R[t], which contains the constant
polynomials (i.e. R itself) and also contains the elementary symmetric
polynomials sy, ...,s,. We shall see below that these are generators.

Let X,,...,X, be variables. We define the weight of a monomial

Xk XKk
1 n

to be k; +2k,+ .- -+ nk,. We define the weight of a polynomial
g9(X4,...,X,) to be the maximum of the weights of the monomials
occurring in g.

Theorem 8.1. Let f(t)e R[t,,...,t,] be symmetric of degree d. Then
there exists a polynomial g(X |, ...,X,) of weight < d such that

f(t) = g(sla e asn)‘

Proof. By induction on n. The theorem is obvious if n = 1, because
S; =1y,
Assume the theorem proved for polynomials in n — 1 variables.
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If we substitute ¢, = 0 in the expression for P(X), we find
(X —1) (X =6, )X = X" — (500X " "1 4+ + (= 1)""H5,-1)0 X

where (s;), is the expression obtained by substituting ¢, =0 in s5;. We see
that (s;)g,...«(Sn—1)o are precisely the elementary symmetric polynomials
inty, ..ot '

We now carry out induction on d. If d =0, our assertion is trivial
Assume d >0, and assume our assertion proved for polynomials of
degree <d. Let f(ty,...,t,) have degree d. There exists a polynomial
9:(X,,....X,_) of weight < d such that

Sy, o ty—1,0) = 91((31)0’ ""(sn-l)O)'

We note that g,(s,,...,s,_;) has degree <d in (t,,...,t,). The polynomial

fl(tl’ “'9tn) =f(t1’ ""tn) - gl(sla "'asn—l)

has degree <d (in t,,...,t,) and is symmetric. We have

filty, .. t,—1,0)=0.

Hence f, is divisible by t,, ie. contains t, as a factor. Since f; is
symmetric, it contains t, ---t, as a factor. Hence

fl = san(tl’ "'atn)

for some polynomial f,, which must be symmetric, and whose degree is
<d—n<d. By induction, there exists a polynomial g, in n variables
and weight < d — n such that

fZ(tla v 9tn) = gZ(Sh e asn)'
We obtain

f(t) :gl(sla"’asn—l) +Sngz(S1,...,Sn),

and each term on the right has weight < d. This proves our theorem.

Theorem 8.2. The elementary symmetric polynomials s, ...,s, are alge-
braically independent over R.

Proof. If they are not, take a polynomial f(X,,...,X,)eR[X,....X,]
of least degree and not equal to 0 such that

f(s4, ...,8,) =0.
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Write f as a polynomial in X, with coefficients in R[X,...,X, -],
Xy X)) =flX o X))+ + (XWX DX
Then f, # 0. Otherwise, we can write
J(X) = X, h(X)

with some polynomial h, and hence s,h(s,...,s,) =0. From this it
follows that A(s,,....s,) = 0, and h has degree smaller than the degree of f.
We substitute s; for X; in the above relation, and get

0= fo(SpseesSuog) + oo+ fulSpseesSu_ )52

This is a relation in R[ty,...,t,], and we substitute 0 for ¢, in this
relation. Then all terms become O except the first one, which gives

0= fo((51)0’ e ’(snf 1)0)’

using the same notation as in the proof of Theorem 8.1. This is a
non-trivial relation between the elementary symmetric polynomials in
t1s -5ty 1, @ contradiction.

Example. Consider the product

Alty, ...ty =A0) =[] t; — 1)

i<j

For any permutation ¢ of (1,...,n), as in Chapter II, Theorem 6.4, we see
that
aA(t) = £ A(@).

Hence A(t)? is symmetric, and we call it the discriminant:

Dy(sy,....8,) = D(sy,....8,) = [ ] (t; — 1)* = AQ)*.

i<j

We thus view the discriminant as a polynomial in the elementary
symmetric functions.
Let F be a field, and let

PO = (X — o) (X — o) = X" = ¢ X" 1+ oo (= 1Y,

be a polynomial in F[X] with roots «,,...,z,€ F. Then there is a unique
homomorphism

Z[t,,...t,] - F mapping ;.

i 13
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This homomorphism is the composite
Z[ty,....t,] = F[ty,....t,] = F,

where the first map is induced by the unique homomorphism Z — F, and
the second map is the evaluation homomorphism sending t; — a;.
Under this homomorphism, we see that

Altyy .ot )2 Ay, .. .0)2
and so

D(sgy . 58) > D(Cyy - . 5C)-
Therefore, to get a formula for the discriminant of a polynomial, it
suffices to find the formula for a polynomial over the integers Z, with
algebraically independent roots t;,...,t,. We shall now find such a
formula for polynomials of degree 2 and 3.

Example (Quadratic polynomials). Let
fX)=X2+bX +c=(X — )X — t,).

Then by direct computation, you will find that

Df=b2—4c.

Example (Cubic polynomials). Consider a cubic polynomial
fX)=X?—5;X? + 5,X — 53 = (X — 1, )X — )X — 1),

We want to find a formula for the discriminant, which is more
complicated than in the quadratic case. There is such a formula, but in
practice, it is best to make a change of variables first and reduce the
problem to the case of a cubic whose X* term is missing. Namely, let

Y=X-1ss so X=Y+i=Y+i(u+n+n).
Then the polynomial f(X) becomes
fX) =X Y)=Y>+a¥ +b=(Y —u )Y —u)(Y — us)

where a = uu, + u,uy + uu; and b = —uu,u;, while uy + u, + u; =0.
We have

u=t; —1s, for i=1,2,3.
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Note that the discriminant is unchanged because the translation by s,/3
cancels out. Indeed,

W—u;=t—t; for all i # .
If we can get a formula for the discriminant of the cubic whose square
term is missing, as a function of a and b, then we can get a formula for
the discriminant of the general cubic simply by substituting the values of

a and b as functions of s, s,, s;. You will work this out as Exercise 1.
We now consider the cubic whose square term is missing. So we let

FX) =X3+aX +b=(X —u)X — u)X — u3)

where u,, u, are independent variables, and u; = —(u, + u,). Then the
discriminant is
D = (uy — up)*(uy — uz)(u, — u3)’.

As a function of the elementary symmetric functions a, b the discriminant
is

D = —44% — 27p2

As an exercise, try to determine this by brute force. We shall now give a
proof which eliminates the brute force.

Observe first that D is homogeneous of degree 6 in u,, u,. Further-
more, a is homogeneous of degree 2 and b is homogeneous of degree 3.
By Theorem 8.1, we know that there exists some polynomial

9(X,, X5) of weight 6

such that D = g(a,b). The only monomials X5X" of weight 6, i.e. such
that

2m+3n=26 with integers m,n = 0
are those for which m =3, n=0 or m =0, n =2. Hence
9(X,, X3) = UX; + WX%

where v, w are integers which must now be determined.

Observe that the integers v, w are universal, in the sense that for any
special polynomial with special values of a, b, its discriminant will be
given by

gla, b) = va® + wh?.
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Consider the polynomial
fIX)=XX-D)X+1)=X—-X.
Then a= -1, b=0 and D; =va®=—v. But also D; =4 by using

the definition of the discriminant as the product of the differences of the
roots, squared. Hence we get

v=—4.
Next consider the polynomial
fHX) =X — 1.

Then a =0, b= —1, and D, = wb> = w. But the three roots of f, are
the cube roots of unity, namely

B VA Nl SRV
’ 2 ’ 2 '

Using the definition of the discriminant as the product of the differences
of the roots, squared, we find the value D, = —27. Hence we get

w= —27.

This concludes the proof of the formula for the discriminant of the cubic.

IV, §8. EXERCISES
1. Let f(X)= X+ a,X* + a,X + a,. Show that the discriminant of f is
a%al — 4a3 — 4alay — 2743 + 18a,a,a;.
[Reduce the question to the case of a polynomial Y3 + aY + b, and use the

formula for this special case.]

2. Try to work out the formula for the discriminant of X* + aX + b by brute
force.

3. Show that the discriminant of a polynomial is O if and only if the polynomial
has a root of multiplicity > 1. (You may assume that the polynomial has
coefficients in an algebraically closed field.)

4. Let f(X)=(X —ay)--- (X —«,). Show that

D, = (=112 S

j=1
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IV, §9. THE MASON-STOTHERS THEOREM

Bibliographical references will occur at the end of §10.

The first part of this section presents a theorem for polynomials dis-
covered in 1981 by Stothers |Sto 81]. He used fundamental tools from alge-
braic geometry, which give a lot of insight not only in the particular theorem
but into the possibilities of extending it to more general situations. How-
ever, partly because of the depth of the method, few people were aware of
Stothers’ result at the time. An elementary proof was discovered by Mason
in 1983 [Mas 83]. Then Noah Snyder gave the simplest known proof
[Sny 00], and we present his proof here.

We first work over an algebraically closed field of characteristic 0, the
complex numbers if you wish.

Let f(f) be a non-zero polynomial, with its factorization

(1) f(t):cﬁ(t—oci)mf =c(t—a)™ - (t—o)™,
i1

with a non-zero constant ¢, and the distinct roots a; (i = 1,...,7). As before,
we call m; the multiplicity of o;. Let o be a constant. If « is not a root, that is
o # a; for all £, then f(x) # 0. Suppose « is a root. It is convenient to write
the factorization of f(¢) in the form

f(e) = (t—2)"g(2)

where g(o) # 0 and m(«) is the multiplicity of a. If « = a for some index k,
then

() = et =)™ TL (e~ )™,

i*k

and g(1) = ¢ J] (£ — o)™
ik
We defined « to be a multiple root of f if and only if m(x) = 2. If
m(a) = 1, we say that « is a simple root of f.
Directly from the definitions, if f(r) = (t — )™® with the multiplicity
m(a) = 1, then the multiplicity of a in f'(¢) is m(e) — 1. We generalize this
statement to an arbitrary polynomial.

Lemma 9.1. Let f(t) be a polynomial over an algebraically closed field.
Let o be a root of f with multiplicity m(o). Then the multiplicity of a in

f() ism(a) — 1.

Proof. Write f(¢) = (t — «)"g(¢) with g(x) # 0. By the rule for the deriv-
ative of a product, we get
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f10) = (= 0)"g'(2) + m(t — )" g (1)
= (t =)™ ((t = g (1) + mg(1)) = (¢ = 2)" ' h(z)

where h(r) = ((r — 2)g'(¢) + mg(f)). Note that h(x) =mg(ax) = g(x) # 0.
Hence (X — o)™ is the highest power of (¢ — «) dividing f'(¢), so m — 1
is the multiplicity of « in f”(r), as was to be shown.

Define no(f) = number of distinct roots of f, so no(f) = r in the factori-
zation (1).

Proposition 9.2. Let f be a non-constant polynomial. Suppose that f(t) has
the factorization (1). Then the g.cd.(f, f') is

ged (f,1) = e [J( =)™,
i=1

with some constant c¢1. In particular,

deg(f, f') = deg f — no(f).

Proof. The only prime polynomials which occur in the factorization of
the greatest common divisor of f, /' must be among the prime polynomials
t—o;. Lemma 9.1 gives us the multiplicities, so the factorization is as
stated. The degree comes from subtracting 1 for each i, so the formula for
deg(f, /') falls out.

The results of this section so far determining the g.c.d. of a polynomial
and its derivative was carried out over an algebraically closed field, when
the polynomial factors into irreducible factors of degree 1. One can carry
out essentially the same arguments over any field F, especially over the ratio-
nal numbers themselves. In this more general case, irreducible (prime) poly-
nomials may have a degree > 1, and this degree must be taken into account.
Suppose f has the factorization

2 fo =)™,
i=1
with a constant ¢ # 0 and prime polynomials in F[z]. We define

gy (f) = Zdeg Di-
i=1
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There is another notation which simplifies the use of indices, namely

ng(f)=>_deg p.
o/

The sum is taken over all the prime polynomials dividing f, and thus we
take the sum of the degree of all such polynomials. The analogue of Propo-
sition 9.2 reads as follows.
Proposition 9.3. Let f be a non-constant polynomial in F[t]. Suppose f(t)
has the factorization (2). Then the g.c.d.(f, f') is

ged(f. f)=c ] p)™"
i=1

with some constant c|. In particular,
deg(f, f") = deg f — n{ (f).
Proof. Write it down yourself. It’ll keep you in shape.

We now return to an algebraically closed field of characteristic 0.
It is immediate that if f, g are non-zero polynomials, then

no(fg) < no(f) + no(g),

If in addition f, g are relatively prime, then we actually have an equality

no(fg) = no(f) + no(g).

It is obvious that deg f can be very large, but ny(f) may be small. For
instance,

f0) = (1=

has degree 1000, but no(f) = 1. The Mason-Stothers gives a remarkable
additive condition under which the degree cannot be large.

Theorem 9.4 (Mason-Stothers). Let [ g, h be non-constant relatively prime
polynomials satisfying f + g =h. Then

deg f,deg g, deg h < no(fgh) — 1.
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The theorem shows in a very precise way how the additive relation
f + g = h implies a bound for the degrees of f,g, A, namely the number of
distinct roots of the polynomial fgh, even with —1 tacked on.

Proof. (Noah Snyder [Sny 00]) We first note the identity
flg=f9' =fh-fn.
To prove it, recall the property of derivatives, which gives f'+ g’ =/’
Then
f'a—19'=f(f+9)~f(f'+g") (because f'f cancels ff')
=f'h— fi

which proves the desired identity.

We have f'g— fg' # 0, otherwise f'g = fyg’ # 0 because f,g are as-
sumed non-constant. Since f,g are relatively prime, this would imply g|g’,
which is impossible. Then we notice that the g.c.d. (f, f') divides the left side

of the identity, (g,g’) divides the left side, and (h, /') divides the right side,
which is equal to the left side. Therefore, since £, g,k are relatively prime,

the product (f, 1) (g,g")(h, k") divides f'g — fg'.
This yields an inequality between the degrees, namely,
) deg(f, f') + deg(g,g") + deg(h, h') < deg(f'g - f4')
<deg f+degg— 1.
We now use Proposition 2.2, namely the identity applied to f, g, A
deg(f, ') = deg f — no(f)

deg(g,9") = deg g — no(g)
deg(h,h') = deg h — no(h).

We substitute these values in (*) above. We then cancel deg f and degg
from both sides, and move no(f), no(g), no(h) to the right side, thus getting

deg h < no(f) +no(g) + no(h) — 1 = no(fgh) — 1

since f, g, h are relatively prime. Since f, g,/ enter essentially symmetrically
in the equation f + g = h, the same inequality is satisfied for deg f and
deg g, thus concluding the proof.
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In the 17" century, Fermat claimed to have proved that the equation

has no solution in positive integers if # = 3. He never commented again on
this claim, and nobody was able to prove it until 1995 when Wiles gave a
proof based on very deep and extensive mathematical theories developed
during the decades 1960-1990. Fermat’s claim was usually called Fermat’s
last theorem, but is now Wiles’ theorem.

The analogue for polynomials has been known for some time, at least
since the 19" century. The first proof was based on more advanced tech-
niques of algebraic geometry. However, it 1s an immediate consequence of
the Mason-Stothers theorem, as we now shall see.

Theorem 9.5. Let n be an integer = 3. There is no solution of the equation
un + vl’l — Wn

with non-constant relatively prime polynomials u,v, w.

Proof. Let f =u", g =v", and h = w". Then the Mason-Stothers theo-
rem Yyields

n,.n..n

deg u” < no(u"v"w") — 1.
However, deg u" = n - deg u and no(u”) = no(f) < deg u. Hence
n-degu <degu+degv+degw— 1.
Similarly, we obtain the analogous inequality for v and w, that is

n-degv<degu+degv+degw—1
n-degw < degu+degv+degw— 1.

Adding the three inequalities yields
n{deg uvow) < 3(deg uvw) — 3 < 3(deg uvw).

Cancelling deg uvw yields n < 3, so n < 2 since # is an integer, thus proving
the theorem.

Of course, you should know that the equation

X2yt = 22
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has infinitely many solutions in integers, and also has a solution in poly-
nomials. The solutions are the sides of what’s called a Pythagorean triangle.
For instance, x =3,y =4,z =5 is a solution. With polynomials, we can
put

u=1-1} v=2 w=1+1¢.

Then you can verify at once that u? + v?> = w?. Substituting integers for ¢
then gives infinitely many Pythagorean triangles. Do the exercises. See
[Lan 85] for a general discussion of Pythagorean triples.

IV, §9. EXERCISES

1. Let p be a prime polynomial. Show that g.c.d.(p,p’) =1.
2. Prove Proposition 9.3.

3. Take the rational numbers Q for a field F. With the n{ defined at the end of
Chapter III, state and prove the version of the Mason-Strothers theorem for poly-
nomials in Q[f].

4. Pursuing the analogy between integers and polynomials, how would you define the
analogue of n, for a positive integer a? Suppose a has the prime factorization

m m
a:pll...prr_

What’s a reasonable way to define ny(a)? Be careful. The number of distinct roots
of a polynomial was a good definition when we could factor the polynomial in
terms of prime polynomials which have degree 1. However, one cannot always
do this for polynomials with rational coefficients because there are plenty of irre-
ducible polynomials of degree > 1.

5. Give at least three solutions in relatively prime integers for the equation

x2 4 y2 =22

6. Prove Davenport’s theorem [Dav 65]: Let u,v be two non-constant relatively
prime polynomials such that #* — v> # 0. Show that

ldegu < deg(u’ ~v?) — 1

ldegv < deg(u’® —v?) — 1.

Final Remark. The precise analogue of the Mason-Stothers theorem is not true
for integers. Masser-Oesterle have made a conjecture which is a perturbation of
the Mason-Stothers inequality. For this conjecture and its history, see the next
section.
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IV, §10. THE abc CONJECTURE

In this section we describe a great contemporary conjecture. Bibliographical
references are listed at the end of the section.

In the preceding section, we met the Mason-Stothers theorem for polyno-
mials. One of the most fruitful analogies in mathematics is that between the
integers Z and the ring of polynomials F[f]. Evolving from the insights of
Mason, Stothers, Frey [Fr], Szpiro, and others, Masser and Oesterle formu-
lated the abc conjecture for integers as follows. Let k be a non-zero integer.
Define the radical of & to be

NO(k) = Hp>

plk

i.e., the product of all the primes dividing &, taken with multiplicity 1.

The abc conjecture. Given ¢ > 0O there exists a positive number C(e)
having the following property. For any non-zero relatively prime integers
a, b, ¢ such that a + b = ¢ we have

max(|al, [b], |c]) < C(e)Ng(abc)' **.

Observe that the inequality says that many prime factors of a, b, ¢ occur
to the first power, and that if “small” primes occur to high powers, then
they have to be compensated by “large” primes occurring to the first
power. For instance, one might consider the equation

2"+ 1=k

For n large, the abc conjecture would state that k has to be divisible by
large primes to the first power. This phenomenon can be seen in the
tables of [BLSTW].

Stewart and Tijdeman [ST 86] have shown that it is necessary to have the
¢ in the formulation of the conjecture and they gave a lower bound for
e(Ny). Subsequent examples were communicated to me by Wojtek Jastrze-
bowski and Dan Spielman as follows. We have to give examples such that
for all C > 0 there exist natural numbers a, b, ¢ relatively prime such that
a+b = cand a = CNy(abc). But trivially,

27(5% — 1).

We consider the relations a, + b, = ¢, given by

(¥ —1)+1=5"
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It is clear that these relations provide the desired examples. Alan Baker
has conjectured that max(|al, |b|, |c|) £ CNo#(No), where O(Ny) is the num-
ber of integers n, 0 < r < Ny, divisible only by primes dividing Ny, and C
is an absolute constant [Bak 98]. Valentin Blomer then showed that
log O(N) = (log 4+ o(1))(log N)/log log N. 7

The abc conjecture implies what we shall call the asymptotic Fermat
theorem, that for all but a finite number of n, the equation

xn+yn:Z

has no solution in relatively prime integers x, y, z. Indeed, we have by
the abc conjecture

1+¢

e <lxpz]' e |y < xpe] e

2 <z
where the sign < means that the left-hand side is =< C(¢) times the
right-hand side. Taking the product yields

|3+s’

|xyz|" < [xyz

whence for |xyz| > 1 we get n bounded. The extent to which the abc
conjecture is proved with an explicit constant C(e) (or say C(1) to fix
ideas) yields the corresponding explicit determination of the bound for n
in the application.

We shall now see how the abc conjecture implies other conjectures by
Hall, Szpiro, and Lang—Waldschmidt.

Hall’s original conjecture is that if u, v are relatively prime non-zero
integers such that u®> — v? # 0 then

|u3 _ v2' > |u|1/2—s,.
Such an inequality determines a lower bound for the amount of
cancellation that can occur in a difference u® — v°.

Note that if |[u® — v?| is small, then |u®| > < [v?] so |v| »< |u|*’?>. More
generally, following Lang-Waldschmidt, let us fix A, B and let u, v, k, m,
n be variable with mn > m + n. Put

Au™ + Bv" = k.

By the abc conjecture, we get

|u™ < |uoN (k)" and  |v]" < |uwN (k)|
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If, say, |Au™| £ | Bv"|, then

| U|n < lvl +n/mN0(k)|1 +¢e
whence

(1) [vo] < Nokymm=tmem ™ and  |y| < Ny(kym=omrm *+2,

The situation is symmetric in ¥ and v. Again by the abc conjecture, we
have k| < |juvNy(k)|' %, so by (1) we find

2) k| < N(k)mn—tmm (179,

We give a significant example.

Example. Take m =3 and n =2. From (1) we get the Hall conjecture,
by weakening the upper bound, replacing N (k) with k. Observe also that
if we want a bound for integral relatively prime solutions of y? = x> + b
with integral b, then we find |x| < |h|*"% Thus the abc conjecture has
a direct bearing on the solutions of diophantine equations of classical

type.

Again take m =3, n =2 and take A =4, B= —27. In this case, we
write D instead of k, and find for

D = 4u3 — 27p?
that

(3) lul < No(DY***,  |v] < No(D)* ™.

These inequalities are supposed to hold at first for u, v relatively prime.
If one allows an a priori bounded common factor, then (3) should also
hold in this case. We call (3) the generalized Szpiro conjecture.

The original Szpiro conjecture was

|D| < No(D)° ™,

but the generalized conjecture actually bounds |u|, |v| in terms of the
“right” power of Ny(D), not just D] itself.

The current trend of thoughts in this direction was started by Frey
[Fr], who associated with each solution of a + b = ¢ the polynomial

J(x) = x(x — 3a)(x + 3b).
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The discriminant of the right-hand side is the product of the differences
of the roots square, and so

D = 3%abc)>.

We make a translation ¢ = x 4+ b — a to get rid of the x? term, so that
our equation can be rewritten

=& —p,& =,
where y,, y3 are homogeneous in «, b of appropriate weight. Then
D = 4y3 —27y3.

The use of 3 in the Frey polynomial was made so that y,, y; come out to
be integers. You should verify that when a, b, ¢ are relatively prime, then
75, 75 are relatively prime, or their greatest common divisor is 9. (Do
Exercise 1.)

The Szpiro conjecture implies asymptotic Fermat. Indeed, suppose that

a=u" b=1", and c=w"
Then
473 — 2773 = 3%uvw)™",

and we get a bound on n from the Szpiro conjecture |D| € Ny(D)® . Of
course any exponent would do, eg |D| < NyD)!°° for asymptotic
Fermat.

We have already seen that the abc conjecture implies generalized
Szpiro.

Conversely, generalized Szpiro implies abc. Indeed, the correspondence
between

(a’ b) - (yZ’ 73)

is “invertible,” and has the “right” weight. A simple algebraic manipula-
tion shows that the generalized Szpiro estimates on y,, y; imply the
desired estimates on |al, |b|. (Do Exercise 2.)

From this equivalence, one can use the examples given at the
beginning to show that the epsilon is needed in the Szpiro conjecture.

Hall made his conjecture in 1971, actually without the epsilon. The final
setting of the proofs in the simple abc context which we gave above had to
await Mason and the abc conjecture a decade later.

Let us return to the polynomial case and the Mason-Stothers theorem.
The proofs that the abc conjecture implies the other conjectures apply as well
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in this case, so Hall, Szpiro, and Lang-Waldschmidt are also proved in
the polynomial case. Actually, it had already been conjectured in
[BCHS] that if f, g are non-zero polynomials such that {3 — g2 # 0 then

deg(f(t)* — g()*) = 3 deg f(1) +

This (and its analogue for higher degrees) was proved by Davenport
[Dav] in 1965. As for ordinary integers, the point of the theorem is to
determine a lower bound for the cancellations which can occur in a
difference between a cube and a square, in the simplest case. The result
for polynomials is particularly clear since, unlike the case of integers,
there is no extrancous undetermined constant floating around, and there
is even + 1 on the right-hand side.

The polynomial case as in Davenport and the Hall conjecture for
integers are of course not independent. Examples in the polynomial case
parametrize cases with integers when we substitute integers for the
variable. Examples are given in [BCHS], one of them due to Birch
being:

fOy=t*+4*+10t2+6 and  g() =t° + 617 + 211> + 35t + &34,

whence
degree(f(1)* — g()?) = jdeg f + 1.

Substituting large integral values of t =2 mod 4 gives examples of large
values for x* —y? A fairly general construction is given by Danilov

[Dan].

Iv, §10. EXERCISES

1. Prove the statement that if a, b, ¢ are relatively prime and a + b = ¢, then y,,
y; are relatively prime or their g.c.d. is 9.

2. Prove that the generalized Szpiro conjecture implies the abe conjecture.

3. Conjecture. There are infinitely many primes p such that 277! # 1 mod p2.
(You know of course that 2°"! = 1 mod p if p is an odd prime.)
{a) Let S be the set of primes such that 277! # 1 mod p?. If n is a positive
integer, and p is a prime such that 2 — 1 = pk with some integer k prime
to p, then prove that p is in S.
(b) Prove that the abc conjecture implies the above conjecture. (Silverman, J.
of Number Theory, 1988.)

Remark. A conjecture of Lang-Trotter implies that the number of primes
p < x such that 2°~! = 1 mod p? is bounded by Cloglog x for some constant
C > 0. So most primes would satisfy the condition that 277! # 1 mod p2.
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Readers acquainted with basic facts on vector spaces may jump immedi-
ately to the field theory of Chapter VII.

CHAPTER V

Vector Spaces and Modules

V, §1. VECTOR SPACES AND BASES

Let K be a field. A vector space V over the field K is an additive

(abelian) group, together with a multiplication of elements of V by ele-
ments of K, i.e. an association

(x, v) > xv
of K x V into V, satisfying the following conditions:
VS 1. If 1 is the unit element of K, then lv=v for all veV.
VS2. IfceK and v, weV, then c(v + w) = cv + cw.

VS3. If x, yeK and veV, then (x + y)v = xv + yv.
VS 4. If x, yeK and veV, then (xy)v = x(yv).

Example 1. Let V' be the set of continuous real-valued functions on
the interval [0, 1]. Then V is a vector space over R. The addition of
functions is defined as usual: If f, g are functions, we define

(f + @) = f() + g(v).

If ceR, we define (cf)(t) = c¢f(¢). It is then a simple routine matter to
verify that all four conditions are satisfied.

Example 2. Let S be a non-empty set, and V the set of all maps of S
into K. Then V is a vector space over K, the addition of maps and the
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multiplication of maps by clements of K being defined as for functions in
the preceding example.

Example 3. Let K" denote the product K x --- x K, ie. the set of n-
tuples of elements of K. (If K =R, this is the usual Euclidean space.)
We define addition of a-tuples componentwise, that is if

X =(xg5...9%,) and Y =01 V)
are elements of K" with x;, y;€ K, then we define
X+Y =04+ y5,....%, + Vo)
If ce K, we define
X = (€Xq,...,X,).

It is routine to verify that all four conditions of a vector space are
satisfied by these operations.

Example 4. Taking n =1 in Example 3, we see that K is a vector
space over itself.

Let V be a vector space over the field K. Let veV. Then Ov = 0.

Proof. Ov+v=0+1lv=(0+ l)v =1v=v. Hence adding —v to
both sides shows that Ov = 0.

If ceK and ¢cv =0, but ¢ # 0, then v = 0.

To see this, multiply by ¢! to find ¢ !cv = 0 whence v = 0.

We have (—1)v = —v.
Proof.
(—w+ov=(—-1pw+1lv=(—14+1H=0=0.

Hence (— v = —v.

Let V be a vector space, and W a subset of V. We shall say that W
is a subspace if W is a subgroup (of the additive group of V), and if
given ce K and ve W then cv is also an element of W. In other words, a
subspace W of V is a subset satisfying the following conditions:

(1) If v, w are elements of W, their sum v + w is also an element of
%4



[V, §1] VECTOR SPACES AND BASES 179

(i) The element 0 of V is also an element of W.
@ii1)) H veW and ceK then cve W.

Then W itself is a vector space. Indeed, properties VS 1 through VS 4,
being satisfied for all elements of V, are satisfied a fortiori for the ele-
ments of W.

Let V be a vector space, and w,,...,w, elements of V. Let W be the
set of all elements

xXywy + -+ x,W,

with x;e K. Then W is a subspace of V, as one verifies without difficulty.
It is called the subspace generated by w,,...,w,, and we call w,...,w
generators for this subspace.

Let V be a vector space over the field K, and let v,,...,v, be elements
of V. We shall say that v,...,v, are linearly dependent over K if there
exist elements a,,....a, in K not all equal to O such that

n

a v, +---+a,, =0

If there do not exist such elements, then we say that v,,...,v, are linearly
independent over K. We often omit the words “over K”.

Example 5. Let V = K" and consider the vectors
v, =(1,0,...,0)
v, = (0,0,...,1).

Then v,,...,v, are linearly independent. Indeed, let a,,...,a, be clements
of K such that a,v, +--- + a,v, = 0. Since

a,;vy + -+ a,v, = (ay,...,a,),
it follows that all a; = 0.

Example 6. Let V be the vector space of all functions of a real vari-
able t. Let f,(¢),...,f(t) be n functions. To say that they are linearly de-
pendent is to say that there exist n real numbers a,,...,a, not all equal
to 0 such that

a fil+-+a,f()=0

for all values of t.
The two functions e, ¢?' are linearly independent. To prove this,
suppose that there are numbers g, b such that

ae' + be* =0
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(for all values of t). Differentiate this relation. We obtain
ae' + 2be* = 0.

Subtract the first from the second relation. We obtain be?* =0, and
hence b = 0. From the first relation, it follows that ae' = 0, and hence
a = 0. Hence ¢, ¢* are linearly independent.

Consider again an arbitrary vector space V over a field K. Let
vy,...,0, be linearly independent elements of V. Let x,,...,x, and
¥1,---,V, be numbers. Suppose that we have

X0y + o+ X0, = y0 + -+ Y0,

In other words, two linear combinations of v,...,v, are equal. Then we
must have x; =y, for each i = 1,....,n. Indeed, subtracting the right-hand
side from the left-hand side, we get

X0y — YUy + o+ X0

n n

— y,0, = 0.
We can write this relation also in the form
(x; —yoy + -+ (x, — y v, = 0.

By definition, we must have x; — y; = 0 for all i = 1,...,n, thereby prov-
ing our assertion.

We define a basis of V over K to be a sequence of elements {v,,...,v,}
of V which generate V and are linearly independent.

The vectors vy,...,v, of Example 5 form a basis of K" over K.

Let W be the vector space of functions generated over R by the two
functions ¢', e*’. Then {¢', e*} is a basis of W over R.

Let ¥V be a vector space, and let {v,,...,v,} be a basis of V. The
elements of V can be represented by n-tuples relative to this basis, as
follows. If an element v of V is written as a linear combination

v=Xx,0y + -+ X0,

of the basis elements, then we call (x,,...,x,) the coordinates of v with
respect to our basis, and we call x; the i-th coordinate. We say that the
n-tuple X = (xy,...,x,) is the coordinate vector of v with respect to the
basis {v,,...,0,}.

For example, let V be the vector space of functions generated by the
two functions €', e*. Then the coordinates of the function

3¢ + 5e%

with respect to the basis {¢', e*'} are (3, 5).
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Example 7. Show that the vectors (1, 1) and (—3, 2) are linearly inde-
pendent over R.
Let a, b be two real numbers such that

a(l, 1)+ b(—3,2)=0.
Writing this equation in terms of components, we find
a—3b =0,
a+2b=0.

This is a system of two equations which we solve for a and b. Subtract-
ing the second from the first, we get —5b =0, whence b = 0. Substitut-
ing in either equation, we find a = 0. Hence a, b are both 0, and our
vectors are linearly independent.

Example 8. Find the coordinates of (1,0) with respect to the two
vectors (1, 1) and (—1, 2).
We must find numbers a, b such that

a(1,1) + b(—1,2) = (1, 0).

Writing this equation in terms of coordinates, we find

a—b=1,
a+2b=0.
Solving for a and b in the usual manner yields b = —% and a = 2. Hence

the coordinates of (1, 0) with respect to (1,1) and (—1,2) are (3, —3).

Let {vq,...,v,} be a set of elements of a vector space V over a field K.
Let r be a positive integer <n. We shall say that {v,....,n,} is a
maximal subset of linearly independent elements if v,,...,0, are linearly
independent, and if in addition, given any v; with i>r, the elements
vy,...,0,, v; are linearly dependent.

The next theorem gives us a useful criterion to determine when a set
of elements of a vector space is a basis.

Theorem 1.1. Let {v,,...,v,} be a set of generators of a vector space V.
Let {vy,...,v,} be a maximal subset of linearly independent elements.
Then {v,,...,0,} is a basis of V.

Proof. We must prove that v,,...,v, generate V. We shall first prove
that each v; (for i > r) is a linear combination of v,,...,v,. By hypothesis,
given v;, there exist x,,...,x,, ye K, not all 0, such that

XyUy + o+ X0, + yv; = 0.
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Furthermore, y # 0, because otherwise, we would have a relation of
linear dependence for v,,...,r,. Hence we can solve for v;, namely

re

X4 x
v,=-" v+ + v,,
-y -y

thereby showing that v; is a linear combination of v,,...,v,.
Next, let » be any element of V. There exist ¢,,...,c,€ K such that

UV=2C0y + -+ Cu0,.
In this relation, we can replace each v; (i > r) by a linear combination of
vy,...,0,. If we do this, and then collect terms, we find that we have ex-

pressed v as a linear combination of v,....v,. This proves that v,....r,
generate V, and hence form a basis of V.

Let V, W be vector spaces over K. A map
VoW

is called a K-linear map, or a homomorphism of vector spaces, if f
satisfies the following condition: For all xe K and v, v'e V we have

S+ )= f)+ f(0),  flxv)=xf(v).
Thus f is a homomorphism of V into W viewed as additive groups,
satisfying the additional condition f(xv) = xf(v). We usually say “linear

map” instead of “K-linear map”.

Let VoW and g-W > U be linear maps. Then the composite
ge [:V— U is a linear map.

The verification is immediate, and will be left to the reader.
Theorem 1.2. Let V, W be vector spaces, and {v,,...,v,} a basis of V.
Let wy,...,w, be elements of W. Then there exists a unique linear map
f:V = W such that f(v;) = w; for all i.
Proof. Such a K-linear map f is uniquely determined, because if
vV=Xx;0; + -+ X0,

is an element of V, with x,€ K, then we must necessarily have

f(U) = xlf(vl) + -+ xnf(vn)

= X{Wy + .-+ XpW,.
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The map f exists, for given an element v as above, we define f(v) to be
X;wy + -+ x,w,. We must then see that f is a linear map. Let

v =y + -+ Y0,
be an element of V' with y,e K. Then

v+ =(x; + o+ (X, F VIO,
Hence
f(v+v’)=(x1 +y1)W1 +“'+(xn+yn)wn

=X W, +yw; + -+ X, W, + YW,

= f() + f().

If ceK, then cv = ¢x v, + -+ + ¢x,v,, and hence

£(ev) = exywy + - + cx,w, = cf (0).

This proves that f is linear, and concludes the proof of the theorem.

The kernel of a linear map is defined to be the kernel of the map
viewed as an additive group-homomorphism. Thus Kerf is the set of
ve V such that f(v) =0. We leave to the reader to prove:

The kernel and image of a linear map are subspaces.

Let f:V > W be a linear map. Then f is injective if and only if
Ker f=0.

Proof. Suppose [ is injective. If f(v) =0, then by definition and
the fact that f(0)=0 we must have v =0. Hence Kerf =0. Con-
versely, suppose Kerf =0. Let f(v,)= f(v,). Then f(v; —v,)=0 so
v, — v, =0 and v; = v,. Hence f is injective. This proves our assertion.

Let f: V — W be a linear map. If f is bijective, that is injective and
surjective, then f has an inverse mapping

g WV

If f is linear and bijective, then the inverse mapping g: W — V is also a
linear map.

Proof. Let w;, w,eW Since f is surjective, there exist v,, v,eV
such that f(v;) =w, and f(v,) =w,. Then f(v; +v,)=w, +w,. By

definition of the inverse map,

gwy + wy) = v, + vy, = gw,) + g(w,).



184 VECTOR SPACES AND MODULES [V,81]

We leave to the reader the proof that g(cw) = cg(w) for ce K and we W.
This concludes the proof that g is linear.

As with groups, we say that a linear map f: V' — W is an isomorphism
(i.e. a vector space isomorphism) if it has a linear inverse, i.e. there exists a
linear map g: W — V such that g o f is the identity of V, and f o g is the
identity of W. The preceding remark shows that a linear map is an isomor-
phism if and only if it is bijective.

Let ¥, W be vector spaces over the field K. We let

Hom(V, W) = set of all linear maps of V into W,

Let f, g: V — W be linear maps. Then we can define the sum f + g, just
as we define the sum of any mappings from a set into W. Thus by
definition

(f +9)v) = f(v) + g(v).
If ce K we define ¢f to be the map such that
()W) = ¢f (v).
With these definitions, it is then easily verified that
Hom(V, W) is a vector space over K.

We leave the steps in the verification to the reader. In case V=W, we
call the homomorphisms (or K-linear maps) of V into itself the endo-
morphisms of ¥, and we let

Endg(V) = Homg(V, V).

V, §1. EXERCISES

1. Show that the following vectors are linearly independent, over R and over C.

(@) (1,1,1)and (0, 1, — 1) (b) (1,0)and (1, 1)
) (—=1,1,0)and (0, 1,2) (d) @, ~1)and (1, 0)
(e) (m,0)and (0, 1) ) (1,2)and (1, 3)

(g (1,1,0),(1,1,1)and (0, 1, — 1) (h) (0,1,1),(0,2,1)and (1, 5, 3)

2. Express the given vector X as a linear combination of the given vectors A, B
and find the coordinates of X with respect to A4, B.
@ X=(,0,4=(,1,B=(0,1)
b)) X=02,1),A=(,-1),B=(1,1)
© X=(11,4A=2,1),B=(—1,0)
d) X=4,3,4=2,1),B=(—1,0)
(You may view the above vectors as elements of R? or C2. The coordinates
will be the same.)
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3. Find the coordinates of the vector X with respect to the vectors A, B, C.
(@ X=(1,00,4=(1,1,1),B=(—1,1,0),C=(1,0, —1)
b XxX=(1,1,1),4=0,1,—-1),B=(1,1,0),C =(1,0,2)
) X=00,0,1),4=(1,1,1),B=(—-1,1,0),C=(1,0, — 1)

4. Let (a,b) and (c, d) be two vectors in K% If ad — bc = 0, show that they are
linearly dependent. If ad — bc # 0, show that they are linearly independent.

5. Prove that 1, \/ 2 are linearly independent over the rational numbers.

6. Prove that 1, \/ 3 are linearly independent over the rational numbers.

7. Let a be a complex number. Show that a is rational if and only if 1, « are
linearly dependent over the rational numbers.

V, §2. DIMENSION OF A VECTOR SPACE

The main result of this section is that any two bases of a vector space
have the same number of elements. To prove this, we first have an inter-
mediate resuit.

Theorem 2.1. Let V be a vector space over the field K. Let {vy,...,0,,}
be a basis of V over K. Let wy,...,w, be elements of V, and assume
that n > m. Then wy,...,w, are linearly dependent.

Proof. Assume that wg,...,w, are linearly independent. Since
{v4,...,U,a} is a basis, there exist elements a,,...,qa,,€ K such that

wy =a.vy +- +a,v,.

By assumption, we know that w, #0, and hence some a; # 0. After
renumbering v,,...,0,, if necessary, we may assume without loss of
generality that (say) a, # 0. We can then solve for v,, and get

a Uy =Wy — Q05 =+ — Ay Uy,

vy =a;'w; —aila,v, — - —ajta,v,.

The subspace of V generated by w,, v,,...,v, contains v,, and hence
must be all of V since vy, v,,...,0, generate V. The idea is now to con-
tinue our procedure stepwise, and to replace successively v,,v;,... by
w,, ws,... until all the elements v»,,...,v, are exhausted, and w,,...,w,
generate V. Let us now assume by induction that there is an integer
r with 1 <r <m such that, after a suitable renumbering of »,,...,v,,
the elements w,,...,w,, v,,4,...,0,, generate V. There exist clements
bi,....byy ¢,41,...,C,y in K such that

Wy =bw + - +bw +¢ 041+ +Cpv

m-“m-*
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We cannot have ¢; =0 for j=r + 1,...,m, for otherwise, we get a rela-
tion of linear dependence between wy,...,w,, ,, contradicting our assump-
tion. After renumbering v, . ,,...,v,, if necessary, we may assume without
loss of generality that (say) ¢,,,; # 0. We then obtain

CroatOpr1 =Wepg —bywy — = bW, — €000 — = Cplpe

r

Dividing by ¢,,,, we conclude that v,,, is in the subspace generated by
WireoosWoi1s Uppa,e-sUy. By our induction assumption, it follows that
WiseoosW,p1s Uppa,...50, generate V. Thus by induction, we have proved
that w,,...,w, generate V. If we write

Wit = X Wi+ + X, Wy,
with x;e K, we obtain a relation of linear dependence
Wyprt — X Wy — o — X, w, =0,
as was to be shown.

Theorem 2.2. Let V be a vector space over K, and let {v,,...,v,} and
{wi,....w,} be two bases of V. Then m = n.

Proof- By Theorem 2.1, we must have n <m and m < n, so m = n.

If a vector space has one basis, then every other basis has the same
number of elements. This number is called the dimension of V (over K).
If V is the zero vector space, we define V' to have dimension 0.

Corollary 2.3. Let V be a vector space of dimension n, and let W be a
subspace containing n linearly independent elements. Then W = V.

Proof. Let veV and let wy,...,w, be linearly independent elements
of W. Then w,,...,w,, v are linearly dependent, so there exist g,
bi,...,b,eK not all zero such that

av+bw + - +b,w,=0.
We cannot have a = 0, otherwise w,,...,w, are linearly dependent. Then
v=—a'byw—--- —a‘bw,

is an element of W. This proves V <« W, so V = W,

Theorem 2.4. Let f:V — W be a homomorphism of vector spaces over
K. Assume that V, W have finite dimension and that dim V = dim W.
IfKerf =0 or if Imf = W then f is an isomorphism.
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Proof. Suppose Kerf =0. Let {v.....v,} be a basis of V. Then
f@,),....f(v,) are lincarly independent, for suppose ¢,,...,c,€ K are such
that

e f(0) + -+ ¢, f(v) = 0.
Then
.f(clvl + -+ Cnvn) = 0’

and since f is injective, we have ¢;v, +--- + ¢, =0. Hence ¢; =0 for
i=1,...,n since {v,,...,0,} is a basis of V. Hence ImJ is a subspace of
W of dimension n, whence Im f = W by Corollary 2.3. Hence f is also
surjective, so f is an isomorphism.

We leave the other case to the reader, namely the proof that if f is
surjective, then f is an isomorphism.

Let V be a vector space. We define an automorphism of V to be an
invertible linear map

V-V
of V with itself. We denote the set of automorphisms of V by
Aut(V) or GL(V).
The letters GL stand for “General Linear”.
Theorem 2.5. The set Aut(V) is a group.

Proof. The multiplication is composition of mappings. Such composi-
tion is associative, we have seen that the inverse of a linear map is
linear, and the identity is linear. Thus all the group axioms are satisfied.

The group Aut(V) is one of the most important groups in mathe-
matics. In the next chapter we shall study it for finite dimensional vector
spaces in terms of matrices.

V, §2. EXERCISES

1. Let V be a finite dimensional vector space over K. Let W be a subspace. Let
{wy,....w,} be a basis of W. Show that there exist elements w,,,,...,w, in V
such that {w,,...,w,} is a basis of V.

2. If f is a linear map, f: V - V', prove that
dim V = dim Im f + dim Ker f.

3. Let U, W be subspaces of a vector space V.
(a) Show that U + W is a subspace.
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(b) Define U x W to be the set of all pairs (u, w) with ue U and we W. Show
how U x W is a vector space. If U, W are finite dimensional, show that

dim(U x W) =dim U + dim W.

(c) Prove that dim U + dim W = dim(U + W) + dim(U n W). [Hint: Con-
sider the linear map f:U x W - U + W given by f(u,w) =u — w.]

V, §3. MATRICES AND LINEAR MAPS

Although we expect that the reader will have had some elementary linear
algebra previously, we recall here some of these basic results to make
the present book self contained. We go rapidly.

An m x n matrix A4 = (a;;) is a doubly indexed family of elements a;;
in a field K, with i=1,...,m and j = 1,...,n. A matrix is usually written
as a rectangular array

A1 Gy 0 Gy
A _ a.21 a‘zz ey a.zn
A1 Az " A

The elements a;; are called the components of A. If m=n then A is
called a square matrix.
As a matter of notation, we let:

Mat
Mat,(K) or M, (K) = set of n x n matrices in K.

(K) = set of m x n matrices in K,

mxn

Let A= (a;) and B = (b;) be m x n matrices in K. We define their
sum to be the matrix whose ij-component is

a; + by;.

Thus we take the sum of matrices componentwise. Then Mat, , (K) is
an additive group under this addition. The verification is immediate,

Let ce K. We define cA = (ca;)), so we multiply each component of A
by ¢. Then it is also immediately verified that Mat,, . (K) is a vector
space over K. The zero element is the matrix

0 -~ 0

having components equal to 0.
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Let A =(a;;) be an m x n matrix and B = (by) be an n x r matrix.
Then we define the product AB to be the m x r matrix whose ik-compo-
nent is

I =

a
1

b
J

It is easily verified that this multiplication satisfies the distributive law:
AB+C)=AB+ AC and (A + B)C = AC + BC

provided that the formulas make sense. For the first one, B and C must
have the same size, and the products AB, AC must be defined. For the
second one, A and B must have the same size, and AC, BC must be
defined. Furthermore, if (4B)C is defined, then (4B)C = A(BC).

Given n we define the unit or identity n x n matrix to be

1 0 0

0 1
=" %

00 1

in other words, I, is a square n x n matrix, having components 1 on the
diagonal, and components 0 otherwise. From the definition of multipli-
cation, if A is an m x n matrix, we get:

I,A=A and Al, = A.

Let M, (K) denote the set of all n x n matrices with components in K.
Then MK) is a ring under the above addition and multiplication of
matrices.

This statement is merely a summary of properties which we have
already listed.
There is a natural map of K in M, (K), namely

c 0
. 0

cH—cl, =] . . . S
00 .- ¢

which sends an element ce K on the diagonal matrix having diagonal
components equal to ¢ and otherwise 0 components. We call ¢/, a scalar
matrix. The map

ccl,

is an isomorphism of K onto the K-vector space of scalar matrices.
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We now describe the correspondence between matrices and linear

maps.
Let A = (a;;) be an m x n matrix in a field K. Then A4 gives rise to a

linear map

L:K">K"™ by X AX = LX)

Theorem 3.1. The association A+ L, is an isomorphism between the
vector space of m x n matrices and the space of linear maps K" —» K™

Proof. If A, B are m x n matrices and L, = Ly then A = B because if
E’ is the j-th unit vector

OO

(=]

with 1 in the j-th component and 0 otherwise, then AE/ = 47 is the j-th
column of A4, so if AE/ = BE/ for all j = 1,...,n we conclude that A = B.

Next we have to prove that AL, is surjectivc. Let L: K" - K™ be
an arbitrary linear map. Let {U',...,U™} be the unit vectors in K™
Then there exist elements a;;€ K such that

LE) =Y a,U.
i=1

Let 4 = (a;). If

then

L(X)= ) x;L(E%)

ji=1

Il
i M x
n'[\/] 3
"a
S

I
IIMg
IR
IIM=
Q/

<

This means that L = L, and concludes the proof of the theorem.
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Next we give a slightly different formulation. Let V be a vector space
of dimension n over K. Let {v,...,v,} be a basis of V. Recall that we
have an isomorphism

K'-V given by (Xgs.. o X)) X0 + 0+ X0,

Now let V, W be vector spaces over K of dimensions n, m respective-
ly. Let
L.V-W

be a linear map. Let {v,,...,v,} and {w,,...,w,} be bases of V and W
respectively. Let a;;€ K be such that

L(v)) = Z a;;w;.
i=1
Then the matrix 4 = (a;;) is said to be associated to L with respect to the
given bases.

Theorem 3.2. The association of the above matrix to L gives an iso-
morphism between the space of m x n matrices and the space of linear
maps Homyg(V, W).

Proof. The proof is similar to the proof of Theorem 3.1 and is left to
the reader.

Basically what is happening is that when we represent an element of
V as a linear combination

v=X0 + -+ X,0,,
and view

as its coordinate vector, then L(v) is represented by AX in terms of the
coordinates.

V, §3. EXERCISES

1. Exhibit a basis for the following vector spaces:
(a) The space of all m x n matrices.
(b) The space of symmetric n x n matrices. A matrix 4 = (g;;) is said to be
symmetric if a;; = a;; for all i, j.
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(¢) The space of n x n triangular matrices. A matrix A = (a;;) is said to be
upper triangular if q;; = 0 whenever j <i.

2. If dim V =#n and dim W = m, what is dim Hom(V, W)? Proof?

3. Let R be a ring. We define the center Z of R to be the subset of all elements
ze R such that zx = xz for all xeR.
(a) Show that the center of a ring R is a subring.
(b) Let R = Mat,, (K) be the ring of n x n matrices over the field K. Show
that the center is the set of scalar matrices c¢l, with ce K.

V, §4. MODULES

We may consider a generalization of the notion of vector space over a
field, namely module over a ring. Let R be a ring. By a (left) module
over R, or an R-module, one means an additive group M, together with
a map R x M — M, which to each pair (x,v) with xeR and ve M asso-
ciates an element xv of M, satisfying the four conditions:

MOD 1. If e is the unit element of R, then ev = v for all ve M.
MOD 2, If xeR and v, we M, then x(v + w) = xv + xw.

MOD 3. If x, yeR and ve M, then (x + y)v = xv + yv.

MOD 4. If x, yeR and ve M, then (xy)v = x(yv).

Example 1. Every left ideal of R is a module. The additive group
consisting of O alone is an R-module for every ring R.

As with vector spaces, we have Ov = 0 for every ve M. (Note that the
0 in Ov is the zero element of R, while the O on the other side of the
equation is the zero element of the additive group M. However, there
will be no confusion in using the same symbol 0 for all zero elements
everywhere.) Also, we have (—e)v = —v, with the same proof as for
vector spaces.

Let M be a module over R and let N be a subgroup of M. We say
that N is a submodule of M if whenever ve N and xeR then xveN. It
follows that N is then itself a module.

Example 2. Let M be a module and v,,...,v, elements of M. Let N
be the subset of M consisting of all elements

xlvl + et xnvn
with x;€ R. Then N is a submodule of M. Indeed,

0=0v, +---+0p

n
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so 0eN. If y,,...,y,€R, then
XU+ XUy + Y0+ Y, = (X Yo+ (X F Y0,
is in N. Finally, if ce R, then
c(xyv; + -+ x,0,) =cx 0y + - + CX,0,

is in N, so we have proved that N is a submodule. It is called the sub-
module generated by v,,...,v,, and we call v,,...,v, generators for N.

Example3. Let M be an (abelian) additive group, and let R be a
subring of End(M). (We defined End(M) in Chapter III, §1 as the ring
of homomorphisms of M into itself.) Then M is an R-module, if to each
feR and ve M we associate the element fv = f(v)e M. The verification
of the four conditions for a module is trivially carried out.

Conversely, given a ring R and an R-module M, to each xe R we as-
sociate the mapping A.: M — M such that 1,(v) = xv for ve M. Then the
association

Xt A,

is a ring-homomorphism of R into End(M), where End(M) is the ring of
endomorphisms of M viewed as additive group. This is but another
way of formulating the four conditions MOD 1 through MOD 4. For
instance, MOD 4 in the present notation can be written

Aoy = Ay, or Ay = Ayody
since the multiplication in End(M) is composition of mappings.

Warning. It may be that the ring-homomorphism x+— A, is not injec-
tive, so that in general, when dealing with a module, we cannot view R
as a subring of End(M).

Example 4. Let us denote by K" the set of column vectors, that is
column n-tuples

X‘l
xZ .

with components x;cK.
xn

Then K" is a module over the ring M,(K). Indeed, matrix multiplication
defines a mapping

M/(K) x K" > K"
by
(A4, X)— AX.
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This multiplication satisfies the four axioms MOD 1 through MOD 4 for
a module. This is one of the most important examples of modules in
mathematics.

Let R be a ring, and let M, M’ be R-modules. By an R-linear map
(or R-homomorphism) f: M — M’ one means a map such that for all
xeR and v, we M we have

Jo) =xf(),  flo+w)=f()+f(w).

Thus an R-linear map is the generalization of a K-linear map when the
module is a vector space over a field.

The set of all R-linear maps of M into M’ will be denoted by
Homg(M, M').

Example 5. Let M, M', M” be R-modules. If
ffM->M and g M—->M
are R-linear maps, then the composite map gof is R-linear.

In analogy with previous definitions, we say that an R-homomorphism
M- M is an isomorphism if there exists an R-homomorphism
g: M’ > M such that gof and fog are the identity mappings of M and
M, respectively. We leave it to the reader to verify that:

An R-homomorphism is an isomorphism if and only if it is bijective.

As with vector spaces and additive groups, we have to consider very
frequently the set of R-linear maps of a module M into itself, and it is
convenient to have a name for these maps. They are called R-endo-
morphisms of M. The set of R-endomorphisms of M is denoted by

End(M).

We often suppress the prefix R- when the reference to the ring R is
clear.

Let f: M —> M’ be a homomorphism of modules over R. We define
the kernel of f to be its kernel viewed as a homomorphism of additive
groups.

In analogy with previous results, we have:

Let f: M — M’ be a homomorphism of R-modules. Then the kernel of f
and the image of f are submodules of M and M’ respectively.
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Proof. Let E be the kernel of f. Then we already know that E is an
additive subgroup of M. Let veE and xe R. Then

fxv) = xf(v) = x0 =0,

so xve E, and this proves that the kernel of f is a submodule of M. We
already know that the image of f is a subgroup of M’. Let v" be in the
image of f, and xeR. Let v be an element of M such that

flv)y="v.

Then f(xv) = xf(v) = xv’ also lies in the image of M, which is therefore a
submodule of M’, thereby proving our assertion.

Example 6. Let R be a ring, and M a left ideal. Let ye M. The map

rM-—-M

such that
r(x) = xy

is an R-linear map of M into itself. Indeed, if xe M then xye M since
yeM and M is a left ideal, and the conditions for R-linearity are refor-
mulations of definitions. For instance,

rdXy 4 X3) = (X + X3)y = X1y + X,

= ry(xl) + "y(xz)-
Furthermore, for ze R, xe M,
rzx) = zxy = zr (X).

We call r, right multiplication by y. Thus r, is an R-endomorphism of
M.

Observe that any abelian group can be viewed as a module over the
integers. Thus an R-module M is also a Z-module, and any R-endo-
morphism of M is also an endomorphism of M viewed as abelian group.
Thus Endg(M) is a subset of End(M) = End(M).

In fact, Endg(M) is a subring of End(M), so that Endg(M) is itself a
ring.



196 VECTOR SPACES AND MODULES [V, §4]

The proof is routine. For instance, if f, ge Endg(M), and xeR, ve M,
then

(f + g)(xv) = f(xv) + g(xv)
= xf(v) + xg(v)
= x(f(v) + g(v))
= x(f + g)v).

So f + ge Endg(M). Equally easily,

(fog)xv) = f(g(xv)) = f((xg(®)) = xf(g(v)).
The identity is in Endg(M). This proves that End (M) is a subring of
End (M).
We now also see that M can be viewed as a module over Endg(M)
since M is a module over Endz(M) = End(M).

Let us denote Endiz(M) by R'(M) or simply R’ for clarity of notation.
Let feR’ and xe R. Then by definition,

J(xv) = xf (v),
and consequently
foddv) = Ao f(0).

Hence 4, is an R’-linear map of M into itself, i.e. an element of
Endg(M). The association

Aixe A,

is therefore a ring-homomorphism of R into Endgz(M), not only into
End(M).

Theorem 4.1. Let R be a ring, and M an R-module. Let J be the set of
elements xeR such that xv =0 for all ve M. Then J is a two-sided

ideal of R.

Proof. 1If x,yeJ, then (x + y)v=xv+ yp =0 for all veM. If aeR,
then

(ax)v = a(xv) =0 and (xa)v = x(av) =0

for all ve M. This proves the theorem.
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We observe that the two-sided ideal of Theorem 4.1 is none other
than the kernel of the ring-homomorphism

XA

X

described in the preceding discussion.

Theorem 4.2 (Wedderburn—Rieffel). Let R be a ring, and L a non-zero
left ideal, viewed as R-module. Let R’ = Endg(L), and R" = Endg/(L).
Let

A:R—> R’

be the ring-homomorphism such that A.(y) = xy for xeR and yeL. As-
sume that R has no two-sided ideals other than 0 and R itself. Then 4
is a ring-isomorphism.

Proof. (Rieffel) The fact that 4 is injective follows from Theorem 4.1,
and the hypothesis that L is non-zero. Therefore, the only thing to
prove is that 1 is surjective. By Example 6 of Chapter III, §2, we know
that LR is a two-sided ideal, non-zero since R has a unit, and hence
equal to R by hypothesis. Then

A(R) = (LR) = (L)A(R).

We now contend that A(L) is a left ideal of R”. To prove this, let fe R”,
and let xeL. For all yeL, we know from Example 6 that r, is in R/,
and hence that

for,=r,of.
This means that f(xy) = f(x)y. We may rewrite this relation in the form
Soddy) = ’lf(x)(y)‘

Hence f- 4, is an element of A(L), namely A, . This proves that A(L) is
a left ideal of R”. But then

R"A(R) = R"A(LYAR) = AL)XR) = A(R).

Since A(R) contains the identity map, say e, it follows that for every
feR”, the map foe = [ is obtained in A(R), i.e. R” is contained in A(R),
and therefore R” = A(R), as was to be proved.

The whole point of Theorem 4.2 is that it represents R as a ring of
endomorphisms of some module, namely the left ideal L. This is impor-
tant in the following case.
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Let D be a ring. We shall say that D is a division ring if the set of
non-zero elements of D is a multiplicative group (and so in particular,
1 # 0 in the ring). Note that a commutative division ring is what we
called a field.

Let R be a ring, and M a module over R. We shall say that M is a
simple module if M +# {0}, and if M has no submodules other than {0}
and M itself.

Theorem 4.3 (Schur’s Lemma). Let M be a simple module over the ring
R. Then Endg(M) is a division ring.

Proof. We know it is a ring, and we must prove that every non-zero
element f has an inverse. Since f # 0, the image of f is a submodule of
M # 0 and hence is equal to all of M, so that f is surjective. The kernel
of f is a submodule of M and is not equal to M, so that the kernel of f
is 0, and f is therefore injective. Hence f has an inverse as a group-
homomorphism, and it is verified at once that this inverse is an R-
homomorphism, thereby proving our theorem.

Example 7. Let R be a ring, and L a left ideal which is simple as an
R-module (we say then that L is a simple left ideal). Then Endgz(L) =D
is a division ring. If it happens that D is commutative, then under the
hypothesis of Theorem 4.2, we conclude that R =~ Endy(L) is the ring of
all D-linear maps of L into itself, and L is a vector space over the field
D. Thus we have a concrete picture concerning the ring R. See Exercises
23 and 24.

Example 8. In Exercise 21 you will show that the ring of endomor-
phisms of a finite dimensional vector space satisfies the hypothesis of
Theorem 4.2. In other words, Endg (V) has no two-sided ideal other than
{0} and itself. Furthermore, V is simple as an Endg(V)-module (Exercise
18). Theorem 4.2 gives some sort of converse to this, and shows that it
is a typical example.

Just as with groups, one tries to decompose a module over a ring into
simple parts. In Chapter II, §3, Exercises 15 and 16, you defined the
direct sum of abelian groups. We have the same notion for modules as
follows.

Let My,...,M, be modules over R. We can form their direct product

q

4q
[IMi=M;x--xM
i=1
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consisting of all g-tuples (v1, ..., v,) with v; € M;. This direct product is the
direct product of M,,...,M, viewed as abelian groups, and we can define
the multiplication by an element ¢ € R componentwise, that is

c(y,...v,) = (cvy, c5CU).
It is then immediately verified that the direct product is an R-module.
On the other hand, let M be a module, and let M,,....M, be
submodules. We say that M is the direct sum of M,,...,.M_  if every
element ve M has a unique expression as a sum

v=v1 4+ 0y with v; € M;.

If M is such a direct sum, then we denote this sum by

q
M=M @ --®M, oralso PM,.
i=1

For any module M with submodules M,,...,M, there is a natural

homomorphism from the direct product into M, namely

—

M- M given by (U1, W)U + o+ 1,

i=1

Proposition 4.4. Let M be a module.

(a) Let My, M, be submodules. We have M = M, @ M, if and only if
M=M,+M, and M, n M, = {0}.

(b) The module M is a direct sum of submodules M,,....M, if and
only if the natural homomorphism from the product [ M; into M is
an isomorphism.

(c) The sum Y M; is a direct sum of My,....M
relation

o if and only if, given a

vy 4+, =0 with v,e M;
we have v; =0 for i=1,....q.

Proof. The proof will be left as a routine exercise to the reader. Note
that condition (c) is similar to a condition of linear independence.

In §7 you will see an example of a direct sum decomposition for
modules over principal rings, similar to the decomposition of an abelian

group.
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V, §4. EXERCISES

1.

10.

Let R be a ring. Show that R can be viewed as a module over itself, and has
one generator.

. Let R be a ring and M an R-module. Show that Homg(R, M) and M are

isomorphic as additive groups, under the mapping f1— f(1).

. Let E, F be R-modules. Show that Homgk(E, F) is a module over Endg(F),

the operation of the ring Endg(F) on the additive group Homg(E, F) being
composition of mappings.

. Let E be a module over the ring R, and let L be a left ideal of R. Let LE be

the set of all elements x;v; + - -+ + x,v, with x; € L and v; € E. Show that LE
is a submodule of E.

. Let R be a ring, E a module, and L a left ideal. Assume that L and E are

simple.

(a) Show that LE = E or LE = {0}.

(b) Assume that LE = E. Define the notion of isomorphism of modules.
Prove that L is isomorphic to E as R-module. [Hint: Let v e E be an
element such that Ly, # {0}. Show that the map x> xv, establishes an
R-isomorphism between L and E.]

. Let R be a ring and let E, F be R-modules. Let ¢: E—» F be an isomorph-

ism. Show that Endj(E) and Endg(F) are ring-isomorphic, under the map

frogefoa !

for fe Endg(E).

. Let E, F be simple modules over the ring R. Let f: E — F be a homomorph-

ism. Show that f is 0 or f is an isomorphism.

. Verify in detail the last assertion made in the proof of Theorem 4.3.

Let R be a ring, and E a module. We say that E is a free module if there
exist elements v,,...,v, in E such that every element veE has a unique ex-

. pression of the form

v =X,0, + -+ X0,

with x;e R. If this is the case, then {v,,...,v,} is called a basis of E (over R).

. Let E be a free module over the ring R, with basis {v,...,0,}. Let F be a

module, and w,...,w, elements of F. Show that there exists a unique homo-
morphism f: E — F such that f(v) =w, fori=1,....,n

Let R be a ring, and S a set consisting of n elements, say s,,...,s,. Let F be

the set of mappings from S into R.

(a) Show that F is a module.

(b) If xeR, denote by xs; the function of S into R which associates x to s;
and O to s; for j # i. Show that F is a free module, that {1s,,...,1s,} is a
basis for F over R, and that every element ve F has a unique expression
of the form x;s; + --- + x,5, with x,eR.
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1t

12.

13.

14.

15.

16.

17.

18.

Let K be a ficld, and R = K[ X] the polynomial ring over K. Let J be the
ideal generated by X2. Show that R/J is a K-space. What is its dimension?

Let K be a field and R = K[X] the polynomial ring over K. Let f(X) be a
polynomial of degree d >0 in K[X]. Let J be the ideal generated by f(X).
What is the dimension of R/J over K? Exhibit a basis of R/J over K. Show
that R/J is an integral ring if and only if f is irreducible.

If R is a commutative ring, and E, F are modules, show that Homg(E, F) is
an R-module in a natural way. Is this still true if R is not commutative?

Let K be a field, and R a vector space over K of dimension 2. Let {e, u} be
a basis of R over K. If a, b, ¢, d are elements of K, define the product

(ae + bu)(ce + du) = ace + (bc + ad)u.

Show that this product makes R into a ring. What is the unit element?
Show that this ring is isomorphic to the ring K[X7]/(X?) of Exercise 11.

Let the notation be as in the preceding exercise. Let f(X) be a polynomial
in K[X]. Show that

f(ae +u) = f(a)e + f'(a)u,

where f’ is the formal derivative of f.
Let R be a ring, and let E', E, F be R-modules. If f: E' > E is an R-homo-
morphism, show that the map ¢ fo¢ is a Z-homomorphism

Homg(F, E') > Homg(F, E),

and is an R-homomorphism if R is commutative.
A sequence of homomorphisms of abelian groups

AL B4 C

is said to be exact if Imf = Kerg. Thus to say that 0— AL B is exact
means that f is injective. Let R be a ring. If
, S g ”
0-ESESE
is an exact sequence of R-modules, show that for every R-module F
0 — Homg(F, E'y > Homg(F, E) > Homg(F, E")

is an exact sequence.

Let V be a finite dimensional vector space over a field K. Let R = Endg(V).
Prove that V' is a simple R-module. [Hint: Given v, weV and v #0, w#0
use Theorem 1.2 to show that there exists fe R such that f(r)=w, so
Rv=V]
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19.

20.

21.

22,

23.

Let R be the ring of n x n matrices over a field K. Show that the set of
matrices of type

having components equal to 0 except possibly on the first column, is a left
ideal of R. Prove a similar statement for the set of matrices having compo-
nents 0 except possibly on the j-th column.

Let 4, B be n x n matrices over a field K, all of whose components are equal
to O except possibly those of the first column. Assume A # 0. Show that
there exists an n x n matrix C over K such that CA = B. Hint: Consider
first a special case where

10 0
00 0

A= )
00 0

Let V be a finite dimensional vector space over the field K. Let R be the
ring of K-linear maps of V into itself. Show that R has no two-sided ideals
except {0} and R itself. [Hint: Let AeR, A# 0. Let v,eV, v, #0, and
Av; # 0. Complete v, to a basis {v,,...,v,} of V. Let {wy,...,w,} be arbitrary
elements of V. For each i = 1,...,n there exists B;e R such that

Biv; = v, and B, =0 if j#i

and there exists C;e R such that C;Av, = w, (justify these two existence state-
ments in detail). Let F = C,AB, + --- + C,AB,. Show that F(v,) = w; for all
i=1,...,n. Conclude that the two-sided ideal generated by A is the whole
ring R.]

Let ¥ be a vector space over a field K and let R be a subring of End (V)
containing all the scalar maps, ie. all maps ¢/ with ce K. Let L be a left
ideal of R. Let LV be the set of all elements A,p, +--- + A,v, with A;eL
and v;eV, and all positive integers n. Show that LV is a subspace W of V
such that RW < W. A subspace having this property is called R-invariant.

Let D be a division ring containing a field K as a subfield. We assume that

K is contained in the center of D.

(a) Verify that the addition and the multiplication in D allow us to view D
as a vector space over K.

(b) Assume that D is finite dimensional over K. Let xeD. Show that there
exists a polynomial f(t)e K[t] of degree = 1 such that f(«) =0. [Hint:
For some n, the powers 1, « o?,... «" must be linearly dependent over
K.]
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For the rest of the exercises, remember Corollary 1.8 of Chapter IV.

(c) Assume that K is algebraically closed. Let D be a finite dimensional divi-
sion ring over K as in parts (a) and (b). Prove that D = K, in other
words, show that every element of D lies in K.

24. Let R be a ring containing a field K as a subfield with K in the center of
R. Assume that K is algebraically closed. Assume that R has no two-sided
ideal other than 0 and R. We also assume that R is of finite dimension > 0
over K. Let L be a left ideal of R, of smallest dimension > 0 over K.

(a) Prove that Endg(L) = K (i.e. the only R-linear maps of L consist of mul-
tiplication by elements of K). [Hinz: Cf. Schur’s lemma and Exercise 23.]

(b) Prove that R is ring-isomorphic to the ring of K-linear maps of L into
itself. [Hint: Use Wedderburn-Rieffel.]

V, §5. FACTOR MODULES

We have already studied factor groups, and rings modulo a two-sided
ideal. We shall now study the analogous notion for a module.

Let R be a ring, and M an R-module. By a submodule N we shall
mean an additive subgroup of M which is such that for all xeR and
ve N we have xve N. Thus N itself is a module (i.e. R-module).

We already know how to construct the factor group M/N. Since M is
an abelian group, N is automatically normal in M, so this is an old
story. The elements of the factor group are the cosets v + N with ve M.
We shall now define a multiplication of these cosets by elements of R.
This we do in the natural way. If xeR, we define x(v + N) to be the
coset xv+ N. If vy is another coset representative of v+ N, then we can
write v; = v + w with we N. Hence

X0y = X0 + XW,

and xwe N. Consequently xv, + N = xv + N. Thus our definition is in-
dependent of the choice of representative v of the coset v + N. It is now
trivial to verify that all the axioms of a module are satisfied by this mul-
tiplication, We call M/N the factor module of M by N, and also M
modulo N.

We could also use the notation of congruences. If v, v' are elements of
M, we write

v = v’ (mod N)

to mean that v — v'e N. This amounts to saying that the cosets v + N
and v' + N are equal. Thus a coset v + N is nothing but the congruence
class of elements of M which are congruent to vmod N. We can
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rephrase our statement that the multiplication of a coset by x is well
defined as follows: If v =" (mod N), then for all xeR, we have
xv = xv' (mod N).

Example 1. Let V be a vector space over the field K. Let W be a
subspace. Then the factor module V/W is called the factor space in this
case.

Let M be an R-module, and N a submodule. The map
f:M—> M/N

which to each veM associates its congruences class f(v) =v + N is
obviously an R-homomorphism, because

f(xv)=xv+ N=x(v+ N)=xf(v)
by definition. It is called the canonical homomorphism. Its kernel is N.

Example 2. Let V be a vector space over the field K. Let W be a
subspace. Then the canonical homomorphism f: V— V/W is a linear
map, and is obviously surjective. Suppose that V is finite dimensional
over K, and let W’ be a subspace of V such that V is the direct sum,
V=wodW. If veV, and we write v = w + w' with we W and weW’,
then f(v) =f(w)+ f(w)=f(w). Let us just consider the map f
on W', and let us denote this map by f’. Thus for all w'e W we have
f'(W) = f(w) by definition. Then f" maps W’ onto V/W, and the kernel
of 7 is {0}, because Wn W' ={0}. Hence f': W' — V/W is an isomor-
phism between the complementary subspace W' of W and the factor space
V/W. We have such an isomorphism for any choice of complemen-
tary subspace W'

V, §5. EXERCISES

1. Let ¥V be a finite dimensional vector space over the field K, and let W be a
subspace. Let {v,...,u,} be a basis of W, and extend it to a basis {v,,...,0,}
of V. Let f: V— V/W be the canonical map. Show that

{f(ur+ 1)’ b ’f(vn)}

is a basis of V/W.
2. Let V and W be as in Exercise 1. Let

A VoV



[V, §6] FREE ABELIAN GROUPS 205

be a linear map such that AW < W, ie. Awe W for all we W. Show how to
define a linear map

A VIW S VW,
by defining
A+ W)= Av + W.

(In the congruence terminology, if v = v’ (mod W), then Av = Av' (mod W).)
Write 7 instead of v + W. We call 4 the linear map induced by A on the fac-
tor space.

3. Let V be the vector space generated over R by the functions 1, ¢, %, ¢, te',

t?¢'. Let W be the subspace generated by 1, t, t2, ¢, te'. Let D be the deriva-
tive.

(a) Show that D maps W into itself.

(b) What is the linear map D induced by D on the factor space V/W?

4. Let V be the vector space over R consisting of all polynomials of degree <n
(for some integer n = 1). Let W be the subspace consisting of all polynomials
of degree < n — 1. What is the linear map D induced by the derivative D on
the factor space V/W?

S. Let V, W be as in Exercise 1. Let A: V— ¥ be a linear map, and assume that
AW < W. Let {v,,...,v,} be the basis of V as in Exercise 1.
(a) Show that the matrix of A with respect to this basis is of type

Ml M3

0o M,)
where M, is a square r x r matrix, and M, is a square (n —r) x (n —r)
matrix.

(b) In Exercise 2, show that the matrix of A with respect to the basis
{D,11,....0,} is precisely the matrix M,.

V, §6. FREE ABELIAN GROUPS

We shall deal with commutative groups throughout this section. We
wish to analyze under which conditions we can define the analogue of a
basis for such groups.

Let A be an abelian group. By a basis for 4 we shall mean a set of
elements vy,...,0,(n = 1) of A such that every element of A has a unique
expression as a sum

C1oy + e+ Gy

with integers ¢;eZ. Thus a basis for an abelian group is defined in a
manner entirely similar to a basis for vector spaces, except that the coef-
ficients cy,...,c, are now required to be integers.
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Theorem 6.1. Let A be an abelian group with a basis {v,...,v,}. Let B
be an abelian group, and let w,,...,w, be elements of B. Then there ex-
ists a unique group-homomorphism f: A — B such that f(v,) = w; for all
i=1,...,n

Proof. Copy the analogous proof for vector spaces, omitting irrelevant
scalar multiplication, etc.

To avoid confusion when dealing with bases of abelian groups as
above, and vector space bases, we shall call bases of abelian groups Z-
bases.

Theorem 6.2. Let A be a non-zero subgroup of R". Assume that in any
bounded region of space there exists only a finite number of elements of
A. Let m be the maximal number of elements of A which are linearly
independent over R. Then we can select m elements of A which are
linearly independent over R, and form a Z-basis of A.

Proof. Let {w,,...,w,} be a maximal set of elements of A linearly in-
dependent over R. Let V be the vector space generated by these ele-
ments, and let V,,_, be the space generated by w,,...,w,_,. Let 4, _,
be the intersection of 4 and ¥,,_,. Then certainly, in any bounded region
of space, there exists only a finite number of elements of A,_;.
Therefore, if m > 1, we could have chosen inductively {w,...,w,} such
that {wy,...,w,,_} is a Z-basis of 4,, ,.

Now consider the set S of all elements of 4 which can be written in
the form

Lywy + -+ t,W,

with 0<t;,<1l1ifi=1,....m—1and 0<¢, <1. This set S is certainly

bounded, and hence contains only a finite number of elements (among
which is w,). We select an element v,, in this set whose last coordinate ¢,
is the smallest possible > 0. We shall prove that

Wi W 1, D)

is a Z-basis for A. Write v,, as a linear combination of w,,...,w, with
real coefficients,

Vp = C Wy + o+ €Wy, O0<c, =1
Let v be an element of A, and write

U=X W 4 X, W,
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with x;eR. Let g, be the integer such that

Then the last coordinate of v — g,,v,, with respect to {w,,...,w,} is equal
to X,, — GuC,,, and

Oéxm_qmc

m

<G+ ) — quCp = C = 1.
Let ¢;(i=1,...,m — 1) be integers such that

4= X — gt < q; + 1.
Then

N V=gl — §1W1 = — -1 Wp—y

is an element of S. If its last coordinate is not 0, then it would be an
element with last coordinate smaller than c,, contrary to the construc-
tion of v,. Hence its last coordinate is 0, and hence the element of (1)
lies in V,,_;. By induction, it can be written as a linear combination of
Wy,....W,_; with integer coefficients, and from this it follows at once
that v can be written as a linear combination of wy,...,w,_,, v, with
integral coefficients. Furthermore, it is clear that w,,....w,_,, v, are
linearly independent over R, and hence satisfy the requirements of our
theorem.

We can now apply our theorem to more general groups. Let A be an
additive group, and let f: 4 - A’ be an isomorphism of A with a group
A’ If A" admits a basis, say {v],...,v}}, and if v; is the element of A such
that f(v;) = v}, then it is immediately verified that {v,...,v,} is a basis of
A.

Theorem 6.3. Let A be an additive group, having a basis with n
elements. Let B be a subgroup # {0}. Then B has a basis with <n
elements.

Proof. Let {v,...,0,} be a basis for A. Let {e,,...,e,} be the standard
unit vectors of R". By Theorem 6.1, there is a homomorphism

f:4A->R"

such that f(v;) = ¢, for i=1,...,n, and this homomorphism is obviously
injective. Hence it gives an isomorphism of A with its image in R". On
the other hand, it is trivial to verify that in any bounded region of R”,
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there is only a finite number of elements of the image f(A), because in
any bounded region, the coefficients of a vector

(cps.--5Cy)

are bounded. Hence by Theorem 6.2 we conclude that f(B) has a Z-
basis, whence B has a Z-basis, with < n elements.

Theorem 6.4. Let A be an additive group having a basis with n ele-
ments. Then all bases of A have this same number of elements n.

Proof. We look at our same homomorphism f: A4 —R” as in the
proof of Theorem 6.3. Let {w,,...,w,} be a basis of A. Each v, is a lin-
ear combination with integer coefficients of w,,...,w,. Hence f(v;) =¢; is
a linear combination with integer coefficients of f(w)),...,f(w,). Hence
ey,...,e, are in the space generated by f(w,),...,f(w,). By the theory of
bases for vector spaces, we conclude that m = n, whence m = n.

An abelian group is said to be finitely genmerated if it has a finite
number of generators. It is said to be free if it has a basis.

Corollary 6.5. Let A # {0} be a finitely generated abelian group. As-
sume that A does not contain any element of finite period except the
unit element. Then A has a basis.

Proof. The proof will be left as an exercise, see Exercises 1 and 2
which also give you the main ideas for the proof.

Remark. We have carried out the above theory in Euclidean space to
emphasize certain geometric aspects. Similar ideas can be carried out to
prove Corollary 6.5 without recourse to Euclidean space. See for in-
stance my Algebra.

Let A be an abelian group. In Chapter I, §7 we defined the torsion
subgroup A, to be the subgroup consisting of all the elements of finite
period in A. We refer to Chapter II, Theorem 7.1.

Theorem 6.6. Suppose that A is a finitely generated abelian group.
Then A/A,,, is a free abelian group, and A is the direct sum

A=A4,@F

where F is free.

Proof. Let {ay,...,q,} be generators of A. If ac A let a be its image
in the factor group A/A4,, Then a,,....a, are generators of A/A

m tor»
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which is therefore finitely generated. Let ae A/A,,, and suppose a has
finite period, say da =0 for some positive integer d. This means that
dae A,,, so there exists a positive integer d’ such that d'da = 0, whence a
itself lies in A,,, so @ = 0. Hence the torsion subgroup of A/A,, is trivial
By Corollary 6.5 we conclude that A/4,, is free.

Let b,,...,b,e A be elements such that {b,,...,b,} is a basis of 4/4,,.
Then b,,...,b, are linearly independent over Z. Indeed, suppose d,,....d,
are integers such that

tor

db,+-- +db,=0.
Then
d\by + - +d,b, =0,

whence d; = 0 for all i by assumption that {b,,...,b,} is a basis of A/A4,,,.
Let F be the subgroup generated by b,,....,b,. Then F is free. We now
claim that

A=A, ®F.

Indeed, let ae A. There exist integers xi,...,x, such that

a=xb;+---+ x,b,.
Hence a — (x;b; +--- +x,b,) =0, so a— (x;b, +---+ x,b,) € A,. This
proves that

A=A, +F

In addition, suppose ae€ 4,,, » F. The only element of finite order in a
free group is the O element. Hence a = 0. This proves the theorem.

V, §6. EXERCISES

1. Let A be an abelian group with a finite number of generators, and assume
that 4 does not contain any element of finite period except the unit element.
We write A additively. Let d be a positive integer. Show that the map x+dx
is an injective homomorphism of A into itself, whose image is isomorphic to
A.

2. Let the notation be as in Exercise 1. Let {a,,...,a,} be a set of generators of
A. Let {a,,...,a,} be a maximal subset linearly independent over Z. Let B be
the subgroup generated by a,,...,a,. Show that there exists a positive integer
d such that dx lies in B for all x in A. Using Theorem 6.3 and Exercise 1,
conclude that A has a basis.
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V, §7. MODULES OVER PRINCIPAL RINGS

Throughout this section, we let R be a principal ring.
Let M be an R-module, M # {0}. If M is generated by one element v,
then we say that M is cyclic. In this case, we have M = Rv. The map

X > XU

is a homomorphism of R into M, viewing both R and M as R-modules.
Let J be the kernel of this homomorphism. Then J consists of all
elements x€ R such that xv =0. Since R is assumed principal, either
J = {0} or there is some clement a € R which generates J. Then we have
an isomorphism of R-modules

R/J = R/aR ~ M.

The element a is uniquely determined up to multiple by a unit of R, and
we shall say that a is a period of v. Any unit multiple of a will also be
called a period of v.

Let M be an R-module. We say that M is a torsion module if given
ve M there exists some element ae R, a # 0 such that av =0. Let p be a
prime element of R. We denote by M(p) the subset of elements ve M
such that there exists some power p" (r = 1) satisfying p'v = 0. These
definitions are analogous to those made for finite abelian groups in
Chapter II, §7. A module is said to be finitely generated if it has a finite
number of generators. As with abelian groups, we say that M has
exponent a if every element of M has period dividing a, or equivalently
av =0 for all ve M.

Observe that if M is finitely generated and is a torsion module, then
there exists ae R, a # 0, such that aM = {0}. (Proof?)

The following statements are used just as for abelian groups, and also
illustrate some notions given more generally in §4 and §5.

Let p be a prime of R. Then R/pR is a simple module.
Let a, be R be relatively prime. Let M be a module such that aM = 0.
Then the map

v bu

is an automorphism of M.

The proofs will be left as exercises.
The next theorem is entirely analogous to Theorem 7.1 of Chapter I

Theorem 7.1. Let M be a finitely generated torsion module over the
principal ring R. Then M is the direct sum of its submodules M(p) for
all primes p such that M(p) # {0}. In fact, let ae R be such that
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aM =0, and suppose we can write
a=bc with b, c relatively prime.

Let M, be the subset of M consisting of those elements v such that
bv = 0, and similarly for M,. Then

M=M®M..

Proof. You can just copy the proof of Theorem 7.1 of Chapter II,
since all the notions which we used there for abelian groups have been
defined for modules over a principal ring. This kind of translation just
continues what we did in Chapter 1V, §6 for principal rings themselves.

Theorem 7.2. Let M be a finitely generated torsion module over the
principal ring R, and assume that there is a prime p such that
p'M = {0} for some positive integer r. Then M is a direct sum of cyclic
submodules

4q
M = PRy, where Rv; = R/p"R,
i=1

so v; has period p". If we order these modules so that

then the sequence of integers ry, ... r, is uniquely determined.

Proof. Again, the proof is similar to the proof of Theorem 7.2 in
Chapter II. We repeat the proof here for convenience of the reader, so
that you can see how to translate a slightly more involved proof from the
integers to principal rings.

We start with a remark. Let veM, v #0. Let k be an integer =0
such that p“v # 0 and let p™ be a period of p*v. Then v has period p**™.
Proof: We certainly have p**™ =0, and if p"v = 0 then first n = k, and
second n = k + m, otherwise the period of p*v would divide p™ and not be
equal to p™, contrary to the definition of p™.

We shall now prove the theorem by induction on the number of
generators. Suppose that M is generated by g elements. After reordering
these elements if necessary, we may assume that one of these elements v,
has maximal period. In other words, v, has period p", and if ve M then
pv=0with r <r,. We let M; be the cyclic module generated by v,.
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Lemma 7.3. Let © be an element of M/M,, of period p’. Then there
exists a representative w of v in M which also has period p'.

Proof. Let v be any representative of o in M. Then p'v lies in M, say
p'v = cv, with ce R. We note that the period of © divides the period of v.
Write ¢ = p*t where ¢t is prime to p. Then tv, is also a generator of M,
(proof?), and hence has period p™. By our previous remark, the element v
has period

r+r—k
?

P

whence by hypothesis, » + r, —k <r, and r < k. This proves that there
exists an element w, € M, such that p'v = p'w;. Let w=v —w;. Then w
is a representative for ¥ in M and p'w = 0. Since the period of w is at
least p” we conclude that w has period equal to p". This proves the
lemma.

We return to the main proof. The factor module M/M, is generated
by g—1 elements, and so by induction M/M, has a direct sum
decomposition

M/M,=M,® - ®M,

into cyclic modules with M;~ R/p"R. Let &; be a generator for M,
(i=2,...,5), and let v; be a representative in M of the same period as 7,
according to the lemma. Let M, be the cyclic module generated by v;.
We contend that M is the direct sum of M,,... .M, and we now prove
this.

Given ve M, let v denote its residue class in M/M,. Then there exist
elements c,,...,c;€ R such that

U=C0, + -+ + C0;.

Hence v — (c,v, + -+ + ¢,y lies in M, and there exists an element ¢; € R
such that

U =2Cy0y + Cyly + -+ + CyU4.

Hence M =M, +--- + M,.
Conversely, suppose c,...,c, are elements of R such that

vy + -+ ¢, =0.

Since v; has period p" (i = 1,...,s), if we write ¢; = p™t; with p k¢, then
we may suppose m; < r;. Putting a bar on this equation yields

Cz{jz + e + Csﬁs=0.



[V,§7] MODULES OVER PRINCIPAL RINGS 213

Since M/M, = M is a direct sum of M,,...,M, we conclude that ¢;5; =0

for j=2,....s. (See part (c) of Proposition 4.4.) Hence p"” divides c; for

j=2,...,5, whence also c;v; =0 for j=2,...,s since v; and v; have the

same period. This proves that M is the direct sum of Mi,..., M, and

concludes the proof of the existence part of the theorem. 7
Now we prove uniqueness. If

M=x~R/p"R@®---® R/p"R

then we say that M has type (p",...,p"), just as we did for abelian
groups. Suppose that M is written in two ways as a product of cyclic
submodules, say of types

@, ....p") and (™, ....p™)

withr,2r,=z---2r,21,and my 2m, =2--- Zm, = 1. Then pM is also
a torsion module, of type

m|—1" mk—l)'

("L and  (p <P
It is understood that if some exponent r; or m; is equal to 1, then the
factor corresponding to

ri—1 mi—1

p or p
in pM is simply the trivial module 0. We now make an induction on the
sum r; + --- + r,, which may be called the length of the module. If this
length is 1 in some representation of M as a direct sum, then this length
is 1 in every representation, because R/pR is a simple module, whereas it
is immediately verified that if the length is > 1, then there exists a
submodule # 0 and # R, so the module cannot be simple. Thus the
uniqueness is proved for modules of length 1.

By induction, the subsequence of (r; — 1,...,r, — 1) consisting of those
integers = 1 is uniquely determined, and is the same as the corresponding
subsequence of (m; —1,...,m,—1). In other words, we have
r,—1=m;—1 for all those integers i such that r,— 1 and m; — 1= 1.
Hence r; = m; for all these integers i, and the two sequences

Y1

(@",....p") and  (p™,...,p™)

can differ only in their last components which can be equal to p. These
correspond to factors of type (p,...,p) occurring say v times in the first
sequence, and p times in the second sequence. We have to show that

v =L
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Let M, be the submodule of M consisting of all elements ve M such
that pv = 0. Since by hypothesis pM, = 0, it follows that M, is a module
over R/pR, which is a ficld, so M, is a vector space over R/pR. If N is a
cyclic module, say N = R/p'R, then N, = p" 'R/p'R ~ R/pR, and so N,
has dimension 1 over R/pR. Hence

dimg,,r M, =s and also =k,

so s = k. But we have seen in the preceding paragraph that

ri

@".p)=0".... 0" p,....p)
[

v times

@™, ....p™) =", ....p"% " p,...,p)
[ER—

1 times

and that s—v=k—u Since s=k it follows that v=pu, and the
theorem is proved.

Remark. In the analogous statement for abelian groups, we finished
the proof by considering the order of groups. Here we use an argument
having to do with the dimension of a vector space over R/pR. Otherwise,
the argument is entirely similar.

V, §7. EXERCISES

1. Let a, b be relatively prime elements of R. Let M be an R-module, and denote
by ap: M — M multiplication by a. In other words, ay(v)=av for ve M.
Suppose that a,/b,, = 0. Prove that

Im a, = Ker by,

2. Let M be a finitely generated torsion module over R. Prove that there exists
a€eR, a # 0 such that a,, = 0.

3. Let p be a prime of R. Prove that R/pR is a simple R-module.
4. Let aeR, a#0. If a is not prime, prove that R/aR is not a simple R-module.

5. Let a, be R be relatively prime. Let M be a module such that a,, = 0. Prove
that the map v+ bv is an automorphism of M.

V, §8. EIGENVECTORS AND EIGENVALUES

Let V be a vector space over a field K, and let

A V-V
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be a linear map of V into itself. An element ve V is called an eigenvector
of A if there exists A€ K such that Av = Av. If v # 0 then A is uniquely
determined, because A,v = A,v implies A, = 4,. In this case, we say that 4
is an eigenvalue of 4 belonging to the eigenvector v. We also say that v
is an eigenvector with the eigenvalue A. Instead of eigenvector and
eigenvalue, one also uses the terms characteristic vector and characteristic
value.

If A is a square n x n matrix then an eigenvector of A is by definition
an eigenvector of the linear map of K" into itself represented by this
matrix. Thus an eigenvector X of A4 is a (column) vector of K" for which
there exists A€ K such that AX = AX.

Example 1. Let V' be the vector space over R consisting of all
infinitely differentiable functions. Let A€R. Then the function f such
that f(t)=e* is an eigenvector of the derivative d/dt because df/dt = ie*.

Example 2. Let

be a diagonal matrix. Then every unit vector E' (i=1,...,n) is an
eigenvector of A. In fact, we have AE' = a,E":

0
A
(.) a.z O 1)1=1{ g
O 0 a" 0 0

Example 3. If 4:V — V is a linear map, and v is an eigenvector of A,
then for any non-zero scalar ¢, cv is also an eigenvector of A4, with the
same eigenvalue.

Theorem 8.1. Let V be a vector space and let A:V — V be a linear map.

Let Ae K. Let V, be the subspace of V generated by all eigenvectors of

A having 4 as eigenvalue. Then every non-zero element of V, is an

eigenvector of A having i as eigenvalue.

Proof. Let vy, v, €V be such that Av, = iv, and Av, = Av,. Then
Avy + v,) = Aoy + Av, = Jvy + Av, = Aoy + vy).

If ce K then A(cv,) = cAv, = civ, = Acv,. This proves our theorem.
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The subspace V, in Theorem 8.1 is called the eigenspace of A
belonging to A.

Note. If v, v, are eigenvectors of 4 with different eigenvalues A4, # 4,
then of course v; + v, is not an eigenvector of 4. In fact, we have the
following theorem:

Theorem 8.2. Let V be a vector space and let A: V — V be a linear map.
Let vy,...,v, be eigenvectors of A, with eigenvalues A,,...,A,, respec-
tively. Assume that these eigenvalues are distinct, i.e.

A # A if i#]
Then v,,... b, are linearly independent.

Proof. By induction on m. For m =1, an element v, eV, v, #0 is
linearly independent. Assume m > 1. Suppose that we have a relation

(*) cioy + -+ Cpt,, =0

with scalars ¢;. We must prove all ¢; = 0. We multiply our relation (%)
by A, to obtain

cid0y + - + ¢pdqv, =0,
We also apply A to our relation (). By linearity, we obtain

CiAy + -+ CplUy = 0.

We now subtract these last two expressions, and obtain
Ay — Ay + o0+ Culdy — 44)0, = 0.
Since 4; — 4; # 0 for j = 2,...,m we conclude by induction that

cy=--=¢,=0.

Going back to our original relation, we see that ¢,v, = 0, whence ¢; =0,
and our theorem is proved.

Quite generally, let V be a finite dimensional vector space, and let

L: V-V



[V,88] EIGENVECTORS AND EIGENVALUES 217

be a linear map. Let {v,,...,v,} be a basis of V. We say that this basis
diagonalizes L if each v; is an eigenvector of L, so Lv;, = c;v; with some
scalar ¢;. Then the matrix representing L with respect to this basis is the
diagonal matrix

¢ 0 0
a9 @ 0
0 0 c

We say that the linear map L can be diagonalized if there exists a basis of
V consisting of eigenvectors. We say that an n x n matrix A can be
diagonalized if its associated linear map L, can be diagonalized.

We shall now see how we can use determinants to find the eigenvalue
of a matrix. We assume that readers are acquainted with determinants.

Theorem 8.3. Ler V be a finite dimensional vector space, and let 1 be a
number. Let A:V — V be a linear map. Then 1 is an eigenvalue of A if
and only if A — Al is not invertible.

Proof. Assume that 1 is an eigenvalue of A. Then there exists an
element veV, v#0 such that 4v=/Jv. Hence Av— iv=0, and
(A — Av=0. Hence A — Al has a non-zero kernel, and 4 — AI cannot
be invertible. Conversely, assume that 4 — Al is not invertible. By
Theorem 2.4 we see that 4 — AI must have a non-zero kernel, meaning
that there exists an element ve V, v # 0 such that (4 — Al)v =0. Hence
Av — Av =0, and Av = lv. Thus 2 is an eigenvalue of 4. This proves
our theorem.

Let A be an n x n matrix, A= (a;). We define the characteristic
polynomial P, to be the determinant

P (t) = Det(t] — A),
or written out in full,

t—ag
P() = o T
hn

We can also view A as a linear map from K” to K", and we also say
that P ,(t) is the characteristic polynomial of this linear map.
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Example 4. The characteristic polynomial of the matrix

1 -1
A=| =2 1 1
0 1 -1
is
r—1 1 -3
2 t—1 -1/,
0 -1 t+1

which we expand according to the first column, to find
Pt)=1—t*—dt + 6.

For an arbitrary matrix 4 = (a;;), the characteristic polynomial can be
found by expanding according to the first column, and will always consist
of a sum

(t_all)"'(t_ann)+

Each term other than the one we have written down will have degree
< n. Hence the characteristic polynomial is of type

P (t) =t" + terms of lower degree.

For the next theorem, we assume that you know the following
property of determinants:

A square matrix M over a field K is invertible if and only if its
determinant is # 0.

Theorem 84. Let A be an n x n matrix. An element e K is an
eigenvalue of A if and only if A is a root of the characteristic
polynomial of A. If K is algebraically closed, then A has an eigenvalue
in K.

Proof. Assume that 4 is an eigenvalue of 4. Then Al — A is not
invertible by Theorem 8.3 and hence Det(A] — 4) = 0. Consequently 4 is
a root of the characteristic polynomial. Conversely, if A is a root of the
characteristic polynomial, then

Det(Al — A) = 0,

and hence we conclude that A] — A is not invertible. Hence A is an
eigenvalue of 4 by Theorem 8.3.
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Theorem 8.5. Let A, B be two n x n matrices, and assume that B is
invertible. Then the characteristic polynomial of A is equal to the
characteristic polynomial of B~ 'AB.

Proof. By definition, and properties of the determinant,

Det(t] — A) = Det(B~'(:I — A)B) = Det(tB~'B — B~ ' 4B)
= Det(t] — B~14B).

This proves what we wanted.

Let
L:V-oV

be a linear map of a finite dimensional vector space into itself, so L is
also called an endomorphism. Select a basis for 7 and let 4 be the
matrix associated with L with respect to this basis. We then define the
characteristic polynomial of L to be the characteristic polynomial of 4. If
we change basis, then 4 changes to B~'4B where B is invertible. By
Theorem 8.5 this implies that the characteristic polynomial does not
depend on the choice of basis.

Theorem 8.4 can be interpreted for L as stating:

Let K be algebraically closed.

Let V be a finite dimensional vector space over K of dimension > 0.
Let L:V -V be an endomorphism. Then L has a non-zero eigenvector
and an eigenvalue in K.

V, §8. EXERCISES

L.

Let ¥V be an n-dimensional vector space and assume that the characteristic
polynomial of a linear map A: V — V has n distinct roots. Show that V has a
basis consisting of eigenvectors of A.

. Let A be an invertible matrix. If 4 is an eigenvalue of 4 show that A # 0 and

that 171 is an eigenvalue of 4~ %

. Let V be the space generated over R by the two functions sint and cost.

Does the derivative (viewed as a linear map of V into itself) have any nonzero
eigenvectors in V? If so, which?

. Let D denote the derivative which we view as a linear map on the space of

differentiable functions. Let k be an integer # 0. Show that the functions
sin kx and cos kx are eigenvectors for D?. What are the eigenvalues?
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5. Let A:V - V be a linear map of V into itself, and let {v,,...,v,} be a basis of
V consisting of eigenvectors having distinct eigenvalues cy,...,c,. Show that
any eigenvector v of A in V is a scalar multiple of some v;,.

6. Let A, B be square matrices of the same size. Show that the eigenvalues of AB
are the same as the eigenvalues of BA.

7. (Artin’s theorem.) Let G be a group, and let fi,....f,: G —» K* be distinct
homomorphisms of G into the multiplicative group of a field. In particular,
f1s-...f, are functions of G into K. Prove that these functions are linearly
independent over K. [Hint: Use induction in a way similar to the proof of
Theorem 8.2.]

V, §9. POLYNOMIALS OF MATRICES AND LINEAR MAPS

Let n be a positive integer. Let Mat,(K) denote the set of all n x n
matrices with coefficients in a field K. Then Mat,(K) is a ring, which is a
finite dimensional vector space over K, of dimension n?. Let 4 € Mat,(K).
Then A generates a subring, which is commutative because powers of A
commute with each other. Let K[r] denote the polynomial ring over K.
As a special case of the evaluation map, if f(t)e K[t] is a polynomial, we
can evaluate f at A. Indeed:

If f(t) = a,t" + --- + ap then f(4) = a, A" + - + aq .

We know that the evaluation map is a ring homomorphism, so we have
the rules:
Let f, geK|[t], and ce K. Then:

(f +9N4) = f(4) + g(4),
(f9NA4) = f(A)g(A),
(cf)A) = cf(A).

Example. Let «,,...,a, be elements of K. Let

SO = —o) -t —a,).
Then
JA)=(A—o D) (A —a,])

Let ¥V be a vector space over K, and let A:V >V be an endo-
morphism (i.e. linear map of V into itself). Then we can form
A*>=AoA = AA, and in general A" = iteration of 4 taken n times for
any positive integer n. We define A° =1 (where I now denotes the
identity mapping). We have

Am+n — AmAn
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for all integers m, n = 0. If f is a polynomial in K[t], then we can form
f(A) the same way that we did for matrices. The same rules are satisfied,
expressing the fact that f— f(A4) is a ring homomorphism. The image of
K[t] in Endg(V) under this homomorphism is the commutative subring
denoted by K[A].

Theorem 9.1. Let A be an n x n matrix in a field K, or let A:V — V be
an endomorphism of a vector space V of dimension n. Then there exists
a non-zero polynomial f e K[t] such that f(A) = O.

Proof. The vector space of n x n matrices over K is finite dimensional,
of dimension n?. Hence the powers

I, A, 4%,... A"

are linearly dependent for N > n2, This means that there exist numbers
dp, ... .dy € K such that not all g, = 0, and

ayAY + -+ ayl = 0.

We let f(t)=ayt® +---+a, to get what we want. The same proof
applies when A is an endomorphism of V.

If we divide the polynomial f of Theorem 9.1 by its leading coefficient,
then we obtain a polynomial g with leading coefficient 1 such that
g(4)= 0. It is usually convenient to deal with polynomials whose
leading coefficient is 1, since it simplifies the notation.

The kernel of the evaluation map f + f(A) is an ideal in K[t], which
is principal, and so generated by a unique monic polynomial which is
called the minimal polynomial of 4 in K[t]. Since the ring generated by
A over K may have divisors of zero, it is possible that this minimal
polynomial is not irreducible. This is the first basic distinction which we
encounter from the case when we evaluated polynomials in a field. We
shall prove at the end of the section that if P, is the characteristic
polynomial, then P ,(A4) = 0. Therefore P,(t) is in the kernel of the map
S f(4), and so the minimal polynomial divides the characteristic
polynomial since the kernel is a principal ideal.

Let V' be a vector space over K, and let A: V>V be an endomor-
phism. Then we may view V as a module over the polynomial ring K[t]
as follows. If veV and f(¢)e K[¢], then f(A4):V -V is also an endomor-
phism of V, and we define

f©v = f(A.
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The properties needed to check that V is indeed a module over K[t] are
trivially verified. The big advantage of dealing with ¥ as a module over
K[t] rather than over K[A4], for instance, is that K[t] is a principal ring,
and we can apply the results of §7.

Warning. The structure of K[¢]-module depends of course on the
choice of 4. If we selected another endomorphism to define the
operation of K[t] on V, then this structure would also change. Thus we
denote by V, the module V over K[¢] determined by the endomorphism
A as above. Theorem 9.1 can now be interpreted as stating:

The module V, over K[t] is a torsion module.

Therefore Theorems 7.1 and 7.2 apply to give us a description of V, as a
K[t]-module. We shall make this description more explicit.

Let W be a subspace of V. We shall say that W is an invariant
subspace under A4, or its A-invariant, if Aw lies in W for all we W, ie. if
AW is contained in W. It follows directly from the definitions that:

A subspace W is A-invariant if and only if W is a K[t]-submodule.

Example 1. Let v; be a non-zero eigenvector of A, and let V; be the
[-dimensional space generated by v,. Then ¥V, is an invariant subspace
under 4.

Example 2. Let A be an eigenvalue of 4, and let ¥, be the subspace of
V' consisting of all veV such that Av = Jiv. Then V, is an invariant

subspace under A, called the eigenspace of A.

Example 3. Let f(1)e K[t] be a polynomial, and let W be the kernel
of f(4). Then W is an invariant subspace under A.

Proof. Suppose that f(4)w = 0. Since tf(t) = f(t)t, we get

Af(A) = f(A)A4,

whence

S(A)Aw) = f(A)Aw = Af(A)w = 0.
Thus Aw is also in the kernel of f(4), thereby proving our assertion.
Translating Theorem 7.1 into the present situation yields:

Theorem 9.2. Let f(t)e K[t] be a polynomial, and suppose that
= 1.1, where f,, f, are polynomials of degree =1, and relatively



[V,§91 POLYNOMIALS OF MATRICES AND LINEAR MAPS 223

prime. Let A:V — V be an endomorphism. Assume that f(A) = 0. Let
W, = kernel of f,(A) and W, = kernel of f,(A).

Then V is the direct sum of W, and W,. In particular, suppose that f(t)
has a factorization

SO =@ — o)t — o)™

with distinct roots «y,...,0,€ K. Let W, be the kernel of (A — o).
Then V is the direct sum of the subspaces Wy,... . W,,.

Remark. If the field K is algebraically closed, then we can always
factor the polynomial f(¢) into factors of degree 1 as above and the
different powers (¢t — o)™, ... {t — a,)™ are relatively prime. This is of
course the case over the complex numbers.

Example 4 (Differential equations). Let V be the space of (infinitely
differentiable) solutions of the differential equation

D"f + an—anklf ot aOf = O’
with constant complex coefficients a,. We shall determine a basis of V.
Theorem 9.3, Let
P)=t"+a,_ " '+ -+ a,.
Factor P(t) as in Theorem 9.2
P(t) = (t — oy)" -+~ (£ — at,)™
Then V is the direct sum of the spaces of solutions of the differential
equations
(D — o I)y'f =0,

fori=1,... m.

Proof. This is merely a direct application of Theorem 9.2.

Thus the study of the original differential equation is reduced to the
study of the much simpler equation

(D — alyf = 0.

The solutions of this equation are easily found.
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Theorem 9.4. Let o be a complex number. Let W be the space of
solutions of the differential equation

(D —adyf =0.
Then W is the space generated by the functions
eat’ teat’ L ’[rf leazt

and these functions form a basis for this space, which therefore has
dimension r.

Proof. For any complex o we have
(D —alyf = e*D'{e” *f).

(The proof is a simple induction.) Consequently, f lies in the kernel of
(D — aIy if and only if

Die ") =0.
The only functions whose r-th derivative is 0 are the polynomials of
degree =<r — 1. Hence the space of solutions of (D —al)’f =0 is the
space generated by the functions

e, te™, ... 1" e

Finally these functions are linearly independent. Suppose we have a
linear relation

coe™ +cyte + -+, e =0
for all £, with constants ¢g,...,c,_,. Let
Q)=co+cit+- -+ N
Then Q(t) is a non-zero polynomial, and we have
Qt)e” =0 for all t.

But e* #0 for all t so Q(t) =0 for all r. Since Q is a polynomial, we
must have ¢; =0 for i =0,...,# — 1 thus concluding the proof.
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We end this chapter by looking at the meaning of Theorem 7.2 for a
finite dimensional vector space V over an algebraically closed field K.
Let

A V-V
be an endomorphism as before. We first make explicit the cyclic case.

Lemma 9.5. Let veV, v #0. Suppose there exists owc K such that
(A — al)v = 0 for some positive integer r, and that r is the smallest such
positive integer. Then the elements

v, (A—oalp,...(A—ol) v
are linearly independent over K.

Proof. Let B = A — al for simplicity. A relation of linear dependence
between the above elements can be written

S(Bp =0,
where f is a polynomial # 0 of degree <r — 1, namely
cov+cyBv+ -+ ¢, Bv =0,

with f(t)=co + ¢t +--- + ¢;t°, and s £r — 1. We also have B'v =0 by
hypothesis. Let g(t) = ¢". If h is the greatest common divisor of f and g,
then we can write

h:f1f+glg’

where f, g, are polynomials, and thus A(B) = f,(B)f(B) + g,(B)g(B). It
follows that h(Bjv = 0. But A(t) divides t" and is of degree <r—1, so
that h(1) =t* with d <r. This contradicts the hypothesis that r is
smallest, and proves the lemma.

The module V, is cyclic over K[t¢] if and only if there exists an
element ve V, v # 0 such that every element of V is of the form f(A)v for
some polynomial f(t)e K[z]. Suppose that V, is cyclic, and in addition
that there is some element xe K and a positive integer r such that
(A —ol)yv=0. Also let r be the smallest such positive integer. Then the
minimal polynomial of A on V is precisely (t — ). Then Lemma 9.5
implies that

(%) {(A— oy 'v,... (4 — al), v}
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is a basis for V over K. With respect to this basis, the matrix of A4 is
then particularly simple. Indeed, for each k we have

A(A — al)'v = (A — al)** 1o + oA — al)o.

By definition, it follows that the associated matrix for 4 with respect to
this basis is equal to the triangular matrix

o 0 0 0
0 a 1 00

0
00 0 - al
0 0 O 0 «

This matrix has o on the diagonal, 1 above the diagonal, and 0
everywhere else. The reader will observe that (4 — Iy 'v is an eigen-
vector for A, with eigenvalue «.

The basis (*) is called a Jordan basis for V' with respect to 4. Thus
over an algebraically closed field, we have found a basis for a cyclic
vector space as above such that the matrix of 4 with respect to this basis
is particularly simple, and is almost diagonal. If r = 1, that is if Av = ap,
then the matrix is a 1 x 1 matrix, which is diagonal.

We now turn to the general case. We can reformulate Theorem 7.2 as
follows.

Theorem 9.6. Let V be a finite dimensional space over the algebraically
closed field K, and V # {0}. Let A:V — V be an endomorphism. Then
V is a direct sum of A-invariant subspaces

V=V,® -0V,

such that each V; is cyclic, generated over K[t] by an element v; # 0,
and the kernel of the map

J(@©)— f(A)y;
is a power (t — o))" for some positive integer r; and o; € K.

If we select a Jordan basis for each V;, then the sequence of these
bases forms a basis for V, again called a Jordan basis for I with respect
to A. With respect to this basis, the matrix for A therefore splits into
blocks (Fig. 1).



[Vv,8§9] POLYNOMIALS OF MATRICES AND LINEAR MAPS 227

o, 1
1
%y
o, 1
-1
53
oy 1
.‘1
%3
Figure 1

In each block we have an eigenvalue o, on the diagonal. We have 1
above the diagonal, and 0 everywhere else. This matrix is called the
Jordan normal form for A.

It is to be understood that if r, =1, then there is no 1 above the
diagonal, and the eigenvalue o, is simply repeated, the number of times
being the dimension of the corresponding eigenspace.

The Jordan normal form also allows us to prove the Cayley—Hamilton
theorem as a corollary, namely:

Theorem 9.7. Let A be an n x n matrix over a field K, and let P ,(t} be
its characteristic polynomial. Then P (A) = O.

Proof. We assume for this proof that K is contained in some
algebraically closed field, and it will then suffice to prove the theorem
under the assumption that K is algebraically closed. Then A4 represents
an endomorphism of K", which we take as V. We denote the endomor-
phism by the same letter 4. We decompose V into a direct sum as in
Theorem 9.6. Then the characteristic polynomial of 4 is given by

P,) = li[ (t — o)
i=1

where r; = dimg(V)). But P (4) =]]%.,(A — «,I)", and by Theorem 9.6,

(A — o, D)'v; = 0.
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Hence P (A)y; =0 for all i. But V is generated by the elements f(A)y,
for all i with f e K[r], and

P (A) f(A); = f(A)P ((A); = 0.

Hence P (A)v = 0 for all ve V, whence P,(A) = O, as was to be proved.

V, §9. EXERCISES

1. Let M be an n x n diagonal matrix with eigenvalues 4,,...,4,. Suppose that
/; has multiplicity m;. Write down the minimal polynomial of M, and also
write down its characteristic polynomial.

2. In Theorem 9.2 show that image of f\(4) = kernel of f;(A).

3. Let ¥V be a finite dimensional vector space, and let A:V -V be an
endomorphism. Suppose 42 = A. Show that there is a basis of ¥ such that
the matrix of 4 with respect to this basis is diagonal, with only 0 or 1 on the
diagonal. Or, if you prefer, show that V=V, @V, is a direct sum, where
Vo = Ker 4 and V| is the (+ 1)-eigenspace of A.

4. Let A:V -V be an endomorphism, and V finite dimensional. Suppose that
A® = A. Show that V is the direct sum
V=V,®V,®V_,,
where V, = Ker 4, V| is the (+ l)-eigenspace of A, and V_, is the (—1)-
eigenspace of A.

5. Let A: V> ¥V be an endomorphism, and V finite dimensional. Suppose that
the characteristic polynomial of A has the factorization

Pty =(t — o) (t —a,),

where «y, ..., are distinct elements of the field K. Show that V has a basis
consisting of eigenvectors for A.

For the rest of the exercises, we suppose that V # {0}, and that V is finite
dimensional over the algebraically closed field K. We let A:V -V be an
endomorphism.

6. Prove that A is diagonalizable if and only if the minimal polynomial of 4 has
all roots of multiplicity 1.

7. Suppose A is diagonalizable. Let W be a subspace of V such that AW < W.
Prove that the restriction of A to W is diagonalizable as an endomorphism
of W.

8. Let B be another endomorphism of V such that BA = AB. Prove that A, B
have a common non-zero eigenvector.
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9.

10.

11

12.

13.

14.

15.
16.

Let B be another endomorphism of V. Assume that 4B = BA4 and both 4, B
are diagonalizable. Prove that 4 and B are simultaneously diagonalizable,
that is ¥ has a basis consisting of elements which are eigenvectors for both 4
and B.

Show that 4 can be written in the form A=D+ N, where D is a
diagonalizable endomorphism, N is nilpotent, and DN = ND.

Assume that V, is cyclic, annihilated by (4 — af)" for some r > 0 and xe K.
Prove that the subspace of V generated by eigenvectors of A is one-
dimensional.

Prove that V, is cyclic if and only if the characteristic polynomial P (1) is
equal to the minimal polynomial of 4 in K[t].

Assume that V, is cyclic annihilated by (4 — af)" for some r > 0. Let f be a
polynomial. What are the eigenvalues of f(A) in terms of those of A? Same
question when V is not assumed cyclic.

Let P, be the characteristic polynomial of A, and write it as a product

=

P (1) =

i

(¢ — o),
1

where «,... .0, are distinct. Let f be a polynomial. Express the characteris-
tic polynomial P, as a product of factors of degree 1.

If A is nilpotent and not O, show that A is not diagonalizable.

Suppose that A4 is nilpotent. Prove that V has a basis such that the matrix of
A with respect to this basis has the form

010 -0
Ny N 0 001 -0
z ) where N;=(0) or N, = :
‘ .o 1

o
N, 000 0

The matrix on the right has components 0 except for 1’s just above the
diagonal.

Invariant subspaces

Let S be a set of endomorphisms of V. Let W be a subspace of V. We shall say
that W is an S-invariant subspace if BW < W for all Be §. We shall say that V is
a simple S-space if V s {0} and if the only S-invariant subspaces are V itself and
the zero subspace. Prove:

17.

Let A:V — V be an endomorphism such that AB = BA for all BeS.

(a) The image and kernel of A are S-invariant subspaces.

(b) Let f(t)e K[t]. Then f(4)B = Bf(A) for all Be§.

(c) Let U, W be S-invariant subspaces of V. Show that U+ W and Un W
are S-invariant subspaces.
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18.

19.

20.

21

22.

23.

Assume that V is a simple S-space and that AB = BA for all BeS. Prove
that either A4 is invertible or A is the zero map. Using the fact that V is finite
dimensional and K algebraically closed, prove that there exists ae K such
that 4 = al.

Let V be a finite dimensional vector space over the field K, and let S be the
set of all linear maps of V into itself. Show that V is a simple S-space.

1 a
Let V =R? let S consist of the matrix <0 1) viewed as linear map of V

into itself. Here, a is a fixed non-zero real number. Determine all S-invariant
subspaces of V,

Let V be a vector space over the field K, and let {vy,...,v,} be a basis of V.
For each permutation o of {1,...,n} let A,:V >V be the linear map such
that

Aa(vi) = Da(i)'
{a) Show that for any two permutations ¢, 7 we have

AaAr = Aar’

and 4,4 = 1.

(b) Show that the subspace generated by v = v, + --- + v, is an invariant sub-
space for the set S, consisting of all A4,.

(c) Show that the element v of part (b) is an eigenvector of each A,. What is
the eigenvalue of A, belonging to v?

(d) Let n =2, and let ¢ be the permutation which is not the identity. Show
that v, — v, generates a l-dimensional subspace which is invariant under
A,. Show that v, — v, is an eigenvector of A,. What is the eigenvalue?

Let ¥V be a vector space over the field K, and let 4:V >V be an
endomorphism. Assume that A" = I for some integer r = 1. Let

T=1+A+- +4"L

Let v, be an element of V. Show that the space generated by Tuv, is an
invariant subspace of 4, and that Ty, is an eigenvector of A. If Ty, # 0,
what is the eigenvalue?

Let (V,A) and (W, B) be pairs consisting of a vector space and endo-
morphism, over the same field K. We define a morphism

f:(V, 4) - (W, B)

to be a homomorphism f:V — W of K-vector spaces satisfying in addition
the condition

Bof=foA
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A
_—

|

vV
l.f
W — W
B
In other words, for all ve V' we have B(f(v)) = f(A(v)). An isomorphism of
pairs is a morphism which has an inverse.

Prove that (V, 4) is isomorphic to (W, B) if and only if ¥V, and W are
isomorphic as K[t]-modules. (The operation of K[t] on V, is the one
determined by A, and the operation of K[¢] on Wj is the one determined
by B.)

A direct sum decomposition of matrices

24,

25.

Let F be a field and Mat, (F) = M,, the ring of n x n matrices over F. Let Ej for
i,j=1,...,n be the matrix with (ij)-component 1, and all other components 0.
Then the set of elements Ej is a basis for M,,. Let D} = D;(F) be the multipli-
cative group of diagonal matrices with non-zero diagonal components. We write
such matrices as diag(ai, ..., a,) = a. We define the conjugation action of D; on
M, by

c(a)X =aXa .

(a) Show that g+ c(a) is a homomorphism from D} into the group of linear
automorphisms of M,,.
(b) Show that each Ej is an eigenvector for the action of ¢(a), the cigenvalue be-
ing given by x,(a) = a;/a;.

Thus M, is a direct sum of eigenspaces. Each y,;: D* — F” is a character, i.e.
a homomorphism of D* into the multiplicative group of F. A general context
will be given in Chapter VI, §6.

For two matrices X, Y € M,(F), define [X, Y] = XY — YX. Let Ly: M, — M,
denote the map such that Ly(Y) = [X,Y]. One calls Ly the bracket (or Lie)
action of X on M, and [X, Y] the Lie product of X and Y.

(a) Show that for each X, the map Ly: Y + [X, Y] is a linear map, satisfying
the Leibniz rule for derivations, that is

X, [Y,Z])] = [[X, Y], Z] + [V, [X, Z]].

(b) Let D, be the vector space of diagonal matrices. For each H € D, show that
Ej; is an eigenvector of Ly, with eigenvalue a;(H) = h; — h; (where hy, ..., h, ate
the diagonal components of H). Show that oy: D — F is linear. It is called an
eigencharacter of the bracket or Lie action.

(¢) For two linear maps 4, B of a vector space, define [4, B] = AB — BA. Show
that Ly, y) = [Lx, Ly], so L is also a homomorphism for the Lie product.



The next two chapters are logically independent. A reader interested first
in field theory can omit the next chapter.

CHAPTER VI

Some Linear Groups

VI, §1. THE GENERAL LINEAR GROUP

The purpose of this first section is to make you think of multiplication
of matrices in the context of group theory, and to work out basic exam-
ples accordingly in the exercises. Except for the logic involved, this
section could have been placed as exercises in Chapter L

Let R be any ring. We recall that the units of R are those elements
ueR such that u has an inverse u~! in R. By definition, the units in the
ring M, (K) are the invertible matrices, that is the n x n matrices A which
have an inverse A~ '. Such an inverse is an n x n matrix satisfying

AA ' =A714 =1,
The set of units in any ring is a group, and therefore the invertible n x n
matrices form a group, which we denote by
GL(K).

This group is called the general linear group over K. If you know about
determinants, you know that A4 is invertible if and only if det(A4) # 0.
Computing the determinant gives you an effective way of determining
whether a matrix is invertible or not.

VI, §1. EXERCISES

1. Let Ae GL,(K) and Ce K". By the affine map determined by (4, C) we mean
the map

fac: K" = K" such that f, «(X)= AX + C.
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(a) Show that the set of all affine maps is a group, called the affine group.
We denote the affine group by G.

(b) Show that GL(K) is a subgroup. Is GL,(K) a normal subgroup? Proof?

(c) Let T.: K" - K" be the map T(X)= X + C. Such a map is called a
translation. Show that the translations form a group, which is thus a
subgroup of the affine group. Is the group of translations a normal sub-
group of the affine group? Proof?

(d) Show that the map f, .+ A is a homomorphism of G onto GL,(K).
What is its kernel?

2. Determine the period of the following matrices:

010
(@0 0 1 (b)
1 00

- o O ©
OO O =
OO = O
(= s B

3. Let 4,B be any r x n invertible matrices. Show that the periods of 4 and
BAB~! are the same.

4. Let A be an n x n matrix. By an eigenvector X for 4 we mean an element
X e K" such that there exists ce K satisfying AX =cX. If X # O then ¢ is
called an eigenvalue of A.

(a) If X is an eigenvector for A with eigenvalue ¢, show that X is also an
eigenvector for every power 4", where n is a positive integer. What is the
eigenvalue of A" if A"X # 07

(b) Suppose that A has finite (multiplicative) period. Show that an eigen-
value ¢ is necessarily a root of unity, that is ¢" =1 for some positive
integer n.

5. Show that the additive group of a field K is isomorphic to the multiplicative
group of matrices of type

b ith ack
0 1 wi ack.
6. Let G be the group of matrices
a b
0 d
with a, b, de K and ad # 0. Show that the map

a b 4
(0 d)H(“’ )

is a homomorphism of G onto the product K* x K* (where K* is the
multiplicative group of K). Describe the kernel. We could also view our
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homomorphism as being into the group of diagonal matrices
a 0
0 d

7. A matrix Ne M (K) is called nilpotent if there exists a positive integer n such
that N*= 0. If N is nilpotent, show that the matrix I + N is invertible.
[Hint: Think of the geometric series.]

which is isomorphic to K* x K*.

8. (a) Let G = G, be the group of 3 x 3 upper triangular matrices in a field K,
consisting of all invertible triangular matrices

a4y dyp Qg3
T=10 a,, ay
0 0 ay

SO d;,d;,a33 # 0. Let G, be the set of matrices

1 a;, ap
0 1 a,,
0 0 1

Show that G, is a subgroup of G, and that it is the kernel of the homo-
morphism which to each triangular matrix T associates the diagonal
matrix consisting of the diagonal elements of T.

(b) Let G, be the set of matrices

o o =
(=
—_ O O

Show that G, is a subgroup of G;.
(¢) Generalize the above to the case of n x n matrices.
(d) Show that the map

1 a;, ag
0 1 a3 ) (ay;,a53)
0 0 1

is a homomorphism of the group G, onto the direct product
Kx K = K2

What is the kernel?
(e) Show that the group G, is isomorphic to K.
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9.

10.

11.

12.

13.

Let V be a vector space of dimension n over a field K. Let {V,,....V,} be a

sequence of subspaces such that dim V;=i and such that V< V,,,. Let

A:V -V be a linear map. We say that this sequence of subspaces is a fan

for A if AV, c V.

(a) Let G be the set of all invertible linear maps of V for which {V,,...,V,} is
a fan. Show that G is a group.

(b) Let G, be the subset of G consisting of all linear maps A such that
Av = v for all veV,. Show that G; is a group.

(c) By a fan basis we mean a basis {v,...,v,} of V such that {v,,...,v;} is a
basis for V. Describe the matrix associated with an element of G with
respect to a fan basis. Also describe the matrix associated with an

element of G,.

Let F be a finite field with g elements. What is the order of the group of
diagonal matrices:

a O .
(a)( ) with a, deF, ad #0

0 4

a 0 ... 0

0 a, . .
o] . . with a,,...,a,eF, a;#0 foralli

0 0 ... a,

Let F be a finite field with g elements. Let G be the group of upper tri-
angular matrices

a31 41z 443

@ (5 ) e o0 e
22 0 0 a

with a;;eF and a,,a,,a;; # 0. What is the order of G in each case (a) and
()?

Let F be a finite field with g elements. Show that the order of GL,(F) is
a(q* — g - 1).
Let F be a finite field with g elements. Show that the order of GL,(F) is

@ -g"-9 @ —qg H=qg"""[] (¢ -1
i=1

[Hint: Let {v,,...,v,} be a basis of F”. Any element of GL,(F) viewed as a
linear map of F” into itself is determined by its effect on this basis (Theorem
1.2 of Chapter V), and thus the order of GL,(F) is equal to the number of
all possible bases. If Ae GL,(F), let Av,=w,. For w, we can select any of
the ¢" — 1 non-zero vectors in F". Suppose inductively that we have already
chosen wy,...,w, with r < n. These vectors generate a subspace of dimension
r which has g" elements. For w,,; we can select any of the ¢” — ¢" elements
outside of this subspace. The formula drops out.]
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VI, §2. STRUCTURE OF GL,(F)

i b
“\e d
be a 2 x 2 matrix with components in a field F. We define the determi-
nant

Let

det(a) = ad — be.

You probably have already met determinants, but we won’t use any
properties which cannot be proved here directly by easy computations.
In particular, by brute force, you can verify that if «, i are two 2 x 2
matrices, then

det(aff) = det(a) det(f).
Also verify:

A 2 x 2 matrix a is invertible if and only if det(x) # 0.

To do this, simply solve for the inverse matrix:

a b\(x y\ (1 0

c d)\z w) \0 1)
You will get two systems of two linear equations in two unknowns,
which can be solved precisely when ad — be # 0.

Let G = GL,(F) be the group of invertible 2 x 2 matrices in F.
From the above, we see that

det: GL,(F) - F*

is a homomorphism. We shall investigate its kernel in the next section.
Here we note that this homomorphism is surjective, because the element
ae F* is the image of the matrix

(o 1)

Recall that for any group G, the center of G is the subgroup Z con-
sisting of all elements ye G such that yo = ay for all 2eG.

Lemma 2.1. The center of GL,(F) is the group of scalar matrices

(a 0) with aeF*.
0 a
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Proof. Each scalar matrix al commutes with all matrices. Conversely,
if & commutes with all matrices, show that o« is a scalar matrix. For
instance, use the commutation with matrices like

1 1 10
(O 1), (1 1), and so forth.

We leave the details as an exercise.
Let Z be the center of GL,(F). We define the projective linear group
PGL,(F) = GL,(F)/Z = G/Z.

Thus PGL,(F) is the factor group of GL,(F) by its center.

The Bruhat decomposition

We let the (standard) Borel subgroup B of GL,(F) be the group of all

matrices
b
<g d) with ad # 0.

Lemma 2.2. The Borel subgroup B is a maximal subgroup of G. That
is, if H is a subgroup with B H < G then H =B or H = G.

The proof of this lemma will depend on an analysis of G as follows.

Let
0 1
T = .
-1 0
We let BtB be the set of all elements azf with «, feB.

Lemma 2.3. There is a decomposition
G = BuU BB,

and B, BtB have no elements in common.

Proof. Let a, e B. Then a direct computation shows that

o)= ()
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where x # 0. Since for all «€ B we have

1 *
"o/ \o)
it follows that atff cannot be an element of B and conversely no element
of B can be in BtB. Hence B BtB is empty. Furthermore, given yeG,

write
_(a b
"=\e a)

If ¢ =0 then yeB. If ¢ # 0 then for some xe K we get
1 x\fa b\ (0 ¥
0 t)\c d) \c d)
1 x
Let = 0 1 so feB. Then

c d
hy = (O _b,)eB.

Since t* = —I we get 17! = —1, and —IeB. Hence

yeBf 't !B < BtB
thus proving that G = Bu BtB. This concludes the proof of Lemma 2.3.

Now for the proof of Lemma 2.2 that B is a maximal subgroup of G.
Let Bc Hc G and B# H. By Lemma 2.3 there exists an element ye H
such that

y = otfi, with a, feB.
Since H contains B, it follows that H also contains
ByB = B1B.

Hence H = G by Lemma 2.3. This concludes the proof of Lemma 2.2.

VI, §2. EXERCISES

1. Let F be a finite field. What is the order of PGL,(F)?
2. Show that the center of GL,(F) is the group of scalar non-zero matrices.

3. Let Z be the center of GL(F). What is the order of PGL,(F), which is
defined to be GL(F)/Z?
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4. Let F=F,=17Z/2Z be the field with 2 elements. The group GL,(F) is
isomorphic to some group which you already have encountered. Which one?
What about PGL,(F)?

5. Let F=F,=7/3Z. The group PGL,(F) is isomorphic to some group which
you already have encountered. Which one?

6. Let { be a primitive n-th root of unity, for instance { = ¢?™/" in the complex
numbers. Let G be the subgroup of all 2 x 2 matrices generated by the

matrices
0 1 and £ 0
o= {0 an z= 0 (1)

Show that G has order 2n. What is aza™1?

7. Let { be a primitive n-th root of unity where n is an odd integer. Let G be
the subgroup of all 2 x 2 matrices generated by the matrices

_ 0 —1 d _ { o
w—<1 0> an z—<0 €71>.

Show that G has order 4n What is wzw '?

Vi, §3. SL,(F)
We define SL,(F) to be the kernel of the determinant map
det: GL,(F) —» F*.

Thus SL,(F) consists of the matrices with determinant 1. It is a normal
subgroup of GL,(F). The S stands for “special” and SL,(F) is called the
special linear group.

Lemma 3.1. The center of SL,(F) is + I.

This is proved just as for the center of GL,(F), using the commuta-
tion rule with special matrices like

b1 = ()

We leave the computation to the reader.

We let PSL,(F) = SL,(F)/Z where Z is the center of SL,(F). We call
PSL,(F) the projective special linear group. The main result of this sec-
tion will be that if F has at least four elements, then PSL,(F) is a simple

group.
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Lemma 3.2, For x, yeF we let

1 1 0
u(x)=<0 T) and v(y)=(y 1).

Then the set of matrices u(x) and v(y) for x, ye F generate SL,(F).

Proof. Multiplication on the left by u(x) adds x times the second row
to the first row. Multiplication of u(x) on the right adds x times the first
column to the second column. And similarly for multiplication with v(y).
Thus multiplication with elements u(x) and v(y) carries out row and

column operations. By such multiplications, a given matrix in SL,(F)
can be brought to diagonal form, that is

a O
0 4/
and ad =1, s0 d =a '. Let w(a) = u(a)v(—a~!). Then

o(—a~ Hyw@w(— Du(— 1) = (g a?1>’

thus concluding the proof that the elements u(x), v(y) generate SL,(F).

As for GL,(F), we let By be the Borel subgroup of SL,(F), that is By
is the group of matrices
a b
0 at

with ae F* and be F. Or in other words,
Bg = B SL,(F).
Lemma 3.3. SL,(F) = By u BgtBg, and B, BytBg are disjoint.

Proof. The proof is similar to that of Lemma 2.3 and will be left to
the reader.

Lemma 3.4. The Borel subgroup Bg is a maximal subgroup of SL,(F).
Proof. Same as Lemma 2.2.

Lemma 3.5. The intersection of all subgroups conjugate to By, that is
all subgroups aBgo.™* with aeSL,(F), is the center of SL,(F).
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()

is an element of SL,(F). By a direct computation, you can see that

Proof. Note that

tBt " !=B

is the group of lower triangular matrices
x 0
y z)

< subgroup of matrices in SL,(F) which are
both upper and lower triangular.

and therefore that

BgntBgt ™t

A matrix in SL,(F) which is both upper and lower triangular has the

form
a 0
0 at)

. 11
If we conjugate such a matrix by <O 1) we get

I —N\fa 0\ 1\ /a a—a'
0 1J)\0o aot)\0 1) \0 at )
If such a matrix lies in the intersection of all conjugates of Bg then we

must have a —a™' =0 so a=a"! and 4> =1. This implies that the
matrix is =+ I, thus proving the lemma.

Let G be a group. By the commutator group G° we mean the group
generated by all elements of the form

afa1p? with o, BeG.

Lemma 3.6. If F has at least four elements, then SL,(F) is equal to its
own commutator group.

Proof. Let
a 0
s(a) = (0 a‘l) for aeF*.
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We have the commutator relation
s(ayu(b)s(a) " ‘u(b) ! = u(ba® — b) = u(b(a* — 1))

for all aeF* and beF. Let G =SL,(F). Let G° be its commutator
group, and let B§ be the commutator group of Bg. From the hypothesis
that F has at least four elements, we can find an clement a #0 in F
such that a® # 1, whence the commutator relation shows that B§ is the

group of all matrices
1 b
i beF.
( 0 1) with be

Denote this group by U. It follows that G° > U, and since G°® is normal
(prove this as an exercise), we get

G o>tUrt ' =10,

where U is the group of all matrices

1 0
< ) with ceF.
c 1

From Lemma 3.2 we conclude that G° = G, thus proving Lemma 3.6.

Lemma 3.7. Let G = SL(F). Let H be a normal subgroup of G. Then
either H < Z (where Z is the center) or H o G*.

Proof. Write B instead of Bg for simplicity. By the maximality of B
we must have

HB =B or HB = G.

If HB = B then H < B. Since H is normal, we conclude that H is con-
tained in every conjugate of B, whence in the center by Lemma 3.5. On
the other hand, suppose that HB = G. Write

T=nhf with heH and BeB.
Then
Ut ' =U=hpUB 'h™' =hUh™! <« HU

because H is normal, so HU = UH. Since U < HU and U, U generate
G by Lemma 3.2, it follows that HU = G. Let

f:G=HU—G/H=HU/H
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be the canonical homomorphism. The f(h) =1 for all he H. Since U is
commutative, it follows that f(G)= f(U) and that G/H is a homo-
morphic image of the commutative group U, whence G/H is abelian.
This implies that H contains G°, thus proving the lemma.

Theorem 3.8. Let F be a field with at least four elements. Let Z be the
center of SL,(F). Then SL,(F)/Z is simple.

Proof. Let G = SL,(F). Let
g:G—-G/Z

be the canonical homomorphism. Let I be a normal subgroup of G/Z
and let

H =g (0.

Then H is a subgroup of G which contains the center Z. If H = Z then
H is just the unit element of G/Z. If H # Z then H = G by Lemma 3.7
and Lemma 3.6 which says that G°=G. Hence H = G/Z. This con-
cludes the proof.

VI, §3. EXERCISES

Throughout Exercises 1, 2, 3, we let G = SL,(R) where R is the field of real
numbers.

1. Let H be the upper half plane, that is the set of all complex numbers

z=x+1iy
with y > 0. Let
a b G
= eG.
* c d
Define
az+ b
a(z)_cz%—d.

Prove by explicit computation that a(z) e H and that:

(a) If «, Be G then a(f(z)) = (2f)(z).

(b) If « = £ then az) = z.

In other words, we have defined an operation of SL,(R) on H, according to
the definition of Chapter II, §8.
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2. Given a real number 0, let

cosf sinf
r(0) = ( )

—sin @ cos @

(a) Show that 8 — r(8) is a homomorphism of R into G. We denote by K
the set of all such matrices #(f). So K is a subgroup of G.

(b) Show that if o = r(0) then a(i) = i, where i = \/jl

(c) Show that if xe G, and a(i) = i then there is some # such that « = r(6).

In the terminology of the operation of a group, we note that K is the isotropy

group of i in G.

3. Let A be the subgroup of G consisting of all matrices

(¢ ° ith a>0
s(a) = 0 a! wi a> 0.

(a) Show that the map a — s(a) is a homomorphism of R* into G. Since this
homomorphism is obviously injective, this homomorphism gives an imbed-
ding of R* into G.

(b) Let U be the subgroup of G consisting of all elements

(L ith xeR
u(x) = 0 1 with xeR.

Thus u — u(x) gives an imbedding of R into G. Then UA is a subset of G.
Show that UA is a subgroup. How does it differ from the Borel subgroup
of G? Show that U is normal in UA.

(c) Show that the map

UA-H
given by
B = B

gives a bijection of UA onto H.
(d) Show that every element of SL,(R) admits a unique expression as a
product

u(x)s(ayr(0),

so in particular, G = UAK.

4. Let G = GL,(F) where F =Z/3Z, and let V = F x F be the vector space of

pairs of elements of F, having dimension 2 over F.

(a) Show that G operates as a permutation group of the subspaces of ¥V of
dimension 1. How many such subspaces are there?

(b) From (a), establish an isomorphism G/+1 ~ S, (where S, is the symmetric
group on 4 elements).

(c) Establish an isomorphism SL,(Z/3Z)/+1 ~ A,, where A, is the alternating
subgroup of S,.
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5.

Vi,

Let F be a fintte field of characteristic p. Let U be the subgroup of GL,(F) con-
sisting of upper triangular matrices whose diagonal elements are all equal to 1.
Prove that U is a p-Sylow subgroup of GL,(F).

. Again let F be a finite field of characteristic p. Prove that the p-Sylow subgroups

of SL,(F) and GL,(F) are the same.

. Let R be a principal ring. By GL,(R) we mean the set of matrices with com-

ponents in R such that the determinant is a unit in R. We assume that you
know determinants from a course in linear algebra. Show that GL,(R) is a
group.

. Let (x11,. .., x1,) be an n-tuple of elements in a principal ring R, and assume that

they are relatively prime, that is, the ideal generated by them in R is R itself (the
unit ideal). Show that there exist elements x; (i, j = 1,...,n) such that the ma-
trix X = (Xj) is in GL,(R). Do this by induction, starting with n = 2.

. Let SL,(R) be the subset of GL,(R) consisting of those matrices with determi-

nant 1. Show that SL,(R) is a subgroup.

. Let F be the quotient field of the principal ring R. Let B,(F) be the subset of

GL,(F) consisting of the upper triangular matrices (arbitrary on the diagonal,
but non-zero determinant). Show by induction that

GLn(F) = SLn(R)Bn(F)'

[Hint: First do the case n = 2 using Exercise 8. Next let n > 2. Let X = (x;) be
an unknown matrix in SL,(R), and let X, be its bottom row. Let 4! ..., A" be
the columns of a given matrix 4 € GL,(F). We want to solve for X, - 4’ = 0 for
i=1,...,n— 1, so that X4 has its last row equal to 0 except for the lower right
corner. Consider the R-module consisting of R-vectors X, satisfying these ortho-
gonality relations. It has a non-zero element, and by unique factorization it has
an element X,, whose components are relatively prime. Use Exercise 8. For some
A’ e GL,_|(F), XA4 is a matrix with 0 in the bottom row except for the lower
right hand corner, which is a unit in R. Use induction again to get a matrix
Y e SL,_1(R) such that YA’ is upper triangular. Conclude.]

§4. SL,(R) AND SL,(C) IWASAWA DECOMPOSITIONS

Let F be a field. By SL,(F) we mean the group of n x n matrices with com-
ponents in F, having determinant 1. We shall give decompositions valid
over the real and complex numbers in terms of special subgroups.

Let G =SL,(R). Note that the subset consisting of the two elements

I,—1 is a subgroup. Also note that SL,(R) is a subgroup of the group
GL,(R) (all real matrices with non-zero determinant).

Let:
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U = subgroup of upper triangular matrices with 1’s on the diagonal,

I X2 o X
0 1 - xy

ulxy=1. . . . called unipotent.
o 0 .- 1

A = subgroup of positive diagonal elements:

ai
a= . with q; > 0 for all 7.

ay

K = subgroup of real unitary matrices k, satisfying 'k = k1.

Theorem 4.1 (Iwasawa decomposition). The product map U x A x K — G
given by

(u,a,k) — uak
is a bijection.
Proof Let eq,...,e, be the standard unit vectors of R" (vertical). Let
g = (gy5) € G. Then we have
0
g . gm : gui ,
gej - 1i = — g(l) — quieq~
. =1
gnt .- Y : Ini 7
0

There exists an upper triangular matrix B = (b;), so with b; =0 if i > j,
such that

bugt® = ¢
b12g™V) + byg? = ¢
biigD + byg® 4 - 4 bygd = ¢

bing™) + byng® + T + b,mg(") =e,
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such that the diagonal elements are positive, that is byy,...,b,, > 0, and
such that the vectors e, . . ., e, are mutually perpendicular unit vectors. Get-
ting such a matrix B is merely applying the usual Gram Schmidt orthogon-
alization process, subtracting a linear combination of previous vectors to get
orthogonality, and then dividing by the norms to get unit vectors. Thus

e = Z b,,g( V= Z Z gqgibieq = Z Z 9qibieq.

i=1 g=1 g=1 i=1

Let gB=ke K. Then ke; =¢], so k maps the orthogonal unit vectors
ei,...,e, to the orthogonal unit vectors ef,...,e),. Therefore k is unitary,
and g = kB~!. Then

-1 = g1 and B=au

where a is the diagonal matrix with a; = b; and u is unipotent, u = a~!B.
This proves the surjection G = UAK. For uniqueness of the decomposition,
if g=uak =u'a’k’, let u; =u"'4', so using g'g you get a®ui! =uja”.
These matrices are lower and upper triangular respectively, with diagonals

a?,a”, 50 a = a’, and finally u; = I, proving uniqueness.

The elements of U are called unipotent because they are of the form
uX)=1I+X,

where X is strictly upper triangular, and X"*! = 0. Thus X = u — I is called
nilpotent. Let

© YJ X X
exp Y:Z— and  log(I + X) :Z )it

Let n denote the space of all strictly upper triangular matrices. Then
exp:n— U, Y—exp?

is a bijection, whose inverse is given by the log series, ¥ = log(f + X). Note

that, because of the nilpotency, the exp and log series are actually polyno-

mials, defining inverse polynomial mappings between U and n. The bijec-

tion actually holds over any field of characteristic 0. The relations

explog(/+X)=1+X and logexp Y =log(l+X)=7Y

hold as identities of formal power series. Cf. my Complex Analysis, Chapter
11, §3, Exercise 2.
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We now recall Chapter 11, §8.

Let X be a set. A bijective map g: X — X of X with itself is called a per-
mutation. You can verify at once that the set of permutations of X is a
group, denoted by Perm(X). By an action of a group G on X we mean a
map

GxX—-X denoted by (g, x) — gx,

satisfying the two properties:

If e is the unit element of G, then ex = x for all xe X.
For all g5, 92 € G and x € X we have g{(g2x) = (g192)x.

This is just a general formulation of action, of which we have seen an exam-
ple above. Given g € G, the map x — gx of X into itself is a permutation of
X. You can verify this directly from the definition, namely the inverse per-
mutation is given by x — g~!x. Let o(g) denote the permutation associated
with g. Then you can also verify directly from the definition that

g olg)

is 2 homomorphism of G into the group of permutations of X. Conversely,
such a homomorphism gives rise to an action of G on X.

Let x € X. By the isotropy group of x (in ) we mean the subset of ele-
ments g € G such that gx = x. This subset is immediately verified to be a
subgroup, denoted by G,.

Geometric interpretation in dimension 2

Let H? be the upper half plane of complex numbers z = x + iy with x, y € R
and y > 0, y = y(z). For

g=<‘C’ Z)eG:SLz(R)

define
9(2) = (az + b)(ez +d) .

It is routinely verified by computation that this defines an action of G on the
upper half plane. Also note the property
Ifg(z) =z for all ze H? then g = +1.

In other words, the kernel of the action homomorphism G — Aut(H?) is the
subgroup {+7}.
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To see that if z € H? then g(z) € H? also, you will need to check the trans-
formation formula

L))
y(g(z)) B |cz+d]2'

These statements are proved by easy brute force.
Furthermore, by direct computation, you can verify:

Theorem 4.2. The isotropy group of i is K, i.e., K is the subgroup of ele-
ments k € G such that k(i) = i. This is the group of matrices of the form

cos @ sinf
—sinf cos@ )/

Or equivalently, a = d, c = —b, a> + b> = 1.

For xe R and a; > 0, let

1 0 }
-3 ) (3 2) wm an

If g = uak, then u(x)(z) = z + x, so putting y = af, we get a(i) = Ji,
g(i) = uak(i) = ua(i) = yi+x = x+iy.

Thus G acts transitively, and we have a description of the action in terms of
the Iwasawa decomposition and the coordinates of the upper half plane.

Geometric interpretation in dimension 3
We shall use the quaternions, whose elements are linear combinations
z = X1 + X1 + X3 + x4k with  x1,x3,x3,x4€R

and i?=j>=k*=—1, ij=k, jk=1i, ki=j; also xeR commutes with
i,j,k. Define

= X1 — Xzi — )C3j — X4k.

[\

Then
. 2 2
zZ = X +x§+x§+x4,

and we define |z| = (z2)"/2.
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Let H? be the upper half space consisting of elements z whose k-compo-
nent is 0, and x3 > 0, so we write

z=Xx1 + X0+ yj with y> 0.

Let G = SL,(C), so elements of G are matrices

b
g:(i d> with a,b,c,d € Cand ad — bc = 1.

As in the case of H?, define
g(z) = (az + b)(cz + ).

Verify by brute force that if z € H® then g(z) € H?, and that G acts on H?,
namely the two properties listed in the previous example are also satisfied
here. Since the quaternions are not commutative, we have to use the quo-
tient as written (az + b)(cz + d)™". Also note that the y-coordinate transfor-
mation formula for z € H® reads the same as for H?, namely

()
}@@»_EEEF

For the Iwasawa decomposition, we use the groups:

1 .
U = group of elements u(x) = ( 0 T) with x € C;

A = same group as before in the case of SLy(R); ~
K = complex unitary group of elements & such that 'k = kL.

The group G = SLy(C) has the Iwasawa decomposition G = UAK. Each
element of G has a unique decomposition g = uak withue U,ae A, ke K.

The previous proof works the same way, BUT you can verify directly:
Theorem 4.3. The isotropy group Gj is K.
Ifg=uak withue U,ac A, ke K, u=u(x) and y = y{a), then

g() = x + i

Thus G acts transitively, and the Iwasawa decomposition also follows trivi-
ally from this group action (see below). Thus the orthogonalization-type
proof can be completely avoided. Of course, it can be similarly avoided for
H? and SL,(R), using x € R.

Proof of the Iwasawa decomposition from the above two properties. Let

ge G and g(j) = x + yj. Let u=u(x) and a be such that y = a;/a, = a?.
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Let ¢’ =ua. Then by the second property, we get g(j) =g’(j), so
i=g"'9'(§). By the first property, we get g-lg’ = k for some k € K, so
gk =uak™' =g,

concluding the proof.

We now come to the general case of SL,(C).
Let G = SL,(C). Let:

U = U(C) be the subgroup of elements 7 + Z such that Z is strictly upper
triangular with components in C.

D = subgroup of diagonal matrices.

A = same A as for SL,(R), namely the subgroup of diagonal matrices
with positive diagonal elements.

K = subgroup of elements k such that 'k = k~!. Then K is also called the
(complex) unitary subgroup. Its elements are called unitary.

For g € G, define

You can verify directly and easily that

(9192)" = 9595
Note that K is the subgroup of G consisting of those elements £ such that
k* =k
Let ¢-,-> be the standard hermitian scalar product on C", that is: if
zeC”,

z="z,...,24) and w="(wy,...,w,) with z;w; eC,

then
n
{zywy = Z Z;W;.
i=1

The element g* satisfies
{gz,w) =<z,g"w)  forall z,weC"

so 1t is called the adjoint (which you should know from a course in linear
algebra).

We also have the Iwasawa decompesition, with the same A as in the real
case, but complexified U and K, as follows,

Theorem 4.4. Let G = SL,(C). Then with U, A,K defined as above, the
product map
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UxAxK-—->UAK =G
gives a bijection with G.

The proof is the same as in the real case, using orthogonalization with re-
spect to the hermitian product.

VI, §5. OTHER DECOMPOSITIONS

The star operation is of course defined for all matrices. A complex » x » ma-
trix Z is called hermitian if and only if Z = Z*.
Let G = SL,(C). We define the quadratic map on G by

g 99"

Then gg* is hermitian positive definite, i.e., for every v e C", we have
{gg*v,vy = 0, and = 0 only if v = 0.

We denote by P = SPos, (C) the set of all hermitian positive definite n x n
matrices with determinant 1.

Theorem 5.1. The set P = SPos,(C) is the set of elements kak™' witha e A
and k € K, in other words, it is ¢(K)A (image of A under K-conjugation).

Proof. We use a fact which you should have learned in a course on linear
algebra, that a hermitian matrix can be diagonalized. In fact, if g is hermi-
tian, then there exists a basis consisting of orthogonal unit vectors such that
each basis vector is an eigenvector of g. An equivalent way of putting this 1s
that there exists a unitary matrix k such that kgk~! is diagonal. Since p is
assumed positive definite, putting g = p, it follows that the diagonal ele-
ments of kpk~! are real positive. Conversely, let a€ 4, ke K. Write
a = b? with b € A. Then for any vector v,

bk o, 0> = bk, bk™1vd > 0,
which proves the positive definiteness, and the theorem.

Theorem 5.2. Let p,q be hermitian and commute. Then there is a basis of
C" consisting of vectors which are also eigenvectors for both p and q, i.e.,
P, q can be simultaneously diagonalized.

Proof. Let E = C". There exists a basis of E consisting of p-eigenvectors.
For each eigenvalue ¢ of p, let E.(p) be the c-eigenspace, that is, the sub-
space of eigenvectors with eigenvalue ¢. Then F is the direct sum of the sub-
spaces E.(p), taken over the eigenvalues ¢ (# 0 since p is invertible). Di-
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rectly from the commutativity pg = gqp, we see that ¢ maps an eigenspace
E.(p) into itself, namely

if pv = cv then pgv = gpv = gcv = cqv.

Since ¢ is hermitian, there is a basis {w;,...,w,} of E.(p) consisting of ei-
genvectors of g. Thus p, ¢ can be simultaneously diagonalized, as desired.
By orthogonalization and multiplication by positive scalars, one can of
course achieve that the basis is orthonormal.

Corollary 5.3. Let p be hermitian positive definite. Then p has a unique
square root in P.

Proof. We write E = (P E.(p) as a sum of eigenspaces as in the theorem.
Let ¢ = p, with g € P. Since ¢ maps E.(p) into itself, it suffices to prove
that its restriction to E.(p) is unique. Let {v;,...,0,,} be a basis of E.(p)
consisting of eigenvectors for ¢, so pv; = cv; and qu; = b;v; for all i. By the
positive definiteness, we have c¢,b; real 0. From g% = p we get b? =,
whence b; is the unique positive square root of ¢, thus proving the corollary.

Theorem 5.4 (Cartan Decomposition). The quadratic map g — gg* induces
a bijection

G/K — SPos,(C) =P.

In fact, we have a product decomposition G = PK, each g € G having a
unique product decomposition g = pk with pe P and k e K.

Proof. Since by Corollary 5.3, every p e P can be written as g> with
g € P, the quadratic map is surjective. For injectivity on G/K, suppose that

9191 = 9293
Then g;'g1 = g5(97")" = (97'92)". Hence g;'g2 € K, so g; € g1K, which
proves the injectivity on G/K. By Theorem 5.1, given g € G there exists
k € K and b* € 4 such that
gg* = kb’k™ = (kbk™1)*.

Let p = kbk~!. Then p e P and pp* = gg*, whence by the first part of the
theorem, pK = gK, which proves G = PK. For the uniqueness, suppose
piky = poky. Taking the quadratic map yields p? = p2, and Corollary 5.3
shows p; = p,, whence k; = ks, thus proving the theorem.

Theorem 5.5. The group G has the decomposition called polar

G = K4K.
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If g € G is written as a product g = k bk, with k|, ky e K and b e A, then b
is uniguely determined up to a permutation of the diagonal elements.

Proof. From G = PK (Theorem 5.4) and P = ¢(K)4 (Corollary 5.3), we
get G = KAK. Then gg* = k1b*ky'. Hence the roots of the characteristic
polynomial of gg* are the diagonal elements b7, .. .,b2, uniquely determined

up to a permutation. Then by, ..., b, are also uniquely determined up to a
permutation, as was to be shown.

The linear structure of the permutations of the diagonal elements will be
further analyzed in the next section (Theorems 6.1 and 6.2).

Vi, §5. EXERCISES

1. Verify in detail that Theorems 5.1, 5.2, 5.3, 5.4 are valid for SL,(R), with exactly
the same proofs, replacing “hermitian” by “symmetric” and using SPos,(R). For
further results, cf. for instance J. Jorgenson and S. Lang, Spherical Inversion on
SL,(R), Chapter I and Chapter V, §2 (the Bruhat decomposition). That book
gives an exposition on SL,, of what is usually regarded as more advanced topics.
One sees how some algebraic structures are used as backdrop for analysis on cer-
tain types of groups.

2. Let Her = Her,(C) be the real vector space of hermitian n x n matrices, and
Sk = Sky(C) the real vector space of skew hermitian matrices, that is, matrices Z
satisfying ‘Z = —Z. Show that Mat,(C) is the direct sum Her + Sk.

3. Let L be hermitian, and let v,v’ be eigenvectors with distinct eigenvalues for L.
Show that v, v’ are orthogonal.

VI, §6. THE CONJUGATION ACTION

Let G be a group. The conjugation action of G on itself is defined for
9,9'€ Gby

c(g9)g’ =gg'g "

It is immediately verified that the map ¢ — ¢(g) is a homomorphism of G
into Aut(G) (the group of automorphisms of ). Then G also acts on spaces
naturally associated to G. We describe such spaces.

Consider the special case when G = SL,(F) with a field F. Let:

b = vector space of diagonal matrices diag(hy,...,h,) with trace 0,
Sh=0.

n = vector space of strictly upper triangular matrices (h;) with h; = 0 if
=

'n = vector space of strictly lower triangular matrices.
g = vector space of n x n matrices in Mat,(F) with trace 0.
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To denote the dependence on F, we may write d(F),n(F), n(F), and

g(F) = sl,(F).
We shall now use the diagonal group:

D = group of diagonal matrices in F with determinant 1.

Then g is the direct sum,

(1) g=bd+n+n

Furthermore, D acts by conjugation on g. One can then decompose g into a
direct sum of eigenspaces for this action as follows. Let a;: D — F* be the
homomorphism (called a character) defined on a diagonal element
a = diag(ay,...,a,) by

a® = a;/a;.

Let Ej; (i < j) be the matrix with jj-component 1 and all other components
0. Then for a € D, we have

C(Cl)E,'j = aE,-]-a"l = (ai/aj)Eg = a“”fE,_-,

by direct computation. Thus «; (written exponentially) is a homomor-
phism of D into F*. The set of such homomorphisms will be called the set
of regular characters, denoted by %(n). Note that n is the direct sum of the
1-dimensional eigenspaces having basis Ej; (i < j). We write

(2) n= @ ny, = @ FE,,

ze A (n) oe R(n)
where 1, is the subspace of elements X € n such that aXa™' = a*X. We
have similarly
(3) m=P("n)_,

4

Note that b is the 1-eigenspace for the conjugation action of D.

If F = R or C, then instead of D and d, we may consider only the group 4
of diagonal matrices with positive diagonal elements, and a the real vector
space of real matrices with trace 0. The regular characters are given by the
same formula as above.

We have expressed g as a direct sum of eigenspaces. Over the arbi-
trary field F, these eigenspaces can be taken to have dimension 1. This is
clear from (2) and (3) for n and ‘n. For b itself, basis elements of any basis
will do. The usual, and most natural basis, consists of the elements
(Hy,...,H, 1) where

H; = diag(O,...,O,1,-,—1,-+1,0,...,0).
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By an algebra we mean a vector space with a bilinear map into itself,
called a product. We make g into an algebra by defining the Lie product of
X,Yegtobe

X, Y]=XY-TYX.
It is immediately verified that this product is bilinear but not associative. We
call g the Lie algebra of G. Let the space of linear maps of g into itself be

denoted by End(g), whose elements are called endomorphisms of g. By defi-
nition the regular representation of g on itself is the map

g — End(g)
which to each X e g associates the endomorphism L(X') of g such that
LX)(Y) = [X, Y].

Note that X — L(X) is a linear map. We also write Ly for L(X).
Verify the derivation property for all Y, Z € g,

Ly|Y,Z]|=[LyY,Z]+|Y,LxZ].
Using only the bracket notation, this looks like
(X, 1Y, Z]| = [[X, Y], Z] + [V, [X, Z]].

We use o also to denote the additive linear character on d given on a di-
agonal matrix H = diag(hy,...,h,) by

a’](H):hl_h] SO O(,",'tb——#F.

This is the additive version of the multiplicative character previously consid-
ered multiplicatively on D. Then each n, is also the x-eigenspace for the ad-
ditive character %, namely for H € b, we have

[H,E,| = a(H)E,,

which you can verify at once from the definition of multiplication of ma-
trices.

We let Nor(D) be the normalizer of D in G, that is, the subgroup of ele-
ments g € G such that gDg~' = D. We let Cen(D) be the centralizer of D,
i.e. g € G such that gzg~! = z for all z € D. Verify that Cen(D) is normal in
Nor(D).
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Theorem 6.1. For g € Nor(D), conjugation ¢(g) restricted to D permutes
the diagonal elements. The map g — ¢(g) induces an isomorphism of
Nor(D)/Cen(D) with the permutation group of the diagonal.

Proof. The characteristic polynomial is P(z) = [[ (¢ — z;), where zy, ..., z,
are the diagonal elements. It is unchanged under conjugation, so we get an
injection of Nor(D)/Cen(D) into the permutation group. To show the sur-
jectivity, you have to prove that given a permutation, there is g € Nor(D)
such that ¢(g) induces the permutation. Do this as an exercise.

Actually, you may want to work out Theorem 6.1 first in the case F = R,
G = SL,(R), in which case we can use A4 instead of D. Thus we now let M’
be the subgroup of K consisting of the matrices which normalize A, that is k&
such that k4k~! = 4. Then we let M be the centralizer of A in K. The
group M'/M is called the Weyl group.

Theorem 6.2. Elements of the Weyl group act as a group of permutations
of the diagonal elements. For k € M', let wy, be the corresponding permuta-
tion. Then k — wy, gives an isomorphism

W=M//M =, Permutation group of the diagonal.
Proof. Exercise.

You will find that the “permutation matrices” have components which
are 0 or +1, and can then be used over any field F of any characteristic.
Check the case n = 2 first. You can see the exercise worked out in Jorgen-
son-Lang, Spherical Inversion on SL,(R), Springer Verlag 2001, Chapter HI,
Theorem 3.4.

Vi, §6. EXERCISES

1. A diagonal n x n matrix H is called regular if its diagonal elements are dis-
tinct. Let X € Mat,(F) (with a field F). If X commutes with one regular H,
show that X is diagonal. Note that H is regular if and only if a(H) # 0 for all reg-
ular characters o.

2. Let F = R, and K the real unitary subgroup of SL,(R). Let M be the subgroup of
K consisting of elements commuting with all elements of a, that is, the centralizer
of ain K. Then M consists of the diagonal matrices with +1 on the diagonal.

3. Prove Theorems 6.1 and 6.2. Do it first when n = 2. Then for arbitrary n, deter-
mine the matrix inducing the transposition of 4; and A;,; in a diagonal matrix
diag(hy, ... hy).



CHAPTER VIl

Field Theory

VII, §1. ALGEBRAIC EXTENSIONS

Let F be a subfield of a field E. We also say that E is an extension of F
and we denote the extension by E/F. Let F be a field. An element a in
some extension of F is said to be algebraic over F if there exists a
non-zero polynomial f e F[t] such that f(x) =0, ie. if « satisfies a
polynomial equation

a0+ - +a,=0

with coefficients in F, not all 0. If F is a subfield of E, and every
element of E is algebraic over F, we say that E is algebraic over F.

Example 1. If o? = 2, i.e. if o is one of the two possible square roots
of 2, then « is algebraic over the rational numbers Q. Similarly, a cube
root of 2 is algebraic. Any one of the numbers ¢2™/" (with n integer = 1)
is algebraic over Q, since it is a root of t* — 1. It is known (but hard to
prove) that neither e nor = is algebraic over Q.

Let E be an extension of F. We may view E as a vector space over F.
We shall say that E is a finite extension if E is a finite dimensional vector
space over F.

Example 2. C is a finite extension of R, and {1, i} is a basis of C over
R. The real numbers are not a finite extension of Q.

Theorem 1.1. If E is a finite extension of F, then every element of E is
algebraic over F.
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Proof. The powers of an element « of E, namely 1, o, «?,...,&" cannot
be linearly independent over F, if n > dim E. Hence there exist elements
Qg ... 0,€F not all 0 such that a,o" + --- + g, = 0. This means that « is
algebraic over F.

Proposition 1.2. Let o be algebraic over F. Let J be the ideal of
polynomials in F[t] of which « is a root, i.e. polynomials  such that
f(x) =0. Let p(t) be a generator of J, with leading coefficient 1. Then
p is irreducible.

Proof. Suppose that p=gh with degg < degp and degh < deg p.
Since p(x) =0, we have g(a)=0 or h(z) =0. Say ¢g(x)=0. Since
deg g < deg p, this is impossible, by the assumption on p.

The irreducible polynomial p (with leading coefficient 1) is uniquely
determined by « in F[¢], and will be called the irreducible polynomial of
o over F. Its degree will be called the degree of a over F. We shall
immediately give another interpretation for this degree.

Theorem 1.3. Let o be algebraic over F. Let n be the degree of its irre-
ducible polynomial over F. Then the vector space generated over F by
1, o,...,a" "' is a field, and the dimension of that vector space is n.

Proof. Let f be any polynomial in F[t]. We can find g, re F[t] such
that f=gqp + r, and degr < deg p. Then

S (@) = ql)p(e) + r(@) = r(x).

Hence if we denote the vector space generated by 1, a,...,a" " by E, we
find that the product of two elements of E is again in E. Suppose that
f(@)#0. Then f is not divisible by p. Hence there exist polynomials
g, he F[t] such that

gf + hp = 1.

We obtain g(a)f(a) + h(e)p(e) = 1, whence g(a)f () = 1. Thus every non-
zero element of E is invertible, and hence E is a field.

The field generated by the powers of o over F as in Theorem 1.3 will
be denoted by F(a).
If E is a finite extension of F, we denote by

[E:F]

the dimension of E viewed as vector space over F, and call it the degree
of E over F.
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Remark. If [E:F] =1 then E = F. Proof?

Theorem 1.4. Let E, be a finite extension of F, and let E, be a finite
extension of E,. Then E, is a finite extension of F, and

[E,:F]=[E;: E\]J[E,: F]

Proof. Let {a,,...,a,} be a basis of E, over F, and {f,,....,5,} a basis
of E, over E;. We prove that the elements {«;f;} form a basis of E,
over F. Let v be an clement of E,. We can write

U=ijﬂj=W1ﬁ1 + ot W,

j

with some elements w;e E,. We write each w; as a linear combination of
®y,...,0, with coefficients in F, say

w; = Zcijrx,-.
1A

Substituting, we find

v=> % c,;0p;
j i

Hence the elements o,f; generate E, over F. Assume that we have a
relation

0=73 > x;%B;
i i

with x;;€ F. Thus

2 <Z xi,-oc,) B; =o.

j

From the linear independence of §,,...,5,, over E,, we conclude that
Y x0, =0
i

for each j, and from the linear independence of a,...,x, over F we con-
clude that x;; = 0 for all i, j as was to be shown.

Let a, § be algebraic over F. We suppose o, f§ are contained in some
extension E of F. Then a fortiori, § is algebraic over F(a). We can form
the field F(x)(8). Any field which contains F and «, f, will contain F(x)(f).
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Hence F(x)(f) is the smallest field containing F and both «, 8. Further-
more, by Theorem 1.4, F(x)(f) is finite over F, being decomposed in the
inclusions

F < Flo) = F(a)(B).

Hence by Theorem 1.1, the field F(a)f) is algebraic over F and in
particular «ff and o + § are algebraic over F. Furthermore, it does not
matter whether we write F(a)}(f) or F(B)X«). Thus we shall denote this
field by F(a, ).

Inductively, if «, ..., are algebraic over F, and contained in some
extension of F, we let F(a,,...,,) be the smallest field containing F and
%y, ...,0,. It can be expressed as F(u)(a,)---(x,). It is algebraic over F by
repeated applications of Theorem 1.4. We call it the field obtained by
adjoining o,,...., to F, and we say that F(«,,...,o,) is generated by
q,...,8, over F, or that ay,...,0, are generators over F.

If S is a set of elements in some field containing F, then we denote by
F(S) the smallest field containing S and F. If, for instance, S consists of
elements o, o,, o3, ..., then F(S) is the union of all the fields

U Flog, ...,m,).
r=1

Let p, be the group of n-th roots of unity in some extension of F. Then
we shall often consider the field

F(p,).

Since p,, is cyclic by Theorem 1.10 of Chapter IV, it follows that if { is a
generator of p,, then

Flw,) = F(Q).

Remark. An extension E of F' can be algebraic without its being finite.
This can happen of course only if E is generated by an infinite number
of elements. For instance, let

E=Q@2 23, 2tm )

so E is obtained by adjoining all the n-th roots of 2 for all positive
integers n. Then E is not finite over Q.

Warning. We have just used the notation 2! to denote an n-th root
of 2. Of course, we can mean the real n-th root of 2, and one usually
means this real root. You should know that in the complex numbers,
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there are other elements a such that " = 2, and these also have a right
to be called n-th roots of 2. Therefore in general, I strongly advise
against using the notation a'™ to denote an n-th root of an element a in
a field, because such an element is not uniquely determined. One should
use a letter, for instance «, to denote an element whose n-th power is a,
that is «" = a. The totality of such elements can be denoted by a,...,x,.

Whenever we have a sequence of extension fields
FcE cE,c---cCE,

we call such a sequence a tower of fields. One could express Theorem 1.4
by saying that:

The degree is multiplicative in towers.

We could call the field E = Q(2Y2 23 .. 21 ) an infinite tower,
defined by the sequence of fields

Q = Q') = Q(2'2,2'7) = Q(212, 217,21 = .

We now return to possibly infinite algebraic extensions in general

Let 4 be the set of all complex numbers which are algebraic over Q.
Then A is a field which is algebraic over Q but is not finite over Q.
{Exercise 16).

We define a field A to be algebraically closed if every polynomial of
degree = 1 with coefficients in A has a root in A. It follows that if f is
such a polynomial, then f has a factorization

) =clt —oy) - (t — 2,)

with ¢ # 0 and «,,...,2,€ A.

Let F be a field. By an algebraic closure of F we mean a field 4 which
is algebraically closed and algebraic over F. We shall prove later that an
algebraic closure exists, and is uniquely determined up to isomorphism.

Example. It will be proved later in this book that the complex
numbers C are algebraically closed. The set of numbers in C which are
algebraic over Q form a subfield, which is an algebraic closure of Q.

Let E,, E, be extensions of a field F, and suppose that E,, E, are
contained in some larger field K. By the composite E,E, we mean the
smallest subfield of K containing E, and E,. This composite exists, and
is the intersection of all subfields of K containing E,; and E,. Since there
is at least one such subfield, namely K itself, the intersection is not
empty. If E, = F(x) and E, = F(f) then E,E, = F(«, ).
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Remark. If E,, E, arec not contained in some larger field, then the
notion of “composite” field does not make sense, and we don’t use it.
Given a finite extension E of a field F, there may be several ways this
extension can be embedded in a larger field containing F. For instance,
let E = Q(z) where o is a root of the polynomial t* — 2. Then there are
three ways E can be embedded in C, as we shall see later. The element «
may get mapped on the three roots of this polynomial. Once we deal
with subfields of C, then of course we can form their composite in C. We
shall see in Chapter IX that there are other natural fields in which we
can embed finite extensions of Q, namely the “p-adic completions™ of Q.
A priori, there is no natural intersection between such a p-adic comple-
tion and the real numbers, except Q itself.

Let E,, E, be finite extensions of F, contained in some larger field.

We are interested in the degree [E,E,:F]. Suppose that E, nE,=F
It does not necessarily follow that [E\E,:E,] =[E,: F].

E,E,

N
N4

Example. Let o be the real cube root of 2, and let f be a complex
cube root of 2, that is o ={f, where [ =e?™? for example. Let
E, = Q(z) and E, = Q(f). Then

E,nE,=Q
because [E,:E; nE,] divides 3 by Theorem 1.4, and cannot equal 1

since E; # E,. Hence by Theorem 1.4, [E, nE,:Q]=1,s0 E;, nE,=Q.
Note that

E\E;, = Qx, f) = Qa, / —3)

as you can verify easily since

—1+4./-3
é’:#.

We have [E,:Q] =[E,:Q] =3, and [E,E,:E,] =2. However, as you
will see in Exercise 12, this dropping of degrees cannot occur if [E, : Q]
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and [E,:Q] are relatively prime. But the dropping of degrees is
compatible with a general fact:

Proposition 1.5. Let E/F be a finite extension, and let F’' be any
extension of F. Suppose that E, F' are contained in some field, and let
EF' be the composite. Then

[EF:F]<[E:F]

Proof. Exercise 11. Write E = F(«,,...,»,) and use induction. The field
diagram illustrating the proposition is as follows.

EF’

AN
N

Because of the similarity of the diagram with those in plane geometry,
one calls the extension EF'/F’ the translation of E/F over F’. Sometimes,
F is called the base field of the extension E/F, in which case the extension
EF'/F’ is also called the base change of E/F over F'.

We have now met three basic coustructions of field extensions:

Translation of an extension.
Tower of extensions.
Composite of extensions.

We shall find these constructions occurring systematically through the
rest of field theory, in various contexts.

So far, we have been dealing with arbitrary fields. We now come to a
result for which it is essential to make some restrictions. Indeed, let K be
a field and let f(t)e K[t] be a polynomial. We have seen how to define
the derivative f'(¢). If K has characteristic p, then this derivative may be
identically zero. For instance, let

S =1

Then f has degree p, and f'(t) = ptP~' =0 because p=0 in K. Such a
phenomenon cannot happen in characteristic 0.

Theorem 1.6. Let F be a subfield of an algebraically closed field A of
characteristic 0. Let f be an irreducible polynomial in F[t]. Let
n=degf=1. Then f has n distinct roots in A.
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Proof. We can write
f(t) = an(t_ al)(t_ (xn)

with ;€ 4. Let o be a root of f It will suffice to prove that x has
multiplicity 1. We note that f is the irreducible polynomial of a over F.
We also note that the formal derivative f* has degree < n. (Cf. Chapter
IV, §3.) Hence we cannot have f'(x) = 0, because f' is not the zero poly-
nomial (immediate from the definition of the formal derivative—the
leading coefficient of f' is na, s 0). Hence « has multiplicity 1 by Theorem
3.6 of Chapter IV. This concludes the proof of the theorem.

Remark. The same proof applies to the following statement, under a
weaker hypothesis than characteristic zero.

Let F be any field and [ an irreducible polynomial in F[t] of degree
n=1. If the characteristic is p and p ¥ n, then every root of [ has
multiplicity 1.

ViI, §1. EXERCISES

1. Let a2 = 2. Show that the field Q(x) is of degree 2 over Q.

2. Show that a polynomial (t — a)* + b? with a, b rational, b # 0, is irreducible
over the rational numbers.

3. Show that the polynomial t3 — p is irreducible over the rational numbers for
each prime number p.

4. What is the degree of the following fields over Q? Prove your assertion.
(a) Q(x) where «® =2
(b) Q(z) where «* = p (prime)
(c) Q(a) where a is a root of 3 — ¢ — 1
(d) Q(a, ) where a is a root of t2 —2 and f is a root of t2 - 3

© Q/ -1, /3.

5. Show that the cube root of unity { = e?*/* is the root of a polynomial of

degree 2 over Q. Show that Q({) = Q(./ —3).

6. What is the degree over Q of the number cos(2n/6)? Prove your assertion.

7. Let F be a field and let a,beF. Let o> =a and B2 =Db. Assume that
a, f have degree 2 over F. Prove that F(a) = F(f) if and only if there exists
ce F such that a = ¢?b.

8. Let E;, E, be two extensions of a field F. Assume that [E,:F] = 2, and that
E,nE,=F. Let E, = F(2). Show that E () has degree 2 over E,.

9. Let «® = 2, let { be a complex cube root of unity, and let f = {a. What is the
degree of Q(a, f) over Q7 Prove your assertion.
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10. Let E, have degree p over F and E, have degree p’ over F, where p, p’ are
prime numbers. Show that either E, = E, or E, nE, = F.

11. Prove Proposition 1.5.

12. Let E,, E, be finite extensions of a field F, and assume E,, E, contained in
some field. If [E,:F] and [E,: F] are relatively prime, show that

[E\E,:F]={E,:FI[E,: F] and [E\E,:E,]=[E,:F].
In Exercises 13 and 14, assume F has characteristic 0.

13. Let E be an extension of degree 2 of a field F. Show that E can be written
F(a) for some root « of a polynomial t2 —a, with aeF. [Hint: Use the
high school formula for the solution of a quadratic equation.]

14. Let t2 + bt + ¢ be a polynomial of degree 2 with b, ¢ in F. Let « be a root.
Show that F(x) has degree 2 over F if b?> —4c is not a square in F, and
otherwise, that F(«) has degree 1 over F, i.e. aeF.

15. Let aeC, and a # 0. Let o be a root of " — a. Show that all roots of t" — a
are of type (o, where ( is an n-th root of unity, i.e.

{ = e?rikin k=0,....,n— 1.
16. Let A be the set of algebraic numbers over Q in the complex numbers. Prove
that A is a field.

17. Let E = F(a) where « is algebraic over F, of odd degree. Show that
E = F(?).

18. Let o, f be algebraic over the field F. Let f be the irreducible polynomial of
o over F, and let g be the irreducible polynomial of # over F. Suppose deg f
and deg g are relatively prime. Show that g is irreducible over F(x).

19. Let &, B be complex numbers such that o® =2 and f*=3. What is the
degree of Q(a, f) over Q? Prove your assertion.

20. Let F = Q[\/§] be the set of all elements a + b\/g, where a, b are rational
numbers.

(a) Show that F is a field and that 1, \/3 is a basis of F over Q.
30
Show that M? = ( )

(b) Let 0 3
M= .
(1 o)
0 3

(c) Let I = I, be the unit 2 x 2 matrix. Show that the map

a+b\/§|—>a1+bM

is an isomorphism of F onto the subring of Mat,(Q) generated by M over

Q.
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21. Let a be a root of the polynomial t3 + t* + 1 over the field F = Z/2Z. What
is the degree of a over F? Prove your assertion.

22. Let t be a variable and let K = C(t) be the field of rational functions in ¢. Let
f{X) = X" —t for some positive integer n. Let a be a root of f in some field
containing C(z). What is the degree of K(a) over K? Prove your assertion.

23. Let F be a field and let ¢ be transcendental over F, that is, not algebraic over F.
Let x € F(¢) and suppose x ¢ F. Prove that F(¢) is algebraic over F(x). If you
express x as a quotient of relatively prime polynomials, x = f(¢)/g(z), how
would you describe the degree [F(t) : F(x)] in terms of the degrees of f and g?
Prove all assertions.

24. Let F be a field and p(t) an irreducible polynomial in F[t]. Let g{t) be an
arbitrary polynomial in F[t]. Suppose that there exists an extension field E
of F and an element ae E which is a root of both p(t) and g(t). Prove that
p(t) divides g(¢) in F[t]. Is this conclusion still true if we do not assume p(r)
irreducible?

Vil, §2. EMBEDDINGS

Let F be a field, and L another field. By an embedding of F in L, we
shall mean a mapping

o.F- L

which is a ring-homomorphism. Since o(1) =1 it follows that ¢ is not
the zero mapping. If xe F and x # 0 then

xx =1 = axox)"t=1,

so ¢ is a homomorphism both for the additive group of F and the
multiplicative group of non-zero elements of F. Furthermore, the kernel
of ¢ viewed as homomorphism of the additive group is 0. It follows that
o is injective, i.e. o(x) # o(y) if x £ y. This is the reason for calling ¢ an
embedding. We shall often write ox instead of o(x), and oF instead of
o(F).

An embedding o: F — F' is said to be an isomorphism if the image of
g is F'. (One should specify an isomorphism of fields, or a field-
isomorphism but the context will always make our meaning clear.) If
g. F - L is an embedding, then the image oF of F under ¢ is obviously
a subfield of L, and thus ¢ gives rise to an isomorphism of F with oF.
If 6: F > F is an isomorphism, then one can define an inverse isomor-
phism ¢~ !: F' - F in the usual way.

Let f(t) be a polynomial in F[t]. Let o:F — L be an embedding.
Write

f(t)=antn+"'+a0.
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We define of to be the polynomial
af (t) = a(a)t" + --- + a(ay).
Then it is trivially verified that for two polynomials f, g in F[t], we have
of+g)=af +og and  o(fg) = (of Xay)

If p(t) is an irreducible polynomial in F[t], then op is irreducible over
oF.

This is an important fact. Its proof is easy, for if we have a factorization

op = gh
over oF, then

p=oclap=1(c""g)c"'h)

has a factorization over F.
Let f(t)e F[t], and let « be algebraic over F. Let o: F(x) » L be an
embedding into some field L. Then

(of o) = o(f ().

This is immediate from the definition of an embedding, for if f(¢) is as
above, then

f@)=a,o0" + --- + aq,
whence

(*) a(f(@) = o(a,)o(@)" + - + a(ap)-
In particular, we obtain two important properties of embeddings:
Property 1. If o is a root of f, then o{a) is a root of df.

Property 2. If o is an embedding of F(x) whose effect is known on F and
on a, then the effect of o is uniquely determined on F(x) by (x).

Let 6: F -» L be an embedding. Let E be an extension of F. An em-
bedding t: E— L is said to be an extemsion of ¢ if ©(x) = o(x) for all
xeF. We also say that ¢ is a restriction of 7 to F, or that 7 is over o.

Let E be an extension of F and let ¢ be an isomorphism, or
embedding of E which restricts to the identity on F. Then ¢ is said to be
an isomorphism or embedding of E over F.
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Theorem 2.1. Let ¢: F » L be an embedding. Let p(t) be an irreducible
polynomial in F[t]. Let « be a root of p in some extension of F, and let
B be a root of op in L. Then there exists an embedding t: F(x) » L
which is an extension of o, and such that ta = f. Conversely, every
extension T of o to F{a) is such that to is a root of ap.

Proof. The second assertion follows from Property 1. To prove the
existence of 7, let f be any polynomial in F[t], and define = on the
element f(x) to be (ofXB). The same element f(x) has many representa-
tions as values g(a), for many polynomials ¢ in F[¢]. Thus we must show
that our definition of 7 does not depend on the choice of f. Suppose
that f,ge F[¢] are such that f(x)=g(a). Then (f — g)(«) =0. Hence
there exists a polynomial & in F[t] such that f — g = ph. Then

af = ag + (op)(ch).
Hence

(af )(B) = (a9)(B) + (ap)(B)- (ah)(B)
= (a9)(P).

This proves that our map is well defined. We used that fact that p is
irreducible in an essential way! It is now a triviality to verify that 7 is
an embedding, and we leave it to the reader.

Special case. Suppose that ¢ is the identity on F, and let «, § be two
roots of an irreducible polynomial in F[r]. Then there exists an
isomorphism

7: Fla) = F(f)
which is the identity of F and which maps % on S.

There is another way of describing the isomorphism in Theorem 2.1,
or the special case.

Let p(t) be irreducible in F[t]. Let « be a root of p in some ficld.
Then (p) is the kernel of the homomorphism

F[t] - F(o)
which is the identity on F and maps ¢ on «. Indeed, p(a) = 0 so p(t) is in
the kernel. Conversely, if f(t)e F[t] and f(«) = 0 then p|f, otherwise the

greatest common divisor of p, f is 1 since p is irreducible, and 1 does not
vanish on a, so this is impossible. Hence we get an isomorphism

o: F[t]/(p) - F().
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Similarly, we have an isomorphism t: F[t]/(p) = F(). The isomorphism

10 ! F(a) - F(B)

1

maps x on f and is the identity on F. We can represent ¢~ as in the

following diagram.
F(o) < F[/Ap) = F(B).

So far, we have been given a root of the irreducible polynomial in
some field. The above presentation suggests how to prove the existence
of such a root.

Theorem 2.2. Let F be a field and p(t) an irreducible polynomial of
degree = 1 in F[t]. Then there exists an extension field E of F in which
p has a root.

Proof. The ideal (p) in F[t] is maximal, and the residue class ring

FLz)/(p)

1s a field. Indeed, if f(t)e F[t] and p t f, then (f,p) =1 so therc exist
polynomials ¢(t), h(t)e F[t] such that

gf +hp=1

This means that gf = 1 mod p, whence fmod p is invertible in F[¢]/(p).
Hence every non-zero element of F[t]/(p) is invertible, so F[t]/(p) is a
field. This field contains the image of F under the homomorphism which
to each polynomial assigns its residue class mod p(t). Since a field has
no ideals other than (0) and itself, and since 1% 0mod p(r) because
deg p = 1, we conclude that the natural homomorphism

o1 F - F[)/(p(t)

is an injection. Thus F[z]/(p(t)) is a finite extension of oF. If we then
identify F with oF, we may view F[t]/(p(t)) as a finite extension of F
itself, and the polynomial p has a root « in this extension, which is equal
to the residue class of t mod p(t). Thus we have constructed an extension
E of F in which p has a root.

In the next section, we shall show how to get a field in which “all” the
roots of a polynomial are contained, in a suitable sense.

Theorem 2.3 (Extension Theorem). Let E be a finite extension of F.
Let 0: F - A be an embedding of F into an algebraically closed field A.
Then there exists an extension of ¢ to an embedding G: E — A.



[VIL, §2] EMBEDDINGS 271

Proof. Let E = F(x,,...,%,). By Theorem 2.1 there exists an extension
o, of ¢ to an embedding a,: F(x,) > A. By induction on the number of
generators, there exists an extension of ¢, to an embedding 7: E — A, as
was to be shown.

Next, we look more closely at the embeddings of a field F(x) over F.

Let o be algebraic over F. Let p(t) be the irreducible polynomial of o
over F. Let ay,...,n, be the roots of p. Then we call these roots the
conjugates of o over F. By Theorem 2.1, for each «;, there exists an
embedding o; of F(«) which maps « on «;, and which is the identity on F.
This embedding is uniquely determined.

Example 1. Consider a root « of the polynomial t* — 2. We take « to
be the real cube root of 2, written o« = fﬁ Let 1, , {? be the three cube
roots of unity. The polynomial ¢* — 2 is irreducible over Q, because it
has no root in Q (cf. Exercise 2 of Chapter 1V, §3). Hence there exist
three embeddings of Q(«) into C, namely the three embeddings o,, 7,, 05
such that

o0 =0, o, = {a, oy = {a.

Example2. If a =1 + \/5, there exist two embeddings of Q(x) into C,
namely those sending « to 1 + ﬁ and 1 — ﬁ respectively.

Example 3. Let F be a field of characteristic p, and let ae F. Consider
the polynomial t* — a. Suppose o is a root of this polynomial in some
extension field E. Then « is the only root; there is no other root, because

t—af =tr—of =t —q,

and we apply the unique factorization in the polynomial ring E[f].
Hence the only isomorphism of E over F in some field containing E
must map « on &, and hence is the identity on F(a).

Because of the above phenomenon, the rest of this section will be
under assumptions which preclude the phenomenon.

For the rest of this section, we let A denote an algebraically closed field
of characteristic 0.

The reason for this assumption lies in the following corollary, which
makes use of the key Theorem 1.6.

Corollary 24. Let E be a finite extension of F. Let n be the degree of
E over F. Let a: F — A be an embedding of F into A. Then the number
of extensions of ¢ to an embedding of E into A is equal to n.
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Proof. Suppose first E = F(x) and f(t)e F[t] is the irreducible poly-
nomial of % over F, of degree n. Then gf has n distinct roots in 4 by
Theorem 1.6, so our assertion follows from Theorem 2.1. In general, we
can write E in the form E = F(x,,...,%.). Consider the tower

F c F(x,) @ Flay, ) =+ < Flatg, ... o).

Let E,_; = F(ot;,...,0,_,). Suppose that we have proved by induction
that the number of extensions of ¢ to E, ; is equal to the degree
[E,_,:F]. Let 6,,...,0, be the extensions of ¢ to E,_,. Let d be the
degree of «, over E,_,. For each i =1,...,m we can find precisely d ex-
tensions of o; to E, say o;,,...,04. Then it is clear that the set {o;;}
(i=1,....m and j=1,...,d) is the set of distinct extensions of ¢ to E.
This proves our corollary.

Theorem 2.5 (Primitive element theorem). Let F be a field of character-
istic 0. Let E be a finite extension of F. Then there exists an element 7y
of E such that E = F(y).

Proof. 1t will suffice to prove that if E = F(a, f) with two elements
o, f algebraic over F, then we can find y in E such that E = F(y), for
we can then proceed inductively. Let [E: F] =n. Let o4,...,6, be the n
distinct embeddings of E into A extending the identity map on F. We
shall first prove that we can find an element ce F such that the elements

.0+ cof=alon + ch)

are distinct, for i = 1,....n. We consider the polynomial

f[ [1 [o;o — oyt + t(0, 8 — 0, ).
=1

i j#i

It is not the zero polynomial, since each factor is different from 0. This
polynomial has a finite number of roots. Hence we can certainly find an
element ¢ of F such that when we substitute ¢ for ¢ we don’t get the
value 0. This element ¢ does what we want.

Now we assert that E = F(y), where y = o + ¢f. In fact, by construc-
tion, we have n distinct embeddings of F(y) into A extending the identity
on F, namely o,,...,0, restricted to F(y). Hence [F(y): F] =2 n by Cor-
ollary 2.4. Since F(y) is a subspace of E over F, and has the same
dimension as E, it follows that F(y) = E, and our theorem is proved.

Example 4. Prove as an exercise that if «> =2 and p is a square root
of 2, then Q(«, ff) = Q(y), where 7y = « + .
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Remark. In arbitrary characteristic, Corollary 2.4, and Theorem
2.5 are not necessarily true. In order to obtain an analogous theory
resulting from the properties of extensions expressed in those corollaries,
it is necessary to place a restriction on the types of finite extensions that
are considered. Namely, we define a polynomial f(t)e F[t] to be
separable if the number of distinct roots of f is equal to the degree of f.
Thus if f has degree d, then f has d distinct roots. An element o of E is
defined to be separable over F if its irreducible polynomial over F is
separable, or equivalently if « is the root of a separable polynomial in
F[t]. We define a finite extension E of F to be separable if it satisfies the
property forming the conclusion of Corollary 2.4, that is: the number of
possible extensions of an embedding ¢: F — 4 to an embedding of E into
A is equal to the degree [E: F]. You can now prove:

Let the characteristic be arbitrary. Let E be a finite extension of F.

(a) If E is separable over F and o€ E, then the irreducible polynomial of
o over F is separable, and so every element of E is separable over F.

(b) Iff E=F(ay,...,,) and if each o, is separable over F, then E
is separable over F.

(c) If E is separable over F and F' is any extension of F such that E, F’
are subfields of some larger field, then EF’ is separable over F'.

(d) If Fc E, < E, is a tower of extensions such that E, is separable
over F and E, is separable over E,, then E, is separable over F.

(e} If E is separable over F and E, is a subfield of E containing F, then
E, is separable over F.

The proofs are easy, and consist merely of further applications of the
techniques we have already seen. However, in first reading, it may be
psychologically preferable for you just to assume characteristic 0, to get
into the main theorems of Galois theory right away. The technical
complication arising from lack of separability can then be absorbed
afterwards. Therefore we shall omit the proof of the above statements,
which you can look up in a more advanced text, e.g. my Algebra if you
are so inclined.

Note that the substitute for Theorem 2.5 in general can be formulated
as follows.

Let E be a finite separable extension of F. Then there exists an element
y of E such that E = F(y).

The proof is the same as that of Theorem 2.5. Only separability was
needed in the proof, except for finite fields, in which case we use Theorem
1.10 of Chapter 1V.

The same principle will apply later in the Galois theory. We shall
define the splitting field of a polynomial. In arbitrary characteristic, we
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define a Galois extension to be the splitting field of a separable
polynomial. Then the statements and proofs of the Galois theory go
through unchanged. Thus the hypothesis of separability replaces the too
restrictive hypothesis of characteristic O throughout.

VI, §2. EXERCISES

All fields in these exercises are assumed to be of characteristic 0.

1

In each case, find an element y such that Q(e, f) = Q(y). Always prove all
assertions which you make.

@a==5p=y2 (B a=¥2p=2

(¢) a=rootof 3 —t+1, f=root of > —t—1

(d) a=root of 13— 2t + 3, f=root of > + ¢+ 2

Determine the degrees of the fields Q(a, ) over Q in each one of the cases.

. Suppose f is algebraic over F but not in F, and lies in some algebraic closure

A of F. Show that there exists an embedding of F(8) over F which is not the
identity on f.

. Let E be a finite extension of F, of degree n. Let ag,,...,0, be all the distinct

embeddings of E over F into A. For aeE, define the trace and norm of «
respectively (from E to F), by

n
Tri()= Y =00+ +0

i=1

na’

n
Ni(@) =[] ;0 = 0,05,
i=1

(a) Show that the norm and trace of « lie in F.
(b) Show that the trace is an additive homomorphism, and that the norm is a
multiplicative homomorphism.

. Let a be algebraic over the field F, and let

pOy=t"+a, (" '+ - +a,
be the irreducible polynomial of « over F. Show that
N() =(—1D)q, and Tr(a) = —a,_,.

(The norm and trace are taken from F(a) to F.)

. Let E be a finite extension of F, and let a be an element of F. Let

[E:F] =n.

What are the norm and trace of a from E to F?
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6. Let o be algebraic over the field F. Let m,: F(a) » F(x) be multiplication by «,
which is an F-linear map. We assume you know about determinants of linear
maps. Let D(x) be the determinant of m,, and let T(x) be the trace of m,. (The
trace of a linear map is the sum of the diagonal elements in a matrix
representing the linear map with respect to a basis.) Show that

D(a) = N(o) and T(x) = Tr(o),

where N and Tr are the norm and trace of Exercise 3.

VIl, §3. SPLITTING FIELDS

In this section we do not assume characteristic 0.

Let E be a finite extension of F. Let ¢ be an embedding of F, and 1 an
extension of ¢ to an embedding of E. We shall also say that t is over a.
If ¢ is the identity map, then we say that t is an embedding of E over F.
Thus 7 is an embedding of E over F means that tx = x for all xeF.
We also say that 7 leaves F fixed.

If T 1s an embedding of E over F, then 1 is called a conjugate mapping
and the image field tE is called a conjugate of E over F. Observe that if
e E, then 12 is a conjugate of x over F. Thus we apply the word
“conjugate™ both to elements and to fields. By Corollary 2.4, if F has
characteristic 0, then the number of conjugate mappings of E over F is
equal to the degree [E: F].

Let f(t)e F[t] be a polynomial of degree n = 1. By a splitting field K
for f we mean a finite extension of F such that f has a factorization in K
into factors of degree 1, that is

Sty = c(t —oy) - (£ — o),

with ¢ e F the leading coefficient of f, and K = F(«,,...,%,). Thus roughly
we may say that a splitting field is the field generated by “all” the roots
of f such that f factors into factors of degree 1.

A priori, we could have a factorization as above in some field K, and
another factorization

SO =c(t = f,)--(t = B)

with f; in some field L = F(f,,...,58,). The question arises whether there
is any relation between K and L, and the answer is that these splitting
fields must be isomorphic. The next theorems prove both the existence of
a splitting field and its uniqueness up to isomorphism.

Theorem 3.1. Let f(t)e F[t] be a polynomial of degree = 1. Then there
exists a splitting field for f.
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Proof. By induction on the degree of /. Let p be an irreducible factor
of £ By Theorem 2.2, there exists an extension E, = F(«;) with some
root o, of p, and hence of f. Let

J©) =t — ay)9(0)

be a factorization of f in E[t]. Then degg =degf— 1. Hence by
induction, there exists a field £ = E(«;, ...,a,) such that

gty = ot — o) (t — )
with some element ce F. This concludes the proof.

The splitting field of a polynomial is uniquely determined up to
isomorphism. More precisely:

Theorem 3.2. Let f(t)e F[t] be a polynomial of degree = 1. Let K and
L be extensions of F which are splitting fields of f. Then there exists an
isomorphism

g K-> L
over F.

Proof. Without loss of generality, we may assume that the leading
coefficient of f is 1. We shall prove the following more precise statement
by induction.

Let o: F — oF be an isomorphism. Let f(t)e F[t] be a polynomial with
leading coefficient 1, and let K = F(ay,...n,) be a splitting field for [
with the factorization

:l:

S =

i

(t — o).

i

1

Let L be a splitting field of of, with L = (6F)(B,, ...,B,) and

::

af (t) =

i

t - B)

1

Then there exists an isomorphism 1. K — L extending o such that, after a
permutation of fy,....p, if necessary, we have ta; = f; fori = 1,...,n.

Let p(t) be an irreducible factor of f. By Theorem 2.1, given a root «,
of p and a root B, of gp, there exists an isomorphism

Ty: Floy) = (6F)B,)
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extending ¢ and mapping «, on ;. We can factor

f(t) = (t — ay)g(¢) over F(oy),
af (1) = (1 — By)19(2) over aF(f,),

because 7,0, = f§;. By induction, applied to the polynomials g and 1,4,
we obtain the isomorphism 7, which concludes the proof.

Remark. Although we have collected together theorems concerning
finite fields in a subsequent chapter, the reader may wish to look at that
chapter immediately to see how finite fields are determined up to
isomorphism as splitting fields. These provide nice examples for the
considerations of this section.

By an automorphism of a field K we shall mean an isomorphism
o: K - K of K with itself. The context always makes it clear that we
mean field-isomorphism (and not another kind of isomorphism, e.g
group, or vector space isomorphism).

Let ¢ be an embedding of a finite extension K of F, over F. Assume
that o(K) is contained in K. Then o(K) = K.

Indeed, ¢ induces a linear map of the vector space K over F, and is
injective. You should know from linear algebra that ¢ is then surjective.
Indeed, dimg(K) = dim(¢K). If a subspace of a finite dimensional vector
space has the same dimension as the vector space, then the subspace is
equal to the whole space. Then it follows that ¢ is an isomorphism of
fields, whence an automorphism of K.

We observe that the set of all automorphisms of a field K is a group.
Trivial verification. We shall be concerned with certain subgroups.

Let G be a group of automorphisms of a field K. Let K¢ be the set
of all elements xe K such that ¢x = x for all 6eG. Then K€ is a field.
Indeed, K€ contains 0 and 1. If x, y are in K¢, then

o(x+y)=cx+oy=x+y,
o(xy) = a(x)a(y) = xy,

so x + y and xy are in K% Also o(x ) =a(x)"'=x"1% so x~! is in
K¢ This proves that K¢ is a field, called the fixed field of G.

If G is a group of automorphisms of K over a subfield F, then F is
contained in the fixed field (by definition), but the fixed field may be big-
ger than F. For instance, G could consist of the identity alone, in which

case its fixed field is K itself.
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Example 1. The field of rational numbers has no automorphisms
except the identity. Proof?

Example 2. Prove that the field Q(ax) where «® =2 has no auto-
morphism except the identity.

Example 3. Let F be a field of characteristic %2, and aeF. Assume
that a is not a square in F, and let > = a. Then F(x) has precisely two
automorphisms over F, namely the identity, and the automorphism
which maps o« on —a.

Remark. The isomorphism of Theorem 3.2 between the splitting fields
K and L is not uniquely determined. If o, T are two isomorphisms of K
onto L leaving F fixed, then

ot Lo L

is an automorphism of L over F. We shall study the group of such
automorphisms later in this chapter. We emphasize the need for the
possible permutation of 8, ...,5, in the statement of the result. Further-
more, it will be a problem to determine which permutations of these
roots actually may occur.

A finite extension K of F in an algebraically closed field 4 will be said
to be normal extension if every embedding of K over F in A is an
automorphism of K.

Theorem 3.3. A finite extension of F is normal if and only if it is the
splitting field of a polynomial.

Proof. Let K be a normal extension of F. Suppose K = F(«) for
some element o. Let p(t) be the irreducible polynomial of « over F. For
each root o; of p, there exists a unique embedding o; of K over F such
that 0,0 = «;. Since each embedding is an automorphism, it follows that
a; is contained in K. Hence

K = F(a) = F(ay,...,a,),

and K is the splitting field of p.

If F has characteristic 0, then we are done by Theorem 2.5, because
we know K = F(a) for some a. In general, K = F(a,...,2,), and we can
argue in the same way with each irreducible polynomial p,(¢) with re-
spect to ;. We then let f(t) be the product

J@© = py(0)--- (D).
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Assuming that K is normal over F, it follows that K is the splitting field
of the polynomial f(¢), which in this case is not irreducible, but so what?

Conversely, suppose that K is the splitting field of a polynomial f(r),
not necessarily irreducible, with roots «,,...,x,. If ¢ is an embedding of
K over F, then oa; must also be a root of f. Hence ¢ maps K into itself,
and hence ¢ is an automorphism.

Theorem 3.4. Let K be a normal extension of F. If p(t) is a polynomial
in F[t], and is irreducible over F, and if p has one root in K, then p
has all its roots in K.

Proof. Let a be one root of p in K. Let 8 be another root. By
Theorem 2.1 there exists an embedding ¢ of F(«) on F(f) mapping « on
B, and equal to the identity on F. Extend this embedding to K. Since
an embedding of K over F is an automorphism, we must have cxeK,
and hence feK.

Vil, §3. EXERCISES

1. Let F be a field of characteristic p. Let ce F and let
fy=t"—t—c

(a) Show that either all roots of f lie in F or f is irreducible in F[t]. [Hint:
Let o be a root, and aeZ/pZ. What can you say about « + a? For the
irreducibility, suppose there is a factor g such that 1 < degg < degf Look
at the coeflicient of the term of next to highest degree. Such a coefficient
must lie in F.]

(b) Let F=12Z/pZ. Let ceF and ¢ # 0. Show that t» — ¢ — ¢ is irreducible in
F[1].

(c) Let F again be any field of characteristic p. Let « be a root of f. Show
that F(a) is a splitting field for f.

(d) Assume f irreducible. Prove that there is a group of automorphisms of
F(x) over F isomorphic to Z/pZ (and so cyclic of order p).

(e} Prove that there are no other automorphisms of F(x) over F besides those
found in (d).

2. Let F be a field and let n be a positive integer not divisible by the
characteristic of F if this characteristic is # 0. Let ae F. Let { be a primitive
n-th root of unity, and a one root of ¢* — a. Prove that the splitting field of
t"—ais F(,{).

3. (a) Let p be an odd prime. Let F be a field of characteristic 0, and let aeF,
a #0. Assume that a is not a p-th power in F. Prove that t* —a is
irreducible in F[t]. [Hint: Suppose t” — a factors over F. Look at the
constant term of one of the factors, expressed as a product of some roots,
and deduce that a is a p-th power in F.]
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(b) Again assume that a is not a p-th power in F. Prove that for every
positive integer r, t” —a is irreducible in F[t]. [Hint: Use induction.
Distinguish the cases whether a root « of t¥ — a is a p-th power in F(a) or
not, and take the norm from F(a) to F. The norm was defined in the
exercises of §2.]

4. Let F be a field of chacteristic 0, let ae F, a # 0. Let n be an odd integer = 3.
Assume that for all prime numbers p such that p|n we have a¢ F? (where F?
is the set of p-th powers in F). Show that " — a is irreducible in F[t]. [Hint:
Write n=p'm with p}m. Assume inductively that " —a is irreducible in
F[t]. Show that o is not a p-th power in F(x) and use induction.]

Remark. When n is even, the analogous result is not quite true because of
the factorization of t* + 4. Essentially this is the only exception, and the
general result can be stated as follows.

Theorem. Let F be a field and n an integer 2 2. Let acF, a # 0. Assume
that for all prime numbers p such that p|n we have a¢ FF¥, and if 4|n then
a¢ —4F* Then t" — a is irreducible in F[(].

It is more tedious to handle this general case, but you can always have a try
at it. The main point is that the prime 2 causes some trouble.

5. Let E be a finite extension of F. Let E=E,, E,,....,E, be all the distinct
conjugates of E over F. Prove that the composite

K=EE, - E,

is the smallest normal extension of F containing E. We can say that this
smallest normal extension is the composite of E and all its conjugates over F.

6. Let A be an algebraic extension of a field F of characteristic 0. Assume that
every polynomial of degree = 1 in F[¢] has at least one root in A. Prove that
A is algebraically closed. [Hint: If not, there is some element « in an extension
of A which is algebraic over 4 but not in 4. Show that « is algebraic over F.
Let f(t) be the irreducible polynomial of a over F, and let K be the splitting
field of f in some algebraic closure of A. Write K = F(y), and let g(t) be the
irreducible polynomial of y over F. Now use the assumption that g has a root
in A. Remark: the result of this exercise is valid even if we don’t assume
characteristic 0, but one must then use additional arguments to deal with the
possibility that the primitive element theorem cannot always be applied.]

VI, §4. GALOIS THEORY

Throughout this section we assume that all fields have characteristic 0.

In the case of characteristic 0, a normal extension will also be called a
Galois extension.

Theorem 4.1. Let K be a Galois extension of F. Let G be the group of
automorphisms of K over F. Then F is the fixed field of G.
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Proof. Let F’ be the fixed field. Then trivially, F < F’. Suppose aeF’
and a¢ F. Then by Theorem 2.1 there exists an embedding o, of F(x)
over F such that o,a # o. Extend o, to an embedding ¢ of K over F by
Theorem 2.3. By hypothesis, ¢ is an automorphism of K over F, and
ga = oo # o, thereby contradicting the assumption that xe F’ but « ¢ F.
This proves our theorem.

If K is a Galois extension of F, the group of automorphisms of K over
F is called the Galois group of K over F and is denoted by Gg. If K is
the splitting field of a polynomial f(t) in F[t], then we also say that Gg
is the Galois group of f.

Theorem 4.2. Let K be a Galois extension of F. To each intermediate
field E, associate the subgroup Gy, of automorphisms of K leaving E
fixed. Then K is Galois over E. The map

E = Gy

is an injective and surjective map from the set of intermediate fields
onto the set of subgroups of G, and E is the fixed field of Gy.

Proof. Every embedding of K over E is an embedding over F, and
hence is an automorphism of K. It follows that K is Galois over E.
Furthermore, E is the fixed field of G, by Theorem 4.1. This shows in
particular that the map

E Gy

is injective, ie. if E # E’ then Gy # Ggp. Finally, let H be a subgroup
of G. Write K = F(«) with some element «. Let {0,,...,6,} be the ele-
ments of H, and let

fO=@—0,0)--(t —0,0).

For any ¢ in H, we note that {¢o,,...,00,} is a permutation of
{64,...,0,}. Hence from the expression

af (t) = (t — g0,0)---(t — g0,8) = f(1),

we see that f has its coefficients in the fixed field E of H. Furthermore,
K = E(a), and « is a root of a polynomial of degree r over E. Hence
[K:E] £r. But K has r distinct embeddings over E (those of H), and
hence by Corollary 24, [K:E]=7r, and H = Gg;. This proves our
theorem.
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Let f(t)e F[t], and let
FO) = —oy)---(t — o)

Let K = F(ay,...,n,), and let o be an element of Ggyp. Then
{oa,,...,00,} is a permutation of {ay,...,a,}, which we may denote by =,.
If o # 1, then 7, # ©,, and clearly,

My = Nyo Ty

Hence we have represented the Galois group Gy as a group of
permutations of the roots of f. More precisely, we have an injective
homomorphism of the Galois group G, into the symmetric group S,:

Gxir = S, given by o7,

Of course, it is not always true that every permutation of {a;,....a,} is
represented by an element of G, even if f is irreducible over F. Cf. the
next section for examples. In other words, given a permutation © of
{oy,...,a,} such a permutation is merely a bijective map of the set of
roots with itself. It is not always true that there exists an automorphism
o of K over F whose restriction to this set of roots is equal to z. Or, put
another way, the permutation m cannot necessarily be extended to an
automorphism of K over F. We shall find later conditions when
Gyr = S,

The notion of a Galois extension and a Galois group are defined
completely algebraically. Hence they behave formally under isomor-
phisms the way one expects from general algebraic situations. We de-
scribe this behavior explicitly.

Let K be a Galois extension of F. Let

A K- AK

be an isomorphism. Then AK is a Galois extension of AF. Indeed, if K
is the splitting field of the polynomial f, then AK is the splitting field of

Af.
Let G be the Galois group of K over F. Then the map

o> Aogoi !

gives a homomorphism of G into the Galois group of AK over AF, whose
inverse is given by

A lotod 1.

K—>— K

F———>JF
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Hence G,y is isomorphic to Gg,r under the above map. We may write
G).K/}.F = lGK/F'r g

This is a “conjugation”, just like conjugations in the theory of groups in
Chapter II.
In particular, let E be an intermediate field, say

FcEcK.

Let i: E — AE be an embedding of E in K, which we assume extends to
an automorphism of K. Then AK = K. Hence

Ggjag = AGgigA™ "

Theorem 4.3. Let K be a Galois extension of a field F, and let E be an
intermediate field, F < E c K. Let

H = Gy, and G = Gyr.

Then E is a Galois extension of F if and only if H is normal in G. If
this is the case, then the restriction map

G IES; O of G- Gy

induces an isomorphism of G/H onto Gg.

Proof. Assume that G is normal in G. Let A, be an embedding of E
over F. It suffices to prove that A, is an automorphism of E. Let 4 be
an extension of 1, to K. Since K is Galois over F, it follows that 2 is
an automorphism of K over F, and by assumption

GK/E = '1GU</1-:'1_1 = GK/}.E’

By Theorem 4.2 it follows that AE = E, so A is an automorphism of E,
whence E is normal over F.
Conversely suppose E normal over F. Then the restriction map

o+—0o|E for oeGgy

is a homomorphism G — Ggyr whose kernel is Gg, by definition.
Hence Gy is normal. This homomorphism is surjective, because given
6o € Ggr we can extend o, to an embedding ¢ of K over F, and since K
is Galois over F, we actually have ¢ € Gk/r and gy is the restriction of o to E.
This concludes the proof of Theorem 4.3.

A Galois extension K/F is said to be abelian if its Galois group is
abelian. It is said to be eyclic if its Galois group is cyclic.
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Corollary 44. Let K/F be an abelian extension. If E is an intermediate
field, F c E = K, then E is Galois over F and abelian over F. Simi-
larly, if K/F is a cyclic extension, then E is cyclic over F.

Proof. This follows at once from the fact that a subgroup of an abe-
lian group is normal and abelian, and a factor group of an abelian
group is abelian. Similarly for cyclic subgroups and factor groups.

The next theorem describes what happens to a Galois extension under
translation.

Theorem 4.5. Let K/F be a Galois extension with group G. Let E be an
arbitrary extension field of F. Assume that K, E are both contained in
some field, and let KE be the composite field. Then KE is Galois over
E. The map

Gygie = Gyr given by a - resg(o),

Le. the restriction of an element of Ggg;y to K, gives an isomorphism of
Gkge With Gk gy

The field diagram for Theorem 4.5 is as follows:
/ \\<<E/E

GK/(Kn\E)\

Proof. The extension KE/E is clearly Galois. The restriction maps
Gge/p a priori into the set of embeddings of K over F. But since we
assume that K is Galois over F, the image of the restriction lies in Gg/p.
The restriction is obviously a homomorphism

res: Ggpp = Gyr-

The kernel of the restriction is the identity, for if 6 € Ggg g is the identity
on K then ¢ is the identity on KE, because KE is generated by elements
of K and elements of E. Thus we get an injective homomorphism of
Ggge into Gy Since an element of Gyg, is the identity on E, the
restriction of this element to K is the identity on K n E, so the image of
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the restriction lies in the Galois group of K/(K n E). Thus we get an
injective homomorphism

GI(E/E — GK/(KmE)'

We must finally prove that this map is surjective. It will suffice to prove
that

[K:KnE]=[KE:E],

because if a subgroup of a finite group has the same order as the group,
then the subgroup is equal to the group. So write K = F(x) for some
generator «. Let

fO= 1] (t—ow,

o€ GKE/E
where the product is taken over all elements o€ Gggg. Then the
coefficients of f(f) lic in E since they are fixed under every element of
Gygr which permutes the roots of f(t). Furthermore, these coefficients lie

in K, because each cae K by the hypothesis that K is normal over F.
Hence the coefficients of f lie in K n E. Hence

[K:KnE]<degf=[KE:E]<[K:KnE],

where this last inequality is by Proposition 1.5 to the effect that the
degree does not increase under translation. This proves the theorem.

Corollary 4.6. Let K/F be Galois and let E be an arbitrary extension of
F. Then

[KE:E] divides [K:F].
Furthermore if K " E = F then
[KE:E]=[K:F].
Proof. We have
[K:F]=[K:KNnE][KNE:F]=[KE:El[KnE:F].

Both assertions follow from this relation.

In the example preceding Proposition 5, we have seen that the relations of
Corollary 4.6 are not necessarily true when K/F is not Galois.



286 FIELD THEORY [VIL §4]

As a special case of Corollary 4.6, suppose K/F Galois and
KAE=F. Let K= F(x). The relation [KE:E]=[K:F] tells us that
the degree of o over F is equal to the degree of « over E. This is a
statement about irreducibility, namely the irreducible polynomial of «
over F is the same as the irreducible polynomial of o over E. The
example preceding Proposition 1.5 shows that if we do not assume F(«)
normal over F, even if F(a) n E = F, it does not necessarily follow that

[F(a): F] = [E(2): E].

Corollary 4.7. Let K/F be a Galois extension and let E be a finite
extension. If K~ E =F then

[KE:K]=[E:F]

Proof. Exercise 6.

We shall now prove an interesting theorem due to Artin, showing how
to get a Galois extension going from the top down rather than from the
bottom up as we have done up to now. The technique of proof is
interesting in that it is similar to the technique used to prove Theorem
4.5, and also uses aspects from the primitive element theorem, so you see
field theory at work. We start with a lemma.

Lemma 4.8. Let E be an extension field of F such that every element of
E is algebraic over F. Assume that there is an integer n = 1 such that
every element of E is of degree < n over F. Then E is a finite extension
and [E:F] £ n.

Proof. Let a be an element of E such that the degree [F(x): F] is
maximal, say m < n. We claim that F(a) = E. If this is not true, then
there exists an element feE such that ¢ F(«), and by Theorem 2.5,
there exists an element y e F(x, f) such that F(a, ) = F(y). But from the
tower

F < Flo) < F(a, f)

we see that [F(x, B): F] > m, whence y has degree >m over F, a
contradiction which proves the lemma.

Theorem 4.9 (Artin). Let K be a field and let G be a finite group of
automorphisms of K, of order n. Let F = K¢ be the fixed field. Then K
is a Galois extension of F, and its Galois group is G. We have
[K:F]=n

Proof. Let e K and let 0,,...,0, be a maximal set of elements of G
such that ¢,a,...,0,« are distinct. If 1€ G then (0,4, ...,70,0) differs from
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(0,0, ...,0,0) by a permutation, because 7 is injective, and every to;o is
among the set {¢,2,...,0,a}; otherwise this set is not maximal. Hence «
is a root of the polynomial

=11t~ o2

and for any te€G, tf = f Hence the coefficients of f lic in K¢ =F,
Hence every element o of K is a root of a polynomial of degree < n with
coeflicients in F. Furthermore, this polynomial splits in linear factors in
K. By Lemma 4.8 and Theorem 2.5 we can write K = F(y), and so K is
Galois over F. The Galois group of K over F has order [K:F|<n
by Corollary 2.4. Since G is a group of automorphisms of K over F,
it follows that G is equal to the Galois group, thus proving the theorem.

Remark. Let 4 be an algebraically closed field, and let G be a non-
trivial finite group of automorphisms of A. It is a theorem of Artin that
G has order 2, and that essentially, the fixed field is something like
the real numbers. For a precise statement, see, for instance, my book
Algebra.

For those who have read the section on Sylow groups, we shall now
give an application of Galois theory.

Theorem 4.10. The complex numbers are algebraically closed.

Proof. The only facts about the real numbers used in the proof are:

1. Every polynomial of odd degree with real coefficients has a real
root.
2. Every positive real number is the square of a real number.

We first remark that every complex number has a square root in the
complex numbers. If you are willing to use the polar form, then the
formula for the square root is easy. Indeed, if z = re then

rl/ZeiO/Z

is a square root of z. You can also write down a formula for the square
root of x + iy (x, ye R) directly in terms of x and y, using only the fact
that a positive real number is the square of a real number. Do this as an
exercise.

Now let E be a finite extension of R containing C. Let K be a Galois
extension of R containing E. Let G = Ggp, and let H be a 2-Sylow
subgroup of G. Let F be the fixed field. Since [F:R] = (G: H) it follows
that [F:R] is odd. We can write F = R(x) for some element « by
Theorem 2.5. Let f(t) be the irreducible polynomial of « over R. Then
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deg f is odd, whence f has a root in R, whence f has degree 1, whence
F =R. Hence G is a 2-group. Let G, = Gg,c. If Gy # {1}, then being a
2-group, G, has a subgroup H, of index 2 by Theorem 9.1 of Chapter II
The fixed field of H, is then an extension of C of degree 2. But every
such extension is generated by the root of a polynomial t* — B, for some

peC.

This contradicts the fact that every complex number is the square

of a complex number, and concludes the proof of the theorem.

Remark. The above proof is a variation by Artin of a proof by Gauss.

Vil, §4. EXERCISES

1. By a primitive n-th root of unity, one means a number { whose period is
exactly n. For instance, ¢*™" is a primitive n-th root of unity. Show that

every other primitive n-th root of unity is equal to a power ¢

2nirin

where r is

an integer > 0 and relatively prime to n.

2. Let F be a field, and K = F({), where { is a primitive n-th root of unity.
Show that K is Galois over F, and that its Galois group is commutative.
[Hint: For each embedding ¢ over F, note that ¢{ = {" with some integer
r(e).] If v is another embedding, what is t¢{, and a1(?

3. (a)

—
o
=

4. (a)

Let K;, K, be two Galois extensions of a field F. Say K, = F(x,) and
K, = F(2,). Let K = F(x,,%,). Show that K is Galois over F. Let G be
its Galois group. Map G into the direct product Gg,r x Gg,p by
associating with each ¢ in G the pair (6,, 6,), where o, is the restriction of
g to K,, and o, is the restriction of ¢ to K,. Show that this mapping is
an injective homomorphism. If K, n K, = F, show that the map is an
isomorphism.

More generally, let K., ...,K, be finite extensions of a field F contained in
some field. Denote by K, --- K, the smallest field containing K,,...,K,.
Thus if K; = F(e;) then K,---K, = F(a,,...,2,). Let K=K, ---K,. We
call K the composite field. Suppose that K,,...,K, are finite Galois
extensions of F. Show that K is a Galois extension of F. Show that the
map

o+ (resg, 0, ... 1esg 0)

is an injective homomorphism of G, into Gg  x - x Gg . Finally,
assume that for each i,

Ky K)nK; =F

Show that the above map is an isomorphism of G, with the product.
[This follows from (a) by induction.]

Let K be an abelian extension of F and let E be an arbitrary extension of
F. Prove that KE is abelian over E.
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10.

11.

12.

13.

(b) Let K,, K, be abelian extensions of F. Prove that K K, is abelian over
F.

(c) Let K be a Galois extension of F. Prove that there exists a maximal
abelian subextension of K. In other words, there exists a subfield K’ of K
containing F such that K’ is abelian, and if E is a subfield of K abelian
over F then Ec K'.

(d) Prove that Gy is the commutator group of Gy, in other words, Gy is
the group generated by all elements

gto lr! with o, 1€ Gy

. (a) Let K be a cyclic extension of F and let E be an arbitrary extension of F.

Prove that KE is cyclic over E.
(b) Let K|, K, be cyclic extensions of F. Is K,;K, cyclic over F? Proof?

. Let K be Galois over F and let E be finite over F. Assume that K" E = F.

Prove that [KE: K] =[E:F].

. Let F be a field containing i=./—1. Let K be a splitting field of the

polynomial t* — a with ae F. Show that the Galois group of K over F is a
subgroup of a cyclic group of order 4. If t* — a is irreducible over F, show
that this Galois group is cyclic of order 4. If « is a root of t* — a, express all
the other roots in terms of o and i.

. More generally, let F be a field containing all n-th roots of unity. Let K be a

splitting field of the equation " — a =0 with ae F. Show that K is Galois
over F, with a Galois group which is a subgroup of a cyclic group of order n.
If 1* — a is irreducible, prove that the Galois group is cyclic of order n.

. Show that the Galois group of the polynomial t* —2 over the rational

numbers has order §, and contains a cyclic subgroup of order 4. [Hint: Prove
first that the polynomial is irreducible over Q. Then, if « is a real fourth root
of 2, consider K = Q(e, i).]

Give an example of extension fields F = E = K such that E/F is Galois, K/E
is Galois, but K/F is not Galois.

Let K/F be a Galois extension whose Galois group is the symmetric
group on 3 elements. Prove that K does not contain a cyclic extension of
F of degree 3. How many non-cyclic extensions of degree 3 does K
contain?

(a) Let K be the splitting field of * — 2 over the rationals. Prove that K
does not contain a cyclic extension of Q of degree 4.

(b) Let K be a Galois extension of F with group G of order 8, generated by
two elements o, T such that ¢* =1, 1> =1 and 1ot = ¢3. Prove that K
does not contain a subfield cyclic over F of degree 4.

Let K be Galois over F. Suppose the Galois group is generated by two
elements o, T such that ¢™ =1, 1" = 1, 167~ ! = ¢" where r — 1 > 0 is prime to
m. Assume that [K:F] =mn. Prove that the maximal subfield K’ of K
which is abelian over F has degree n over F.
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14.

15.

16.

Let S, be the symmetric group of permutations of {1, ...,n}.

(a) Show that S, is generated by the transpositions (12), (13),...,(1n). [Hint:
Use conjugations. ]

{b) Show that S, is generated by the transpositions (12), (23), (34),....(n—1, n).

(¢} Show that S, is generated by the cycles (12) and (123---n).

(d) Let p be a prime number. Let i # 1 be an integer with | <i < p. Show
that §, is generated by (1i) and (123---p).

(¢) Let €S, be a permutation of period p. Show that §, is generated by o
and any transposition.

Let f(r) be an irreducible polynomial of degree p over the rationals, where p
is an odd prime. Suppose that f has p — 2 real roots and two complex roots
which are not real. Prove that the Galois group of f is §,. [Use Exercise
14.] Exercise 8 of Chapter IV, §5 showed how to construct such polynomials.

The following two exercises are due to Artin.

Let F be a field of characteristic 0, contained in its algebraic closure 4. Let
ae A and suppose o¢F, but every finite extension E of F with E# F
contains «. In other words, F is a maximal subfield of 4 not containing 2.
Prove that every finite extension of F is cyclic.

. Again let F, be a field of characteristic 0, contained in its algebraic closure

A. Let ¢ be an automorphism of 4 over F, and let F be the fixed field.
Prove that every finite extension of F is cyclic.

The next five exercises will show you how to determine the Galois groups of

certain abelian extensions.

18.

Assume that the field F contains all the n-th roots of unity. Let B be a

subgroup of F* containing F*". [Recall that F* is the multiplicative group of

F, so F*" is the group of n-th powers of elements in F*.] We assume that the

factor group B/F*" is finitely generated.

(a) Let K = F(B'", i.e. K is the smallest field containing F and all n-th roots
of all elements in B. If b,,...,b, are distinct coset representatives of B/F*",
show that K = F(b'",...,b!™), so K is actually finite over F.

(b) Prove that K is Galois over F.

(c) Given beB and o€ Gy, let feK be such that " = b, and define the
Kummer symbeol

<b, 6> = ap/p.
Prove that <{b, o) is an n-th root of unity independent of the choice of

such that " =b.
(d) Prove that the symbol (b, ¢} is bimultiplicative, in other words:

{ab, gy = {a,6>{b, 0) and {b,ot) =<b,a>{b, ).
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(e) Let be B be such that (b,o) =1 for all 0 € Gg;-. Prove that he F*".
(f) Let 6 € Gy, be such that (b, s> =1 for all be B. Prove that ¢ = id.

Remark. As in Exercise 18, assume that the n-th roots of unity lie in F. Let
a,....a.e F*. There is in most people a strong feeling that the Galois group of
F(ai™, ...,at™ should be determined only by multiplicative relations between
ay,....a,. Exercise 18 is the main step in formulating this idea precisely. The next
exercises show you how to complete this idea. Note that Exercises 19, 20, 21
concern only finite abelian groups, and not fields. The application to field theory

comes in Exercise 22.

19. (a) Let A be a cyclic group of order n. Let C be a cyclic group of order n.
Show that the group of homomorphisms of A into C is cyclic of order .
We let Hom(4, C) denote the group of homomorphisms of A4 into C.
(b) Let A be a cyclic group of order d, and assume d|n. Let again C be a
cyclic group of order n. Show that Hom(A, C) is cyclic of order d.

20. Let A=A, x---x A, be a product of cyclic groups of orders d,,....d,

respectively, and assume that d;|n for all i. Prove that

Hom(A4, C) ~ || Hom(4;, ),

i=1

and hence that Hom(A, C) is isomorphic to A4, by using Exercise 19(b).

21. Let A, B be two finite abelian groups such that x" =1 for all xe 4 and all
x € B. Suppose given a bimultiplicative mapping

AxB-C denoted by (a, By—<a, b

into a cyclic group C of order n. Bimultiplicative means that for all a, a’'e A
and b, b’ e B we have

{ad',b) = {a, b){d,b) and {a,bb"y = {a,b)y{a, b">).

Define a perpendicular to b to mean that {a, b> = 1. Assume that if ae 4 is
perpendicular to all elements of B then a = 1, and also if b€ B is perpendicu-
lar to all elements of A, then b =1 Prove that there is a natural
isomorphism

A ~ Hom(B, C),

and hence by Exercise 20, that there is some isomorphism A4 ~ B.

22. In Exercise 18, prove that G, = B/F*".
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Vil, §5. QUADRATIC AND CUBIC EXTENSIONS

In this section we continue to assume that
all fields have characteristic 0.

Quadratic polynomials

Let F be a field. Any irreducible polynomial t> + bt + ¢ over F has a
splitting field F(«), with

—bt /b’ —4c

2

o =

Thus F(«) is Galois over F, and its Galois group is cyclic of order 2.

If we let d =b?—4c, then F(o) = F(ﬁ). Conversely, the polynomial
t> — d is irreducible over F if and only if d is not a square in F.

Cubic polynomials

Consider now the cubic case. Let
f(&) = (t — o Mt — o)t — o3) € F[t]

be a cubic polynomial with coefficients in F. The roots may not be in F,
however. We let the discriminant of f be defined as

D = [0y — oty Mot — oy )0ty — “2)]2~

Any automorphism of F(x,, a,, a3) leaves D fixed because it changes the
product
A= (o —og)og — ag)oey — at)

at most by a sign. This is a special case of the proof of Chapter II, §6.
Let K be the splitting field, so

K = F(oy, o5, 3).
Given g€ Gy we let
oA = o)A with ¢o)=1or —1.
Then the map

o — ¢g(o)
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is immediately verified to be a homomorphism of Gy, into the cyclic
group with two elements. The kernel of this homomorphism consists of
those o which induce an even permutation of the roots. In any case we
have an injective homomorphism

Gg/r — S3

which to each ¢ associates the corresponding permutation of the roots.
Since S; has order 6, it follows that Gy, has order dividing 6, so G
has order 1, 2, 3, or 6. We let A, be the alternating group, i.e. the
subgroup of even permutations in §;. One possible question is whether
Gyg/r is isomorphic to 43 or to S;.

Note that D = A and DeF. This follows from the general theory of
the discriminant, which is a symmetric function of the roots, and
therefore a polynomial in the coefficients of f with integer coefficients by
Chapter 1V, Theorem 8.1. Since the coefficients of f are in F, the discrimi-
nant is in F. We can also see this result from Galois theory, since D is fixed
under the Galois group Gi/r.

Theorem 5.1. Let f be an irreducible polynomial over F, of degree 3.
Let K be its splitting field and G = Gg,p. Then G is isomorphic to S; if
and only if the discriminant D of f is not a square in F. If D is a
square in F, then K has degree 3 over F and Gy is cyclic of degree 3.

Proof. Suppose D is a square in F. Since the square root of D is
uniquely determined up to a sign, it follows that Ae F. Hence A is fixed
under the Galois group. This implies that Ggy is isomorphic to a
subgroup of the alternating group which has order 3. Since [K:F] =3
because f is assumed irreducible, we conclude that Gg is isomorphic to
Ajs, and therefore Gy r is cyclic of order 3.

Suppose D is not a square in F. Then

[F(A): F] = 2.

Since by irreducibility [F(x): F] =3, it follows that [F(x, A):F] =6,
whence Gy has order at least 6. But G is isomorphic to a subgroup
of S3, so Gg, has order exactly 6 and is isomorphic to S;. This
concludes the proof.

Actually the proofs of the two cases in Theorem 5.1 has also given us
a proof of the following result.

Theorem 5.2. Let f(t) = t> + --- be a polynomial of degree 3, irreducible
over the field F. Let D be the discriminant and let o« be a root. Then

the splitting field of f is K = F(\/B, o).



294 FIELD THEORY [VIL§5]

After replacing the variable t by ¢+ — ¢ with a suitable constant ce F if
necessary a cubic polynomial with leading coefficient 1 in F[t] can be
brought into the form

SO =6 +ar+b=(t— o)t — o)t —a3)

with a, be F. The roots may or may not be in F. If f has no root in F,
then f is irreducible. We find

o + oy + o3 =0, 00, + %%y + 005 = 4, —o,0,04 = b.

As in Chapter 1V, §8 the discriminant has the form

D = —4a® — 27b%.

Theorems 5.1, 5.2 and this formula now give you the tools to determine
the Galois group of a cubic polynomial, provided you have a means of
determining its irreducibility.

We emphasize that before doing anything else, one must always deter-
mine the irreducibility of f.

Example. We consider the polynomial f(¢) =t* — 3¢+ 1. It has no
integral root, and hence is irreducible over Q. Its discriminant is

D = —4a® — 27b% = 34,

The discriminant is a square in Q, and hence the Galois group of f over
Q is cyclic of order 3. The splitting field is Q(«) for any root a.

Vil, §5. EXERCISES

1. Determine the Galois groups of the following polynomials over the rational

numbers.
(@ > —t+1 b)) 2—=4 (©2+t+1 (d) ¢ =27

2. Let f(1) be a polynomial of degree 3, irreducible over the field F. Prove that
the splitting field K of f contains at most one subfield of degree 2 over F
namely F(\/B), where D is the discriminant. If D is a square in F, then K
does not contain any subfield of degree 2 over F.
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3. Determine the Galois groups of the following polynomials over the rational
numbers. Find the discriminants.
(@ > —=3t+1 (by 3+ 3 () t* =35
(d) 13 — a where a is rational, # 0, and is not a cube of a rational number
(e ?—5t+7 O +2t+2 (gt —r—1

4. Determine the Galois groups of the following polynomials over the indicated
field.

(a) * — 10 over Q(,/2) (b) > — 10 over Q

(© 2 —t—1over Q(./—23) (d) 3 — 10 over Q(\/—-‘3)
() 13 —2 over Q(,/—3) (f) 1> —9 over Q(/=3)
(g) t* — 5 over Q(/—5) (h) 2 + 5 over Q(/—5)

5. Let F be a field and let
fO =13+ at* +at +a, and gty=1>—c¢

be irreducible polynomials over F. Let D be the discriminant of f. Assume
that

[F(DY?):F]=2 and  F(DY3) # F(cV3.

Let o be a root of f and § a root of g in an algebraic closure. Prove:
(a) The splitting field of f(f)g(t) over F has degree 12.
(b) Let y = o + . Then [F(y):F] = 6.

6. Let f, g be irreducible polynomials of degree 3 over the field F. Let D,, D, be
their discriminants. Assume that D, is not a square in F but D, is a square
in F.

(a) Prove that the splitting field of fy over F has degree 18.

(b) Let S; be the symmetric group on 3 elements, and let C; be a cyclic
group of order 3. Prove that the Galois group of fg over F is isomorphic
to §3 x Cs.

7. Let f(t) = t> + at + b. Let « be a root, and let f be a number such that

P a

a=p-—"-

3p

Show that such a f can be found if a # 0. Show that

B> = —b/2 + /= DJ108.

In this way we get an expression of « in terms of radicals.

For the next exercises, recall the following result, or prove it if you have not
already done so.

Let a, beF and suppose F(\/Z) and F(\/B) have degree 2 over F. Then
F(\/c_z) = F(\/B) if and only if there exists ce F such that a = c?b.
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8.

10.

1.

Let f(t) = t* + 30t> + 45. Let « be a root of f. Prove that Q(z) is cyclic of
degree 4 over Q. [Hint: Note that to solve the equation, you can apply the
quadratic formula twice.]

. Let f(t) = t* + 46> + 2.

(a) Prove that f(t) is irreducible over Q.
(b) Prove that the Galois group over Q is cyclic.

Let K = Q(\/E, \/3, o) where o? = (9 — 5\/3)(2 - \/E).
(a) Prove that K is a Galois extension of Q.
(b) Prove that Gy is not cyclic but contains a unique element of order 2.

Let {E:F] =4. Prove that E contains a subfield L with [L:F]=2 if and
only if E = F(x) where « is a root of an irreducible polynomial in F[z] of the
form t* + b + c.

Vii, §6. SOLVABILITY BY RADICALS

A

We continue to assume that all fields are of characteristic 0.

Galois extension whose Galois group is abelian is said to be an abe-

lian extension. Let K be a Galois extension of F, K = F(a). Let o, 7 be
automorphisms of K over F. To verify that ot = 10 it suffices to verify
that ot = too. Indeed, any element of K can be written in the form

X=ayg+a x4+ +as_ 2!

if d is the degree of « over F. Since g1q; = t0q; for all i, it follows that
if in addition ota = toa, then ota’ = 100’ for all i, whence Tox = o7x.
We shall describe two important cases.

Theorem 6.1. Let F be a field and n a positive integer. Let { be a
primitive n-th root of unity, that is {" = 1, and every n-th root of unity
can be written in the form {7 for some r, 0 <r<n Let K= F(.
Then K is Galois and abelian over F.

Proof. Let ¢ be an embedding of K over F. Then

(00)' =a({) = 1.

Hence a{ is also an n-th root of unity, and there exists an integer r such
that ¢{ = {". In particular, K is Galois over F. Furthermore, if 1 is
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another automorphism of K over F, then t{ = {* for some s, and

o1l = o({’) = o(l)’ = (" = 10l
Hence ot = 10, and the Galois group is abelian, as was to be shown.

Theorem 6.2. Let F be a field and assume that the n-th roots of unity
liein F. Let aeF. Let a be a root of the polynomial t" — a, so o" = a,
and let K = F(x). Then K is abelian over F, and in fact K is cyclic
over F, that is G is cyclic.

Proof. Let o be an embedding of K over F. Then
(oa)" = o(") = 6a = a.
Hence oa is also a root of t" — a, and
(oofa)* = 1.

Hence there exists an n-th root of unity {, (not necessarily primitive)
such that

oo = {,a.
(Note that we index {, by ¢ to denote its dependence on ¢.) In particu-
lar, K is Galois over F. Let 7 be any automorphism of K over F. Then

similarly there is a root of unity {, such that

a = {0

In addition,
a(t(w) = o({,2) = {o(a) = (L,

because the roots of unity are in F, and so are left fixed by . Therefore
the association

g = Ca’

is a homomorphism of the Galois group Gy, into the cyclic group of
n-th roots of unity. If {, =1 then o is the identity on «, and therefore
the identity on K. Hence the kernel of this homomorphism is 1. There-
fore Gy is isomorphic to a subgroup of the cyclic group of n-th roots of
unity, and is therefore cyclic. This concludes the proof.

Remark. It may of course happen that in Theorem 6.2 the Galois
group G/ is cyclic of order less than n. For instance, a could be a d-th
power in F with d{n. However, if t" — a is irreducible, then Gy has
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order n. Indeed, we know that [K:F] = n by irreducibility, so G has
order at least n, whence Gy, has order exactly n since it is a subgroup of
a cyclic group of order n.

For a concrete example, let F = Q({) where { is a primitive cube root

of unity, so F = Q(,/—3). Let « be a root of 1 —27. Then
[F(2):F] = 3.

Let F be a field and f a polynomial of degree n = 1 over F. We shall
say that f is solvable by radicals if its splitting field is contained in a
finite extension K which admits a sequence of subfields

F=F,cF, cF,c---cF,=K
such that:

(a) K is Galois over F.

(b) F, = F({) for some primitive n-th root of unity (.

(¢) Foreachiwith1<i<m—1,the field F,;,, can be written in the
form F,,, = F{o;,,), where «;,, is a root of some polynomial

th —a; =0,
where d; divides n, and g; is an element of F,.

Observe that if d divides n, then ("¢ is a primitive d-th root of unity
{proof?) and hence by Theorems 6.1 and 6.2 the extension F,,; of F; is
abelian. We also have seen that F, is abelian over F. Thus K is
decomposed into a tower of abelian extensions. Let G; be the Galois
group of K over F,. Then we obtain a corresponding sequence of groups

G>5G;,2G,>---2G, = {e}

such that G;,, is normal in G,, and the factor group G,/G;,, is abelian
by Theorem 6.2.

Theorem 6.3. If [ is solvable by radicals, then its Galois group is
solvable.

Proof. Let L be the splitting field of f, and suppose that L is
contained in a Galois extension K as above. By the definition of a
solvable group, it follows that Gy is solvable. But G, is a factor group
of Gg,p, and so Gy is solvable. This proves the theorem.

Remark. In the definition of solvability by radicals, we built in from
the start the hypothesis that K is Galois over F. In the exercises, you
can develop a proof of a slightly stronger result, without making this
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assumption. The reason for making the assumption was to exhibit clearly
and briefly the essential part of the argument, which from solvability by
radicals implies the solvability of the Galois group. The steps given in
the exercises will be of a more routine type.

The converse is also true: if the Galois group of an extension is
solvable, then the extension is solvable by radicals. This takes somewhat
more arguments to prove, and you can look it up in a more advanced
text, e.g. my Algebra.

It was a famous problem once to determine whether every polynomial
is solvable by radicals. To show that this is not the case, it will suffice
to exhibit a polynomial whose Galois group is the symmetric group S5
(or S, for n = 95), according to Theorem 6.3 of Chapter II, §6. This is
casily done:

Theorem 6.4. Let x,,...,x, be algebraically independent over a field F,,
and let

FO =TT =x) = 17 = 5,77 oo 4 (=1,

i=1

where
S; =Xy 4 Xy ey, = Xg 0 X,

are the coefficients of f. Let F = F(s,,...,s,). Let K= F(x,,....x,).
Then K is Galois over F, with Galois group S,,.

Proof. Certainly K is a Galois extension of F because
K= F(x,....x,)

is the splitting field of f. Let G = Gg,r. By general Galois theory, we
know that there is an injective homomorphism of G into S,:

o,
which to each automorphism ¢ of K over F associates a permutation of
the roots. So we have to prove that given a permutation = of the roots
Xy, -..,X, there exists an automorphism of K over F which restricts to this
permutation. But (m(x,),....n(x,)) being a permutation of the roots, the
elements n(x,),...,n(x,) are algebraically independent, and by the basic
fact of polynomials in several variables, there is an isomorphism

Folxy, ... x,] 5 Folmlxy), ... m(x,)]
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which extends to an isomorphism of the quotient fields

Fo(X1,..0%,) 2 Fo(nl(xy), ... ,m(x,))s

sending x; on n(x;) for i=1,...,n. This isomorphism is therefore an
automorphism of Fy(x,,...,x,), which leaves the ring of symmetric
polynomials Fy[sy,...,s,] fixed, and therefore leaves the quotient field
Fo(sq,...,8,) fixed. This proves that the map o+>mn, is surjective on S,
and concludes the proof of the theorem.

In the next section, we shall show that one can always select n com-
plex numbers algebraically independent over Q.

In some sense, in exhibiting a Galois extension whose Galois group is
S, we have “cheated”. We really would like to see a Galois extension of
the rational numbers Q whose Galois group is S,. This is somewhat
more difficult to achieve. It can be shown by techniques beyond this
book that for a lot of special values §,,...,5, in the rational numbers, the
polynomial

FO =" =517+ + (1),

has the symmetric group as its Galois group.

Also the polynomial t> — ¢ — 1 has the symmetric group as its Galois
group. You can refer to a more advanced algebra book to see how to
prove such statements.

Remark. Radicals are merely the simplest way of expressing irrational
numbers. One can ask much more general questions, for instance along
the following lines. Let « be an algebraic number, that is the root of a
polynomial of degree = 1 with rational coefficients. Let us start with the
question: Is there a root of unity { such that e Q({)? We suppose Q({)
is embedded in the complex numbers. We can write

C — eZnir/n
where r, n are positive integers. If we define the function
1) = e,

then our question amounts to whether «eQ(f(a)) for some rational
number a. Now the question can be generalized, by taking for f an
arbitrary classical function, not just the exponential function. In analysis
courses, you may have heard of the Bessel function, the gamma function,
the zeta function, various other functions, such as solutions of differential
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equations, whatever. The question then runs almost immediately into
unsolved problems, and leads into a mixture of algebra, number theory,
and analysis.

Vil, §6. EXERCISES

1. Let K, K, be Galois extensions of F whose Galois groups are solvable. Prove
that the Galois groups of KK, and K, n K, are solvable.

2. Let K be a Galois extension of F whose Galois group is solvable. Let E be
any extension of F. Prove that KE/E has solvable Galois group.

3. By a radical tower over a field F we mean a sequence of finite extensions
F:FOCFlc"'CFr’

having the property that there exist positive integers d;, elements a;€ F; and «;
with af = g; such that
Fivy = Fa).

We say that £ is contained in a radical tower if there exists a radical tower as

above such that E c F,.
Let E be a finite extension of F. Prove:

(a) If E is contained in a radical tower and E’ is a conjugate of E over F, then
E' is contained in a radical tower.

(b) Suppose E is contained in a radical tower. Let L be an extension of
F. Then EL is contained in a radical tower of L.

(c) If E,, E, are finite extensions of F, each one contained in a radical tower,
then the composite E,E, is contained in a radical tower.

(d) If E is contained in a radical tower, then the smallest normal extension of
F containing E is contained in a radical tower.

(e) If Fp =--- < F, is a radical tower, let K be the smallest normal extension
of F, containing F,. Then K has a radical tower over F.

(f) Let E be a finite extension of F and suppose E is contained in a radical
tower. Show that there exists a radical tower

FcEycE,c--<E

m

such that:

E, is Galois over F and Ec E,;

Ey = F({) where { is a primitive n-th root of unity;
For each i, E; | = E{a;) where o = a;€ E; and d,|n.
Thus if E is contained in a radical tower, then E is solvable by radicals in
the sense given in the text. The property of being contained in a radical
tower is closer to the naive notion of an algebraic element being expressible
in terms of radicals, and so we gave the development of this exercise to
show that this naive notion is equivalent to the notion given in the text.
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VII, §7. INFINITE EXTENSIONS

We begin with some cardinality statements concerning fields. We use
only denumerable or finite sets in the present situation, and all that we
need about such sets is the definition of Chapter X, §3 and the following:

If D is denumerable, then a finite product D x --- x D is denumerable.

A denumerable union of denumerable sets is denumerable.

An infinite subset of a denumerable set is denumerabile.

If D is denumerable, and D — S is a surjective map onto some set S
which is not finite, then S is denumerable.

The reader will find simple self-contained proofs in Chapter X (cf.
Theorem 3.2 and its corollaries), and for denumerable sets, these state-
ments are nothing but simple exercises.

Let F be a field, and E an extension of F. We shall say that E is
algebraic over F if every element of E is algebraic over F. Let 4 be an
algebraically closed field containing F. Let F* be the subset of A consist-
ing of all elements which are algebraic over F. The superscript “a”
denotes “algebraic closure” of F in A. Then F?® is a field, because we
have seen that whenever «, f are algebraic, then o +  and «f are
algebraic, being contained in the finite extension F(a, ) of F.

Theorem 7.1. Let F be a denumerable field. Then F* is denumerable.

Proof. We proceed stepwise. Let P, be the set of irreducible poly-
nomials of degree n = 1 with coefficients in F and leading coefficient 1.
To each polynomial feP,,

fO=t"+a,_t" ' +-- +a,,
we associate its coefficients (a,_,,...,a,). We thus obtain an injection of
P, into F x --- x F = F", whence we conclude that P, is denumerable.
Next, for each feP,, we let o, ,...,a, , be its roots, in a fixed order.
Let J, = {1,...,n}, and let
P,x{l,....n} > 4

be the map of P, x J, into A such that

(fLi))— Or.i

fori=1,...,n and feP,. Then this map is a surjection of P, x J, onto
the set of numbers of degree n over F, and hence this set is denumerable.
Taking the union over all n=1, 2,... we conclude that the set of all
numbers algebraic over F is denumerable. This proves our theorem.
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Theorem 7.2. Let F be a denumerable field. Then the field of rational
functions F(t) is denumerable.

Proof. 1t will suffice to prove that the ring of polynomials F[t] is
denumerable, because we have a surjective map

F[1] x F[t]}o > F(t),

where F[t], denotes the set of non-zero elements of F[t]. The map is of
course (a,b) — a/b. For each n, let P, be the set of polynomials of de-
gree =< n with coefficients in F. Then P, is denumerable, and hence F[t]
is denumerable, being the denumerable union of Py, P,, P,,... together
with the single element 0.

Note. The fact that R (and hence C) is not denumerable will be
proved in Chapter IX, Corollary 4.4.

Corollary 7.3. Given an integer n = 1, there exist n algebraically inde-
pendent complex numbers over Q.

Proof. The field Q® is denumerable, and C is not. Hence there exists
x,€C which is transcendental over Q. Let F, = Q%x,). Then F, is
denumerable. Proceeding inductively, we let x, be transcendental over
F3, and so on, to find our desired elements x,, x,,...,x,.

The complex numbers form a convenient algebraically closed field of
characteristic 0 for many applications.

Theorem 7.4. Let F be a field. Then there exists an algebraic closure of
F, that is, there exists a field A algebraic over F such that A is
algebraically closed.

Proof. In general, we face a problem which is set-theoretic in nature.
In Exercise 9 of Chapter X, §3 you will see how to carry out the proof in
general. We give the proof here in the most important special case, when
F is denumerable. All the basic features of the proof already occur in this
case.

As in Theorem 7.1 we give an enumeration of all polynomials of
degree =1 over F, say {f},fs,fs,...}. By induction we can find a
splitting field K, of f; over F, then a splitting field K, of f,f, over F
containing K; as subfield; then a splitting field of f, f, f; containing K,;
and so on. In general, we let K,,, be a splitting field of f,f, - f, 41
containing K,. We take the union
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Observe first that 4 is a field. Two elements of A4 lie in some K,, so
their sum, product and quotient (by a non-zero element) are defined in
K,, and since K, is a subfield of K, for m > n, this sum, product and
quotient do not depend on the choice of n. Furthermore, A is algebraic
over F because every element of A4 lies in some K,, which is finite over F.
We claim that A is algebraically closed. Let o be algebraic over A. Then
o is the root of a polynomial f(f)e A[t], and f actually has coefficients in
some field K,, so « is algebraic over K,. Then K, (o) is algebraic, so finite
over F, so « lies in K,, for some m, whence a€ A. This concludes the
proof.

Next, we deal with the uniqueness of an algebraic closure.

Theorem 7.5. Let A, B be algebraic closures of F. Then there exists an
isomorphism ¢: A — B over F (that is, g is the identity on F).

Proof. Again in general we meet a set-theoretic difficulty which
disappears in the denumerable case, so we give the proof when F is
denumerable. By an argument similar to the one used in the previous
theorem, we write A as a union

A=K,
n=1

where K, is finite normal over F and K, < K,,,; for all n. By the
embedding theorem for finite extensions, there exists an embedding

c:K;—>B

which is the identity on F. By induction, suppose we have obtained an
embedding

o,.K,— B
over F. By the embedding theorem, there exists an embedding
Op+1:Kyiy > B

which is an extension of ¢,. Then we can define 6 on 4 as follows.
Given an element xe€ A, there is some n such that xe K,. The element
g,x of B does not depend on the choice of n, because of the compatibility
condition that if m > n then the restriction of o, to K, is 0,. We define
ox to be g,x. Then ¢ is an embedding of 4 into B which restricts to o,
on K,. It will now suffice to prove:

Let A, B be algebraic closures of F and let 6: A — B be an embedding
over F. Then B = ¢A, so ¢ is an isomorphism.
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Proof. Since A is algebraically closed, it follows that o4 is algebraic-
ally closed, and ¢4 = B. Since B is algebraic over F, it follows that B is
algebraic over 4. Let ye B. Then y is algebraic over g4, and therefore
lies in 64, so B =0A, as was to be shown. This concludes the proof of
Theorem 7.5.

Remark. The element o in the above proof was defined in a way
which could be called a limit of a sequence of embeddings 4,. The study
of such limits would constitute a further chapter in field theory. We shall
not go into this matter except by giving some examples as exercises. The
study of such limits is also analogous to the considerations of Chapter
IX, which deals with completions.

Just as in the finite case, we can speak of the group of automorphisms
Aut(A/F), and this group is also called a Galois group for the possibly
infinite extension A of F.

More generally, let

k=) K,
n=1

be a union of finite Galois extensions K, of F, such that K, = K, , for
all n. Then we let

Gyr = Aut(K/F)

be the group of automorphisms of K over F. Each such automorphism
restricts to an embedding of K,, which must be an automorphism of K,,.
By the extension theorem and an inductive definition as in the proof of
the uniqueness of the algebraic closure, we conclude that the restriction
homomorphism

res: Gyp = Gg r

is surjective. Its kernel is Ggx,. A major problem is to determine Gy
for various infinite extensions, and especially when K = Q* is the
algebraic closure of the rational numbers. In an exercise, you can see an
example for a tower of abelian extensions. The point is that automor-
phisms in Gy are limits of sequences {a,} of automorphisms of the finite
Galois extensions K,/F. Thus the consideration of infinite extensions
leads to a study of limits of sequences of elements in Galois groups, and
more general types of groups. In the next chapter we shall meet two
basic examples: the extensions of finite fields, and extensions generated by
roots of unity.
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Vil, §7. EXERCISES

1. Let {G,} be a sequence of multiplicative groups and for each n suppose given a
surjective homomorphism

hn+1: Gn+1 - Gn'
Let G be the set of all sequences
(51825835 eesSpy - --) with s, €G,

satisfying the condition h,s, =s,_;. Define multiplication of such sequences
componentwise. Prove that G is a group, which is called the projective limit of
{G,}. If the groups G, are additive groups, then G is an additive group in a
similar way.

Examples. Let p be a prime number. Let Z(p") = Z/ p"Z, and let
hysrt Z/p" 'L > Z/p"Z

be the natural homomorphism. The projective limit is called the group
of p-adic integers, and is denoted by Z,.

2. (a) Using the fact that h,,, is actually a surjective ring homomorphism, show
that Z, is a ring in a natural way.
(b) Prove that Z, has a unique prime ideal which is pZ,.

Let again p be a prime number. Instead of Z({p") as above, consider the
group of units in the ring Z/p"Z, so let G, = (Z/p"Z)*. We can define

h o (Z/p" 2y — (Z/p"L)*
to be the restriction of h,,;, and you will see immediately that hF,, is
surjective. Cf. the exercises of Chapter II, §7. The projective limit of

{(Z/p"Z)*} is called the group of p-adic unmits, and is denoted by Z}. Thus a
p-adic unit consists of a sequence

(g, Usy Usy sty o)
where each u, e (Z/p"Z)* and
U,y = u, mod p".

Each element u, can be represented by a positive integer prime to p, and is
well-defined mod p".

In Chapter VIII, §5 you will find an application of the projective limit of
the groups (Z/p"Z)* to the Galois theory of roots of unity. If you read
Theorem 5.1 of Chapter VIII, you can do right away Exercise 12 of VIII, §5
following the above discussion. However, you can now do the following
exercise, which depends only on the notions and results which have already
been dealt with.
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3. Let F be a field and let {K,} be a sequence of finite Galois extensions such
that K, < K,,,. Let

K=|JK, and G,=GalK/F)
n=1

By finite Galois theory, the restriction homomorphism G, ,, — G, is surjective.
Define a natural map

lim G, —» Aut(K/F),

and prove that your map is an isomorphism. The limit is the projective limit
defined in Exercise 1.

K

K, 1

K") Gn Gn +1
F

The next exercises give another approach to the limits which we have just
considered, in another context which will relate to the context of Chapter IX.
You may wish to postpone these exercises until you read Chapter TX.

Aut(K/F)

4. Let G be a group. Let % be the family of all subgroups of finite index. Let
{x,} be a sequence in G. We define this sequence to be Cauchy if given He %
there exists n, such that for m, n 2 n, we have x,x;'e H. If {x,}, {y,} are two
sequences, define their product to be the sequence {x,v,}.

(a) Show that the set of Cauchy sequences forms a group.

(b) Define {x,} to be a null sequence if given He % there exists n, such that
for n =2 n, we have x,e H. Show that the null sequences form a normal
subgroup.

The factor group of all Cauchy sequences modulo the null sequences is called

the completion of G. Note that we have not assumed G to be commutative.

(c) Prove that the map which sends an element xe G on the class of the
sequence (x, X, x, ...) modulo null sequences, is a homomorphism of G into
the completion, whose kernel is the intersection

N H

He#

It may be useful to you to refer to the exercises of Chapter II, §4, where
you should have proved that a subgroup H of finite index always contains
a normal subgroup of finite index.

5. Instead of the family # of all subgroups of finite index, let p be a prime
number, and let & be the family of all normal subgroups whose index is a
power of p. Again define Cauchy sequences and null sequences and prove the
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analogous statements of (a), (b), (c) in Exercise 4. This time, the completion is
called the p-adic completion.

6. Let G=1Z be the additive group of integers, and let # be the family of
subgroups p"Z where p is a prime number. Let R, be the completion of Z in
the sense of Exercise 5.

(@) If {x,} and {y,} are Cauchy sequences, show that {x,y,} is a Cauchy
sequence, and prove that R, is a ring.

(b) Prove that the map which to each x e Z associates the class of the sequence
(%, x, x, ...) modulo null sequences gives an embedding of Z into R,,.

{c) Prove that R, has a unique prime idcal, which is pR,,.

(d) Prove that every ideal of R, has the form p”R, for some integer m.

7. Let {x,} be a sequence in R, and let xeR,. Define x =limx, if given a
positive integer r, there exists n, such that for all n = n, we have x — x, e p'R,.
Show that every element ae R, has a unique expression

a=Y mp with 0<m,<p—1
i=0

The infinite sum is by definition the limit of the partial sums

lim (mo + myp + -+ + myp").
N-ow
8. Let G =7 be the additive group of integers, and let # be the family of

subgroups p"Z where p is a prime number. Let R, be the completion of Z in
the sense of Exercises 5, 6, and let Z, be the projective limit of Z/p"Z in the
sense of Exercise 1. Prove that there is an isomorphism Z, - R,. [In practice,
one does not distinguish between Z, and R,, and one uses Z, to denote the
completion.]



CHAPTER VI

Finite Fields

It is worth while to consider separately finite fields, which exhibit some
very interesting features. We preferred to do Galois theory in character-
istic O first, in order not to obscure the basic ideas by the special phe-
nomena which can occur when finite fields are involved. On the other
hand, finite ficlds occur so frequently that we now deal with them more
systematically.

VIll, §1. GENERAL STRUCTURE

Let F be a finite field with ¢ elements. Let e be the unit element of F.
As with any ring, there is a unique ring homomorphism

Z->F
such that

n—ne=e+e+---te
N—— e
n times

The kernel is an ideal of Z, which we know is principal, and cannot be 0
since the image is finite. Let p be the smallest positive integer in that
ideal, so p generates the ideal. Then we have an isomorphism

Z/pZ —F,

between Z/pZ and its image in F. Denote this image by F,. Since F, is
a subfield of F, it has no divisors of 0, and consequently the ideal pZ is
prime. Hence p is a prime number, uniquely determined by the field F.
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We call p the characteristic of F, and the subfield F, is called the prime
field.

As an exercise, prove that Z/pZ has no automorphisms other than the
identity. We then identify Z/pZ with its image F,. This is possible in
only one way. We write 1 instead of e.

Theorem 1.1. The number of elements of F is equal to a power of p.

Proof. We may view F as a vector space over I,. Since F has only a
finite number of elements, it follows that the dimension of F over F, is
finite. Let this dimension be n. If {w,, w,,...,w,} is a basis, then every
element of F has a unique expression

X=a,w, + ---+a,w,
with elements a; in F,. Since the choice of these a; is arbitrary, it follows
that there are p" possible elements in F, thus proving that g = p", as
desired.

The multiplicative group F* of non-zero elements has ¢ — 1 elements,
and they all satisfy the equation

xt"'—-1=0 if xeF*
Hence all elements of F satisfy the equation
x—x=0.

(Of course, the only other element is 0.)
In Chapter IV, we discussed polynomials over arbitrary fields. Let us
consider the polynomial

fy=11—t

over the finite field F,. It has g distinct roots in the field F, namely all
elements of F. The proof that a polynomial of degree n has at most n
roots applies as well to the present case. Hence if K is another finite
field containing F, then ¢4 — ¢ cannot have any roots in K other than the
elements of F.

If we use the definition of a splitting field as in the previous chapter,
we then find:

Theorem 1.2. The finite field F with q elements is the splitting field of
the polynomial t7 — t over the field 7./pZ.
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By Theorem 3.2 of Chapter VII, two finite fields with the same
number of elements are isomorphic. We denote the field with g elements
by F,. In particular, consider the polynomial

P —t.

It has p roots, namely the elements of the prime field. Therefore the ele-
ments of F, are precisely the roots of ¢ —t in F,.

In the previous chapter, we had used an algebraically closed field right
from the start as a matter of convenience. Let us do the same thing
here, and postpone to a last section the discussion of the existence of
such a field containing our field F. Thus:

We assume that all of our fields are contained in an algebraically closed
field 4, containing F, = Z/pZ.

In Theorem 1.2 we started with a finite field F with g elements. We
may ask for the converse: Given g = p” equal to a power of p, what is
the nature of the splitting field of t# — ¢ over the field F, = Z/pZ.?

Theorem 1.3. Given q = p" the set of elements xe A such that x? = x is
a finite field with q elements.

Proof. We first make some remarks on binomial coefficients. In the
ordinary binomial expansion

= § (7)o

i=0

py_ P!
i) it(p— i

that all binomial coefficients are divisible by p except the first and the
last. Hence in the finite field, all the coefficients are 0 except the first
and the last, and we obtain the basic formula:

we see from the expression

For any elements x, ye A, we have
(x + y)f = xP + yF.
By induction, we then see that for any positive integer m, we have
(x + y)y" =x"" 4y
Let K be the set of elements x e 4 such that

xP" = x.
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It is then easily verified that K is a field. Indeed, the above formula
shows that this set is closed under addition. It is closed under multipli-
cation, since

(xpy = xPyr"

in any commutative ring. If x # 0 and x*" = x, then we see at once that
(x~"H" =x"1

Let f(t)=t?—t. Then K contains all the roots of f, and is then
obviously the smallest field containing F, and all roots of f Conse-
quently, K is the splitting field of f.

The theory of unique factorization in Chapter IV, §3 applies to poly-
nomials over any field, and in particular, the derivative criterion of
Theorem 3.6 applies. Observe here how peculiar the derivative is. We
have

JO=gn = 1= -1,

because ¢ =0 in F, = Z/pZ. Consequently the polynomial f(z) has no
multiple roots. Since it has at most g roots in 4, we conclude that it has
exactly g roots in 4. Hence K has exactly g elements. This concludes
the proof of Theorem 1.3.

Vill, §1. EXERCISES

1. Let F be a finite field with g elements. Let f(t)e F[t] be irreducible.
(a) Prove that f(t) divides *" — ¢ if and only if deg /' divides n.
(b) Show that

" —e= 11 [1 £

d|n fairr

where the product on the inside is over all irreducible polynomials of
degree d with leading coefficient 1.
(c) Let y(d) be the number of irreducible polynomials over F of degree d.
Show that
q"= ), dy(d).

d|n

(d) Let u be the Moebius function. Prove that
np(n) = 3 u(d)g"".

d|n

Dividing by » yields an explicit formula for the number of irreducible
polynomials of degree n, and leading coefficient 1 over F.
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VIll, §2. THE FROBENIUS AUTOMORPHISM
Theorem 2.1. Let F be a finite field with q elements. The mapping
@: x> x?
is an automorphism of F.
Proof. We already know that the map
X = xP

is a ring-homomorphism of F into itself. Its kernel is 0, and since F is
finite, the map has to be a bijection, so an automorphism.

The automorphism ¢ is called the Frobenius automorphism of F (rela-
tive to the prime field). It generates a cyclic group, which is finite,
because F has only a finite number of elements. Let g = p". Note that

" = id.
Indeed, for any positive integer m,
o"x = x7"
for all x in F. Hence the period of ¢ divides n, because

P'x =x"" =x1=x.

Theorem 2.2. The period of ¢ is exactly n.

Proof. Suppose the period is m < n. Then every element x of F sat-
isfies the equation

xP" —x=0.
But we have remarked in the preceding section that the polynomial
" —t
has at most p™ roots. Hence we cannot have m < n, as desired.

Theorem 2.3. Suppose F,. is a subfield of ¥ ,.. Then m|n. Conversely,
if m|n then F .. is a subfield of F ..
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Proof. Let F be a subfield of F,, where g = p". Then F contains the
prime field F, so F has p™ elements for some m. We view F, as a vector
space over F, say of dimension d. Then after representing elements of F,
as linear combinations of basis elements with coefficients in F we see
that F, has (p™* = p™ elements, whence n = md and m|n.

Conversely, let m|{n, n = md. Let F be the fixed field of ¢™. Then F is
the set of all elements xeF, such that

m

xP7 = x.
By Theorem 1.2, this is precisely the field F,.. But

md n

e =0,
so F . is fixed under ¢”. Since F . is the fixed field of ¢", it follows that

F.cF,,.

pm P
This concludes the proof of the theorem.

If n =md, we see that the order of ¢™ is precisely equal to d. Thus
@™ generates a cyclic group of automorphisms of F,, whose fixed field is

F_.. The order of this cyclic group is exactly equal to the degree

d=[F:F,.l

In the next section, we shall prove that the multiplicative group of F,
is cyclic. Using this, we now prove:

Theorem 2.4. The only automorphisms of ¥, are the powers of the Fro-
benius automorphism 1, @,...,0" .

Proof. Let F, = F () for some element « (this is what we are assum-
ing now). Then « is a root of a polynomial of degree n, if ¢ = p*. There-
fore by Theorem 2.1 of Chapter VII there are at most n automorphisms
of F, over the prime field F,. Since 1, ¢,...,¢" ' constitute n distinct
automorphisms, there cannot be any others. This concludes the proof.

The above theorems carry out the Galois theory for finite fields. We
have obtained a bijection between subfields of F, and subgroups of the
group of automorphisms of F,, each subfield being the fixed field of a
subgroup.
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VIIl, §3. THE PRIMITIVE ELEMENTS

Let F be a finite field with g = p” elements. In this section, we prove
more than the fact that F = F(«) for some o.

Theorem 3.1. The multiplicative group F* of F is cyclic.

Proof. In Theorem 1.10 of Chapter IV we gave a proof based on the
structure theorem for abelian groups. Here we give a proof based on a
similar idea but self contained. We start with a remark. Let 4 be a finite
abelian group, written additively. Let a be an element of A, of period d,
and let b be an element of period d’, with (d,d’) = 1. Then

a+b
has period dd'. The proof is easy, and is left as an exercise.
Lemma 3.2. Let z be an element of A having maximal period, that is,

whose period d is = the period of any other element of A. Then the
period of any element of A divides d.

Proof. Suppose w has period m not dividing d. Let | be a prime
number such that a power I¥ divides the period of w, but does not divide
d. Write

m= Fm', d="rd,
where m’, d' are not divisible by [ Let
a=mw and b =1z
Then a has period /¥ and b has period d'. Then
a+b

has period #d’' > d, a contradiction.

We apply these remarks to the multiplicative group F*, having g — 1
elements. Let o be an element of F* having maximal period d. Then «
is a root of the polynomial

e

By the lemma, all the powers
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are distinct, and are roots of this polynomial. Hence they constitute all
the distinct roots of the polynomial t* — 1. Suppose that o does not
generate F*, so there is another element x in F* which is not a power of
a. By the lemma, this element x is also a root of t* — 1. This implies
that * —1 has more than d roots, a contradiction which proves the
theorem.

Example. Consider the prime field F, = Z/pZ itself. The theorem as-
serts the existence of an element a€F% such that every element of F¥% is
an integral power of . In terms of congruences, this means that there
exists an integer a such that every integer x prime to p satisfies a rela-
tion

v

x=a" modp,
for some positive integer v. Such integer a is called a primitive root mod p
in the classical literature.

VIIl, §3. EXERCISES

1. Find the smallest positive integer which is a primitive root mod p in each
case: p=3,p=5,p=7,p=11,p=13.

2. Make a list of all the primes < 100 for which 2 is a primitive root. Do you
think there are infinitely many such primes? The answer (ves) was conjectured
by Artin, together with a density; cf. his collected works.

3. If o is a cyclic generator of F*, where F is a finite field, show that o is also a
cyclic generator.

4. Let p be a prime =3. An integer a # Omod p is called a quadratic residue
mod p if there exists an integer x such that

a = x> modp.
It is called a quadratic non-residue if there is no such integer x. Show that the
number of quadratic residues is equal to the number of quadratic non-
residues. [Hint: Consider the map x— x? on F3%.]

VI, §4. SPLITTING FIELD AND ALGEBRAIC CLOSURE

In Chapter VII, §7 we gave a general method for constructing an alge-
braic closure. Here in the case of finite fields, we can express the proof
more simply. Let g be polynomial of degree = 1 over the finite field F.
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We have shown in Chapter VII, Theorem 3.1 how to construct a splitting
field for g.

For each positive integer n, let K, be the splitting field of the poly-
nomial

" —t

over the prime field F,. By Theorem 3.2 of Chapter VII, given two split-
ting fields E and E’ of a polynomial f, there is an isomorphism

o:E' - E
leaving F fixed. In particular, if m|n, there is an embedding
K,,—K,,

because any root of t*” — r is also a root of t» —t. If we then consider
the union

4=k,

for n=1,2,..., then this union is easily shown to be algebraically closed.
Indeed, let f be a polynomial of degree = 1 with coefficients in A.
Then f has coeflicients in some K,, so f splits into factors of degree 1
in K, for some n. This concludes the proof.

VI, §5. IRREDUCIBILITY OF THE CYCLOTOMIC
POLYNOMIALS OVER Q

In Chapter VII, §6 we considered an extension F({), where { is a primi-
tive n-th root of unity. When F = Q is the rational numbers, the Galois
group can be determined completely, and we shall now do so by using
finite fields, although we use essentially nothing of what precedes in this
chapter, only the flavor.

Let ¢ be an automorphism of F({) over F. Then there is some integer
r(a) prime to n such that

ol = Cr(d)ﬂ
and this integer mod n is uniquely determined by . Thus we get a map

Greyr = (L/nL)* by o r(o).
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This map is injective. It is a homomorphism, because

o(t({)) = O'(C'm) = (O-C)r(t) = Cr(u)r(r)’

whence r(at) = r(o)r(z). In this way, we can view Gp()/r as embedded in
the multiplicative group (Z/nZ)*.

So far, we have not used any special property of the rational numbers
or the integers. We shall now do so.

Let f(t)eZ[t] be a polynomial with integer coefficients. Let p be a
prime number. Then we can reduce f mod p. If

fO=a,"+ -+ q,

with ay,...,a, € Z, then we let its reduction mod p be

JO) =a,"+ - + do,

where g, is the reduction mod p of a;. The map f+ f is a homomor-
phism
Z[1] - (Z/pZ)[1] = F,[1].

This is easily verified by using the definition of addition and multiplica-
tion of polynomials as in Chapter IV, §5.
Theorem 5.1. The map o> r(c) is an isomorphism
Gogye = (Z/nZ)*.

Proof. Let m be a positive integer prime to n. Then the map {+—{"
can be decomposed as a composite of maps

{7,

where p ranges over primes dividing m. Thus it will suffice to prove: if p
is a prime number and p f n, and if f(t} is the irreducible polynomial of {
over Q, then {? is also a root of f(t). Since the roots of t" — 1 are all the
n-th roots of unity, primitive or not, it follows that f(¢) divides t* — 1, so
there is a polynomial h(t)e Q[t] with leading coefficient 1 such that

" — 1= f(t)hr).

By the Gauss lemma, it follows that f, & have integral coefficients.
Suppose (? is not a root of f. Then (? is a root of h, and ( itself is a
root of h(tF). Hence f(t) divides A(t¥), and we can write

h(t?) = f(D)g(2).
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Since f(r) has integral coefficients and leading coefficient 1, we sce
that g has integral coefficients, again by the Gauss lemma. Since
a? = a (mod p) for any integer a, we conclude that

h(t?) = h(t)’ (mod p),
and hence
Wty = f(dg(t) (mod p).

In particular, if we denote by f and h the polynomial over Z/pZ ob-
tained by reducing f and h respectively mod p, we see that f and h are
not relatively prime, i.e. have a factor in common. But " — 1 = f(t)h(t),
and hence t" — 1 has multiple roots. This is impossible, as one sees by
taking the derivative, and our theorem is proved.

As a consequence of Theorem 5.1, it follows that the cyclotomic
polynomials of Chapter 1V, §3, Exercise 13 are irreducible over Q. Prove
this as an exercise.

VHI, §5. EXERCISES

1. Let F be a finite extension of the rationals. Show that there is only a finite
number of roots of unity in F.

2. (a) Determine which roots of unity lie in the following fields: Q(i), Q(./ —2),

Q/2), Q/-3), Q(/3), Q/—5).

(b) Let { be a primitive n-th root of unity. For which n is
[Q()):Q] =27

Prove your assertion, of course.

3. Let F be a field of characteristic 0, and n an odd integer > 1. Let { be a
primitive n-th root of unity in F. Show that F also contains a primitive 2n-th
root of unity.

4. Given a prime number p and a positive integer m, show that there exists a
cyclic extension of Q of degree p™. [Hint: Use the exercises of Chapter II,

§7.]

5. Let n be a positive integer. Prove that there exist infinitely many cyclic
extensions of Q of degree n which are independent. That is, if K,,... K, are
such extensions then

Kin(Ki\K,---K;_;)=Q forall i=2,...r

(For this exercise, you may assume that there exist infinitely many primes p
such that p = 1 mod n. Again, use Chapter II, §7 and its exercises.)
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Let G be a finite abelian group. Prove that there exists a Galois extension of
Q whose Galois group is G. In fact, prove that there exist infinitely many
such extensions. [You may use previous exercises.]

.Let «>=2 and =7 TLlet y=a+ B Prove that Qo ) = Q(y) and that

[Qlx. f): Q] = 15.

In the next two exercises, you will see a non-abelian linear group appearing
as a Galois group.

. Describe the splitting field of > — 7 over the rationals. What is its degree?

Show that the Galois group is generated by two elements ¢, 7 satisfying the
relation

. Let p be an odd prime and let @ be a rational number which is not a p-th

power in Q. Let K be the splitting field of ¢ — a over the rationals.

(a) Prove that [K:Q] = p(p — 1). [Cf. Exercise 3 of §3.]

(b) Let o be a root of t —a. Let { be a primitive p-th root of unity. Let
a € Gy,o. Prove that there exists some integer b = b(c), uniquely de-
termined mod p, such that

o(x) = (P

(¢) Show that there exists some integer d =d(s) prime to p, uniquely
determined mod p, such that

o) =%
(d) Let G be the subgroup of GL,(Z/pZ) consisting of all matrices

10
(b d> with beZ/pZ and de(Z/pZ)*.

Prove that the association

M _< 1 0 )
o~ Mio) = b(a) d(o)

is an isomorphism of Gy with G.

(e) Let r be a primitive root mod p, i.e. a positive integer prime to p which
generates the cyclic group (Z/pZ)*. Show that there exist elements p,
1€ Gg,q which generate Gy, and satisfy the relations:

{f) Let F be a subfield of K which is abelian over Q. Prove that F < Q({).

Let p, g be distinct odd primes. Let a, b be rational numbers such that a is
not a p-th power in Q and b is not a g-th power in Q. Let f(t) = ¢ — a and
g(t) =17 —b. Let K, be the splitting field of f(¢) and K, the splitting field of
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g(t). Prove that K; n K, =Q. It follows (from what?) that if K is the
splitting field of f(t)g(¢), then

Gxio ® Gio X Ggyo-

11. Generalize Exercise 10 as much as you can.

12. Refer back to the exercises of Chapter VII, §7. Let p be a prime number. Let
n(p") denote the group of p”-th roots of unity. Let

©

n(p®) = {J nip").

n=1

Let K, = Q(u(p™) be the splitting field of " — 1 over the rationals, and let
K,=1JK,.
n=1

Prove:

Theorem. Let Z} be the projective limit of the groups (Z/p"Z)*, as in
Chapter V11, §7, Exercise 2. There is an isomorphism

Z: 5 AuK, /Q),

which can be obtained as follows.

{a) Given aeZ} prove that there exists an automorphism o, e Aut(K,/Q)
having the following property. Let { epn(p®). Choose n such that { e p(p").
Let ue Z be such that 4 = amod p”. Then ¢,{ = (“

(b) Prove that the map a+» g, is an injective homomorphism of Z¥ into

Aut(K ,/Q).
(c) Given o€ Au(K /Q), prove that there exists ae Z¥ such that ¢ = g,.

VI, §6. WHERE DOES IT ALL GO? OR RATHER,
WHERE DOES SOME OF IT GO?

You have now learned some facts about Galois groups, and I thought
you should get some idea of the type of questions which remain un-
solved. If you find the going too hard, then sleep on it. If you still find
it too hard, then you can obviously skip this entire section without
affecting your understanding of any other part of the book. 1 want this
section to be stimulating, not scary.

One fundamental question is whether given a finite group G, there ex-
ists a Galois extension K of Q whose Galois group is G. This problem
has been realized explicitly for at least a century. Emmy Noether
thought of one possibility: construct a Galois extension of an extension
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Q(uy,...,u,) with the given Galois group, and then specialize the param-
eters u,,...,u, to rational numbers. Here u,,...,u, are independent vari-
ables. You have seen how one can construct an extension Q(x;,...,x,) of
Q(sy,....5,) where si,...,s, are the elementary symmetric functions of
X45..--X,. The Galois group is the symmetric group S,. Let G be a sub-
group of S,. It was an open question for a long time whether the fixed
field of G can be written in the form Q(u,, ..,u,). Swan showed that this
was impossible in general, even if G was a cyclic group (Inventiones
Math., 1969).

In the nineteenth century already, number theorists realized the differ-
ence between abelian and non-abelian extensions. Kronecker stated and
gave what are today considered as incomplete arguments that every finite
abelian extension of Q is contained in some extension Q({) where ( is a
root of unity. Such extensions are called cyclotomic. A complete proof
was given by Weber at the end of the nineteenth century.

If F is a finite extension of Q, the situation is harder to describe, but
I shall give one significant example exhibiting the flavor. The field F
contains a subring Rp, called the ring of algebraic integers in F, consist-
ing of all elements ae F such that the irreducible polynomial of « with
rational coefficients and leading coefficient 1 has in fact all its coefficients
contained in the integers Z. It can be shown that the set of all such ele-
ments is a ring Rg, and that F is its quotient field.

Let P be a prime ideal of Rp. It is easy to show that PnZ = (p) is
generated by a prime number p. Furthermore, Rg/P is a finite field with
g elements. Let K be a finite Galois extension of F. It can be shown
that there exists a prime ideal Q of Ry such that Q n Ry = P. Further-
more, there exists an element o,eG = Gal(K/F) such that 64,(Q) = Q
and for all «e Ry we have

opa =0 mod Q.

We call 6, a Frobenius element in the Galois group G associated with Q.
In fact, it can be shown that for all but a finite number of Q, two such
elements are conjugate to each other in G. We denote any of them by
op. If G is abelian, then there is only one element ¢, in the Galois

group.

Theorem. There exists a unique abelian extension K of F having the
following property: If P,, P, are prime ideals of Rg, then op = op, if
and only if there is an element a of K such that aP, = P,.

In a similar but more complicated manner, one can characterize all
abelian extensions of F. This theory is known as class field theory, devel-
oped by Kronecker, Weber, Hilbert, Takagi, and Artin. The main state-
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ment concerning the Frobenius automorphism is Artin’s Reciprocity Law.
You can find an account of class field theory in books on algebraic
number theory. Although some fundamental results are known, by no
means all results are known.

The non-abelian case is much more difficult. T shall indicate briefly
one special case which gives some of the flavor of what’s going on. The
problem is to do for non-abelian extensions what Artin did for abelian
extensions in “class field theory”. Artin went as far as saying that the
problem was not to give proofs but to formulate what was to be proved.
The insight of Langlands and others in the sixties showed that actually
Artin was mistaken: The problem lies in both. Shimura made several
computations in this direction involving “modular forms”, see, for in-
stance, A reciprocity law in non-solvable extensions, J. reine angew. Math.
221, 1966. Langlands gave a number of conjectures, relating Galois
groups with “automorphic forms”, which showed that the answer lay in
deeper theories, whose formulations, let alone their proofs, were difficult.
Great progress was made in the seventies by Serre and Deligne, who
proved a first case of Langland’s conjectures, Annales Ecole Normale
Supérieure, 1974.

The study of non-abelian Galois groups occurs via their linear “repre-
sentations”. For instance let ! be a prime number. We can ask whether
GL(F)), or GL,(F)), or PGL,(F)) occurs as a Galois group over Q, and
“how”. The problem is to find natural objects on which a Galois group
operates as a linear map, such that we get in a natural way an isomor-
phism of this Galois group with one of the above linear groups. The
theories which indicate in which direction to find such objects are much
beyond the level of this course. Again I pick a special case to give the
flavor.

Let K be a finite Galois extension of the rational numbers, with
Galois group G = Gal(K/Q). Let

p: G - GLy(F)

be a homomorphism of G into the group of 2 x 2 matrices over the fin-
ite field F, for some prime I. Such a homomorphism is called a represen-
tation of G. Recall from elementary linear algebra that if

M= a b
“\e d
is a 2 x 2 matrix, then its trace is defined to be the sum of the diagonal
elements, that is

trM =a+d.
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Thus we can take the trace and determinant
tr p(o) and det p(a),

which are elements of the field F, itself.
Consider the infinite product

A=Az =: ﬁ (1 —zm%

oG
= > a,z"
n=1
The coefficients a, are integers, and a, = 1.

Theorem. For each prime | there exists a unique Galois extension K of
Q, with Galois group G, and an injective homomorphism

p: G > GLy(F)

having the following property: For all but a finite number of primes p, if
a, is the coefficient of zP in A(z), then we have

tr p(¢,) = a, mod [ and det p(o,) = p'' mod L.

Furthermore, for all but a finite number of primes | (which can be ex-
plicitly determined), the image p(G) in GL,(F) consists of those
matrices M € GL,(F,) such that det M is an eleventh power in F¥.

The above theorem was conjectured by Serre in 1968, Séminaire de
Théorie des Nombres, Delange-Pisot-Poitou. A proof of the existence as
in the first statement was given by Deligne, Séminaire Bourbaki,
1968-1969. The second statement, describing how big the Galois group
actually is in the group of matrices GL,(F)) is due to Serre and Swinner-
ton-Dyer, Bourbaki Seminar, 1972, see also Swinnerton-Dyer’s article in
Springer Lecture Notes 350 on “Modular Functions of One Variable
1~

Of course, the product and series for A(z) have been pulled out of no-
where. To explain the somewhere which makes such product and series
natural would take another book.

Still another type of question about G,

The above theorems involve the arithmetic of prime ideals and Frobenius
automorphisms. There is still another possibility for describing Galois



[VIII, §6] WHERE DOES IT ALL GO? 325

groups. Let F be a field, F* an algebraic closure, and let
Gp = Gal(F*/F)

be the group of automorphisms of its algebraic closure, leaving F fixed.
The question is what does G4 look like?

Artin showed that the only elements of finite order in G are complex
conjugation (for any imbedding of Q* in C), and all conjugates of com-
plex conjugation in G (Abhandlung Math. Seminar Hamburg, 1924).

The structure of G, is complicated. But I shall now develop some
notions leading to a conjecture of Shafarevich which gives some idea of
one possible formulation for part of the answer.

Let G be any group. Let & be the family of all subgroups of finite
index. Let {x,} be a sequence in G. We say that {x,} is a Cauchy se-
quence if given a subgroup He % there exists n, such that for m, n = n,
we have x,x,'e€H. A sequence is said to be null if given He % there
exists n, such that for all n = n, we have x,e H. As an exercise (see
Exercise 4 of Chapter VII, §7), show that the Cauchy sequences form a
group, the null sequences form a normal subgroup. The factor group is
called the completion of G with respect to the subgroups of finite index,
and this completion is denoted by G.

Let X = {x, x5,...} be a denumerable sequence of symbols. It can be
shown that there is a group G, called the free group on X, having the
following property. Every element of G can be written in the form

my L

x,.l Xi s
where my,...,m, are integers, x;,...,x; are elements of the sequence X,
and i; #i;,, for j=1,...,r — 1. Furthermore, such an element is equal
to 1 if and only if m; =---=m, =0. We also call G the free group on a

countable set of symbols.

The following conjecture is due to Shafarevich, following work of Iwa-
sawa (Annals of Mathematics, 1953) and Shafarevich (Izvestia Akademia
Nauk, 1954).

Conjecture, Let Fy be the union of all fields Q({), where { ranges over
all roots of unity. Let F be a finite extension of Fo. Then Gy is
isomorphic to the completion G, where G is the free group on a count-
able set of symbols.

For an excellent historical account and other matters, see Matzat’s
paper, Jahresbericht Deutsche Math. Vereinigung, 1986-1987.



CHAPTER IX

The Real and Complex
Numbers

IX, §1. ORDERING OF RINGS

Let R be an integral ring. By an ordering of R one means a subset P of
R satisfying the following conditions:

ORD 1. For every xe R we have xeP, or x =0, or —x€eP, and these
three possibilities are mutually exclusive.

ORD 2. If x, ye P then x + ye P and xyeP.

We also say that R is ordered by P, and call P the set of positive ele-
ments.

Let us assume that R is ordered by P. Since I #0, and 1 = 12 = (—1)?
we see that 1 is an element of P, ie. 1 is positive. By ORD 2 and induc-
tion, it follows that 1 + --- + 1 (sum taken n times) is positive. An ele-
ment x€R such that x #0 and x¢ P is called negative. If x, y are
negative elements of R, then xy is positive (because —xe P, —ye P, and
hence (—x)(—y) = xyeP). If x is positive and y is negative, then xy is
negative, because —y is positive, and hence x(—y) = —xy is positive.
For any xeR, x # 0, we see that x? is positive.

Suppose that R is a field. If x is positive and x # 0 then xx~ ! =1,
and hence by the preceding remarks, it follows that x ™! is also positive.

Let R be an arbitrary ordered integral ring again, and let R’ be a sub-
ring. Let P be the set of positive elements in R, and let P’= P~ R’
Then it is clear that P’ defines an ordering on R’, which is called the
induced ordering.

More generally, let R” and R be ordered rings, and let P/, P be their
sets of positive elements respectively. Let f: R — R be an embedding
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(i.e. an injective homomorphism). We shall say that f is order-preserving
if for every xe R’ such that x e P we have f(x)e P. This is equivalent
to saying that f }(P)= P’ [where f~'(P) is the set of all xeR’ such
that f(x)e P].

Let x, ye R. We define x < y (or y > x) to mean that y — xe P. Thus
to say that x >0 is equivalent to saying that xe P; and to say that
x < 0 is equivalent to saying that x is negative, or —x is positive. One
verifies easily the usual relations for inequalities, namely for x, y, ze R:

INL x<yandy<:z implies x < z.
IN2. x<yandz>0 implies xz < yz.
IN3. x<y implies x+z<y+ oz

If R is a field, then
INd. x<yandx,y>0 implies 1/y<1/x.

As an example, we shall prove IN2. We have y — xeP and zeP, so
that by ORD 2, (y — x)ze P. But (y — x)z = yz — xz, so that by defini-
tion, xz < yz. As another example, to prove IN 4, we multiply the in-
equality x <y by x~! and y~! to find the assertion of IN 4. The others
are left as exercises.

If x, yeR we define x <y to mean that x <y or x=y. Then one
verifies at once that IN 1,2, 3 hold if we replace throughout the < sign
by <. Furthermore, one also verifies at once that if x <y and y < x
then x = y.

In the next theorem, we see how an ordering on an integral ring can
be extended to an ordering of its quotient field.

Theorem 1.1. Let R be an integral ring, ordered by P. Let K be its
quotient field. Let Py be the set of elements of K which can be written
in the form a/b with a, beR, b>0 and a > 0. Then Py defines an
ordering on K extending P.

Proof. Let xe K, x # 0. Multiplying a numerator and denominator of
x by —1 if necessary, we can write x in the form x = a/b with a, beR
and b>0. If a>0 then xePg. If —a>0 then —x= —a/beP,. We
cannot have both x and —xe P, for otherwise, we could write
x =a/b and —x=c/d
with a, b, ¢, deR and q, b, ¢, d > 0. Then

—af/b = ¢/d,
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whence —ad = be. But bce P and ade P, a contradiction. This proves
that P satisfies ORD 1. Next, let x, ye Py and write

x =a/b and y=c/d

with a, b, ¢, deR and a, b, ¢, d > 0. Then xy = ac/bde Py. Also

lies in P.. This proves that Py satisfiess ORD 2. If ae R, a > 0, then
a=dajl € P, so P < Pg. This proves our theorem.

Theorem 1.1 shows in particular how one extends the usual ordering
on the ring of integers Z to the field of rational numbers Q. How one
defines the integers, and the ordering on them, will be discussed in an
appendix.

Let R be an ordered ring as before. If xe R, we define

x| x if x=20,
X| =
—x if x <0.

We then have the following characterization of the function x> |x],
which is called the absolute value:

For every xeR, |x| is the unique element z€R such that z =0 and
2 2
z* = x°.

To prove this, observe first that certainly |x|* = x?, and |x| = 0 for all
xeR. On the other hand, given ae R, a > 0 there exist at most two ecle-
ments ze R such that z* = a because the polynomial t* — a has at most
two roots. If w? =a then w # 0 and (—w)? = w? = a also. Hence there
is at most one positive element ze R such that z? = a. This proves our
assertion.

We define the symbol \/5 for a 2 0 in R to be the element z = 0 in R
such that z2 =g, if such z exists. Otherwise, \/ a is not defined. It

is now easy to see that if a, b = 0 and \/ ;, \/ b exist, then \/E exists and

Jab = Ja

Indeed, if z, w = 0 and z?> = a, w? = b, then (zw)?> = z?w? = ab. Thus we
may express the definition of the absolute value by means of the expres-

sion |x| = ./x2.
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The absolute value satisfies the following rules:

AV 1. For all xeR, we have |x| =0, and |x| > 0 if x # 0.
AV 2, |xy| =|x]||y] for all x,yeR.
AV 3. x +y| <|x| + |y| for all x, yeR.

The first one is obvious. As to AV 2, we have

|yl = /(x0)? = /x32 = /x3/y? = Ix| 1yl.
For AV 3, we have

Ix+y>P=(x+»?*=x2+xy + xy + y?

A

< IxI? + 2lxy) + |y
= Ix|* + 2Ix|[yl + y?

= (Ix| + [y])*.

Taking square roots yields what we want. (We have used implicitly two
properties of inequalities, cf. Exercise 1.)

IX, §1. EXERCISES

1. Let R be an ordered integral ring.
(a) Prove that x < |x| for all xeR.

(b) if a, b= 0 and a < b, and if \/a, /b exist, show that \/a < /b.
2. Let K be an ordered field. Let P be the set of polynomials
SO =a,t"+ -+ a,

over K, with a, > 0. Show that P defines an ordering on K[¢].

3. Let R be an ordered integral ring. If x, ye R, prove that | —x| =|x|,

Ix —yl 2 x| =1y,
and also

[x + y| 2 x| — |yl

Also prove that |x| < |x + y| + |y|.

4. Let K be an ordered field and f:Q — K the embedding of the rational
numbers into K. Show that f is necessarily order preserving.



330 THE REAL AND COMPLEX NUMBERS [1X, §2]

IX, §2. PRELIMINARIES

Let K be an ordered field. From Exercise 4 of the preceding section,
we know that the embedding of Q in K is order preserving. We shall
identify Q as a subfield of K.

We recall formally a definition. Let S be a set. A sequence of
elements of S is simply a mapping

7" >SS

from the positive integers into S. One usually denotes a sequence with
the notation

{xl’ x2,"'}

or

{xn}n; 1

or simply

{xn}

if there is no danger of confusing this with the set consisting of the single
element x,.

A sequence {x,} in K is said to be a Cauchy sequence if given an
element € > 0 in K, there exists a positive integer N such that for all
integers m, n = N we have

|X, — x| S €

(For simplicity, we agree to let N, n, m denote positive integers unless
otherwise specified. We also agree that ¢ denotes elements of K.)

To avoid the use of excessively many symbols, we shall say that a cer-
tain statement S concerning positive integers holds for all sufficiently
large integers if there exists N such that the statement S(n) holds for all
n= N. It is clear that if §,,...,S, is a finite number of statements, each
holding for all sufficiently large integers, then they are valid simul-
taneously for all sufficiently large integers. Indeed, if

S,(n) is valid for n =z N,,...,S,(n) is valid for n = N,,

we let N be the maximum of N,,...,N, and see that each §(n) is valid
for n = N.

We shall say that a statement holds for arbitrarily large integers if
given N, the statement holds for some n = N.
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A sequence {x,} in K is said to converge if there exists an element
xe K such that, given ¢ > 0 we have

Ix —x,] S ¢

for all sufficiently large n.

An ordered field in which every Cauchy sequence converges is said
to be complete. We observe that the number x above, if it exists, is
uniquely determined, for if ye K is such that

ly_xn| éé
for all sufficiently large n, then
Ix =yl Shx — X + % = VIS [X = x0] + %, — Y| = 26,

This is true for every ¢ > 0 in K, and it follows that x — y = 0, that is
x = y. We call this number x the limit of the sequence {x,}.

An ordered field K will be said to be archimedean if given xe€K there
exists a positive integer n such that x < n. It then follows that given ¢ >
0 in K, we can find an integer m > 0 such that 1/¢ < m, whence 1/m <.

It is easy to see that the field of rational numbers is not complete.
For instance, one can construct Cauchy sequences of rationals whose
square approaches 2, but such that the sequence has no limit in Q

(otherwise, ﬁ would be rational). In the next section, we shall construct
an archimedean complete field, which will be called the real numbers.
Here, we prove one property of such fields, which is taken as the start-
ing point of analysis.

Let S be a subset of K. By an upper bound for S one means an
element ze K such that x <z for all xeS. By a least upper bound of S
one means an element we K such that w is an upper bound, and such
that, if z is an upper bound, then w <z If w,, w, are least upper
bounds of S, then w, <w, and w, <w, so that w, =w,: A least
upper bound is uniquely determined.

Theorem 2.1. Let K be a complete archimedean ordered field. Then
every non-empty subset S of K which has an upper bound also has a
least upper bound.

Proof. For each positive integer n we consider the set T, consisting of
all integers y such that for all xeS, we have nx <y (and consequently,
x £ y/n). Then T, is bounded from below by any element nx (with xeS8),
and is not empty because if b is an upper bound for S, then any integer
y such that nb <y will be in T,. (We use the archimedean property.)
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Let y, be the smallest element of T,. Then there exists an element x, of
S such that

yo—1l<nx, <y,

(otherwise, y, is not the smallest element of T,). Hence

Let z, = y,/n. We contend that the sequence {z,} is Cauchy. To prove
this, let m, n be positive integers and say y,/n < y,,/m. We contend that

m m n-_ m

Otherwise
Vn

n

lIA

Im _ 1
m m
and

Ym _ 1
m m
is an upper bound for S, which is not true because x,, is bigger. This

proves our contention, from which we see that

Y Vm

n m

=

1
m

For m, n sufficiently large, this is arbitrarily small, and we have proved
that our sequence {z,} is Cauchy.

Let w be its limit. We first prove that w is an upper bound for S.
Suppose there exists xe S such that w < x. There exists an n such that

xX—w
Izn_w|§ 2
Then

X—zZ,=X—WH+w—2z,2x—w—|w—z|
S xX—w
=X —w—
- 2

X—w
= >0,
2

so x > z,, contradicting the fact that z, is an upper bound for S.
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We now show that w is a least upper bound for S. Let u < w. There
exists some n such that

1 w—u
IZn_xn|§7< N
n 4

(Just select n sufficiently large.) We can also select n sufficiently large so
that

w—Uu

4

|Zn—W‘ <

since w is the limit of {z,}. Now

X,—u=w—-u+x,—z,+z,—w

ZW—U—|X,‘—Z"|—|Z"—W

> w—u w—u

Z=W—Uu— —

= 4 4
w—1u

Z >0,

whence u < x,. Hence u is not an upper bound. This proves that w is
the least upper bound, and concludes the proof of the theorem.

IX, §3. CONSTRUCTION OF THE REAL NUMBERS

We start with the rational numbers Q and their ordering obtained from
the ordering of the integers Z as in Theorem 1.1 of §1. We wish to de-
fine the real numbers. In elementary school, one uses the real numbers
as infinite decimals, like

Such an infinite decimal is nothing but a sequence of rational numbers,
namely

1, 1.4, 1.41, 1.414,...

and it should be noted that there exist other sequences which “ap-

proach” ﬁ If one wishes to define \/ E, it is then reasonable to take as
definition an equivalence class of sequences of rational numbers, under a
suitable concept of equivalence. We shall do this for all real numbers.
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We start with our ordered field Q and Cauchy sequences in Q. Let
y = {c,} be a sequence of rational numbers. We say that y is a null se-
quence if given a rational number ¢ > 0 we have

lc,) S €

for all sufficiently large n. Unless otherwise specified we deal with ra-
tional ¢ in what follows, and our sequences are sequences of rational
numbers.

If « ={a,} and B = {b,} are sequences of rational numbers, we define
« + B to be the sequence {a, + b,}, i.c. the sequence whose n-th term is
a, + b,. We define the product «f to be the sequence whose n-th term is
a,b,. Thus the set of sequences of rational numbers is nothing but the
ring of all mappings of Z* into Q. We shall seec in a moment that the
Cauchy sequences form a subring.

Lemma 3.1. Let o = {a,} be a Cauchy sequence. There exists a posi-
tive rational number B such that |a,| < B for all n.

Proof. Given 1 there exists N such that for all n = N we have

|an - aN| é 1.
Then for all n > N,
la,| = layl + L

We let B be the maximum of |a,|, |a,],...,lay_1l, lay! + 1.
Lemma 3.2. The Cauchy sequences form a commutative ring.

Proof. Let a={a,} and B ={b,} be Cauchy sequences. Given
¢ > 0, we have
€

— < —
|2, — an| < 5

for all m, n sufficiently large, and also
€
b,—b,| ==
by ml__2

for all m, n sufficiently large. Hence for all m, n sufficiently large, we
have

'an+bn_(am+bm)l ='an_am+bn_bm|

é lan - am| + |bn - bml

IA
(CYIY
(RN

Il
™
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Hence the sum o + f§ is a Cauchy sequence. One sees at once that
—o={—a,}
is a Cauchy sequence. As for the product, we have
|a,b, — a,b,| =la,b, — a,b,, + a,b,, — a,b,|
< ayllb, — byl + la, — ayl1byl.

By Lemma 3.1, there exists B, > 0 such that |a,] < B, for all n, and
B, > 0 such that |b,| < B, for all n. Let B=max(B,, B,). For all m, n
sufficiently large, we have

€ 3
a, — < — d b,—b,| £ —:
|, —ay| S 5 and |b,— b, <5

and consequently

€ ¢
b,—a,b,| £-+-=¢
(@b, — ayby| <545 =¢

So the product aff is a Cauchy sequence. It is clear that the sequence
e={1,1, 1,...} is a Cauchy sequence. Hence Cauchy sequences form a
ring, and a subring of the ring of all mappings of Z* into Q. This ring
is obviously commutative.

Lemma 3.3. The null sequences form an ideal in the ring of Cauchy se-
quences.

Proof. Let p={b,} and y = {c,} be null sequences. Given ¢ > 0, for
all n sufficiently large we have

1b,| = and ¢ | =

[\SHNL

Hence for all n sufficiently large, we have
b, + ¢l S ¢

so B+ y is a null sequence. It is clear that —f is a null sequence.

By Lemma 3.1, given a Cauchy sequence o = {a,}, there exists a ra-
tional number B > 0 such that |a,| < B for all n. For all n sufficiently
large, we have

€
bl <
whence

€
|anbn| = BE =6
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so that af is a null sequence. This proves that null sequences form an
ideal, as desired.

Let R be the ring of Cauchy sequences and M the ideal of null se-
quences. We then have the notion of congruence, that is if «, feR,
we had defined « = f (mod M) to mean o — fe M, or in other words
o= f +y for some null sequence y. We define a real number to be a
congruence class of Cauchy sequences. As we know from constructing
arbitrary factor rings, the set of such congruence classes is itself a ring,
denoted by R/M, but which we shall also denote by R. The congruence
class of the sequence « will be denoted by & for the moment. Then by
definition,

at+p=a+p  af=ap
The unit element of R is the class of the Cauchy sequence {1, 1, 1,...}.

Theorem 3.4. The ring R/M = R of real numbers is in fact a field.

Proof. We must prove that if a is a Cauchy sequence, and is not a
null sequence, then there exists a Cauchy sequence § such that aff = ¢
(mod M), where e = {1,1,1,...}. We nced a lemma on null sequences.

Lemma 3.5. Let o be a Cauchy sequence, and not a null sequence.
Then there exist Ny and a rational number ¢ > 0 such that |a,| = ¢ for
all n =z N,.

Proof. Suppose otherwise. Let a = {a,}. Then given ¢ > 0, there exists
an infinite sequence n, < n, < --- of positive integers such that

la, | <<
ni 3
for each i=1,2,.... By definition, there exists N such that for
m, n = N we have
|an - am| é E
3

Let n; 2 N. We have for m = N,
2€
[aml é |am - an,-| + |an,-| é ?’
and for m, n > N,

€
|, < lay| + 3 <€
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This shows that « is a null sequence, contrary to hypothesis, and proves
our lemma.

We return to the proof of the theorem. By Lemma 3.5, there exists
N, such that for n 2 N, we have a,# 0. Let §={b,} be the sequence
such that b, =1if n < Ny, and b, = a, ' if n = N,. Then o differs from
e only in a finite number of terms, and so fa — e is certainly a null
sequence. There remains to prove that f is a Cauchy sequence.
By Lemma 3.5, we can select N, such that for all n = N, we have
|a,l =2 ¢ > 0. It follows that

Given ¢ > 0, there exists N (which we can take = N,) such that for all
m, n =2 N we have

|an - aml é 652-

Then for m, n = N we get

thereby proving that f is a Cauchy sequence, and concluding the proof
of our theorem.

We have constructed the field of real numbers.

Observe that we have a natural ring-homomorphism of Q into R, ob-
tained by mapping each rational number a on the class of the Cauchy
sequence {a,a,a,...}. This is a composite of two homomorphisms, first
the map

ar{a,a,a,..}
of Q into the ring of Cauchy sequences, followed by the map
R - R/M.

Since this is not the zero homomorphism, it follows that it is an
isomorphism of Q onto its image.

The next lemma is designed for the purpose of defining an ordering on
the real numbers.

Lemma 3.6. Let o = {a,} be a Cauchy sequence. Exactly one of the fol-
lowing possibilities holds:

(1) « is a null sequence.
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(2) There exists a rational ¢ > 0 such that for all n sufficiently large,
a, = c.

(3) There exists a rational ¢ <0 such that for all n sufficiently large,
a, < c.

Proof. It is clear that if o satisfies one of the three possibilities, then it
cannot satisfy any other, ie. the possibilities are mutually exclusive.
What we must show is that at least one of the possibilities holds. Sup-
pose that o is not a null sequence. By Lemma 3.5 there exists Ny, and a
rational number ¢ > 0 such that |a,| = ¢ for all n = Ny. Thus a, = c if
a, is positive, and —a, = ¢ if g, is negative. Suppose that there exist
arbitrarily large integers n such that g, is positive, and arbitrarily large
integers m such that a,, is negative. Then for such m, n we have

a,—a, = 2c>0,

thereby contradicting the fact that o is a Cauchy sequence. This proves
that (2) or (3) must hold, and concludes the proof of the lemma.

Lemma 3.7. Let o = {a,} be a Cauchy sequence and let § = {b,} be a
null sequence. If « satisfies property (2) of Lemma 3.6 then a + f also
satisfies this property, and if a satisfies property (3) of Lemma 3.6, then
o + B also satisfies property (3).

Proof. Suppose that o satisfies property (2). For all n sufficiently
large, by definition of a null sequence, we have |b,| < c¢/2. Hence for
sufficiently large n,

a, + b, zla,| —1b,/ = ¢/2.

A similar argument proves the analogue for property (3). This proves
the lemma.

We may now define an ordering on the real numbers. We let P be
the set of real numbers which can be represented by a Cauchy sequence
o having property (2), and prove that P defines an ordering.

Let a be a Cauchy sequence representing a real number. If a is not
null and does not satisfy (2), then —o obviously satisfies (2). By Lemma
3.7, every Cauchy sequence representing the same real number as a also
satisfies (2). Hence P satisfies condition ORD 1.

Let o ={a,} and = {b,} be Cauchy sequences representing real
numbers in P, and satisfying (2). There exists ¢; > 0 such that a, = ¢,
for all sufficiently large n, and there exists ¢, > 0 such that b, = ¢, for all
sufficiently large n. Hence a, + b, = ¢, + ¢, > 0 for sufficiently large n,
thereby proving that x + f is also in P. Furthermore,

ab,2cic; >0
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for all sufficiently large n, so that aff is in P. This proves that P defines
an ordering on the real numbers.

We recall that we had obtained an isomorphism of Q onto a subfield
of R, given by the map

ar {a,a, a,. ...

In view of Exercise 4, §1 this map is order preserving, but this is also
easily seen directly from our definitions. For a while, we shall not
identify a with its image in R, and we denote by a the class of the
Cauchy sequence {a,q, a,...}.

Theorem 3.8. The ordering of R is archimedean.

Proof. Let & be a real number, represented by a Cauchy sequence
o = {a,}. By Lemma 3.1, we can find a rational number » such that
a, £ r for all n, and multiplying » by a positive denominator, we see that
there exists an integer b such that a, < b for all n. Then b — & is repre-
sented by the sequence {b —a,} and b—a,=0 for all n. By defini-
tion, it follows that

b—a

v

O,

whence 7 < b, as desired.

The following lemma gives us a criterion for inequalities between real
numbers in terms of Cauchy sequences.

Lemma 39. Let y = {c,} be a Cauchy sequence of rational numbers,
and let ¢ be a rational number > 0. If |c,| < ¢ for all n sufficiently
large, then |y] £ ¢.

Proof. If 3 = 0, our assertion is trivial. Suppose 7 # 0, and say 7y > 0.
Then |7| = 7, and thus we must show that ¢ — % = 0. But for all n suffi-
ciently large, we have

c—c,20.

Since ¢ — 7 = {¢ — ¢4}, it follows from our definition of the ordering in R
that ¢ — 5 =2 0. The case when 7 < 0 is proved by considering —7.

Given a real number ¢ > 0, by Theorem 3.8 there exists a rational
number ¢; > 0 such that 0 <€ <e. Hence in the definition of limit,
when we are given the e, it does not matter whether we take it real or
rational.
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Lemma 3.10. Let o = {a,} be a Cauchy sequence of rational numbers.
Then & is the limit of the sequence {a,}.

Proof. Given a rational number € > 0, there exists N such that, for m,
n = N we have

la, — a,| <€
Then for all m = N we have by Lemma 3.9, for all n = N,
& —d,| = [{a, — an}| £ &
This proves our assertion.

Theorem 3.11. The field of real numbers is complete.

Proof. Let {A,} be a Cauchy sequence of real numbers. For each n,
by Lemma 3.10, we can find a rational number a, such that

1
|An - dnl éi'

S

(Strictly speaking, we still should write 1/7 on the right-hand side!)
Furthermore, by definition, given ¢ > 0 there exists N such that for all m,
n= N we have

Ay — Al <

n ml = 3
Let N, be an integer = N, and such that 1/N, <¢/3. Then for all m,
nz N, we get

|dn—am|=|dn_An+An_Am+Am_a_m|

= |dn - Anl + lAn - Am| + |Am - dml

This proves that {G,} is a Cauchy sequence of rational numbers. Let 4
be its himit. For all n, we have

If we take n sufficiently large, we see that A is also the limit of the
sequence {A,}, thereby proving our theorem.
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The procedure we have followed to construct a complete field from the
rational numbers can be generalized in many contexts, and occurs often
in mathematics. The exercises will show you some number-theoretic
contexts, as in the construction of p-adic fields for prime numbers p. But
in analysis, the construction is also applied to vector spaces, not
necessarily fields. For instance, let V be the real vector space of all
continuous functions on R, vanishing outside some bounded interval. On
V we can define a norm as follows. Let f e V. We define

e r ()] dx.

— o0

This norm satisfies properties analogous to AV 1, AV 2 and AV 3,
namely:

N1 Let feV. Then | f|, =0, and =0 if and only if f =0.
N2 If ceRand feV, then |cf|l, =|c| | f);-
N3. If f,geR, then |f + gl = I/ + llgll,-

One can then define Cauchy sequences, null sequences, and one can
construct the factor space of Cauchy sequences modulo null sequences, to
obtain a vector space V. The norm can be extended to ¥, and one can
then prove the theorem that ¥ is complete. In analysis, one analyzes this
completion, which is in some sense the largest vector space of functions
whose absolute value is integrable over R.

In the above context of vector spaces, there is no question of ordering
the elements of V, so the whole part of the construction of the real
numbers having to do with ordering simply drops out of consideration.
Similarly, in the exercises having to do with completions, there will be
no ordering properties. The completions will be constructed only with
the ring of Cauchy sequences and the maximal ideal of null sequences.

IX, §3. EXERCISES

1. Prove that every positive real number has a positive square root in R. Since
the polynomial ¢ — @ has at most two roots in a field, and since for any root
o, the number —u is also a root, it follows that for every acR, a = 0, there
exists a unique a€R, a = 0 such that «®> = a. [Hint: For the above proof, let
o be the least upper bound of the set of rational numbers b such that b? < a.]

2. Show that every automorphism of the real numbers is the identity. [Hint:
Show first that an automorphism is order preserving.]
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3. Let p be a prime number. If x is a non-zero rational number, written in the
form x = p’a/b where r is an integer, a, b are integers not divisible by p, we
define

Ixl, = 1/p"
Define [0|, = 0. Show that for all rational x, y we have
{xyl, =Ixl,lyl, and  Ix+yl, s Ix|, + |y,
In fact, prove the stronger property
Ix + yl, £ max(|x],, [yl

4. Let F be a field. By an absolute value on F we mean a real-valued function
x | x| satisfying the following properties:

AV 1. We have |x| 20, and =0 if and only if x =0.
AV 2. For all x, ye F we have |xy| = |x||y].
AV 3. x4+ y| x| + |yl

(a) Define the notion of Cauchy sequence and null sequence with respect to an
absolute value v on a field F. Define what it means for a field to be
complete with respect to v.

(b) For an absolute value as above, prove that the Cauchy sequences form a
ring, the null sequences form a maximal ideal, and the residue class ring is
a field. Show that the absolute value can be extended to this field, and
that this field is complete.

(c) Let F c E be a subfield, and suppose E has an absolute value extending an
absolute value on F. We define F to be dense in E if given & > 0, and an
element o € E, there exists a e F such that |« — a| <& Prove:

There exists a field E which contains F as a subfield, such that E has an
absolute value extending the absolute value on F, such that F is dense in
E, and E is complete.

Such a field E is called a completion of F.
(d) Prove the uniqueness of a completion, in the following sense. Let E, E' be
completions of F. Then there exists an isomorphism

o E-F

which restricts to the identity on F and such that ¢ preserves the absolute
value, that is for all « € E we have

|oo| = |atl.

The completion of a field F with respect to an absolute value v is
usually denoted by F,.



[IX, §47] DECIMAL EXPANSIONS 343

5. An absolute value is called non-archimedean if instead of AV 3 it satisfies the
stronger property

[x + y| £ max(|x], |y]).

The function ||, on Q is called the p-adic absolute value, and is non-
archimedean. Suppose | | is a non-archimedean absolute value on a field F.
Prove that given x e F, x # 0, there exists a positive number r such that if
|y — x| < r then |y| = |x|.

6. Let | | be a non-archimedean absolute value on a field F. Let R be the subset
of elements x € F such that |x| < 1.
(a) Show that R is a ring, and that for every xe F we have xe R or x ‘e R.
(b) Let M be the subset of elements x € R such that |x| < {. Show that M is a
maximal ideal.

IX, §4. DECIMAL EXPANSIONS

Theorem 4.1. Let d be an integer =2, and let m be an integer = 0.
Then m can be written in a unique way in the form

¢)) m=ady,+ad+-+a,d

with integers a; such that 0 < q, < d.

Proof. This is easily seen from the Euclidean algorithm, and we shall
give the proof. For the existence, if m < d, we let ap =m and a, =0 for
i>0 If m=>d we write

m=qd + a,

with 0 < a, < d, using the Euclidean algorithm. Then g < m, and by
induction, there exist integers a; (0 < a; < d and i = 1) such that

q=a, +a,d+ -+ ad.

Substituting this value for g yields what we want. As for uniqueness,
suppose that

) m=by+byd+- + b,d"

with integers b; satisfying 0 < b; < d. (We can use the same n simply by
adding terms with coefficients b; = 0 or a; = 0 if necessary.) Say a, < b,.
Then by —ay, 2 0, and b, — a5 < d. On the other hand, b, — a, = de for
some integer e [as one sees subtracting (2) from (1)]. Hence b, — a, =0
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and by, =a, Assume by induction that we have shown a; =b; for
0 <i<s and some s <n Then

ag o+t ad=b d* -+ bd
Dividing both sides by 4°*!, we obtain
Agpy ot ad" T = by o+ b d T

By what we have just scen, it follows that a,,, = b, ;, and thus we have
proved uniqueness by induction, as desired.

Let x be a positive real number, and d an integer = 2. Then x has a
unique expression of the form

xX=m+a,
where 0 < a < 1. Indeed, we let m be the largest integer < x. Then

x<m+ 1, and hence 0 < x —m < 1. We shall now describe a d-decimal
expansion for real numbers between 0 and 1.

Theorem 4.2. Let x be a real number, 0 < x < 1. Let d be an integer
= 2. For each positive integer n there is a unique expression

L U
3) x=h 24t S,

with integers a; satisfying 0 < a; <d and 0 < o, < 1/d".
Proof. Let m be the largest integer = d"x. Then m = 0 and
d"x =m+ a,
with some number o, such that 0 < o, < 1. We apply Theorem 4.1 to m,
and then divide by d" to obtain the desired expression. Conversely, given
such an expression (3), we multiply it by d" and apply the uniqueness

part of Theorem 4.1 to obtain the uniqueness of (3). This proves our
theorem.

When d =10, the numbers a,, a,,... in Theorem 4.2 are precisely
those of the decimal expansion of x, which is written

x =0a,a5a5...

since time immemorial.
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Conversely:

Theorem 4.3. Let d be an integer = 2. Let a,, a,,... be a sequence of
integers, 0 < a; < d for all i, and assume that given a positive integer N
there exists some n = N such that a, #d — 1. Then there exists a real
number x such that for each n 2 1 we have

a a; a,
x=;+d—2+---+ﬁ+o¢n,

where o, is a number with 0 < o, < 1/d".

Proof. We shall use freely some simple properties of limits and infinite
sums, treated in any standard beginning course of analysis. Let

a, a,
=4 .-+ L.
Ve d 4

Then the sequence y;, y,,... is increasing, and easily shown to be
bounded from above. Let x be its least upper bound. Then x is a limit
of the sequence, and

x = yn + an?
where
o
a
=3
v=n+1
Let
© d—1
B, = e
v:;+1 d

By hypothesis, we have «, < 8, because there is some a, with v>n + 1
such that a, # d — 1. On the other hand,

d—12 1 d-1 1 1
b= X~ e i
Hence 0 < o, < 1/d", as was to be proved.
Corollary 4.4. The real numbers are not denumerable.

Proof. Consider the subset of real numbers consisting of all decimal
sequences

0.a,a,...
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with 1 < a; < 8, taking d = 10 in Theorems 4.2 and 4.3. It will suffice to
prove that this subset is not denumerable. Suppose it is, and let

o, =0.ay,0.,a,5...,
%, =0.a;,05,055...,

oy =0.a3,05,a35...,

be an enumeration of this subset. For each positive integer n, let b, be
an integer with 1 £ b, < 8 such that b, # a,,. Let

B=0.bbybs...b,....

Then f is not equal to «, for all n. This proves that there cannot be an
enumeration of the real numbers. (Note: The simple facts concerning the
terminology of denumerable sets used in this proof will be dealt with
systematically in the next chapter.)

IX, §. THE COMPLEX NUMBERS

Our purpose in this section is to identify the real numbers with a sub-
field of some field in which the equation t* = —1 has a root. As is usual
in these matters, we define the bigger field in a way designed to make
this equation obvious, and must then prove all desired properties.

We define a complex number to be a pair (x, y) of real numbers. We
define addition componentwise. If z = (x, y) we define multiplication of z
by a real number a to be

az = (ax, ay).

Thus the set of complex numbers, denoted by C, is nothing so far but
R2, and can be viewed already as a vector space over R. We let
e=(1,0) and i =(0,1). Then every complex number can be expressed
in a unique way as a sum xe + yi with x, ye R, We must still define the
multiplication of complex numbers. If z = xe + yi and w = ue + vi are
complex numbers with x, y, u, ve R we define

zw = (xu — yv)e + (xv + yu)i.

Observe at once that ez=ze =z for all zeC, and i’ = —e. We now
contend that C is a field. We already know that it is an additive
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(abelian) group. If z, = x,e + y,i, z, = Xx,e + y,i, and z3 = x3e + y;i,
then
(2122)z3 = ((x1X3 — y1¥2)e + (11X + x1¥2)i)(x5€ + y3i)
= (X1X3X3 — Y1V X3 — V1X2V3 — X1, ¥3)e
+ (V1X2 X3 + X1Y2X3 + X1 X2¥3 — ViV V3)i.
A similar computation of z,(z,z;) shows that one gets the same value as
for (zyz2)z3. Furthermore, letting w = ue + vi again, we have
w(zy + z,) = (ue + vi)((x; + x,)e + (yy + ¥2)i)
= (u(x, + x3) — v(y; + y2))e + (vx; + x3) + u(y; + ¥,))i
= (ux, — vy, +ux, —vy,)e + (vx; + uy, + vx, + uy,)i.
Computing wz, + wz, directly shows that one gets the same thing as
w(z, + z,). We also have obviously wz = zw for all w, zeC, and hence
(zy + z)w = z;w + z,w. This proves that the complex numbers form a
commutative ring.
The map x+ (x,0) is immediately verified to be an injective homo-
morphism of R into C, and from now on, we identify R with its image in

C, that is we write x instead of xe for xeR.
If z=x + iy is a complex number, we define its complex conjugate

Z=Xx—iy.
Then from our multiplication rule, we see that
zz = x? + y*

If z # 0, then at least one of the real numbers x or y is not equal to 0,
and one sees that
z

_x2+y2

1s such that zA = Az = 1, because

z
z— — =
X242 xt4y?

Hence every non-zero element of C has an inverse, and consequently C
is a field, which contains R as a subfield [taking into account our identi-
fication of x with (x, 0)].
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We define the absolute value of a complex number z = x + iy to be

|zl = V2 + y?
and in terms of the absolute value, we can write the inverse of a non-

zero complex number z in the form

z

= I—ZrZ

-1

If z, w are complex numbers, it is easily shown that
lz +w| £ z| + [w] and |zw] = |z||w|.

Furthermore, z+w=2:+w and Zw = ziwn. We leave these properties
as exercises. We have thus brought the theory of complex numbers to
the point where the analysts take over.

In particular, using the exponential function, one proves that every
positive real number r has a real n-th root, and that in fact any complex
number w has an n-th root, for any positive integer n. This is done by
using the polar form,

w = re®
with real 6, in which case r'/"e®®" is such an n-th root.

Aside from this fact, we shall use that a continuous real-valued func-
tion on a closed, bounded set of complex numbers has a maximum. All
of this is proved in elementary courses in analysis.

Using these facts, we shall now prove that:

Theorem 5.1. The complex numbers are algebraically closed, in other
words, every polynomial feC[t] of degree = 1 has a root in C.

We may write

SO =a,t"+a, """+ 4 ag
with a, # 0. For every real R > 0, the function | f| such that

t=|f()]

is continuous on the closed disc of radius R, and hence has a minimum
value on this disc. On the other hand, from the expression

1= a,,t"(l Lt “g>

a,t a,t
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we see that when |t| becomes large, then |f(¢)| also becomes large, i.e.
given C > 0 there exists R > 0 such that if |¢| > R then | f(¢)] > C. Con-
sequently, there exists a positive number R, such that, if z, is a mini-
mum point of | f] on the closed disc of radius R,, then

|F(O1 2 1 f(z0)]

for all complex numbers t. In other words, z, is an absolute minimum
for | f|. We shall prove that f(z,) =0.
We express f in the form
J@O =co+c it —zo) + -+ + ¢t — z)"
with constants ¢;. If f(zo) # 0, then ¢ = f(z4) #0. Let z =1t — z,, and

let m be the smallest integer > 0 such that ¢, # 0. This integer m exists
because f is assumed to have degree = 1. Then we can write

fO = fi2) = co + cuz™ + 2" 9(2)

for some polynomial g, and some polynomial f; (obtained from f by
changing the variable). Let z; be a complex number such that

20 = —¢o/Cps
and consider values of z of type
z = Az,
where A is real, 0 < A £ 1. We have
@) = fi(Azy) = ¢y — A"y + A" 127 g(Azy)
=co[1 — A™ + A" 17 leg Yg(Az))].

There exists a number C > 0 such that for all 4 with 0 < A1 <1 we have
|z7%1cq 'g(Az,)| < C, and hence

[f1(Az))] S leol(1 — A" + €A™,
If we can now prove that for sufficiently small 2 with 0 < A <1 we have
0<1—2"+Camt <y,

then for such 4 we get | f(Az,)| < |c,|, thereby contradicting the hypothe-
sis that | f(zy)| = | f(1)| for all complex numbers ¢. The left inequality is



350 THE REAL AND COMPLEX NUMBERS [1IX, §5]

of course obvious since 0 <A1 < 1. The right inequality amounts to
Cim*l < jm or equivalently C4 < 1, which is certainly satisfied for suffi-
ciently small A. This concludes the proof.

Remark. The idea of the proof is quite simple. We have our poly-
nomial

J1(2) = ¢o + cpz™ + Zm+1g(2),

and ¢, #0. If g =0, we simply adjust ¢,z™ so as to subtract a term in
the same direction as c,, to shrink it towards the origin. This is done by
extracting the suitable m-th root as above. Since g # 0 in general, we
have to do a slight amount of analytic juggling to show that the third
term is very small compared to c,z™, and that it does not disturb the
general idea of the proof in an essential way.

IX, §5. EXERCISES

1. Assuming the result just proved about the complex numbers, prove that every
irreducible polynomial over the real numbers has degree 1 or 2. [Hint: Split
the polynomial over the complex numbers and pair off complex conjugate
roots. ]

2. Prove that an irreducible polynomial of degree 2 over R, with leading coefhi-

cient 1, can be written in the form

(t —a) +b*
with a, beR, b > 0.



CHAPTER X

Sets

X, §1. MORE TERMINOLOGY

This chapter is the most abstract of the book, and is the one dealing
with objects having the least structure, namely just sets. The remarkable
thing is that interesting facts can be proved with so little at hand.

We shall first define some terminology. Let S and I be sets. By a fam-
ily of elements of S, indexed by I, one means simply a map f:1—S.
However, when we speak of a family, we write f(i) as f;, and also use
the notation {f;};.; to denote the family.

Example 1. Let S be the set consisting of the single element 3. Let
I'={1,...,n} be the set of integers from 1 to n. A family of elements of
S, indexed by I, can then be written {a;};_, _, with each q;= 3. Note
that a family is different from a subset. The same ¢lement of S may
receive distinct indices.

A family of elements of a set S indexed by positive integers, or non-
negative integers, is also called a sequence.

Example 2. A sequence of real numbers is written frequently in the
form

{xl’xz""} or {xn}ngl

and stands for the map f:Z* — R such that f(i) = x;. As before, note
that a sequence can have all its elements equal to each other, that is

(1,1,

is a sequence of integers, with x; = 1 for each ieZ"*.
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We define a family of sets indexed by a set / in the same manner, that
is, a family of sets indexed by I is an assignment

i— S

which to each iel associates a set S;. The sets S; may or may not have
elements in common, and it is conceivable that they may all be equal
As before, we write the family {S;},.;.

We can define the intersection and union of families of sets, just as for
the intersection and union of a finite number of sets. Thus, if {S;},.; is a
family of sets, we define the intersection of this family to be the set

(s

iel
consisting of all elements x which lie in all §;. We define the union

Us:

iel

to be the set consisting of all x such that x lies in some S;.

If S, S’ are sets, we define S x §' to be the set of all pairs (x, y) with
xeS and yeS. We can define finite products in a similar way. If
S., S,,... is a sequence of sets, we define the product

S.

i

—

I

i=1

to be the set of all sequences (x,, x,,...) with x;eS,. Similarly, if I is an
indexing set, and {S,};.,; a family of sets, we define the product

I18:

iel

to be the set of all families {x;};., with x;€S;.
Let X, Y, Z be sets. We have the formula

XuY)xZ=(Xx2Z)u(YxZ).

To prove this, let (w,z)e(X U Y)x Z with weX ouY and zeZ. Then
weX or weY. Say we X. Then (w,2z)e X x Z. Thus

-

XuY)XxZc(X x2Z)u(Yx Z).

Conversely, X x Z is contained in (X UY) x Z and so is Y x Z. Hence
their union is contained in (X U Y) x Z, thereby proving our assertion.
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We say that two sets X, Y are disjoint if their intersection is empty.
We say that a union X u Y is disjoint if X and Y are disjoint. Note that
if X, Y are disjoint, then (X x Z) and (Y x Z) are disjoint.

We can take products with unions of arbitrary families. For instance,
if {X,};.;is a family of sets, then

(UX,.> x Z=J(X;x Z).

iel iel

If the family {X},, is disjoint (that is X,nX; is empty if i #j for
i, jeI), then the sets X; x Z are also disjoint.
We have similar formulas for intersections. For instance,

(XnY)XxZ=QXXxZ)n(Y xZ).

We leave the proof to the reader.

Let X be a set and Y a subset. The complement of Y in X, denoted by
€xY, or X — Y, is the set of all elements xe X such that x¢VY. If Y, Z
are subsets of X, then we have the following formulas:

CAYUZ) =6y YNbyZ,
CYNZ) =Gy YUb,Z.

These are essentially reformulations of definitions. For instance, suppose
xeX and x¢(YuUZ). Then x¢Y and x¢Z. Hence xe@GyYnéyZ.
Conversely, if xe€x YN ¥€4Z, then x lies neither in Y nor Z, and hence
xe€(Yu Z). This proves the first formula. We leave the second to the
reader. Exercise: Formulate these formulas for the complement of the
union of a family of sets, and the complement of the intersection of a
family of sets.

Let A, B be sets and f: A > B a mapping. If Y is a subset of B, we
define f~!(Y) to be the set of all xe A such that f(x)e Y. It may be that
S NY) is empty, of course. We call f~(Y) the inverse image of Y
(under f). If f is injective, and Y consists of one element y, then
S Y({y}) either is empty, or has precisely one element. We shall give
certain simple properties of the inverse image as exercises.

X, §1. EXERCISES

1. If f: A—> B is a map, and Y, Z are subsets of B, prove the following formulas:

[T Yu)y =" Muf 2,
fTHYZD) =" UV f D).
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2. Formulate and prove the analogous properties of Exercise 1 for families of
subsets, e.g. if {Y,},; is a family of subsets of B, show that

f‘l(U Yi) =Ur .

iel iel

3. Let f: A — B be a surjective map. Show that there exists an injective map of
B into A.

X, §2. ZORN’S LEMMA

In order to deal efficiently with infinitely many sets simultaneously, one
needs a special axiom. To state it, we need some more terminology.

Let S be a set. A partial ordering (also called an ordering) of S is a
relation, written x < y, among some pairs of elements of S, having the
following properties.

PO 1. We have x < x.
PO2 If x<yand y<zthen x <z
PO3. If x<yand y <x then x =y.
Note that we don’t require that the relation x <y or y < x hold for

every pair of elements (x, y) of S. Some pairs may not be comparable.
We sometimes write y = x for x < y.

Example 1. Let G be a group. Let S be the set of subgroups. If
H, H' are subgroups of G, we define

H<H
if H is a subgroup of H'. One verifies immediately that this relation de-

fines a partial ordering on S. Given two subgroups H, H of G, we do
not necessarily have H < H or H < H.

Example 2. Let R be a ring, and let § be the set of left ideals of R.
We define a partial ordering in S in a way similar to the above, namely
if L, L’ are left ideals of R, we define

L<L

if Lc L.
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Example 3. Let X be a set, and S the set of subsets of X. If ¥, Z
are subsets of X, we define Y< Z if Y is a subset of Z. This defines a
partial ordering on S.

In all these examples, the relation of partial ordering is said to be that
of inclusion.
In a partially ordered set, if x £y and x # y we then write x < .

Remark. We have not defined the word “relation”. This can be done
in terms of sets as follows. We define a relation between pairs of ele-
ments of a set A to be a subset R of the product 4 x 4. If x, ye 4 and
(x, y)€eR, then we say that x, y satisfy our relation. Using this formula-
tion, we can restate our conditions for a partial ordering relation in the
following form. For all x, y, ze 4:

PO 1. We have (x, x)eR.
PO2 If (x,y)eR and (y,z)eR then (x, z)eR.
PO3. If (x,y)eR and (y,x)eR then x = y.

The notation we used previously is, however, much easier to use, and
having shown how this notation can be explained only in terms of sets,
we shall continue to use it as before.

Let A be a partially ordered set, and B a subset. Then we can define
a partial ordering on B by defining x < y for x, ye B to hold if and only
if x<yin A. In other words, if R = 4 x A is the subset of A x A defin-
ing our relation of partial ordering in A, we let R, = Rn (B x B), and
then R, defines a relation of partial ordering in B. We shall say that R,
is the partial ordering on B induced by R, or is the restriction to B of the
partial ordering of A.

Let § be a partially ordered set. By a least element of S (or a
smallest element) one means an element aeS such that a £ x for all
xeS. Similarly, by a greatest element one means an element b such
that x < b for all xeS.

By a maximal element m of S one means an element such that if xeS
and x = m, then x =m. Note that a maximal element need not be a
greatest element. There may be many maximal elements in S, whereas if
a greatest element exists, then it is unique (proof?).

Let S be a partially ordered set. We shall say that S is totally ordered
if given x, yeS we have necessarily x <y or y £ x.

Example 4. The integers Z are totally ordered by the usual ordering.
So are the real numbers.

Let S be a partially ordered set, and T a subset. An upper bound of T
(in S) is an element beS such that x < b for all xeT. A least upper
bound of T in § is an upper bound b such that, if ¢ is another upper
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bound, then b < c¢. We shall say that S is inductively ordered if every
non-empty totally ordered subset has an upper bound.

We shall say that S is strictly inductively ordered if every non-empty
totally ordered subset has a least upper bound.

In Examples 1, 2, 3 in each case, the set is strictly inductively ordered.
To prove this, let us take Example 1. Let T be a non-empty totally or-
dered subset of the set of subgroups of G. This means that if H, H' e T,
then H <« H or H < H. Let U be the union of all sets in 7. Then:

(1) U is a subgroup. Proof: If x, ye U, there exist subgroups H, H'e T
such that xeH and yeH'. If, say, H < H, then both x, ye H’
and hence xyeH'. Hence xyeU. Also, x 'eH’, so x 'eU.
Hence U is a subgroup.

(2) U is an upper bound for each element of T. Proof: Every He T
is contained in U, so H < U for all HeT.

(3) U is a least upper bound for T. Proof: Any subgroup of G which
contains all the subgroups He T must then contain their union
U.

The proof that the sets in Examples 2, 3 are strictly inductively
ordered is entirely similar.

We can now state the axiom mentioned at the beginning of the
section.

Zorn’s lemma. Let S be a non-empty inductively ordered set. Then
there exists a maximal element in S.

We shall see by two examples how one applies Zorn’s lemma.

Theorem 2.1. Let R be a commutative ring with unit element 1 # Q.
Then there exists a maximal ideal in R.

(Recall that a maximal ideal is an ideal M such that M # R, and if J
is an ideal such that M = J = R, then J =M or J =R))

Proof. Let S be the set of proper ideals of R, that is ideals J such
that J # R. Then S is not empty, because the zero ideal is in S. Fur-
thermore, S is inductively ordered by inclusion. To see this, let T be a
non-empty totally ordered subset of S. Let U be the union of all ideals
in T. Then U is an ideal (the proof being similar to the proof we gave
before concerning Example 1). The crucial thing here, however, is that U
is not equal to R. Indeed, if U = R, then 1e U, and hence there is some
ideal Je T such that 1 eJ because U is the union of such ideals J. This
is impossible since S is a set of proper ideals. Hence U is in S, and is
obviously an upper bound for T (even a least upper bound), so S is
inductively ordered, and the theorem follows by Zorn’s lemma.
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Let V be a non-zero vector space over a field K. Let {v},; be a
family of elements of V. If {a;},.; is a family of elements of K, such that
a; = 0 for all but a finite number of indices i, then we can form the sum

Y a;v;.

iel

If iy,...,i, are those indices for which a; # 0, then the above sum is de-
fined to be

a; v, + -+ a,v; .
We shall say that family {v;};.; is linearly independent if, whenever we
have a family {a;};.; with a;e K, all but a finite number of which are 0,

and
Y a0, =0,

iel

then all a;=0. For simplicity, we shall abbreviate “all but a finite
number” by “almost all.” We say that a family {v;},.; of elements of V
generates V if every element ve V can be written in the form

v=Y a;v;

iel

for some family {a;};., of elements of K, almost all a; being 0. A family
{v;};e; which is linearly independent and generates V is called a basis of
V.

If U is a subset of V, we may view U as a family, indexed by its own
elements. Thus if for each ve U we are given an element a,e K, almost
all a, =0, we can form the sum

Y a,v.

velU

In this way, we can define what it means for a subset of V to generate V
and to be linearly independent. We can define a basis of V to be a sub-
set of V which generates V and is linearly independent.

Theorem 2.2. Let V be a non-zero vector space over the field K. Then
there exists a basis of V.

Proof. Let S be the set of linearly independent subsets of V. Then S
is not empty, because for any veV, v # 0, the set {v} is linearly indepen-
dent. If B, B’ are elements of S, we define B< B’ if B B'. Then § is
partially ordered, and is inductively ordered, because if T is a totally
ordered subset of S, then

U=|JB

BeT
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is an upper bound for T in S. It is easily checked that U is linearly in-
dependent. Let M be a maximal element of S, by Zorn’s lemma. Let
veV. Since M is maximal, if v¢ M, the set M U {v} is not linearly in-
dependent. Hence there exist elements a,,€ K (we M) and be K not all 0,
but almost all 0, such that

bv+ Y a,w=0.

weM

If =0, then we contradict the fact that M is linearly independent.
Hence b # 0, and

v=Y —bla,w

weM

is a linear combination of elements of M. If ve M, then trivially, v is a
linear combination of elements of M. Hence M generates V, and is
therefore the desired basis of V.

Remark. Zorn’s lemma is not psychologically completely satisfactory
as an axiom, because its statement is too involved, and one does not
visualize easily the existence of the maximal element asserted in that
statement. It can be shown that Zorn’s lemma is implied by the follow-
ing statement, known as the axiom of choice:

Let {S;};c; be a family of sets, and assume that each S; is not empty.
Then there exists a family of elements {x;},.; with each x; € S;.

For a proof of the implication, see for instance Appendix 2 of my
Algebra.

X, §2. EXERCISES

1. Write out in detail the proof that the sets of Examples 2, 3 are inductively
ordered.

2. In the proof of Theorem 2.2, write out in detail the proof of the statement: “It
is easily checked that U is linearly independent.”

3. Let R be a ring and E a finitely generated module over R, i.e. a module with
a finite number of generators v,,...,v,. Assume that E is not the zero module.

Show that E has a maximal submodule, ie. a submodule M # E such that if
N is a submodule, M « N c E, then M =N or N =E.

4. Let R be a commutative ring and S a subset of R, § not empty, and 0¢S.
Show that there exists an ideal M whose intersection with § is empty, and is
maximal with respect to this property. We then say that M is a maximal
ideal not meeting S.
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5. Let A, B be two non-empty sets. Show that there exists an injective map of A
into B, or there exists a bijective map of a subset of A onto B. [Hint: Use
Zorn’s lemma on the family of injective maps of subsets of 4 into B.]

X, §3. CARDINAL NUMBERS

Let A, B be sets. We shall say that the cardinality of A is the same as
the cardinality of B, and write

card(A) = card(B),

if there exists a bijection of 4 onto B.

We say card(A) < card(B) if there exists an injective mapping (injec-
tion) f: A - B. We also write card(B) = card(A) in this case. It is clear
that if card(A) < card(B) and card(B) < card(C), then

card(A) < card(C).

This amounts to saying that a composite of injective mappings is injec-
tive. Similarly, if card(4) = card(B) and card(B) = card(C) then

card(A4) = card(C).

This amounts to saying that a composite of bijective mappings is bijec-
tive. We clearly have card(A4) = card(A).
Finally, Exercise 5 of §2 shows:

Let A, B be non-empty sets. Then we have
card(A) < card(B) or card(B) < card(4).

We shall first discuss denumerable sets. A set D is called denumerable
if there exists a bijection of D with the positive integers, and such a bi-
jection is called an enumeration of the set D.

Theorem 3.1. Any infinite subset of a denumerable set is denumerable.

One proves this easily by induction. (We sketch the proof: It suffices
to prove that any infinite subset of the positive integers is denumerable.
Let D = D, be such a subset. Then D, has a least element a,. Suppose
inductively that we have defined D, for an integer n > 1. Let D,,, be
the set of all elements of D, which are greater than the least element of
D,. Let a, be the least element of D,. Then we get an injective mapping

ne—a,

of Z* into D, and one sees at once that this map is surjective.)
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Theorem 3.2. Let D be a denumerable set. Then D x D is denumerable.

Proof. 1t suffices to prove that Z* x Z* is denumerable. Consider
the map

(m, n) — 2m3",

It is an injective map of Z* x Z* into Z*, and hence Z* x Z* has the
same cardinality as an infinite subset of Z*, whence Z* x Z* is de-
numerable, as was to be shown.

In this proof, we have used the factorization of integers. One can
also give a proof without using that fact. The idea for such a proof is
illustrated in the following diagram:

\ N
AN N AN AN

We must define a bijection Z* - Z* x Z*. We map 1 on (1, 1). Induc-
tively, suppose that we have defined an injective map

.. oZ x 7T,
£

We wish to define f(n + 1).

If f(n) =(1,k) then we let f(n+ 1) =(k + 1,1).
If f(n) =(r,k) with r # 1 then we let f(n+ )= — 1,k + 1).

It is then routinely checked that we obtain an injection of {1,...,n + 1}
into Z* x Z*. By induction, we obtain a map of Z* into Z* x Z*
which is also routinely verified to be a bijection. In the diagram, our
map f can be described as follows. We start in the corner (1, 1), and
then move towards the inside of the quadrant, starting on the horizontal
axis, moving diagonally leftwards until we hit the vertical axis, and then
starting on the horizontal axis one step further, repeating the process.
Geometrically, it is then clear that our path goes through every point
(i,j) of Z* x Z™.
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Corollary 3.3. For every positive integer n, the product D x --- x D

taken n times is denumerable.

Proof. Induction.

Corollary 34. Let {D, D,,...} be a sequence of denumerable sets, also
written {D,},.+. Then the union

U=

8

D,

1

is denumerable.

Proof. For each i we have an enumeration of the ¢lements of D;, say
D; = {ai, a;,...}.
Then the map
@@.J) > a;;
is a map from Z* x Z™ into U, and is in fact surjective. Let
[t x 2Lt > U

be this map. For each aeU there exists an element xeZ* x Z* such
that f(x) = a, and we can write this element x in the form x,. The as-
sociation a > x, i1s an injection of U into Z* x Z*, and we can now
apply the theorem to conclude the proof.

In the preceding proof, we used a special case of a cardinality state-
ment which it is useful to state in general:

Let f: A— B be a surjective map of a set A onto a set B. Then
card(B) < card(A).

This is easily seen, because for each ye B there exists an element x e A,
denoted by x,, such that f(x,)=y. Then the association y - x, is an
injective mapping of B into A, whence by definition,

card(B) < card(A).

In dealing with arbitrary cardinalities, one needs a theorem which is
somewhat less trivial than in the denumerable case.

Theorem 3.5 (Schroeder—Bernstein). Let A, B be sets, and suppose that
card(4) < card(B), and card(B) £ card(A). Then

card(A4) = card(B).
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Proof. Let f:A— B and g: B— A be injective maps. We separate A4
into two disjoint sets 4, and A,. We let 4, consist of all xe4 such
that, when we lift back x by a succession of inverse maps,

x, g%, fTlregTHx), gTlef T tegTMx), ..,

then at some stage we reach an element of 4 which cannot be lifted
back to B by g~'. We let A, be the complement of A,, in other words,
the set of xe A which can be lifted back indefinitely, or such that we get
stopped in B (i.e. reach an element of B which has no inverse image in A
by f~!). Then A = A, U A,. We shall define a bijection h of 4 onto B.

If xe A,, we define h(x) = f(x).
If xeA,, we define h(x) =g '(x) = unique element yeB such that

g(y) = x.

Then trivially, & is injective. We must prove that h is surjective. Let
beB. If, when we try to lift back b by a succession of maps

eofTlogTlofThogT e fT1(D)

we can lift back indefinitely, or if we get stopped in B, then g(b) belongs
to A, and consequently b = h(g(b)), so b lies in the image of h. On the
other hand, if we cannot lift back b indefinitely, and get stopped in A4,
then f~!(b) is defined (i.e. b is in the image of f), and £~ !(b) lies in A,.
In this case, b = h(f ~'(b)) is also in the image of h, as was to be shown.

Next we consider theorems concerning sums and products of cardina-
lities.

We shall reduce the study of cardinalities of products of arbitrary sets
to the denumerable case, using Zorn’s lemma. Note first that an infinite
set A always contains a denumerable set. Indeed, since A is infinite, we
can first select an element a, € A, and the complement of {a,} is infinite.
Inductively, if we have selected distinct elements a,...,a, in A, the com-
plement of {a,,...,a,} is infinite, and we can select a,,, in this comple-
ment. In this way, we obtain a sequence of distinct elements of A, giving
rise to a denumerable subset of A.

Let A be a set. By a covering of A one means a set I' of subsets of A
such that the union

c

Cell

of all the elements of I" is equal to A. We shall say that I'" is a disjoint
covering if whenever C, C'eTl’, and C # C’, then the intersection of C and
C' is empty.
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Lemma 3.6. Let A be an infinite set. Then there exists a disjoint cover-
ing of A by denumerable sets.

Proof. Let S be the set whose elements are pairs (B, I') consisting of a
subset B of A, and a disjoint covering of B by denumerable sets. Then S
is not empty. Indeed, since A is infinite, A contains a denumerable set D,
and the pair (D, {D}) is in S. If (B,T") and (B, T") are elements of S, we
define

(B,I') = (B, T')

to mean that B< B, and I' = I". Let T be a totally ordered non-empty
subset of S. We may write T = {(B;, I')};; for some indexing set I. Let

B={JB, and TI'={JT.

iel iel

If C, C'elI', C # C, then there exist some indices i, j such that Cel’; and
C'el’;. Since T is totally ordered, we have, say,

(Bi’ F;) é (Bj’ r])

Hence in fact, C, C’ are both elements of I';, and hence C, C' have an
empty intersection. On the other hand, if xe B, then xe B, for some i,
and hence there is some CeTI’; such that xeC. Hence I' is a disjoint
covering of B. Since the elements of each I'; are denumerable subsets of
A, it follows that I' is a disjoint covering of B by denumerable sets, so
(B,I') is in S, and is obviously an upper bound for T. Therefore S is
inductively ordered.

Let (M,A) be a maximal element of S, by Zorn’s lemma. Suppose
that M # A. If the complement of M in A4 is infinite, then there exists a

denumerable set D contained in this complement. Then
(M uD,Au{D})

is a bigger pair than (M, A), contradicting the maximality of (M, A).
Hence the complement of M in A is a finite set F. Let D, be an ele-
ment of A. Let D, = DyuF. Then D, is denumerable. Let A, be the
set consisting of all elements of A, except D, together with D,. Then A,
is a disjoint covering of 4 by denumerable sets, as was to be shown.

Theorem 3.7. Let A be an infinite set, and let D be a denumerable set.
Then

card(A x D) = card(A).
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Proof. By the lemma, we can write

4=,

iel
as a disjoint union of denumerable sets. Then

A x D ={J(D; x D).

iel

For each iel, there is a bijection of D; x D on D; by Theorem 3.2. Since
the sets D; x D are disjoint, we get in this way a bijection of 4 x D on
A, as desired.

Corollary 3.8. If F is a finite non-empty set, then

card(A x F) = card(A4).
Proof. We have
card(A4) = card(A4 x F) < card(4 x D) = card(A).

We can then use Theorem 3.5 to get what we want.

Corollary 39. Let A, B be non-empty sets, A infinite, and suppose
card(B) < card(A). Then

card(A U B) = card(A).
Proof. We can write Au B = A U C for some subset C of B, such that
C and A are disjoint. (We let C be the set of all elements of B which
are not elements of A.) Then card(C) < card(4). We can then construct
an injection of 4 U C into the product

A x {1,2}

of A with a set consisting of 2 elements. Namely, we have a bijection
of 4 with 4 x {1} in the obvious way, and also an injection of C into
A x {2}. Thus
card(4 u C) < card(4 x {1,2}).
We conclude the proof by Corollary 3.8 and Theorem 3.5.
Theorem 3.10. Let A be an infinite set. Then

card(4 x A) = card(A4).
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Proof. Let S be the set consisting of pairs (B, f) where B is an infinite
subset of 4, and f: B— B x B is a bijection of B onto B x B. Then S is
not empty because if D is a denumerable subset of A4, we can always find
a bijection of D onto D x D. If (B, f) and (B, /') are in S, we define
(B,f) £(B,f") to mean B — B, and the restriction of f’ to B is equal to
f. Then S is partially ordered, and we contend that S is inductively
ordered. Let T be a non-empty totally ordered subset of S, and say T
consists of the pairs (B,, f;) for i in some indexing set I. Let

M =|B.

iel

We shall define a bijection g: M > M x M. If xe M, then x lies in some
B;. We define g(x) = fi(x). This value f;(x) is independent of the choice
of B; in which x lies. Indeed, if xeB; for some jel, then say

(B, f) = (Bj, f.

By assumption, B; = B;, and f;(x) = fi(x), so g is well defined. To show
g is surjective, let x, ye M and (x, y)e M x M. Then xe B, for some iel
and yeB; for some jel. Again since T is totally ordered, say
(B;, f) < (Bj,f). Thus B;c B;, and x, yeB;. There exists an clement
beB; such that f,(b) = (x,y)eB; x B;. By definition, g(b) = (x, ), s0 g
is surjective. We leave the proof that ¢ is injective to the reader to con-
clude the proof that g is a bijection. We then see that (M, g) is an upper
bound for T in S, and therefore that S is inductively ordered.

Let (M, g) be a maximal element of S, and let C be the complement
of M in A. If card(C) £ card(M), then

card(M) < card(A4) = card(M v C) = card(M)

by Corollary 3.9, and hence card(M) = card(A4) by Bernstein’s theorem.
Since card(M) = card(M x M), we are done with the proof in this case.
If card(M) < card(C), then there exists a subset M, of C having the
same cardinality as M. We shall prove this is not possible. We consider

MouM)x(MuM)
=M x M) oM, x M)U(M x M)u(M, x M,).
By the assumption on M and Corollary 3.9, the union of the last three
sets in parentheses on the right of this equation has the same cardinality

as M. Thus
MuUuM)XxMuM)=(M x Myu M,,

where M, is disjoint from M x M, and has the same cardinality as M.
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We now define a bijection

g MOUM, ->MuUM) x(MuM,)
We let g,(x) = g(x) if xe M, and we let g, on M, be any bijection of M,
on M,. In this way we have extended g to M uM,, and the pair
(MuM,, g, is in S, contradicting the maximality of (M, g). The case

card(M) < card(C) therefore cannot occur, and our theorem is proved.

Corollary 3.11. If A is an infinite set, and A™ = A x --- x A is the
product taken n times, then

card(A™) = card(A).
Proof. Induction.
Corollary 3.12. If A,,...,A, are non-empty infinite sets, and
card(4;) < card(4,)
for i=1,...,n, then
card(4; x --- x A,) = card(4,).
Proof. We have
card(A,) < card(A4; x --- x 4,) £ card(4, x - x A,)

and we use Corollary 3.11 and the Schroeder-Bernstein theorem to con-
clude the proof.

Corollary 3.13. Let A be an infinite set, and let ® be the set of finite
subsets of A. Then

card(®) = card(A).

Proof. Let @, be the set of subsets of A having exactly n elements, for
each integer n =1, 2,.... We first show that card(®,) < card(A4). If F is
an element of ®,, we order the elements of F in any way, say

F={x,....%.},

and we associate with F the element (x,,...,x,) €A™,

F > (x1,....%,).
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If G is another subset of A having n elements, say G = {y,,...,y,}, and
G # F, then

(XpseeesXy) 7 (Vs e esVu)

Hence our map

F (x4,...,x,)
of ®, into A™ is injective. By Corollary 3.11, we conclude that
card(®,) < card(A4).

Now @ is the disjoint union of the @, for n =1, 2,... and it is an
exercise to show that card(®) < card(A4) (cf. Exercise 1). Since

card(A) < card(®),

because in particular, card(®,) = card(A4), we see that our corollary is
proved.

In the next theorem, we shall see that given a set, there always exists
another set whose cardinality is bigger.

Theorem 3.14. Let A be an infinite set, and T the set consisting of two
elements {0,1}. Let M be the set of all maps of A into T. Then

card(A) < card(M) and card(A) # card(M).
Proof. For each xe A we let
[ A {0, 1}
be the map such that fi(x) =1 and f(y) =0 if y ¥ x. Then x — f, is
obviously an injection of 4 into M, so that card(4) < card(M). Suppose
that card(4) = card(M). Let

X g,

be a bijection between A and M. We define a map h: A —» {0, 1} by the
rule
W) =0 if g =1,

hx)=1 if g,(x)=0.

Then certainly & # g, for any x, and this contradicts the assumption that
x > g, is a bijection, thereby proving Theorem 3.14.
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Corollary 3.15. Let A be an infinite set, and let S be the set of all sub-
sets of A. Then card(A) < card(S) and card(A) # card(S).

Proof. We leave it as an exercise. [Hint: If B is a non-empty subset
of A, use the characteristic function ¢y such that

op(x) =1 if xeB,
@p(x)=0 if x¢B.

What can you say about the association B +» ¢g7]

X, §3. EXERCISES

1. Prove the statement made in the proof of Corollary 3.13.

2. If A is an infinite set, and @, is the set of subsets of A having exactly n
elements, show that

card(A4) < card(®,)
for n> 1.

3. Let A, be infinite sets for i = 1, 2,... and assume that
card(4;) = card(A4)

for some set A4, and all i. Show that

card( D Ai> < card(A).

i=1

4. Let K be a subfield of the complex numbers. Show that for each integer
n = 1, the cardinality of the set of extensions of K of degree n in C is <
card(K).

5. Let K be an infinite field, and E an algebraic extension of K. Show that
card(E) = card(K).

6. Finish the proof of Corollary 3.15.

7. If A, B are sets, denote by M(A4, B) the set of all maps of 4 into B. If B, B’
are sets with the same cardinality, show that M(A, B) and M(A, B) have the
same cardinality. If A, A" have the same cardinality, show that M(A4, B) and
M(A’, B) have the same cardinality.

8. Let A be an infinite set and abbreviate card(4) by a. If B is an infinite set,
abbreviate card(B) by . Define aff to be card(4 x B). Let B be a set dis-
joint from A such that card(B) = card(B’). Define « + f to be card(4 v B').
Denote by B* the set of all maps of 4 into B, and denote card(B*) by p*
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Let C be an infinite set and abbreviate card(C) by y. Prove the following
statements:
@xp+yp=af+ay (B)af=p () "= (d) @) =P

9. Let K be an infinite field. Prove that there exists an algebraically closed field
A containing K as a subfield, and algebraic over K. [Hint: Let Q be a set of
cardinality strictly greater than the cardinality of K, and containing K. Con-
sider the set S of all pairs (E, @) where E is a subset of Q such that K c E,
and ¢ denotes a law of addition and multiplication on E which makes E into
a field such that K is a subfield, and E is algebraic over K. Define a partial
ordering on § in an obvious way; show that S is inductively ordered, and
that a maximal element is algebraic over K and algebraically closed. You
will need Exercise 5 in the last step.]

10. Let K be an infinite field. Show that the field of rational functions K(t) has
the same cardinality as K.

11. Let J, be the set of integers {I,...,n}. Let Z* be the set of positive integers.
Show that the following sets have the same cardinality:
(a) The set of all maps M(Z". J,) with n = 2.
(b) The set of all maps M(Z™, J,).
(c) The set of all real numbers x such that 0 < x < 1.
(d) The set of all real numbers.
[Hint: Use decimal expansions.]

12. Show that M(Z*,Z"*) has the same cardinality as the real numbers.

13. Prove that the sets R, M(Z*,R), M(Z*,Z%) have the same cardinalities.

X, §4. WELL-ORDERING

A set A is said to be well-ordered if it is totally ordered, and if every
non-empty subset B has a least element, i.e. an element ae B such that
a < x for all xeB.

Example 1. The set of positive integers Z* is well-ordered. Any finite
set can be well-ordered, and a denumerable set D can be well-ordered:
Any bijection of D with Z* wiil give rise to a weli-ordering of D.

Example 2. Let D be a denumerable set which is well-ordered. Let b
be an element of some set, and b¢D. Let A =Du {b}. We define x <b
for all xeD. Then A is totally ordered, and is in fact well-ordered.
Proof: Let B a non-empty subset of 4. If B consists of b alone, then b
is a least element of B. Otherwise, B contains some element ae D. Then
BN D is not empty, and hence has a least element, which is obviously
also a least element for B.
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Example3. Let D,, D, be two denumerable sets, each one well-
ordered, and assume that D, nD, is empty. Let A =D, uD,. We
define a total ordering in A by letting x < y for all xeD, and all yeD,.
Using the same type of argument as in Example 2, we sce that A is
well-ordered.

Example 4. Proceeding inductively, given a sequence of disjoint denu-
merable sets Dy, D,,... we let A =) D;, and we can define a well-order-
ing on A by ordering each D, like Z™*, and then defining x < y for xeD;
and yeD;.,. One may visualize this situation as follows:

t I |
1 I r

D, D, D,

Theorem 4.1, Every non-empty infinite set A can be well-ordered.

Proof. Let S be the set of all pairs (X, R) where X is a subset of A4,
and R is a total ordering of X such that X is well-ordered. Then S is
not empty, since given a denumerable subset D of 4, we can always well-
order it like the positive integers. If (X, R) and (Y, Q) are elements of S,
we define (X, R) (Y, Q) if X <Y, if the restriction of Q@ to X is equal
to R, if X is the beginning segment of Y, and if every element ye Y,
v ¢ X is such that x <y for all xe X. Then § is partially ordered. To
show that S is inductively ordered, let T be a totally ordered non-empty
subset of S, say T = {(X;, R;}};c;- Let

M=JX.

iel

Let x, ye M. There exists i, jel such that xe X; and ye X;. Since T is
totally ordered, say (X;, R;) £(X;, R;). Then both x, ye X;,. We define
x<yin M if x<yin X; This is easily seen to be independent of the
choice of (X, R;) such that x, ye X, and it is then trivially verified that
we have defined a total ordering on M, which we denote by (M, P). We
contend that this total ordering on M is a well-ordering. To see this, let
N be a non-empty subset of M. Let x,€N. Then there exists some i el
such that x,eX,;. The subset M n X, is not empty. Let a be a least
element. We contend that a is in fact a least element of N. Let xeN.
Then x lies in some X,. Since T is totally ordered, we have
(X, R) = (Xip Rip) or (X Ri)) = (X1, R
In the first case, xeX; c X, and hence a £x. In the second case,
if x¢ X,;, then by definition, a < x. This proves that (M, P) is a well-
ordering.
We have therefore proved that § is inductively ordered. By Zorn’s
lemma, there exists a maximal element (M, P} of S. Then M is well-
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ordered, and all that remains to be shown is that M = A. Suppose
M # A, and let z be an element of 4 and z¢ M. Let M'= M u {z}. We
define a total ordering on M’ by defining x < z for all xe M. Then M’ is
well-ordered, for let N be a totally ordered non-empty subset of M.
If NnM is not empty, then N M has a least element g, which is
obviously a least element for N. This contradicts the fact that M is
maximal in §. Hence M = A, and our theorem is proved.

Remark. It is an elaborate matter to axiomatize the theory of sets be-
yond the point where we have carried it in the arguments of this chapter.
Since all the arguments of the chapter are easily acceptable to working
mathematicians, it is a reasonable policy to stop at this point without
ever looking at the deeper foundations.

One may, however, be interested in these foundations for their own
sake, as a matter of taste. We refer readers to technical books on the
subject if they are so inclined.



Appendix

APP., §1. THE NATURAL NUMBERS

The purpose of this appendix is to show how the integers can be ob-
tained axiomatically using only the terminology and elementary proper-
ties of sets. The rules of the game from now on allow us to use only
sets and mappings.

We assume given once for all a set N called the set of natural
numbers, and a map o: N — N, satisfying the following (Peano) axioms:

NN 1. There is an element 0eN.

NN 2. We have 6(0) # 0 and if we let N* denote the subset of N con-
sisting of all neN, n # 0, then the map x> o(x) is a bijection
between N and N*.

NN 3. If S is a subset of N, if 08, and if o(n) lies in S whenever n
lies in S, then S = N.

We often denote a(n) by #n’ and think of n’ as the successor of n. The
reader will recognize NN 3 as induction.

We denote 4(0) by 1.

Our next task is to define addition between natural numbers.

Lemma 1.1. Let f: N — N be maps such that

f) = f(n),

f©O)= g0  and { A1) — o).

Then f =g.
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Proof. Let S be the subset of N consisting of all # such that

f(n) = g(n).

Then S obviously satisfies the hypotheses of induction, so S = N, thereby
proving the lemma.

For each meN, we wish to define m + n with neN such that
(1,) m+0=m and m+n=m+ny forall neN.

By Lemma 1.1, this is possible in only one way.

If m =0, we define 0 + n=n for all neN. Then (1,,) is obviously sat-
isfied. Let T be the set of meN for which one can define m + n for all
neN in such a way that (1,) is satisfied. Then Oe T. Suppose me T We
define for all neN,

m+0=m and m +n=(m++ n).
Then
m+n=m+ny=m+ny)y=@m +n).

Hence (1,,) is satisfied, so m’e T. This proves that T = N, and thus we
have defined addition for all pairs (m, n) of natural numbers.
The properties of addition are easily proved.

Commutativity. Let S be the set of all natural numbers m such that
2,) m+n=n+m forall neN.
Then 0 is obviously in 8, and if meS, then
m+n=m+n=m+m=n+m,

thereby proving that S = N, as desired.
Associativity. Let S be the set of natural numbers m such that

(3,0 m+n+k=m+n+k) forall n,keN.
Then 0 is obviously in S. Suppose meS. Then
m+n+k=m+n)y+k=(m+n)+k)
=(m+m+k) =m+@n+k),
thereby proving that S = N, as desired.

Cancellation law. Let m be a natural number. We shall say that the
cancellation law holds for m if for all k, neN satisfying m + k = m + n we
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must have k =n. Let S be the set of m for which the cancellation law
holds. Then obviously Oe S, and if me S, then

m+k=m+n implies (m+ k) =(m+ ny.

Since the mapping x+ X' is injective, it follows that m + k=m + n,
whence k = n. By induction, S = N.

For multiplication, and other applications, we need to generalize
Lemma 1.1.

Lemma 1.2. Let S be a set, and ¢:S— S a map of S into itself. Let
f, g be maps of N into §. If

) = g(0) and {f () =)
g(n') = @ g(n)

for all neN, then f =g.

Proof. Trivial by induction.

For each natural number m, it follows from Lemma 1.2 that there is
at most one way of defining a product mn satisfying

m0 =0 and mn' =mn+m forall neN.

We in fact define the product this way in the same inductive manner
that we did for addition, and then prove in a similar way that this
product is commutative, associative, and distributive, that is

m(n + k) = mn + mk

for all m, n, ke N. We lcave the details to the reader.

In this way, we obtain all the properties of a ring, except that N is
not an additive group: We lack additive inverses. Note that 1 is a unit
element for the multiplication, that is 1m = m for all meN.

It is also easy to prove the multiplicative cancellation law, namely if
mk=mn and m # 0, then k =n. We also leave this to the reader. In
particular, if mn # 0, then m # 0 and n # 0.

We recall that an ordering in a set X is a relation x < y between cer-
tain pairs (x,y) of elements of X, satisfying the conditions (for all
x,y,ze X):

PO 1. We have x < x.
PO2 Ifx<yand y=<z then x <z
PO3. [f x<yand y £x, then x = y.
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The ordering is called a total ordering if given x, ye X we have x <y or
y=x. Wewrite x<yif x<yand x # y.

We can define an ordering in N by defining n < m if there exists keN
such that m = n + k. The proof that this is an ordering is routine and
left to the reader. This is in fact a total ordering, and we give the proof
for that. Given a natural number m, let C,, be the set of ne N such that
n=m or m=n Then certainly OeC,,. Suppose that neC,. If n=m,
then " =m+1,so mZn'. If n<m, then m =n + k' for some keN, so
that

m=n+k=m+k)=n+k,

and n' <m. If m <n, then for some k, we have n=m+ k, so that
n+l=m+k+1and m<n+ 1. By induction, C,, = N, thereby show-
ing our ordering is total.
It is then easy to prove standard statements concerning inequalities,
e.g
m<n ifand only if m+k<n+k for some keN,

m < n if and only if mk < nk for some keN, k # 0.

One can also replace “for some” by “for all” in these two assertions.
The proofs are left to the reader. It is also easy to prove that if m, n
are natural numbers and m<n<m+ 1, then m=n or n=m+ 1. We
leave the proof to the reader.

We now prove the first property of integers mentioned in Chapter I,
§2, namely the well-ordering:

Every non-empty subset S of N has a least element.

To see this, let T be the subset of N consisting of all » such that
n<x for all xeS. Then 0eT, and T # N. Hence there exists meT
such that m + 1¢ T (by induction!). Then me S (otherwise m < x for all
xe§ which is impossible). It is then clear that m is the smallest element
of S, as desired.

In Chapter IX, we assumed known the properties of finite cardinali-
ties. We shall prove these here. For each natural number n # 0 let J, be
the set of natural numbers x such that 1 < x < n.

If n =1, then J, = {1}, and there is only a single map of J, into itself.
This map is obviously bijective. We recall that sets A, B are said to
have the same cardinality if there is a bijection of 4 onto B. Since a
composite of bijections is a bijection, it follows that if

card(A4) = card(B) and card(B) = card(C),

then card(4) = card(C).
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Let m be a natural number =1 and let keJ,,. Then there is a bijec-
tion between

o — {k} and o
defined in the obvious way: We let f:J, — {k} —J, be such that
fix—x if x<k,
fix—a Y(x) if x>k
We let g: J,, — J,» — {k} be such that
gi x> Xx if x<k,
g: x — o(x) if x=k
Then fog and go f are the respective identities, so f, g are bijections.
We conclude that for all natural numbers m = 1, if
h:J,—J,
is an injection, then h is a bijection.

Indeed, this is true for m = 1, and by induction, suppose the statement
true for some m = 1. Let

Q: Jm' - Jm'
be an injection. Let reJ, and let s = @(r). Then we can define a map
Do Jm’ - {r} - Jm’ - {S}

by x— ¢(x). The cardinality of each set J,. — {r} and J, — {s} is the
same as the cardinality of J,,. By induction, it follows that ¢, is a bijec-
tion, whence ¢ is a bijection, as desired.

We conclude that if 1 < m < n, then a map
Sidy=dy
cannot be injective.

For otherwise by what we have seen,

f(‘]m) =Jum

and hence
S = f(x)

for some x such that 1 < x < m, so f is not injective.
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Given a set A, we shall say that card(A4) = n (or the cardinality of A is
n, or A has n elements) for a natural number n = 1, if there is a bijection
of A with J,. By the above results, it follows that such a natural
number » is uniquely determined by 4. We also say that A has cardi-
nality 0 if A is empty. We say that A4 is finite if A has cardinality n
for some natural number n. It is then an exercise to prove the following
statements:

If A, B are finite sets, and A n B is empty, then

card(A) + card(B) = card(4 u B).
Furthermore,

card(A) card(B) = card(4 x B).

We leave the proofs to the reader.

APP., §2. THE INTEGERS

Having the natural numbers, we wish to define the integers. We do this
the way it is done in elementary school.

For each natural number n # 0 we select a new symbol denoted by
—n, and we denote by Z the set consisting of the union of N and all the
symbols —n for neN, n # 0. We must define addition in Z. If x, yeN
we use the same addition as before. For all xeZ, we define

O+x=x+0=x

This is compatible with the addition defined in §1 when xeN.
Let m, neN and neither n nor m=0. If m=n+ k with keN we
define:

@@ m+(—n=(—n)+m==k
®(-my+n=n+(—my=—kif k#0,and =0if k=0.
(©) (—=m)+ (—n)= —(m+n)

Given x, yeZ, if not both x, y are natural numbers, then at least one of
the situations (a), (b), (c) applies to their addition.

It is then tedious but routine to verify that Z is an additive group.

Next we define multiplication in Z. If x, yeN we use the same
multiplication as before. For all xeZ we define Ox = x0 = 0.

Let m, ne N and neither n nor m = 0. We define:

(—mn=n(—m)= —(mn) and (—m)}—n) = mn.



[APp., §3] INFINITE SETS 379

Then it is routinely verified that Z is a commutative ring, and is in fact
integral, its unit element being the element 1 in N. In this way we get
the integers.

Observe that Z is an ordered ring in the sense of Chapter IX, §! be-
cause the set of natural numbers n £ 0 satisfies all the conditions given
in that chapter, as one sees directly from our definitions of multiplication
and addition.

APP., §3. INFINITE SETS

A set A is said to be infinite if it is not finite (and in particular, not
empty).

We shall prove that an infinite set A contains a denumerable subset.
For each nonempty subset T of A, let x, be a chosen element of T We
prove by induction that for each positive integer n we can find uniquely
determined elements x,,...,x,€ A such that x; = x, is the chosen element
corresponding to the set A itself, and for each k=1,...,n — 1, the ele-
ment x,,, is the chosen element in the complement of {x,,...,x,}. When
n = 1, this is obvious. Assume the statement proved for n > 1. Then we
let x,,, be the chosen element in the complement of {x,,...,x,}. If
Xi,...,X, are already uniquely determined, so is x,,,. This proves what
we wanted. In particular, since the elements x,,....,x, are distinct for
all n, it follows that the subset of A consisting of all elements x, is a
denumerable subset, as desired.
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