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24.1. Introduction

We have aready discussed in the previous chapter
that when the particles of a shaft or disc move in a circle
about the axis of a shaft, then the vibrations are known as
torsional vibrations. In this case, the shaft is twisted and
untwisted aternately and torsional shear stresses are induced
in the shaft. In this chapter, we shall now discuss the fre-
quency of torsional vibrations of various systems.

24.2. Natural Frequency of Free Torsional
Vibrations
Consider a shaft of negligible mass whose one end
is fixed and the other end carrying a disc as shown in Fig.
24.1.
Let 8 = Angular displacement of the shaft
from mean position after time t
in radians,
m = Massof discin kg,
I = Mass moment of inertia of disc
in kg-m? = m.k?,
= Radius of gyration in metres,

= Torsiond stiffness of the shaft in
N-m.
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0 Restoring force =q8 . (i) ///{ L/
I
d% |
and accelerating force = x— (D) !
dt? !
Equating equations (i) and (ii), the equation of i
motion is I_:_l 0
d?e _
I at2 =-q.6 - ‘ - - Mean position
d 29 Position after
or I xF+q_e =0 ! time (t)
t
9 Fig 24.1. Natural frequency of
0 L§+Qxe -0 (i) free torsional vibrations.
dt
The fundamental equation of the simple harmonic motion is
d%e
dt—2+wz-x =0 (V)

O  Time period, tp="_-=2m|-
w q
1_1
and natural frequency , fp=—=— g
t, 2nvl

4

- o e

&

Note : This picture is given as additional information and is not a direct example of the current chapter.

A modern lathe can create an artificial hip joint from information fed into it by a computer. Accurate
drawings of the joint are first made on a computer and the information about the dimensions fed is
directly into the lathe.
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Note:  The vaue of the torsiona stiffness g may be obtained from the torsion equation,

T.CO o, T_C
J | 0 |
_CJ o T_ 0O
: B B o™
where C = Modulus of rigidity for the shaft material,

J = Polar moment of inertia of the shaft cross-section,

_T 4
_id - d is the diameter of the shaft, and

| = Length of the shaft.

Example 24.1. A shaft of 100 mm diameter and 1 metre long has one of its end fixed and
the other end carries a disc of mass 500 kg at a radius of gyration of 450 mm. The modulus of
rigidity for the shaft material is 80 GN/n¥. Determine the frequency of torsional vibrations.

Solution. Given: d=100mm=0.1m;l=1m; m=500 kg ; k=450 mm = 0.45m;
C =80 GN/m* = 80 x 10° N/m?

We know that polar moment of inertia of the shaft,

J="xd4 =" 0.1)% =9.82 x10m*
32 32
[0 Torsiona stiffness of the shaft,

C.J _80x10°x9.82x107®
q = =
| 1
We know that mass moment of inertia of the shaft,

=785.6 x10° N-m

| =mk? =500(0.45)2 =101.25 kg-m’
O  Frequency of torsional vibrations,

f :i g:i 78576x103 :@ =14 Hz Ans
nTom\1 2n\ 10125 2m '

Example 24.2. A flywheel is mounted on a vertical shaft as shown in Fig 24.2. The both
ends of a shaft are fixed and its diameter is 50 mm. The flywheel has a mass of 500 kg and its
radius of gyration is 0.5 m. Find the natural frequency of torsional vibrations, if the modulus of
rigidity for the shaft material is 80 GN/n?.

Solution. Given : d = 50 mm = 0.05 m ; m = 500 kg ; k = 0.5m; G = 80 GN/m?
= 84 x 10° N/m?

We know that polar moment of inertia of the shaft, 7/

7777
N
_n_4_T 4 4
3= xdt =2 (005)*m 5 || oom
=0.6x10°m* O l | l O
O Torsional stiffness of the shaft for length |, l‘l‘ i og
2 .om
_CJ _84x10°x0.6x107° vy iy
== /77777777777

Iy 0.9
=56 x 10° N-m Fig 24.2
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Similarly torsional stiffness of the shaft for length I,

_CJ _84x10° x0.6x107®
p=—"—= =84 x 10° N-m
I, 06

0 Total torsional stiffness of the shaft,

q=q +0, =56 x10% +84 x10% =140 x10% N-m
We know that mass moment of inertia of the flywheel,

| =mk? =500(0.5)% =125 kg-m?
0 Natura frequency of torsional vibration,

140x10° _335

_— = =532 Hz Ans.
125 2T

1 /g_1

fn = |A=_"_

2n\ | 2m

24.3. Effect of Inertia of the Constraint on Torsional Vibrations

Consider a constraint i.e. shaft whose one end is fixed and the
other end free, as shown in Fig.24.3. /

Let w = Angular velocity of free end,

m = Mass of constraint for unit length,
| = Length of constraint,

m. = Total mass of constraint = m.,
k = Radius of gyration of constraint,

8\/3_# le— x —»

| = Total mass moment of inertia of (
constraint
= m.k? = mlLK.
Consider asmall element at a distance x from the fixed end and

of the constraint on

Mass moment of inertia of the element torsional vibrations.

= (M) k? :% xmk? |
... (Dividing and multiplying by I)
OX
=|—><lc .. (Substituting mk21 = 1)

and angular velocity of the element

w
=—XX

|
Kinetic energy possessed by the element
1% Mo 0% _lcw? X

== x| =X == " xX
251 el 213
[0 Total kinetic energy of the constraint

2 3]

Clew? o 10 B3E0  10c0
=[S xx?dx = O.0 =2 of
.([ P ERMRPE 636, 2H3H

N0
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If a mass whose mass moment of inertia is equal to /. / 3 is placed at the free end and the
constraint is assumed to be of negligible mass, then

Total kinetic energy of the constraint

1 I »
E ? ... [Same as equation (7)]

When loads are applied on the above two pulleys, the shaft is subject to torsional vibration

Hence the two systems are dynamically same. Therefore the inertia of the constraint may
be allowed for by adding /./ 3 to the mass moment of inertia / of the disc at the free end.

From the above discussion, we find that when the mass moment of inertia of the constraint
1. and the mass moment of inertia of the disc / are known, then natural frequency of vibration,

L[ 4
f"z I Ic/3

24.4. Free Torsional Vibrations of a Single Rotor System
We have already discussed that for a shaft fixed at

Z O
one end and carrying a rotor at the free end as shown in Fig. 2
24 .4, the natural frequency of torsional vibration, A B
2<— | —————>
1 1 |CJ 7
L ; :
2 N1 2 VI : :

q C.J
/
Fig 24.4. Free torsional vibrations

where C = Modulus of rigidity for shaft material, .
of a single rotor system.

J = Polar moment of inertia of shaft
- — q*

32
d = Diameter of shaft,
[ = Length of shaft,

m = Mass of rotor,
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k = Radius of gyration of rotor, and
[ = Mass moment of inertia of rotor = m.k>

A little consideration will show that the amplitude of vibration is zero at 4 and maximum
at B, as shown in Fig. 24.4. It may be noted that the point or the section of the shaft whose
amplitude of torsional vibration is zero, is known as rode. In other words, at the node, the shaft
remains unaffected by the vibration.

24.5. Free Torsional Vibrations of a Two Rotor System

Consider a two rotor system as shown in Fig. 24.5. It
consists of a shaft with two rotors at its ends. In this system, OA BO
the torsional vibrations occur only when the two rotors 4 and < /
B move in opposite directions i.e. if 4 moves in anticlockwise
direction then B moves in clockwise direction at the same

Y

instant and vice versa. It may be noted that the two rotors must O O
have the same frequency. ; ;
We see from Fig. 24.5 that the node lies at point M. — _’| _ ';”
This point can be safely assumed as a fixed end and the shaft p|______ R Py
may be considered as two separate shafts N P and N Q each & .11 N Iy —>
fixed to one of its ends and carrying rotors at the free ends. L Node
Let I'= Length of shaft, Fig 24.5. Free torsional vibra-
[, = Length of part NP i.e. distance tions of a two rotor system.

of node from rotor 4,
Iy = Length of part NQ, i.e. distance
of node from rotor B,
1, = Mass moment of inertia of rotor 4,
I, = Mass moment of inertia of rotor B,
d = Diameter of shaft,
J = Polar moment of inertia of shaft, and
C = Modulus of rigidity for shaft material.
Natural frequency of torsional vibration for rotor A4,

1 /C.J
Jna 7 A ()]

and natural frequency of torsional vibration for rotor B,

1 [CJ
JuB 2 \in ()

Since Joa = fyp» therefore
1 jcs 1 ]cd )
2 iy Iy 2 \igly °F Iy Ay=1lg - Iy ... (i)
Ig.Ip
I ——
Ia

We also know that
l lA IB . (iv)
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From equations (iii) and (iv), we may find the value of /, and /; and hence the position of
node. Substituting the values of /, or /; in equation (i) or (ii), the natural frequency of torsional
vibration for a two rotor system may be evaluated.

Note : The line LNM in Fig.24.5 is known as elastic line for the shaft.

24.6. Free Torsional Vibrations of a Three Rotor System

Consider a three rotor system as shown is Fig. 24.6 (a). It consists of a shaft and three
rotors A, B and C. The rotors 4 and C are attached to the ends of a shaft, whereas the rotor B is
attached in between 4 and C. The torsional vibrations may occur in two ways, that is with either
one node or two nodes. In each case, the two rotors rotate in one direction and the third rotor
rotates in opposite direction with the same frequency. Let the rotors 4 and C of the system, as
shown in Fig. 24.6 (a), rotate in the same direction and the rotor B in opposite direction. Let the
nodal points or nodes of such a system lies at N, and N, as shown in Fig. 24.6 (). As discussed in
Art. 24.5, the shaft may be assumed as a fixed end at the nodes.

(%)
Fig. 24.6. Free torsional vibrations of a three rotor system.
Let [, = Distance between rotors 4 and 5,
1, = Distance between rotors B and C,

[, = Distance of node N, from rotor 4,
I = Distance of node N, from rotor C,
1, = Mass moment of inertia of rotor 4,
= Mass moment of inertia of rotor B,
I. = Mass moment of inertia of rotor C,
d = Diameter of shaft,
J = Polar moment of inertia of shaft, and
C = Modulus of rigidity for shaft material.
Natural frequency of torsional vibrations for rotor A,

1 cJ

Jaa 2 \indn ()
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Natural frequency of torsional vibrations for rotor B,

1 |cJ 1 1
s 547 —
2 Iy L Iy L ¢
and natural frequency of torsional vibrations for rotor C,
1 | CJ
Jue 5 lod¢
Since f,5 = f,g = J,c, therefore equating equations (/) and (ifi)

— LI, =1.1
Iody 2 \lede ATA L CC
/ e d¢
A _IA
Now equating equations (#7) and (iii),
Lo v 1 1o
2 Iy L 1y L ¢ 2 \licde
or —

On substituting the value of
[, from equation (iv) in the above
expression, a quadratic equation in
I is obtained. Therefore, there are
two values of /., and correspondingly
two values of /,. One value of /, and
the corresponding value of /.. gives
the position of two nodes. The
frequency obtained by substituting
the value of /, or /. in equation
(i) or (iif) is known as two node
frequency. But in the other pair of
values, one gives the position of
single node and the other is beyond
the physical limits of the equation.
In this case, the frequency obtained Inside view of a workshop.

* 979

. (i)

. (iii)

. (iv)

.v)

is known anfundamentalfrequency Note : This picture is given as additional information and is not a

or single node frequency.

*

direct example of the current chapter.

Since the resisting torque of the rotor B is supplied by two lengths (/, —/,) and (/, — /) between the

nodes N, and N,, therefore the each length is twisted through the same angle and the combined torsional

stiffness is equal to the sum of the separate stiffness.

cJ
We know that torsional stiffness due to (/; —/,) R
cJ
and torsional stiffness due to (/, — /) =5 I
1 1
Total stiffness of the rotor B cJ N
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It may be noted that

1. When the rotors 4 and B rotate in the same direction and the rotor C in the opposite
direction, then the torsional vibrations occur with a single node, as shown in Fig. 24.7 (b).
In this case /, >/, i.e. the node lies between the rotors B and C, but it does not give the
actual value of the node.

2. When the rotors B and C rotate in the same direction and the rotor 4 in opposite direction,
then the torsional vibrations also occur with a single node as shown in Fig. 24.7 (¢). In
this case /. > [, i.e the node lies between the rotors 4 and B, but it does not give the actual
value of the node.

Actual node

Fig 24.7
3. When the amplitude of vibration for the rotor 4 (a,) is known, then the amplitude of
rotor B,
Iy ]
a, Aoy
N
. lc
and amplitude of rotor C, as a,
Ie 1

As there are two values of /, and [, therefore there will be two values of amplitude for one
node and two node vibrations.

24.7. Torsionally Equivalent Shaft

In the previous articles, we have assumed that the shaft is of uniform diameter. But in
actual practice, the shaft may have variable diameter for different lengths. Such a shaft may,
theoretically, be replaced by an equivalent shaft of uniform diameter.

Consider a shaft of varying diameters as shown in Fig. 24.8 (a). Let this shaft is replaced
by an equivalent shaft of uniform diameter ¢ and length / as shown in Fig.24.8 (b).These two shafts
must have the same total angle of twist when equal opposing torques 7 are applied at their opposite
ends.
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Let d,, d, and d, = Diameters for the lengths /,, /, and /; respectively,
1, 2 and 3 = Angle of twist for the lengths /,, /, and /; respectively,
= Total angle of twist, and
Ji,J, and J3 = Polar moment of inertia for the shafts of diameters d,, d, and

d, respectively.

o’ o) 3’ o)

| x ! y
d, d, d, d=d,
T ¥ A <t A / =
< —>|<— Iy —b|<— Iy —>
O O O O
(a) Shaft of varying diameters. (b) Torsionally equivalent shaft.

Fig 24.8
Since the total angle of twist of the shaft is equal to the sum of the angle of twists of
different lengths, therefore
1 2 3
T Th ThL Tk

o CJ CJ, CJy, C.Ji
I L L, b
Jo Ty
! 2 L A

—ar @)t @)t —(dy)*
T 32(1) 32(2) 32(3)

1 I I
at @t @)t (dy)!

In actual calculations, it is assumed that the diameter d of the equivalent shaft is equal to
one of the diameter of the actual shaft. Let us assume that d = d.

l ; I I
@t @yt (@) @)

4 4
or / 11 12 d—l 13 d—l
dy ds

This expression gives the length / of an equivalent shaft.

Example 24.3. A steel shaft 1.5 m long is 95 mm in diameter for the first 0.6 m of its
length, 60 mm in diameter for the next 0.5 m of the length and 50 mm in diameter for the remaining
0.4 m of its length. The shaft carries two flywheels at two ends, the first having a mass of 900 kg
and 0.85 m radius of gyration located at the 95 mm diameter end and the second having a mass of
700 kg and 0.55 m radius of gyration located at the other end. Determine the location of the node
and the natural frequency of free torsional vibration of the system. The modulus of rigidity of shaft
material may be taken as 80 GN/m’.
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Solution. Given : L=1.5m ;d, =95mm=0.095m;/, =0.6 m ; d, = 60 mm = 0.06 m ;
L,=05m;d;=50mm=0.05m;/;=04m;m, =900kg; k, =0.85m;my=700kg;k;=0.55m
; C=80 GN/m* = 80 x 10° N/m?

The actual shaft is shown in Fig. 24.9 (). First of all, let us find the length of the equivalent
shaft, assuming its diameter as d; = 95 mm as shown in Fig 24.9 (b).

(b)

(c)

Fig. 24.9
We know that length of the equivalent shaft,
4 4 4 4
I L b L h 4 0.6 05 0.095 0.4 0.095
d, dy 0.06 0.05

=0.6+3.14+521=895m
Location of the node

Suppose the node of the equivalent shaft lies at N as shown in Fig. 24.9 (¢).
Let l, = Distance of the node from flywheel 4, and
Iy = Distance of the node from flywheel 5.
We know that mass moment of inertia of flywheel 4,
Iy my(ky)* 900(0.85)% 650 kg-m?’
and mass moment of inertia of flywheel B,

Iy mg(kg)* 700(0.55)% 212 kg-m’

We know that IndIp gl or [, plp g 212 0.326 I
Ip 650
Also, In g I 895m or 0326/ Ilg 895 or [;=675m

and [,=895-675=22m
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Hence the node lies at 2.2 m from flywheel 4 or 6.75 m from flywheel B on the equivalent

shaft.
O Position of node on the original shaft from flywheel 4
4 4
d, 0.06
L Uy h) —= 06 (22 06) —— =
I UNY ) ( ) 0095 0.855 m Ans.

Natural frequency of free torsional vibrations
We know that polar moment of inertia of the equivalent shaft,

J —(d)* —(0.095* 8 10 °m*
32(1) 32( )

Natural frequency of free torsional vibrations,

fn an or an

=3.37 Hz Ans.

cJ 1\/80 10° 8 10 ©
22 650

| i = i
The above machine tools include grinding machine, drill, router, milling machines, lathe and a
circular saw.
Note : This picture is given as additional information and is not a direct example of the current chapter.
Example 24.4. 4 steel shaft ABCD 1.5 m long has flywheel at its ends A and D. The mass
of the flywheel A is 600 kg and has a radius of gyration of 0.6 m. The mass of the flywheel D is
800 kg and has a radius of gyration of 0.9 m. The connecting shaft has a diameter of 50 mm for
the portion AB which is 0.4 m long ; and has a diameter of 60 mm for the portion BC which is
0.5 m long ; and has a diameter of d mm for the portion CD which is 0.6 m long. Determine :
1. the diameter ‘d’ of the portion CD so that the node of the torsional vibration of the
system will be at the centre of the length BC ; and 2. the natural frequency of the torsional vibrations.
The modulus of rigidity for the shaft material is 80 GN/m’.
Solution. Given : L =1.5m ; m, = 600 kg ; k, = 0.6 m ; m = 800 kg ; ky = 0.9 m ;
d=50mm=005m;/,=04m;d,=60mm=006m;/,=05m;d,=d;[;=06m;
C = 80 GN/m” = 80 x10° N/m?
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The actual shaft is shown is Fig. 24.10 (). First of all, let us find the length of the equivalent
shaft, assuming its diameter as d; = 50 mm, as shown in Fig. 24.10 (b).

o o
SO*mm 63 mm dy=d
(@) + v !
(b)
(©)

Fig. 24.10
We know that length of the equivalent shaft,

4 4 4 4
I L d—l I d—l 04 05 & 0.6 &
d, d; 0.06 d
... [Substituting d; = d]
6 6
04 024 3.75 10 0.64 3.75 10 0
—d4 —d4 .

1. Diameter ‘d’ of the shaft CD

Suppose the node of the equivalent shaft
lies at NV as shown in Fig. 24.10 (c¢).

Let [, = Distance of the node from
flywheel 4, and

I, = Distance of the node from
flywheel D.

We know that mass moment of inertia of
flywheel 4,

Iy my(kpy)? 600(0.6)* =216 kg-m’

and mass moment of inertia of flywheel D,

.
Ip  mp(kp )2 800 (0.9)2 = 648 kg-m2 A pulley is being processed at a turning centre.
Note : This picture is given as additional information
and is not a direct example of the current chapter.
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We know that

Iy 648 3
Since the node lies in the centre of the length BC in an original system, therefore its
equivalent length from rotor 4,

or

Ip

Lod " o 05 0.05 *

I, 1 4 — — 0.52m
AT g, 2 0.06
o 932 im
3 3
We know that I=1,+1
6
or 0.64 % 0.52 0.173 ... [From equation (i)]
d
6
w 0.52 0.173 0.64 0.053
d
6
4 35 107 9595 106
0.053
or d=0.0917 m =91.7 mm Ans.

2. Natural frequency of torsional vibrations
We know that polar moment of inertia of the equivalent shaft,
J =)t —.05* 0614 10 °m*
2( 1) 32( )
Natural frequency of torsional vibration,

fn an or an

1 [cJg 1 [80 10° 0614 10°
Hz = 3.33 Hz Ans.

2 Iy 2 0.52 216

Example 24.5. 4 single cylinder oil engine drives directly a centrifugal pump. The rotating
mass of the engine, flywheel and the pump with the shaft is equivalent to a three rotor system as
shown in Fig. 24.11.

The mass moment of inertia of the rotors A, B and C are 0.15, 0.3 and 0.09 kg-m’. Find

the natural frequency of the torsional vibration. The modulus of rigidity for the shaft material is
84 kN/mm’.

OA y70mm OB CO
T

“«—15m——>»<«—1m —>

O O O

Fig. 24.11

Solution. Given : /, = 0.15 kg-m? ; 1§ = 0.3 kg-m? ; I = 0.09 kg-m® ; d = 70 mm
=0.07m;/=15m;/=1m;C= 84 kN/mm” = 84 x 10’ N/m?

We know that

=11

ZA‘ C
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I 1, .
I, 5 I 0.09 0.6/
I, 0.15
1 1 1 1
Al 7
50 lede Iy L Ly L I
1 L 1 1
I 009 03 1.5 [, 1 [
0.3 1 1 o
o 009 15 0.6 1 I ... (Substituting /, = 0.6 [..)
10 1 I 15 06l 2.5 1.6l

3l (15 06/)1 o) 15 2.1l 0.6()

On cross-multiplying and re-arranging,
10.8 (I.)* —28.51.+15=0

285 \(28.5% 4 108 15 285 1238

I}
¢ 2 108 21.6
=191 m or 0.726 m
and [,=0061[.=1146m or 04356 m

Here we see that when /. = 1.91 m, then /, = 1.146 m. This gives the position of single
node for /, = 1.146 m, as shown in Fig. 24.12 (b). The value of /. = 0.726 m and corresponding
value of /, = 0.4356 m gives the position of two nodes, as shown in Fig. 24.12 (¢).

P

(a) §
«—15m———«—1m —>
| 1
1 < — [c=191Tm —»
1 1
| 1
=<—IA=1146m :

b) ‘ \— Node

Single node system

I

|

1

1

1

|

I

—» !
N, lo=0.726m
() N,

IZ_IC

11 _IA

1,=0.4356 m

Two node system.
Fig. 24.12
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We know that polar moment of inertia of the shaft,

J — d* —©0.0n* 236 10 °m*
32 32

Natural frequency of torsional vibration for a single node system,

1 [CJ 1\/84 10° 236 10 ©
Hz

S5 Indy 2 1.146 0.15

=171 Hz Ans. ... (Substituting /, = 1.146 m)
Similarly, natural frequency of torsional vibration for a two node system,

L 0.4356 0.15

1 [CJ 1\/84 10° 236 10 ©
2 Il 2

=277 Hz Ans. ... (Substituting /, = 0.4356 m)

Example 24.6. A motor generator set, as shown in Fig. 24.13, consists of two armatures A

and C connected with flywheel between them at B. The modulus of rigidity of the connecting shaft

is 84 GN/m’. The system can vibrate torsionally with one node at 95 mm from A, the flywheel

being at antinode. Find : 1. the position of another node ; 2. the natural frequency of vibration,
and 3. the radius of gyration of the armature C.

The other data are given below :

Particulars A B C
Radius of gyration, mm 300 375 =
Mass, kg 400 500 300

_,| 95 ,‘_
Al mm B c
1
N ¥
100 mm Dia 90 mm Dia
! v
; L |
|<— 300 mm—+— 200 mm—>|
Fig. 24.13

Solution. Given : C = 84 GN/m” = 84 x 10° N/m? ; d, = 100 mm = 0.1 m ; d, = 90 mm
=0.09m;/ =300 mm=03m;/=200mm=02m;/, =95mm=0.095m ; m, =400 kg;
k,=300 mm = 0.3 m ; my = 500 kg ; ky =375 mm = 0.375 m ; m = 300 kg

We know that mass moment of inertia of armature A4,

I, = m, (k,)* =400 (0.3)* = 36 kg-m’
and mass moment of inertia of flywheel B,
I, = my (ky)* = 500 (0.375)* = 70.3 kg-m’
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1. Position of another node

First of all, replace the original system, as shown in Fig. 24.14 (a), by an equivalent system
as shown in Fig. 24.14 (b). It is assumed that the diameter of the equivalent shaft is 4, = 100 mm
= 0.1 m because the node lies in this portion. We know that the length of the equivalent shaft,
4 4

A ;l—l 03 02 % 0.605 m

2
The first node lies at £ at a distance 95 mm from rotor 4 i.e. /, = 95 mm = 0.095 m, as

shown in Fig. 24.14 (¢).
Let /. = Distance of node £ in an equivalent system from rotor C, and

[, = Distance between flywheel B and armature C in an equivalent
system =/ -/, = 0.605 — 0.3 = 0.305 m

9531—

mm |

’ i130 5
| mm 90 mm
(a) ! 9

I
|<—0.3mm—>:n—o_2m —>|

f— I, —bﬂ—_ Iy —

I
AR " c

(b) :100 mm 100 mm
Ly v
] L |

I<—1A—>'<—: I~ lA—>‘ l— 1o be— I —>]
I
! B
|
]
HE
()
Fig. 24.14
We know that
1 1 1 1
1 1 1 1
70.3 03 0.095 0.305 I 0.095 36
1 1 70.3 20.56
0.205 0.305 I 0.095 36
L L 568
0.305 I 0.205

0.305— . =1/15.68 = 0.064 or /. =021 m
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Corresponding value of /. in an original system from rotor C

4 0.09 *

d2
—_— 021 —— =
{1 0.1 0.13 m Ans.

0.21

2. Natural frequency of vibration
We know that polar moment of inertia of the equivalent shaft,

J —@d)* —©.D* 9.82 10 °m*
32(1) 32() m

Natural frequency of vibrations,

1 [CJ 1\/84 10° 9.82 10 ©

I\, 2 0.095 36 Hz
= 78.1 Hz Ans.
3. Radius of gyration of armature C
Let k. = Radius of gyration of armature C in metres, and

I = Mass moment of inertia of armature C = m,. (kc)2 in kg-m?.
We know that Indn lode lome(he)?

Inds 0095 36
lome 021 300

ke =0.233 m Ans.

Example 24.7. A 4-cylinder engine and flywheel coupled to a propeller are approximated
10 a 3-rotor system in which the engine is equivalent to a rotor of moment of inertia 800 kg-m’, the
flywheel to a second rotor of 320 kg-m’ and the propeller to a third rotor of 20 kg-m>. The first
and the second rotors being connected by 50 mm diameter and 2 metre long shaft and the second
and the third rotors being connected by a 25 mm diameter and 2 metre long shafft.

Neglecting the inertia of the shaft and taking its modulus of rigidity as 80 GN/m?,
determine: 1. Natural frequencies of torsional oscillations, and 2. The positions of the nodes.

Solution. Given : /, = 800 kg-m2 ;15 =320 kg-m2 ;1= 20 kg-m2 ;d; =50 mm = 0.05 m;
l=2m;d,=25mm=0.025m;/,=2m; C=80x 10° N/m

or (ke)? 0.0543m?>

1. Natural frequencies of torsional oscillations

First of all, replace the original system, as shown in Fig. 24.15 (a), by an equivalent system
as shown in Fig. 24.15 (b). It is assumed that the diameter of equivalent shaft is ¢, = 50 mm
= 0.05m.

We know that length of equivalent shaft,

4 4
d, 0.025

Now let us find the position of nodes for the equivalent system.
Let [, = Distance of node N, from rotor 4, and

I = Distance of node N, from rotor C.
We know that Indy o dc

A 20
Iy lede Ie_20 0.025/¢

Iy
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R B 1
Also, lede In L Iy L I

1 1 1 1
le 20 320 2 0.025/. 32 [

S L=1-1)

320 1 1
I 20 2 0025, 32 I

16 32 I 2 0.025 34 10250
le (2 0.025[.)(32 I) 64 28[. 0.025()

or 1.425 (1) — 78.8 I, + 1024 = 0

Engine Flywheel Propeller
OA OB Oc
@ $ ;
50 mm 25 mm
T
«——2m —>«—2m —>
@) @) O
@) @)
R . i
¥
50 mm
<t / >
()
Fig. 24.15
. 188 J78.8) 4 1425 1024 788 19.3
¢ 2 1425 2.85
=3442m or 20.88 m
and [,=0.0251,=0.86m or 0.52m

We see that when /., = 34.42 m, then /, = 0.86 m. This gives the position of single node for
1,=0.86 m. The value of /, = 20.88 m and corresponding value of /, = 0.52 m gives the position

of two nodes, as shown in Fig. 24.15 (¢).
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We know that polar moment of inertia of the equivalent shaft,
J —dpt —(0.059* 0614 10 °m*
3 2( 1) 32( )

Natural frequency of torsional vibrations for a single node system,

Sm 3 0.86 800 Hz

1 [cT 1 \/80 109 0.614 10 ©
2 I, 2
... (Substituting /, = 0.86 m)

= 1.345 Hz Ans.
Similarly natural frequency of torsional vibrations for a two node system,

1 [CJ 1\/80 10° 0.614 10 O
Hz

Sz 3~ 0.52 800

2 Nipdy 2
... (Substituting /, = 0.52 m)
= 1.73 Hz Ans.

2. Position of the nodes
We have already calculated that for a two node system on an equivalent shaft, /, = 20.88 m
from the propeller.
Corresponding value of /. in an original system from the propeller

4 4

9 20.88 0.025 1.3 m

d, 0.05

Therefore one node occurs at a distance of /, = 0.52 m from the engine and the other node

at a distance of /., = 1.3 m from the propeller. Ans.

20.88

24.8. Free Torsional Vibrations of a Geared System

Consider a geared system as shown in Fig. 24.16 (a). It consists of a driving shaft C which
carries a rotor 4. It drives a driven shaft D which carries a rotor B, through a pinion £ and a gear
wheel F. This system may be replaced by an equivalent system of continuous shaft carrying a rotor
A at one end and rotor B at the other end, as shown in Fig. 24.16 (b). It is assumed that

1. the gear teeth are rigid and are always in contact,
2. there is no backlash in the gearing, and
3. the inertia of the shafts and gears is negligible.
Let d, and d, = Diameter of the shafts C and D,
[, and [, = Length of the shafts C and D,
1, and I; = Mass moment of inertia of the rotors 4 and B,

A and g = Angular speed of the rotors 4 and B,

Speed of pinion E A
Speed of wheel ¥ g

G Gearratio

. ( Speeds of £ and F will be same as that of rotors 4 and B)

d = Diameter of the equivalent shaft,
[ = Length of the equivalent shaft, and

Ig = Mass moment of inertia of the equivalent rotor g .
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OA E

B’

(©)

Fig. 24.16
The following two conditions must be satisfied by an equivalent system :

1. The kinetic energy of the equivalent system must be equal to the kinetic energy of the
original system.

2. The strain energy of the equivalent system must be equal to the strain energy of the
original system.

In order to satisfy the condition (1) for a given load,
K.E. of section /; + K.E. of section /;

= K.E. of section ll + K. E. of section 12
K.E. of section 13 = K.E. of section 12

1 2 1 2
or 5 Ig( ) 3 IgCB)Y or Ig( )% Ig( )2 ---C 5 A)
2 I
Ig Iz = 2 G 4 . ()
A G B

In order to satisfy the condition (2) for a given shaft diameter,
Strain energy of /, and /, = Strain energy of /, and /,
Strain energy of /; = Strain energy of /,

5
I, , or 5 5 (7))

or 5 53
3

1
2 2
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where T, and T} = Torque on the sections /, and /5, and

5 and 3 = Angle of twist on sections /, and /.
Assuming that the power transmitted in the sections /; and /, is same, therefore

LA g oo B B 1 .. (i)
7, A G
Combining equations (#) and (iii),
o 5, 1 .
T , G .. (@v)
We know that torsional stiffness,
rocs
l
where J = Polar moment of inertia of the shaft.
For section 1/, ﬁ % .(v)
3k
and For section /, , L G ... ()
2 b
Dividing equation (v) by equation (vi),
L oo hsh o B oBsh
T2 3 13 J2 T2 JZ’ 2’13
or 14 G ) [From equation (iv)]
G J, L
J .
L =2 G ... (vii)
J>
Assuming the diameter of the equivalent shaft as that of shaft Ci.e. d = d,, therefore
o=@t and )
32 32
4
Sood
Jy
Now the equation (vif) may be written as
d 4
L G* L, =L .. (viii)
dy

Thus the single shaft is equivalent to the original geared system, if the mass
moment of inertia of the rotor B satisfies the equation (/) and the additional length of the equiva-
lent shaft /; satisfies the equation (viii).

Length of the equivalent shaft,

d 4
I=1+ I,=1, + G, i . (i)

Now, the natural frequency of the torsional vibration of a geared system (which have been
reduced to two rotor system) may be determined as discussed below :
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Let the node of the equivalent system lies at NV as shown in Fig. 24.16 (¢), then the natural
frequency of torsional vibration of rotor A4,

1 [CJT
Jua PRTWA

and natural frequency of the torsional vibra-

1 [ cJ

fuB —
2\ I

L

1 | CJ 1 cJ

tion of rotor B ,

We know that for  fuB

CNC lathe ata turning centre.

2 ZA'IA 2 ZB -IB Note : This picture is given as additional information and
is not a direct example of the current chapter.

(%)

In Ig I Lo (xd)

From these two equations (x) and (xi), the value of /, and /5 may be obtained and hence

the natural frequency of the torsional vibrations is evaluated.

Note : When the inertia of the gearing is taken into consideration, then an additional rotor [shown dotted in
Fig. 24.16 (b)] must be introduced to the equivalent system at a distance /, from the rotor 4. This rotor will

Ik
have a mass moment of inertia /5 /E ? , where I and I, are the moments of inertia of the pinion and

wheel respectively. The system then becomes a three rotor system and the frequency of such a system may be
obtained as discussed in the previous article.

Example 24.8. A motor drives a centrifugal pump through gearing, the pump speed being
one- third that of the motor. The shaft from the motor to the pinion is 60 mm diameter and 300 mm
long. The moment of inertia of the motor is 400 kg-m>. The impeller shaft is 100 mm diameter and
600 mm long. The moment of inertia of the impeller is 1500 kg-m’. Neglecting inertia of the gears
and the shaft, determine the frequency of torsional vibration of the system. The modulus of rigidity
of the shaft material is 80 GN/m’.

Solution. Given : G = N,/Ng =3 ; d; = 60 mm = 0.06 m ; /, = 300 mm = 0.3 m ;
I, = 400 kg-m?; @* =100 mm = 0.1 m ; /, = 600 mm = 0.6 m ; [, = 1500 kg-m? ;
C =80 GN/m? = 80 x 10° N/m’

The original and the equivalent system, neglecting the inertia of the gears, is shown in Fig.
24.17 (a) and (b) respectively. First of all, let us find the mass moment of inertia of the equivalent
rotor B and the additional length of the equivalent shaft, assuming its diameter as ¢, = 60 mm.

We know that mass moment of the equivalent rotor B ,

Iz Iz/G* 1500/3%* 166.7 kg-m?
and additional length of the equivalent shaft,

4 0.06 *

3206 ﬁ 0.7m 700 mm

d
L G*l d—l

2
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Total length of the equivalent shaft,
[ 4 I3 300 700 1000 mm 1m
Let the node of the equivalent system lies at &V, as shown in Fig. 24.17 (c). We know that
Indy Igdg or Iy 400 (1 [y)166.7 ... ( Iy [ I)
l[n, 0294m 294 mm

We know that polar moment of inertia of the equivalent shaft,

J —(@d)* —(0.06* 127 10 °m*
32(1) 32( )

AD =/— Pinion
Ve M
— 60 mm
= Q"
(@) O =) lPump shaft
-+ T1-100mm - - — - —|-

Gear/vg F O
wheel T

(c)

Fig. 24.17

Frequency of torsional vibration,

1 [CJ 1\/80 10° 127 10 6

In 5 Indy 2 0.294 400

=47 Hz Ans.

Example 24.9. An electric motor is to drive a centrifuge, running at four times the motor
speed through a spur gear and pinion. The steel shaft from the motor to the gear wheel is 54 mm
diameter and L metre long ; the shaft from the pinion to the centrifuge is 45 mm diameter and
400 mm long. The masses and radii of gyration of motor and centrifuge are respectively 37.5 kg,
100 mm ; 30 kg and 140 mm.
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Neglecting the inertia effect of the gears, find the value of L if the gears are to be at the
node for torsional oscillation of the system and hence determine the frequency of torsional
oscillation. Assume modulus of rigidity for material of shaft as 84 GN/m’.

Solution. Given : G=N,/N;=1/4=0.25;d, =54 mm=0.054 m ; /, =L m;d, =45 mm
=0.045m ; [, = 400 mm = 04 m ; m, = 375 kg ; k, = 100 mm = 0.1 m ; my = 30 kg ;
ky = 140 mm = 0.14 m; C = 84 GN/m’ = 84 x 10° N/m’

Value of L

We know that mass moment of inertia of the motor,

Iy my(kpy)?* 37.50.1¥  0.375 kg-m?
and mass moment of inertia of the centrifuge,
Iy mglkg)® 30(0.14)>  0.588 kg-m?

The original and the equivalent system, neglecting the inertia effect of the gears, is shown
in Fig. 24.18 (a) and (b) respectively.

First of all, let us find the mass moment of inertia of the equivalent rotor B and the

additional length of the equivalent shaft, keeping the diameter of the equivalent shaft as d, = 54
mm.

We know that mass moment of inertia of the equivalent rotor B ,

Iy Ig/G* 0.588/(0.25)% 9.4 kg-m?
and additional length of equivalent shaft,

4 0.054 *

L G*l (0.25)%0.4 ooas  00s18m

4
dy

Since the node N for torsional oscillation of the system lies at the gears, as shown in Fig.
24.18 (c), therefore

ZA L, and ZB 13 0.0518 m

Grinding is a commonly used method for removing the excess material from the cestings,
forgings and weldments
Note : This picture is given as additional information and is not a direct example of the current chapter.
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We know that Iy Iy Iy .dp
L x0.375=0.0518 x 9.4 =10.487 or L=1.3 m Ans.

5A7 ! 4#4—400 mm4>‘

—— Mot E
(@) c_Motor l Gear wheel
54 mm
‘|‘ B
O 45lmm O(— Centrifuge
Pinion
Oa O
¥ ! B’
54 mm !
¥ ¢
®) « L —»: Iy |e—
le |
N ! g
1
1
|
1
(© N o
|<— Ih=L — > Iy €

Fig. 24.18

Frequency of torsional oscillations

We know that polar moment of inertia of the equivalent shaft,
J —d)* —(0.054* 0835 10 Sm*
3 2( V) 3 2( )

Frequency of torsional oscillations,

1 [cog 1 [84 10° 0.835 10°
= 60.4 Hz Ans.

In 5o 1,0, 2 13 0375

Example 24.10. Determine the natural frequencies of torsional oscillation for the follow-
ing system. The system is a reciprocating I.C. engine coupled to a centrifugal pump through a pair
of gears. The shaft from the flywheel of the engine to the gear wheel is of 60 mm diameter and 950
mm length. The shaft from the pinion to the pump is of 40 mm diameter and 300 mm length. The

1
engine speed is 7 th of the pump speed.

Moment of inertia of the flywheel = 800 kg-m’
Moment of inertia of the gear wheel = 15 kg-m’
Moment of inertia of the pinion = 4 kg-m’
Moment of inertia of the pump = 17 kg-m’
Modulus of rigidity for shaft material is 84 GN/m’.
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Solution. Given : d, = 60 mm = 0.06 m ; /, = 950 mm = 0.95 m ; d, = 40 mm = 0.04 m ;
1, =300 mm =03 m;G=1/4=025;1, =800 kg-m® ; [, = 15 kg-m” ; [, = 4 kg-m® ;
17 kg-m*; C = 84 GN/m? = 84 x 10° N/m’
The original and the equivalent system is shown in Fig. 24.19 (a) and (b) respectively. First
of all, let us find the mass moment of inertia of the equivalent gearing £ , the equivalent pump B
and the additional length of the equivalent shaft keeping its diameter as ¢, = 60 mm.

We know that mass moment of inertia of the equivalent gearing g ,

Iy Iy Ig/G* 15 4/(0.25% 79 kg-m?
A Engine flywheel
o/
e |

- —60mm ——

f

Gear wheel

B
O OK—CentrifugaI pump

D v

All dimensions in mm.
Fig. 24.19

Mass moment of inertia of the equivalent pump B ,
Ig Iz/G* 17/0.25)° 272kg-m’
and additional length of the equivalent shaft,

4 4
L G*l D 025203 290 009sm
d, 0.04
The original system is thus reduced to a three rotor system, as shown in 24.19 (). Let us
find the position of nodes for the equivalent system.

Let l, = Distance of node N, from rotor 4, and

Iz = Distance of node N, from rotor B .
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I 272
We know that InIp Iy Ip or Iy Ip B Ig 272 0.34/5
Iy 800

1 1 1 1

Al
50 ZB N B I E ll ZA 13 ZB

1 1 1 1
Ig 272 79 095 034l 0.095 Iy

79 (0.095 Iz 095 0.34lg)
Ig 272 (0.95 0.34lg)(0.095 Ig)

0.29 1.045 13415
Iz 0.09 098/ 0.34(g)>

0026 028l O0.1(g)*> 1.045[5 13405 )

1.44(I )* 1.3250;  0.026 0

. 1325 \/(1.325)2 4 1.44 0.026 1325 1.267
B 2 1.44 2.88
=09m or 0.02m

and In 034/ 0.306m or 0.0068m
We see that when /; = 0.9 m, then /, = 0.306 m. This gives the position of single node for

1,=0.306 m or 306 mm. When /; = 0.02 m, the corresponding value of /, = 0.0068 m or 6.8 mm.

This gives the position of two nodes as shown in Fig. 24.19 (c¢).
We know that polar moment of inertia of the equivalent shaft,

J —(d)* —0.06* 127 10 °m*
32(1) 32( )

Natural frequency of torsional oscillations for a single node system,

PR VA \/84 10° 1.27 10
2 I, 2 0306 800
= 3.32 Hz Ans. ... (Substituting /, = 0.306 m)

Similarly natural frequency of torsional oscillations for a two node system,

1 [CJ 1\/84 109 127 10 ©

x5 Iy 2 0.0068 800

=22.3 Hz Ans. ... (Substituting /, = 0.0068 m)
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EXERCISES

1. A shaft of 100 mm diameter and 1 metre long is fixed at one end and the other end carries a
flywheel of mass 1 tonne. The radius of gyration of the flywheel is 0.5 m. Find the frequency of
torsional vibrations, if the modulus of rigidity for the shaft material is 80 GN/m?. [Ans. 8.9 Hz|

2. The flywheel of an engine driving a dynamo has a mass of 180 kg and a radius of gyration of 30
mm. The shaft at the flywheel end has an effective length of 250 mm and is 50 mm diameter. The
armature mass is 120 kg and its radius of gyration is 22.5 mm. The dynamo shaft is 43 mm
diameter and 200 mm effective length. Calculate the position of node and frequency of torsional
oscillation. C = 83 kN/mm?. [Ans. 205 mm from flywheel, 218 Hz]

3. The two rotors 4 and B are attached to the end of a shaft 500 mm long. The mass of the rotor 4 is
300 kg and its radius of gyration is 300 mm. The corresponding values of the rotor B are 500 kg
and 450 mm respectively. The shaft is 70 mm in diameter for the first 250 mm ; 120 mm for the
next 70 mm and 100 mm diameter for the remaining length. The modulus of rigidity for the shaft
material is 80 GN/m% Find : 1. The position of the node, and 2. The frequency of torsional
vibration. [Ans. 225 mm from A ; 27.3 Hz]|

4. Three rotors 4, B and C having moment of inertia of 2000 ; 6000 ; and 3500 kg-m? respectively are
carried on a uniform shaft of 0.35 m diameter. The length of the shaft between the rotors 4 and B
is 6 m and between B and C is 32 m. Find the natural frequency of the torsional vibrations. The
modulus of rigidity for the shaft material is 80 GN/m>. [Ans. 6.16 Hz ; 18.27 Hz]

5. A motor generator set consists of two armatures P and R as shown in Fig. 24.20, with a flywheel
between them at Q. The modulus of rigidity of the material of the shaft is 84 GN/m?. The system
can vibrate with one node at 106.5 mm from P, the flywheel Q being at antinode. Using the data of
rotors given below, find: 1. The position of the other node, 2. The natural frequency of the free
torsional vibrations, for the given positions of the nodes, and 3. The radius of gyration of the

rotor R.
—> :‘- 106.5 mm 90 mm Dia
! 17 Data of rotors
: — Rotor P 0 R
E 120 mm Dia | Q Et Mass, kg 450 | 540 | 360
Radius of 250 300
—>— 350 mm 250 mm [«— .
gyration, mm
Fig. 24.20 [Ans. 225 mm from R ; 120 Hz ; 108 mm]
6. An electric motor rotating at 1500 r.p.m. drives a centrifugal pump at 500 r.p.m. through a single

stage reduction gearing. The moments of inertia of the electric motor and the pump impeller are
400 kg—m2 and 1400 kg-m2 respectively. The motor shaft is 45 mm in diameter and 180 mm long.
The pump shaft is 90 mm in diameter and 450 mm long.
Determine the frequency of torsional oscillations of the system, neglecting the inertia of the gears.
The modulus of rigidity for the shaft material is 84 GN/m>. [Ans. 4.2 Hz]
7. Two parallel shafts 4 and B of diameters 50 mm and 70 mm respectively are connected by a pair of
gear wheels, the speed of A being 4 times that of B. The flywheel of mass moment of inertia 3
kg-m? is mounted on shaft 4 at a distance of 0.9 m from the gears. The shaft B also carries a
flywheel of mass moment of inertia 16 kg-m? at a distance of 0.6 m from the gears. Neglecting the
effect of the shaft and gear masses, calculate the fundamental frequency of free torsional oscilla-
tions and the position of node . Assume modulus of rigidity as 84 GN/m>.
[Ans. 22.6 Hz ; 0.85 m from the flywheel on shaft A]
8. A centrifugal pump is driven through a pair of spur wheels from an oil engine. The pump runs at 4
times the speed of the engine. The shaft from the engine flywheel to the gear is 75 mm diameter
and 1.2 m long, while that from the pinion to the pump is 50 mm diameter and 400 mm long. The
moment of inertia are as follows:
Flywheel = 1000 kg-m?, Gear = 25 kg m?, Pinion = 10 kg-m?, and Pump impeller = 40 kg-m>.
Find the natural frequencies of torsional oscillations of the system. Take C = 84 GN/m>.
[Ans. 3.4 Hz ; 19.7 Hz]
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DO YOU KNOW ?

1. Derive an expression for the frequency of free torsional vibrations for a shaft fixed at one end
and carrying a load on the free end.

2. Discuss the effect of inertia of a shaft on the free torsional vibrations.
3. How the natural frequency of torsional vibrations for a two rotor system is obtained ?

4. Describe the method of finding the natural frequency of torsional vibrations for a three rotor
system.

5. What is meant by torsionally equivalent length of a shaft as referred to a stepped shaft? Derive
the expression for the equivalent length of a shaft which have several steps.

6. Establish the expression to determine the frequency of torsional vibrations of a geared system.

OBJECTIVE TYPE QUESTIONS

1. The natural frequency of free torsional vibrations of a shaft is

1 1
(@) 2 \/% (b) 2 JqI (©) 2_\/% () 2_\/q7

where g = Torsional stiffness of the shaft, and
1= Mass moment of inertia of the disc attached at the end of the shaft.
2. At a nodal point in a shaft, the amplitude of torsional vibration is
(a) zero (b) minimum (¢) maximum
3. Two shafts 4 and B are shown in Fig. 24.21. The length of an equivalent shaft B is given by

4
oy 2
@1=1+1+1 @ ! h 0
4 4
4
dy R S}
© 14 b Z () 1 b & 3 s

o l“o\ O O

T 4

-4a—F—a—-—Fd - -|—-—fd=d--—-—- -
L
N < 1 >

</ Iy , —>
St D O O

Shaft A Shaft B
Fig. 24.21

4. A shaft carrying two rotors as its ends will have

(a) no node (b) one node (¢) two nodes (d) three nodes
5. A shaft carrying three rotors will have

(a) no node (b) one node (c) two nodes (d) three nodes

ANSWERS

1. (¢) 2. (a) 3. (d) 4. (b) 5. (¢)
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