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point O. This to and fro motion of N is known as simple
harmonic motion (briefly written as SH.M.).

4.2. Velocity and Acceleration of a
Particle Moving with Simple
Harmonic Motion

Consider a particle, moving round the circumfer-
enceof acircleof radiusr, with auniform angular velocity
wrad/s, asshown in Fig. 4.2. Let P be any position of the
particle after t seconds and 6 be the angle turned by the
particlein t seconds. We know that

0=w.t

If N is the projection of P on the diameter X X',
then displacement of N from its mean position O is

I g o |
Movements of a ship up and down in
a vertical plane about transverse axis

X =1.005 8 =T.c05 0t - (D) (called Pitching) and about longitude
Thevelocity of N isthe component of the velocity (called rolling) are in Simple
of Pparalel to XX, i.e Harmonic Motion.
Vy =VsSnB = wrsin 6= @w/r? ... (ii)
U.y = ; - _J.2 _ 20
e v=ar,andr SnB =NP = —X
g8 g

|[+—1cycle —¥

—Angle turned inrad. —»

Fig. 4.2. Velocity and acceleration of a particle.

A little consideration will show that velocity is maximum, when x = O, i.e. when N passes
through O i.e., its mean position.
O Vi = @O

We aso know that the acceleration of P is the centripetal acceleration whose magnitude is
w?.r. The acceleration of N isthe component of the acceleration of P parallel to XX ' and is directed
towardsthe centre O, i.e,,

ay = . rcos 0 = o§.x .. (x =rcosb) ..(iii)
The accelerationismaximumwhenx =ri.e.whenPisat X or X'.
O gy = WAT

It will also benoticed from equation (iii) that when x = 0, the accelerationiszeroi.e. N passes
through O. In other words, the acceleration is zero at the mean position. Thus we see from equation
(i) that the acceleration of N is proportional to its displacement from its mean position O, and it is
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always directed towards the centre O; so that the motion of N is simple harmonic.

In general, abody is said to move or vibrate with simple harmonic motion, if it satisfies the
following two conditions:

1. Its acceleration is always directed towards the centre, known as point of reference or
mean position ;

2. Its acceleration is proportional to the distance from that point.

4.3. Differential Equation of Simple Harmonic Motion
We have discussed in the previous article that the displacement of N fromitsmean position Ois

X =1.c0S 0 = r.cos wt . (1)
Differentiating equation (i), we have velocity of N,
d 3 .
d—f[(:v,\, =r.wsin ot .. (i)
Again differentiating equation (ii), we have acceleration of N,
“d%x B B
o =ay =—1.0 (oS @ = -Q@rcos ® =-ox .. (iii)
dt
.. ("7 recoswt =x)
d?x
or — + (JL)ZX =0
dt?

This is the standard differential equation for simple harmonic motion of a particle. The
solution of this differential equationis

x=Acoswt+ Bsinwt .. (iv)
where A and B are constants to be determined by theinitial conditions of the motion.
InFig. 4.2, whent=0, x =ri.e. whenpointsP and N lieat X, we havefrom equation (iv), A =r
Differentiating equation (iv),

%:—Amsinux +B. axos

dt
When't =0, % = 0, therefore, from the above equation, B = 0. Now the equation (iv) becomes
X=rcoswt ... [Same as equation (i)]
The equations (ii) and (iii) may be written as

%:VN =—wrsin o =w cos( d +12)
2
and %:a,\I =-wfrcos o =d.rcos(  +ju

These equations show that the vel ocity leads the displacement by 90° and accel eration leads
the displacement by 180°.

*  Thenegative sign showsthat the direction of acceleration isopposite to the direction in which x increases,
i.e. the acceleration is always directed towards the point O.
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4.4. Terms Used in Simple Harmonic Motion

The following terms, commonly used in simple harmonic motion, are important from the
subject point of view.

1. Amplitude. It isthe maximum displacement of abody from its mean position. InFig. 4.2,
OX or OX " isthe amplitude of the particle P. The amplitude is always equal to the radius of the
circle.

2. Periodic time. It isthe time taken for one compl ete revolution of the particle.
a Periodic time, tp = 2 1w seconds
We know that the accel eration,

a=w?x or of =2 oroo:\/é
X X

2 {x /Displacemem
=" =21 |2 =21, —— """ seconds
. b w m a n Accdleration

It isthus obvious, that the periodic timeisindependent of amplitude.
3. Frequency. Itisthe number of cycles per second and is the reciprocal of time period, t, .
w_1_1 |a

O Frequency, n=— =~ =+ |~
requency 2n t, 2m\x

Notes: 1. In S.l. units, the unit of frequency is hertz (briefly written as Hz) which is equal to one cycle per
second.

Hz

2. When the particle moves with angular simple harmonic motion, then the periodic time,

t=2 \/Angulardlsplacement —on[® s

Angular acceleration a

-1 ja
and frequency, N = 27_[\/; Hz

Example4.1. The piston of a steam engine moves with simple harmonic motion. The crank
rotatesat 120 r.p.m. with a stroke of 2 metres. Find the vel ocity and accel eration of the piston, when
it isat a distance of 0.75 metre from the centre.

Solution. Given: N =120rp.m. or w=21x 120/60=4mrad/s;2r=2m or r=1m;
Xx=0.75m

Velocity of the piston
We know that velocity of the piston,

v=w4r? -x? =4 mf1l «0.75)> 8.31m/s Ans.

Acceleration of the piston
We also know that acceleration of the piston,
a=wlx = (4m)? 0.75 = 118.46 m/s?> Ans.

Example 4.2. A point moves with simple harmonic motion. When this point is 0.75 metre
fromthe mid path, its velocity is 11 m/s and when 2 metres from the centre of its path its velocity is
3 m/s. Find its angular velocity, periodic time and its maximum accel eration.
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Solution. Given: Whenx =0.75m,v=11m/s; whenx =2m, v =3m/s
Angular velocity
Let w=Angular velocity of the particle, and
r = Amplitude of the particle.
We know that velocity of the point when it is0.75 m from the mid path (v),

11= w4r? =x? = wyr? H0.75) ()
Similarly, velocity of the point when it is 2 m from the centre (v),
3=wvr? -2 (1))

Dividing equation (i) by equation (ii),

11 _ wyr? =075 _ r? -(0.75)?

3 w\/rz 22 \/rz 2

Squaring both sides,
121 _ r* - 05625

9 r2-4
121r2-484=9r>-506 or 112r>=478.94
O r2=47894/112=4276 or r=207m

Substituting the value of r in equation (i),

11= 0+/(2.07)2 -(0.75)% =1.93 w

O w =11/1.93=5.7rad/sAns.
Periodic time
We know that periodic time,
t= 2/ w=2m/57=11sAns
Maximum acceleration
We know that maximum accel eration,
8, = WA.r = (5.7)2 2.07 = 67.25 m/s? Ans.

4.5. Simple Pendulum 0

A simplependulum, initssimplest form, consists )

of heavy bob suspended at the end of alight inextensible ,

and flexible string. The other end of the string is fixed at /

O, asshowninFig. 4.3. /
Let L = Length of thestring, )

m = Massof the bob inkg, /

W = Weight of the bob in newtons Py

=m.g,and T-- “mg sind

Angle through which the string m.g
is displaced. Fig 4.3. Simple pendulum.

mg cosf

D
1
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Whenthebobisat A, the pendulumisin equilibrium position. If the bobisbrought to B or C
and released, it will start oscillating between the two positions B and C, with A asthe mean position.
It hasbeen observed that if theangle 8 isvery small (lessthan 4° ), the bob will have simple harmonic
motion. Now, the couple tending to restore the bob to the equilibrium position or restoring torque,

T=mgsnBxL
Since angle 8 isvery small, therefore sin 6 = B radians.
O T=mg.L.0

We know that the mass moment of inertia of the bob about an axis through the point of
suspension,
| = mass x (length)? = m.L?
00 Angular acceleration of the string,

Angular displacement _ |

e Angular acceleration ~ g

We know that the periodic time,

_ Displacement _ L .
t = 2T\ Acceleration 2“\/? - ()
_1_1 |9 ..
”—g—ﬁ\/g .. (i)

From above we see that the periodic time and the frequency of oscillation of a simple
pendulum depends only upon itslength and accel eration due to gravity. The mass of the bob hasno
effect on it.

Notes: 1. The motion of the bob from one extremity to the other (i.e. from B to C or C to B) is known as beat

and frequency of oscillation,

or swing. Thus one beat = % oscillation.

0 Periodic time for one beat = 1 ./L/g

2. A pendulum, which executes one beat per second (i.e. one complete oscillation in two seconds) is
known as a second’s pendulum.
4.6. Laws of Simple Pendulum

Thefollowing laws of asimple pendulum are important from the subject point of view :

1. Lawof isochronism. It states, “ The time period (tp) of asimple pendulum does not depend
upon its amplitude of vibration and remains the same, provided the angular amplitude (8) does not
exceed 4°.

2. Law of mass. It states, “Thetime period (tp) of asimple pendulum does not depend upon
the mass of the body suspended at the free end of the string.”

3. Law of length. It states, “The time period (tp) of asimple pendulum is directly propor-
tional to +/L , whereL isthelength of the string.”
4. Law of gravity. It states, “ The time period (tp) of asimple pendulum isinversely propor-

tional to @ , Where g isthe acceleration due to gravity.”
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Note: The above laws of a simple pendulum are true from the equation of the periodic timei.e.
t, =2mJL/g

4.7. Closely-coiled Helical Spring

Consider a closely-coiled helical spring, whose upper end is
fixed, as shown in Fig. 4.4. Let abody be attached to the lower end.
Let A A be the equilibrium position of the spring, after the massis

attached. If the spring is stretched up to BB and then released, the
mass will move up and down with simple harmonic motion.
Let m = Massof the body in kg,
W = Weight of the body in newtons=m.g, A A
x = Displacement of the load below equilib- mg X
rium position in metres, B _,':_,_{‘ ¥p
s = Stiffnesof the springin N/mi.e. restoring B
force per unit displacement from the equi- Fig. 4.4. Closely-coiled
librium position, helical spring.

a = Acceleration of the body in m/s”.
We know that the def lection of the spring,

mg :
=— L
< (i)
Then disturbing force = m.a
and restoring force = s.x .. (i)
Equating equations (i) and (ii),
X_m
ma=sx‘* or — =
a s
Simple Harmonic Motion (SHM)
We know that if we stretch a Horizt.:)ntal
spring with a mass on the Spring
end and let it go, the mass
will oscillate back and forth k
(If there is no friction).
This oscillation is called
Simple Harmonic Motion. —_—
L 7]
|t
*  Thedifferential equation for the motion of the spring is
mAX =gy or dx=_sx (Hereoozzi)
at? ' at? m m

The —ve sign indicates that the restoring force s.x is opposite to the direction of disturbing force.
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We know that periodic time,
:21'[\/% :21'[\/3 ﬁ,-a;%ﬁ
and frequency, n :% = %T \/% :2_111\/%

Note: If the mass of the spring (m,) is also taken into consideration, then the periodic time,

t, =21

m+m/3
P s

seconds,

and frequency, n= 1 S

2\m+m/3 Hz

Example 4.3. A helical spring, of negligible mass, and which is found to extend 0.25 mm
under a mass of 1.5 kg, is made to support a mass of 60 kg. The spring and the mass system is
displaced vertically through 12.5 mm and released. Determine the frequency of natural vibration of
the system. Find al so the vel ocity of the mass, when it is5 mm below itsrest position.

Solution. Given: m=60kg; r=125mm=0.0125m; x =5 mm = 0.005m

Since amass of 1.5 kg extends the spring by 0.25 mm, therefore amass of 60 kg will extend
the spring by an amount,

5= 025

15 x60 =10 mm = 0.01m

Freguency of the system
We know that frequency of the system

f98
6 2n 001 =4.98Hz Ans.
Velocity of the mass

Let v = Linear velocity of the mass.
We know that angular velocity,

/g _ {9.81 _
= [ = [=——= =31.32
w 5 001 31.32 rad/s

=wr2 -x =31.32,/(0.0125)> ~(0.005)2 = 0.36 /s Ans.

and

4.8. Compound Pendulum

When arigid body is suspended vertically, and it oscillates
with asmall amplitude under the action of the force of gravity, the
body is known as compound pendulum, as shown in Fig. 4.5.

Let m

w

Mass of the pendulumin kg,

Weight of the pendulum in
newtons=m.g,

Fig. 4.5. Compound pendulum.

*  Weknow that periodic time,
tp:2n/w or w:2rr/tp:2rrxn:2rrx 4.98 = 31.3 rad/s (e n=1/tp)
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ks = Radiusof gyration
about an axis
through the centre
of gravity G and
perpendicular to
the plane of
motion, and

h = Distance of point
of suspension O
from the centre of
gravity G of the
body.

If the pendulum is given a small
angular displacement 6, then the couple
tending to restore the pendulum to the
equilibrium position OA,

T=mgsn6xh=mghsin®

Since 0 is very small, therefore sub-
stituting sin © = O radians, we get

T=mgh9
Now, the mass moment of inertia about the axis of suspension O,
| =lg +mh?= m(ké +h2) ... (By parallel axistheorem)

O Angular acceleration of the pendulum,

h h o
-:-—= mgh © =_9 = constant x 8

m(k3 +h?) k3 +h?

We see that the angular acceleration is directly proportional to angular displacement,
therefore the pendulum executes simple harmonic motion.

k& +h?
g.h
We know that the periodic time,

Displacement 0
t, =2m,————— =2T
P \ Acceleration o

a=

O

2 +h2 .
- on ng.h 0
and frequency of oscillation, n = 1.1 | gh .. (i)
’ t, 2m ké +h?
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Notes: 1. Comparing this equation with equation (ii) of simple pendulum, we see that the equivalent length of
a simple pendulum, which gives the same frequency as compound pendulum, is

_ki+h?
L=
h

2. Since the equivalent length of simple pendulum (L) depends upon the distance between the point of
suspension and the centre of gravity (G), therefore L can be changed by changing the position of point of suspen-
sion. Thiswill, obvioudly, change the periodic time of acompound pendulum. The periodic timewill be minimum
if L isminimum. For L to be minimum, the differentiation of L with respect to h must be equal to zero, i.e.

Ilc?i

+h

dL d ¢, 0
_— = — +hm =
h =0 O gnn MO
L
O ~ +1=0 or kg=h

Thus the periodic time of acompound pendulum is minimum when the distance between the point of
suspension and the centre of gravity is equal to the radius of gyration of the body about its centre of gravity.

0 Minimum periodic time of acompound pendulum,

_ 2ks - . o
ominy = 2T o . ... [Substituting h = kg in equation (i)]

4.9. Centre of Percussion

The centre of oscillation is sometimes termed as cen-
tre of percussion. It is defined as that point at which a blow
may be struck on a suspended body so that the reaction at the
support is zero.

Consider the case of acompound pendulum suspended
at O as shown in Fig. 4.6. Suppose the pendulum is at rest in
the vertical position, and ablow is struck at adistance L from
the centre of suspension. Let the magnitude of blow is F new-
tons. A little consideration will show that this blow will have
the following two effects on the body :

1. A force (F) acting at C will produce alinear motion
with an acceleration a, such that

F=ma . ()
where m isthe mass of the body.

2. A couple with moment equal to (F x | ) which will tend to produce a motion of rotationin
the clockwise direction about the centre of gravity G. Let this turning moment (F x |) produce an
angular acceleration (a), such that

Fxl=lgxa .. (i)
where| 5 isthe moment of inertiaof the body about an axis passing through G and parallel to the axis
of rotation.

From eguation (i) a=Fm .. (i)

and from equation (ii), a= (i

ls

Fig. 4.6. Centre of percusssion.
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Now corresponding linear acceleration of O,

a,=ah=FLh - Flh

o mKl .. (V)

(v lg =mke)
where k is the radius of gyration of the body about the centre of
gravity G.

Since there is no reaction at the support when the body is
struck at the centre of percussion, therefore ashould be equal to &,
Equating equations (iii) and (iv),

F _Flh
m  mk3
2
or k& =1h,and| :% o (V)

We know that the equivalent length of asimple pendulum, A Pendulum clock designed
by Galileo. Galileo was the

2 2 first to deisgn a clock based
+h .

L= kGh = % +h =l +h ()] on the relationship between

gravitational force (g), length

From equations (v) and (vi), it follows that of the pendulum (/) and time

Lo . of oscillation (2).
1. The centre of percussion is below the centre of gravity

and at adistance k2 /h.

2. The distance between the centre of suspension and the centre of percussionisequal to the
equivalent length of asimple pendulum.

Note: We know that mass moment of inertia of the body about O,
lo =lg +mh® or mk=mkZ+mh?

0 k2 =kZ +h? =L.h +h? =h (I +h) =0G xOC o (K2 =1h)

It isthus obvious that the centre of suspension (O) and the centre of percussion (C) are inter-changeable.
In other words, the periodic time and frequency of oscillation will be same, whether the body is suspended at the
point of suspension or at the centre of percussion.

Example 4.4. A uniform thin rod, as shown in Fig. 4.7, has a mass of 1 kg and carries a
concentrated mass of 2.5 kg at B. Therod ishinged at A and is maintained in the horizontal position
by a spring of stiffness 1.8 kN/mat C.

Find the frequency of oscillation, neglecting the effect of the mass of the spring.

i

5 kg
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Solution. Given: m=1kg; m, =2.5kg; s= 1.8 kN/m = 1.8 x 10° N/m
We know that total length of rod,
| =300 + 300 = 600 mm = 0.6 m
0 Mass moment of inertiaof the system about A,
I, = Massmoment of inertiaof 1 kg about A + Mass moment of interia of

2.5 kg about A
2 2
=M sy = 1(0'36) +25(0.6)2 =102 kg-m?

If therodisgivenasmall angular displacement 6 and then released, the extension of the pring,
0=0.3sin6=0.30m
... (- Bisvery smal, therefore substitutingsin 6 = 0)
0 Restoring force=s5=18x103x0.36=5406N

and restoring torque about A = 5400 x 0.3 =162 6 N-m . ()
We know that disturbing torque about A
= 1, xa=1020 N-m (D)

Equating equations (i) and (ii),
102a0=1626 or o/6=162/1.02=159
We know that frequency of oscillation,
1 |a

1 —
== |2 == /150=2.01Hz Ans.
T2\ " 2m

Example4.5. A small flywheel of mass 85 kg is suspended in a vertical plane asa compound
pendulum. The distance of centre of gravity fromthe knife edge support is 100 mm and the flywheel
makes 100 oscillationsin 145 seconds. Find the moment of inertia of the flywheel through the centre
of gravity.

Solution. Given: m=85kg; h=100mm=0.1m

Sincethe flywheel makes 100 oscillationsin 145 seconds, therefore frequency of oscillation,

n =100/145 = 0.69 Hz
Let L = Equivalent length of simple pendulum, and
k = Radius of gyration through C.G.
We know that frequency of oscillation (n),

:i g:i &':ﬁ
069 an\L 2nV L L

0 JL =05/0.69=0.7246 or L=0525m
We also know that equivalent length of simple pendulum (L),

L P A (2

0.525 = o1 TO 01

:‘G?T\,

k3 =0.525 x0.1 - (0.1)* =0.0425 m?
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and moment of inertia of the flywheel through the centre of gravity,

| = mké = 85 x 0.0425 = 3.6 kg-m? Ans.

Example 4.6. The connecting rod of an oil engine has a mass of 60 kg, the distance between
the bearing centresis 1 metre. The diameter of the big end bearing is 120 mm and of the small end
bearing is 75 mm. When suspended vertically with a knife-edge through the small end, it makes 100
oscillations in 190 seconds and with knife-edge through the big end it makes 100 oscillationsin 165
seconds. Find the moment of inertia of the rod in kg-n? and the distance of C.G. from the small end
centre.

Solution. Given: m=60kg; h; +h,=1m;d,* =102 mm; d,* =75 mm
Moment of inertia of the rod

First of al, let usfind theradius of gyration of the connecting

rod about the centre of gravity (i.e. kg).

Let h, andh, = Distance of centre of gravity from
thesmall and big end centresrespec-
tively,

L,andL, = Equivalent length of simple
perdulum when the axis of oscilla-
tion coincideswith the small and big
end centres respectively

When the axis of oscillation coincides with the small end cen- Connecting rod

tre, then frequency of oscillation,
n, = 100/190 = 0.526 Hz
When the axis of oscillation coincides with the big end centre, the frequency of oscillation,
n, = 100/165 = 0.606 Hz
We know that for a simple pendulum,

-1 19
m_ZH\/;HZ
9

9.81

- " ) @n0s267

Smilarly L (21'[?12)2 ) (Zni(lféOG)Z -oorm

Weknowthat L, :W or K2 = LLh - (h)? -0)
Similarly k& = Ly - (hy)? .. (ii)

From equations (i) and (ii), we have
L,.h, —(h)?=L,h,—(h,)?

*  Superfluous data.
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0.9 x h, —(h)2=067 (1—h) —(1—h,)?2 ~o (oo hy +hy=1m)
= 0.67-0.67 h, —1—(h))?+ 2h,
09h +067h —-2h =-033 or -043h =-0.33
0 h, = 0.33/0.43 = 0.767 m
Substituting the value of h, in equation (i), we have

k3 =0.9 x 0.767 - (0.767)®> =0.69 —0.59 =0.1m?
We know that mass moment of inertia of the rod,

| =mkg =60x0.1= 6 kg-m? Ans.
Distance of C.G. from the small end centre
We have cal culated above that the distance of C.G. from the small end centre,
h, =0.767 m Ans.

Example 4.7. A uniform slender rod 1.2 m long is fitted with a transverse pair of knife-
edges, so that it can swing in a vertical plane as a compound pendulum. The position of the knife
edgesisvariable. Find the time of swing of therod, if 1. the knife edges are 50 mm from one end of
therod, and 2. the knife edges are so placed that the time of swing is minimum.

In case (1) find also the maximum angular velocity and the maximum angular acceleration
of therod if it swings through 3° on either side of the vertical.

Solution. Given: 1=1.2m; 8 =3° =3 x 11/180 = 0.052 rad
1. Time of swing of the rod when knife edges are 50 mm

Since the distance between knife edges from one end of therod is 50 mm = 0.05 m, therefore
distance between the knife edge and C.G. of therod,

h= 1—22 ~0.05 =0.55m

We know that radius of gyration of the rod about C.G.,

.1 12
K = - =-%-035m
¢ 12 V12

O Time of swing of the rod,

_ k3 +h*> ___ (0.35)% +(0.55)
b =210 2™ asix 055

=176 sAns.
2. Minimum time of swing

We know that minimum time of swing,

2 2x0.35
tp(rrin) = ZW\/ZG = TT\/ =1.68s Ans

9.81

* Weknow that mass moment of inertia of the rod about an axis through C.G.
I=m.1%12

Also I=mk? or K2=l/m=ml%12xm=1%12 or k=1/J12
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Maximum angular velocity
In case (1), the angular velocity,
w=2m/ t,= 21/1.76 = 3.57 rad/s
We know that maximum angular velocity,
Wy = @.6 = 3.57 x 0.052 = 0.1856 rad/s Ans.
Maximum angular acceleration
We know that maximum angular accel eration,
.., = w208 =(357)% x 0.052 = 0.663 rad/s* Ans.
Example 4.8. The pendulum of an 1zod impact testing machine has a mass of 30 kg. Its
centre of gravity is 1.05 m from the axis of suspension and the striking knife is 150 mm below the

centre of gravity. The time for 20 small free oscillationsis 43.5 seconds. In making a test the pendu-
lumisreleased from an angle of 60° to the vertical. Determine :

1. the position of the centre of percussion relative to the striking knife and the striking vel oc-
ity of the pendulum, and 2. the impulse on the pendulum and the sudden change of axis reaction
when a specimen giving an impact value of 55 N-mis broken.

Solution. Given: m=30kg; OG=h=105m; AG=0.15m

Sincethetime for 20 small free oscillationsis 43.5 s, therefore frequency of oscillation,

n:Q:OAGHz

435
1. The position of centre of percussion relative to the striking knife and the striking velocity of the
pendulum
Let L = Equivalent length of simple pendulum,
ks = Radiusof gyration of the pendulum about the centre of gravity, and
ko, = Radiusof gyration of the pendulum about O.

We know that the frequency of oscillation, Q
-1 19
= oL
or L= g _ 9.81
(2mn)? (21 %0.46)° 1.05m

=1.174m L
00 Distance of centre of percussion (C) from i
the centre of gravity (G), 015m JL
CG=0C-0G=L-0G T?’
=1.174-1.05=0.124 m
and distance of centre of percussion (C) from knife edge A,
AC=AG-CG=0.15-0.124 =0.026 m Ans.

We know that k3 =(h+1)h=_Lh=1174 x1.05 =1.233 m?

A little consideration will show that the potential energy of the pendulum is converted into
kinetic energy of the pendulum before it strikes the test piece. Let v and w be the linear and angular
velocity of the pendulum before it strikes the test piece.
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0 21 2 _1 2 of _
m.g.h, = Smvt = mks. e (7 VEKo0)

30 x 9.81 x 1.05 (1 — cos 60°) = % x30x12330f or 154.5=185 w7

0 w 2=1545/185=835 or w=29rads
O Velocity of striking=w x OA=2.9(1.05 + 0.15) = 3.48 m/sAns.
2. Impulse on the pendulum and sudden change of axis reaction

Itisgiven that theimpact val ue of the specimen (i.e. the energy used for breaking the specimen)
is55N-m. Let w, bethe angular velocity of the pendulum immediately after impact. We know that

Loss of kinetic energy = % I (W = of) :% mk3 (5 - @) H5N-m
0 % x 30 x 1.233 (2.9? - of) =55
185(8.41- ) =55 or «f =841-55185=544

O w ,=233radls
Let P and Q be theimpulses at the knife edge A and at the pivot O respectively asshown in
Fig. 4.8.
O P+ Q = Change of linear momentum
=m.h (w-w)=30%x1.05(29-2.33) =17.95 - ()
Taking moments about G,
0.15 P—1.05 Q = Change of angular momentum

= mk (0 -w) =m (k3 -h%) (w- o)
=30(1.233-1.05%) (2.9-2.33) = 2.27 .. (i)
From equations (i) and (ii),
P=17.6 N-s; and Q = 0.35 N-s Ans.
O Changein axis reaction when pendulum is vertical
= Changein centrifugal force

=m(«’ -of) h =30 (29> -2.33%)1.05=94 N Ans.

4.10. Bifilar Suspension

The moment of inertia of a body may be determined experimentally by an apparatus called
bifilar suspension. The body whose moment of inertiais to be determined (say AB) is suspended by
twolong paralel flexible strings as shown in Fig. 4.9. When the body istwisted through asmall angle
0 about avertical axisthrough the centre of gravity G, it will vibrate with simple harmonic motionin
ahorizontal plane.

Let

Mass of the body,
Weight of the body in newtons=m.g,
Radius of gyration about an axis through the centre of gravity,

m
w
ks
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| = Mass moment of inertia of the
body about a vertical axis

through G = m.k3,
= Length of each string,

—
&

| i
x = Digtanceof A fromG (i.e. AG), |'.
y = Distanceof BfromG (i.e. BG), ;B
8 = Small angular displacement of B
the body from the equilibrium 4,‘
positioninthehorizonta plane,
¢, and@; = Corresponding angular dis-
placements of the strings, and
o = Angular acceleration towards \‘?B’
the equilibrium position. B Op
When the body is stationary, the tension in the strings are Fig. 4.9. Bifilar suspension.

given by

Mgy g T, =MOX
X+y X+y

Ta B ...(Taking moments about B and A respectively,)

When the body is displaced from its equilibrium position in a horizontal plane through a
small angle 6, then the angular displacements of the strings are given by

AA =@,l=x.6;andBB' =@,.l=y.6

Component of tenson T, inthe horizontal plane, actingnormal toA'B" at A’ asshowninFig. 4.9

m.g. g m.g.x.y.0
I gy . x6 _mgxy

O (N

x+y | I(x+y)
Component of tension T inthe horizontal plane, acting normal to A’ B at B’ asshowninFig. 4.9

_mgx y8 _mg.xy8

Tx+y LTI (x+y)

These componentsof tensions T, and T, are equal and oppositein direction, which givesrise
to acouple. The couple or torque applied to each string to restore the body to itsinitial equilibrium
position, i.e. restoring torque

= Tg.0

=Th.Qu X +T5.@.Y

_ mg.x.y.8 _ m.g.x.y.0

TTxry) XYV I 0
and accelerating (or disturbing) torque
= l.a = mk3.a ... (i)
Equating equations (i) and (ii),
mgxy8 _ 0 _ K&
| = miG.a or a  gxy
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Angular displacement _ k3
Angular acceleration  g.x.y

We know that periodic time,

: 2
{, = 2n \/Angula displacement _, kg

Angular acceleration g.xy

I
= 271 LI
ke g.x.y

_1_ 1 g-xy
and frequency, n= E _ﬁ T

Note: Thebifilar suspensionisusually used for finding the moment of inertia of aconnecting rod of an engine.
Inthis case, the wires are attached at equal distances from the centre of gravity of the connecting rod (i.e. x =y)
so that the tension in each wireis same.

Example 4.9. A small connecting rod of mass 1.5 kg is suspended in a horizontal plane by
twowires1.25 mlong. Thewiresare attached to therod at points 120 mmon either side of the centre
of gravity. If the rod makes 20 oscillations in 40 seconds, find the radius of gyration and the mass
moment of inertia of the rod about a vertical axis through the centre of gravity.

Solution. Given: m=15kg;1=125m;x=y=120mm=0.12m

Since the rod makes 20 oscillationsin 40 s, therefore frequency of oscillation,

n=20/40=0.5Hz
Radius of gyration of the connecting rod
Let ks = Radius of gyration of the connecting rod.
We know that frequency of oscillation (n),

o5-_ 1 [gxy_ 1 \/9.81x 0.12x0.12 _ 0.0535
T 2mkg I 21ikg 1.25 k

O ks =0.0535/0.5 = 0.107 m = 107 mm Ans.
Mass moment of inertia of the connecting rod
We know that mass moment of inertia,
I = m(kg)?=1.5(0.107)> = 0.017 kg-m? Ans.

4.11. Trifilar Suspension (Torsional Pendulum) T

Itisalso used to find the moment of inertiaof abody experi-
mentally. Thebody (say adisc or flywheel) whose moment of inertia
isto be determined is suspended by three long flexible wires A, B
and C, asshowninFig. 4.10. When the body istwisted about itsaxis
through asmall angle 8 and then released, it will oscillatewith simple
harmonic motion.

Let

Mass of the body in kg,

Weight of the body in newtons=m.g,
Radius of gyration about an axis
through c.g.,

I = Mass moment of inertia of the disc about an axis through O and per-
pendicular toit=m.k?,

Disc vm.g

§ =3
Il

Fig. 4.10. Trifilar suspension.
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Length of each wire,
Distance of each wire from the axis of the disc,
Small angular displacement of the disc,
Corresponding angular displacement of thewires, and
Angular acceleration towards the equilibrium position.
Then, for small displacements,
r.o=l.e or o@=r6l
Since the three wires are attached symmetrically with respect to the axis, therefore the ten-
sionin each wire will be one-third of the weight of the body.
[0 Tension in each wire = m.g/3
Component of the tension in each wire perpendicular tor
_mg.sn® _mg.@_mg.r.0
-3 3 3
00 Torque applied to each wire to restore the body to its initial equilibrium position i.e.
restoring torque

Q5 @© = —
1

... (- @isasmadl angle, and @=r.6/1)

_mgré _ m.g.r’.e

3 3
Total restoring torque applied to three wires,

2 2
T=3x mgélr 0 _ mgir .0 - 0)

We know that disturbing torque
=la=mkia ... (i)
Equating equations (i) and (ii),

mg.r2.0
|

o _ 1Kk&
=mki.a or agr?

~ Angular displacement _ 1.k§
1€ Angular acoderation g2

We know that periodic time,

F 2
tp:2n\/Angu'a displacement _,, [lks _2mkg \/g

Angular acceleration gr? r
and frequency, n = tl = ﬁ Ig
P

Example 4.10. In order to find the radius of gyration of a car, it is suspended with its axis
vertical fromthree parallel wires 2.5 metreslong. Thewires are attached to the rimat points spaced
120° apart and at equal distances 250 mm from the axis.

It isfound that the wheel makes 50 torsional oscillations of small amplitude about itsaxisin
170 seconds. Find the radius of gyration of the wheel.
Solution. Given: 1 =25m;r=250mm=0.25m;
Since the wheel makes 50 torsional oscillations in 170 seconds, therefore frequency of
oscillation,
n=50/170 = 5/17 Hz
Let ks = Radius of gyration of the wheel
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We know that frequency of oscillation (n),

5_ P _ 025 [9.81 _0.079
17 2mks V1 2mkg V25 kg
O kg =0.079 x 17/5=0.268 m = 268 mm Ans.

Example 4.11. A connecting rod of mass 5.5 kg is placed on a horizontal platform whose
massis1.5kg. It issuspended by three equal wires, each 1.25 mlong, fromarigid support. Thewires
are equally spaced round the circumference of a circle of 125 mm radius. When the c.g. of the
connecting rod coincideswith the axis of the circle, the platform makes 10 angular oscillationsin 30
seconds. Determine the mass moment of inertia about an axis through its c.g.

Solution. Given:m, =55kg; m,=15kg;|1=125m;r=125mm=0.125m

Since the platform makes 10 angular oscillationsin 30 s, therefore frequency of oscillation,
n=10/30=1/3 Hz

Let ks = Radius of gyration about an axis through the c.g.

We know that frequency of oscillation (n)

1 r g _ 0125 (9.81 _ 0.056

37 2mk VI~ 2mkg V125~ kg
O kg =0.056 x 3=0.168 m
and mass moment of inertiaabout an axisthroughitsc.g.,

| =mkg =(m +my) k3 =(5.5 +1.5) (0.168)? kg-m?
=0.198 kg-m? Ans.

EXERCISES

1. A particle, moving with simple harmonic motion, performs 10 complete oscillations per minute and
its speed, when at a distance of 80 mm from the centre of oscillation is 3/5 of the maximum speed.
Find the amplitude, the maximum acceleration and the speed of the particle, when it is 60 mm from
the centre of the oscillation. [Ans. 100 mm ; 109.6 mm/s? ; 83.76 mm/s]

2. A piston, moving with asimple harmonic motion, has avelocity of 8 m/s, when it is 1 metre from the
centre position and a velocity of 4 m/s, when it is 2 metres from the centre. Find : 1. Amplitude, 2.
Periodic time, 3. Maximum velocity, and 4. Maximum accel eration.

[Ans. 2236 m ; 1.571s; 8.94 m/s; 35.77 m/<

3. The plunger of areciprocating pump is driven by a crank of radius 250 mm rotating at 12.5 rad/s.
Assuming simple harmonic motion, determine the maximum velocity and maximum accel eration of
the plunger. [Ans. 3.125 m/s ; 39.1 m/s7]

4. A part of amachine of mass4.54 kg has areciprocating motion which issimple harmonic in character.
It makes 200 complete oscillationsin 1 minute. Find : 1. the accel erating force upon it and its vel ocity
when it is 75 mm, from midstroke ; 2. the maximum accel erating force, and 3. the maximum vel ocity
if itstotal strokeis225 mm i.e. if the amplitude of vibration is 112.5 mm.

[Ans. 1495N ; 1.76 m/s; 224 N ; 2.36 m/q|

5. A helical spring of negligible massisrequired to support amass of 50 kg. The stiffness of the spring
is 60 kN/m. The spring and the mass system is displaced vertically by 20 mm below the equilibrium
position and then released. Find : 1. the frequency of natural vibration of the system ; 2. the vel ocity
and acceleration of the masswhen it is 10 mm below the rest position.

[Ans.55Hz; 0.6 m/s; 11.95 m/s

6. A spring of stiffness 2 kN/mis suspended vertically and two equal masses of 4 kg each are attached to
thelower end. One of these masses is suddenly removed and the system oscillates. Determine: 1. the
amplitude of vibration, 2. the frequency of vibration, 3. the vel ocity and accel eration of the masswhen
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passing through half amplitude position, and 4. kinetic energy of the vibration in joules.
[Ans. 0.019 62 m ; 3.56 Hz ; 0.38 m/s, 4.9 m/s?; 0.385 J]
A vertical helical spring having astiffness of 1540 N/mis clamped at its upper end and carriesamass
of 20 kg attached to the lower end. The massisdisplaced vertically through a distance of 120 mm and
released. Find : 1. Frequency of oscillation ; 2. Maximum velocity reached ; 3. Maximum accelera-
tion; and 4. Maximum value of the inertia force on the mass.
[Ans. 1.396 Hz ; 1.053 m/s; 9.24 m/s? ; 184.8 N]
A small flywheel having mass 90 kg is suspended in a vertical plane as a compound pendulum. The
distance of centre of gravity from the knife edge support is 250 mm and the flywheel makes 50
oscillationsin 64 seconds. Find the moment of inertia of the flywheel about an axisthrough the centre
of gravity. [Ans. 3.6 kg-m?|
The connecting rod of a petrol engine has a mass 12 kg. In order to find its moment of inertiait is
suspended from a horizontal edge, which passes through small end and coincides with the small end
centre. Itismadeto swing in avertical plane, such that it makes 100 oscillationsin 96 seconds. If the
point of suspension of the connecting rod is170 mm fromitsc.g., find : 1. radius of gyration about an
axisthroughitsc.g., 2. moment of inertiaabout an axisthroughitsc.g., and 3. length of the equivalent
simple pendulum. [Ans. 101 mm ; 0.1224 kg-m? ; 0.23 m]
A connecting rod of mass40 kg is suspended vertically asacompound pendulum. The distance between
the bearing centresis 800 mm. Thetime for 60 oscillationsis found to be 92.5 seconds when the axis of
oscillation coincides with the small end centre and 88.4 seconds when it coincides with the big end
centre. Find the distance of the centre of gravity from the small end centre, and the moment of inertia of
the rod about an axis through the centre of gravity. [Ans. 0.442 m ; 2.6 kg-m?]
The following data were obtained from an experiment to find the moment of inertia of a pulley by
bifilar suspension :
Mass of the pulley = 12 kg ; Length of strings= 3 m ; Distance of strings on either side of centre of
gravity = 150 mm ; Time for 20 oscillations about the vertical axis through c.g. = 46.8 seconds
Calculate the moment of inertia of the pulley about the axis of rotation.
[Ans. 0.1226 kg-m?]
In order to find the moment of inertia of aflywhed, it is suspended in the horizontal plane by three
wires of length 1.8 m equally spaced around acircle of 185 mm diameter. Thetime for 25 oscillations
in a horizontal plane about a vertical axis through the centre of flywheel is 54 s. Find the radius of
gyration and the moment of inertia of the flywheel if it has a mass of 50 kg.

[Ans. 74.2 mm; 0.275 kg-m?|

DO YOU KNOW ?

Explain the meaning of S.H.M. and give an example of S.H.M.

Define the terms amplitude, periodic time, and frequency as applied to S.H.M.

Show that when a particle moves with simple harmonic motion, its time for a complete
oscillation is independent of the amplitude of its motion.

Derive an expression for the period of oscillation of a mass when attached to a helical spring.

What is asimple pendulum ? Under what conditionsits motion is regarded as simple harmonic?

Prove the formulafor the frequency of oscillation of a compound pendulum. What is the length of a
simple pendulum which gives the same frequency as compound pendulum ?

Show that the minimum periodic time of a compound pendulum is

_ /2ke
tp(mm) =21 T

wherek; isthe radius of gyration about the centre of gravity.

What do you understand by centre of percussion ? Prove that it lies below the centre of gravity of the
body and at a distance ké/ h, where kg, is the radius of gyration about c.g. and h is the distance
between the centre of suspension and centre of gravity.
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Describe the method of finding the moment of inertia of a connecting rod by means of bifilar suspen-
sion. Derive the relations for the periodic time and frequency of oscillation.
What isatorsional pendulum ? Show that periodic time of atorsional pendulumis
¢ = 2k \F
p=—= |-
r g
where ks = Radius of gyration,
| = Length of each wire, and
r = Distance of each wire from the axis of the disc.
OBJECTIVE TYPE QUESTIONS
The periodic time (tp) isgiven by
() w/2m (b)) 21w (0 2mxw (d Tow
The velocity of a particle moving with simple harmonic motionis. . . . at the mean position.
(@) zero (b) minimum (©) maximum
The velocity of a particle (v) moving with simple harmonic motion, at any instant is given by
@  wyr?-x? () wyx* -r? © W rF-x* (@ o Jx*-r?
The maximum acceleration of a particle moving with simple harmonic motion is
@ w (b) wr (© wir (d) or
The frequency of oscillation for the simple pendulum is
1 |L 1 /9 L 9
Y e AT 2 |—= 2m, |-
@ o5 \fg ® 5L © H\fg (d) L
When arigid body is suspended vertically and it oscillateswith asmall amplitude under the action of the
force of gravity, the body is known as
(@) simple pendulum (b) torsional pendulum
(6  compound pendulum (d) second’s pendulum
The frequency of oscillation of acompound pendulumis
1 gh 1 /ké +h? gh k2 +h?
- — 21
@  on K2 + 12 ® 5. gh (© 2n 2 + 1 (d) gh
where ks = Radius of gyration about the centroidal axis, and
h = Distance between the point of suspension and centre of gravity of the body.
Theequivalent length of asimple pendulum which givesthe same frequency asthe compound pendulum
is
h k2 +h? h2 k& +h?
(a 7k§ . (b) h © K + 2 (d) 12
The centre of percussion is below the centre of gravity of the body and is at a distance equdl to
(@ hikg (b) hkg © hlkg @ k3/h
The frequency of oscillation of atorsional pendulum is
27k, ﬁ r \P 21k [ r \F
Y ~ - = R d _ | —
@ =% ® o | © g @ Zmgyg
ANSWERS
1 (b 2. (9 3. (3 4. (0 5. (b
6. (c) 7. (@ 8. (b 9. (d) 10. (b)
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