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PREFACE

My earlier book, A First Course in Linear Algebra with Concurrent
Examples (referred to below as the First Course), was an introduction to
the use of vectors and matrices in the solution of sets of simultaneous
linear equations and in the geometry of two and three dimensions. As its
name suggests, that much is only a start. For many readers, such
elementary material may satisfy the need for appropriate mathematical
tools. But, for others, more advanced techniques may be required, or,
indeed, further study of algebra for its own sake may be the objective.
This book is therefore in the literal sense an extension of the First

Course. The first eleven chapters are identical to the earlier book. The
remainder forms a sequel: a continuation into the next stage of the subject.
This aims to provide a practical introduction to perhaps the most
important applicable idea of linear algebra, namely eigenvalues and
eigenvectors of matrices. This requires an introduction to some general
ideas about vector spaces. But this is not a book about vector spaces in
the abstract. The notions of subspace, basis and dimension are all dealt
with in the concrete context of n-dimensional real Euclidean space. Much
attention is paid to the diagonalisation of real symmetric matrices, and
the final two chapters illustrate applications to geometry and to differential
equations.
The organisation and presentation of'the content of the First Course

were unusual. This book has the same features, and for the same reasons.
These reasons were described in the preface to the First Course in the
following four paragraphs, which apply equally to this extended volume.
'Learning is not easy (not for most people, anyway). It is, of course,

aided by being taught, but it is by no means only a passive exercise. One
who hopes to learn must work at it actively. My intention in writing this
book is not to teach, but rather to provide a stimulus and a medium
through which a reader can learn. There are various sorts of textbook
with widely differing approaches. There is the encyclopaedic sort, which
tends to be unreadable but contains all of the information relevant to its
subject. And at the other extreme there is the work-book, which leads
the reader in a progressive series of exercises. In the field of linear algebra
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there are already enough books of the former kind, so this book is aimed
away from that end of the spectrum. But it is not a work-book, neither
is it comprehensive. It is a book to be worked through, however. It is
intended to be read, not referred to.

'Of course, in a subject such as this, reading is not enough. Doing is
also necessary. And doing is one of the main emphases of the book. It is
about methods and their application. There are three aspects of this
provided by this book: description, worked examples and exercises. All
three are important, but I would stress that the most important of these
is the exercises. You do not know it until you can do it.

'The format of the book perhaps requires some explanation. The
worked examples are integrated with the text, and the careful reader will
follow the examples through at the same time as reading the descriptive
material. To facilitate this, the text appears on the right-hand pages only,
and the examples on the left-hand pages. Thus the text and corresponding
examples are visible simultaneously, with neither interrupting the other.
Each chapter concludes with a set of exercises covering specifically the
material of that chapter. At the end of the book there is a set of sample
examination questions covering the material of the whole book.

'The prerequisites required for reading this book are few. It is an
introduction to the subject, and so requires only experience with methods
of arithmetic, simple algebra and basic geometry. It deliberately avoids
mathematical sophistication, but it presents the basis of the subject in a
way which can be built on subsequently, either with a view to applications
or with the development of the abstract ideas as the principal
consideration. '

Last, this book would not have been produced had it not been for the
advice and encouragement of David Tranah of Cambridge University
Press. My thanks go to him, and to his anonymous referees, for many
helpful comments and suggestions.
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Examples
1.1 Simple elimination (two equations).

2x+3y= 1

x-2y=4.
Eliminate x as follows. Multiply the second equation by 2:

2x+3y= 1

2x-4y=8.
Now replace the second equation by the equation obtained by subtracting the first
equation from the second:

2x+3y= 1

-7y=7.
Solve the second equation for y, giving y= -1. Substitute this into the first
equation:

2x-3= 1,
which yields x=2. Solution: x=2, y=-1.

1.2 Simple elimination (three equations).
x-2y+ z=5
3x+ y- z=O
x+3y+2z=2.

Eliminate z from the first two equations by adding them:
4x-y=5.

Next eliminate z from the second and third equations by adding twice the second
to the third:

7x+5y=2.
Now solve the two simultaneous equations:

4x- y=5
7x+5y=2

as in Example 1.1. One way is to add five times the first to the second, obtaining

27x=27,
so that x= 1. Substitute this into one of the set of two equations above which
involve only x and y, to obtain (say)

4-y=5,
so that y = - 1.Last, substitute x = 1and y = - 1into one of the original equations,
obtaining

1+2+z=5.
so that z=2. Solution: x= 1, y= -1, z=2.



1
Gaussian elimination

We shall describe a standard procedure which can be used to solve sets of
simultaneous linear equations, no matter how many equations. Let us
make sure of what the words mean before w~ start, however. A linear
equation is an equation involving unknowns called x or y or z, or Xl or X2

or X3, or some similar labels, in which the unknowns all occur to the first
degree, which means that no squares or cubes or higher powers, and no
products of two or more unknowns, occur. To solve a set of simultaneous
equations is to. find all values or sets of values for the unknowns which
satisfy the equations.
Given two linear equations in unknowns X and y, as in Example 1.1, the

way to proceed is to eliminate one of the unknowns by combining the two
equations in the manner shown.
Given three linear equations in three unknowns, as in Example 1.2, we

must proceed in stages. First eliminate one of the unknowns by combining
two of the equations, then similarly eliminate the same unknown from a
different pair of the equations by combining the third equation with one of
the others. This yields two equations with two unknowns. The second stage
is to solve these two equations. The third stage is to find the value of the
originally eliminated unknown by substituting into one of the original
equations.
This general procedure will extend to deal with n equations in n

unknowns, no matter how large n is. First eliminate one of the unknowns,
obtaining n - 1 equations in n - I unknowns, then eliminate another
unknown from these, giving n - 2 equations in n - 2 unknowns, and so on
until there is one equation with one unknown. Finally, substitute back to
find the values of the other unknowns.
There is nothing intrinsically difficult about this procedure. It consists of

the application of a small number of simple operations, used repeatedly.
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1.3 The Gaussian elimination process.
2xl-x2+3x3= (1)
4xI +2x2- X3= -8 (2)

3xI + X2+2x3= -1 (3)
Stage 1: XI-!-x2+ix3= !- (1)+-2

4xl+2x2- x3=-8 (2)
3xl+ x2+2x3=-1 (3)

Stage 2: XI-!-x2+ix3= !- (1)
4x2-7x3=-10 (2)-4x(l)

1X2-1x3=-1 (3)-3x(l)
Stage 3: XI -!-x2+ix3= !- (1)

x2-ix3= -1 (2)+-4
1x2 -1x3= -1 (3)

Stage 4: XI-1X2+ix3= !- (1)
x2-ix3=-1 (2)

¥X3 = 11 (3)-1x (2)

~t~ge 5: XI -1;X2+ix3= !- (1)
x2-ix3=-1 (2)

X3= 2.__ (3)+-¥

Now we may obtain the solutions. Substitute X3= 2 into the second equation.
x2-~=-1, sox2=1.

Finally substitute both into the first equation, obtaining
XI-!-+ 3=1, so XI= -2.

Hence the solution is XI= -2, X2= 1, x3=2.
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These include multiplying an equation through by a number and adding or
subtracting two equations. But, as the number of unknowns increases, the
length of the procedure and the variety of different possible ways of
proceeding increase dramatically. Not only this, but it may happen that
our set of equations has some special nature which would cause the
procedure as given above to fail: for example, a set of simultaneous
equations may be inconsistent, i.e. have no solution at all, or, at the other
end of the spectrum, it may have many different solutions. It is useful,
therefore, to have a standard routine way of organising the elimination
process which will apply for large sets of equations just as for small, and
which will cope in a more or less automatic way with special situations.
This is necessary, in any case, for the solution of simultaneous equations
using a computer. Computers can handle very large sets of simulta!1eous
equations, but they need a routine process which can be applied
automatically. One such process, which will be used throughout this book,
is called Gaussian elimination. The best way to learn how it works is to
follow through examples, so Example 1.3 illustrates the stages described
below, and the descriptions should be read in conjunction with it.
Stage 1 Divide the first equation through by the coefficient of Xl. (If this

coefficient happens to be zero then choose another of the
equations and place it first.)

Stage 2 Eliminate Xl from the second equation by subtracting a multiple of
the first equation from the second equation. Eliminate Xl from the
third equation by subtracting a multiple of the .first equation from
the third equation.

Stage 3 Divide the second equation through by the coefficient of X2. (If this
coefficient is zero then interchange the second and third equations.
We shall see later how to proceed if neither of the second and third
equations contains a term in x2.)

Stage 4 Eliminate X2 from the third equation by subtracting a multiple of
the second equation.

Stage 5 Divide the third equation through by the coefficient of X3. (We
shall see later how to cope if this coefficient happens to be zero.)

At this point we have completed the elimination process. What we have
done is to find another set of simultaneous equations which have the same
solutions as the given set, and whose solutions can be read ofTvery easily.
What remains to be done is the following.

Read ofT the value of X3. Substitute this value in the second
equation, giving the value of X2. Substitute both values in the first
equation, to obtain the value of Xl.
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1.4 Using arrays, solve the simultaneous equations:

Xl +Xl- X3= 4

2xl-x1+3x3= 7

4xl +x1+ x3=15.

First start with the array of coefficients:

I 1 -I 4

2 -1 3 7

4 1 I 15

I 1 -1 4

0 -3 5 -1
0 -3 5 -1

1 1 -1 4

0 1 -1 1-
3

0 -3 5 -1

1 1 -I 4

0 1 5 1--3 3

0 0 0 0

(2)-2x(l)

(3)-4 x (I)

(2).-;- -3

(3)+3 x (2)

See Chapter 2 for discussion of how solutions are obtained from here.

1.5 Using arrays, solve the simultaneous equations:

3xl-3x1+ x3=1
-Xl + x1+2x3=2
2xl + xl-3x3=O.

What follows is a full solution.

3 -3 1 1
-1 1 2 2
2 1 -3 0

1

-1

2

I

o
o
1

o
o

-I

1

I

-I

o
3

-1

3

o

1-
3

2

-3
1-
1-
3

-If

1-
-If

1-
3

1-
3

2

o
1-
3

1-
3

-1
1-
3

interchange rows

(1).-;-3

(2)+(1)
(3)-2x(l)
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Notice that after stage 1 the first equation is not changed, and that after
stage 3 the second equation is not changed. This is a feature of the process,
however many equations there are. We proceed downwards and eventually
each equation is fixed in a new form.

Besides the benefit of standardisation, there is another benefit which can
be derived from this process, and that is brevity. Our working of Example
1.3 includes much that is not essential to the process. In particular the
repeated writing of equations is unnecessary. Our standard process can be
developed so as to avoid this, and all of the examples after Example 1.3
show the different form. The sets of equations are represented by arrays of
coefficients, suppressing the unknowns and the equality signs. The first step
in Example 1.4 shows how this is done. Our operations on equations now
become operations on the rows of the array. These are of the following
kinds:

• interchange rows,
• divide (or multiply) one row through by a number,
• subtract (or add) a multiple of one row from (to) another.

These are called elementary row operations, and they playa large part in our
later work. It is important to notice the form of the array at the end of the
process. It has a triangle of Os in the lower left comer and Is down the
diagonal from the top left.
Now let us take up two complications mentioned above. In stage 5 of the

Gaussian elimination process (henceforward called the GE process) the
situation not covered was when the coefficient of X3 in the third equation
(row) was zero. In this case we divide the third equation (row) by the
number occurring on the right-hand side (in the last column), if this is not
already zero. Example 1.4 illustrates this. The solution of sets of equations
for which this happens will be discussed in the next chapter. What happens
is that either the equations have no solutions or they have infinitely many
solutions.
The other complication can arise in stage 3 of the GE process. Here the

coefficient of X2 may be zero. The instruction was to interchange equations
(rows) in the hope of placing a non-zero coefficient in this position. When
working by hand we may choose which row to interchange with so as to
make the calculation easiest (presuming that there is a choice). An obvious
way to do this is to choose a row in which this coefficient is 1. Example 1.5
shows this being done. When the GE process is formalised (say for
computer application), however, we need a more definite rule, and the one
normally adopted is called partial pivoting. Under this rule, when we
interchange rows because of a zero coefficient, we choose to interchange
with the row which has the coefficient which is numerically the largest (that
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1 -1 1. 1.
3 3

0 1 II -i-9

0 0

From here, X3 = 1, and substituting back we obtain

X2 -If= -i, so X2= 1.
Substituting again:

Xl -1 +-!=t so Xl = 1.

Hence the solution sought is: Xl = 1, X2= 1, X3= 1.

1.6 Using arrays, solve the simultaneous equations:

Xl + x2- x3=-3

2xI +2x2+ X3= 0
5xI+5x2-3x3= -8.

Solution:
1 1 -1 -3
2 2 1 0
5 5 -3 -8
1 1 -1 -3
0 0 3 6

0 0 2 7

1 1 -1 -3
0 0 1 2
0 0 2 7

1 1 -1 -3
0 0 1 2
0 0 0 3

(2) + 3

(3)+1

(2)-2x(1)
(3)-5x(1)

(2)+3

(3)-2 x (2)

Next, and finally, divide the last row by 3. How to obtain solutions from this point is
discussed in Chapter 2. (In fact there are no solutions in this case.)

1.7 Solve the simultaneous equations:

2xl-2x2+ X3-3x4= 2

XI- x2+3x3- x4=-2

-XI -2X2+ x3+2x4=-6

3xl+ X2- X3-2X4= 7.
Convert to an array and proceed:

2 -2 1 -3 2
1 -\ 3 -1 -2

-1 -2 1 2 -6
3 1 -1 -2 7
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is, the largest when any negative signs are disregarded). This has two
benefits. First, we (and more particularly, the computer) know precisely
what to do at each stage and, second, following this process actually
produces a more accurate answer when calculations are subject to
rounding errors, as will always be the case with computers. Generally, we
shall not use partial pivoting, since our calculations will all be done by hand
with small-scale examples.
There may be a different problem at stage 3.We may find that there is no

equation (row) which we can choose which has a non-zero coefficient in the
appropriate place. In this case we do nothing, and just move on to
consideration of X3, as shown in Example 1.6.How to solve the equations
in such a case is discussed in the next chapter.
The GE process has been described above in terms which can be

extended to cover larger sets of equations (and correspondingly larger
arrays of coefficients). We should bear in mind always that the form of the
array which we are seeking has rows in which the first non-zero coefficient
(if there is one) is 1,and this 1is to the right of the first non-zero coefficient
in the preceding row. Such a form for an array is called row-echelon fOrm.
Example 1.7 shows the process applied to a set of four equations in four
unknowns.
Further examples of the GE process applied to arrays are given in the

following exercises. Of Coursethe way to learn this process is to carry it out,
and the reader is recommended not to proceed to the rest of the book before
gaining confidence in applying it.

Summary
The purpose of this chapter is to describe the Gaussian elimination process
which is used in the solution of simultaneous equations, and the
abbreviated way of carrying it out, using elementary row operations on
rectangular arrays.
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1 -1 l. 3 1 (1)-;.-22 -"2
1 -1 3 -1 -2

-1 -2 1 2 -6
3 1 -1 -2 7

1 -1 l. 3 12 -"2
0 0 ~ l. -3 (2)-(1)2 2

0 -3 1- l. -5 (3)+ (1)2 2

0 4 -1 1 4 (4)-3x(1)

1 -1 l. -12

0 -3 3 l. -5 }"2 2
interchange rows

0 0 ~ l. -32 2

0 4 -1 1 4

1 -1 l. 3
2 -"2

0 1 -1 1 ~ (2)-;.--3-6 3

0 0 ~ l. -32 2

0 4 5 ~ 4-"2 2

1 -1 l. 3
2 -"2

0 1 1 -1; ~-"2 3

0 0 ~ l. -32 2

0 0 -1 .12.. 8 (4)-4 x (2)6 -)

1 -1 l. 1-
2 2

0 1 -1 1 ~-6 3

0 0 l. 6 (3)-;.-15 -5
0 0 -1 .12. 8

6 -)

1 -1 l. 3
2 -"2

0 1 -1 1 ~-6 3

0 0 1 l. -!5

0 0 0 49 -"2. (4)+1 x (3)15 15

1 -1 l. 1-
2 2

0 1 1 1 ~-"2 -6 3

0 0 1 l. .Q.
5 5

0 0 0 1 -1 (4)-;.-n

From this last row we deduce that x4= -1. Substituting back gives:

x3--!= -t so X3= -1,

x2 +1+i=1, so X2 = 1, and

Xl -1-1+1= I, sox1=1.

Henc~ the solution is: Xl = 1, x2 = 1, X3 = -1, x4 = - 1.
"
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Exercises

9

Using the Gaussian elimination process, solve the following sets of
simultaneous equations.

(i) x- y=2
2x+ y= 1.

(iii) XI + X2+ x3=2
2xI + x2-2x3=4
-XI -2X2+3X3=4.

~) 2xl-4x2+ x3= 2
XI -2x2 -2x3= -4

-XI + X2 =-1.

(vii) 2X2 - x3=-5
XI - X2+2x3= 8
XI +2X2+2X3= 5.

(ix) XI- 3x2- X3=0
2xl- 4X2-7x3=2
7xI -13x2 =8

(xi) xl-2x2+ X3- X4=
-XI - x2+2x3+2x4=-5
2xI + x2+ X3+3x4= 2
xl+3x2-3x3+3x4= 2.

(ii) 3x+2y=0
x- y=5.

(iv) 3xI-X2-X3= 6
XI - x2+ X3= 0

-Xl +2X2 +2X3= -2.

(vi) -Xl +2x2 - x3=-2
4xI - X2 -2X3= 2
3xI -4X3=-1.

(viii) XI + 5x2 - 2X3 =0
3xl- x2+lOx3=0
-xl-2x2+ 7X3=0.

(x) 2XI-X2-X3=-2
3x2-7x3= 0

-3x1+ X2-4X3= 3
(xii) xI+ x2-3x3+ x4=-2

2xl+2x2+ X3+3X4= 0
XI +2X2-2X3+2X4=-2

-3X2+4x3- X4= 1.
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Examples

2.1 Find all values of x and y which satisfy the equations:

x+2y= 1

3x+6y=3.
GE process:

1 2 1

3 6 3

1 2 1

000 (2)-3x(l)

Here the second row gives no information. All we have to work with is the single
equation x +2y= 1. Set y = t (say). Then on substitution we obtain x = 1- 2t.Hence
all values of x and y which satisfy the equations are given by:

x=I-2t, y=t (tEIR).

2.2 Find all solutions to:

XI +x2 - x3= 5
3xI -x2+2x3= -2.

The G E process yields:

1

o
-1 5

Set X3 = t. Substituting then gives

X2 -it = I}, so X2 =¥+it, and

xl+(¥+it)-t=5, soxl=;i+it.
Hence the full solution is:

XI =;i+it, X2=147 +it, x3=t (tEIR).

o

o
.J
4

2.3 Solve the equations:

xl- x2-4x3=O
3xI + X2 - X3 = 3

5xI +3x2 +2x3=6.
The GE process yields:

1 -1 -4
o 1 ¥
000

In effect, then, we have only two equations to solve for three unknowns. Set x3 =t.
Substituting then gives

X2+1,ft=i, so x2=;i-¥t, and

xl-(;i-¥t)-4t=O, so xl=;i-it.
Hence the full solution is: XI =;i-it, x2=;i-¥t, x3=t (tE IR).
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equations 1

Now that we have a routine procedure for the elimination of variables
(Gaussian elimination), we must look more closely at where it can lead, and
at the different possibilities which can arise when we seek solutions to given
simultaneous equations.

Example 2.1 illustrates in a simple way one possible outcome. After the
G E process the second row consists entirely of zeros and is thus of no help
in finding solutions. This has happened because the original second
equation is a multiple of the first equation, soin essence we are given only a
single equation connecting the two variables. In such a situation there are
infinitely many possible solutions. This is because we may specify any value
for one of the unknowns (say y) and then the equation will give the value of
the other unknown. Thus the customary form of the solution to Example
2.1 is:

y=t, x=1-2t (tEIR).
These ideas extend to the situation generally when there are fewer

equations than unknowns. Example 2.2 illustrates the case of two
equations with three unknowns. We may specify any value for one of the
unknowns (here put Z= t) and then solve the two equations for the other
two unknowns. This situation may also arise when we are originally given
three equations in three unknowns, as in Example 2.3. See also Example
1.4.
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2.4 Find all solutions to the set of equations:

XI+X2+x3=1
Xl +X2+x3=4.

This is a nonsensical problem. There are no values of Xl' x2 and X3 which satisfy
both of these equations simultaneously. What does the GE process give us here?

1
4

1 1 1 1

000 3

1 1 1

000

The last row, when transformed back into an equation, is

OXI +Ox2 +Ox3 = 1.
This is satisfied by no values of Xl' x2 and X3.

2.5 Find all solutions to the set of equations:

Xl +2x2 + X3= 1
2xl +5x2- x3=4
Xl + x2+4x3=2.

GE process:

1 2 1 1

2 5 -I 4

I 1 4 2

1 2 I 1

0 1 -3 2
0 .,- 1 3 1

1 2 1 1

0 1 -3 2
0 0 0 3
1 2 1 1

0 1 -3 2
0 0 0 1

(2)-;.- 3

(2)-2 x (1)

(3)-(1)

(3)+(2)

(3) -;.-(3)

Because of the form of this last row, we can say straight away that there are no
solutions in this case (indeed, the last step was unnecessary: a last row of 0 0 0 3
indicates inconsistency immediately).
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Here, then, is a simple-minded rule: if there are fewer equations than
unknowns then there will be infinitely many solutions (if there are solutions
at all). This rule is more usefully applied after the GE process has been
completed, because the original equations may disguise the real situation,
as in Examples 2.1, 2.3 and 1.4.
The qualification must be placed on this rule because such sets of

equations may have no solutions at all. Example 2.4 is a case in point. Two
equations, three unknowns, and no solutions. These equations are clearly
inconsistent equations. There are no values of the unknowns which satisfy
both. In such a case it is obvious that they are inconsistent. The equations
in Example 2.5 are also inconsistent, but it is not obvious there. The GE
process automatically tells us when equations are inconsistent. In Example
2.5 the last row turns out to be

o 0 0 1,

which, if translated back into an equation, gives

Ox! +Ox2 +OX3 = 1,
I.e.

0= 1.

When this happens, the conclusion that we can draw is that the given
equations are inconsistent and have no solutions. See also Example 1.6.
This may happen whether there are as many equations as unknowns, more
equations, or fewer equatiQns.
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2.6 Find all solutions to the set of equations:

Xl + x2=2
3xl-x2=2
-Xl +2x2 =3.

GE process:

1 1 2
3 -1 2

-1 2 3

1 1 2
0 -4 -4
0 3 5

1 1 2
0 1 1
0 3 5

1 1 2
0 1 1
0 0 2

(2)-3x(1)
(3)+(1)

(2)-;.- -4

(3)-3x(2)

Without performing the last step of the standard process we can see here that the
given equations are inconsistent.

2.7 Find all solutions to the set of equations:

Xl -4x2=-1
2xI +2x2= 8

5xI - X2= 14.

GE process:

1 -4 -1
2 2 8

5 -1 14

1 -4 -1
0 10 10 (2)-2x(l)
0 19 19 (3)-5x(l)

1 -"4 -1
0 1 1 (2)-;.-10
0 0 0 (after two steps)

Here there is a solution. The third equation is in effect redundant. The second row
yields X2 = L Substituting in the first gives:

Xl -4= -1, so Xl =3.

Hence the solution is: Xl = 3, X2 = 1.
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Example 2.6 has three equations with two unknowns. Here there are
more equations than we need to determine the values of the unknowns.We
can think of using the first two equations to find these values and then
trying them in the third. If we are lucky they will work! But the more likely
outcome is that such sets of equations are inconsistent. Too many
equations may well lead to inconsistency. But not always. See Example 2.7.
We can now see that there are three possible outcomes when solving

simultaneous equations:
(i) there is no solution,
(ii) there is a unique solution,
(iii) there are infinitely many solutions.

One of the most useful features of the GE process is that it tells us
automatically which of these occurs, in advance of finding the solutions.
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2.8 Illustration of the various possibilities arising from the GE process and
the nature of the solutions indicated.

(i) [~ 2 n unique solution.
1

(ii) [~-I n inconsistent.
0

(iii) [~ 3 ~J unique solution.
I

(iv) [~ 1 ~J infinitely many solutions.
0

[ ~

2 1 n(v) 1 -2 unique solution.
0 1

[~

0 -1 -n(vi) 1 I inconsistent.
0 0

[~ 3 0 -1](vii) 1 3 unique solution.
0 1

[~ -1 I

~ ](viii) 1 7 infinitely many solutions.
0 0

[~ 2 -1

~ ](ix) 0 1 inconsistent.
0 0

[~ 2 2

~ ](x) 0 1 infinitely many solutions.
0 0
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Rule
Given a set of (any number of) simultaneous equations in p unknowns:

(i) there is no solution if after the GE process the last non-zero row
has a 1 at the right-hand end and zeros elsewhere;

(ii) there is a unique solution if after the G E process there are exactly p
non-zero rows, the last of which has a 1 in the position second from
the right-hand end;

(iii) there are infinitely many solutions if after the G E process there are
fewer than p non-zero rows and (i) above does not apply.

Example 2.8 gives various arrays resulting from the GE process, to
illustrate the three possibilities above. Note that the number of unknowns
is always one fewer than the number of columns in the array.
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c

2-c

2.9 Find all values of c for which the equations

x+ y=c
3x-cy=2

have a solution.
GE process:

1

3

1 c

o -c-3 2-3c (2)-3 x (1)

c

o 2-3c
-c-3

(2).;.-( -c-3)

Now this last step is legitimate only if -c-3 is not zero. Thus, provided that
c+3,eO, we can say

2-3c 2-3c
y=--- and x=c----.

-c-3 -c-3
If c+3=O then c= -3, and the equations are

x+ y=-3
3x+3y= 2.

These are easily seen to be inconsistent. Thus the given equations have a solution if
and only if c,e -3.

2.10 Find all values of c for which the following equations have
(a) a unique solution,
(b) no solution,
(c) infinitely many solutions.

Xl + xz+ X3=C

CXl+ Xz+2x3=2
Xl +CXz+ x3=4.

GE process:

c

c

I

2

1

c

2

4

1 c

o l-c 2-c 2-cz

o c-1 0 4-c *
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Finally, Examples 2.9 and 2.10 show how the GE process can be applied
even when the coefficients in the given simultaneous equations involve a
parameter (or parameters) which may be unknown or unspecified. As
naturally expected, the solution values for the unknowns depend on the

\

parameter(s), but, importantly, the nature of the solution, that is to say,
whether there are no solutions, a unique solution or infinitely many
solutions, also depends on the value(s) of the parameter(s).

Summary
This chapter should enable the reader to apply the GE process to any given
set of simultaneous linear equations to find whether solutions exist, and if
they do to determine whether there is a unique solution or infinitely many
solutions, and to find them.

Exercises
1. Show:that the following sets of equations are inconsistent.

(i) x-2y= 1 (ii) 3x+ y=3
2x- y= -8 2x- y=7
-x+ y= 6. 5x+4y=4.

(iii) Xl- x2-2x3=-1 (iv) 2xl- X2+4X3=4
-2xl+X2+X3= 2 XI+2X2-3x3=1
3xl +2X2+9x3= 4. 3xl +3x3=6.

2. Show that the following sets of equations have infinitely many solutions,
and express the solutions in terms of parameters.

(i) x-3y=2
2x-6y=4.

Xl + x2+ x3= 5
-Xl +2X2-7x3=-2
2xl + x2+4x3= 9.
xl- x2+3x3=4
2xl-2x2+ x3=3
-Xl + x2+ x3=O.

(v)

(iii)

(ii) 2x+ 3y=-1
8x+ 12y= -4.

(iv) Xl +2x3= 1
2xl+x2+3x3=1
2xl -x2+5x3=3.

(vi) Xl +2x2+ X3= 2
2xl- X2+7X3=-6

-Xl + X2-4x3= 4
Xl -2X2+5x3= -6.

3. Show that the following sets of equations have unique solutions, and find
them.

(i) 2x-5y=-1
3x+ y= 7.

(iii) xl- X2-2X3=-6
3Xl+ x2-2x3=-6

-2xl-2x2+ x3= 2.

(ii) X -2y= - 1

4x+ y= 14
3x-4y= 1.

(iv) 3x2+ x3=-3
xl-2x2-2x3= 4
2xl + X2 -3X3= 3.
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c

0
2-c 2-c2
--
I-c I-c

0 0 2-c 4-c+2-c2 **

c

0
2-c 2-c2

I-c I-c
0 0 3+c

(provided that c# I)

(provided that c# 2)

/

Ifc= I then the row marked * is 0 0 0 3, showing the equations to be inconsistent. If
c= 2 then the row marked ** is 0000, and the equations have infinitely many
solutions: X3 = t, X2 = t, Xl = - t (t E IR). Last, ifc # I and c# 2 then there is a unique
solution, given by the last array above:

x3=3+c,
2-c2 (2-c)(3+c)

X2= I-c I-c
and

2-c2 (2-c)(3+c)
Xl =c---+-----(3+c).

I-c I-c
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(v) Xl +2X2+3x3=3 (vi) -Xl +X2+X3+X4=2
2xl +3x2+4x3=3 Xl -X2+X3+X4=4
3xl +4x2 +5X3=3 Xl +X2 -X3 +x4=6
Xl + X2+ X3=0. Xl +X2+X3-X4=8.

4. Find whether the following sets of equations are inconsistent, have a
unique solution, or have infinitely many solutions.

(i) XI+X2+ x3=1 (ii) xl+2x2- x3=2
2xl+x2-3x3=1 2xl+2x2-4x3=0

3X2- X3=1. -Xl +~x3=2.

(iii) Xl - x2+ x3-2x4= -6 (iv) Xl + X2+X3=2
2x2+ X3-3X4= -5 3xl-2x2+x3=3

3xl- x2-4x3- X4= 9 2xl +x3=3
-xl-3x2+3x3+2x4= -5. -Xl +3x2+X3=3.

(v) Xl + X2+X3+X4=0
Xl +X4=0
Xl +2X2+X3 =0.

5. (i) Examine the solutions of

Xl- x2+ x3=e
2xl -3x2+4x3=0
3xl-4x2+5x3= 1,

when e= 1 and when eof. 1.

(ii) Find all values of k for which the equations

3xl - 7x2 - 4x3 = 8
-2xl + 6x2+ llx3=21
5xl-21x2+ 7x3= 10k
Xl +23x2+ 13x3=41

are consistent.

6. In the following sets of equations, determine all values of e for which the
set of equations has (a) no solution, (b) infinitely many solutions, and (c) a
unique solution.

(i) Xl + X2 -x3=2
Xl +2X2 +x3=3
Xl + x2+(e2-5)x3=e.

(iii) Xl + x2=3
Xl +(e2-8)x2=e.

(ii) Xl + X2 + x3=2
2xl +3x2 +2X3=5
2xl + 3x2 + (e2 -1)x3 =e+ 1.

(iv) eXI + x2-2x3=0
Xl +ex2+3x3=0
2xl +3x2+ex3=0.
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Examples

3.1 Examples of matrix notations.

A=[ 1 2 3J: all= 1,
-2 -1 0 a21=-2,

[
5 6] bll =5, bI2=6,

B= 7 8 . b2l =7, b22=8,
9 10 b3l =9, b32= 10.

A is a 2 x 3 matrix, B is a 3 x 2 matrix.

3.2 Examples of matrix addition.

[1 2 3J [3 2 IJ [4 4 4J456+234=6 810'
[ -~ 3

!]+[~
1

-q= L~ 4 -1] .0 2 2-2 1 2 -3 3
[ -1 ~]- [! -~] = [-~ -1]5 .3
[all

al2
a
13J+[bll

b12 b13 J=[all +bll a12+b12 a13+b13J
a2l a22 a23 b2l b22 b23 a2l +b2l a22 +b22 a23 +b23

3.3 Examples of scalar multiples.

[~ :]+[~ :]= [~~ ~~]=2[~ :].
9 10 9 10 18 20 9 10

6[~ ~J=[1: ~~J
t[~ -~ -~J=[~-~ -~J

3.4 More scalar multiples.

[-1 IJLet A= 2 4 and B=

Then

[-~ ~ ~].
-2 1 5

2A=[ -~ ~J 7A=[~: 2~JtA=[ -~ ~J
[
-2 6

and 2B= 8 0
-4 2

~] , -5B= [-2~
10 10

-15
o

-5



3
Matrices and algebraic
vectors

A matrix is nothing more than a rectangular array of numbers (for us this
means real numbers). In fact the arrays which were part of the shorthand
way of carrying out the Gaussian elimination process are matrices. The
usefulness of matrices originates in precisely that process, but extends far
beyond. We shall see in this chapter how the advantages of brevity gained
through the use of arrays in Chapters 1 and 2 can be developed, and how
out of this development the idea of a matrix begins to stand on its own.

An array of numbers with p rows and q columns is called a p x q matrix
('p by q matrix'), and the numbers themselves are called the entries in the
matrix. The number in the ith row andjth column is called the (i,j)-entry.
Sometimes suffixes are used to indicate position, so that aij (or bij, etc.) may
be used for the (i,j)-entry. The first suffix denotes the row and the second
suffix the column. See Examples 3.1. A further notation which is sometimes
used is [aiJpxq' This denotes the pxq matrix whose (i,j)-entry is aij, for
each i and j.
Immediately we can see that there are extremes allowed under this

definition, namely when either p or q is 1. When p is 1 the matrix has only
one row, and is called a row vector, and when q is 1 the matrix has only one
column, and is called a column vector. The case when both p and q are 1 is
rather trivial and need not concern us here. A column vector with p entries
we shall call a p-vector, so a p-vector is a p x 1 matrix.
Addition of matrices (including addition of row or column vectors) is

very straightforward. We just add the corresponding entries. See Examples
3.2. The only point to note is that, in order for the sum of two matrices (or
vectors) to make sense, they must be of the same size. To put this precisely,
they must both be p x q matrices, for the same p and q. In formal terms, if A
is the p x q matrix whose (i,j)-entry is aij and B is the p x q matrix whose
(i,j)-entry is bij then A +B is the p x q matrix whose (i,j)-entry is aij +bij.
Likewise subtraction: A - B is the p x q matrix whose (i,j)-entry is aij - bij'
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3.5 Multiplication of a matrix with a column vector. Consider the equations:

2xl- X2+4X3=1
Xl+ 3X2 -2X3=O

-2xI + X2 -3x3=2.
These may be represented as an equation connecting two column vectors:

[ 2:::3::~~::]= [~].

-2xl+x2-3x3 2
The idea of multiplication of a matrix with a vector is defined so that the left-hand
vector is the result of multiplying the vector of unknowns by the matrix of
coefficients, thus:

[
2 -1 4] [Xl] [2XI- X2+4X3]1 3 -2 X2 = Xl+3X2-2X3 .

-2 1 -3 X3 -2xI + X2-3x3
In this way the original set of simultaneous equations may be written as a matrix
equation:

[ ~ -~ -~][::]=[~].
-2 1 -3 X3 2

[~ -~][::]=[-~l
C -~ -~J[::] =[~J

-~ ][::]= [~] .3xI -2X2=O
X; + x2=5

-Xl +2X2=4

Examples of simultaneous equations written as matrix equations.

3XI -2x2=

4xl+ x2=-2

Xl +X2+X3=6
Xl -X2-X3=O

3.6

3.7 Multiplication of a column vector by il matrix.

[=~].
-1

[1 2J[5J [5+ 12J [17J
3 4 6 = 15+24 = 39 .

2 IJ[XI] [XI+2X2+X3J
-3 2 ~: = -Xl -3X2+2X3 .

[
2-1-2]-2-2-2
6-1-6
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In Examples 3.3 we see what happens when we add a matrix to itself.
Each entry is added to itself. In other words, each entry is multiplied by 2.
This obviously extends to the case where we add a matrix to itself three
times Qr four times or any number of times. It is convenient, therefore, to
introduce the idea of multiplication of a matrix (or a vector) by a number.
Notice that the definition applies for any real number, not just for integers.
To multiply a matrix by a number,just multiply each entry by the number.
In formal terms, if A is the p x q matrix whose (i,j)-entry is aij and if k is any
number, then kA is the p x q matrix whose (i,j)-entry is kaij' See Examples
3.4.
Multiplication of a matrix with a vector or with another matrix is more

complicated. Example 3.5 provides some motivation. The three left-hand
sides are taken as a column vector, and this column vector is the result of
multiplying the 3 x 3 matrix of coefficients with the 3 x 1 matrix (3-vector)
of the unknowns. In general:

a13] [Xl]a23 X2

a33 X3
[

allXl +a12X2 +a13X3]
a2lxl +a22X2 +a23X3 .
a3lxl +a32x2 +a33X3

Note that the right-hand side is a column vector. Further illustrations are
given in Examples 3.6. This idea can be applied to any set of simultaneous
equations, no matter how many unknowns or how many equations. The
left-hand side can be represented as a product of a matrix with a column
vector. A set of p equations in q unknowns involves a p x q matrix multiplied
to a q-vector.
Now let us abstract the idea. Can we multiply any matrix with any

column vector? Not by the above process. To make that work, there must
be as many columns in the matrix as there are entries in the column vector.
A p x q matrix can be multiplied on the right by a column vector only if it
has q entries. The result of the multiplication is then a column vector with p
entries. We just reverse the above process. See Examples 3.7.
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3.8 Evaluate the product

[
123][12 3 4 3
4 5 6 -1

-1]-2 .
1

[=~=::~], I.e.
-4-10+6

The product is a 3 x 2 matrix. The first column of the product is

[~ ~ ~] [ ~], i.e. [~: :=~], I.e. [1~3]'
4 5 6 -1 4+15-6

The second column of the product is

U ~ :] [=n, I.e.

Hence the product matrix is

-2]-4 .
-8

0+0+ 1-2J
0+4-1-6

1+0+0]
0+0+0
1+0+0

o 1
2 -1

[1 -1]G

[~ ~ ~]
1 1 0

Evaluation of matrix products.

[3
1 42J[01 0 -IJ=[1+0 0+2 -1-2J

1 -1 3+0 0+4 -3-4

=[1 2 -3J.
3 4-7

1J= [2-1 1+ 1]= [1 2].1 .

[001] [0+0+10+0+0
o 1 0 = 0+0+1 0+1+0
1 0 0 0+0+0 0+ 1+0

=[~ ~ ~].
o 1 1

~J[-1 ~J= [~:~:~:~
3 -2

=L~ =~J
[~

(i)

(iii)

(ii)

3.9

(iv)
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Next we take this further, and say what is meant by the product of two
matrices. The process is illustrated by Example 3.8. The columns of the
product matrix are calculated in turn by finding the products of the left-
hand matrix with, separately, each of the columns of the right-hand matrix.
Let A be a p x q matrix whose (i,j)-entry is aij, and let B be a q x r matrix
whose (i,j)-entry is bij' Then the product AB is a p x r matrix whose (i,j)-
entry is Iz = 1 aikbki, i.e. the sum of all the products of the entries in the ith
row of A with the respective entries in the jth column of B.

Rule
A p x q matrix can be multiplied on the right only by a matrix with q rows.
If A is a p x q matrix and B is a q x r matrix, then the product AB is a p x r
matrix.

There is a useful mnemonic here. We can think of matrices as dominoes.
A p, q domino can be laid next to a q, r domino, and the resulting 'free'
numbers are p and r.
Examples 3.9 illustrate the procedures in calculating products. It is

important to notice that given matrices can be multiplied only if they have
appropriate sizes, and that it may be possible to multiply matrices in one
order but not in the reverse order.
The most important case of matrix multiplication is multiplication of a

matrix by a column vector, so before we move on to consider properties of
the general multiplication, let us recap the application to simultaneous
equations. A set of simultaneous equations containing p equations in q
unknowns can always be represented as a matrix equation of the form

Ax=h,
where A is a p x q matrix, x is a q-vector whose entries are the unknowns,
and h is the p-vector whose entries are the right-hand sides of the given
equations.

Rules
(i) A+B=B+A
(ii) (A+B)+C= A+(B+C)
(iii) k(A + B) = kA + kB
(iv) (kA)B = k(AB)
(v) (AB)C = A(BC)
(vi) A(B+C)=AB+AC
(vii) (A+B)C=AC+BC,

where A, Band C are any matrices whose sizes permit the formation of
these sums and products, and k is any real number.
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3.10 Show that for any p x q matrix A and any q x r matrices Band C,
A(B+C)=AB+AC.

Let aij denote the (i,j)-entry in A, for 1";;i";;P and l";;j";; q, let bij denote the (i,j)-
entry in B, for l";;i";;q and l";;j";; r, and let cij denote the (i,j)-entry in C, for 1";;i";;q
and l";;j";;r. The (kJ)-entry in B+C is then bkj+ Ckj'By the definition, then, the
(i,j)-entry in A(B +C) is .

q

I aik(bkj+Ck),
k=l

i.e.
q q

I aikbkj+ I aikCkj'
k=l k=1

which is just the sum of the (i,j)-entries in AB and in AC. Hence
A(B +C)=AB +AC.

BA=[~

3.11

and

and let

The commutative law fails for matrix multiplication. Let

A=[~ ~J
B=[~ a

Certainly both products AB and BA exist. Their values are different, however, as we
can verify by direct calculation.

AB=[~ ~J[~~J=[~~J
~JG~J=[~~J
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Rules (i), (ii), (iii) and (iv) are easy to verify. They reflect corresponding
properties of numbers, since the operations involved correspond to simple
operations on the entries of the matrices. Rules (v), (vi) and (vii), while
being convenient and familiar, are by no means obviously true. Proofs of
them are intricate, but require no advanced methods. To illustrate the
ideas, the proof of (vi) is given as Example 3.10.
There is one algebraic rule which is conspicuously absent from the above

list. Multiplication of matrices does not satisfy the commutative law. The
products AB and BA, even if they can both be formed, in general are not the
same. See Example 3.11. This can lead to difficulties unless we are careful,
particularly when multiplying out bracketed expressions. Consider the
following:

(A +B)(A +B)= AA +AB +BA.+ BB,
so

(A +B)2 = A2 +AB+ BA +B2,
and the result must be left in this form, different from the usual expression
for the square of a sum.
Finally a word about notation. Matrices we denote by upper case letters

A, B, C, ... , X, Y, Z, .... Column vectors we denote by bold-face lower
case letters a, b, c, ... , x, y, z, .... Thankfully, this is one situation where
there is a notation which is almost universal.

Summary
Procedures for adding and multiplying vectors and matrices are given,
together with rules for when sums and products can be formed. The
algebraic laws satisfied by these operations are listed. It is shown how to
write a set of simultaneous linear equations as a matrix equation.
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Exercises
1. In each case below, evaluate the matrices A +B, Ax, Bx, 3A, tB, where A,

B and x are as given.

(i) A=[~ ~lB=[ 1 -1] x=[::].-1 1 '

(ii) A=[~ ~l [-2 ~lx=[~lB= 0

A= [~

-1 ~], B= [ ~
0 -1 ]

x= [~:]
(iii) 1 2 2 ,

3 -3 -3 1 0

[ -2 -1

~ ], B= [~
1 n, x= [-!J.(iv) A= ~ 1 1

-2 1
2.Evaluate all the following products of a matrix with a vector.

[-~
2 =!] U].(i) -1
2

(iii) U 1 -1 nUl-2 0

(v) U :J [H

[021 2]
(ii) -~ Ul
(;,) [~~~][:]

3. Let

A=[~
2 ~lB= [~

-1 1 ~],-3 2 2
0 -1

c~u 0 n D~U -1 ]-3 2 .0 -21

Evaluate the products AB, AD, BC, CB and CD. Is there any other
product of two of these matrices which exists? Evaluate any such.
Evaluate the products A(BC) and (AB)C.

4. Evaluate the following matrix products.

(i) [ -! l] n ~l
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u 0 1 0

(ii) 3 -1 1
1 -2 -1
4 3 -3

(iii) [~~][~~l
(iv) [~

-1 ~][-~-1

2
-1
1

-2
1

i j][-n.
5. Obtain A3-2A2+A-I, when

[1 1 2]
A= 1 1 1 .

2 1 1

6. How must the sizes of matrices A and B be related in order for both of the
products AB and BA to exist?
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Examples

4.1 Properties of a zero matrix.

[~ ~J+[: ~J=[: ~J
[0 0J[a bJ=[O OJ
OOcd 00'

[a bJ[O OJ= [0 OJ
cdOO 00'

[0 0J[a b cJ=[O 0 OJ.00 de! 000
4.2 Properties of an identity matrix.

4.3 Examples of diagonal matrices.

[~~l[~~l[-~-~l
[~-~~],[~~~],[~!~],
'[~~ ~ ~]00304'000

4.4 The following matrices are upper triangular.

[

1 1
o -2
o 0

o
-2

1

The following matrices are lower triangular.

~],
-1
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Special matrices

Example 4.1 shows the properties of a zero matrix. This form of special
matrix does not raise any problems. A matrix which consists entirely of Os
(a zero matrix) behaves just as we would expect. We normally use 0 (zero)
to denote a zero matrix, and 0 to denote a zero column vector. Of course we
should bear in mind that there are many zero matrices having different
sizes.
From matrices which act like zero we turn to matrices which act like 1. A

square matrix which has Is down the diagonal from top left to bottom right
(this diagonal is called the main diagonal) and has Os elsewhere is called an
identity matrix. Example 4.2 shows the property which such matrices have,
namely

Al=lA=A,
where 1 is an identity matrix and A is a square matrix of the same size.
Notice that identity matrices are square and that there is one p x p identity
matrix for each number p. We denote it by 1P' or just I if the size is not
important.
There are other sorts of special matrix which are distinctive because of

their algebraic properties or because of their appearance (or both). We
describe some types here, although their significance will not be clear till
later.
A diagonal matrix is a square matrix which has zero entries at all points

off the main diagonal. One particular sort of diagonal matrix is an identity
matrix. Other examples are given in Examples 4.3. Of course we do not
insist that all the entries on the main diagonal are non-zero. We might even
consider a zero matrix to be a diagonal matrix. The sum and product of two
p x p diagonal matrices are p x p diagonal matrices.
The main diagonal divides a square matrix into two triangles. A square

matrix which has zeros at all positions below the main diagonal is called an
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4.5 Sums and products of triangular matrices.

(i) A sum of upper triangular matrices is upper triangular.

[~ -~ ;]+[~ ~~]=[~ -~ 0;].
o 0 -1 0 0 1 0 0

(ii) A product of upper triangular matrices is upper triangular.

[
1 1 3] [2 1 0] [2 2o -2 2 0 1 1 = 0 -2
o 0 -1 0 0 1 0 0

(iii) A product of lower triangular matrices is lower triangular.

[
2

3

1

-~ ~][~ ~ ~]=[; -~ ~].
11011721

4.6 Examples of transposed matrices.

[1 2r=[1 3] C 2 3r= P 1],34 24' 456 3

[1 2 3Y= U], and [if =[1 2 3J,

[~ 1 -~r~[: 1 -~l1 1
-4 -1 2 -4 -1

so this matrix is symmetric.

4.7 A sum of symmetric matrices is symmetric. Let A and B be symmetric
matrices with the same size. Then AT =A and BT =B.

(A+B)T =AT +BT =A+B,

and so A +B is symmetric. Here is a particular case:

~ -~], B= [ ~
-4 -1 -1

; -~].
o 3

Then A and B are both symmetric, and.

A+B=[~ _~ -~],

which is symmetric.
A product of two symmetric matrices is generally not symmetric. With A and B as

above,

AB= [ ~
-5

8
4

-4
-1~] ,
-5

which is not symmetric.
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upper triangular matrix. A square matrix which has zeros at all positions
above the main diagonal is called a lower triangular matrix. Amatrix of one
or other of these kinds is called a triangular matrix. Such matrices have
convenient properties which make them useful in some applications. But
we can see now, as in Example 4.5, that Sumsand products of upper (lower)
triangular matrices are upper (lower) triangular. Notice that when the GE
process is applied to a square matrix the result is always an upper
triangular matrix.
The main diagonal also plays a part in our next kind of special matrix. A

square matrix is symmetric if reflection in the main diagonal leaves the
matrix unchanged. In formal terms, if A is any matrix whose (i,j)-entry is
aij' the transpose of A (denoted by AT) is the matrix whose (i,j)-entry is aji,
i.e. the matrix obtained by reflecting in the main diagonal. A is symmetric if
AT= A. Notice that the rows of AT are the columns of A, and vice versa. See
Example 4.6. Such matrices figure prominently in more advanced work,
but we can see now (Example 4.7) that sums of symmetric matrices are
symmetric, but products in general are not. There are three important rules
about transposes.
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4.8 Let A and B be any p x p matrices. Then (AB)T = BTAT. To see this, let the
(i,j)-entries of A and B be denoted by aij and bij respectively. The (i,j)-

entry in (AB)T is the (j, i)-entry in AB, which is
p

L ajkbki.
k=l

The (i,j)-entry in BTAT is
p

L blalj,
k= 1

where bl is the (i, k)-entry in BT and alj is the (k,j)-entry in AT. Now from the
definition of the transpose, we have

b~=bki and alj=ajk•

Hence the (i,j)-entry in BTAT is
P P

L bkiajk, i.e. L ajkbki,
k=l k=l

which is the same as the (i,j)-entry in (AB)T. This proves the result.

4.9 Examples of skew-symmetric matrices.

(i) [_~ ~J=[~ -~J= -[ -~ ~J
(ii) [_~ ~ _~]T= [~ -~ -~] = _ [_~ ~ _~].

-2 3 0 2 -3 0 -2 3 0

4.10 Examples of orthogonal matrices.

(i)
LotA~ r ~ ~ 1 ThmA,~r ~ -+'11 '--:]2 -:]2 -:]2 -:]2

so

ATA=[1+1 1-1J=[1 ~l1-1 1+1 0
and

AAT =[ 1+1 -1+1J=[1 OJ-1+1 1+1 0 1 .
Hence A is orthogonal.

(H) Lot B~ [J -I -1] Tho" B' ~ [ - J - ]
Then by direct evaluation we verify that BTB=1 and BBT =1.
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Rules
(i) (AT)T= A.
(ii) (A+B)T =AT +BT,
(iii) (AB)T = BTAT.

37

The last of these is important because of the change of the order of the
multiplication. Remember this! The first two are quite easy to justify. The
third is rather intricate, though not essentially difficult. A proof is given in
Example 4.8.
The transpose of a matrix A may be related to A in other ways. A skew-

symmetric matrix is a matrix for which AT= -A. See Example 4.9. An
orthogonal matrix is a square matrix for which ATA = I and AAT = I. See
Example 4.10.
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4.11 Examples of elementary matrices.

[
0 1 OJE1 = .. 1 0 0.,
o 0 1

obtained by interchanging the first two rows of an identity matrix.

E2= [~ ~ ~],
005

obtained by multiplying the third row of an identity matrix by 5.

E3= [~ ~ ~],
o 0 1

obtained by adding three times the second row to the first row in an identity matrix.

4.12 Let

A= [~ ~ n.
Check the effects of premultiplying A by E1, E2 and E3 above.

E1 A = [~ ~ ~] [~ ~ ~] = [ ~ ~ ~].
001789 789

(The first two rows are interchanged.)

E2A = [~ ~ ~J [~ ~ ~] = [ ~
o 0 5 7 8 9 35

(The third row is multiplied by 5.)

[
1 3 0] [1 2

E3A= 0 1 0 4 5
o 0 I 7 8

3] [13
6 = 4
9 7

1~ 2~].
8 9

(Three times the second row is added to the first row.)
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Examples 4.11 illustrate the notion of elementary matrix. An elementary
matrix is a square matrix which is obtained from an identity matrix by the
application of a single elementary row operation (see Chapter 1). The
significance of such matrices lies in the following. Let E be obtained from a
p x p identity matrix by application of a single elementary row operation,
and let A be any p x q matrix. Then the product matrix EA is the same as
the matrix obtained from A by applying the same elementary row
operation directly to it. Examples 4.12 illustrate this. Our knowledge of the
GE process enables us to say: given any square matrix A, there exists a
sequence E1, E2, ..• , E, of elementary matrices such that the product
E,E'_l ... E2E1A is an upper triangular matrix. These elementary matrices
correspond to the elementary row operations carried out in the course of
the GE process. For an explicit case of this, see Example 4.13.
Another important property of elementary matrices arises from the

preceding discussion. Let E be an elementary matrix, obtained from an
identity matrix by application of a single elementary row operation.
Certainly E can be converted back into the identity matrix by application
of another elementary row operation. Let F be the elementary matrix
corresponding (as above) to this elementary row operation. Then FE=/.
The two row operations cancel each other out, and the two elementary
matrices correspondingly combine to give the identity matrix. It is not hard
to see that EF = / here also. Such matrices are called inverses of each other.
We shall discuss that idea at length later. Examples 4.14 show some
elementary matrices and their inverses. The reader should check that their
products are identity matrices. Also, from the definition of an orthogonal
matrix it is apparent that an orthogonal matrix and its transpose are
inverses of each other.

Summary
Various special kinds of matrices are described: zero matrices, identity,
diagonal, triangular, symmetric, skew-symmetric, orthogonal and
elementary matrices. Some algebraic properties of these are discussed. The
transpose of a square matrix is defined, and rules for transposition of sums
and products are given. The correspondence between elementary matrices
and elementary row operations is pointed out.
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4.13 Find a sequence E1, E2, ••. , E, of elementary matrices such that the
product E,E,_I ... E1A is an upper triangular matrix, where

A= n ~ -1 1].
We proceed with the standard GE process, noting the elementary matrix which
corresponds to each row operation.

(3)-:- 3

(3)-(1)

(3) + (2)

~]Iint,,,,hang' '"w,

~]
~]
i]
~]

-3
1

4

1

-3
4

1

-3
3

1

-3
o
1

-3
o

Hence
2 1
I -3
o 0

4.14 Elementary matrices and their inverses.

has inverse

has inverse

has inverse

~].
5

The way to see these is to consider the effect of pre multiplying by first one and then
the other of each given pair. The second 'undoes' the effect of the first.
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Exercises

[

1 1
A= 0 1o 0
Carry out the same calculations for the matrix

[1 0 0]
B= 1 1 0 .

1 1 1

41

2. Let I be the 3 x 3 identity matrix. Show that AI =A whenever A is a 2 x 3
matrix. Does this hold for any p x 3 matrix A, irrespective of the value of
p? Likewise, is it the case that I B =B for every 3 x q matrix B?

3. In each case below, evaluate AB, where A and B are as given.

A= [~

-1
~ ], B=[~

I -no(i) 2 2
0 -1 0

A= [~

2 -n, B= [~:] .(ii) 1
0

A=[ ~

0 ~], [ -1 0 ~].(iii) -1 B= ~ 2
-2 1 1

B= [ ~
o 0](iv) A = [1 2 3], 10.
1 1

4. Evaluate the product

[ 1
0 ~].[Xl X2 X3] - ~ 1

-2
Hence find values of Xl' x2 and X3 for which the product is equal to
[-1 4 1]'

5. Let A be any square matrix. Show that A +AT is a symmetric matrix.
Show also that the products AlA and AAT are symmetric matrices.

6. Which of the following matrices are symmetric, and which are skew-
symmetric (and which are neither)?

[~~l[-~~l[-~~l[~~l[~-~l
[
-1 0 1] [0 1 -2]o 2 2. -1 0 3,
2 1 -1 2 -3 0

[ 1 2 OJ [2 3 1]-2 0 -1, 3 0 -1 ,
o 1 1 1 -1 2
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[1 0 1] [~ 0 -1 ] U
1

-~].010 , 1 o , 0
1 0 1 0 1 -1 -1

7. Show that the following matrices are orthogonal.

0
2 1

fts -7s~ f-~~J 76 -~
1 1 1

1 ' 43' 75- 76 ~75 75 5 5 1 1 1
-75- 76 ~

8. Show that a product of two orthogonal matrices of the same size is an
orthogonal matrix.

9. Describe in words the effect ofpremuItiplying a 4 x 4 matrix by each of the
elementary matrices below. Also in each case write down the elementary
matrix which has the reverse effect.

(i)

(iii)

[j 0 0 n u 0 2 no 1 (ii)
1 0

1 0 0 1
o 0 o 0

[ 1 0 0 n ii,) U 0 0 n010 -2 0
-3 0 1 0 1
000 0 0

10. Apply the Gaussian elimination process to the matrix

A= [! i -n,
noting at each stage the elementary matrix corresponding to the row
operation applied. Evaluate the product T of these elementary matrices
and check your answer by evaluating the product T A (which should be
the same as the result of the GE process).

11. Repeat Exercise 10, with the matrix

A= [ -1 -1
3
1

~ : ].
1 -1
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Examples

5.1 Show that the inverse of a matrix (if it exists) is unique.
Let AB = BA = I (so that B satisfies the requirements for the inverse of A).

Now suppose that AX=XA=I. Then
BAX=(BA)X=IX=X.

Also
BAX = B(AX) = B1 = B.

Hence X = B. Consequently B is the only matrix with the properties of the inverse
of A.

5.2 An example of a matrix which does not have an inverse is

[ 1 -IJ.
-1 1

There is no matrix B such that

[-~
To see this, let

-IJ B=11 .

Then
B=[: ~J
[ 1 -IJ[a bJ [ a-c
-1 1 c d = -a+c

This cannot equal

forifa-c=lthen -a+c=-I,notO.

b-dJ
-b+d .

5.3 Let A be a diagonal matrix, say A=[aij]pxp, with aij=O when i#j.
Suppose also that for 1::;; i::;;p we have aii# 0 (there are no Oson the main

diagonal). Then A is invertible.
To see this, we show that B is the inverse of A, where B= [bij]px p is the diagonal

matrix with bii= l/ajj, for 1::;;i::;;p. Calculate the product AB. The (i, i)-entry in AB
is

p

L aikbki>
k=l

which is equal to aiibii' since for k # i we have aik= bkj= O.By the choice of bii, then,
ajjbii= Ifor each i, and so AB=I. Similarly BA =1. We are assuming the result that
a product of diagonal matrices is a diagonal matrix (see Example 4.4).
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At the end of Chapter 4 we discovered matrices E and F with the property
that EF = / and FE = /, and we said that they were inverses of each other.
Generally, if A is a square matrix and B is a matrix of the same size with
AB=/ and BA=/, then B is said to be the inverse of A. The inverse of A is
denoted by A -1. Example 5.1 is a proof that the inverse of a matrix (if it
exists at all) is unique. Example 5.2 gives a matrix which does not have an
inverse. So we must take care: not every matrix has an inverse. A matrix
which does have an inverse is said to be invertible (or non-singular). Note
that an invertible matrix must be square. A square matrix which is not
invertible is said to be singular.
Following our discussion in Chapter 4 we can say that every elementary

matrix is invertible and every orthogonal matrix is invertible. Example 5.3
shows that every diagonal matrix with no zeros on the main diagonal is
invertible. There is, however, a standard procedure for testing whether a
given matrix is invertible, and, if it is, of finding its inverse. This process is
described in this chapter. It is an extension of the GE process.
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5.4 Let A = U ~ n.
Find whether A is invertible and, if it is, find A-I.
First carry out the standard GE process on A, at the same time performing the

same operations on an identity matrix.

_~ (3)x-1 E,~ [~

1

1

o
1

o
o
1

o
o
1

o
o

1

2
1

1

1

o
1

1

o

1

3

1

1

2

1

1

2

-1

I

o
o

1

-1

1

o
1

o
o
1

o
o
1

-1

o
1

1

o
o
1

o
o (2)-(1)

1

o
o
1 (3)-(2)

E.~ [-;

E, ~ [ ~

o
1

o
o
1

-1

o
1

o

~]
~]
~].
-1

This is where the standard process ends. The matrix A' referred to in the text is

[~ ~ ~].
001

The process of finding the inverse continues with further row operations, with the
objective of transforming it into an identity matrix.

1

o
o
1

o
o
1

o
o

1

1

o
1

1

o
o
1

o

o
2
1

o
o
1

o
o
1

2

-1
-1

2

1

-1
I

1-:

-1

1

1

-1

-1

1

o
-1

1

1 (1)-(3)

o
-1

1

2 (2)-2 x (3)

-1

-1 (1)-(2)

2
-1

o
1

o
o
1

o
-1

1

o

The process has been successful, so A is invertible, and

-~ -~].
1 -1

Now check Uust this once) that this is equal to the product of the elementary
matrices E6EsE4E3E2El. In normal applications of this process there is no need to
keep a note of the elementary matrices used.
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Example 5.4 illustrates the basis of the procedure. Starting with a square
matrix A, the GE process leads to an upper triangular matrix, say A'. In the
example, continue as follows. Subtract a multiple of the third row of A'
from the second row in order to get 0 in the (2, 3)-place. Next, subtract a
multiple of the third row from the first row in order to get 0 in the (1,3)-
place. Last, subtract a multiple of the second row from the first row in order
to get 0 in the (1, 2)-place. By the G E process followed by this procedure we
convert A into an identity matrix by elementary row operations. There
exist, therefore, elementary matrices EI, Ez, ... , Es such that

I=EsEs-I'" EzEIA.
Now if we set B= EsEs-I ... EzEI, then we have BA =1.We shall show that
AB=1 also. Let FI, Fz, ... , Fs be the inverses of EI, Ez, ... , Es
respectively. Then

F IF z ... Fs = F IF z Fsl
=FIFz FsEsEs-I ... EzEIA
=IA=A,

since FsEs=l, Fs-IEs-I :=1, ... , FIEI =1. Consequently,

AB=FIFz ... FsEsEs-I ... EzEI =1.
Hence B is the inverse of A. Our procedure for finding the inverse of A must
therefore calculate for us the product EsEs _ I ... EzE I' This product can be
written as EsEs-I ... EzEll, and this gives the hint. We convert A to 1 by
certain elementary row operations. The same row operations convert 1 into
A - I (if it exists). Explicitly,

if I=Es ... EIA then A-1=Es ... Ell.
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[1 0 U.5.5 Find the inverse of the matrix 1
2

1 0 2 1 0 0
0 1 2 0 1 0
1 2 0 0 0 1

1 0 2 1 0 0
0 1 2 0 1 0
0 2 -2 -1 0 1 (3)-(1)

I
1 0 2 1 0 0
0 1 2 0 1 0
0 0 -6 -1 -2 1 (3)-2 x (2)

I
1 0 2 1 0 0
0 1 2 0 1 0
0 0 1 1. 1. 1 (3)-:- -66 3 -6

(At this stage we can be sure that the given matrix is invertible, and that the process
will succeed in finding the inverse.)

1 0 0 1 2 1. (1)-2x(3)-3 3

0 1 0 -t 1. .1. (2)-2x(3)3 3

0 0 I .1. 1. -i6 3

This is the end of the process, since the left-hand matrix is an identity matrix. We
have shown that

[i 0 J H 2 t]-3
1 1.

3

2 .1. -i6 3

U
2

~] .5.6 Find (if possible) the inverse of the matrix 1
1

1 2 3 1 0 0
1 I 2 0 1 0
0 1 1 0 0 1

1 2 3 1 0 0
0 -1 -1 -1 1 0 (2) - (1)

0 1 1 0 0 1

1 2 3 1 0 0
0 1 1 1 -1 0 (2)-:- -1

0 1 1 0 0 1

1 2 3

1-:
0 0

0 1 1 -1 0
0 0 0 1 1 (3) - (2)
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The practical process for finding inverses is illustrated by Example 5.5.
Apply elementary row operations to the given matrix A to convert it to f.
At the same time, apply the same elementary row operations to f, thus
converting it into A -1 (provided A -1 exists, as it does in this example).
This shows how to find the inverse of a 3 x 3 matrix, but the method extends
to any size of square matrix. Apply elementary row operations to obtain
zeros below the main diagonal, as in the GE process, and, once this is
complete, carryon with the procedure for obtaining zeros above the main
diagonal as well. Remember that there is a simple way to check the answer
when finding the inverse of a given matrix A. If your answer is B, calculate
the product AB. It should be f. If it is not, then you have made a mistake.
What happens to our process for finding inverses if the original matrix A

is not invertible? The method depended on obtaining, during the process,
the matrix A' which had Is on the main diagonal and Osbelow it. As we saw
in Chapter 2, this need not always be possible. It could happen that the last
row (after the GE process) consists entirely of Os. In such a case the process
for finding the inverse breaks down at this point. Thereis no way to obtain
Os in the other places in the last column. Example 5.6 illustrates this. It is
precisely in these cases that the original matrix is not invertible. We can see
this quite easily. Suppose that the matrix A' has last row altOs. There exist
elementary matrices E1, E2 ... , E, such that

A'=E,E'_l ... E2E1A.
Now suppose (by way of contradiction) that A is invertible. Then
AA -1 =f. Let F l' F 2' _.. , F, be the inverses of E1, E2, ... , E, respectively.
Then

A'(A-1F1F2 ... F,)=(E,E'_l'" E2E1A)A-1F1 ... F,

=E,E'_1 ... E2E1fF1 ... F,
=f.
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Here the matrix A' is

[

1 2
o 1o 0

and the process for finding the inverse cannot be continued, because of the zero in
the (3,3)-place. The conclusion that we draw is that the given matrix is not
invertible.

5.7 Let A be a p x p matrix whose pth (last) row consists entirely of Os, and let
X be any p x p matrix. Show the product AX has pth row consisting

entirely of Os.
Let A=[aij]pxp, with apj=O for 1~j~p. Let X= [xij]pxp' In AX the (p,j)-entry

is If=1 apkxkj. But apk=O for all k, so this sum is zero. Hence the pth row of AX
consists entirely of Os.

5.8 A formula for the inverse of a 2 x 2 matrix.

[
a bJ-I 1 [d -bJ
e d =ad - be -e a'

provided that ad-be#O.
This is easily verified by multiplying out.

5.9 Show that if A and B are square matrices with AB = I, then A is invertible
and A-I=B.

Suppose that AB = I and A is singular. Then, by the discussion in the text, there is
an invertible matrix X such that X A has last row consisting of Os. It follows that
XAB has last row consisting of Os (see Example 5.7). But XAB=X, since AB=I.
But X cannot have its last row all Os, because it is invertible (think about the process
for finding the inverse). From this contradiction we may deduce that A is invertible.
It remains to show that A -I =B.
We have AB=I, and so

A-I(AB)=A -II =A -I,

l.e. (A-IA)B=A-I,

i.e. B=A-I.

Notice that from BA = I we can conclude by the same argument that B is
invertible and B-1 = A. From this it follows that A is invertible and A -I =
(B-I)-I =B.
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Example 5.7 shows that such a product A' X, for any matrix X, has last row
all Os, and so A' A -I Fl ... F, has last row all Os. But I does not. Hence the
supposition that A is invertible is false.

Example 5.8 gives a formula for the inverse of a 2 x 2 matrix, if it exists.
Example 5.10 is another calculation of an inverse.

Rule
A square matrix A is invertible if and only if the procedure given above
reaches an intermediate stage with matrix A' having Is on the main
diagonal and Os below it.

The definition of the matrix inverse required two cbrtditions: B is the
inverse of A if AB=I and BA =1. It can be shown, however, that either one
of these con<;iitions is sufficient. Each condition implies the other. For a
part proof of this, see Example 5.9. In practice it is very useful to use only
one condition rather than two.
Next, a rule for inverses of products. Suppose that A and B are invertible

p x p matrices. Must AB be invertible, and if so what is its inverse? Here is
the trick:

(AB)(B-IA-I)=A(BB-l)A-l (rule (v) on page 27)

=AIA-I

=AA-l=I,
and

(B-1 A -1)(AB)=B-l(A -1A)B

=B-IIB=I.

Thus the matrix B-1 A -I has the required properties and, since inverses are
unique if they exist, we have:

Rule
If A and B are both invertible p x p matrices, then so is AB, and (AB) -I =
B-IA-l.

(Take note of the change in the order of the multiplication.)

This rule extends to products of any number of matrices. The order
reverses. Indeed, we have come across an example of this already. The
elementary matrices EI, E2, •.• , E, had inverses Fl, F2, ••• , F,
respectively, and

(E,E'_l ... E2El)(FIF 2 ••• F,-J,) =1,
and

(FIF 2 •.. F'_lF,)(E,E'_l ... E2El) =1,
so the inverse of E,E,_I ... E2EI is FIF2 ..• F,_IF" and vice versa.
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5.10 Find the inverse (if it exists) of the matrix

[1 ~ -1).
2 1 1 1 0 0
1 0 -1 0 1 0
1 3 2 0 0 1

1 .1 .1 .1 0 02 2 2

1 0 -1 0 1 0
1 3 2 0 0 1

1 .1 .1 .1 0 02 2 2

0 -1 3 -1 1 0-2
0 1 ~ -1 0 12

1 .1 .1 .1 0 02 2 2

0 1 3 1 -2 0
0 ~ ~ -1 0 12 2

1 .1 .1 .1 0 02 2 2

0 1 3 1 -2 0
0 0 -6 -3 5 1

1 .1 .1 .1 0 02 2 2

0 1 3 1 -2 0
0 0 1 .1 5 -i2 -6

(1)+2

(2)-(1)

(3) - (1)

(2)+ -1

(3) -1x (2)

(3)+ -6

(And here we can say that our matrix is invertible.)
1 .1 0 .1 .i. ...l.. (1)-1X (3)2 4 12 12

0 1 1 -1 .l .l (2) - 3 x (3)2 2

0 0 1 .1 -t -i2

1 0 0 .l .1 -i (1)-lx (2)2 6

0 1 0 -1 .l .l
2 2

0 0 1 J.. -t -i2

Hence

[:
1 T [l J..

-~ ]6

0 -1 =-1 J..
2 2 .

3 2 t -t -i
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Summary
The definitions are given of invertible and singular matrices. A procedure is
given for deciding whether a given matrix is invertible and, if it is, finding
the inverse. The validity of the procedure is established. Also a rule is given
for writing down inverses of products of invertible matrices.

Exercises
1. Find which of the following matrices are invertible and which are singular.

Find the inverses of those which are invertible. Verify your answers.

[~2J (ii) [~~J [-~-~J(i) 3 . (iii)

[~

2
~ ]. [ - ~

-1 -!].(iv) 1 (v) 2
0 -3

[I 1

1] . [ -~
2

-1](vi) 0 (vii) 2 -4 .
1 0 3

[ 1 -2 -1 ] U -1 4]'(viii) 0 3 4 . (ix) 3 3 .
-3 1 1 1 8

[-: 3 -2

-H [ -1
1 1 i](x) 0 2 (xi) 1 0

1 4 0 -2
.~ 3 0 0 -1 -1 -3

2. Find the inverse of the diagonal matrix

[~~ ~],o 0 c
where a, band c are non-zero.

3. Let A, Band C be invertible matrices of the same size. Show that the
inverse of the product ABC is C -1B -1A-I.

4. Let x and y be p-vectors. Show that xyT is a p x p matrix and is singular.
Pick some vectors x and y at random and verify that xyT is singular.

5. Show that, for any invertible matrix A,

(A-1)TAT=/ and AT(A-1)T=/.

Deduce that AT is invertible and that its inverse is the transpose of A -1.

Deduce also that if A is symmetric then A -1 is also symmetric.

6. Let X and A be p x p matrices such that X is singular and A is invertible.
Show that the products X A and AX are both singular. (Hint: suppose
that an inverse matrix exists and derive a contradiction to the fact that X
does not have an inverse.)
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Examples

6.1 Illustrations of linear dependence.

(i) ([ -~J [ -~J) is LD: 2[ _~J-6[ -~J=[~J
(ii) ([~J [ - ~J [~J) is LD: 6[~J-4[ - ~J-S[~J=[~J
(iii) ([n, [-n, [1]) isLD: -5[n+7[_n+3[1]=[~].
6.2 A list of two non-zero 2-vectors is LD ifand only ifeach is a multiple of the

other. Let [~:J[~:Jbe two non-zero 2-vectors.

First, suppose that they constitute a LD list. Then there exist numbers Xl and X2,
not both zero, such that

Without loss of generality, say Xl #0. Then since [~:J#o, we must have x2#0

also. Consequently,

[~:J= -(X2/Xd[~:J and [~:J= -(XdX2{~:J
i.e. each is a multiple of the other.
Conversely, suppose that each is a multiple of the other, say

[~:J=k[~:J and [~:J=(I/k{~:J
Then

[~:J-k[~:J=[~J and so ([~:l[~:J) is LD.

6.3 Show that any list of three 2-vectors is LD. To show that

([~:J[~:J[~:J)is LD,
we seek numbers Xl'X2and X3, not all zero, such that

i.e.

QIXI +Q2X2+Q3X3=0}.
blxl +b2x2+b3x3=0

In other words, we seek solutions other than Xl =X2=X3=0 to this set of
simultaneous equations. These equations are consistent (because XI=X2=X3=0
do satisfy them), so by the rules in Chapter 2 there are infinitely many solutions.
Thus there do exist non-trivial solutions, and so the given list of vectors is LD.
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Linear independence and
rank

Examples 6.1 illustrate what is meant by linear dependence of a list of
vectors. More formally: given a list of vectors VI' ••• , Vk of the same size (i.e.
all are p x 1matrices for the same p), a linear combination of these vectors is
a sum of multiples of them, i.e. Xl VI + X2V2 + ... + XkVk' where Xl' ... , Xk
are any numbers. A list of vectors is said to be linearly dependent
(abbreviated to LD) if there is some non-trivial linear combination of them
which is equal to the zero vector. Of course, in a trivial way, we can always
obtain the zero vector by taking all of the coefficients Xl' ... , Xk to be O. A
non-trivial linear combination is one in which at least one of the coefficients
is non-zero.

A list of vectors of the same size which is not linearly dependent is said to
be linearly independent (abbreviated to U).

Example 6.2 deals with the case of a list of two 2-vectors. A list of two
non-zero 2-vectors is LD if and only if each is a multiple of the other.
Example 6.3 deals with a list of three 2-vectors. Such a list is always LD.
Why? Because a certain set of simultaneous equations must have a solution
of a certain kind.
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6.4 Find whether the list

is LI or LD.
Seek numbers XI' X2 and X3, not all zero, such that

i.e.

XI +2x2+ X3=0)
2xI -2X2 + x3=0 .
5x1 +4x2+4x3=0

Apply the standard GE process (details omitted):

[~ -; ~ ~]->[6 ~ ~ ~].
5440 0000

From this we conclude that the set of equations has infinitely many solutions, and
so the given list of vectors is LD.

6.5 Find whether the list

([j], [n, un
is LI or LD.

Following the same procedure as in Example 6.4, we seek a non-trivial solution

to

1
-1

1

2
1
o

(here writing the three simultaneous equations as a matrix equation). Apply the

standard GE process:

[

1 2 1
224

-1 0 3
From this we conclude that there is a unique solution to the equation, namely XI =

X2 = X3 = O. Consequently there does not exist a non-trivial linear combination of
the given vectors which is equal to the zero vector. The given list is therefore LI.

6.6 Find whether the list

([-l] , [j], [1], U])
is LI or LD.
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For the moment, however, let us see precisely how linear dependence
and simultaneous equations are connected. Consider three 3-vectors, as in
Example 6.4. Let us seek to show that these vectors constitute a list which is
LD (even though they may not). So we seek coefficients XI,X2,X3 (not all
zero) to make the linear combination equal to the zero vector. Now the
vector equation which Xl' x2 and X3 must satisfy, if we separate out the
corresponding entries on each side, becomes a set of three simultaneous
equations in the unknowns Xl' x2 and X3. We can use our standard
procedure (the GE process) to solve these equations. But there is a
particular feature of these equations. The right-hand sides are all Os, so, as
we noted earlier, there certainly is one solution (at least), namely Xl = X2 =
X3 = O.What we seek is another solution (any other solution), and from our
earlier work we know that if there is to be another solution then there must
be infinitely many solutions, since the only possibilities are: no solutions, a
unique solution, and infinitely many solutions. What is more, we know
what form the result of the GE process must take if there are to be infinitely
many solutions. The last row must consist entirely of Os. In Example 6.4 it
does, so the given vectors are LD. In Example 6.5 it does not, so the given
vectors are LI.
Because the right-hand sides of the equations are all Os in calculations of

this kind, we can neglect this column (or omit it, as we customarily shall).
Referring to Chapter 2 we can see:

Rule
Let VI' ... , vq be a list of p-vectors. To test whether this set is LD or LI,
form a matrix A with the vectors VI' ... , vq as columns (so that A is a p x q
matrix) and carry out the standard G E process on A. If the resulting matrix
has fewer than q non-zero rows then the given list of vectors is LD.
Otherwise it is LI.

Example 6.6 shows what happens with a list of four 3-vectors. It will
always turn out to be LD. The matrix after the G E process is bound to have
fewer than four non-zero rows. This illustrates a general rule.
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Here we reduce the working to the bare essentials. Apply the GE process to the
matrix

[-r 1
2

-1

2
1
2

We obtain (details omitted) the matrix

U 1 r -lJ.
This matrix has fewer than four non-zero rows, so if we were proceeding as in the
previous examples and seeking solutions to equations we would conclude that there
were infinitely many solutions. Consequently the given list of vectors is LD.

6.7 Illustrations of calculations of ranks of matrices.

(i) ; =~] has rank 2.o 3L~
GE process:

[j 2
2
o
-1] [1
-~ -+ ~

2
1
o

-1]
1 ,
o

a matrix with two non-zero rows.

(ii) [1 2J has rank 2.-2 1
GE process:

(iii)

[-~ ~J-+[~~J
[

1 1 1
2 2-1
-1 7 5

GE process:

(two non-zero rows).

2

11 ] has rank 3.

L~ 1 1 !] -+ [~

1 1 t]2 -1 1 .J. (three non-zero rows).4

7 5 0 1

U
1 n(iv) 2 has rank 3.
1

GE process:

[l 1 q-+[~ 1 n2 1 (three non-zero rows).
1 l' 0 0

[j 2 -1 ]
(v) 4 -2 has rank 1.

-2 1
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Rule
Any list of p-vectors which contains more than p distinct vectors is LD.

Following Chapter 5, we have another rule.

Rule
If a matrix is invertible then its columns form a LI list of vectors.
(Recall that a p x p matrix is invertible if and only if the standard GE

process leads to a matrix with p non-zero rows.)

Another important idea is already implicit in the above. The rank of a
matrix is the number of non-zero rows remaining after the standard GE
process. Examples 6.7 show how ranks are calculated. It is obvious that the
rank of a p x q matrix is necessarily less than or equal to p. It is also less than
or equal to q. To see this, think about the shape of the matrix remaining
after the GE process. It has Oseverywhere below the main diagonal, which
starts at the top left. The largest possible number of non-zero rows occurs
when the main diagonal itself contains no Os, and in that case the first q
rows are non-zero and the remaining rows are all Os.
Consideration of rank is useful when stating criteria for equations to

have particular sorts of solutions. We shall pursue this in Chapter 8.
In the meantime let us consider a first version of what we shall call the

Equivalence Theorem, which brings together, through the GE process, all
the ideas covered so far.



60 Examples

GE process:

[-~
2
4

-2
-1] [1
-~ - ~

2
o
o

(one non-zero row).

6.8 Illustration of the Equivalence Theorem.

(i)
2
1

-1

The G E process leads to

[~ ; i].o 0 1
From this we can tell that the rank of A is 3, that the columns of A form a LI list, and
that the process for finding the inverse of A will succeed, so A is invertible.[" 1 n(ii) A= 1 1 0

1 0 1
o 1 1

The GE process leads to

U
I I ~~]I 0
0 I -I .

0 0 I

Consequently the rank of A is 4, the columns of A form a LI list, and A is invertible.

(iii) A = [ - i ! =U .
The GE process leads to

[~i =~].
000

Consequently the rank of A is 2 (not equal to 3), the columns of A form a list which is
LD (not LI), and the process for finding the inverse of A will fail, so A is not
invertible. Also the equation Ax =0 has infinitely many solutions, so all conditions
of the Equivalence Theorem fail.
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Theorem
Let A be a p x p matrix. The following are equivalent.

(i) A is invertible.
(ii) The rank of A is equal to p.
(iii) The columns of A form a LI list.
(iv) The set of simultaneous equations which can be written Ax = 0 has

no solution other than x = o.

The justification for this theorem is that in each of these situations the
GE process leads to a matrix with p non-zero rows. See Examples 6.8.
In Chapter 7 we shall introduce another equivalent condition, involving

determinants.

Summary
The definitions are given of linear dependence and linear independence of
lists of vectors. A method is given for testing linear dependence and
independence. The idea of rank is introduced, and the equivalence of
invertibility with conditions involving rank, linear independence and
solutions to equations is demonstrated, via the GE process.
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Exercises
1. Find numbers x and y such that

2. For each given list of vectors, find whether the third vector is a linear
combination of the first two.

3. Show that each of the following lists is linearly dependent, and in each
case find a linear combination of the given vectors which is equal to the
zero vector.

4. Find, in each case below, whether the given list of vectors is linearly
dependent or independent.

(i) ([~J[-~J} (ii) (eJ [~J)
(iii) ( [ - n, [~],[i]) .
(iv) ([ ~], [-!], [U) .
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5. Calculate the rank of each of the matrices given below.

J -~ 6] [-1 0 3] [2 I] [1 0]
-2' 1 2 4' 3 -1' 2 0 '

[-! 1 -1], [~ -3 n, U
-2 ~],-I 1 1

4 5 2

[-!
3 -2] [l -!], [-1 -n,4 2,
1 0

U ~], [~ 2 ~J[-; o -2J
-1 o 4'

U
-1 1

~ ] , L~ 1 -1 1],1 -2 0 I
3 -4 -4 1 2

[j -1 2 n [' -1
2 0 n0 1 1 0 1 1

1 1 2 1 1 0
-1 ~2 1 -1 -2 0 -2[-~ 2 1 -:] U

1 -1 n1 2 2 1
-1 1 -1 2 ' 1 -1
-1 3 3 0 2 1

63

6. Let x and y be 3-vectors. Then xyT is a 3 x 3 matrix which is singular (see
Chapter 5, Exercise 4). What is the rank of xyT? Tryout some particular
examples to see what happens. Does this result hold for p-vectors, for
every p?
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Examples

7.1 Evaluation of 2 x 2 determinants.

(i) I~~1=4-6= -2.

(ii) I-~~I= 15 -( -2)= 17.

(iii) I~~1=O-4= -4.

(iv) I~~1=21-0=21.
(v) I~~I=O-l= -1.

(vi) I~~I=O-O=O.



7
Determinants

A 2 x 2 determinant is written

What this means is just the number ad - bc. Examples 7.1 show some
simple 2 x 2 determinants and their values. Determinants are not the same
thing as matrices. A determinant has a numerical (or algebraic) value. A
matrix is an array. However, it makes sense~ given any 2 x 2 matrix A, to
talk of the determinant of A, written det A.

If A = [: ~J then det A = I: ~I= ad - bc.

The significance and usefulness of determinants will be more apparent
when we deal with 3 x 3 and larger determinants, but the reader will find
this expression ad - bc occurring previously in Example 5.8. Also it may be
instructive (as an exercise) to go through the details of the solution (for x
and y) of the simultaneous equations

aX+bY=h}.
cx+dy=k

A 3 x 3 determinant is written

ai az aJ
bi bl bJ
C1 Cz CJ

What this means is

a1 blcJ +albJci +aJbicl -a1 bJcz -alb1cJ -aJbZc1•
Again, this is a number, calculated from the numbers in the given array. It
makes sense, therefore, to talk of the determinant of A where A is a 3 x 3
matrix, with the obvious meaning.
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7.2 (i) Evaluate the determinant

1

1 2 31o 1 2.
1 0 3

Here let us use the first method, with an extended array.

The value is 3+4+0-3-0-0, i.e. 4.
(ii) Evaluate the determinant

Array:
II -2

-1
-1

-11-3 .
9

1 -2 -1 1 -2

""'XX/
1 -1 -3 1 -1/XX~
2 -1 9 2 -1

Value is: -9+12+1-2-3-(-18),i.e.17.

7.3

(i)

Evaluation of determinants using expansion by the first row.

I~ =~ =~1=11_1 31_(_2)[1 31+(_1)1
1

-11
2 -1 9 1 9 2 9 2-1

=( -12)+2(15)-(1)= 17.

If
2

31 11 21 1

0
21 1

0 ~I(ii) 1 ; =10 3 -21 3 +310
=3-2( -2)+3( -1)=4.

1
0 1

01 1

2
11 11 1[ 11 ~I(iii) I~ 2 1 =0 -1 +0

1 o 1 0 1 0 1

=0-1( -1)+0= 1.

If
2

1 I 11 01 1
0

01 [0 :[(iv) 1 o = 1 -2 + 1
1 o 1 0 1 0 1

=0-2(0)+ 1(-1)=-1.
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How are we to cope with this imposing formula? There are several ways.
Here is one way. Write down the given array, and then write the first and
second columns again, on the right.

Add together the products of the numbers on the left-to-right arrows, and
subtract the products of the numbers on the right-to-left arrows. A quick
check with the definition above shows that we obtain the correct
expression. Example 7.2 shows this method in operation.
The second method is called expansion by a row or column, and it is the

key to the development of 4 x 4 and larger determinants so, although this
method may seem more complicated, it js important and should be
understood.

al a2 a) Ib2
bl b2 b) =al c2c1 C2 c)

Notice the form of the right-hand side. Each entry in the first row is
multiplied with the determinant obtained by deleting the first row and the
column containing that particular entry. To see that this gives the correct
value for the determinant, we just have to multiply out the right-hand side
as

(second row).

(first column).

(third row).

(second column).

al (b2c) - b)c2) -a2(bl c) - b)cd +a)(blc2 - b2cd

and compare with the original definition. When using this method, we must
be careful to remember the negative sign which appears in front of the
middle term. See Example 7.3.
There are similar expressions for a 3 x 3 determinant in which the

coefficients are the entries in any of the rows or columns. We list these
explicitly below.

_b
l
ja2
C2

l

a2
CI b

2

I

b2
al

C2

I
bl-a2
C1
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7.4 Evaluation of determinants using expansion by a row or column.

(i) I~_~-11=11~_~I-(-l)I~ _~I+OI~~I
= -5-3= -8.

(Expansion by the third row.)

1

2~ 1 11
(ii) ~ -~ =(-l)I~ ~I+OI~~1-(-l)I~ ~I

= -( -1)+5=6.

_11=01-~_;I+(-l)I~
= -( -14)-2(5)=4.

(iii)

(Expansion by the second row.)

I
3 0
-2 -1
2 2

(Expansion by the second column.)

(iv) I~~;1= 111 21_012 31+ 11
2
31

103030312

=3+1
=4.

(Expansion by the first column.)

b21.
c2

b2\,
c2

(i) Show that interchanging rows in a 3 x 3 determinant changes the sign
of the value of the determinant.

W~ verify this by straight algebraic computation.

I
al a2 a31 Ib2 b31 Ib1 b31 Ib1b1 b2 b3 =a1 -a2 +a3
C
1

C
2

C3 C2 C3 C1 C3 C1

I
~~ ~~ ~:I=-allbC22 b31+a2lbl b31_a3lbl
C
1

C
2

C3 C3 C1 C3 c1

(The second determinant is evaluated by the second row.)
Similar calculations demonstrate the result for other possible single interchanges

of rows.
(ii) Show that multiplying one row of a 3 x 3 determinant by a number k has the

effect of multiplying the value of the determinant by k.
Again, straight computation gives this result.

k:~ k::I=-kblla2 a31+kb2lal
c
2

C
3

C2 C3 c1

=k(_b1I
a2 a31+b2lal

C2 C3 C1

7.5
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a31b1 bZI_ b31aI azl + C31a1 azl (third column).
ci Cz ci Cz bi bz

Again, justification of these is by multiplying out and comparing with the
definition. It is important to notice the pattern of signs. Each entry always
appears (as a coefficient) associated with a positive or negative sign, the
same in each of the above expressions. This pattern is easy to remember
from the array

[: + :l
Examples 7.4 give some further illustrations of evaluation of 3 x 3
determinants. Expansion by certain rows or columns can make the
calculation easier in particular cases, especially when some of the entries
are zeros.
Now let us try to connect these ideas with previous ideas. Recall the three

kinds of elementary row operation given in Chapter 1, which form the basis
of the G E process. How are determinants affected by these operations? We
find the answers for 3 x 3 determinants.

Rule
(i) Interchanging two rows in a determinant changes the sign of the

determinant.
(ii) Multiplying one row of a determinant by a number k has the effect

of multiplying the determinant by k.
(iii) Adding a multiple of one row in a determinant to another row does

not change the value of the determinant.

Proofs: (i) and (ii) are quite straightforward. See Examples 7.5. The third
requires a little more discussion. Consider a particular case, as follows.

ai az a3
bi +kcI bz + kcz b3 +kC3
CI Cz C3

laz a31 + (bz +kCz)lal a31= - (bi +kcI) Cz C3 CI C3
I

lai aZI-(b3 +kC3)
CI Cz
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=kl~: ~:
C1 C2

Similar calculations demonstrate the
another row.

G3 I
b
31
.

C3

result when a multiplier is applied to

7.6 Show that a 3 x 3 determinant in which two rows are identical has value
zero.

Expansion by the other row gives the result:

~:I= _b11

G2
G31+b21Gl

G3 G2 G3 G1

= - bdO)+ b2(0) - b3(0)
=0.

(And similarly when the second and third rows are identical.)

7.7 Evaluate the 4 x 4 determinant

2 0 1 -1
1 1 -1 0
0 3 1 3

-2 1 -1 1
Expand by the first row, obtaining

I
I -1 0 I I 1

2 i _~i -0 I_~ ~~ ~I
+ II ~

-2

1
3
I

~I-(-I)I~
1 -2

1
3
1

=2(1_~ ~I+I~~I)+(I~~I-I-~~I)
+(31_~ =~I-I_~~I)
(the determinants being evaluated by the first row, the first row and
the second row respectively)

=2(4+0)+(0-6)+( -9 -3)

= -10.
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since the expression in brackets is identically zero (work it out!). This
process works in exactly the same way for the other possible cases.
Incidentally, we have come across another result of interest in the course of
the above.

Rule
A determinant in which two rows are the same has value zero.

Proof" Notice that in the previous proof the expression in brackets is in fact
the expansion by the second row cif the determinant

a1 a2 a3
c1 c2 C3 ,

c1 c2 C3

and this is seen above to equal zero. Other possible cases work similarly.
See Examples 7.6.

We shall not pursue the detailed discussion of larger determinants. A
4 x 4 determinant is defined most easily by means of expansion by the first
row:

a1 a2 a3
b1 b2 b3
cI C2 c3

d1 d2 d3

a4 b2b4 =a1 c2
C4 d2d4

b1 b3 b4
-a2 c1 c3 C4

d1 d3 d4

b1 b2 b4 bl b2 b3
+a3 c1 c2 c4 -a4 c1 c2 c.3

d1 d2 d4 dl d2 d3
See Example 7.7. Expansions by the other rows and by the columns
produce the same value, provided we remember the alternating pattern of
signs
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7.8

(i)

(ii)

Evaluation of determinants of triangular matrices.

I~b

; I=al~ ;I=adfd (Expanding by the first column.)
0

a1 a2 aJ a4 b2 bJ b410 b2 bJ b4
0 0 =a1 0 cJ C4 (by first column)CJ C4 0 0 d40 0 0 d4

(ii)

=a1(b2cJd4) (by part (i))

=a1b2cJd4.

(iii) Larger determinants yield corresponding results. The determinant of any
triangular matrix is equal to the product of the entries on the main diagonal. You
should be able to see why this happens. A proper proof would use the Principle of
Mathematical Induction. (We have dealt here with upper triangular matrices.
Similar arguments apply in the case of lower triangular matrices.)

7.9 Evaluation of determinants using the GE process.

(i) ~ ~ - ~ I.
I I 4

Proceed with the GE process, noting the effect on the determinant of each row
operation performed.

I 3 -1 Leaves the determinant unchanged.

0 -6 3 (2)-2x(l)

0 -2 5 (3)-(1)

1 3 -I Divides the determinant by -6.

0 1 -1 (2)+ -6

0 -2 5
I 3 -I Leaves the determinant unchanged.

0 I -1
0 0 4 (3)+2 x (2)

This last matrix is upper triangular, and has determinant equal to 4. Hence the
original determinant has value 4 x ( - 6), i.e. - 24.

o 1 1 1

1 0 1 1
1 I 0 1
1 1 1 0

GE process as above:

1
o
1
1

o
1
I
1

1
1
o
1

I} interchange
1 rows
1
o

Changes the sign of the determinant.
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+
+

+
+

Larger determinants are defined similarly.
The above rules hold for determinants of all sizes. Indeed, corresponding

results also hold for columns and column operations in all determinants,
but we shall not go into the details of these. (Elementary column operations
are exactly analogous to elementary row operations.)
It is apparent that evaluation of large determinants will be a lengthy

business. The results of this chapter can be used to provide a short cut,
however. If we apply the standard G E process, keeping track of all the row
operations used, we end up with a triangular matrix, whose determinant is
a multiple of the given determinant. Evaluation of determinants of
triangular matrices is a simple matter (see Example 7.8), so here is another
use for our G E process. Some determinants are evaluated by this procedure
in Examples 7.9.
Now recall the Equivalence Theorem from Chapter 6. Four different sets

of circumstances led to the GE process applied to a p x p matrix ending
with a matrix with p non-zero rows. The argument above demonstrates
that in such a case the p x p matrix concerned must have a non-zero
determinant. The upper triangular matrix resulting from the GE process
applied to a p x p matrix has determinant zero if and only if its last row
consists entirely of Os, in which case it has fewer than p non-zero rows.

Here then is the complete Equivalence Theorem.

Theorem
Let A be a p x p matrix. The following are equivalent.

(i) A is invertible.
(ii) The rank of A is equal to p.
(iii) The columns of A form a LI list.
(iv) The set of simultaneous equations which can be written Ax = 0 has

no solution other than x=O.
(v) (This is the new part.) The determinant of A is non-zero.

We end this chapter with some new notions, which are developed in
further study of linear algebra (but not in this book).
In the expansion of a determinant by a row or column, each entry of the

chosen row or column is multiplied by a signed determinant of the next
smaller size. This signed determinant is called the cofactor of that particular
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1 0 1 1 Determinant unchanged
0 1 1 1
0 1 -1 0 (3)-(1)
0 1 0 -1 (4)- (1)

1 0 1 1 Determinant unchanged.
0 1 1 1
0 0 -2 -1 (3)- (2)
0 0 -1 -2 (4)-(2)

1 0 1 Divides the determinant by - 2.
0 1 1
0 0 1 1 (3)+ -2
0 0 -1 -2

1 0 1 Determinant unchanged.
0 1 1
0 0 1 1
0 0 0 -1 (4)+(3)

This last matrix has determinant equal to -1- Hence the original determinant has
value (-1) x (-2), i.e. 3.

01= 11 '

11= -21 '

7.10

So

Find adj A, where

[

2 1
A= -1 1

1 -1

A11=ll 01=1,-1 1

1

-1 11
A13= 1 -1 =0,
A 22 = I~ ~I= 1,

A31=1~ ~1=-I,
A]3= 1 2 11=3.-1 1

~ ].
1

-1
A12= - 1

AZ1=-ll -1
AZ3= _12 11=3,

1 -1

A32=-I_~ ~1=-I,

-2
1
3

-1 ]
-1 .

3
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entry. We illustrate this in the 3 x 3 case, but the following ideas apply to
determinants of any size. In the determinant

al aZ a3
bl bz b3 ,

CI Cz C3

the cofactor of al is

I
bZ b3\,
Cz C3

the cofactor of az is

_\bl b31,
CI C3

and so on. If we change notation to a double suffix and let

[

all a12 a13]
A= aZI an aZ3 ,

a31 a32 a33
then there is a convenient notation for cofactors. The cofactor of aij is
denoted by Aij' For example:

- Ian aZ31 laZIAll = and Alz=-
a32 a33 a31

In this notation, then, we can write

det A =all All +alzA12 +a13AI3,
which is the expansion by the first row, and similarly for expansions by the
other rows and the columns. Note that the negative signs are incorporated
in the cofactors, so the determinant is represented in this way as a sum of
terms.
The adjoint matrix of A (written adj A) is defined as follows. The (i,j)-

entry of adj A is Aji. Note the order of the suffixes. To obtain adj A from A,
replace each entry aij of A by its own cofactor Aij' and then transpose the
resulting matrix. This yields adj A. See Example 7.10. This process is
impossibly long in practice, even for matrices as small as 3 x 3, so the
significance of the adjoint matrix is mainly theoretical. We can write down
one (perhaps surprising) result, however.

Theorem
If A is an invertible matrix, then

A-I =-d 1 adj A.
et A



76 Examples

7.11 Show that if A is an invertible 3 x 3 matrix then

A -I = l/(detA) adj A.

Let A = [aijJ3 x 3' The adjoint of A is the transposed matrix of cofactors, so the
(k,j)-entry in adj A is Ajk. Hence the (i,j)-entry in the product A(adj A) is

3

I aikAjk, i.e ailAjl +ai2Aj2+ai3Aj2 (*).
k=1

Now if j = i then this is equal to

ail Ail +ai2Ai2 +ai3Ai3,

which is the value of det A (expanded by the ith row). So every entry of A (adj A) on
the main diagonal is det A. Moreover, ifj ¥- i, then the (i,j)-entry in A(adj A) is zero.
This is because the expression (*) then is in effect the expansion of a determinant in
which two rows are identical. For example, if i= 2 and j = 1:

la21 a22 a231
a2lAII +anAI2+a23AI3= la21 an a23 =0.

a31 a32 a33

Hence all entries in A(adj A) which are off the main diagonal are zero. So

[

detA 0 0] ". ,
A(adjA)= 0 detA 0 = (detA.l!.

o 0 det A
It follows that

A(l/(det A) adj A)=I.

(The supposition that A is invertible ensures that det A¥- 0.)
Consequently (see Example 5.10), we have the required result:

A -I = l/(det A) adj A.

The above argument can be extended to deal with the case of a p x p matrix, for
any value of p.
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Proof' See Example 7.11. See also Example 5.8.
Finally, an important property of determinants. We omit the proof,

which is not easy. The interested reader may find a proof in the book by
Kolman. (A list of books for further reading is given on page 146.)

Theorem
If A and Bare p x p matrices, then

det(AB) = (det A)(det B).

Summary
Definitions are given of 2 x 2 and 3 x 3 determinants, and methods are
described for evaluating such determinants. It is shown how larger
determinants can be defined and evaluated. The effects on determinants of
elementary row operations are shown. The application of the GE process
to evaluating determinants is demonstrated, and it is used to show that a
square matrix is invertible if and only if it has a non-zero determinant.
Cofactors and the adjoint matrix are defined. The theorem on the
determinant of a product of matrices is stated.

Exercises
1. Evaluate the following determinants.

I~-~I,I=~=~I,I~-~I,I~-~I,
14 21 1-2 -II 13 -21 1° 11.6 -4' - 3 2' 2 I' 3 - 5

2. Evaluate the following determinants (by any of the procedures described
in the text for 3 x 3 determinants).

It 1ll. H -: fl, H !-iI,
I~ ~ ~I, IJ ! -11, I~ ~ -11,
I-~-~-~I,I-~ ~ ~I,I~-~ ~11.

1 1 4 -2 ° -2 ° 1
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3. Evaluate the following 4 x 4 determinants.

2 0 1 -1 0 3 1 -2
-1 1 0 3 2 2 -2 1
0 2 1 1 ' 1 0 1 0
3 3 1 -1 0 2 -3 3

4. Let A be a 3 x 3 skew-symmetric matrix. Prove that det A =O. Is this true
for all skew-symmetric matrices?

5. Using the fact that, for any square matrices A and B of the same size,
det(AB) = (det A)(det B), show that if either A or B is singular (or both are)
then AB is singular. Show also that if A is invertible then det(A-1)=
1/(det A).

6. Let A be a 3 x 3 matrix, and let k be any real number. Show that

det(kA) = k3(det A).

7. Let A be a square matrix such that A 3= O.Show that det A = 0, so that A is
singular. Extend this to show that every square matrix A which satisfies
An = 0, for some n, is singular.

8. Evaluate det A and adj A, where

A=[~ ~ ~].
1 1 0

Check your answers by evaluating the product A(adj A).
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Examples

3 2
1 2
4 -2

[Aih]= [ -1

By finding the ranks of appropriate matrices, decide whether the following
set of equations has any solutions.

Xl +3x2+2x3= 3
-Xl + x2 +2x3= -3
2xI +4X2 -2x3= 10.

A=[-~ ~ ;],
2 4-2

8.1

The\GE process yields (respectively)

3
1
o [~ 3

1
o

The rank of A is 3, the rank of [Alh] is 3, so there do exist solutions.

8.2 Examples of ranks of augmented matrices.

[A!h]=[!
1 2 -3](i) -1 0 -2 .

-2 2 1

The G E process leads to

[~-I 0 -2]1 2 -3 ,
0 0 I

i].
-1

[

I -1

[A!h]= ~ ~
-I 2

so the rank of A is 2 and the rank of [Aih] is 3.
(ii) (Arising from a set of four equations in three unknowns.)

I
2

-I
o

The G E process leads to

[~-1
I
o
o

1
I
I
o

/
/

so the rank of A is 3 and the rank of [A !h] is 3.
(iii) (Arising from a set of four equations in three unknowns.)

[Aih]~ [-! ~ -1 -il
The G E process leads to

1 I
1 -4
o I
o 0

-~]1 .

1



8
Solutions to simultaneous
equations 2

We have developed ideas since Chapter 2 which are applicable to solving
simultaneous linear equations, so let us reconsider our methods in the light
of these ideas. Recall that a set of p equations in q unknowns can be written
in the form Ax = h, where A is the p x q matrix of coefficients, x is the q-
vector of unknowns and h is the p-vector of the right-hand sides of the
equations. Recall also that there can be three possible situations: no
solution, a unique solution or infinitely many solutions.

Example 8.1 illustrates the criterion for deciding whether there are any
solutions. Let [A! h] denote the augmented matrix obtained by adding h as
an extra column to A ([A! h] is the matrix on which we carry out the G E
process). As we saw in Chapter 2, the equations are inconsistent if and only
if the last non-zero row (after the GE process) consists entirely of Os except
for the last entry. Consider what this means with regard to the ranks of the
matrices A and [A! h]. The G E process applied to [A! h] is identical to the
GE process applied to A, as far as the first q columns are concerned. In the
above situation, then, the rank of A is less than the rank of [A!h], since the
last non-zero row after the G E process on [A! h] corresponds to a row of Os
in the matrix obtained from A by the GE process. We therefore have:

Rule
The equation Ax= h has a solution if and only if the rank of [A! h] is the
same as the rank of A.

Examples 8.2 provide illustration of the different cases which arise.
Notice the special case of homogeneous simultaneous equations, that is,

the case when h= O.As we observed before, such a set of equations must be
consistent, because a solution is obtained by taking every unknown to be
zero. A moment's thought should convince the reader that here the rank of
[A! h] is bound to be the same as the rank of A.
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Here the rank of A is 3 and the rank of [A !h] is 4, so the set of equations would have
been inconsistent.

8.3 Illustrations of the equation Ax= h, with A singular.

(i) [A!h]=[-~ ~ -i 0

4

5

].

-1 4 1

o 3]
1 1
o 0

The GE process applied to A:

[ 1 0 3] [1-2 5 -1 -+ 0
-1 4 1 0

The GE process applied to [Alh]:

[ 1 0 3 5] [1
-2 5 -1 0 -+ 0
-1 4 1 4 0

(A is singular).

o 3 5]
1 1 2 .
o 0 1

(ii)

In this case there would be no solutions, since the ranks of A and [A !h] are unequal.

[1 -1 3 -4]
[A!h]= 2 3 1 7.

4 3 5 5
The GE process applied to A:

[i -in -+ [~ -l -1] (A is singular).

The GE process applied to [A!h]:

[~ -~ i -~] -+ [~ -~ -i -~].
4 3 5 5 0 0 0 0

In this case there would be infinitely many solutions. The ranks of A and of [A! h]
are the same, but less than 3.

8.4 Solution involving two parameters.

[A!h]= [ ~ =~ ~ =~].
-1 1 3 2

The GE process applied to [A!h] leads to

[~ -~ ~ -~J.
o 0 0 0

To solve the matrix equation [ ~: ] [=~]we have, in effect,only the single
equation

XI-x2+3x3= -2.
Introduce parameters X2 = t and X3 = u, and substitute to obtain Xl = t - 3u - 2 (the
method of Chapter 2).
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Next, given a set of equations which are known to have a solution, what
criterion determines whether there is a unique solution or infinitely many?
Part of the answer is very easy to see.

Rule
If A is an invertible matrix then the equation Ax=h has a unique solution.
(The solution is x=A-1h.)
The other part of the answer is the converse of this, namely:

Rule
If A is a singular matrix then the equation Ax = h (if it has solutions at all)
has infinitely many solutions.
Proof See Examples 8.3 for illustration. We must consider the GE process
and the process for inverting a matrix. If A is singular, then the GE process
applied to A yields a matrix whose last row consists entirely of Os.The GE
process applied to [A! h] may have last row all Osor may have last row all Os
except for the last entry. In the latter case there are no solutions, and in the
former case we have to look at the last non-zero row in order to decide
whether there are no solutions, or infinitely many solutions. See the rule
given in Chapter 2.
Example 8.4 shows a particularly trivial way in which there can be

infinitely many solutions. In that case there are two parameters in the
solution. Example 8.5 (in which the matrix is 4 x 4) shows that two
parameters can arise in the solution of non-trivial cases also. Can you
suggest a 4 x 4 set of equations in which the set of solutions has three
parameters? All these are examples of a general rule.

Rule
If A is a p x p matrix whose rank is r, and h is a p-vector, then the equation
Ax = h has solutions provided that the rank of [A! h] is also equal to r, and
in that case the number of parameters needed to specify the solutions is
p - r. (This covers the case when r = p, A is invertible and there is a unique
solution which requires no parameters.)
A proof of this rule is beyond the scope of this book, but the reader

should be able to see intuitively why it happens by visualising the possible
outcomes of the GE process.

Rule
If A is a p x q matrix with p ~ q, and h is a p-vector, then the equation Ax = h
has a unique solution if and only if the rank of A and the rank of [A!h] are
both equal to q, the number of columns of A.
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8.5 Solution involving two parameters.

[Ai']~ [ _~

2 1 0 -i]-1 -2 3
1 3 -5 3 .

2 2 -2 2
The GE process applied to [A!h] leads to

U
2 1 0 n1 1 -1
0 0 0
0 0 0

Solving equations in this case would entail solving two equations in four unknowns:
x1+2x2+X3 =1

X2+X3-X4=1.

Introduce parameters X3 = t, and X4 = u, and substitute to obtain X2 = 1- t - u and
X1= -1+t-2u.

8.6 Uniqueness of solutions when A is not square. Listed below are four
possible results of applying the GE process (to the augmented matrix)

where A is a 4 x 3 matrix and h is a 4-vector.

(i)

-1
1
o
o

2
3
1
o
-~J-1 .
o

-~]2 .
1

Here the ranks of A and of [A!h] are both 3, and there is a unique solution.
o 1
1 1o 1o 0

(ii)

Here the ranks of A and of [A 1h] are different, so there are no solutions.
1 -2
1 1
o 0
o 0

(iii)

-~]o .
o

Here the ranks of A and of [A!h] are different, so there are no solutions.
o 3
o 1
o 0o 0

(iv)

Here the ranks of A and of [A 1h] are both 2, so there are infinitely many solutions.
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To see this, consider what must be the result of the GE process if there is
to be a unique solution. The first q rows of the matrix must have Is in the
(1,1)-, (2,2)-, ... , (q, q)-places and Os below this diagonal, and all
subsequent rows must consist of Osonly. This is just the situation when
both A and [Alh] have rank equal to q. Example 8.6 illustrates this.
Notice that if A is a pxq matrix with p<q, then the equation Ax=h

cannot have a unique solution.

Summary
Rules are given and discussed regarding the solution of equations of the
form Ax=h. These involve the rank of A and the rank of the augmented
matrix [A ih], and whether (in the case where A is a square matrix) A is
invertible or singular.

Exercises
By considering the ranks of the matrix of coefficients and the augmented
matrix, decide in each case below whether the given set of equations is
consistent or not and, if it is, whether there is a unique solution.

(i) 2x - y= 1
x+3y= 11.

(iii) -4x+3y=0
12x-9y=0.

~) Xl- x2+2x3= 3
2xl-3x2- x3=-8
2xl+X2+X3= 3.

(vii) -xl+2x2-4x3= 1
2xl +3x2+ x3=-2
Xl-x2+3x3= 2.

(ix) 2xl + x2+5x3=3
-Xl +2x2 = 1
Xl +2X2+4X3=3.

(xi) Xl - 2x2 - X3 =0
x2+ x2=0

Xl + x3=0
Xl +3x2+4x3=0.

(ii) 3x-6y=5
x-2y=1.

(iv) x+2y=0
3x-4y=0.

(vi) 2x2 + X3 =0
Xl -3x2 +2x3=0

2xl + X2 - x3=0.
(viii) Xl +2X2+3X3=0

Xl- X2-3X3=0
-3xl + x2-2x3=0.

(x) Xl -2x2- x3=2
X2+ x3=0

Xl + x3=2
Xl +3X2+4X3=2.

(xii) Xl+X2-X3= 8
-Xl +X2+X3= 2
Xl -X2+X3= 0
Xl +X2+X3= 10.
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Examples

o

y

y----t

o Xf-Jt1=-.~..I-j-r+ 1
~l:t-l~+t.

,- y -----'---.-.i,J.....--P-~ JJ.~.""'
I J t

o x -L----L-- --t--+----t

(v)

(iv)

(ii)

(iii)

9.1
(i)
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Vectors in geometry

Linear algebra and geometry are fundamentally related in a way which can
be useful in the study of either topic. Ideas from each can provide helpful
insights in the other.
The basic idea is that a column vector may be used to represent the

position of a point in relation to another point, when coordinate axes are
given. This applies in both two-dimensional geometry and three-
dimensional geometry, but to start with it will be easier to think of the two-
dimensional case. Let P and Q be two (distinct) points, and let OX and OY
be given coordinate axes. Draw through P.a straight line parallel to OX
and through Q a straight line parallel to OY, and let these lines meet at N, as
shown.

~
L--- ~ ''''----y .

( X

The position of Q relative to P can now be specified by a pair of numbers
determined by the lengths and directions of the lines PN and NQ. The sizes
of the numbers are the lengths of the lines. The signs of the numbers depend
on whether the directions (P to Nand N to Q) are the same as or opposite to
the directions of the coordinate axes OX and OY respectively.
We can thus associate with the (ordered) pair of points P, Q a column

vector [: J, where a and b are the two numbers determined by the above
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9.2

y

x

I

P&I =GJ P&2=[~J P&3=[~J P&4=[~J
9.3

y

x

-+
Then Q 2 is the only point such that PQ 2 = v2"

-+
Then Q I is the only point such that PQ I = VI"

Let V2=[ -~l

-+
Then Q3 is the only point such that PQ3 = V3"
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---+
process. The notation PQ is used for this. Examples 9.1 give several pairs of
points apd their associated column vectors, illustrating the way in which
negative numbers can arise. Note the special cases given in Examples
9.1(iv) and (v).
Example 9.2 shows clearly that for any given column vector, many

different pairs of points will be associated with it in this way. The diagram
shows the properties that the lines P1QI' P2Q2' P3Q3' and P4Q4 have
which cause this. They are parallel, they have the same (not opposite)
directions, and they have equal lengths.

A column vector is associated with a direction and a length, as we have
just seen. Thus, given a (non-zero) column vector v and a point P, there will

---+
always be one and only one point Q such that PQ = v. Example 9.3
illustrates this.
To summarise:

---+
1. Given any points P and Q, there is a unique column vector PQ

which represents the position of Q relative to P.
2. Given any non-zero column vector v, there are infinitely many

---+
pairs of points P, Q such that PQ = v.

3. Given any point P and any non-zero column vector v, there is a
---+

unique point Q such that PQ = v.



90 Examples

9.4

x

--+ --+
Here we treat only the case when the components of the vectors PQ and QR are all
positive. If any are negative, the diagrams will be different and the argument will
have to be modified slightly. Let

--+ [a\J --+ [b\JPQ= a
2

and QR= b
2
.

Then IPN\I=a\, IN\Q!=a2, IQN21=b\, IN2RI=b2. SO IPN31=IPN\I+IN\N31=
IPN\I+IQN21=a\ +b\, and IN3RI=IN3N21+IN2RI=IN\QI+IN2RI=a2+b2'

9.5

P

R

PQRS is a parallelogram. Hence QR and PS have the same direction and the same
--+

length. Consequently they are associated with the same column vector, i.e. QR=
--+ --+ --+ --+ --+ --+
PS. By the Triangle Law, PQ +QR = PR, so it follows immediately that PQ +PS=
--+
PRo
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Where is the advantage in this? It is in the way that addition of column
vectors corresponds with a geometrical operation. Let P, Q and R be three
distinct points, and let

.PQ=[::J and QR=[::J
Then

PR=[al +b1J=[a1J+[b1J=PQ+QR.
az + bz az bz

This rule is called the Triangle Law, and is of fundamental importance in
vector geometry. See Example 9.4 for a partial justification for it.

Rule (The Triangle Law)
If PQR is a triangle then

---+ ---+ ---+PQ+QR=PR.

The Triangle Law is sometimes expressed in a different form:

Rule (The Parallelogram Law)
If PQRS is a parallelogram then

---+ ---+ ---+
PQ+PS=PR.

See Example 9.5 for a justification of this, using the Triangle Law.
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9.6 Position vectors.

(i) -I I
I I-H

-I I '1'+

(ii)

(iii)

++1 +-I I Y

tt' i

I I ~ 0 _.

I I J XI
: /

A(- 1,-2)

I

I : I
Y

0 .x
I ------

~ r-.....
A(3 -1)
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This relationship between algebraic vectors and directed lines is
dependent on having some origin and coordinate axes, but it is important
to realise that these laws which we have found are true irrespective of the
choice of coordinate axes. We shall develop ideas and techniques which
likewise are geometrical in character but which use the algebra of vectors in
a convenient way without the necessity to refer to particular coordinate
axes.

Before we proceed, we must take note of an important special case of all
this, namely when the reference point (the first of the pair) is the origin.

y

iA
I
I
I
I
I
I
I

0 N X

The construction which yields the components of the column vector oA
involves the lines ON and N A. But now it is easy to see that the components

-+ '
of OA are just the coordinates of A. See Example 9.6 for particular cases,

-+
including cases with negative coordinates. The vector OA is called the
position vector of A. It is customarily denoted by rA. Every point has a
uniquely determined position vector.
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9.7

Examples

-t--

--- ---t----t--
I !

Produce QP back so that IPRI=IPQI- Then the triangles PN2R and PN1Q are
congruent, so PN 1 and PN 2 have equal lengths and opposite directions. The
column vector associated with PR is thus the negative of the column vector

-+ -+
associated with PQ _ Notice that PQ +PR =0, which can be thought of as an
extension of the Parallelogram Law to an extreme case. (The parallelogram is
flattened.)

9.8 Multiplication by a scalar.

-+ -+
Here PR=4PQ.

t
: 1

-L--
I

-+ -+
Here PR= -tPQ.
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Rules
(i) The zero vector cannot be associated with any pair of distinct

points. Nevertheless we can think of 0 as the position vector of the
origin itself. ---+---+

(ii) If I)is a non-zero column vector, and PQ = I),then -1)= PR, where
R is the point obtained by producing the line QP so that PRand
PQ have the same length. See Example 9.7.

(iii) If I) is any non-zero column vector and k is any positive number,
---+ ---+

and if PQ = I), then k I)=PR, where R is the point such that PQ and
P R have the same airection and the length of P R is k times the
length of PQ. Multiplying a vector by a negative number reverses
the direction (as well as changing the length). See Example 9.8.
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9.9 The difference of two vectors. Let PAB be a triangle.

B

-- -- .....
------- - - - :::,~C

...-

A

By the Triangle Law,
~ ~ ~
PA+AB=PB.

Hence ~ ~ ~
AB=PB-PA.

Notice that, in the parallelogram PAC B, one diagonal (PC) represents the sum
~ ~ ~ ~
PA +PB, and the other diagonal (AB) represents the difference PB - PA. Of course

~ ~ ~
the second diagonal may be taken in the opposite direction: BA=PA-PB.

9.10 Illustrations of the ratio in which a point divides a line segment. In each
case P divides AB in the given ratio.

(i) Ratio I: I. • • •
A P B

(ii) Ratio 3:1. •
A P B

(iii) Ratio 2:3. •
A P B

(iv) Ratio - 1:5. • • •
P A B

(v) Ratio 4:-1.
A B P
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Subtraction of vectors also has an important geometrical interpretation.
For a diagram, see Example 9.9. In a triangle P AB,

-+ -+ -+
AB=PB-PA.

This is a consequence of the Triangle Law. In particular, if A and B are any
two distinct points then (taking the origin 0 as the point P) we have

-+ -+ -+
AB=OB-OA=rB-rA.

We shall use this repeatedly.
As mentioned earlier, all of these ideas apply equally well in three

dimensions, where points have three coordinates and the vectors
associated with directed lines have three components. One of the best
features of this subject is the way in which the algebraic properties of 2-
vectors and 3-vectors (which are substantially the same) can be used in the
substantially different geometrical situations of two and three dimensions.
As an application of algebraic vector methods in geometry we shall

derive the Section Formula. Consider a line segment AB. A point P on AB
(possibly produced) divides AB in the ratio m:n twith m and n both positive)
iflAPl/lpBI = min. Here IAPI and IPBI denote the lengths of the lines AP and
PB respectively. Extending this idea, we say that P divides AB in the ratio
-m:n (with m and n both positive) if AP and PB have opposite directions
and IAPl/lpBI = min. See Examples 9.10 for illustrations of these.
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9.11 Proof of the Section Formula (the case with m and n positive).

o
Let P divide AB in the ratio m:n, with m>O and n>O. Then

~ ~
AP= (min) PB.

Now ~ ~
AP=rp-rA and PB=rB-rp,

so
n(rp - rA)=m(rB - rp).

From this we obtain

nrp-nrA -mrB+mrp=O,

(m +n)rp=nrA +mrB,

1
rp=--- (nrA+mrB)'(m+n)

The cases where m and n have opposite signs require separate proofs, but the
ideas are the same.

9.12 The medians of a triangle are concurrent at the centroid of the triangle.
Let ABC be a triangle, and let L, M and N be the midpoints of the sides

BC, CA and AB, respectively. Let A, Band C have position vectors a, band c. Then

L has position vector !-(b+ c),
M has position vector !-(c+a), and

N has position vector !-(a+b).

The point which divides AL in the ratio 2:1 has position vector

1 .
(2+l)(lxa+2x!-(b+c)), I.e. t(a+b+c).

The point which divides BM in the ratio 2;1 has position vector

_1_(lxb+2x!-(c+a», i.e. t(a+b+c).
(2+ I)

The point which divides CN in the ratio 2:1 has position vector

1 1 1--(lxc+2x"2(a+b)), i.e. J(a+b+c).
(2+ I)

Hence the point with position vector t(a + b + c) lies on all three medians. This is the
centroid of the triangle.
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Rule
Let P divide AB in the ratio m:n (with n # 0 and m +n # 0). Then

1
rp=--(nrA+mrB).

m+n
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See Example 9.11 for a proof.
An important special case of the Section Formula is when P is the

midpoint of AB. In that case

rp=t(rA+rB)'
The Section Formula may be used to give a convenient proof of a simple

geometrical theorem: the medians of a triangle are concurrent at a point
which trisects each median. A median of a triangle is a line which joins a
vertex of the triangle to the midpoint of the opposite side. Let ABC be any
triangle, and let a, band c be position vec~ors. of A, Band C relative to
some fixed origin. See Example 9.12. Let L, M and N be the midpoints of
BC, CA and AB respectively. Then

~ ~ ~
OL=t(b+c), OM =t(c+a), ON =t(a+b).

The Section Formula may now be used to find the position vectors of the
points which divide AL, BM and CN respectively each in the ratio 2: 1. It
turns out to be the same point, which must therefore lie on all three
medians. This point is caIled the centroid of the triangle ABC. It has
position vector 1(a+b+c).
This result has been demonstrated using vectors in a geometrical style.

The link with algebra has not been explicit, except in the algebraic
operations on the vectors. Consequently we worked without reference to
any particular coordinate system and obtained a purely geometrical result.
These ideas can be taken considerably further, but we shall return now to
the link with algebra, via coordinates.
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9.13 Components of a vector in the directions of the coordinate axes.

z

N

x Q

y

P has coordinates (x, y, z). Construct a rectangular solid figure by drawing
perpendiculars from P to the three coordinate planes, and then to the coordinate
axes from the feet of these perpendiculars. For example, PQ and then QL and QM,
as shown in the diagram. The picture has been simplified by assuming that x,yand z
are all positive. Our arguments work also if any or all of them are negative. You
should try to visualise the various possible configurations.

/OLI=x, IOMI=y, ION/=z.
So ~ ~ ~

OL=xi, OM=yj, ON=zk.
~ ~ ~

Now OL+ OM =OQ, by the Parallelogram Law. Also OQPN is a parallelogram (it
~ ~ ~

is a rectangle), so OQ+ON=OP. Hence
~ ~ ~ ~
OP=OL+OM +ON =xi+ yj+zk.

9.14 Examples of unit vectors.

(i) Let a=Ul
since lal=J1+4+ 1=J6.

1
Then -a=lal

1

-:J6
2
-:J6
1

-:J6

(ii) Let b= [-;1]. Th 1 b [1]en Tbf = -t
---

since Ibl=J4 +4 + 1= 3.

(;;;) Lot ,~ [ !]. Th,n l'I~Jn+O+I1~L

Thus c is already a unit vector.
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Consider three dimensions. A point P(x, y, z) has position vector

101

In particular:
the points L(l, 0, 0), M(O, 1,0) and N(O, 0,1) have position vectors

[i), m and m
respectively.

These three vectors are denoted respectively by i,jand k. Note that they are
represented by directed lines OL, OM and ON in the directions of the
coordinate axes. Notice also that

=xi+ yj+zk.
The vectors i,j and k are known as standard basis vectors. Every vector can
be written (uniquely) as a sum of multiples of these, as above. The numbers
x, y and z are called the components of the vector in the directions of the
coordinate axes. See Example 9.13.

It is clear what should be meant by the length of a vector: the length of
any line segment which represents it. Each of i,j and k above has length
equal to 1. A unit vector is a vector whose length is equal to 1. The length of
an algebraic vector

is (by definition) equal to Jx2 + y2 + Z2, i.e. the length of the line OP, where
P is the point with coordinates (x, y, z). Given any non-zero vector a we can
always find a unit vector in the same direction as a. If we denote the length
of a by lal then (1/lal)a is a unit vector in the direction of a. See Example
9.14.

Summary
The way in which vectors are represented as directed line segments is
explained, and algebraic operations on vectors are interpreted
geometrically. The Section Formula is derived and used. The standard
basis vectors i, j and k are defined. The length of a vector (in three
dimensions) is defined, and the notion of a unit vector is introduced.
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Exercises
1. Let ABCDEF be a regular hexagon whose centre is at the origin. Let A
and B have position vectors a and b. Find the position vectors of C, D, E
and F in terms of a and b.

2. Let ABCD be a parallelogram, and let a, b, c and dbe the position vectors
of A, B, C and D respectively. Show that a+c=b+d.

3. Let L, M and N be the midpoints of BC, CA and AB respectively, and let
o be any fixed origin. Show that

-+ -+ -+ -+ -+ -+
(i) Q1+0Jt+O~=OL+OM +ON, and
(ii) AL+BM+CN=O.

4. Let AI' Az, ... , Ak be any points in three dimensions. Show that
--+ --+ ~--+
A1Az +AzA3 + ... +Ak-lAk+AkAI =0.

-+
5. In each case below, write down the 3-vector AB, where A and B are points

with the given coordinates.
(i)
(ii)
(iii)
(iv)
(v)

A(O,O,O),
A(2, -1,3),
A(3, 4, 1),
A(O, 1,-I),
A(2,2,2),

B(2, -1,3).
B(O,O,O).
B(I,2, -1).
B(O, -1,0).
B(3, 2, 1).

6. In each case below, find the position vector of the point which divides the
line segment AB in the given ratio.
(i) A(l,1,3), B(-I,I,5), ratio 1:1.
(ii) A( -2, -1,1), B(3,2,2), ratio 2:-1.
(iii) A(O,O,O), B(11, 11,11), ratio 6:5.
(iv) A(3, -1, -2), B(IO, -8,12), ratio 9: -2.
(v) A(2, 1,-1), B( -2, -1,1), ratio -2:3.

Also in each case draw a rough diagram to indicate the relative positions
of the three points.

7. Let OABC be a parallelogram as shown, and let D divide OA in the ratio
m:n (where n#O and m +n#O). Prove by vector methods that DC and OB
interseCt at a point P which divides each line in the ratio m:(m+n).

B

o
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8. Let 0 AB be a triangle as shown. The midpoint of 0 A is M, P is the point
which divides BM in the ratio 3 :2, and S is the point where OP produced
meets BA. Prove, using vector methods, that S divides BA in the ratio 3:4.

B

o

9. In each case below, find a unit vector in the same direction as the given
vector.

10. Let a and b be non-zero vectors. Prove that la +bl = lal + Ibl if and only ifa
and b have the same (or opposite) directions.

11. Let A and B be points with position vectors a and b respectively (with a# 0
and b#O). Show that lalb and Ibla are vectors with the same length, and
deduce that the direction of the internal bisector ofthe angle AOB is given
by the vector lalb + Ibla.
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Examples

10.1 Vector equation of a straight line.
(i) Given two points A and B with position vectors a and b respectively,

rp=a+t(b-a) (tE IR).
(ii) Given one point A with position vector a, and a vector I) in the direction of

the line.

o
rp=a+tv (tEIR).



-+ -+
Yp=OA+AP.

10
Straight lines and planes

In three dimensions a straight line may be specified by either
(i) two distinct points on it, or

(ii) a point on it and its direction.
These give rise to the vector form of equation for a line as follows. For
diagrams, see Example 10.1. First, given points A and B, with position
vectors a and h, let P be any point on the straight line. The Triangle Law
gives

-+ -+
Now AP is in the same direction as (or in the opposite direction to) AB.

-+ -+ -+ -+ -+
Hence AP is a multiple of AB, say AP=t AB. We know that OA=a and
-+
AB=h-a, so

Yp=a+t(h-a). (1)
Second, given a point A with position vector a, and a direction, say the
direction specified by the vector v, let P be any point on the straight line.
Then

-+ -+
Yp=OA+AP, as above,

-+ -+
but here AP is a multiple of v, say AP = tv. Hence

Yp=a+tl:. (2)



u=

(t E IR).
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10.2 To find parametric equations for given straight lines.
(i) Line through A(2,3, -1) and B(3, 1,3).

a= [-n, b= U]' so b-a= [-n.
<\nequation for the line is

In terms of coordinates, this becomes

x=2+t, y=3-2t, z=-1+4t (tEIR).
(ii) Line through A( - 2,5, 1) in the direction of the vector

v= [-ll
An equation for the line is

In terms of coordinates, this becomes

x= -2+t, y=5-t, z= 1+2t (tEIR).

10.3 Find parametric equations for the straight line through A( - 2,5, 1) in the
direction of the unit vector

1
V76

1
-V76

2
V76

An equation for the line is

1
V76

1
-V76

2
V76

This of course is the same line as in Example 10.2 (ii), because the vector u is in the
same direction as the vector Ii given there. The equations obtained look different,
but as t varies in each case the sets of equations determine the same sets of values for
x, y and z. For example, the point ( -1,4,3) arises from the equations in Example

10.2 (ii) with t = 1, and from the equations above with t = j6.
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Equations (1) and (2) are forms of vector equation for a straight line. The
number t is a parameter: as t varies, the right-hand side gives the position
vectors of the points on the line. The equation (1) is in fact a special case of
(2). We may represent the vector Yp by

where (x, y, z) are the coordinates of P, and then if

(2) becomes

(say), or

x=at +tvt )
y=a2+tv2 (tE~),

z=a3+tv3
which is the coordinate form of parametric equations for a straight line.
Examples 10.2 give specific cases.
The components of a vector such as v above, when used to specify a

direction, are called direction ratios. In this situation any vector in the
particular direction will serve the purpose. It is often convenient, however,
to use a unit vector. See Example 10.3.



108 Examples

10.4 To find whether straight lines with given parametric equations intersect.

Line 1: x=2-t, y=3t, z=2+2t (tEIR).

Line 2: x=-3-4u, y=4+u, z=I-3u (UEIR).

At a point of intersection we would have a value of t and a value of U satisfying:

2 - t= - 3 - 4u ) t - 4u = 5 )
3t = 4 + U • I.e. 3t - U = 4 .

2+2t = 1- 3u 2t + 3u = - 1

-1].-4
1
o

-1~]-> [~
-11 0

-4
11
11

Here we have three equations in two unknowns. We may expect them to be
inconsistent, in which case the two lines have no point of intersection. Let us find
out, using the GE process.

-4 5] [1-I 4 -> 0
3 -1 0

So the equations are consistent, and there is a unique solution U = - 1, t= 1.
Substitute either of these into the equations for the appropriate line, to obtain

x= 1, y=3, z=4,

the coordinates of the intersection point.

10.5 A proof that for any non-zero vectors a, b,

a. b= Jallbl cos 8.

where 8 is the angle between a and b. Let

and let A and B be points with position vectors a and b respectively.

°
A (a ••a~,a3)

Then AOB= 8, and in triangle OAB the cosine formula gives

IAB/z= IOAlz+ IOBlz -2IOAIIOB/ cos 8

=Ialz+ IW -2lallbl cos 8.
Hence

lallbl cos 0=1(/aIZ + IW -IABIZ)
=1(alz+a/ +a/ +blz+b/ +b/

- (bl _al)z - (bz -az)z - (b3 -a3)z)

=1(2albl +2azbz+2a3b3)

=albl +~hz +a3b3
=a.b.
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Two straight lines in three dimensions need not intersect. Example 10.4
shows how, given vector equations for two lines, we can check whether they
intersect and, if they do, how to find the point of intersection. Note that, to
avoid confusion, we use different letters for the parameters in the equations
for the two lines.

There is a way of dealing with angles in three dimensions, using vectors.
This involves the idea of the dot product of two vectors. By the angle

- ~
between two vectors a andb we mean the angle AOB, where OA=a and
~ ~ ~
OB=b. (Note that this angle is the same as any angle APB where PA=a

~
and PB = b.) This angle always lies between 0 and n radians (180°)
inclusive. In algebraic terms, the dot product of two 3-vectors

is defined by

a.b=a1b1 +a2b2 +a3b3•
Notice that the value of a dot product is a number, not a vector. In some
books the dot product is referred to as the scalar product.What has this to
do with angles?

Rule
Let a and b be non-zero vectors and let e be the angle between them. Then

a.b=lallb\ cos e.
Consequently,

a.b
cos e=lallb\'

A demonstration of this rule is given as Example 10.5.
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10.6 Calculate the cosine of the angle e between the given vectors in each case.

(i) a= [1], b= [-n
lal=)6, Ibl=)6.

a.b= -1+2+2=3.
Hence

3 1
cos e-)6 x )6=2'

(ii) a= [-n, b= Ul
lal=J14, Ibl=3.

a.b = -2+6+2=6.
Hence

6 2
cos e - = ----== .

J14x 3 J14

(iii) a= [~j],b= [~] .

lal=J18, Ibl=J14.
a.b = -2+3-4= -3.

Hence
-3

cos e = J18 x J14 - 2 x J7'

(The negative sign indicates an obtuse angle.)

10.7 Proof that, for any three vectors a, band c,
a. (b+c)=a. b+a.c.

Let

Then

So
a. (b + c) =ai (bi +ci) +a2(b2 + C2)+ a3(b3 + c3)

=aibi +aici +a2b2+a2c2+a3b3+a3c3

=aibi +a2b2+a3b3+aici +a2c2+a3c3
=a.b+a.c
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Using this rule, we are now able to calculate (the cosines of) angles
between given vectors. See Examples 10.6. One of these examples illustrates
a general rule. A dot product a. b may equal zero even though neither a nor
b is itself O.

Rule
(i) If the angle between two non-zero vectors a and b is a right angle,

then a.b=O.
(ii) If a and b are non-zero vectors with a. b=0, the angle between a

and b is a right angle.

Two non-zero vectors are said to be perpendicular (or orthogonal) if the
angle between them is a right angle.

Rules
For dot products:

(i) a. b= b. a for all vectors a and b.
(ii) a. a = lal2 for all vectors a.
(iii) a.(b+c)=a.b+a.c for all vectors a, b, c.
(iv) (ka). b= a. (kb) = k(a. b) for all vectors a, b, c, and all k E IR.
(v) i.j=j.k=k.i=O.

These are quite straightforward. Part (iii) is proved in Example 10.7. The
others may be regarded .as exercises.
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10.8 A plane through a given point A, perpendicular to a given vector n.

'YP(X'Y,'J
A, I, ,, ~

, I\ ,'p
a \ ,, ,

\ ,,

Let A be the point (3, I, - 2), and let n be the vector[~n.
The point P(x, Y, z) lies on the plane if and only if AP is perpendicular to AN, i.e. if

and only if AP on=O. Now

AP=oP-oA= [~J- [-1] = [~~n.
So AP 0 n=0 becomes

(x-3)( -1)+(y-1)2+(z+2)( -1)=0.

i.e. -x+3+2y-2-z-2=0.

I.e. -x+2y-z-1=0.

This is an equation for the plane in this case.

10.9 Show that the vector n= GJ is perpendicular to the plane with

equation ax+by+cz+d=O.
Let P,(x"y"z,) and P2(X2'Y2,Z2) be two points lying on the plane. Then

ax, +by, +CZ, +d=O
and (*)

aX2 +bY2 +cz2 +d=O.

We show that PIP2 is perpendicular to n.

noM =a(x2 -xl)+b(Yl - yt>+c(Z2 -z,)

=ax2 -axI +bY2 -bYI +CZ2 -cZI

=ax2 +bY2 +cZ2 - (ax, +by, +czl)
= -d -( -d) by (*) above

=0.
Hence n is perpendicular to PIP 2 and, since PI and P 2 were chosen arbitrarily, n is
perpendicular to the plane.
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A plane in three dimensions may be specified by either
(i) three points on the plane, or
(ii) one point on the plane and a vector in the direction perpendicular

to the plane.
We postpone consideration of (i) until later (see Example 11.9). The
procedure for (ii) is as follows. A diagram is given in Example 10.8.

Let A be the point (a1, a2' a3) and let n be a vector (which is to specify the
-+

direction perpendicular to the plane). Let 0A = a, and let N be such that
-+
AN = n. The point P(x, y, z) lies on the plane through A perpendicular to

-+
AN if and only if AP is perpendicular to AN, i.e. vector AP is perpendicular

-+
to vector AN,

-+
1.e. AP on=O,

-+ -+
i.e. (OP-:-OA) on=O,

1.e. (rp-a) on=O.
This last is a vector form of equation for the plane (not a parametric
equation this time; though). The vector n is called a normal to the plane.
The equation which we have just derived can be written in coordinate

form. Let

Then the equation becomes
(x-a1)n1 +(y-a2)n2+(z-a3)n3=0.

Example 10.8 contains a specific case of this.

Rule
Equations of planes have the form

ax+by+cz+d=O.
Example 10.9 shows that, given such an equation, we can read off a

normal vector, namely



114 Examples

10.10 The angle between two planes.

Plane 1t1 has normal vector R1•

Plane 1t2 has normal vector R2'

Here is an 'edge-on' view, looking along the line of intersection.

The angle observed here between the planes is the same (by a simple geometrical
argument) as the angle between the normal vectors.
Let 1t1 and 1t2 have equations respectively

x- y+3z+2=O
and

-x+2y+2z-3=O.
The two normal vectors can then be taken as

say. The angle between these vectors is 8, where
"1."2 -1-2+6 3cos 8=--= ---.
1"111"21 Ji1 x J3 J33

10.11 Find parametric equations for the line of intersection of the two planes
with equations:
x- y+3z+2=O,

-x+2y+2z-3=O.

Try to solve the equations
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Two planes will normally intersect in a straight line. The angle between
two planes is defined to be the angle between their normal vectors. See
Example 10.10.
Planes which do not intersect are parallel. We can tell immediately from

their equations whether two given planes are parallel, since parallel planes
have normal vectors in the same direction.

3x+ y-2z+ 1=0
and

6x +2y-4z+ 5=0
are equations of parallel planes. By inspection we can see that they have
normal vectors

U] and U]
respectively. These vectors are clearly in the same direction, being multiples
of one another. But we can also see quite easily that the two equations
above are inconsistent. If we tried to solve them simultaneously we would
find that there are no solutions. Of course this is to be expected: any
solutions WOllid yield coordinates for points common to the two planes.
Distinct planes which do intersect have a line in common. Parametric

equations for the line of intersection are given by the standard process for
solving sets of equations. We would expect a set of two equations with three
unknowns (if it had solutions at all) to have infinitely many solutions, these
being specified by expressions involving a single parameter. An example is
given in Example 10.11.

Here is a clear situation where algebra and geometry impinge. And it
becomes clearer when we consider the ways in which three planes might
intersect. A point which is common to three planes has coordinates which
satisfy three linear equations simultaneously. So finding the intersection of
three planes amounts to solving a set of three linear equations in three
unknowns. As we know, there can be three possible outcomes.

(i) The equations may be inconsistent. In this case the planes have no
common point. Either they are all parallel or each is parallel to the
line of intersection of the other two.

(ii) The equations may have a unique solution. This is the general case
from the geometrical point of view. The line of intersection of two
of the planes meets the third plane in a single point, common to all
three planes.

(iii) The equations may have infinitely many solutions, which may be
specified using one parameter or two parameters. In the first case
the planes have a line in common, and in the second case the
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-2J
1 '[~

x- y+3z= -2,
-x+2y+2z= 3

simultaneously. The GE process leads to
-1 3

1 5

and hence to a solution
z=t, y=I-5t, x=-1-8t (tEIR).

These are in fact just parametric equations for the line of intersection, as required.

10.12 Ways in which three planes can intersect.
(i) Three planes: x+2y+3z=O,

3x+ y- z=5,
x- y+ z=2.

The GE process leads to

[

1 2 3
012
000 -1].

Hence the set of equations is inconsistent. There is no point common to the three
planes. Nevertheless each pair of these planes has a line of intersection. The three
lines of intersection are parallel. What makes this so? If you are not sure, work out
their parametric equations and confirm that they all have the same direction.
(ii) Three planes: x- y- z= 4,

1~].
-2

2x-3y+4z= -5,
-x+2y-2z= 3.

The GE process leads to

[
1 -1 -1
o 1-6
o 0 1

Thus there is a unique solution x= 3, y= 1,z= -2. These planes have a single point
in common, namely (3, 1, -2). Each pair of planes intersects in a line which meets
the third plane at this point.
(iii) Three planes: x+2y+ z= 6,

-x+ y-4z= 3,
x-3y+6z= -9.

The GE process leads to

[~ 2 1
1 -1o 0 n.

Hence there are infinitely many solutions, which can be specified by parametric
equations

x= -3t, y=3+t, z=t (tEIR).

The straight line with these parametric equations is common to all three planes.
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planes are all the same plane. Illustrations are provided in
Example 10.12.

There is a convenient formula for finding the perpendicular distance
from a given point to a given plane. Let P be the point with coordinates
(xo, Yo, zo), and let

ax+by+cz+d=O
be an equation of a plane. Not all of a, band c can be zero, or else this
equation would not be sensible.

Rule
The perpendicular distance from the point P to the plane given above is
equal to

laxo+bYo+czo+dl
Ja2+b2+c2

This formula can be derived using the methods of this chapter, and this is
done in Example 10.13.

Summary
A vector form of equation for a straight line in three dimensions is derived
and used in geometric deductions. The dot product of two vectors is
defined, and properties of it are derived. A standard form of equation for a
plane is esta~lished, and ideas of linear algebra are used in considering the
nature of the intersection of two or three planes. Angles between lines and
between planes are dealt with. A formula is given for the perpendicular
distance from a point to a plane.

Exercises
1. Find parametric equations for the straight line passing through the points

A and B in each case.
(i)

(ii)

(iii)
(iv)

(v)

A(O, 1,3),

A(1, 1,-2),

A( -1,2,4),

A(1, 1, 1),

A(O,O,O),

B(1,O,I).

B(I,2,0).

B( -1,2, -7).

B(2, 2, 2).
B(3, - 1,2).

2. In each case below, write down a vector in the direction of the straight line
with the given parametric equations.
(i) x=3-t, y= -1+2t, z=4-5t (tEIR).

(ii) x=2t, y=l-t, z=2+t (tEIR).

(iii) x=1-3t, y=2, z=3-t (tEIR).
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10.13 Proof that the perpendicular distance from the point P(xo, Yo, zo) to the
plane with equation ax +by +cz +d= 0 is
laxo+bYo+czo+dl

Ja2+b2+c2

The vector

[~]
is perpendicular to the plane, so the straight line through P perpendicular to the
plane has parametric equations

x=xo+at, y=yo+bt, z=zo+ct (tEIR).

This line meets the plane at the point M (say), whose coordinates are given by these
parametric equations with the value of t given by

a(xo +at) +b(yo + bt) + c(zo + ct) +d =0.
Solve for t, obtaining

(a2+b2+c2)t= -axo-bYo-czo-d,
so

axo + byo +czo +d
t=--------

a2+b2+c2

Now
IPMI2 = (xo +at - XO)2 + (Yo + bt - YO)2+ (zo + ct - zo)t

= a2t2 +b2t2 +c2t2
= (a2 + b2 +C2)t2

_ 2 b2 2) (axo+bYo+czo+d)2
- (a + +c (2 b2 2)2a + +c

Hence

as required.
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3. In each case below, find whether the two lines with the given parametric
equations intersect and, if they do, find the coordinates of the points of
intersection.
(i) x=2+2t, y=2+t, z= -t (tEIR),

x= -2+3u, y= -3+6u, z=7-9u (UEIR).

(ii) x= 1+t, y=2-t, z= -1-2t (tEIR),
x= 1+2u, y= -6u, z= 1 (UEIR).

(iii) x=2-t, y=-1-3t, z=2+2t (tEIR),
x=u, y= -2+u, Z= l-u (UEIR).

(iv) x=2+t, y= -t, z= 1+2t (tEIR),
x=4-2u, y= -2+2u, z=5-4u (UEIR).

4. Calculate the cosine of the angle APB in each case, where A, P and Bare
the points given.
(i) A(I, 1, 1), P(O,O,O), B(I,I,O).

(ii) A( -2,1, -1), P(O,O,O), B(l, 2,1).
(iii) A(3, -1,2), P(I,2,3), B(O, 1, -2).
(iv) A(6, 7, 8), P(O, 1,2), B(O,O,I).

5. Find the cosines of the internal angles of the triangle whose vertices are
A(I, 3, -1), B(O, 2, -1), and C(2, 5,1), and find the radian measure of the
largest of these angles.

6. Find a vector perpendicular to both a and b, where

a= H] ..d '~Ul

(ii) A(O, 1,-1),

(iv) A(I, 1, 1),

(i) A(3,2, 1),

7. Find the length of the vector 2a+b,where a and b are unit vectors and the
angle between them is Ttl3 (i.e. 60°).

8. In each case below, find the length of the perpendicular from the given
point to the straight line with the given parametric equations.
(i) (2,1, -1), x=3 -t, y= 1+2t, z=t (tEIR).
(ii) (0,1,4), x= -5+t, y=3, z=4-2t (tEIR).
(iii) (2,3,1), x=2t, y=3t, z=2-t (tEIR).

9. In each case below, find an equation for the plane through the given point
A, with normal in the direction of the given vector n.

a= [~n
(Hi) AI -2,3, 5), a= [n.
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10. Find the cosine of the acute angle between the planes with given equations
in each case.

(i) x+ y+ z-3=0,
2x- y- z+ 1=0.

(ii) 3x+ y +2=0,
x+ y-4z-3=0.

(iii) x+ y =0,
y+ z =0.

(iv) 3x- y+2z-7=0,
z =0.

II. In each case below, determine whether the intersection of the three planes
with given equations is empty, is a single point, or is a straight line.

(i) x-2y-3z=-I, (ii) x +3z=-I,
y+2z= I, 2x - y+ z= 2

2x+ y+4z= 3. x+2y- z= 5.

(iii) x+3y+5z= 0, (iv) x-2y+ z= -6,
x+2y+3z= I, -2x + z= 8,
x - z= -1. x+2y+2z= I.

12. In each case below, find the perpendicular distance from the given point P
to the plane with the given equation.

(i) P(2, 1,2), x-2y- z+2=0.
(ii) P( -1,0, I), 3x- y+2z-5=0.
(iii) P(I, 1, I), x+ y+ z =0.

(iv) P(O,O,O), 5x- y-4z+6=0.
(v) P(O,O,O), 5x- y-4z+ 1=0.
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Examples

11.1 Evaluation of cross products.

a= [n, b= U], [10-9] [I](i) axb= 6-5 = I.
3-4 -I

(ii) a= [1], b= [-n, axb= [~~;] = [-~l
(iii) a= [-1], b= [~~l axb= [- I~~!2 ] = [n.

[-U, b=Ul [0-2] [-2](iv) a= axb= 4-0 = 4-1-6 -7
Compare (ii) with (iv).

a=3i-4j+ 2k,

I

i 3
axb= j -4

k 2

11.2
(i)

(ii)

11.3
Let

Then

so

Use of the determinant mnemonic in evaluating cross products.

a= -i+2j-k, b=3i-j.

axb= I~-~ il=il_2 II-jl-I
k -I 0 1 0 -I

=i-3j-7k.
b=j+2k.

!I =il-~ ~I-jl~~I+kl_~~I
= -lOi-6j+3k.

Proof that for any 3-vectors a and b, a x b is perpendicular to a and to b.

a= [::] and b= n:] .

a. (a x b) =al (a2b3 -a3b2) +a2(a3bl -at b3) +a3(al b2 -a2bd

= ala2b3 -at a3b2 +a2a3bl -a2al b3+a3al b2 -a3a2bl

=0.
Similarly b.(a x b)=O.
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Cross product

We have dealt with the dot product of two vectors. There is another way of
combining vectors which is useful in geometric applications.
Let

be two 3-vectors. The cross product of a and b is defined by

[

a2b3 -a3b2]
axb= a3b1-a1b3 •

a1b2-a2b1
Note that the result is a vector this time. Example 11.1 gives some
calculations. Example 11.2 shows how to apply the following mnemonic
which is useful in calculating cross products. Write

a=a1;+azi+a3k and b=b1;+bzi+b3k,
where ;, j and k are the standard basis vectors. Then

a x b= (a2b3 -a3b2)i+ (a3bl -a1 b3)j+ (a1b1 -a2bdk.
This is reminiscent of the expansion of a determinant, and we can stretch
the idea of a determinant to write

; a1 b1
a x b= j a2 b2.

k a3 b3
Expanding this 'determinant' by the first column gives the correct
expression for a x b.
The definition above of the cross product involved two 3-vectors

explicitly. It is important to realise that, unlike the dot product, the cross
product applies only to 3-vectors, and its application is of use in three-
dimensional geometry.
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11.4 Proof that la x bl= lallbl sin e, where a and b are non-zero 3-vectors and e
is the angle between them, for the case when e¥o and e¥1r.

Suppose that a and bare 3-vectors, as in Example 11.3.

la x bj2= (a2b3 -a3b2)2 + (a3bJ -aJ b3)2+ (aJbz -azbd2

=a/b/ +a/b/ +a/bJ2 +aJ2b32 +aJ2b/ +a/bJ2

- 2a2b3a3b2 - 2a3bJal b3 - 2aJ b2a2bJ.
Also qallbl sin W = laI21bj2(l-cos2 e)

= laI2IbI2(1- (a. b )2/laI2IW)

= lal21W -(a. b)2

=(aJ2 +a/+a/)(bJ2+b/+b/)
-(aJbJ +a2b2 +a3b3)2

=aJ2bJ2+aJ2b/ +aJ2b/+a/bJz +a/b/ +a/b/
+a3 2bJ2+a3 2b22 +a32b32 - al 2bJ2 -a22b2 2
-a/b/ - 2aJbJazb2 - 2aJbl a3b3 - 2a2b2a3b3

=laxbj2.

Now sin e is positive, as are lal, Ibl and lax bl, so it follows that

la x bl = lallbl sin e.
11.5 Proof that ax (b+c)=(ax b)+(ax c), for any 3-vectors a, band c. Let

a= [:~], b= U~],c= [~~] .

Then

[

a2(b3 +c3)-a3(bz +C2)]
ax(b+c)= a3(bJ +cd-al(b3+c3)

aJ(b2 +c2)-a2(bJ +cJ)

[
a2b3 -a3b2 +a2c3 -a3C2]

= a3bJ -aJb3 +a3cJ -aJc3
aJb2-a2bl +aJcZ-a2cJ

=(ax b)+(ax c).

11.6 Remember that a x b = - (b x a), for any 3-vectors a and b. See Example
11.1, parts (ii) and (iv).

Here is another illustration. Let

a= [-;] and b= [-~].

Then

axb= U] and bxa= [=n =-(axb).
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Let us now explore these geometrical uses. Some properties of the cross
product will emerge as we proceed.

Rule
The product vector a x b is perpendicular to both a and b.

To see this we just write down expanded expressions for a. (a x b) and
b. (a x b). Details are in Example 11.3. Both expressions are identically
zero, and the rule is therefore justified, using a result from Chapter 10.
The above rule is in fact the most useful property of the cross product,

and we shall see applications of it shortly. But consider now the length of
a x b. It has a convenient and useful geometrical interpretation.

Rule
If a and b are non-zero vectors then

la x bl = lallbl sin e,
where e is the angle between a and b.

Justification of the general case (when e is not 0 or rr) is given in Example
11.4. The special case is also significant, so let us formulate it into a:separate
rule.

Rule
(i) a x a = 0 for every 3-vector a.
(ii) a x (ka) = 0 for every 3-vector a and any number k.

Justification of these is straightforward verification, which is left as an
exercise. This rule is perhaps surprising. It suggests that the cross product
behaves in ways which we might not expect. This is indeed so, and we must
be careful when using it.

Rules (Properties of the cross product)
(i) a x (kb) = (ka) x b = k(a x b), for all 3-vectors a and b, and any

number k.
(ii) a x b = - (b x a), for all 3-vectors a and b.
(iii) a x (b + c) = (a x b) + (a x c), for all 3-vectors a, band c.
(iv) ixj=k,jx k=i, k x i=j.

Demonstration of these is not difficult, using the definition. See Example
11.5 for (iii). Take note of (ii)! See Example 11.6.
Now let us see how these geometrical interpretations can be used. First

we consider areas.
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------------

P

Areas of triangles and parallelograms.
_-Ie

_-- I
I
I
I
I
I
I
I
I
I
I
IA

11.7

~ ~
Let PAB be a triangle, with PA=a and PB=b.
Then the area of triangle PAB is ila x bl.
Let C be such that PACB is a parallelogram. Then the area of PACB is la x bl.

11.8 Calculation of areas.
(i) Let

a= [-n, b= [I] . Then axb= U],
and lax bl=J9+ 16+4=)29.

Hence the area of the triangle PAB in the above diagram would be i)29 units2•
(ii) Let the three points be P(3, -1,1), A(I, 1,0) and B(O, 3,1). Then

FA = [~n,PS= [- ~] and FAx PS= [_ ~] .

Hence the area of triangle PAB is equal to iJ16+ 16+4, i.e. 3 units2.

11.9 Find an equation for the plane through the three points A(5, 3, -1),
B(2, -2,0) and C(3, 1, 1).

AB= [=n, AC= [=~].
~ ~ ~ ~

The vector AB x AC is perpendicular to both AB and AC, so is a normal vector to
the plane of A, Band C.

ABx AC= [~;] .

Any vector in the direction of this vector is a normal vector for the plane. We can

choose this one or any multiple of it. Taking [-1], as the normal vector, we

obtain an equation for the plane:
2(x-5)-I(y-3)+ l(z+ 1)=0,

i.e. 2x-y+z-6=0. (See Chapter 10 for the method used.)
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---+ ---+
Let P A and PB represent 3-vectors a and h. Then the area of triangle P AB is
equal to !Ia x hi.
This follows from our knowledge that

la x hi = lallhl sin e,
and the familiar rule that

area of /:::,.PAB = !Ip Allp BI sin Aft B.
For a diagram see Example 11.7.
Further, if C is such that PACB is a parallelogram, the area of the

parallelogram is equal to la x hi. Some calculations of areas are given in
Examples 11.8.
Example 11.9 gives an application of another use of cross products. A

plane may be specified by giving the position vectors (or coordinates) of
three points on it, say A(a), B(h) and C(c). We know from Chapter 10how
to derive an equation for a plane given a point on it and the direction of a
normal vector to it. We obtain a normal vector in the present case by using
the cross product. AB represents the vector h - a and AC represents the
vector c - a. Consequently (h - a) x (c - a) is perpendicular to both AB and
AC, and so must be perpendicular to the plane containing A, Band C. It
will serve as a normal vector, and the method of Chapter 10 can now be
applied.
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11.10 Calculation of volumes of parallelepipeds.
(i) Find the volume of the parallelepiped with one vertex at P( 1,2, - 1)

and adjacent vertices at A(3, - 1,0), B(2, I, 1) and C(4,0, - 2).
--+ --+ --+

The volume is la. (hx c)l, where a=PA, h=PB and c=PC.

PA=[-n, ~=[-lJ, pc=[=n.
~xpc= U].
--+ --+ --+
PA. (PB x PC)= 10-21 + 1= -10.

Hence the volume required is 10 units3.
(ii) Repeat (i) with the points P(O, 0, 0), A(2, 1,0), B(l, 2, 0) and C(3, 3, 2).
Here

PA= U], ~= U], pc=U]
--+ --+ [4]
PBxPC= =; ,

so --+ --+ --+
PA. (PB x PC)=8 -2+0=6.

Hence the volume of the parallelepiped is 6 units3•
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Besides areas, volumes can be calculated using the cross product: in
particular, volumes of parallelepipeds. A parallelepiped is a solid figure
with six faces such that opposite faces are congruent parallelograms.

bxc

The volume of such a solid is equal to the area of the base multiplied by the
height. Take PBDC as the base, draw a line through P perpendicular to the
base and let K be the foot of the perpendicular from A to this line. Then
IpKI is the height of the parallelepiped. The area of PBDC is equal to Ib xci,
and the height IPKI is equal to IPAlcosAPK, i.e.lalcosAPK. In our
diagram, APK is the angle between a and (b x c), so

a. (b x c)= lallb x cl cos APK = volume of parallelepiped.

It may happen that the direction of b x c is opposite to the direction of PK,
in which case the angle between a and (b x c) is n - APK, and

a.(b x c)=lallb x cl cos(n-APK)
= lallb x cl( -cos APK),

which is the negative of what we obtained above for the other case. A
volume is normally taken as a positive number, so we may combine both
cases in the result

Volume of the parallelepiped = la. (b x c)1.
Notice that a.(bxc) is a number, since it is the dot product of two

vectors. This form of product of three vectors is quite important, and it has
a name. It is called the scalar triple product of a, band c. The appearance of
a. (b xc) in the formula for the volume of a parallelepiped enables us to see
an unexpected property. Because the parallelepiped is the same no matter
what order the three vectors are taken, we have

la.(b x c)1=Ib.(c x a)1=Ic. (a x b)1=Ia.(c x b)1

=Ib.(a xc)I=lc'(b xa)l.
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11.11 Proof that det A =a'(b x c),where A is the 3 x 3matrix having the vectors
a, band c as its columns. Let

[.a,] [b,] [C']
a= :: ' b= ~: ' c= ~: .

Then, expanding det A by the first column, we obtain

Ib
2 C21 Ib, C'I Ib, C'Idet A=a, b -a2 b +a3 b
3 C3 3 C3 2 C2

=a, (b2C3-b3c2) -a2(b, C3 -b3c,) +a3(b,c2 - b2cd
=a, (b2C3-b3C2) +a2(b3c, -b,c3) +a3(b,c2 -b2cd

[
a,] [b2C3-b3C2]= a2 . b3c, -b,c3
a3 b,c2 -b2c,

=a.(b x c).

-2]7 .
o

o
1
o

11.12 Find whether the points 0, A, Band C are coplanar, where A is (1, 3,0), B
is (0,1, 1) and C ,s (-2, 1,7). -. -. -.They are coplanar if and only ift!:te three vectors OA, OB and OC are coplanar.

We therefore have to test whether these three vectors are linearly dependent. Use
the standard GE process.

oA= U], ~= [n ' .,OC= [-n.
[
~ ~ -~] -+ [6 ~ -~] -+ [6
017 017 0

Hence the three vectors form a linearly dependent list (see Chapter 6), and so the
four points are coplanar.

11.13 Find whether the points P(-I,I,-I), A(2,3,0), B(O,I,I) and
C( - 2,2,2) are coplanar.

They are coplanar if and only if the vectors

PA= [n, PB= [~], PC= [-n
form a linearly dependent list. The GE process yields

1~6 - ~J -+ [~ ~ -tJ -+ [~ -~ -IQ

3

tJ
123 123 0 t

-+ [~ t =tJ -+ [~ t =tJ.
o tlf 001

Hence the three vectors form a linearly independent list, and so the given points are
not coplanar.
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These six products, however, do not all have the same value. Three of them
have one value and the other three have the negative of that value. As an
exercise, find out how they are grouped in this way.
We end with a further link-up between geometry and algebra. Given

three 3-vectors a, band c we can construct line segments OA, OB and OC
respectively representing them. We say that the vectors are coplanar if the
three lines OA, OB and OC lie in a single plane.

Rule
Three vectors a, band c in three dimel1sions are coplanar if and only if
a.(bxc)=O.

To see this we need consider only the parallelepiped with one vertex at 0
and with A, Band C as the vertices adjacent to O.The vectors are coplanar
ifand only if the volume of this parallelepiped is zero (i.e. the parallelepiped
is squashed flat).
Recall that three vectors a, band c form a lin~arly dependent list if there

exist numbers I, m and n, not all zero, such that
la+mb+nc=O.

Recall also the Equivalence Theorem, part of which stated (in the case of a
3 x 3 matrix A): the columns of A form a linearly independent list if and
only if det A #O.This is logically equivalent to: the columns of A form a
linearly dependent list if and only if det A =0. To make the connection
between this and the ideas of coplanarity and scalar triple product,
consider three 3-vectors a, band c. Let A be the matrix with these vectors as
its columns. Then

det A = a • (b xc).

To see this, it is necessary only to evaluate both sides. This is done in
Example 11.11.
We can now see that the conditions

a. (b x c)=O and det A =0
are the same. We therefore have:

Rule
Three vectors a, band c in three dimensions are coplanar if and only if they
form a linearly dependent list.

See Examples 11.12 and 11.13 for applications of this.
As a final remark, let us note that the rule a.(b x e)=det A can be a

convenient way of evaluating scalar triple products and volumes of
parallelepipeds.
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Summary
The cross product of two 3-vectors is defined, and algebraic and
geometrical properties are derived. The use of cross products in finding
areas and volumes is discussed, leading to the idea of scalar triple product.
The equivalence between coplanarity and linear dependence is established
using the link between the scalar triple product and determinants.

Exercises
1. Evaluate the cross product of each of the following pairs of vectors (in the

order given).

2. Write down the areas of the triangles DAB, where A and B are points with
the pairs of vectors given in Exercise 1 as their position vectors.

3. Find the area of the triangle ABC in each case below, where A, Band C
have the coordinates given.

(i) A(2,1,3), B(I,I,O), C(0,2,2).

(ii) A(-1,2,-2), B(-3,0,1), C(O,I,O).

4. For each of the following pairs of planes, find a vector in the direction of
the line of intersection.

(i) x - y+3z-4=0.
2x +y -z+5=0.

(ii) 3x +y -2=0.
x-3y +z+I=O.

5. Find an equation for the plane containing the three points A, Band C,
where A, Band C have the given coordinates.

(i) A(2, 1, 1),

(ii) A(O, I, I),

(iii) A( -I, 1,2),

B(4,0, -2),

B(I,O,I),

B(O,O,O),

C(1, I, 1).

C(1,1,0).

C(3,2, -I).

6. Find the volume of the parallelepiped which has P( -1,1,2) as one vertex
and A(I, I, -I), B(O,O, I) and C(I, 2, 0) as the vertices adjacent to P.
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7. Repeat the calculation of Exercise 6, where P is the point ( -1,0,0), A is
the point (1,0, -1), B is the point (1,0, I) and C is the point (0, 1,0).

8. Using the scalar triple product, find whether the given four points are
coplanar.
(i)

(ii)

(iii)
(iv)

(v)

0(0,0,0),

0(0,0,0),

0(0,0,0),

P(2, -1,0),

P(I,2,3),

A(1, 3, 5),

A(2, I, I),

A(I, -I, I),

A(3, 2, 2),

A( -I, 3,4),

B(1, 2,3),
B(I,I,2),

B(2,2, -1),

B(2, -2, -I),

B(3,4,7),

C(1,0, -1).
C( -1,2,7).

C(-1,1,3).

C(4,0, -1).

C(4,0,4).
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Examples
12.1 Find all solutions to the simultaneous equations:

Xl + Xl - X3 = 3
2xl- Xl+4x3= 3

3xl + 4Xl - 5x3 = 10.

The Gaussian elimination process yields:

1 1 -I 3
2 -I 4 3
3 4 -5 10

1 1
o -3
o 1

-I 3
6 -3

-2 1
(2) - 2 x (I)
(3)-3x(l)

1

o
o

-1
-2
-2

3
1
1

(2)-'-(-3)

--------------
1 1 -I 3
0 1 -2 1
0 0 0 0 (3) - (2)

Here set X3 = t (say), so that substituting gives

Xl = 1+ 2t
Xl = 3 - (1 + 2t) + t = 2 - t.

There are infinitely many solutions, one for each value of t E Iht

12.2

[

1 2
4 5
7 8



12
Basic ideas

Part 2 is about the algebra of real n-vectors. Throughout, [Rn will denote
the set of real n-vectors, i.e. the set of all n x 1 matrices with entries from
the set [Rof real numbers. We shall develop ideas and techniques which
are applicable for all values of n, however large. Most of our examples,
however, will be restricted (for practical reasons) to the two-, three- and
four-dimensional cases.

The purpose of this chapter is to re-establish some of the basic ideas
about solutions of sets of equations, about matrices, and about linear
dependence, which will be essential for what follows. In this process we
shall also introduce two new notions which will be significant later, namely
the column space of a matrix and the solution space of a set of
homogeneous linear equations.

Let us review some facts about the solution of sets of simultaneous
linear equations. Let A be a p x q matrix and let h be a p-vector. Then
attempting to solve the equation Ax = h will have one of the following
outcomes.

(i) There may be no solution, i.e. the equation is inconsistent.
(ii) There may be a unique solution.
(iii) There may be infinitely many solutions. In this case the set of

solutions is generally specified by taking one or more of the
unknowns as parameters and expressing the other unknowns in
terms of these parameters. Example 12.1 provides illustration of
this.

Now let us think of sets of simultaneous equations in a different way.
See Example 12.2. The left-hand side Ax (when multiplied out) is a
p-vector, and its ith entry is

ailxl +'ai2x2 + ... + aiqxq,

where aij denotes the entry in the ith row and jth column in the matrix
A, and Xl' ... , xq are the entries in the q-vector x.
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12.3 Solutions to simultaneous equations.
(i) Xl + X2 + X3 = 2

2xl - 2x2 + 2x3 = 4

Xl + 2x2 + 4x3 = 3

or, alternatively:

[ijx,+[-~},+[J~m
The GE process leads to

[~ ~ ~ ~J'.
o 0 0 1

In this case the given equations are inconsistent. This may be regarded as a

ron",!uro"" of th, f"l th" th, "'010' [~Ji, nol a lin,,, rombination of th,
vrelOffl [~HiJund m 1

(ii) Xl + 2x2 1

2x I + 3X2 + x3 = 2
-Xl + X2+X3=-6

or, alternatively:

[-i}, +mx,+[:},~[J
The GE process leads to

[~ ~ - ~ ~J,
o 0 1-2

and Ih,re i, a mll,!u' ,0lution fo, x" x, ""d x,. So[ ~Jrna, '" w,iuro uniqud,
M a lin,,, rombin"ion ofUJ[:] andm -6

(iii) Xl + 4x2 - X3 = 0
Xl + 2x2 + 3X3 = 2

-Xl + 2x2 - llx3 = -6

or, alternatively:

[Jx,+[}+[ _~:Jx,~[J
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Thus each entry of Ax is a sum of q terms, so Ax itself can be written
as a sum of vectors:

Ax = "lXl + "2X2 + ... + "qXq,

.where, for each j (1 ~j ~ q), "j is the jth column of the matrix A.
One way to interpret this is to say: for different values of x (i.e. of

Xl' ... ,xq), the p-vector Ax will always be a linear combination of the
columns of A. What does this mean in terms of the three possible outcomes
listed above for the solution of the equation Ax = h? See Example 12.3.

(i) No solution. This arises when h cannot be written as a linear
combination of the columns of A.

(ii) Unique solution. This happens when h can be written as a linear
combination of the columns of A in only one way.

(iii) Infinitely many solutions. This happens when there are infinitely
many ways of writing h as a linear combination of the columns
of A.

Definition
Given any p x q matrix A, the set of all p-vectors which can be written
as linear combinations ofthe columns of A is called the column space of A.

Obviously a sufficient condition for the equation Ax = h to be consistent
(i.e. to have at least one solution) is that h belongs to the column space
of A. A moment's thought should convince the reader that it is also a
necessary condition.

Let us now recall the notion of rank, defined as follows. The rank of
a matrix A is the number of non-zero rows in the matrix obtained (in
row-echelon form) after applying the Gaussian elimination process to A.
The following are then equivalent.

(i) Ax = h is consistent.
(ii) The rank of [A Ih] (the augmented matrix) is equal to the rank

of A.
(iii) h belongs to the column space of A.

The second of these is dealt with in Chapter 8. See Example 12.4.
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The GE process leads to

[1 4 -1 0]o 1 -2 1 ,
o 0 0 0

and thO', '" 1nfinitdy many ,oiotion,. So [ ~] may b, wotton " a lin,,,

mmhination of [J.[~]and [J in 1nfinit~i~many way'

12.4 The rank of the augmented matrix.
In Example 12.3(i),

A =[~ -~ ~],
1 2 4

and [Alh] ~ [i -~ ~ n
The GE process applied to A yields

[~ ~ ~],
000

so the rank of A is equal to 2.
The GE process applied to [Alh] yields

[~ ~ ~ ~],
o 0 0 1

so the rank of [A Ih] is equal to 3.
But notice that both ranks may be deduced from the result of the GE process
applied to [Alh].
In Example 12.3(ii), the rank of A is 3 and the rank of [A Ih] is 3 also.
In Example 12.3(iii), the rank of A is 2 and the rank of [Alh] is 2 also.

12.5 Tests for linear dependence or independence.

Ii) [l]tHH]
A[~tPI~2the 3G~] pm"" to tho mat';' [~ ~~

1 -I 0, so there are solutions other than
o 0 0

3 0]- 2 O. This yields
7 0

Xl = X2 = X3 = 0 to the
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Next consider homogeneous linear equations, i.e. equations ofthe form

Ax=O,

where A is a p x q matrix, x is a q-vector of unknowns, and 0 is the zero
p-vector. Such equations are obviously consistent, because x = 0 is
certainly a solution. Does 0 belong to the column space of A? Yes, in a
trivial way. We may write

O=alO+a20+ ... +aqO,
a linear combination of the columns of A. In what circumstances is x = 0
the only solution? Only if we cannot write

0= alxl + a2x2 + + aqxq,
with any of the numbers Xl' , xq different from O. What this means is
that the columns of A (i.e. al' , aq) form a linearly independent list of
p-vectors. The definition oflinear independence was given in Chapter 6, but
we include it here also.

Definition
A list (Vl' ... , vq) of p-vectors (for any p) is linearly dependent if there is
some non-trivial linear combination

XlVl +X2V2 + ... +xqVq
which is equal to the zero p-vector. A list of p-vectors is linearly independent
if it is not linearly dependent.

We shall customarily use the abbreviations LD and LI for these terms.
A routine procedure for testing whether a given list of vectors is LD

or LI is given in Chapter 6. This procedure is illustrated in Examples 12.5.
We have established above that in the case when the columns of A

form a LI list, the equation Ax = 0 has no solution other than x = O. If
the columns of A form a LD list, then Ax = 0 does have another solution,
and so must have infinitely many solutions.

In the special case where A is a square matrix, there is an important
theorem connecting several different aspects of linear algebra. This was
discussed in Chapters 6 and 7, and there called the Equivalence Theorem.
We shall refer to this again later, so it is reproduced below.

Theorem
Let A be a p x p matrix. The following are equivalent.

(i) A is invertible.
(ii) The rank of A is equal to p.
(iii) The columns of A form a LI list.
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equation

[i]x. +[~}+[ -:}X~m
Thus the given list of vectors is LD.

(;i) [-Umrm
The GE process gives

[
1 1 -2 0] [1 1 -2 0]

-2 2 0 0 -> 0 1 -1 0,
31200010

so Xl = 0, X2 = 0, X3 = 0 is the only solution to the equation

[-i}. +[i]x, + [ -~}x~m
Thus the given list of vectors is LI.

I 0]7 0

-~ ~ .

2
-8
1
o

0] [1 0o 0 1
0->0 0
000

-1
4
3
2

12.6 Find all solutions to the equation Ax =0, where

A=[_: ! =~ -;] and x=[::].
2 1 0 2 X4

The GE process gives

[-:! =~
2 1 0

Hence there are infinitely many solutions. These may be described by setting X4 = t
(say), whence X3 = it, X2 = - t and XI = -it (tE IR).



12. Basic ideas 143

(iv) The equation Ax = 0 has no solution other than x = o.
(v) The determinant of A is not equal to zero.

The justification for this theorem was that in each of these
circumstances, the Gaussian elimination procedure applied to the matrix
A will yield an (upper triangular) matrix with p non-zero rows, with Is
down the main diagonal. At this stage the reader should be familiar enough
with the ideas involved here so that this theorem is quite clear. If not,
the later chapters will cause difficulties.

Summary
The possible forms of solution to a set of simultaneous linear equations
are discussed and related to the Gaussian elimination process of
transforming a matrix to row-echelon form. The column space of a matrix
is introduced and the ideas of rank and linear dependence are recalled.
Finally the Equivalence Theorem (from Chapter 7) is re-stated. This relates
the various ideas of the chapter.

Exercises
1. Solve the following sets of simultaneous equations.

(i) x-2y+2z=2
3x + y + z = 8
2x -2y- z = 1.

(ii) 2x + y + 4z = 0
x + 2y- z=6

2x + 2y + 2z = 6.

(iii) x + 2y + 3z = 2
-3x +3z=O
- 3x + Y + 5z = 1.

(iv) x -3z =-4
y+ z+2w= 1

2x + y +2w=-2
-x+ y+ z- w= 5.

2. Re-write the sets of equations in Exercise 1 above as vector equations
(by regarding the left-hand sides as linear combinations of column
vectors).
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3. In each case below, find the rank of the given matrix and find whether
the given vector belongs to the column space of the matrix.

[' 0 '] m(i) 0 I I,
I 1 0

(ii) [~

-I i]. mI
3 -1

(iii) [ ~
2 -'] m-2 12 ,

-3 4 -22

(i,) [ -:

0 1 -:] [~nI 0
0 1 -1 '

-I 1 0 1

4. In each case below find whether the columns of the given matrix form
a linearly dependent or independent list. Where possible, find the inverse
of the given matrix.

(il [ :

1 i]. (iil [ ~

1 ~l2 0
-1 1 -2 -3 1 -1

(iii) [ -:

-1 -H [ , 1 0 -;]-1 0 2
2 (iv) 1 0 -1 3 '
2 -1 -3 -2 4

[' 0
1

-n1 1 2
(v) 0 1 3

1 3 0

[ , 0 3 n(vi) -1 1 1
2 3 1





Examples
13.1 Column spaces of matrices.

(i) Let A = [3 2J. The column space of A is the set of vectors
1 -1

[:JXl + [ _ ~JX2 for Xl' X2 E IR.For example, taking some values for Xl and X2:

Xl = 1, x2=0: [:J itself.

Xl =0, X2 = 1: [ -~J itself.

Xl = 1, X2 =1: [~J
Xl =!, X2 =1: GJ

(ii) Let A =[ ~ ~]. The column space of A is the set of all vectors
-1 3

[Jx, +[ljx,10' X"X,EO.
(iii) Let A = [: ~ ~ !].The column space of A is the set of all vectors

o 1 1 1

[} +mx,+[t},+[},



13
Subspaces of [Rn

We shall latch onto, and generalise from, two ideas which arose in Chapter
12. These are the column space of a matrix and the set of all solutions
to an equation Ax = O.They represent different aspects of the idea of a
subspace of [Rn.
First, the column space of a matrix is a special case of a space spanned

by a list of vectors. This is a very important notion, and here is the
definition.

Definition
Let X be a finite list of n-vectors. The space spanned by X is the set of
all vectors which can be written as linear combinations of the vectors in X.

If we take the vectors in the list X as the columns of a matrix A, then
the space spanned by X is the same thing as the column space of A. Some
simple cases are given in Examples 13.1. An example which is of great
significance is the space spanned by the list

of vectors in [R3. These vectors are called the standard basis vectors in
[R3, and it is easy to see that every 3-vector may be written as a linear
combination of them:

The space spanned by this list of 3-vectors is [R3 itself. For each n there
is a list of standard basis vectors in [Rn, namely the list consisting of all
n-vectors having a 1 in one position and Os in the other positions. The
space spanned by this list of vectors in [Rn is [Rn itself.
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13.2 The space spanned by a list of vectors.

Do",mbeloo. to th, 'pare ,paoo,d hy th, Ii't [H[-n [;],
We seek solutions Xl, X2, X3 to the equation

[ijx,+[ - ~]x,+mx,~m
The GE process gives:

[;-; i ~]-> [~ - : i ~1].
3421000

Hence there are no solutions, and the given vector is not in the space spanned
by the given list.

13.3 Lists which span [R3.

0) ODe, [H[-;]U]) 'pao "',

Lot • ~ [nW, ",k ,010tioM to th, ,quatioo

[ijx, +[ -;]x,+[ -:},~m
The GE process gives:

[0; -~ ~ ~]->[~-~ ~ t(b~2a)].
1 - 1 cOO 1 i(b - 2a) - ~c

Hence there do exist solutions to the equation, whatever the values of a, band
c. Hence the given list spans [R3.

The following skeleton of the argument given in (i) above is sufficient.

TheGEPrOCessgives:[ ~ ~ -~]->[~~ =~].
-2 1 1 0 0 1

Even without including the fourth column, it is apparent from this that there
would be solutions in this case, irrespective of the values in the fourth column.
(If the last row had been all zeros then we could not say this.) Hence the given
list spans [R3 in this case also.
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How can we tell whether a given vector is in the space spanned by a
given list of vectors? Answer: solve equations. See Example 13.2. In fact,
we need not go as far as solving equations: the knowledge that solutions
exist (or do not exist) is sufficient.
We can even tell by means of an elementary process whether the space

spanned by a given list of n-vectors is [Rn itself. This is done for n = 3 in
Example 13.3. The vectors in the given list are taken as the columns of a
matrix A. Then we try to solve the equation Ax = h, where h is an
unspecified 3-vector. Our standard process will tell us whether solutions
exist. Of course this will depend on what value h has. If there are some
vectors h for which no solution x can be found, then the column space
of A is not the whole of [R3, so the space spanned by the given list of
vectors is not the whole of [R3. If there are solutions x irrespective of the
choice of h, then the space spanned by the given list of vectors is the whole
of [R3. Think about this: the space spanned by the given list of 3-vectors
is the whole of [R3 if and only if the rank of A is equal to 3.
Next, let us return to the idea of the set of solutions to an equation

Ax = O. There may be one solution (namely x = 0) or infinitely many
solutions. For what follows it is best to bear in mind the second of these
possibilities, although what we do also makes sense for the first.
If x = u is a solution then so is x = ku, for any real number k. This is

not difficult:
if Au = 0 then A(ku) = k(Au) = kO= O.

Further, if x = u and x = v are solutions, then so is x = u + v. To see this,
suppose that Au = 0 and Av = O. Then

A(u + v) = Au + Av = 0 + 0 = O.
The set of solutions to the equation Ax = 0 contains 0 and is closed under
addition and under multiplication by a scalar.
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Let S be the space spanned by a list of vectors (Vt, ... , v,) in IR".Show
that
OES,
for each u, VES, U+ VES also, and
for each UES and kEIR, kUES.
OE S because 0 = OVt + ... + Ov,.

13.4

(i)
(ii)
(iii)
For (i):
For (ii): Let u=alVt + + a, v" and

v = b t VI + + b,V,.
Then U + v= (at + bt)vt + ... + (a, + b,)v"
which belongs to S.
For (iii): Let U=CtVI + +c,v" and let kEIR.
Then ku = kclvt + + kc,v"
which belongs to S.

13.5 To find whether a given set is a subspace of IR",for an appropriate value
of n.

Let

(t) Let S ~ {:Je .'" + y ~ ,}

First, 0 ES because 0 + 0 = o.

• ~ [::] 'nd ,~[ ::] belnng tn S, [XI + X2]

so that Xt + YI = ZI and X2 + Y2 = Z2' Then U + V = Y1 + Y2 . Does U + V belong
to S? ZI +Z2
Test the condition for membership of S:

(XI + x2) + (YI + Y2) = (XI + Yd + (X2 + Y2)
=ZI +Z2,

because XI + YI = Zt and X2 + Y2 = Z2' SO U + v does belong to S.

wt, lot • ~ [:] belnng tn S, '" tlmt x + y~" .nd lot 'e •.Th,n k.~[~]
Does ku belong to S? Test the condition for membership of S:

kx + ky =k(x + y) = kz,

because X + Y = z. So ku does belong to S. Hence the set S is a subspace of 1R3.

(ii) Lot S ~ {~]eo',,'+ y' ~ ,'}.

Certainly OES.

Let • ~ [:}nd ,~ [::] belnng tn S,
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Now we make the connection. A space spanned by a list of vectors
has these same properties: contains 0 and is closed under addition and
multiplication by a scalar. See Examples 13.4. These properties
characterise an important notion.

Definition
A subspace of IRn is a subset S of IRn with the following properties:

(i) OES.
(ii) If U E S then ku E S, for all real numbers k.
(iii) If UES and VES then U + VES.

We can now say that the following sorts of set are subspaces of IRn:

(a) any space spanned by a list of vectors in IRn,

(b) the set of all solutions to an equation Ax = 0, where A is a p x n
matrix, for any number p.

Perhaps it should be made clear that IRn itself is classed as a subspace of
IRn

• It satisfies the requirements of the definition, and it falls into the first
category above. Also, in a logically trivial way, the set {O}satisfies the
definition and is a subspace of IRn•

Subspaces of IRn can be specified in other ways. In Examples 13.5 some
subsets of IRn (for various values of n) are given. Some of these are shown
to be subspaces of IRn

, and others are shown not to be.
In the geometry of three dimensions, the notion of subspace nas an

interpretation which it may be useful to bear in mind. Recall that a 3-vector

can be thought of as the position vector associated with a point P (relative
to some given coordinate axes). P has coordinates (x, y, z). Addition of
vectors and multiplication of a vector by a scalar have geometrical
interpretations which should be familiar (see Chapter 9). The three
requirements above for a subspace translate into geometrical requirements
for a locus in three dimensions:

(i) The locus contains the origin O.
(ii) If P is on the locus (and P is not 0), then the locus contains all

points on the line OP produced indefinitely in both directions.
(iii) If P and Q (neither of which is 0) lie on the locus, then R lies

on the locus, where R is the point such that OPRQ is a
parallelogram.



152 Examples

so that xi + Yi = zi and x~ + Y~ = z~. Does u + v belong to S?
(Xl + X2)2 + (Yl + Y2)2 = xi + 2XlX2 + X~+ Yi + 2YlY2 + Y~

= xi + yi + X~+ Y~ + 2XlX2 + 2YlY2
= zi + z~ + 2XlX2 + 2YIY2'

which appears to be different from zi + z~ + 2ZIZ2, which is what we seek. To
confirm that it is different, we must find particular values for Xl> X2, Yl> Y2' Zl

and Z 2 such that
xi + yi = zi and x~ + Y~ = zL

but (Xl + X2)2 + (Yl + Y2)2 #- (Zl + Z2)2.

Tokox ~ 1,y~0,' ~ I, x ~ 0, y~ I,' ~ l. So [~]es,mes but tho.urn [i}s.
Hence S is not a subspace of [R3. Of course finding this counterexample is sufficient,
irrespective of the route by which it is arrived at. The above working shows what
happens if we just proceed normally, but it is strictly not necessary.
(iii) Let S be the set

{ ~} R', x, yond , ",,'On ;ntogo,,).
Certainly OES, since 0 is an even integer.

l<t • ~ [~}nd u~ [~}e1ong to S
Then u + v must belong to S because Xl + X2, Yl + Y2 and Zl + Z2must all be even
integers.

l<t • ~ [~}"'Ong toS,andlotke"
Then ku need not belong to S. In cases where k is an irrational number, for
example, kx, ky and kz will not be even integers.
Hence this set S is not a subspace of [R3.

(iv) Let S be the set

{[: ] E [R2: X = 0 or Y = 0 or both} .

Certainly OES.

Without following the routine procedure, we can see that if u =[~Jand v =[~l
then UESand VE S but u + v!f=S. So this set S is not a subspace of 1R2

.

(v) Let S be the set{J.' x~"nd y~w)
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A locus satisfying these requirements must be one of the following.

(a) The set consisting of the origin only. Here (ii) and (iii) are trivially
satisfied, since such points P and Q do not exist.

(b) A straight line passing through the origin, extending indefinitely
in both directions. Here (iii) is trivially satisfied.

--
(c) A plane containing the origin.

(d) The whole of three-dimensional space.
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Certainly OE s.

Lot '~[~}d '~[~}Iong to S

Then XI = ZI and YI = WI' and X2 = Z2 and Y2 = W2. Consequently XI + X2 =

ZI + Z2, and YI + Y2 = WI + W2, so that u + v belongs to S.

wt, lot • ~ [~] bolong to S, and lot k, R. Thon x ~ , and y ~ W, '0 kx ~ " and

ky = kw. Consequently ku belongs to S.
Hence this set is a subspace of 1R4•

13.6 Examples of loci in three dimensions.

(i) {O}. The locus consisting of the origin only. This has already been
noted as a subspace.

(ii) A straight line through the origin. This may be represented by equations

~:~t) (tEIR),
Z = nt

where I, m and n are the components of some vector in the direction of the line.
Varying the parameter t yields the coordinates of the points on the line.
The vector 0 corresponds to a point on the locus (with t = 0).

[
ltl] [lt2]Let u = mtl and v = mt2 correspond to points on the line.
nt I nt2

[

l(tl + t2)]
Then u + v = m(t I + t2) , which certainly corresponds to a point on the line.

n(tl + t2)

wt, lot • ~ [:t] 'o"",pond to a point on th, liDO,and I,t k,.. Thon
ku =[:~t],which n~ISO corresponds to a point on the line.

nkt
Hence the position vectors of all points on the straight line constitute a subspace

of 1R3.

(iii) A plane through the origin. Such a plane can be shown to have an
equation of the form ax + by + cz =o.

Lot S ~ {[ ~], .', ax + by+" ~O).

This may be shown to be a subspace of 1R3 by our standard methods from
Example 13.5.
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Examples 13.6 show that all such loci are in fact subspaces of 1R3• It
is important to remember that lines and planes which do not contain the
origin are not subspaces of 1R3, however.
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13.7 Subspaces of 1R3 spanned by LI lists of vectors.

(f) Th, 'P'" ,p,nn,d by tho h" ([~]) i, tho "t of ,11moltipl" of thf,

vector. It corresponds with the straight line whose equations are x = t, Y = 2t,
z = 3t (tE IR).

(li) Th, 'P'''' ,p,on,d by tho Ii" ([iJ[~])i, tho "t 01011vooto"

mx, +[~]x, (x" x,,~)
Lot P, ,nd P, h,,, po,;tion "cto" m ond m '"pooti",y. Be"o" of tho

parallelogram rule, any sum of multiples of these two vectors must be the position
vector of some point in the plane of 0, PI and P2. Conversely, the position vector~
of any point P in the plane of 0, P I and P 2 is a linear combination of OP I and
OP2• To see this, draw straight lines through P parallel to OPI and OP2, thus
constructing a parallelogram.

.'

o
P

Now OP = OM +ON, OM is a multiple of OPI, and ON is a multiple of OP2.

SOoP~[i},+[~},fo' ,om, x"x,'". W, hm th",fore ,hown thot tho

space spanned by the given list of two vectors corresponds to a plane through
the origin.
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Now we can see that there are geometrical interpretations of the idea
of the space spanned by a list of vectors in [R3. The space spanned by a
list containing a single (non-zero) vector in [R3 corresponds to a straight
line through the origin. The space spanned by a list containing two
non-zero vectors (neither a multiple of the other) in [R3 corresponds to a
plane through the origin. The space spanned by a LI list of three vectors
in [R3 corresponds to the whole of three-dimensional space. See Examples
13.7.
The three requirements of the definition of a subspace are somewhat

unwieldy in practice. The next rule provides a means of easing this burden
somewhat.
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(iii) The space spanned by a LI list of three vectors is the whole of ~3.

Form a matrix A with the three vectors as columns. Then A is invertible, and an•equation Ax = h has a (unique) solution, irrespective of the choice of vector h.
Hence every vector in ~3 is in the column space of A, i.e. the columns of A form
a spanning list for ~3.

13.8 Let Sl and S2 be subspaces of ~n. Show that Sl n S2 is also a subspace
of ~n.

We use the rule given opposite, rather than the definition of subspace. Certainly
Sl n S2is non-empty, because OESl and OES2' so OESl n S2' Now let u, VESl n S2
and let k, IE~. We show that ku + IVESl n S2'

U,VESl, so ku+IvESl,

and U,VES2' so ku+IvES2,

since both Sl and S2 are subspaces.
Consequently, ku + IVE Sl n S2'
By the rule, then, Sl n S2 is a subspace of ~n.
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Rule
A subset S of IRn is a subspace of IRn if and only if

(a) S is non-empty, and
(b) for every u, VES and k, lEIR, ku+ IVES.

It is not hard to justify this rule, from the definition above of what is
meant by a subspace. This justification is left as an exercise:

As another example of the application of this rule, we show in Example
13.8that the intersection of two subspaces of IRn is again a subspace of IRn•

Summary
The space spanned by a finite list of vectors in IRn is introduced as a
generalisation of the idea of the column space of a matrix. The definition
is given of a subspace of IRn. This is discussed fully in the context of 1R3
and appropriate geometrical ideas of lines and planes are brought in.
Methods are given for determining whether given subsets of IRn are
subspaces.

Exercises
1. In each case find whether the given single vector is In the space

spanned by the given list of vectors.

{
r
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2. Which of the following lists of vectors span 1R2?

(i) (CJ[~J). (ii) ([~J[~J).
(iii) ([ _ ~J[-~J). (iv) ([~J[~J).

3. Which of the following lists of vectors span 1R3?

4. Show that each of the following sets is a subspace of 1R3
.

01 {;}., x-y~,j

(II) {;}., x ~ OJ

(iii) {;}." 2x-y+3,~O}.

(1'1 {; ],." y~2x -",d x~ y+2,j.
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5. Show that each of the following subsets of 1R13is not a subspace of 1R13.

IiI {~]EO' x>O}

Iii) {~] E"' ", Yand"re into."'}

(iii){~} 0', x' ~ y'}

(i,1 {~]EO'y~ l}

(,) {~]EO"X+Y+X~3}.
6. Let A be a n x n matrix and let k be a fixed real number. Show that

the set {XE IR1n: Ax = kx} is a subspace of IR1n.
7. Which of the following sets are subspaces (of 1R12,1R13or 1R14,as

appropriate)? Justify your answers.

(il t]E"'X~Y)
(ii) {]EO' x+ y~x+ w}

(iii) {:}1R12
:X

2+y2=O}.

(i'l {~]E"',,~yandY~'}.

I') t}", x+ y~x 0' y+x~w)

8. For all of the sets in Exercise 4 above, and for all of the sets in Exercise
7 which are subspaces of [R3, give a geometrical description, i.e. say
whether the subspace is the origin itself, a straight line through the
origin, or a plane through the origin. In each, case find also a matrix
A such that the subspace is the set of all vectors x such that Ax =O.



Examples
14.1 Spanning lists.(;) [n[rw] 'po", th, wholoof~'. Sodo" [ _n[H[-~] (S"

Example 13.3.)

(;i) ([:HH [!] 'pan, th, ,~, ,oh'p"re of~' " do" [:J [m m
is because

(iii) For any two vectors VI, V2EIR", (VI' V2) spans the same subspace as
(VI + V2, VI - V2). To see this:

alVI + a2V2 =}(al + a2)(vl + V2) + }(al - a2)(vl - V2)'

so every linear combination of VI and V2 is a linear combination of VI + V2 and
VI - V2. And, conversely,

bl (VI + V2) + b2(vl - V2) = (bl + b2)vI + (bl - bzlv2.

14.2 Extending a spanning list.

Th, Ii" [ _n [n [-m;,a ,paoning Ii" fo' th, whoi, of ~'. Th;, moan,
that every vector in 1R3 may be written as a linear combination of these vectors.
For example,

Let0' appondanoth" ""to' to th, 'panning Ii,t, '"Y [ _n
Now we have a list of four vectors, which is certainly still a spanning list, because
every vector still may be written as a linear combination of the original list in the
same way as before, and all weneed do is add another term with a zero coefficient:
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dimension

In the previous chapter we gave various ways in which subspaces of IRn

may be described. One of these was as the space spanned by a given
(finite) list of vectors. This idea of a spanning list is indeed a general one.
In this chapter we consider the nature and properties of spanning lists,
and how to find them. These ideas will lead to the notions of basis and
dimension, which are among the most important in the book.

Rule
Let S be a subspace of IRn• Then there is a finite list X of vectors from S
such that S is the space spanned by X.

We shall not give a justification for this, even though it is a fundamental
result. This is because the rest of the chapter contains ideas and methods
which wilf assist us in particular cases to construct spanning lists, and
these will be of more significance than the general rule above. This will
be clearer towards the end of the chapter, so we shall wait until then
before giving practical illustration. (See Example 14.12.)

Before going any further, we should note that a subspace S may have
many different spanning lists. This is illustrated by Example 14.1. Indeed
there are some general rules about this, for example the following. Let B
be a finite list of vectors in IRn, and let S be the subspace spanned by B.
Now extend B by appending some other vector from S. Then the extended
list is still a spanning list for S. This is justified in Example 14.2. Notice
that the extended list is LD, and that this must be so. Extending a spanning
list will not be a useful procedure, however. What will be useful is reducing
a given spanning list. This is harder, and we must be rather careful about
it, but shortly we shall describe an algorithm which may be used to do this.
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143 LetU ~ ([:J[~~]).andletx ~m Th,n U i, LI andI"~n b""il,

verified) the list obtained by appending x on to U is LD. In fact we have

This equation may be rearranged, to give

6m~10[:]fH
'0 'h~t m~110/61[:]+II/fH
This shows that x may be written as a linear combination of the vectors in U,
or, in other words, that x belongs to the subspace spanned by U. This argument
works in the same way whatever x is chosen, so long as the original list is LI and
the extended list is LD.

14.4 Find a LI list which spans the same subspace of [R3 as the list

[-mnm[=:J)
Tak,., '0~ [~;JN", oon,id" [nW, ,boo," ., '0b, [il~~ll," [ -n [ill
i, LJ. N"t, [-nm[;] i, LD, '0 igno" [H L,,', ([~nm[=:J) i,

LD, '0 igno" [=H Tbi","v," [ - mm" a L"panning h,t

Last, let us follow the argument opposite which shows that this list actually is a
spanning list. Here we have two rejected elements of the original list.

and we can write

[:H~;Hn
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Before that, we require to make an observation about LI lists. We do
this in general terms here, and Example 14.3 provides the details of a
particular case. Let V (= (u l' ... , u,)) be a LI list of vectors in IR", and
let x be some vector in IR" such that the list (U1' ... , U" x) is LD. Then
x may be written as a linear combination of the elements of U. Here is
why. We must have

a1U1 + ... + a,U, + bx = 0, (*)

say, where not all of the coefficients are zero. Now b cannot be zero
because, if it were, the equation (*) would be

a 1U 1 + ... + a, u, = 0,
which would contradict the fact that V is LI. Hence the equation (*) may
be rearranged, to give

x = (-a1/b)u1 + ... + (-a,/b)u"

as required.
We can now describe a procedure for reducing a spanning list. Of

course there will certainly be a limit to the number of elements we can
remove from a list and still leave a list which spans the same subspace.
As the following rule suggests, this limit is achieved when the list is LI.
The justification of the rule is given below, and is illustrated by Example
14.4. The process described is a useful one in practice.

Rule
Let S be the subspace of IR" spanned by the list (U1, ... , u,). Then there
is a LI sublist of (U1' ... , u,) which also spans S.

Denote (U1" .. , u,) by U. Instead of removing elements from V, we build
up a sublist. Consider each element of V in turn. We choose or reject
each one according to the following procedure. First choose U1 to belong
to the sublist. Say let V1= U1' Next, if (V1' U2) is LI then we choose V2 to
be U2' Otherwise we reject U2 and move on to consider U3 in the same
way. Continue thus, at each stage asking whether the next element of V,
when appended to the list of vectors already chosen, would yield a LI
list. If so, we include this element of V in the list of chosen vectors, and
if not we reject it. The process is complete when the last element of V
has been considered. Denote the list of chosen vectors by V. Then V is
certainly a LI sublist of V, because of the way that it has been constructed.
It remains, therefore, to show that V spans S, i.e. that every vector in S
may be written as a linear combination of the vectors in V. The first step
in doing this is to show that all of the rejected elements of V may be so
written. Suppose that Ui is one of the rejected elements of U. It was rejected
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Similarly we can write

[=;]=HHH
Now take any vector in the space spanned by the original list, say

'HH~]-m+,[=n
This is equal to

,[-iH~]-[-iH;]+,[-iH~]
- and so (collecting terms together) equal to

3H]-,[H
14.5 Find a LI list which spans the column space of the matrix

A =[~ ~ ~ ~~].
-1 -2 1 -2 1

1<t X=([ JUH~]UH:],
the list of the columns of A, and let S be the column space of A, i.e. the subspace
of [R3 spanned by X.

Pi,k " = [ _1} Pi,k " to "" th, o",t d,m,nt of X ,u,h th.t i'" ',) i, Ll

Thi, i, not [ -H hut m
Pick V3 to be the next element of X such that (VI' V1, V3) is LI. The standard

pcore" ,how, that th, Ii" [ -n [n [j] i, 10, '0[_~}, ignored How"~,
[-H[H[:Jl ~LI, '0 t.k", =[;l
The list X is now exhausted, and the list

tmnm)
is a LI spanning list for S.
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because (say) (Vl' ... , Vj' U;) was LD. But (Vl' ... , v) is LI so, by the
discussion earlier in this chapter, Ui may be written as a linear combination
of (Vl, ... , Vj)' i.e. of vectors in V. Finally we can now show that V spans
S. Let XES. Because U spans S, we may write

X=C1Ul + ... +crur.
Now replace each of the vectors Ui which does not belong to V by its
expression as a linear combination of the elements of V. Collecting terms
together on the right-hand side then gives X as a linear combination of
the vectors in V.

The column space of a matrix is an example of a space spanned by a
list of vectors. Example 14.5 shows the process above applied to the
columns of a matrix.

We have gone to considerable trouble over all this. LI spanning lists
are so important, however, that it is essential to know not only that they
must exist, but also how to construct them. The remainder of this chapter
is devoted to discussion of those properties of LI spanning lists which are
the reason for their significance.
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14.6 Bases for 1R3.

(il Th"bnd"d ha,i, [H[!W]
(iii (SreExampl"4!) [J,mrm

(This is a LI list which spans the whole of 1R3.)

(iiiI Show that [IHn [ill i, a b•• i, (0' .'. Fi"t ,how tbat thi, Ii" i,

LI, by the usual process (the GE process).
Next show that this list spans the whole of 1R3.Try to solve

[:},+[~},+[i},~[~],
where a, band c are arbitrary real numbers. As we saw in Example 13.3 we may
suppress the right-hand side and apply the GE process to the array

[:~n
leading to

[H :l-
and we deduce. that there is a solution for Xl' x2 and X3, irrespective of the values
of a, band c. (Alternatively, we may argue that a solution exists because the matrix

[: ~ i]
is invertible.)

14.7 Find a basis for the subspace of 1R4spanned by the list

([tWH-]U])
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Definition
Let S be a subspace of IR" (for some n). A list X is a basis for S if X is
LI and S is the subspace spanned by X.

The two rules of this chapter so far, taken together, amount to the
assertion that every subspace of IR" has a basis. As a first example, consider
[R"itself. The standard basis for [R"is the list of n-vectors which have one
entry equal to 1 and all the other entries equal to 0, normally taken in
order so that the ith member of the list has the 1 in the ith position. It
is not difficult to see that this is a basis for [R"as defined above (verification
is left as an exercise). Example 14.6 gives other bases for [R3.

The method described above and used in Examples 14.4 and 14.5 will
find a basis for a given subspace, provided that we have a spanning list
to start with. Example 14.7 is an application of this process.

The most important property of a basis is the following. Given a
subspace S of [R"and a basis X for S, every vector in S may be written
as a linear combination of the vectors in X, because X is a spanning list,
but we can say more.
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Find wh,ili" ([iJm[-m i, LI It i, not, '0 i~o" [ -1J and go on to
find wh,th" (m[U[J) i, LI It i, not, w igno" [~iJCondu,ioo
([tJ[~])i, a b••i,,, ,~ui~

14.8 Proof that if S is a subspace of 1R1", (VI"'" vr) (= X) IS a basis
for S, and U ES, then U may be expressed uniquely as

U= alvl + ... + arvr.

Let UES. Then U may be written in the given form, since the basis X spans S.
Suppose that

U= blvl + ... + brvr
also. Subtracting.then gives

0= (al -bdvI + ... + (ar-br)vr.

But (VI' ... , vr) is LI, so

al -bl =0, ... ,ar-br=O,

i.e. al = bl, ... , ar = br'

Thus U= alvl + ... + arVr uniquely.

14.9 Proof that if S is a subspace of 1R1" and (VI' ... , vr) (= X) is a basis for
S then every list of vectors from S which contains more than r vectors
is LD.

Let Y = (uI, ... , us) be a list of vectors from S, where s > r. Since X is a basis for
S, each element of Y may be expressed as a linear combination thus:

Uj = ail VI + ... + air V" for 1 ~ i ~ s.

Seek numbers XI, , X" not all zero, such that

XIUI + +xsus=O,

i.e. xI(allvl + ... +alrvr)+ ... +xs(aslvl + ... +asrvr)=O,

i.e. (collecting terms in VI' V2, etc.)
(xlall + ... + xsasdvI + ... + (xlalr + ... + xsasr)vr = O.

But (VI' ... , vr) is LI, so we must have

XIall + +xsasl =0
xlal2 + +xsas2 =0
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Rule
Let S be a subspace of IRn (for some n), let (Vl' ... , vr) be a basis for S,
and let u E S. Then u may be written uniquely as

Example 14.8 contains a demonstration of this.
We know that IRn has a basis consisting of n vectors (namely the

standard basis), and we have seen other bases in the case of 1R3, each
containing three vectors. There is a general rule about bases here.

Rule
Let S be a subspace of IRn (for some n). Every basis for S has the same
number of elements.

Our justification for this rule depends on the result derived in Example
14.9: if S has a basis consisting of r vectors, then any list of vectors
containing more than r vectors is LD. To demonstrate the rule, let
X = (Vl, ... , Vk) and Y = (Wl' ... , WI) be bases for S. If I> k then, by
Example 14.9, Y is LD. But Y is LI, since it is a basis. Thus we cannot
have I> k. Similarly we cannot have k> I. Hence k = I, and all bases have
the same number of elements.

This last rule is precisely what is needed to ensure that the next definition
is sensible.

Definition
Let S be a subspace of IRn, for some n. The dimension of S is the number
of elements in a basis for S.
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This is a set of r equations in the s unknowns XI, ... , X
S
' Since s> r there are

more unknowns than equations. They are consistent, since XI = ... = Xs = 0
satisfies them. By consideration of rank (see Chapter 8) this solution cannot be
unique, so there do exist numbers XI" .• , X" not all zero, such that

XIUI + ... +xsus=O,
and the list Y is LD, as required.

14.10 Subspaces in geometry (see Examples 13.6 and 13.7).
(i) The origin. {O}is a subspace of [R3 with dimension zero (by convention).
It has no basis.

(;;) A "ntight I;no thcoogh tho orig;n ;n tho "'ootion oftho vooto' [:JHore
([ :]) ;, a b•• ;" ,inre ov"'y domont of tho •• b,pare b•• tho fo,m [:: J fo< ,omo

tEIR.

(iii) A plane through the origin. Take any two points PI and Pz in the plane
so that 0, PI and Pz do not all lie on a straight line. Then OPI and OPz together
constitute a basis. Thus the dimension is 2.

Ov) Tbo wholo of .'. Tb"tand"d b•• ffi vooto," [iH~]andm rep"""nt,

geometrically, unit vectors in the directions of the coordinate axes.

14.11 Proof that if S is a subspace of [Rn with dimension k then every LI list
containing k vectors from S is a basis for S.

Let S be a subspace of [Rn with dimension k, and let X be a LI list of k vectors
from S, say X = (UI" .. , Uk)' We need to show that X spans S, so that X is a
basis. Let VES, with vrfoX. Then (UI,' .. , Uk, v) contains k + 1 elements, and so
is LD, by the result of Example 14.9 above. So

al UI + ... + ak Uk + ak+ I v = 0,
for some aI, ... , ak+ IE [R,not all zero. Now ak+ I # 0, for otherwise X would be
LD. Hence

v = - (atfak+ I)UI - .•. - (ak/ak+duk>

so v is in the subspace of [Rn spanned by X. This depended on the assumption
that v did not belong to X, but certainly all elements of X are also in the subspace
spanned by X. Thus X spans S.
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Now we can say that the dimension of IRn itself (under this algebraic
definition) is n. We can also talk of the dimension of a subspace. This fits
with geometrical ideas, in the case of subspaces of 1R3.We have seen that
a subspace of 1R3may correspond generally to one of:

(i) the set consisting of the origin itself,
(ii) a straight line through the origin,
(iii) a plane through the origin, or
(iv) the whole of 1R3.

Such subspaces have (respectively) dimensions 0, 1, 2 and 3, in both
geometric and algebraic senses. See Examples 14.10.

To find the dimension of a subspace we normally have to find a basis
for the subspace. We already have a routine for doing this (as used in
Example 14.7). Conversely, if the dimension is known, then it is possible
to shorten the task of finding a basis.

Rule
Let S be a subspace of IRn with dimension k. Then every LJ list of vectors
from S which consists of k vectors is a basis for S.

See Example 14.11 for a justification of this. Notice that it contains an
argument similar to one used earlier in this chapter to show that a vector
may be expressed as a linear combination of a given LJ list of vectors.

This leads us on to a useful rule about subspaces. The term 'proper
subspace' is used for a subspace of IRn other than IRn itself. As might be
expected, a proper subspace of IRn has dimension less than n.

Rule
Every subspace of IRn

, other than IRn itself, has dimension strictly less than
n. Equivalently, if S is known to be a subspace of 1Rn, and the dimension
of S is equal to n, then S must be IRn itself.

It is easier to show the second form of the rule. Let S be a subspace of
1Rn, with dimension n. Then S has a basis, B say, which is a LJ list containing
n vectors. But every LJ list of n vectors in IRn is a basis for IRn. Hence B
is also a basis for IRn

• It follows that IRn is the space spanned by B, and
therefore that IRn is the same space as S.
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14.12 Find a LI list which spans the subspace S of [R4,where

S ~{~J....,x, - 2x, + x, + 5x, ~ OJ

(The fact that S is a subspace of[R4we shall suppose to have been demonstrated.)

Piok out ,oy " ES oth" th,n 0, "Y " ~ [UN,,, pi,k out " E S 'u,h thot

(.".,)i, L1.T,", " ~ [il "y. W. ",n ,o,u" thot ('" .,) i, LI by h',;ng

more non-zero entries in V2 than in VI' Next pick out V3 E S such that (VI' V2, V3)

i, LI.Tok", ~ [ ~n"y. H""ho",ing' "cto, wboreCou,th,ntry i, non-""

ensures that (VI' V2, V3) is LI.
It is not possible to continue this process. There is no vector V4 in S such that
(VI' V2, V3, V4) is LI. We can see this as follows. First we are working in [R4,whose
dimension is 4. Second, S is a proper subspace of [R4.(This is easy to justify: all
we need to do is find a vector in [R4which is not in S.) Consequently, S will have
dimension less than 4, and so we cannot have a LI list in S which contains four
vectors. The list

will therefore serve as an answer. Of course we could have made different choices
and arrived at a different list: as we have seen, there will always be many different
bases for any subspace.
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Finally let us return to consider the first rule of this chapter, which
says that every subspace of ~n has a finite spanning list. Now that we
know about bases and dimension, the problem of finding a spanning list
for a given subspace can be thought of rather differently than at the start
of this chapter. For one thing, a basis is a spanning list, so finding a basis
will do, and our rules about bases can provide assistance. Here are some
ideas. They are illustrated in Example 14.12.

The method of Example 14.4 can be generalised so that it works without
a given spanning list. Instead, after making an arbitrary first choice, at
each stage we attempt to extend the list of chosen vectors by finding any
vector in the subspace such that the extended list of chosen vectors is LI.
If we do this, it will eventually become impossible to find any more vectors
with which to extend the LI list of chosen vectors. At that point we shall
have a LI spanning list. Otherwise there would be some vector x in the
subspace which was not a linear combination of the chosen vectors, in
which case x could be used to extend the chosen list. The main difficulty
with this process is knowing when to stop. How can we tell that a search
for another vector to include in the chosen list will fail? Ideas concerning
dimension can help here. The list being constructed will be a LI spanning
list, i.e. a basis for the subspace. The number of elements it contains will
be equal to the dimension of the subspace. Depending on how the subspace
is presented, we may be able to estimate its dimension. At worst, we
always know that a subspace of ~n necessarily has dimension ~ n.

Summary
Different lists of vectors may be spanning lists for the same subspace. For
every subspace there is a linearly independent list which spans the
subspace. An algorithm for finding such a spanning list is given. Various
results are given concerning spanning lists and linear dependence, leading
to the ideas of basis and dimension. Some properties of bases are derived
and illustrated.
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Exercises
1. In each case show that the given pairs of lists span the same

subspace of 1R3.

(i) ([H[!]). [il[-i]
(ii) mWJ[ -ill. mJ[=H[-:]
(iii) ([H[m~]). ([H[-n[l]

2. Tholi" ([=:Hm i, LI

Which of the following vectors may be taken along with these two to
form a LI list of three vectors? Express each of the other vectors as a
linear combination of these two vectors.

[mil[ =~WJ[J
3. For each of the following lists of vectors, find a LI list which spans

the same subspace of 1R2, 1R3 or 1R4, as appropriate.

(i) ([~l[=~lC]).
(ii) ([~lel [~]).
(iii) [;l[-mm
(iv) ([[J[-il[jlU]
(v) [lJ[Hlmm

4. Show that the following lists of vectors are bases for the spaces indicated.

(i) ([~l[~J), for 1R
2
•

(ii) ([I~lG~J)' for 1R
2
.
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5. In each case below, find a basis for the subspace (of 1R2, 1R3 or 1R4, as
appropriate) spanned by the given list.

6. The following lists are all bases for 1R3. For each of them, express the

"ctDC m a, a Hno" <ombination of tho ba,i, "cto,,_
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7. Show that the following pairs of subspaces have the same dimension.

(i) {~]E~'X~O}
{~]E~'x- y+ 2, ~O}

(ii) {~}R'x~y~'}
{~}R" 4x~y andy+,~O}.

(iii) t}., x ~ y}

{J.',~w}
8. Find LI lists of vectors which span the following subspaces of 1R3. (All

of these have previously been shown to be subspaces.)

(i) {~}R'x-y~'}.
(ii) {~] E~' X ~ O}

(iii) {[~]E."2x-y+J,~O}.
(iv) {~]E~"Y ~ 2x - Hnd x ~ y + 2,}





Examples
15.1 Algebraic operations in IRn.

[al az anJ = [bl bz
if and only if al = bl, ... , an = bn.

[al az anJ + [bl bz bnJ
= Cal + bl az + bz

k[al az anJ = [kal kaz kanJ, for k E IR.

Associative and commutative laws hold for these operations just as they do for
matrices in general and for column vectors.

15.2 Representation of simultaneous equations by a matrix equation involving
vectors in 1Rn"

(i) The equations

ax+by=hl

ex+dy=hz
may be represented as

[ax+by ex+dyJ=[hl hzJ,
or [ax exJ + [by dyJ = [hi hzJ,
or [a eJx+[b dJy=[hl hz]'
These may also be represented as

[x y{: ~J= [hi hz]'

Notice that the matrix of coefficients on the left-hand side appears transposed.
This complication is one reason for preferring to use column vectors.

(ii) The equations

Xl - 2xz + X3= 4
3xI - Xz I
-xl+ xZ-3x3=-2

may be written as

[1 3 -lJxl+[-2 -1 1Jxz+[1 0 -3Jx3=[4 -2J,

or [Xl Xz X3J[-~ - ~ -~] = [4 I -2].
1 0-3

15.3 The space spanned by a list of vectors in 1R3.

Let VI = [1 2 3J, Vz = [4 5 6J and V3= [7 8 9]. Then the subspace of 1R3
spanned by (VI' Vz, V3) consists of all vectors V which can be written as

aIVI+aZvZ+a3V3' with al,az anda3EIR,

i.e. al[l 2 3J+az[4 5 6J+a3[7 8 9J,

i.e. [al + 4az + 7a3 2al + 5az + 8a3 3al + 6az + 9a3J.
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Now that we have the idea of dimension we can consider the idea of rank
in a slightly different way. Recall that the rank of a matrix has been defined
as the number of non-zero rows remaining after the standard Gaussian
elimination process has been applied. Since rows are involved here we
shall introduce the idea of a row vector, and show that row vectors can
be treated in very much the same way that column vectors have been
treated in earlier chapters.
Let IRn stand for the set of all 1 x n matrices with real entries, i.e. the

set of all row vectors with n components. Then IRn has substantially the
same properties as IRn. This is illustrated in Example 15.1. Linear
dependence and independence have the same definitions. We can define
subspaces, bases and dimension in exactly the same way. IRn and its
algebraic operations can even be given the same geometrical interpretation
as IRn. The actual working of examples is rather different for IRn, because
it is not as clear intuitively how to represent a linear combination of
vectors in IRn as a product of a matrix with a vector of coefficients. See
Example 15.2.
What concerns us here is the idea of the space spanned by a list of

vectors in iRn, i.e. the set of all row vectors which may be written as linear
combinations of the given list of row vectors. This is illustrated in Example
15.3. An example of this is the row space of a matrix, which is defined as
follows.
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The row space of a matrix.
A = [aij]3 x3'

[x y z]A
=[Xall+ya21+za3! xaI2+ya22+za32 xal3 +ya23 +Za33]

= X[all al2 al3] + y[a21 all a23] + z[a31 a32 a33].

Thus the set of all products xA, with XE 1R3,is the set of all linear combinations
ofthe rows of A, i.e. the row space of A.

15.5 Proof that if A is a 3 x 3 matrix and T is a product of 3 x 3 elementary
matrices, then A and TA have the same row space.

Let A have rows VI, V2 and V3' Pre-multiplying A by a single elementary matrix
has one of three effects, none of which affect the row space. Take each in turn.
(a) Interchanging two rows. This cannot affect the set of all vectors
expressible as linear combinations of the rows.
(b) Adding a multiple of one row to another. This gives (say) rows VI'

V2+ aVI and V3' Any linear combination of these is certainly a linear combination
of VI> V2 and V3' Conversely, any linear combination of VI' V2 and V3 is a linear
combination of the new rows thus:

bl VI + b2V2 + b3V3 = (bl - ab2)vI + b2(V2 + aVI) + b3V3'

(c) Multiplying one row by a non-zero scalar. This gives rows (say) VI, V2

and aV3' It is a straightforward exercise to show that the row space is unchanged
by this.
The matrix TA is the result of applying a finite sequence of these row operations
to A. Hence TA has the same row space as A.
The same argument can be generalised to apply to matrices of any size.
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Definition
Given any p x q matrix A, the row space of A is the space spanned by the
list of rows of A. The row space of A is a subspace of IRq.

Though it is not quite so convenient to write down, the row space of
a matrix A, like the column space, can be thought of as a set of products.
If x is a 1 x p matrix (an element of IRp) and A is a p x q matrix, then the
product xA is a 1 x q matrix (an element of IRq)' In fact we have

row space of A = {xA: XE IRq}.

For more detail of this see Example 15.4.
The row space and the column space of a p x q matrix A are apparently

unrelated (the former being a subspace of IRq, the latter a subspace of IRP).
But there is a surprising connection. They both have the same dimension,
and this dimension is the same as the rank ofA.We can state this as a rule.

Rule
Let A be a p x q matrix. The rank of A, the dimension of the row space
of A, and the dimension of the column space of A are all equal.

This rule is not easy to justify. We proceed in two stages, considering in
turn the row space and the column space. First recall that the Gaussian
elimination procedure amounts to the successive premultiplication of the
given matrix by a sequence of elementary matrices (one corresponding to
each elementary row operation). It follows that the result of applying the
GE process to a p x q matrix A is a matrix TA which is in row-echelon
form. Moreover, the matrix T, which is a product of p x p elementary
matrices, is an invertible matrix. We are never normally concerned about
what the matrix T actually is, but for our present argument we need to
know that it exists. Example 15.5 shows that the matrices A and TA have
the same row space. The non-zero rows of TA form a LI list of vectors
in IRq (demonstration of this is left as an exercise), so the number of
non-zero rows of TA is the dimension of the row space of TA. This means
that the rank of A is equal to the dimension of the row space of TA,
which in turn is equal to the dimension of the row space of A. So we have
demonstrated the part of the rule concerning the row space.
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15.6 Proof that if A is a p x q matrix and T is a product of elementary p x p
matrices, then the column spaces of A and TA have the same dimension.

The column space of A is {Ax: x E IRq}, and the column space of TA is {TAx: x E IRq}.
Let (v\, ... , v,) be a basis for the column space of A. We show that the list
(Tv\> ... , Tv,) is a basis for the column space of TA.

First, let UE {TAx: XE IRq},

say U = TAy (YE IRq).

Then Ay belongs to the column space of A, so

Ay = alv\ + ... + a,v" for some a\, ... , arE IR.

Hence TAy = a\ Tv\ + ... + ar Tv"

so U belongs to the space spanned by (Tv\, ... , Tv,), and we have shown that
(Tvl' ... , Tv,) spans the column space of TA.
Second, we show that (Tv\, ... , Tv,) is LI. Suppose that

b\ Tv\ + +b,Tv,=O.

Then T(b\v\ + + b,v,) = o.
But T is invertible, being a product of elementary matrices, and so

b\Vl + ... +b,v,= T-\O=O.

Now (VI"'" v,) is LI, so b\ = ... =b,=O.
Hence (Tvl"'" Tv,) is LI, and so forms a basis for the column space of TA.
We have now shown that the column spaces of A and TA have bases with the
same number of elements, so they have the same dimension.

15.7 A basis for the column space of a matrix in row-echelon form.

[~~~~~~~]0001121
o 0 000 1 3
o 0 000 0 0

is in row-echelon form. The columns whose last non-zero entry is a 1 which is
itself the first non-zero entry in its own row are the first, second, fourth and sixth
columns. A basis for the column space is

([~].[~],[~].[f]).
You should convince yourself that all of the columns can in fact be written as
linear combinations of these.
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Next we turn to column spaces. Let A and T A be as above, so that
TA is in row-echelon form. Example 15.6 shows that the column spaces
of A and of TA, though not necessarily the same, have the same dimension.
Now what is the dimension of the column space of TA? It happens to be
the number of non-zero rows in TA (which we know to be equal to the
rank of A), because T A is in row-echelon form. One basis for the column
space consists of those columns of TA whose last non-zero entry is a 1
which is itself the first non-zero entry in its own row. This sounds
complicated, but see Example 15.7 for an illustration. We have therefore
shown that the rank of A is equal to the dimension of the column space
of TA, which as above is equal to the dimension of the column space of
A. This yields the result promised.

The rank of a matrix is in many books defined as the dimension of the
row space or column space. In such books the notions of row space,
column space and dimension must be introduced before that of rank,
whereas our definition allows rank to be defined at an earlier stage, in
terms of more elementary notions.

Attention is drawn again to the Equivalence Theorem, given in Chapter
12. It may be valuable to give it again here, in a slightly different form.

Theorem (Equivalence Theorem, second version)
Let A be a p x p matrix. The following are equivalent.

(i) A is singular.
(ii) The rank of A is less than p.
(iii) The columns of A form a LD list in IRP.
(iiia) The rows of A form a LD list in IRp•
(iv) The equation Ax = 0 has non-trivial solutions.
(v) The determinant of A is equal to zero.

Summary
The set IRn of row vectors is described and discussed. The idea of the
subspace of IRn spanned by a finite list of vectors is introduced and the
example of the row space of a matrix is used in a demonstration that the
row space and the column space of a matrix have the same dimension,
equal to the rank of the matrix.
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Exercises

1. In each case below, rewrite the given set of equations first as an
equation connecting vectors in ~2 and then as an equation of the
f()rm xA = h, with X, hE ~2.

(i) 3x+ y=2
x-2y= 1

(iii) 2x = 1
x+3y=2.

2. Repeat Exercise 1, but with the folIowing sets of equations and with
vectors in ~3.

(i) x- y+ z= 1 (ii) 2x+ y- z=O
x+2y- z= 4 x -2z= 1

-x- y-2z= -2 2y+ z=3.
3. Find whether the folIowing lists of vectors in ~3 are LI or LD.

(i) ([1 1
(ii) ([0 1
(iii) ([1 -1
(iv) ([2 2

2J, [ - 1 2 IJ, [1
-IJ, [ 2 1 IJ, [2
IJ,[ 21 IJ,[1
1J, [ 2 1 2J, [2

o -IJ).
2 OJ).

-4 2J).
4 -IJ).

4. For each of the folIowing matrices, find (by separate calculations) the
dimensions of the row space and the column space. (They should of
course be the same.)

(i) [1
2 3

- :] (ii) [ ~

-2 1 -:]1 3 1 3
2 3 1 . 0 1 5 .

2 5 -1 -1 1 1 1

() [ ; 1

- :] (iv) [~

0 1

-:]1
1 1III 1 0 2 .
1 \ 0-2 -1 -1

(v)H 3 1 2 ~J (vi) [i 0 0 n0 -4 1 1 0
2 2 1 -1 0 1





16.1

(i)

(ii)

(iii)

(iv)

(v)

Examples
Matrices representing functions.

[
~ ~ ~] represents the function f: 1R3 -> 1R3, where
000

f([l[H
[
~ ~ ~] represents the function f: 1R3 -> 1R3, where
001

f[;H;]
[-~ i] "p'"en" a 'un,Hon f' R' - R', who"

f([:JH-~ i][:H ~::;;]
[3 1 -lJ represents a function f: 1R3 -> 1R2, where
1 2 -3
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Now that we know about subspaces we can take note of an important
application of the simple idea of multiplying a column vector by a matrix.
Let A be some fixed p x q matrix. Then for any q-vector x, the product
Ax is a p-vector, i.e. for any XE IRq, AXE IRP. In other words, this matrix
A determines a function from IRq to IRP. Every matrix can be thought of
in this way. Some matrices determine simple functions in an obvious way,
for example a zero matrix or an identity matrix. See Examples 16.1. For
most matrices, however, the nature of the corresponding function will not
be as clear. This is what we shall investigate in this chapter.
The first thing to notice is that functions which are determined in this

way have some convenient algebraic properties, which are consequences
of properties of matrix multiplication. Let A be a p x q matrix and let x
and y be q-vectors. Then x + y is also a q-vector, and

A(x+ y)=Ax+Ay.

Putting it another way, if we denote by fA the function which is determined
as above by the matrix A, then

fA(X + y) = fA (x) + fA(y).
Similarly, for any k E IR,

fA(kx) = kfA(X).

Not all functions have such properties. Functions which do have them
are significant mathematically. They are in a sense 'compatible' with the
algebraic operations in IRq. These two properties, then, are the essence of
the following definition.
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16.2 Proof that every linear transformation can be represented by a matrix.

Let .f: ~q -> W be a linear transformation. Denote the standard basis for ~q by
(e\, ... , eq). Then for any p x q matrix H, Hej is a p-vector, and in fact is the ith
column of H. In order for a matrix A to have the property

f(x) = Ax for every XE ~q,

it will certainly be necessary to have, for each i,

f(ej) = Aej = the ith column of A.

We therefore take the columns of A to be the vectors f(eil, ... ,f(eq).
Of course we must now check that f(x) = Ax for every XE ~q. Let XE ~q, and
suppose that

x=a1el + ... +aqeq.

Then f(x) = ad(eil + ... + aqf(eq),

using the fact that f is a linear transformation.

Also and

= ad(e\) + + aqf(eq),

since the columns of A are the vectors f(e\), , f(eq).
Conclusion: f is represented by the matrix A whose columns are the vectors
f(e\), ... , f(eq).

16.3 Let f be the linear transformation from ~2 to ~3 for which

f([~]H;] I ,nd f([~]H-H
Verify that

flX)~[;
Let

Then

And

Also

for each x E ~2.



16. Linear transformations 191

Definition
Let f be a function from ~q to W. Then f is a linear transformation if f
has the properties

(i) f(x + y) = f(x) + f(y) for all x, yE ~q.

(ii) f(kx) = kf(x) for all XE ~q and all kE~.

A function which is represented by a matrix as above has the properties
required for a linear transformation. Can every linear transformation be
represented by a matrix? Conveniently, the answer is 'yes'. A
demonstration is given as Example 16.2, and an illustration is given as
Example 16.3. It is worth noting here what form the matrix takes. Let f
be a linear transformation from ~q to ~P, and let (e!, ... , eq) denote the
standard basis for ~q (ej has 1 in thejth position and Oselsewhere). Then
f is represented by the p x q matrix A whose columns are the vectors
f(ed, ... ,f(eq).
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16.4 Specification of linear transformations.

(i) Show that f: 1R3...• 1R1 is a linear transformation, where

We have to verify the requirements of the definition of linear transformation.

= 3(x1 + YI) + (x2 + Y2) - (x3 + Y3)
= 3x1 + X2 - X3 + 3Yt + Y2 - Y3

~r[ ::])+r([;:]
AI,o +[::J)= r[ :::]

= 3(axtl + (ax2) - (ax3)

= a(3x1 + X2 - x3)

~ar([::]
(ii) Let f: 1R3...• 1R2be given by

f(x) = [1 2 IJx, for each XE 1R3.
1 -I 3

It is a consequence of the discussion in the text on page 191 that f defined in this
way is a linear transformation.

(iii) Let f: 1R3...• 1R3be a linear transformation such that

Then for all x E 1R3,

[
0 I 2]

f(x)= 1 2 3 x.
1 1 1

Notice that specifying the values of f on the basis vectors is sufficient to determine
the value of f on every vector in 1R3 (given, of course, that f is presumed to be
a linear transformation).
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How can a linear transformation be specified? Here are some ways.

(a) A rule for calculating its values can be given. It must be such
that properties (i) and (ii) hold.

(b) It can be specified as the linear transformation represented by a
given matrix.

(c) The images of the standard basis vectors el" .. , eq may be given.

These are all illustrated in Examples 16.4.
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16.5 Some geometrical transformations on 1R2.

reflection in the x-axis.

reflection in the y-axis.

reflection in the line y = x.

shear parallel to the x-axis (each point is shifted
parallel to the x-axis by a distance
proportional to y).

shear parallel to the y-axis.

projection on to the x-axis.

projection on to the y-axis.

(ii)

(iii)

These are represented, respectively, by the matrices

[1 OJ [-1 OJ [0 1J [1 aJ [1 OJ [1 OJ [0 OJ° -1' ° 1 ' 1 0' ° 1 ' a 1 ' ° ° ' ° 1 .
16.6 Rotations about the coordinate axes in 1R3.
(i) Rotation through an angle (X about the x-axis is the linear transformation
represented by the matrix

[
~ c?~(X -s~n (X].° Sin (X cos (X

A rotation about the y-axis is represented by a matrix

[

CO~ (X ~ -s~n (X].

sin (X ° cos (X

A rotation about the z-axis is represented by a matrix

[

C?S (X -sin (X

Sin (X cos (X

° °
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In two and three dimensions, some linear transformations have simple
geometrical effects. For example, in two dimensions, the linear
transformation from ~2 to ~2 which takes

C] to [::] (i.e. to [~ ~I:]),
where a is a non-zero constant, can be thought of as a dilatation of the
plane. Each point (x, y) is taken to the point (ax, ay). Other illustrations
are given in Examples 16.5.

y

xo

One important geometrical operation is rotation (in two or three
dimensions) about an axis through the origin. Algebraically, such an
operation is a linear transformation. In two dimensions, rotation through
an angle a takes a point (x, y) to the point (x', y'), where

x' = x cos a - y sin a and y' = y sin a + x cos a.
y

xo

In algebraic terms, the image of [:] is A [:], where

A = [c~s a - sin a] .
Sill a cos a

In three dimensions a matrix which represents a rotation is normally
rather more complicated, but we give in Example 16.6 the matrices which
represent rotations about the three coordinate axes. There is further
discussion of rotations in Chapter 18.
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16.7

(i)

Examples

One-to-one linear transformations.

The linear transformation from 1R3 to 1R3represented by the matrix

[

1 -1
A = 0 1

2 1

is not one-to-one.
As shown opposite,

Hence the function represented by A is not one-to-one. Notice that the difference

is a solution to the equation Ax = O. What is the rank of this matrix A? A standard
calculation shows it to be 2.

(ii) The linear transformation from 1R2to 1R3represented by the matrix

B~[: _~]
is one-to-one.
The rank of B is 2 (standard calculation), so it follows, by the argument in the
text, that whenever y l' z in 1R2, By l' Bz in 1R3, so B represents a one-to-one
function.

(iii) LetC=[~ ~ ~].
o 1 1

This 3 x 3 matrix has rank 3, so it represents a linear transformation from 1R3to
IRwhich is one-to-one. There do not exist distinct vectors y and z in 1R3for which
Cy=Cz.

(;'i ulDf: =~J
This 3 x 3 matrix has rank 1, so it represents a linear transformation which is not
one-to-one. A convenient way to find distinct vectors which are taken to the same
vector is to solve the equation Dx = 0, to obtain x different from o. Then x and
o are distinct vectors which are both taken to 0 by multiplication by D. The usual
process of solving equations yields such an x, say
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When we consider the linear transformation represented by a matrix
A, we may note the possibility that vectors which are different may be
taken to the same vector. For example

and

[~
[~

-1
1
1

-1
1
1

-mH-:]
-m]+n

On the other hand, it may happen that different vectors are always taken
to different vectors by the process of multiplying by a particular matrix.
Let us pursue this a little, because it is important, and it links in with
previous work.

Let A be a p x q matrix and let y and z be two p-vectors which are
different, but for which

Ay = Az

(as in the example above). Then it follows that

A(y-z)=O.

Since y - z # 0, it follows that the equation Ax = 0 has a solution other
than x = O. Using a rule from Chapter 8, this must mean that the rank
of A is less than q. Examples 16.7 illustrate this, and the converse case
also, which we now describe.

Suppose that A is a p x q matrix such that whenever y # z (in IRq), we
have Ay # Az. Then it follows as a particular case of this that if x # 0 then

Ax#AO,
I.e. Ax # O.
Thus the equation Ax = 0 has a unique solution x = O. Again from Chapter
8, it follows that the rank of A must be equal to q.

In this chapter we are dealing with functions (linear transformations)
represented by matrices. What has been figuring in the above discussion
is an important property that functions in general may have. This is the
property of being one-to-one.

Definition
A function f from a set S to a set T is one-to-one if, whenever x and y
are different elements of S, then f(x) and f(y) are different elements of T.
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Image and column space.

[

3 -1
A = 0 2

1 -1
The column space of A is the set of all 3-vectors which are linear combinations
of the columns of A, i.e. all vectors

where x I, X2 and X3 are real numbers.
The image of the linear transformation represented by A is the set of all 3-vectors
Ax, for all possible values of x. This is the set of all products

[~ ~; :1::l
where XI' X2 and X3 are real numbers. This is the same set as described above.
Both sets may be written

[

3XI - X2 + X3]
{ 2x2+x3 : X1,X2,x3EIR}.

XI - X2 + X3

16.9 Diagrammatic representation ofa linear transformation from IRq to W.

ker(f) = {XE IRq: f(x) = O}.

im(f) = {YE w: Y = f(x) for some XE IRq}.

im (f)
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The conclusion which can be reached from the arguments above is that
a p x q matrix A represents a function f from IRq to IRP which is one-to-one
if and only if the rank of A is equal to q.

The term 'one-to-one' is indicative of the property it describes. A
function which is one-to-one provides a correspondence between
elements of two sets: each x corresponds with f(x), and each value f(x)
corresponds with x only. If f is a linear transformation from IRq to IRP,
the image of f (denoted by im(f)) is the set of all values of the function
f, i.e. the set

{YE W: Y = f(x) for some XE IRq}.

If f is one-to-one, then the elements of IRq and the elements of im(f) can
be matched off in pairs, and in a sense, im(f) is a 'copy' of IRq. We can
make this more concrete by considering matrices. If f is represented by
the matrix A, the image of f is a set we already know about, namely the
column space of A. This was implicit in Chapter 12, but is made explicit
in Example 16.8. From Chapter 13 we know that the column space of a
p x q matrix is a subspace of W. We also know (from the definition of
rank) that the column space of such a matrix has dimension equal to the
rank of the matrix. Putting all this together, the image of a linear
transformation from IRq to IRP is a subspace of IRP, whose dimension is
equal to the rank of a matrix which represents the linear transformation.

Next we consider another subspace which can be associated with a
linear transformation f This is the kernel of f Again, matrices will help
to give a clear idea. We know that if the equation Ax = 0 has any solution
other than x = 0, then it has infinitely many solutions. Indeed we already
know (see Chapter 13) that the set

{XE IRq: Ax = O}
is a subspace of IRq. If we think of A as representing a linear transformation
f then this set is the set of all vectors which are taken to the zero vector
by the linear transformation. This set is the kernel of f

Definition
Let f be a linear transformation from IRq to W. The kel'llel of f, denoted
by ker(f), is the set

{XElRq: f(x)=O}.

This is represented diagrammatically in Example 16.9. The diagram also
gives an indication of the image of f
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16.10 Kernels and images of linear transformations. In each case let f be the
linear transformation represented by the given matrix.

(i) A =[~, ~].Here f is from [R2 to [R3.

1 -1

The rank of A is equal to 2, the number of columns of A, so here f is one-to-one. It
follows that ker(f) = {O}, and so dim(ker(f)) = O. Consequently, dim(im(f)) = 2.
Notice that it is not possible for a linear transformation from [Rq to W to have
image with dimension greater than q.

(i;) A ~ [i nH", f ;,[wm .' to .'

In this case, f is not one-to-one. The image of f is the column space of A, and
it is easy to see that this has dimension 1 (the columns are multiples of each
other). Hence

dim(ker(f)) = 2.

(v)

(iv)

(iii)

dim(ker(f)) = 1 and dim(im(f)) = 1.

[
1 2 0]

A = 0 - 1 1, so that f is from [R3 to [R3.

1 0 1

The rank of A is equal to 3 (check this). Hence the column space of A has dimension
3, so dim(im(f)) = 3. Consequently, dim(ker(f)) = 0 (f is one-to-one).

[1 -2 4]
A = 1 1 1, so that f is from [R3 to [R3.

,2 3 1

Here the rank of A is equal to 2, so

dim(im(f)) = 2 and dim(ker(f)) = 1.

[
I 2 3]

A = 2 4 6, so that f is from [R3 to [R3.

3 6 9

Here the rank of A is equal to 1, so

dim(im(f)) = 1 and

If these examples are not clear, then it would be a useful exercise to find the kernel
in each case explicitly by solving the equation Ax = 0 in the standard way.
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Although the kernel of a linear transformation is familiar as the solution
space of an equation of the form Ax = 0, our previous work has not given
us a convenient way of finding the dimension of such a solution space.
There is a simple and important relationship between the dimensions of
the kernel and image of a linear transformation, which we state here
without proof.

Rule
Let f be a linear transformation from [Rq to W. Then the sum of the
dimensions of the kernel of f and the image of f is equal to q.

Examples 16.10 give some specific matrices which represent linear
transformations, with the dimensions of the corresponding kernels and
images. Notice the particular case of a one-to-one linear transformation.
The kernel of such a linear transformation is the subspace {O}, which
has dimension O.

Linear transformations from [RP to [RP are an important special case.
As noted in Chapter 14, a subspace of W which has dimension equal to
p must necessarily be the whole of [RP. The image of a one-to-one linear
transformation from [RP to [RP is such a subspace, because its kernel has
dimension 0, and the sum of the dimensions of the kernel and image is
equal to p. So in this situation a one-to-one linear transformation f
provides a pairing of elements of W. Each x is paired with f(x), and each
yEW is actually equal to f(x) for one particular x.

Let us end this chapter by drawing together all the strands we have
considered into a rule.

Rule
Let f be a linear transformation from W to W, represented by the p x p
matrix A. The following are equivalent.

(i) f is one-to-one.
(ii) ker(f) = {O}.
(iii) im(f) = W.
(iv) A is invertible.
(v) The rank of A is equal to p.

This is very similar to the Equivalence Theorem from Chapter 12,
especially if we note that (ii) may be re-written as: the equation Ax = 0
has no solution other than x = O. Thus partial justification for the rule is
contained in the body of this chapter. Details of the proof are omitted.
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Summary
The idea of a linear transformation is introduced by noting some properties
held by functions represented by matrices. It is shown that any linear
transformation is represented by the matrix whose columns are the images
of the standard basis vectors. Some geometrical examples are given. A
criterion is found, involving the notion of rank, for deciding whether a
given linear transformation is one-to-one. Kernels and images of linear
transformations are introduced and the relationship between their
dimensions is stated as a rule.

Exercises
1. (i) Let f be a linear transformation from 1R2 to 1R3 such that

and

Show that for each vector [: ] in 1R2,

(ii) Let 9 be a linear transformation from 1R3 to 1R3 such that

and

(iii) Let h be a linear transformation from 1R2 to 1R3 such that

Calculate h([~J) and h([~J} and hence find a matrix A such that

for each vector XE 1R2, h(x) = Ax.
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2. Let f be a function from 1R4to 1R3given by

203

Show that f is a linear transformation, and find a matrix A which
represents it.

3. Let f be the linear transformation from 1R3 to 1R3for which

Show that

and f([~]HH

Is f one-to-one? Is the image of f equal to 1R3?
4. In each case below determine whether the linear transformation

represented by the given matrix is one-to-one.

(i) [~ -~] (ii)C -1 0J
1 1

(1R2--+ 1R2) (1R3--+ 1R2)

(iii) [i :] [32 -:](iv) 1 1

1 °
(1R2--+ 1R3) (1R3--+ 1R3)

lO 1 -;] r 2]1 2 . 3 4
(v) 2 3 (VI) ~ :

2 1
([R3 -+ [R4) ([R2 -+ [R4)

[ 2 1 I

:] [ 1 2 -3 ~](vii) 1 2 -1 (viii) -1 1 -3
-1 1 -2 3 1 1

(1R4--+ 1R3) (1R4--+ 1R3)

5. Verify that the rotations whose matrices are given in Example 16.6 are
one-to-one functions.

6. Find the kernels and images of all of the linear transformations whose
matrices are listed in Exercise 4 above.



Examples
17.1 Components with respect to bases other than the standard basis.

(i) B=(eJ[ -~J) is a basis for ~2. Let v=GJ Then V=[~J+3[~J
in terms of the standard basis. Also

so v may be represented by the 2-vector [ _ ~Jof components with respect to the
basis B.

'0'may bo "pre"n''''' by tho 3-vo<tm[ -:] of compon,," with ""p"t to tho

basis B.

(iii) B ~ [H[-:].[J) i, a b.,i, fo, .' Find tho componon" of

,~[ _;] with "'p"t to B. To do thi, wo"qoi" to.,,1'0 tho ",oation

[~}, +[-:]x,+[ J,~[-H
The GE process gives

[
22

1

~ ~;] -+ [~ ~ - ~ ~] ,
-1 -2 -4 0 0 1 1

yielding the (unique) solution XI = 1, X2 =4, X3 = 1.
",," [ _;] h", compon,," mwith '''po'' to tho b",i, B.
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Change of basis

The elements of [Rn are n x 1 matrices, and we have seen how the entries
in such a matrix can be regarded as components of a vector. When we
express a given n-vector as a linear combination of the standard basis
vectors, the coefficients which appear are the components of the vector,
and they are in fact just the entries in the original n x 1 matrix.
There are, of course, other bases for [Rn besides the standard basis, and

a property which every basis has is that every vector in [Rn may be expressed
(uniquely) as a linear combination of the basis vectors. Let B = (Vl' ... , vn)
be a basis for [Rn and let VE [Rn. Then we may write

v=a1Vl + ... +anvn,
where the coefficients a1, ... , an are uniquely determined. See Chapter
14. These coefficients are called the components of v with respect to the

bas;s B. Indeed v may be ,epre"nted as the n-veet"' [::] with respect tn

B. Examples 17.1 give some particular cases of this.
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17.2 Components with respect to a basis in a subspace of [R3.

Lot S~{~]€R" 'x-y-3,~O).
S may be shown to be a subspace of [R3 by the methods of Chapter 13. Also by

0.' wH" mothod, it '". "" ,how" that th, H" B ~ [U[-:] ;,a h",;, '0'
S (so S has dimension 2). Every vector in S may be represented uniquely as a
linear combination of these vectors. For example,

and

This expression is found by solving equations, as in Example 17.1(iii) above.

Th., [ -:] may"" repre,,""" hy th, '-v"tO' [~Jwith,,,,,,,t to th, b.,i, B fO'S.

17.3 Geometrical representation for a change of basis in [R2.

y
v

u

x

OU and OV are new axes. In geometry they would perhaps normally be chosen
to be perpendicular, but for our algebraic purposes they need not be (they must
of course not be in the same or opposite directions). Let u and
v be vectors in the directions of OU and Ov. These may be, but need not be, unit
vectors. Then (u, v) is LI, and so is a basis for [R2. Suppose that

u=[~J and v=[~J, and let x=[;l
How can we find the components of x with respect to the basis (u, v)? Just solve
the equation

x=au+bv
for a and b. This equation may be written
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This is a very general notian which applies nat just ta the spaces !R"
and their various bases, but alsa ta subspaces of !R".If S is a subspace .of
!R"and B is a basis far S, then every vectar in S has campanents with
respect ta B and may be represented by a column vectar .ofc.ompanents.
The number .of campanents, .ofcaurse, is the number .of vectars in the
basis, i.e. the dimensian .ofS. See Example 17.2.
It is impartant ta remember that a basis is a list .ofvectars, rather than

a set. The elements of a basis are ta be taken in a particular .order, and
consequently the campanents .ofany vectar with respect ta a given basis
will be in the carrespanding .order.
It may be helpful ta bring in same geometrical ideas. Paints in

three-dimensianal space may be represented by ordered triples of
caardinates with respect ta fixed caardinate axes. The connectian between
algebra and geametry is made by associating a paint P(x, y, z) with its

position vector OJ! ~ [~lThe standard basis vectors in ~, are usually

dena ted by i, j and k respectively in the directians .ofthe x-axis, the y-axis
and the z-axis. The caardinates x, y and z .ofthe paint P are the components
.ofthe vectar OP with respect to the standard basis. It is quite a camman
geametrical aperatian ta change the axes, i.e. ta cansider a different set
.ofaxes (far simplicity here we assume that the .origin remains fixed), and
ta try ta find farmulas which relate caardinates .ofany given paint with
respect ta the different sets .ofaxes. This can be dane using geametrical
methods, but it is much better dealt with algebraically. Example 17.3
shaws the procedures invalved in !R2•
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x=au1 +bVl'
Y = aU2 + bV2

which in turn may be written

[:]=p[:J where p=[~: ~:l
p is invertible because its columns form a LI list, so we may write

which yields the components a and b which we seek. As an illustration, consider
the case where

Then

i.e.

and

p-l =[ -1 nand

a = 1X+ 1Y,
b= -1X+!y.

and p=[~ -~l
[a] [ 1 1][X]
b = -1 1 Y ,

17.4 Change of coordinates in three dimensions.

Then (u, v, w) is a basis for [R3. We show how to find the components of any
given vector in terms of this basis.

and let x = au + bv + cwo Then (from the text opposite)Let

where P =[~ ~ ~].
o I I

By computing p-l in the normal way, we may derive

a= 1X+!Y-1Z,
b= 1x -!Y+1Z,
c= -1x+!Y+k

These are the equations which yield the new components. In Example 17.1(ii) we

d,,1t with th, 0.,1, "" .f[;] ~m.w, ••whaw go.",1 ,""lio., whi,hw,
could use to obtain new components without solving equations every time (but
of course the work of inverting a matrix remains). Let us check the answer obtained
in Example 17.1:

a= 1+~-~= 2
b= 1-~+~=-1
c= -1+~+~= 3,

which agrees with the previous result.
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Let us here deal with 1R3. See Example 17.4.
Let OU, OV and OW be new coordinate axes in three dimensions. It

may be helpful to imagine that they are rectangular and right-handed, as
they would normally be in a geometrical situation, but from the point of
view of the algebra they need not be (and in Example 17.4 they are not).
All we require is that OU, OV and OW are not coplanar, so the vectors
in these directions are linearly independent. We shall find a way of
converting between coordinates with respect to OU, OV and Ow, and
coordinates with respect to the standard axes OX, OY and OZ. Let u, v
and w be vectors in the directions of OU, OV and OW respectively. Then
the list (u, v, w) is a basis for 1R3(being a LI list in 1R3with three members).
Suppose that

Let x be any vecto< in ~', say x ~ [~lThen x is the position vector of

the point which has coordinates (x, y, z) with respect to the axes OX, OY
and OZ. But we may write

x=au+bv+cw,
where a, band c are the components of x with respect to the basis (u, v, w).
This equation may be written

x = au 1 + bv 1 + cw 1,

Y = aU2 + bV2 + cw2,

Z = aU3 + bV3 + cw3,

and hence as a matrix equation

This matrix equation is what we are seeking. It relates the vector [~] of

components with respect to the standard basis with the vector m of

components with respect to the new basis. The columns of the matrix P
are the vectors u, v and w, so they form a LI list. Consequently (by the
Equivalence Theorem, Chapter 12), P is invertible and we can write also



2
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17.5 Change of basis when neither basis is the standard basis.

ut X~([ -nmU])
and y ~ ([H[iJU
X and Yare both bases for [R3. We find a matrix Q such that for any vector XE [R3,

ff x h., rompnn,n" [:] with '''poct to X and [ :] with '''pool to Y, th,n

[:]~Q[n
SUPPO"' that x ~ [;] wfth '''pool to th, "and"d h.,f,. Th,n

[;]~p,m, whoreP, ~H : J
AI,o [Jp{:l wh,,, P,=[: ~ iJ
Consequently

[:]=p,'lJp"p,m '
The required matrix Q representing the change of basis from X to Yis just p"; IPI'
Standard calculation gives

[

-1

Q=t -~

in this example.
Note that the change of basis in the opposite direction is given by the matrix
Pil Pz, which of course is the inverse of Pi IPI'
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This form is more apparently useful, as it gives the new components in
terms of the old.

The above is an algebraic process which may be generalised. The same
argument may be carried through without the geometrical thread, for
vectors in IRn, for any value of n. The result is a general rule.

Rule
Let B be any basis for IRn, and let x E IRn• If the column vector of components
of x with respect to the basis B is denoted by x', then

x=Px' and x'=p-1x,
where P is the n x n matrix whose columns consist of the vectors in the
basis B in order.

It is important to remember here again that components form an
ordered list, and that the order of the components, the order of the basis
vectors and the order of the columns in the matrix P must all be consistent.

The above procedure can be further generalised to cover a change from
components with respect to any basis to components with respect to any
other basis. The columns of the matrix in that case are just the components
of the new basis vectors with respect to the old basis. There is a more
convenient way, however. We may proceed in two stages. First convert
to components with respect to the standard basis, and then convert from
there to components with respect to the desired basis, each time using
the process detailed above. Example 17.5 illustrates this. It deals with a
change from one basis to another in 1R3, when neither basis is the standard
basis.

Summary
An element of a subspace of IRn may be represented uniquely by a column
vector of its components with respect to a given basis. In the case of IRn

itself, it is shown how such a column of components is related to the
components with respect to the standard basis, via a matrix equation.
Change of axes in 1R2 and 1R3 are given as examples.
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Exercises
1. In each case below, a basis for 1R12 or 1R13 is given, together with

a vector from the same space. Find the components of the vector with
respect to the basis.

2. Let u = [~] and v = [~JFind a matrix P such that p-1 [:] = [:1
for every [:] E 1R12, where a and b are the components of the vector

[:] with respect to the basis (u, v).

3. As in Exercise 2 above, find the matrix representing the change of basis
in 1R13, where the new basis is

4. Repeat Exercise 3, but with the new basis

5. Repeat Exercise 3, but with the new basis

6. L<tX b, a b"i, £0' .' ,",h th" wmpoo,o" m wUh '''peel to X

are ,dated to wmpon,o" m wUh '''p"t to the ,taod"d b"i,
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according to the equation

Find such a basis X.

213



Examples
18.1 Given that the matrix

A~[t i-I]
represents a rotation about an axis through the origin, find the direction of this axis.
Suppose that v is in the direction of the axis of rotation. Then

Av=v.
Hence Av-v=O,
I.e. (A - I)v =o.

[

1 -t!] [X]
Now A-I= -t -t =t.Letv=.~.

The GE process can be used to solve (A - I)v = 0:

[-! t !] [1 2 -1]t -l -t -> 0 1 0,
3 3 -3 0 0 0

so the solution is z = t, Y = 0, X = t (t E IR). In other words, if v is any multiple of

m thonA,~ , and, Imth"mo", th"o mo no oth" ,",h "cto". It lollow, that

tho .,;, of wtation ;, in tho di""tion of tho ,,<to, [H
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Eigenvalues and
•elg envectors

Recall (from Chapter 16) that a rotation in three dimensions about an
axis through the origin may be represented algebraically as a linear
transformation from 1R3 to 1R3, and that a linear transformation may be
represented by multiplication by a matrix. This situation will serve to
illustrate the procedures which are to be discussed in this chapter. Example
18.1 gives the details of the following. Suppose that we are told that the
linear transformation f from 1R4 to 1R3 represents a rotation about an axis
through the origin and that f is represented by the 3 x 3 matrix A. How
can we find the direction of the axis of rotation? We can use the fact that
any vector in the direction of this axis (and only such vectors) will be left
unchanged by the rotation, so if v is such a vector we must have

Av= v.
Elementary methods will serve to find such vectors v, in the following
way. Rewrite the equation as

Av- v=O, then as (A -I)v=O,
where I is the 3 x 3 identity matrix. Now solve in the normal way, using
the Gaussian elimination process. Of course we are interested only in
non-trivial solutions (i.e. other than v = 0), and we know that such
solutions will exist if and only if the matrix A - I is singular. This is bound
to happen if A represents a rotation as above, for there must be an axis
of rotation, so there must be such a vector v. And of course there will be
infinitely many solutions, all multiples of each other, all solutions being
in the direction of the axis of rotation.

There is a more general idea in the background, here, though, and it
turns out to be a remarkably useful one which crops up wherever linear
algebra is applied. Given any n x n matrix A, there may be some n-vectors
x for which Ax and x are multiples of each other (which in geometrical
terms means having the same or opposite directions). Such vectors are
called eigenvectors, and the property above is made precise in the definition
below.
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18.2 Examples of eigenvalues and eigenvectors.

(i) A=[~ ~l
[~~I-~J=[-~J

and [~~I~J=[:J=4[~l

andHere

(ii)

So [ _ ~Jand [~Jare eigenvectors of A, with corresponding eigenvalues 1 and

4 respectively.

[
1 1 0]

A= 1 0 1 .
o 1 1

A[:H~l {~]{~]
'0 [:], [_~] ,od [-i] '" ,ig~"cto" of A with ",","pondin. ,ig,ovo1u,"2,

1 and -1 respectively.

(iii) A = [ 1 - 3J .-2 6

Here A[ -~J= [-1:1 and A[~J = [~1
so [ -~Jand [~Jare eigenvectors of A with corresponding eigenvalues 7 and 0

respectively.
In all of the above cases the matrix has other eigenvectors also. Can you find some?



18. Eigenvalues and eigenvectors 217

Definition
Let A be a n x n matrix. A non-zero n-vector x for which Ax is a multiple
of x is called an eigenvector of A.

Notice that we exclude the zero vector from consideration. AO is always
a multiple of 0 in a trivial way. We are interested in non-trivial ways in
which Ax is a multiple of x.

The numbers which may appear as multipliers in this context have a
special significance. They are called eigenvalues of the matrix A. Each
eigenvector has a corresponding eigenvalue.

Definition
Let A be a n x n matrix and let x be an eigenvector of A. If Ax = kx then
k is said to be the eigenvalue of A corresponding to x.

Some examples of eigenvalues and eigenvectors are given in Examples
18.2. Notice that in the case of a matrix A representing a rotation, we
have Av = v when v is in the direction of the axis of rotation, so such
vectors v are eigenvectors of this A, and I is the corresponding eigenvalue
for each of them.

Among Examples 18.2 there is one matrix for which 0 is an eigenvalue.
This is an important special case. 0 is an eigenvalue of A if there is a
non-zero vector x for which

Ax = Ox, i.e. Ax= O.
Of course this is equivalent to saying that A is singular.

Rule
A square matrix A has 0 as an eigenvalue if and only if A is singular.
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18.3 Finding eigenvalues and eigenvectors.

(i) Let A = [~ ~l
Seek values of k for which (A - kI)x = 0 has non-trivial solutions. So seek values
of k for which det(A - kI) =O.

det(A _ kI) = 1
2 - k 1 I

2 3-k
= (2 - k)(3 - k) - 2
=4-5k+ k2

=(4-k)(l-k).

Hence the values we seek are 4 and 1. These are the only eigenvalues of A. To
find corresponding eigenvectors, take each eigenvalue in turn, and solve the
equation (A - kI)x =O.

k=4: Solve [ -~ -~I:]=[~l
The solution is y = t, x =!t (t E 1R1). So all vectors [!:] (t E 1R1, t # 0) are

eigenvectors of A corresponding to k = 4. Note that they all lie in the

same direction. One such vector is [~J(see Example 18.2(i)).

k=l: SOlve[~ ~I:]=[~l
The solution is y = t, x = - t (t E IR). So all vectors [ _: ] (t E 1R1, t # 0)

are eigenvectors of A corresponding to k = 1. One such vector is the one

discovered in Example 18.2(i), namely [ _~l
(ii) A~[i ~ n
Solve the equation

det(A - kI) = 0,

I-k 1 0
i.e. 1 -k 1 = 0

o 1 l-k

i.e. (l-k)[ -k(l-k)-I] -I(I-k-O)=O

i.e. (1 - k)(k2 - k - 1) - (1 - k) = 0

I.e. (l - k)(k2 - k - 2) = 0

i.e. (1 - k)(k - 2)(k + 1) =O.

This is satisfied by k =1, k =2 and k =-1. These are the eigenvalues of A. To
find the eigenvectors, take each eigenvalue in turn.
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There is a routine process for finding eigenvalues and eigenvectors. It
is as follows (illustrated by Example 18.3). Given a square matrix A, we
seek numbers k and non-zero vectors x which satisfy the equation

Ax= kx.
The first thing is to find all numbers k for which corresponding non-zero
vectors can exist (i.e. all eigenvalues of the matrix). Write the equation as

Ax-kx=O, then as (A-kI)x=O,
where I is an appropriately sized identity m.atrix. This equation ha~
non-trivial solutions for x if and only if A - kI is a singular matrix, i.e.
if and only if

det(A - kI) = O.

So we seek values of k which satisfy this equation. If A is a n x n matrix
then this equation will turn out (when the determinant is evaluated) to
be a polynomial equation in k of degree n. We may therefore expect n
values for k as roots of the equation, some of which may be complex
numbers, of course, and some of which may be repeated roots. In any
event there will be finitely many real eigenvalues k (possibly none).

Definition
The equation det(A - kI) = 0 is called the characteristic equation of A.



220 Examples

k= I Solv< [r -: mHH
The solution is z = t, Y = 0, x = - t (t E IR).

k=' So"fi -: -mHH
The solution is z = t, Y = t, x = t (t E IR).

The solution is z = t, Y = - 2t, x = t (t E IR).

Thus all eigenvalues and eigenvectors are:

k=1

k=2

k= -1

[-ott]with eigenvectors

[t
tt]with eigenvectors

w;lh o1g,n""o1o", [- ':]

(tE IR, t # 0),

(tEIR, t #0),

(tE IR, t # 0).

18.4 What is the eigenspace of A corresponding to the eigenvalue 2, where
A is the matrix

[
1 1 0]
1 0 1?
o 1 1

The work has been done in Example 18.3(ii). The eigenvalue 2 corresponds to
the set

{J IE~, I,cOj

of eigenvectors. The eigenspace is just

Notice that the eigenspace contains the zero vector, which is not an eigenvector.
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Once we have found an eigenvalue of A, the problem of finding
corresponding eigenvectors is just a matter of solving equations. This was
done in Example 18.1, where the eigenvalue concerned was 1, and it was
done in Example 18.3 for each of the eigenvalues separately. The
eigenvectors are solutions x (other than 0) of the equation

(A-kl)x=O,

where k is the eigenvalue in question. Of course we know that there must
be infinitely many solutions to this equation, so to each eigenvalue there
always corresponds an infinite set of eigenvectors. Indeed it is not hard
to see that this set, when taken together with 0, constitutes a subspace of
[R". See Exercise 6 in Chapter 13. It is called the eigenspace of A
corresponding to the eigenvalue k. See Example 18.4.
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18.5 Given that - 3 is an eigenvalue of the matrix

[-~ ~ ~],
2 4 1

find the eigenspace corresponding to it.
Solve the equation (A + 3I)x = 0,

" [~: mHH
Obtain, by the standard process, the solution

z=t, y=u, x= -2t-2u (t,uEIR).

H""", r[ - 2t~-2.} t,.E "}

is the required eigenspace. Geometrically, this is the plane with equation
x + 2y + 2z = O.

18.6 Let A = [ 1 IJ. Find all eigenvalues and eigenvectors of A.
-1 1

Solve the characteristic equation det(A - kI) = 0,

i.e. 1

1-=-t l~kl=o

i.e. (l-k)2+1=0
i.e. k2-2k+2=0.
This equation has no real roots. Consequently this matrix A, as a real matrix,
has no eigenvalues and no eigenvectors. However, we can regard A as a complex
matrix, since real numbers can be regarded as complex numbers with no imaginary
part. The characteristic equation above does have complex roots, namely k = 1+ i
and k = 1 - i, and these are complex eigenvalues of A. We can go on to find
complex eigenvectors, by the standard method.
k=l+i:Solve -ix+ y=O,

-x-iy=O

obtaining the solution y = t, x = - it (tEC). So all vectors [ - i:J (tEC,
t =I- 0) are complex eigenvectors of A corresponding to the eigenvalue
1 + i.

k = 1- i: Solve ix + y = 0,
-x+iy=O

obtaining the solution y = t, x = it (t E C). So all vectors [: ] (t E C, t =I-0)

are complex eigenvectors of A corresponding to the eigenvalue 1 - i.
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Example 18.5 shows a case where an eigenspace has dimension 2. In
most of the situations we shall come across, eigenspaces will have
dimension 1.

Eigenvalues which are complex numbers have no significance in relation
to the algebra of fRn. But the ideas extend - the process of finding
eigenvectors can be carried out - if we treat complex eigenvalues in just
the same way as real ones. We may then expect to find complex
eigenvectors. These will of course not be vectors in fRn, but instead will
belong to en, the set of all n x 1 matrices with complex numbers as entries.
We shall not pursue this, but in what follows we shall need to be aware
of these possibilities. A simple case is given in Example 18.6.

For some matrices, all of the eigenvalues are real. We have seen some
examples like this already. But there is a class of matrices for which we
can be sure in advance that all eigenvalues are real. This is given in the
next rule.

Rule
A real symmetric matrix always has only real eigenvalues.

We give a demonstration of this here, but it is quite difficult, and it may
be skipped without loss of subsequent understanding. Let k be an
eigenvalue of the real symmetric matrix A, and suppose only that k E e.
We show that k = k (its complex conjugate) so that k is real. Let x be an
eigenvector corresponding to k (with entries which may be complex), so
that

Ax= kx.

Transposing both sides, we obtain

xTAT = kxT,

I.e. xTA = kxT, since A is symmetric.

Now take complex conjugates of both sides:

iTA = kiT,

I.e. iT A = kiT, since A has only real entries.

Consider the matrix product iT Ax.

First, iT Ax = (iT A)x = kiT x, from above.

Second, iT Ax = iT(Ax) = iTkx = kiT x.

Hence kiT x = kiT X.

It follows that k = k, as required, because iT x cannot be equal to O. To
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18.7 Properties of eigenvalues. Let A = [~ ~JThen [~] is an eigenvector

of A corresponding to the eigenvalue 3, because

(i)

Now

[~~I~]= [~] = {~].

Let a E IR.Then aA = [a 2a] .2a a

so C] is an eigenvector of aA, with corresponding eigenvalue 3a.

(ii) A
2
= [~ :l

A2[~] =[~ :I~]=[:]=9[~],
so C] is an eigenvector of A2, with corresponding eigenvalue 9.

(iii) A-l=[--_~31 ~]-! .
A-l[~]=[ -i -;I~]=[n={~l

so [~] is an eigenvector of A, with corresponding eigenvalue !.

(iv) Let CER Then c[~]=[:],

and A[:]=[~ ~][:]=[2::2:]={:l
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'''' th;s, let x ~ l::lThen iT~ [x" ... , i.J, and

iTx=xlxl + +xnxn
= IxI12 + + Ixnl2.

This last is a sum of non-negative real numbers. This sum can be zero
only if each of the terms is zero, i.e. only if x = O. But x # 0, since x is an
eigenvector. This completes the demonstration that a real symmetric
matrix has only real eigenvalues.

We end this chapter with some properties of eigenvalues. These are all
illustrated in Examples 18.7. Let A be a square matrix, and let x be an
eigenvector of A, with corresponding eigenvalue k.

(a) For any bE IR, x is an eigenvector of bA, with corresponding
eigenvalue bk.

(b) For any natural number r, x is an eigenvector of Ar
, with

corresponding eigenvalue kr•
(c) If A is invertible, then x is an eigenvector of A-I, with

corresponding eigenvalue k-I.

(d) For any C E IR, cx is an eigenvector of A, with corresponding
eigenvalue k.

These can be easily demonstrated as follows.

For (a) (bA)x = b(Ax) = b(kx) = (bk)x.

For (b) (Ar)x = (Ar-I )Ax = Ar-I(kx) = k(Ar-1 x) = k(Ar-2)Ax

= k(Ar-2)kx = k2(Ar-2x) = ... = krx.

For (c) Ax=kx => A-IAx=A-I(kx)

=> x= kA -IX

=> (l/k)x=A-Ix.

(Think about why k cannot be 0.)

For (d) A(ex) = e(Ax) = e(kx) = k(ex).

Summary
The idea of an eigenvector of a matrix and its corresponding eigenvalue
are introduced and defined. A routine process for finding eigenvalues and
eigenvectors, involving solution of the characteristic equation, is described.
It is shown that a real symmetric matrix always has only real eigenvalues.
Some properties of eigenvalues and eigenvectors are listed and illustrated.
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Exercises
1. Find all eigenvalues and corresponding eigenvectors of the following

matrices.

(i) [~ ~J (ii) [~ ~J
(iii) G -~J (iv) [: -~J
I') [~ -i -n 1,1)[~ =; n
(,ii) [~ -i n ('iiif ~ !n

2. Each of the following matrices has a repeated eigenvalue (i.e. one which
is a repeated root of the characteristic equation). In each case find this
eigenvalue and find its corresponding eigenspace.

(i)U ~-!l Iii)[~ : n
(iii) [-1 2J. (iv) [-~ ~ ~].

-2 3 2 4 1

(v) [_: -~ -: ~:].

-2 -4 2 0

(ii) [: -; -H
(iv) [ 1 3J-2 1 .

3. Find all real eigenvalues
following matrices.

(i) [ ~ - ~ ~].
-1 0 0

[-1 OJ.(iii) ° -1

and corresponding eigenvectors of the

4. For each of the matrices in Exercise 3 above, find all complex
eigenvalues, and corresponding complex eigenvectors.

5. Find an inequality which must be satisfied by the numbers a, b, c and
d if the matrix

is to have only real eigenvalues.
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6. Show that the matrix

[
l/vfi

-l/vfi

227

has no real eigenvalues and eigenvectors. Give a geometrical
interpretation for this. (Hint: see Chapter 16.)

7. (i) A square matrix A is said to be nilpotent if Ar = 0 for some natural
number r. Show that a nilpotent matrix can have no eigenvalues
other than O.

(ii) Let A be a n x n matrix and let P be an -invertible n x n matrix.
Show that if x is an eigenvector of A with corresponding eigenvalue
k, then p-1x is an eigenvector of the matrix P-1AP, also with
corresponding eigenvalue k. Show further that A and P -I AP have
the same eigenvalues.



(i)

19.1

Examples
LI lists of eigenvectors.

[
I I 0]

Let A = I 0 I .
o I 1

See Example 18.3(ii). There are three distinct eigenvalues: 1,2 and -1. Pick one
eigenvector corresponding to each, say

These form a LI list.

(ii) Let A =[-~ ~ ~].See Example 18.5. There is an eigenvalue -3,
241

with corresponding set of eigenvectors

{ - 21;-2.} I.• E•. I,. not bothO}
There is also another eigenvalue 6, with corresponding set of eigenvectors

[!t]{ ~ :tEIR,t;60}.

P',k on"'g~""Ot oo""pond'ng toeach"g,m1.', '" [ -n[~]"'poo""I, .

These form a LI list, irrespective of the choice made.

(iii) Let A = [~ ~~].
2 -2 I

Solving the characteristic equation det(A - kI) = 0 gives eigenvalues -1,2,4.
Note that this involves solving a cubic equation. The best way of doing this (in
all of the examples in this book, at least) is by factorisation. If there are no obvious
factors, then try to spot a solution by testing small integer values. When one
solution is known, a factorisation can be produced. Here the characteristic
equation is (when simplified)

k3 - 5k2 + 2k + 8 =o.
Trial and error shows k = - I to be a solution, and so (k + I) must be a factor
of the left-hand side. Hence the equation becomes

(k + 1)(k2 - 6k + 8) = 0,

i.e. (k+l)(k-2)(k-4)=0.
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Our ideas concerning linear dependence and independence are relevant
in the context of eigenvalues and eigenvectors. In a way which is made
precise in the rule below, a list of eigenvectors of a matrix can be expected
to be linearly independent.

Rule
Let A be a square matrix, let kl, ... , kr be eigenvalues of A which are
all different, and let Xl"'" Xr (respectively) be corresponding
eigenvectors. Then the list (Xl' ... , xr) is linearly independent.

Examples 19.1 give some matrices and some LI lists of eigenvectors, to
illustrate this. The rule can be demonstrated by the following argument.
Suppose that (Xl" .. , xr) is LD. Then let I be the smallest number

(~r) such that (Xl' ... , X,) is LD. It is then the case that (Xl' ... , X,_ d
is LI, and that

x,=alXl + ... +a,-lx,-l,

for some real numbers al, , a'-l' not all of which are O. But then
Ax, = A(alxl + + al-lX,-l)

= A(alxl) + + A(a,-lx,_ d
= alAXl + + a,_lAX,-l
= alklXl + + a,_lk,-lX/-l'

So k,x, = alklxl + + a,_lk,-lX,-l'

But k,x, = k,(alxl + + a,-lX/-l)
= alk,xl + + a,-lk,x/-l'

Subtracting then gives us

0= al(k,- kl)Xl + ... + a,_l(k,- k,-l)x,-l'

But none of the numbers k, - ki is zero, because the chosen eigenvalues
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Now find eigenvectors.

k= -I:

k=2:

k=4:

n] (t E IR, t # 0).

[-t;] (t E IR, t # 0).

[;;] (t E IR, t # 0).

,",k on, '"""ponding to ,,,h ,ig,nvo1",,"Y [ -H[-Hm,
These form a LI list.

P = [~ :~].
-2 -4 2

[ 1 3JP= -2 1 .

[-1 I]
P= ~ -~ .

[ 1 IJP= -I 2 .

and

and

and

Let

(iv)

Let

Then

(iii)

Let

Then

Then

19.2 In each case below a matrix P is formed by taking a LI list of eigenvectors
for the given matrix A as columns. The product p-1 AP is given also,

showing that the entries on the main diagonal are just the eigenvalues of A.

(i) See Example 18.2(i).

Let A=[~ ~J and

Then P-IAP=[~ ~l
(ii) See Example 18.2(ii).

A=[~ ~ ~]
o 1 1

P-IAP=[~ ~ ~.].
o 0 -I

See Example 18.2(iii).

A = [ 1 -3J
-2 6

P-IAP=[~ ~l
See Example 19.1.

A = [~ ~~]
2 -2 1

p-'APf~ ~ n
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are all different. Also, not all of al, ... ,al-l are zero. The above equation
therefore contradicts the fact that (Xl"'" Xl-l) is LI. Thus the
demonstration of the rule is complete.

We know that a n x n matrix may have as many as n distinct eigenvalues
(they are the roots of a polynomial equation of degree n). In that situation
there must be a LI list consisting of n eigenvectors. When this happens,
for a particular matrix A, there is an interesting and important
consequence. This is illustrated in Examples 19.2. Given a n x n matrix
A, if we can find a LI list of n eigenvectors, we may take these eigenvectors
as the columns of a n x n matrix, say P. Because its columns form a LI
list, this matrix P is invertible, so we may calculate the product matrix
p-l AP. The result of this process will always be a diagonal matrix, as
happens in Examples 19.2. Furthermore, the entries on the main diagonal
of this diagonal matrix are precisely the eigenvalues of the original matrix
A. The remainder of this chapter is devoted to why and how this comes
about, because it is a very important aspect of linear algebra.
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19.3 Find an invertible matrix P such that p-I AP is a diagonal matrix, where

A = [~ ~ ~].
o 1 1

The way to proceed is as follows. Find all eigenvalues of A (done in Example
18.2(ii)).These are 1,2 and -1. Next find eigenvectors XI, Xz and X3 corresponding
to these. This was done also in Example l8.2(ii), but here we need just any three
particular eigenvectors, say

Other choices would be equally appropriate. Now form the matrix P with these
vectors as columns

P=[-~ ~].
1 -1

Then p-I AP is a diagonal matrix. To see this in detail, first note that P is invertible
because its columns form a LI list. Next, observe that for i= 1, 2, 3,

Xj=Pej,

where (el' ez, e3) is the standard basis for [R3. Consequently
ej = P - IXj for each i.

Hence p-I APej = p-I AXj
=P-Ikjxj
=kjP-Ixj
=kjej,

for each i, where kj is the eigenvalue (l, 2 or - 1) corresponding to Xj' This tells
us what the columns of p-I AP are:

first column is klel' i.e. el'
second column is kzez, I.e. 2ez,

and third column is k3e3' i.e. -e3'

P'AP~ [~
0 ~lSo 2
0 -1
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The following is a general argument which explains this phenomenon.
Example 19.3 illustrates its application in a particular case.

Let A be a n x n matrix, let (Xl"'" Xn) be a LI list consisting of
eigenvectors of A, and let kl, ... , kn (respectively) be corresponding
eigenvalues. (These may be all different, but, as we shall see in Chapter
22, this requirement is not necessary.) For 1 :::;i :::;n, let e; denote the
n-vector which has 1 in the ith position and Os elsewhere. Construct a
n x n matrix P having the vectors Xl"'" Xn as columns. Then P is
invertible, since its columns form a LI list. We have, for 1 :::;i:::; n,

Pe;=x; and. e;=p-lxi'

Multiplying P by ei just picks out the ith column. Indeed, the ith column
of any matrix T may be obtained by evaluating the product Te;. In
particular, the ith column of p-l AP is obtained thus:

p-l APe; = p-I Ax;
=P-I(kix;)
= kiP-IX;
=kiei'

Hence the ith column of P - IAP has ki in the ith position and Oselsewhere.
P-IAP is therefore a diagonal matrix, with the numbers kl, 1'-.,., kn down

\
the main diagonal.

This leads us to an important result, which we shall give as the next
rule, but we need a definition first, to collect together theideas involved.

Definition
A square matrix A is diagonalisable if there is an invertible matrix P such
that the matrix P- IAP is a diagonal matrix.

In the event that A is diagonalisable, it will necessarily be the case that
the columns of the matrix P will be eigenvectors of A, and the matrix
p-l AP will have the eigenvalues of A as its diagonal entries (think about
it! ).

Rule
Let A be a n x n matrix. If there is a LI list of n eigenvectors of A then
A is diagonalisable.
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(ii)
(iii)
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lOA Lol A{~: n
Show that A is not diagonalisable.
The characteristic equation of A is

(l-k)2(2-k)=0,

so the eigenvalues of A are 1 and 2. The set of eigenvectors of A corresponding
to the eigenvalue 2 is

1m tEO, t#O)

This is found in the usual way. Now consider the eigenvalue 1 in the usual way,
i.e. try to solve the equation (A - I)x =O.

U ~ mHH
The solution is z = 0, y = t, x = t (t E 1R1), and so the set of eigenvectors
corresponding to the eigenvalue 1 is

{J~",t#O}

It is now apparent that there is no LI list of three eigenvectors of A. In any list
of three eigenvectors, at least two would have to correspond to the same eigenvalue,
and so in this case would be multiples of one another.

19.5 Matrices A and B for which there is an invertible matrix P such that
B = p-1 AP are said to be similar. Show that
similar matrices have the same determinant,
similar matrices have the same rank,
similar matrices have the same eigenvalues.
det(P- 1AP) = det(p-l) det(A) det(P)

=det(A) det(p-1) det(P)
=det(A) det(p-l P)
=det(A) det(I)
= det(A).

(ii) Suppose that B = p-1 AP. P is invertible, so P may be written as a
product of elementary matrices (see Chapter 5). Likewise P-1• By the method of
Example 15.5, then, A and P- 1A have the same row space, and so have the same
rank.
By a similar argument relating to columns rather than rows, the matrices p-1 A
and p-1 AP have the same column space, and so have the same rank. Thus A
and p-1 AP have the same rank.



19. Diagonalisation 1 235

The justification of this is contained in the preceding discussion. In fact,
the converse of this result is also true. The existence of such a list of
eigenvectors is a necessary condition for the matrix to be diagonalisable
(but we shall not prove this). Consequently, the non-existence of such a
list of eigenvectors demonstrates that a matrix is not diagonalisable. See
Example 19.4.

The practical process of diagonalisation involves nothing new. The
matrix P is made up from eigenvectors, and the diagonal matrix is
determined by the eigenvalues. Of course, the order of the eigenvectors
as columns of P corresponds to the order in which the eigenvalues occur
in the diagonal matrix. Notice also that because any LI list of n vectors
in ~n is a basis for ~n, the columns of the matrix P will necessarily
constitute a basis for ~n.

Diagonalisation is very useful in applications of linear algebra. This is
because diagonal matrices are very simple. If, for a given matrix A, we
can find a matrix P such that p-1 AP is a diagonal matrix, then properties
or uses of the matrix A may be simplified by consideration of this diagonal
matrix. Some illustration of this is given by Example 19.5. Other examples,
showing practical uses, will be given in later chapters.

The rule above describes certain circumstances in which a matrix is
diagonalisable. The rule is not easy to apply directly. We have seen some
matrices for which there is a LI list of n eigenvectors, but in general it
will be a substantial task to find out whether such a list exists or not. But
it turns out that there is a whole class of matrices which we can show in
general to have this property, and which are consequently diagonalisable.
This is expressed in our next rule.

Rule
Let A be a real symmetric matrix with distinct eigenvalues (i.e. the
characteristic equation of A has no repeated roots). Then A is
diagonalisable.

This result is an immediate consequence of our earlier rules.
Take care not to fall into the trap of believing that the requirements

of this rule are necessary for a matrix to be diagonalisable. We have
already seen some diagonalisable matrices which are not symmetric, and
we shall see more in later chapters. Indeed, in Chapter 22 we shall develop
methods for diagonalising some matrices which do not satisfy these
requirements.
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(iii) det(p-l AP - kI) = det(p-1 AP - kP-1 P)
= det(p-1(A - kI)P)
= det(A - kI), by (i) above.

This shows that the characteristic equation of p-1 AP is the same as the
characteristic equation of A, so p-1 AP and A have the same eigenvalues, where
A is any square matrix and P is any invertible matrix of the same size.
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Summary
It is shown that eigenvectors corresponding to distinct eigenvalues
constitute a linearly independent list. A routine procedure is described for
finding, given a n x n matrix A which has a linearly independent list of n
eigenvectors, an invertible matrix P such that p-1 AP is a diagonal matrix.
It is noted that this is always possible if A is symmetric.

Exercises
1. For each matrix A given in Exercise 1 of Chapter 18, write

down an invertible matrix P such that p-1 AP is a diagonal matrix. Verify
by explicit calculation that the diagonal entries in p-1 AP are the
eigenvalues of A.

2. Which of the following matrices are diagonalisable? For those which
are, find an invertible matrix P as in Exercise 1.

-1]1 .
1

n
-2]4 .
4

(ii) [ 3 4J.
-1 2

(iv) [~ ~l
[

02
(vi) 1 1

-1 1

[

-1 2
(viii) 2 1

2 0

[

1 1
(x) 4 0

1 -1

(i) G -~l
(iii) [3 6J.

-1 -2

(v) [~ ~ ~].
1 1 1

('i{~-! :l
(ix) [: ~ n
(xi) [~ ~~].

-1 -2 0

3. Let A be a square matrix, and suppose that P is a matrix such that
p-1 AP is a diagonal matrix. Show that for any real number c,
P-1(cA)P is a diagonal matrix. Show further that, for any natural
number r, P-1(A')P is a diagonal matrix.



Examples
20.1 Examples of calculation of dot products.

(i) In [R2, let x=Gl y=[~J
Then x. y = 2 + 12 = 14.

(;;) [n~',"t x~m, y~m
Then x'y=2+6+ 12=20.

(I;;) In 0',1" x~m. y{i]
Then x. y = - 3 + 1+ 4 + 2 = 4.

(l,) In0', lot X~[ -n F[J
Then x. y = 2 - 1+ 0 - 1 = O.

20.2 Properties of the dot product.

Let belong to [Rn.

(ii)

Proof:

(iii)

Proof:

x. (y + z) = x. y + x. z.

x.(y + z) = X1(YI + ZI) + + xn(Yn + zn)
= X1YI + X1Z1 + + XnYn + XnZn
=X1YI + ... +xnYn+xlzl + ... +xnzn
=x.y+x.z.

Let aE IR. Then (ax). y = a(x' y).

(ax). y = (axJlYI + + (axn)Yn
=a(x1YI + +xnYn)
= a(x. y).

Similarly,
x.(ay)=a(x.y).
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The dot product

Chapter 10 dealt with the dot product of vectors in [R3, and discussed
how use can be made of this notion in geometry. We shall now extend
those ideas and methods to the context of [Rn for arbitrary n. In doing so
we shall make use of geometrical intuition and geometrical terminology,
even though they are not strictly applicable. It is certainly convenient to
do so, and we shall find that there are general algebraic notions which
correspond quite closely with geometric ones.

Definition
Let x, y E [Rn. The dot product of x and y is defined by

x.y=xTy.

Moee expl;citly, ;f x ~ l::J and Y ~ [] then

x'y=X1Yl + ... +xnYn'
Here we do not distinguish between the 1 x 1 matrix xT y and the number
which is its single entry. So remember to note that x. y is always a scalar
(that is to say, a number), not a vector. Some examples are given in
Example 20.1.
Listed below are some properties of the dot product. Justifications

where necessary are given in Examples 20.2.

(i) x.y=y.x
(ii) x'(y+z)=x'y+x'z
(iii) (ax). y = x. (ay) = a(x. y)

(;v) If x~ [::] then x'x~ xl + ... + x~

(v) X'X~O,

where x, y, ZE [Rn, and aE R
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20.3 Proof of the Cauchy-Schwarz inequality:

Ix. yl ~ Ixllyl for all x, yE IR".

The result is obvious if x or y is O. So suppose that x¥-O and y ¥- O. By property
(iv) of the dot product,

«I/Ixl)x - (I/Iyl)y). «I/Ixl)x - (1/lylly) ~ o.
Hence (1/lxl)2(X. x) + (1/ly/)2(y. y) - (2/(lxllyl))(x. y) ~ 0,
i.e. 1 + 1 - 2(x. y)/(Ixl/yl) ~ o.
So (x. y)/(Ixllyl) ~ I,

gIVIng x. y ~ Ixl/yl.

Of course, x. y may be negative, so we need a lower bound also in order to bound
the absolute value Ix.yl. Apply a similar procedure to

«I/Ixl)x + (I/Iy/)y). «(1/lxl)x + (1/lyl)y) ~ 0,
obtaining (details omitted)

(x.y)/(Ix/lyl)~ -1,

so x.y~ -lxIIY/.
Putting these together yields

Ix, yl ~ Ixllyl
as required.

20.4 Find the length of the given vector in each case.

(i) In 1R2, x=[~l IxI2=1+4=5.

(ii) In 1R3, x=[H Ixl2= 1 + 4 + 9 = 14.

,=[=~l lyl2 = 1 +4+4=9.'

(iii) In 1R4, x=[H Ix/2= 1 +4+9+ 16=30.

,+n lyl2 = 0 + 4 + 1 + 9 = 14.

,=m IzI2=2+ 1 +0+9= 12.
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Geometrical notions such as lengths and angles clearly have no meaning
in IR" for n> 3. Nevertheless they have formal counterparts, as follows.

Definition ,
If XE IR" then the length of x is (x. x)!. It is denoted by Ixl. If x, yE IR" and
x and yare non-zero, then we say that the angle between x and y is e,where

x.y
cos e = Ixllyl'

The definition of the angle between two vectors will make sense only
if we know that the expression given for cos e always has a value which
lies in the interval [ -1, 1]. In fact it always does, by virtue of what is
known as the Cauchy-Schwarz inequality:

Ix.yl~lxllyl, for all X,YEIR".
A proof of this is given as Example 20.3. It can be omitted without
prejudice to what follows.

Sample calculations of lengths and angles are given in Examples 20.4
and 20.5.
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20.5 Find the cosine of the angle betweengiven vectors.

(i) In 1R2, let x=GJ y=GJ

(ii)

(iii)

Then

Then 4+2
cos {}= - 6/ft.

j1+4j16+1

In .', 'ot x~[il yf iJ
-1+1+3

cos {}= -------= 3/J33.
-/~1-+-1-+-9-/~1-+-1-+-1

In.'. lot x~Hl y{:J
-2+1-2 M

Then cos{}= --1/",3.fiJ3
(The negative sign indicates an obtuse angle.)

(;'l In .', l,t p[-IJ y~ m
Then cos {}= 0+3-1+2

-=4/JliO.
-/4+1+1+4)0+9+1+1

20.6 Illustrations of orthogonal pairs of vectors.

(i) In 1R2, x=GJ y=[-~J x'y=O.

x=[ -~J y=GJ x.y=O.

(ii) In 1R3, x~[~l y~[J. x'y=O.

x~Ul y~Hl x.y=O.

(iii) In 1R4, x~[ -1} y+n x'y=O.

x~[ -1} y~[J x.y=O.
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An important special case of the angle between two vectors is a right
angle.

Definition
Two non-zero vectors in IR" are said to be orthogonal to each other if the
angle between them is a right angle (equivalently, if their dot product is
zero).

'Orthogonal' is the word normally used in the context of IR" to extend
the notion of perpendicularity which strictly speaking applies only in the
real world of geometry.

The vectors in the standard basis for IR" are orthogonal to each other.
This is easy to check. Some other illustrations are given in Examples 20.6.

We shall say that a set or list of non-zero vectors is an orthogonal set
(or list) if every vector in the set (or list) is orthogonal to every other
vector in the set (or list). There is an important connection between
orthogonality and linear independence.

Rule
Any orthogonal list of (non-zero) vectors in IR" is linearly independent.

This rule is justified as follows. Let (Xl' ... , xs) be an orthogonal list of
vectors in IR", and suppose that

a1Xl + ... + asxs=O.

Then, for each i (1 ~ i ~ s),

xi"(a1xl + +asx.)=O,

so a1(xi"xd + + ai(x; "x;) + ... + a.(xi" x.) = 0,
giving ailxi\2 = 0,

since Xi"Xj=O foreveryj=l=i.

It follows that, for each i (1 ~ i ~ s), a; = 0, since Xi is a non-zero vector.
Thus all of the coefficients ai must be 0, and so the list (x l' ... , xs) is LI.
In the geometry of three dimensions, we may visualise the following

situation. Given any non-zero vector v in 1R3, the set of all vectors which
are perpendicular to v can be thought of as representing the plane (through
the origin) which has v as its normal vector. This was dealt with in
Chapter 10, and we have seen earlier (in Chapter 13) that such a plane
is a subspace of 1R3. So we have a special case of a notion of a 'subspace
orthogonal to a vector'. The general situation is given by the next rule.
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20.7 Proof that if XE IR" (x #- 0) then the set

{YEIR": y.x=O}
is a subspace of IR".
Denote this set by S. We apply the rule given in Chapter 13.

First, OES, so S is not empty.
Second, let u, VE S, and let k, IE IR.

Then we know that u.x=v.x=O, and

(ku + lv).x = (ku).x + (lv).x
= k(u.x) + l(v.x)
=0+0=0.

Hence ku + IVE S, and it follows that S is a subspace.

Orthogonal eigenvectors.

[
2 1 0]

A= 1 3 1 .
012

By the usual process, we find eigenvalues and eigenvectors of A:

k = 1: Eigenvectors

k = 2: Eigenvectors

k = 4: Eigenvectors

(tEIR, t#-O),

(tE IR, t #- 0),

(tEIR, t#-O).

Now pick any three eigenvectors, one for each eigenvalue,

Each pair of these vectors is an orthogonal pair, irrespective of the choice of a,
band e (non-zero, of course). This is easily verified:

XI.Xl= -ab+O+ab=O,

Xl.X3= -be+O+be =0,

X3.XI =ae-2ae+ae =0.
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plane
perpendicular
to II

Rule
Let XE IRn, with x # O. Then the set which consists of all vectors in IRn

which are orthogonal to x, together with 0, constitutes a subspace of IRn•

A demonstration of this is given in Example 20.7.
Orthogonality of vectors crops up also in the context of eigenvectors.

Example 20.8 gives a 3 x 3 matrix, its eigenvalues and its eigenvectors. It
happens that the eigenvectors form an orthogonal set, as is verified in the
example. There is a general result lying behind this.

Rule
Let A be a real symmetric matrix, and let kl and kl be distinct eigenvalues
of A, with corresponding eigenvectors Xl and Xl' Then Xl and Xl are
orthogonal to each other.

To prove this, suppose that.

AXl = klXl and AXl = klXl'

Consider the product XJAXl'

First, xJ AXl = xJklXl = klxJ Xl'

Second, XJAXl = (xJAT)Xl (since A is symmetric)
= (AxdTXl
= (klXl)TXl
= klxJXl'

Hence klxJXl = klxJXl'

so (kl - kl)xJXl = O.
But kl # kl, so we must have

XJXl=O, i.e,xl"Xl=O,

so Xl and Xl are orthogonal. (Neither vector can be 0 because both are
eigenvectors. )
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(t E IR, t # 0),

(tEIR,t#O),

(tE IR, t # 0).Eigenvectors

Eigenvectors

Eigenvectors

Let

k = 1:

20.9

k=2:

k=4:

Eigenvalues of a matrix which is not symmetric.

[
2 2 3]

A= 1 2 1 .
2 -2 1

By the usual process (see Example 19.1(iii)), we find eigenvalues -1,2 and 4 and
corresponding eigenvectors:n]

H]
[;;]

Pick three eigenvectors, one for each eigenvalue, say

No pair of these is orthogonal, for any values of a, band c (non-zero, of course).
Again, this is easily verified:

Xl.X2 = ab + 0 + ab = 2ab,
X2.X3= -4bc-lj-bc+bc= -24

7bc,
X3.Xl = -4ac+0+ac = -3ac.
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Be sure to note the requirement in this rule that A be symmetric. See
Example 20.9. We shall return to these ideas in Chapter 22 when we
reconsider diagonalisation.

Summary
The dot product in IRn is introduced and compared with the dot product
in 1R3. Geometrical ideas of lengths and angles are extended to IRn• In
particular, orthogonality of vectors in IRn is discussed, including the
relationship between orthogonality and linear independence and including
the orthogonality of eigenvectors corresponding to distinct eigenvalues of
a matrix.

Exercises
1. In each case below, evaluate the dot product of the two given

vectors.

2. Find the length of each of the following vectors.
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3. Show that if x is an eigenvector of the matrix A corresponding to the
eigenvalue k, then the unit vector x/lxl is also an eigenvector of A
corresponding to the eigenvalue k. Find three eigenvectors which have
unit length for the matrix

[l ~ n
(See Examples 18.2(ii) and 19.3.)

4. In each case below, find the cosine of the angle between the given
vectors.

5. Which pairs of vectors from the following list are orthogonal?

6. Let S be a subspace of [R". Show that the set rYE [R": y.x = 0 for every
XES} is a subspace of [R" (the orthogonal complement of S).

7. Find a linearly independent list of three eigenvectors of the (symmetric)
matrix

[~~n
Verify that the list obtained is an orthogonal list.



20. The dot product 249

8. Find a linearly independent list of three eigenvectors of the
(non-symmetric) matrix

[~: n
Is the list an orthogonal list? Can you choose other eigenvectors so as
to form an orthogonal list?

9. Consider whether a n x n matrix which has an orthogonal set of n
eigenvectors must necessarily be symmetric. (This will be easier to
answer using ideas in Chapters 21 and 22.)



Examples
21.1 Orthogonal bases.

(i) Let

Then (VI' V2' vJ) is an orthogonal basis for IRJ. To demonstrate this, the following
is sufficient.

VI'V2 = -2 + 3 - 1= 0,
V2'VJ= -8+ 1+7=0,
VJ'VI = 4+3-7=0.

Thus (VI' V2' vJ) is an orthogonal list. Hence (VI' V2, vJ) is LI (see Chapter 20).
In IRJ, any LI list containing three vectors is a basis (seeChapter 14), so (VI' V2, vJ)

is an orthogonal basis for IRJ.

(ii) u( '. =[1). "=[ -il
,,=[-1l ,,=Ul

Then (VI' V2, VJ, V4) is an orthogonal basis for 1R4. Demonstration isjust as above,
by first verifying that all possible pairs of these vectors are orthogonal pairs, i.e. that

VI'V2 = VI'VJ = VI'V4 =0,

and V2'VJ=V2'V4=VJ'V4=0,

and then using rules from Chapters 20 and 14, as in part (i) above.

21.2 Find an orthogonal basis for the subspace of IRJ spanned by the list
(VI' V2), where

and

Notice of course that (VI' V2) is a basis for this subspace, because it is a LI list.
Is it an orthogonal basis? The answer to this is negative, because VI 'V2 = - 5,
which is non-zero. The orthogonal basis which we seek will have the form

(VI,aVI +bV2)'

where a and b are chosen so that VI' (aVI + bV2) =O.

Here aVI + bV2 = [-a: 3b],
2a- b
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In three-dimensional geometry it is customary to choose coordinate axes
which are mutually perpendicular. Coordinate geometry is still possible,
however, with axes which are not perpendicular, but it is not very
convenient, and many of the usual processes become quite complicated.
The analogy between coordinate axes in geometry and bases in algebra
has already been drawn (see Chapter 17), and of course the vectors which
constitute a basis for IR" or for a subspace of IR" need not form an
orthogonal list. Some originally geometrical ideas relating to rectangular
coordinate systems apply also in IR" and subspaces of IR", for any n. First
let us consider bases.

Definition
Let S be a subspace of IR". A basis B for S is an orthogonal basis if it is
an orthogonal list, i.e. if every vector in B is orthogonal to every other
vector in B.

The standard basis for IR" is an orthogonal basis. Other examples are
given in Example 21.1.

There are some general rules which can guide us here. We know
(Chapter 20) that an orthogonal list is linearly independent. We also know
(Chapter 14) that, in a space of dimension k, any LI list of k vectors is a
basis. This rule from Chapter 14 can therefore be modified as follows.

Rule
Let S be a subspace of IR" with dimension k. Then any orthogonal list of
k vectors from S is a basis for S.

One situation where this arises is the case of a n x n real symmetric
matrix which has n distinct eigenvalues. A list of corresponding
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so Vl"(aVl +bv2)=a-(-a+3b)+2(2a-b)
= 6a - 5b.

Consequently, if we choose a and b so that 6a - 5b = 0, then the two vectors will
be orthogonal. So choose a = 5 and b = 6.

Th" a,. + b" {~l
Last, then, because it is a LI list of two vectors in a space of dimension 2,

([-;]H]
is a basis, and so an orthogonal basis as required.

21.3 Examples of orthonormal bases.

(i)

(ii)

(iii)

(iv)

(v)

([;} [-n),
[ -fl[ -ll[ -I]),
([ l/fi] [-I/J2] [1/v'6])-1/fi, 0, 2/v'6 '

([-Ir[-!J'(~]L])
We know (Example 21.1(ii)) that

([H[-iJ[-iJ[j)

for [R2.

is an orthogonal basis for [R4. The lengths of these vectors are respectively jiO,
J2, fi and j15, so it is certainly not an orthonormal basis. To obtain an
orthonormal basis, divide each vector by its length.

([iia], [- :;~],[- ;ia],[ ii~])
2/jiO 0 0 -3/j15

is an orthonormal basis for [R4.
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eigenvectors is an orthogonal list (see Chapter 20), so is a basis for [R",
by the above rule.
Given a basis, how can we find an orthogonal basis for the same space?

Example 21.2 shows one way of proceeding in the simple case of two
dimensions. For the first member of our orthogonal basis choose either
one of the given basis vectors. For the second, find a linear combination
of the two given basis vectors which is orthogonal to the chosen one. This
process will always work: there will always be an orthogonal basis which
will be found this way. There is another way (the Gram-Schmidt process),
which we shall describe shortly, which works better when we come to
deal with more than two dimensions. But first we define a new notion.

Definition
Let S be a subspace of [R".A basis B for S is called an orthonormal basis if

(i) B is an orthogonal basis, and
(ii) every vector in B has length 1.

Again, the standard basis for [R" is an orthonormal basis. Other
examples are given in Examples 21.3. There is an easy way to convert an
orthogonal basis into an orthonormal basis for the same space: just 'divide'
each vector in the basis by its length. If (Vi' ... , vr) is an orthogonal basis

for a space S, then (I::""" '::1) is an orthonormal basis for S.

Verification of this is left as an exercise. This process is known as
normalisation.
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21.4 Application of the Gram-Schmidt process for finding an orthonormal
basis.

Then (VI' V2, V3) spans 1R3 (and is LI). We find an orthonormal basis for 1R3by
applying the Gram-Schmidt process to this list.

Lot w, ~ 1::1 ~ (1/J)[:j

so

so

Let

and

V2 - (v2'wilwl
W2=-----.

IV2 - (V2'WI)WII

V2'WI = -1/)3 +0-1/)3 = -2/)3,

"-("'w.lw, ~[~~]+(2/J))(1/J){}[ l
IV2 - (V2 'wl)wll = J! +~+! = )6/3.

W2 = (3/)6)[-}] = [- ~~~].

-} -1/)6
V3 - (V3'W2)W2 - (v3'wilwl

W3= .
IV3 - (V3'W2)W2 - (v3'wilwli

V3'W2= 1/)6+4/)6-3/)6=2/)6

V3'WI = -1/)3 +2/)3+3/)3=4/)3,
V3 - (V3' W2)W2 - (V3' wilwi

=[-~] - (2/)6)[ - ~~~]- (4/)3)[~~~]
3 -1-)6 1/)3

[-1 +t-!] [-2]= 2-}-} = o.
3+1-1 2

Then JV3- (V3' W2)W2 - (v3'wilwll = J4 + 0 + 4 = fl,

and so W3 = (l/fl)[-~]=[-I/f].
2 1/)2

Thus the list

Now

Next,

Hence

Now

Then

([~~~],[- ~~~],[-I/f])
1/)3 -1/)6 1/)2

is an orthonormal basis as required.
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Let

Now we come to the process for constructing orthonormal bases. It is
given below as the justification for the following rule.

Rule
Every subspace of IRn has an orthonormal basis.

The process here described converts a given (arbitrary) basis for a subspace
S of IRn into an orthonormal basis. This is the Gram-Schmidt process,
referred to above. By the results of Chapter 14, there must always be a
basis, so let B = (V1" .. , vr) be a basis for S. Construct a list (W1' ... , wr)

as follows. (See Example 21.4.)

V1

W
1 =r;;J'

Then the vector Vz - (Vz" WdW1 is orthogonal to W1 (check it).

So let Wz = Vz - (VZ"W1)W1
Ivz - (VZ"WdW11'

The vector V3 - (V3"WZ)WZ - (v3"wdw1 is orthogonal to both W1 and to
Wz (check these).

So let W3 = V3 - (V3"WZ)WZ - (v3"wdw1 .
IV3 - (V3" wz)wz - (V3" WdW11

Similarly form W4 by dividing the vector

V4 - (V4" W3)W3 - (V4" wz)wz - (V4' WdW1

by its length, and so on, until the list (W1, ... , wr) has been constructed.
Our next task is to integrate the idea of an orthogonal matrix into this

context. Recall that a square matrix A is orthogonal if AT A = AAT = I,
and that if A is an orthogonal matrix then A is invertible, with A -1 = AT.
It may help to return to the notion from Chapter 16 of a matrix
representing a linear transformation, and to the particular case of three
dimensions. If A is a 3 x 3 matrix then A represents the function (linear
transformation) which takes each 3-vector x to the 3-vector Ax. The
images of the standard basis vectors e1' ez, e3 are the vectors Ae1' Aez
and Ae3' which as we have noted before are just the columns of A. If A
is an invertible matrix then these three vectors will form a basis for 1R3.
What has to be true about A if the images of el> ez and e3 are to form
an orthonormal basis for 1R3? Precisely this: A must be an orthogonal
matrix. In Example 21.5 we show that a 3 x 3 matrix A is orthogonal if
and only if its columns form an orthonormal basis for 1R3. The methods
used there extend to the case of IRn in general.
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Proof that a 3 x 3 matrix is orthogonal if and only if its columns form
an orthonormal basis for [R3.

[

al bl CI]
A = az bz cz.

a3 b3 c3
Denote the columns of A by a, band e respectively.

[
al az a3][al bl CI]ATA= bl bz b3 a2 bz Cz.
CI Cz C3 a3 b3 C3

The (I, I )-entry in AT A is a~ + ai + aj, i.e. lalz.
The (2, 2)-entry in AT A is b~ + bi + bj, i.e.IW.
The (3, 3)-entry in AT A is d +d +d, i.e.lelz.
The (I,2)-entry in ATA is albl+azbz+a3b3' i.e. a.b. Similarly the other
off-diagonal elements of AT A are equal to b. e or to e. a or to a. b. In fact

[

Ialz a.b a.e]
ATA = b.a IW b'e.

e.a e.b lel2
Suppose that A is orthogonal. Then AT A = I, so

lalZ = IW = lelZ = 1,
and a. b = b. e = e. a = 0,
and consequently (a, b, e) is an orthonormal basis for [R3.

Conversely, suppose that (a, b, e) is an orthonormal basis for [R3. Then, by the
above, we must have AT A = I. This is sufficient for A to be orthogonal (if AT A = I
then A -1 = AT, so AAT = I also: see Chapter 5).

21.6 Orthogonal transformations.

(i) In [Rz, a rotation about the origin is an orthogonal transformation. (See
Chapter 16.)
A rotation through angle a is represented by the matrix

A=[cosa -sina].
sm a cos a

AT A = [ c~s a sin a][c~s a -sin a]
- sm a cos a sm a cos a

= [COSZ a + sin2 a 0 ]
o cos2 a + sinz a

= I,

so this matrix A is an orthogonal matrix. Indeed ([c~sa],[-sina]) is an
sm a cos a

orthonormal basis for [Rz, whatever value a takes.
(Note: a rotation clearly preserves lengths and angles.)
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Rule
A n x n matrix A is orthogonal if and only if its columns form an
orthonormal basis for [Rn.

An orthogonal matrix represents a linear transformation which takes
the standard basis to an orthonormal basis. What this means geometrically
in three dimensions is that an orthogonal matrix will transform unit vectors
in the directions of the coordinate axes into unit vectors which are
themselves mutually perpendicular, and so may be taken as the directions
of new coordinate axes. See Exercise 8 at the end of this chapter. A linear
transformation which is represented by an orthogonal matrix is called an
orthogonal transformation. An orthogonal transformation preserves
lengths and angles, in a way made precise in the following rule.

Rule
Let A be a n x n orthogonal matrix, and let x, y be non-zero vectors in
[Rn. Then

(i) Ixl = IAxl.
(ii) The angle between Ax and Ay is equal to the angle between x

and y.

Demonstrations of these properties are useful exercises.

(i) IAxl2 = (AX)T Ax
=xTATAx

=xTx=lxI2.
(ii) Let the angle between Ax and Ay be e. Then

cos e = Ax.Ay _ (AX)T(Ay)

IAxiiAyl Ixllyl
xTATAy

lxllyl
_ xTy _ x.y
-~-~'

which is (by definition) the cosine of the angle between x and y.
Examples 21.6 provide illustration of orthogonal matrices and

transformations.
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(ii) Let A ~[ = -;]-}
l
3

This matrix represents the linear transformation which takes each point (x, y, z)
to its reflection in the plane with equation x + y + z =o. It is easy to verify that
A is orthogonal, and that

is an orthonormal basis for [R3. These are the images ofthe standard basis vectors.
Notice that this is an example of an orthogonal transformation which is not a
rotation.
It is a worthwhile exercise to find the eigenvalues and eigenvectors of this matrix
A and to put the results in a geometrical context.
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Summary
It is shown how to find an orthogonal basis for a given subspace of [R".
The idea of an orthonormal basis is introduced and the Gram-Schmidt
process for converting a given basis into an orthonormal basis is described
and used. The relationship between orthogonal matrices and orthonormal
bases for [R"is shown. Finally, there is a brief description of the properties
of orthogonal transformations.

Exercises
1. (i) Write down three different orthogonal bases for [R2.

(ii) Write down three different orthogonal bases for [R3.

(iii) Write down an orthogonal basis for [R4 (other than the standard
basis).

(iv) Is any of the bases you have chosen above an orthonormal basis?
By the normalisation process convert any which are not
orthonormal bases into orthonormal bases.

2. Let X = (VI' ... , vr) be an orthonormal basis for a subspace S of [R"
(for some n). We know that any vector x in S may be represented
uniquely as

X=GIVI + ... +Grvr.
Prove that Gj = X. Vi' for 1~ i ~ r.

3. The following are pairs of unit vectors which are orthogonal. In each
case find a third unit vector so that with the given two vectors an
orthonormal basis for [R3 is formed.

(i) [lfi], [ ~j~].
IJ2 -2/3.

[
1/2 ] [-1/2 ](iii) 1/2 , -1/2 .
1/)2 1/J2

(ii) [~], [ l/fi].
o -1/J2

[ 1/~ [-2/v's]
(iv) 2/fl, 1/v's'

-1/fl 0
4. In each case below, apply the Gram-Schmidt process to the

given basis of [R3 to obtain an orthonormal basis.
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5. Find an orthonormal basis for [R3 which contains the vector

[
~;~]. Do the same for [3~5].
2/3 4/5

6. Find an orthonormal basis for the subspace of [R4 spanned by
the list

7. Repeat Exercise 6 with the list

([j[U[iJ)
[

2/3 2/3 -1/3]
8. Let A = 2/3 -1/3 2/3.

-1/3 2/3 2/3

Show that A is an orthogonal matrix. Let f be the linear transformation
from [R3 to jR3 given by f(x) = Ax. Write down the images under f of
the standard basis vectors. Evaluate Ax and Ay, where

and

Verify that Ixl = IAxl and Iyl = IAyl. Verify also that the cosine of the
angle between Ax and Ay is equal to the cosine of the angle between
x and y.

9. (See Example 21.6(ii).) Find the eigenvalues and corresponding
eigenvectors of the matrix

[

1/3 - 2/3 - 2/3]
- 2/3 1/3 - 2/3
- 2/3 - 2/3 1/3

(which is an orthogonal matrix). Interpret your answers geometrically.





Examples
22.1 Find an orthogonal matrix P and a diagonal matrix D such that

pT AP =D, where

A=[-~ -~ ~].
1 1-3

First find eigenvalues.

l-k -3
det(A - kl) = - 3 1 - k

1 1 -3 - k
=(l-k)[(I-k)(-3-k)-I] +3[ -3(-3-k)-I]
+[-3-(l-k)]

= (1- k)( -4 + 2k + k2)+ (8+ 3k) + (-4 + k)
= 16+ 16k-e-k3

= (I + k)(16 - e) (by observing that k = -1 gives value 0)
= (I + k)(4 + k)(4 - k).

Hence the eigenvalues are -1, -4,4.
Next find corresponding eigenvectors.

k~-I 501"[-: -; J[}[U
obtaining x = t, Y = t and z = t (t E IR).

k~ -4 Sol"[=; =; J[}[U
obtaining x = -t, Y = t and z = 0 (tE IR).

k~4 501"[-; -: mH~l
obtaining x = -1t, Y = -1t and z = t (tE IR).

Hence corresponding eigenvectors are respectively

m (tE IR, t # 0),

[-~] (tEIR, t#O),

[-t'] (t E IR, t # 0).- 2t
t

Last, form the matrix P by taking as columns a list of eigenvectors which forms
an orthonormal basis for 1R3. Pick any eigenvector for each eigenvalue, say



22
Diagonalisation 2

In Chapter 19 we saw how to find, given a n x n matrix A, an invertible
matrix P and a diagonal matrix D such that D = p-1 AP. We saw that
this is possible when there exists a LI list of n eigenvectors of A, and that
the columns of the matrix P are the vectors in such a list. In fact the
matrix P may be taken to be an orthogonal matrix. This is expressed
precisely in the next rule, for which justification is given below, and
illustration is given in Example 22.1.

Rule
Let A be a n x n real symmetric matrix which has n distinct eigenvalues.
Then there is an orthogonal matrix P and a diagonal matrix D such that
D=pTAP. (Recall that for an orthogonal matrix P, p-1=pT.)

The matrix P has eigenvectors of A as columns. In order for P to be
orthogonal, its columns must form an orthogonal list, and each column
must have unit length. In Chapter 20 we saw that eigenvectors
corresponding to distinct eigenvalues are orthogonal, so the columns of
P must form an orthogonal list. Also, we know from Chapter 20 (Exercise
3) that when choosing eigenvectors we are free to choose them to have
unit length. The matrix D remains as before: the diagonal entries are the
eigenvalues of A. Remember that it is because the matrix A is symmetric
that we can be sure that the eigenvectors are orthogonal. From Chapter
21 we know that the columns of a n x n orthogonal matrix form an
orthonormal basis for ~n, so this gives another aspect to the argument
above - the matrix A has a list of n eigenvectors which form an orthonormal
basis for ~n, and these eigenvectors form the orthogonal matrix P.
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These form an orthogonal (and therefore LI) list (see Chapter 20). Next obtain
eigenvectors as we require by dividing each of these by its length, thus:

[1/)3] [-I/fi] [-1/)6]1/)3, I/fi, -1/)6 .
1/)3 0 2/)6

Finally, let

[
1/)3 -I/fi -1/)6]

P = 1/)3 I/fi -1/)6.
1/)3 0 2/)6

Then (this requires no verification)

PTAP=[-~ -~ ~].
o 0 4

This last matrix is the required matrix D, the order in which the eigenvalues occur
in D being determined by the order of the corresponding eigenvectors as columns
of P. Notice that the matrices

P=[=~~~ -~~~ ~~~], D=[~ -~ ~]
2/)6 0 ~1/)3 0 0-1

also satisfy pT AP =D, and similarly with other ways of ordering the columns of
the two matrices.

22.2 Diagonalisation when the characteristic equation has a repeated root.
Find an orthogonal matrix P and a diagonal matrix D such that
pTAP = D, where

A = [~ ~ = ~].
-1 -1 4

The characteristic equation turns out to be

54 - 45k + 12k2 - k3 = 0,

i.e. (3 - k)(18 - 9k + k2) = 0,

i.e. (3 - k)(3 - k)(6 - k) = O.

Consequently there are only two eigenvalues, 3 and 6. The eigenvalue 3 is a
'repeated' eigenvalue. Find eigenvectors as usual.

k~6. Solv< [~: =~=mHH
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The above rule in fact holds for all real symmetric matrices, even in
cases where the requirement about distinct eigenvalues is not met. A proof
of this in general is beyond the scope of this book, but we show how the
matrices P and D may be obtained in such cases. In Example 22.2, A is
a 3 x 3 real symmetric matrix which has two distinct eigenvalues, one of
them a repeated root of the characteristic equation of A. In order to
construct P, we need a LI list of three eigenvectors of A, which can be
converted into an orthonormal basis for [R3 as required for the columns
of P. The repeated eigenvalue leads to a solution of the equation
(A - kI)x = 0 in which two parameters appear. By assigning values to
these parameters we obtain two eigenvectors, not multiples of each other,
both corresponding to the same eigenvalue. Moreover, both of these
eigenvectors are orthogonal to any eigenvector corresponding to the other
eigenvalue (see Chapter 20).

More briefly, what we do is to find, for a repeated eigenvalue k, a basis
for the eigenspace corresponding to k. It turns out (although we shall not
prove it) that, when A is symmetric, this basis will contain as many vectors
as the multiplicity of k. The multiplicity of an eigenvalue ko is the power
to which (ko - k) occurs in the characteristic equation once its left-hand
side has been fully factorised. For example, if the characteristic equation
of a given 6 x 6 matrix is

(3 - k)2(l + k)3(2 - k) = 0,

then 3 is an eigenvalue with multiplicity 2, and - 1 is an eigenvalue with
multiplicity 3 (and 2 is a 'normal' eigenvalue). When we have found a
basis for the eigenspace corresponding to k, we use the techniques of
Chapter 21 to find an orthonormal basis for the eigenspace. This may
include use of the Gram-Schmidt process, but usually only if the
eigenspace has dimension 3 or more. This procedure is easier to carry out
than to describe, so the reader should gain facility by working the exercises.
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Obtain x = - t, Y = - t and z = t (t E IR), so all vectors

[=:] IIE •• I # 0)

are eigenvectors.

k=3: Solve [ ~
-1

1
1
-1

Obtain x = u - t, Y = u and z = t (t, u E IR). All vectors

(t, U E IR, not both zero)

are eigenvectors corresponding to the eigenvalue 3. (The eigenspace has
dimension 2.) .

To form the matrix P we must pick one eigenvector corresponding to k = 6 and
two eigenvectors corresponding to k = 3, so as to obtain an orthonormal list which

[
-1] [-1/)3]spans 1R3.First pick (say) -1 ,which gives -1/)3 when divided by its length.

1 1/)3
Next, for k = 3, we need to pick two eigenvectors which are orthogonal to each

oth". Pick any on, ••• y [i}and find vaiu" of t and ufo, anoth" which i,

orthogonal to this one. Thus we shall require

u-t+u=O, i.e. t=2u.

So tak, ••• y. t ~ 2 and u ~ 1. giving th, cig,nv<oto, [ - nNow divid, ""h hy

its length, giving

Let

Then

[
1/fi] [-I/fl]l/fi, l/fl.
o 2/fl

[
-1/)3 l/fi

P= -1/)3 l/fi
1/)3 0

[
6 0 0]

pTAP= 0 3 0 =D.
003
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-H(i)

22.3 Examples of finding an orthonormal basis for an eigenspace.

[

2 -1
Let A = -I 2

2 -2
The characteristic equation is (I - k)2(7 - k) = O. So 1 is an eigenvalue with
multiplicity 2. The eigenspace corresponding to k = 1 is the set of solutions to the
equation

This set is

[
u - 2t]

{ ~ :t,uE~}.

(ii)

To find an orthogonal basis for this eigenspace, first pick any eigenvector, say
(taking u = 1 and t = I),

[-;]
[

u - 2t]
Next find values of t and u such that ~ is orthogonal to this first vector.

So we must satisfy
-(u-2t)+u+t=0, i.e.3t=0.

Tak,. ''''"fo". "~l f"Y) aod ,~O. obctining tb, ,ig,"""o, m. whicb i,
o,'bogonal '0 [ -nNow di,id, ,",h of tb"" ""0"' by i" 'ong1b.'0 nb''''n

([I/fi] [-I/J3])l/f' ~~~'
an orthonormal basis for the eigenspace corresponding to the eigenvalue 1.

[
3 -1 2 I]
2 0 4 2

A= 1 -1 4 1 .

-I 1 -2 1

Given that 2 is an eigenvalue of A with multiplicity 3, find an orthonormal basis
for the eigenspace of A corresponding to 2.

Solving [ ~ =~ ~ ~][~:] - [~]1 -1 2 1 X3 - 0
-1 1 -2 -I x4 0
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Examples 22.3 give further illustration. Notice that in the matrix D the
repeated eigenvalue occurs more than once, in the positions determined
by the order of the columns of P.
It is important to realise that these methods do not work for all matrices.

We have a rule above which says that they will work at least for all
symmetric matrices. For matrices which are not symmetric, however, we
cannot be certain of the outcome. The matrix

A=[ ~
-1

o
1
1

has characteristic equation

(l-k)2(2-k)=O,

but, when we seek eigenvectors corresponding to the repeated eigenvalue
k = 1,we find an eigenspace of dimension only 1.The details of this appear
in Example 19.4, where it is shown that A is not diagonalisable. Matrices
which are not symmetric may be diagonalisable, or they may not.
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gives the eigenspace

{nR' x, -x, +2x,+x.~O}

Pick a LI list of three vectors in this subspace, to constitute a basis, say

,,~[n,,+iJ ,,~m
Now apply the Gram-Schmidt process, to obtain an orthonormal basis
(WI' W2, w3).

(Notice that VI and V2 are already orthogonal, so
this stage is particularly simple here.)

22.4 Diagonalisation of a linear transformation.
Let f be the linear transformation from 1R3 to 1R3 represented (with

respect to the standard basis) by the matrix

A = [~ ~ ~]. (See Example 19.2(ii).)
o 1 1

Let p=[-~ ~ -~],
1 1 1

whose columns are a LI list of eigenvectors of A, and consider the change of
coordinates given by

x=Pu, U=p-IX.

Let • ~ [ ::] '" ,h, wmpo",n' voc'o, of ,om, ",m,n' x of .' with "'p'''' '0
the basis B consisting of the columns of P. Find the component vector with respect
to B of the element f(x).
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What is the purpose of diagonalisation? We shall see uses of it in
geometry and in differential equations in the next two chapters. But there
is perhaps a more fundamental reason for its usefulness, concerning linear
transformations.

A linear transformation f may be represented by a matrix A, so that
f(x) = Ax. Suppose that we wished to refer vectors in IR" to a basis B
other than the standard basis (see Chapter 17). A vector x in IR" would
then have a column vector u of components with respect to B, with

x=Pu and u=p-1x,

where P is the matrix whose columns are the vectors in the basis B. Can
the component vector u (of x) and the component vector of f(x) with
respect to B be conveniently related by a matrix equation? The answer
is 'yes', and we show how. See Example 22.4 for a particular case. Start
with a vector u of components with respect to B (of some vector XE IR").
Then x = Pu. The linear transformation f, applied to x, yields Ax, i.e.
APu. Now obtain the vector of components of this with respect to B, i.e.
P-1(APu). With respect to B, then, f has the effect

u-+P-1APu.

We know that for certain matrices A it is possible to choose a matrix
P so that p-1 AP is a diagonal matrix. In such cases, p-1 APu is a very
simple expression indeed. If the ith entry of u is Ui (for 1 ~ i ~ n) and if
p-1 AP is a diagonal matrix whose (i, i)-entry is k; (for 1 ~ i ~ n), then
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I.e.

I.e.

i.e.

i.e.

First, x is represented by Pu with respect to the standard basis, and

PU=[-Ul +~~~2~:].
U1 + U2+ U3

The image of this under f is APu,

[
~ ~ ~][-Ul+~~~2~:]
o 1 I U1+ U2+ U3

[

-Ul +~~~~ 2~:],
U1 + 2u2 - U3

with respect to the standard basis.
Last, with respect to B, this vector is represented by the component vector
P-1(APu),

[
-011 1] -l[-Ul + 2u2 - U3]

-2 2U2 + 2U3
1 U1+ 2U2 - u3

i[-~ ~ ~][-Ul + ~~~~2~:]
I - 2 I U1+ 2U2 - U3

i[ 1~~:], which is equal to [ 2~:].
-6U3 -u3

This last vector is equal to

i.e.

[~ ~ ~][~:],
o 0 -1 u3

in which the multiplying matrix is a diagonal matrix, namely the matrix obtained
in Example 19.2(i) by the standard diagonalisation process.

22.5 Diagonalisation of a linear transformation.
For XEIR3, let f(x)=Ax, where

A =[-~ -~ ~].
1 1-3

Find a basis B for 1R3 with respect to which f is represented by a diagonal matrix

D, Lo. '0 that, w;th "'po," to B, tho ;mago oftho ,,010' w;th oomponoo" [::]

[
k
1Ul]has components k2u2 , for some numbers k1, k2 and k3.
k3u3

The required labour has been carried out in Example 22.1. An answer is
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This process is known as diagonalisation of a linear transformation. It
provides a simple expression for the function values, by referring
everything to an appropriate basis. Example 22.5 provides illustration.
Be warned, however. The diagonalisation process works only for certain
matrices (as seen in Chapter 19), so it may be expected to work only for
certain linear transformations.

Summary
An extension of the earlier diagonalisation process.is described whereby,
for certain matrices A, an orthogonal matrix P may be found such that
pT AP is a diagonal matrix. In particular, this may be done when A is a
real symmetric matrix. The situation in which there is a repeated eigenvalue
is dealt with. There is a brief discussion of the idea of diagonalisation of
a linear transformation, via an appropriate change of basis.

Exercises
1. For each of the following matrices, find a list of eigenvectors

which constitutes an orthonormal basis for 1R3.

[-1 2 2]
(i) 2 1 O.

201

[
1 3 4]

(iii) 3 1 O.
401

[
2 0 1]

(ii) 0 2 0 .
102

[

7 -2
(iv) -2 6

o -2

2. For each of the matrices A given in Exercise 1,write down an orthogonal
matrix P and a diagonal matrix D such that pTAP = D.

3. Each of the following matrices has a repeated eigenvalue. Find in each
case a list of eigenvectors which constitutes an orthonormal basis for 1R3•

(i)H ~~-:1 (i'fl ~ ~l (iii)[~ ~ n
4. For each of the matrices A given in Exercise 3, write down an orthogonal

matrix P and a diagonal matrix D such that pTAP = D.
5. Find an orthogonal (4 x 4) matrix P and a diagonal matrix D such

that pTAP = D, where A is the matrix

3
1

-3
3

3
-3
1
3

-~]
3 .

1
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B =([~~~], [- ~~~], [=~~~]).
l/fi 0 2/~

These vectors are the columns of the matrix P found in Example 22.1 such that

PTAP=D=[-~ -~ ~].
o 0 4

In this case (because A is symmetric) a basis B can be found which is orthonormal.
The numbers kJ, k2 and k3 required are the eigenvalues -1, -4 and
4.
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6. Repeat Exercise 5 with the matrix

[~
4 0 ~l1 0
0 3
0 4 -3

7. Let J be the linear transformation from 1R3 to 1R3 given by J(x) = Ax,
where

[
I 1 2]

A= 0 1 O.
o 1 3

Find a basis X for 1R3 such that, when vectors in 1R3 are represented
as column vectors of components with respect to X, J is given by
J(u) =Du, where D'is a diagonal matrix.

8. Repeat Exercise 7 with the linear transformation 9 given by g(x) = Bx,
where

B~H ~~-H
Notice that the basis obtained here is an orthogonal list, whereas that
obtained in Exercise 7 was not.



Examples
23.1 Simplify the equation

x2+ 4xy + y2+ 3 = 0

by means of the change of variables
1 1

y= --u+-v.
-Ii -Ii

1 1
x=-u+-v,-Ii -Ii

Substituting, we obtain

tu2 + uv+ tv2 - 2u+ 2v+ tu2 - uv+ tv2 + 3 = 0

- u2 + 3v2 + 3 = 0i.e.

i.e.
u2
-- v2 = 1.
3

This is now recognisable as in the standard form for an equation of a hyperbola.
In effect the new equation is a consequence of the change of basis

[;J=[-:~~:~~I~J
y

x

This changeof~basis is, in geometrical terms, a change of coordinate axes. The
new axes are OU ~-QJ(,~~long the directions of the eigenvectors of the matrix[~~JThis matrix is obtained from the quadratic form x2+ 4xy + y2 as

described in the text.
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In the coordinate geometry of two dimensions, a second degree equation
in x and y generally represents a conic. We shall not be concerned with
the geometrical background, but we shall need to be familiar with some
standard forms of equation:

x2 +y2=r2 circle,
x2 y2

ellipse,-+-= 1
a2 b2

x2 y2
hyperbola,

y2 x2
hyperbola.---= 1 ---= 1

a2 b2 b2 a2

Each of these figures has centre at the origin. Of course there is another
sort of conic, the parabola, but the methods developed here do not apply
in that case. Ellipses and hyperbolas have a symmetry which makes our
algebraic methods appropriate. This symmetry is reflected in the form of
the equations above, in the sense that x and y occur only in terms involving
x2 and y2. But ellipses and hyperbolas with centre at the origin can have
equations which have a rather different form. For example,

x2 +y2 +4xy +3=0
is an equation for a hyperbola with centre at the origin, and

5x2 + 2y2 + 4xy - 6 = 0

is an equation for an ellipse with centre at the origin.
Our familiar diagonalisation process provides a routine by which we

can simplify such equations and decide which sort of conic they represent.
And it can be used in three dimensions for an analogous procedure involving
quadric surfaces and their equations. The process is equivalent to changing
to new coordinate axes to simplify the equation. But the diagonalisation
process is what tells us which new coordinate axes to choose. Example
23.1 shows how an equation can be simplified into one of the four standard
forms above by an appropriate change of coordinates. Before we can see
how the new axes are chosen, we must discuss a new notion.
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23.2 Examples of quadratic forms.
2xl _ yl +4xy
3xl -4xy
4xl - 3yl
Xl - 4yl + Zl + 16yz - 6zx + 16xy
3yl - 4xz + 6xy
Xl + i + Z2 + xz
lsi + Zl - 8xy.

23.3 Matrix expression for a quadratic form.

Let A=[~ ~J and x=[;l
Then xTAx= [x y][~ ~I;J

=[x y][X+2YJ
3x + 4y

= [x(x + 2y) + y(3x + 4y)]'

The single entry in this I x I matrix is equal to
Xl + 2xy + 3xy + 4i

I.e. Xl + Sxy + 4yl.
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Definition
A quadratic form in two variables x and y is an expression of the form

ax2 + by2 + cxy,

where a, band c are real numbers. A quadratic form in n variables
Xl> .•• , Xn is a sum of terms each of which is of the second degree, i.e. is
of the form ax? or hxixj•

We shall deal with only two or three variables. Some examples are
given in Example 23.2.
Now we make the link with matrices and diagonalisation. See Example

23.3 for illustration of the following. Let A be the 2 x 2 matrix

and let

Then xTAx is a 1 x 1 matrix, which we can evaluate as follows.

xTAx = [x YJ[all a12][x]
a2l a22 Y

= [x YJ[allx + a12
y
]

a2lx + a22y

= allx2 + a2lxy + a12xy + a22y2

= allx2 + (a12 + a2dxy + a22y2.

Here we do not distinguish between a 1 x 1 matrix and the number which
is its sole entry. The important thing is that xTAx is a quadratic form in
x and y.
We can do this also with any square matrix A and any appropriately

sized vector x. If A is a 3 x 3 matrix with (i, j)-entry aij and x is a 3-vector
with entries x, y and z, then (details omitted)

xTAx= allx2 + a22y2 + a33z2 + (a23 + a32)yz
+ (a3l + a13)zx + (a12 + a2l)xy.

This process can be reversed. Given a quadratic form, we can write
down a matrix A such that xTAx is equal to the given quadratic form.
For example

But note also that

ax2 + by2 + cxy = [x

!:I:l
YJ[~ ~I:l

so the matrix A is not uniquely determined. The coefficient c has to be
'shared out' between the (1, 2)-entry and the (2, I)-entry.
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23.4 Matrices representing quadratic forms.
(i) Find matrices A such that the quadratic form

2x2 -6xy- i
is given by the product xTAx.
Take A = [aijJ2 x 2, say, where

a,,=2, a22=-1 and a12+a21=-6.
The following (among infinitely many possible matrices) will do:

-l].
7

4
-3
-~

[ 2 OJ [ 2 - 2J [2 2J [ 2 - 3J
-6 -1 ' -4 -1 ' -8 -1 ' -3 -1 .

The last is significant, being the only symmetric matrix A with the required
property.
(ii) Find matrices A such that the quadratic form

x2 - 3y2 + 7z2 - 3yz + 2zx + 8xy
is given by the product x TAx.
Take A = [aijJ3 x 3' say, where

all = 1, a22 = -3, a33 = 7, a12 + a21 = 8,
a23+a32= -3, a31 +aI3=2.

The following are among the possible answers:

[i =: -HH =: -H[:
The last one of these is the symmetric matrix which has the required property.
(iii) Find a symmetric matrix A such that the quadratic form

ax2 + by2 + cz2 + dyz + ezx + Jxy
is given by the product xTAx.

[
a t.r tel

Answer: A = t.r b td .
te td c

It is easily verified that this matrix has the required property.
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An example of finding a matrix for a quadratic form in three variables
is given in Example 23.4.

It will be particularly convenient, in view of the rule in Chapter 22
about when a matrix is diagonalisable, to choose our matrix to be
symmetric. This can always be done, as is shown for two variables above,
and for three variables in Example 23.4.

Observe that quadratic forms in which there are no cross-terms, i.e. in
which only squares of the variables occur, give rise to diagonal matrices,
and vice-versa. For example,

3x
2

- 2
y
2 = [x y~[~ -~I:l

Also notice that the left-hand sides of our standard forms of equation for
conics are such quadratic forms. What we seek to do, therefore, is to
convert a quadratic form xT Ax, by an appropriate change of basis (i.e.
change of axes), to a quadratic form uTDu, where D is a diagonal matrix.
This is now easy for us, at least for symmetric matrices A.
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23.5 Diagonalisation of quadratic forms.
(i) Find a matrix P such that the change of variables given by

[;J=p[~J
will simplify the quadratic form

6x2 -4xy + 3y2

into a quadratic form which has no cross-term.
First find a symmetric matrix A such that xT Ax yields the given quadratic form.
As in earlier examples,

A=[ 6 -2J.
-2 3

By the standard methods, find eigenvalues and eigenvectors of A, and an
orthogonal matrix P such that pT AP is a diagonal matrix. We obtain

1/fiJ.
l/fi[-1 OJpTAP= ° 3 '

(ii)

with P = [-2/fi l/fiJ.
l/fi 2/fi

This matrix P is the one with the required property (no need to verify this), and
the simplified quadratic form is

7u2 + 2v2.
Repeat part (i), but with the quadratic form
x2 +4xy + y2.

Here A = [~ ~JFind the eigenvalues and eigenvectors, and a matrix P such

that pTAP is a diagonal matrix. By the usual methods we obtain

[ 1/fiwith P=
-1/fi

The eigenvalues are - 1 and 3, and the vectors

[ l/fiJ
-1/fi

and [1/fiJl/fi
are corresponding eigenvectors, respectively.
Notice that the usual process could lead to a slightly different matrix P. For
example, P might have been chosen as

[-I/fi l/fiJ.
l/fi 1/fi

This makes no difference. Also, P might have been chosen as

[1/fi l/fiJ
1/fi -1/fi

with the columns in the other order. This would have the effect of making

pT AP = [3 OJ, and of interchanging the new coordinates u and v.° -1
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We have a method for finding an orthogonal matrix P such that pT AP
is a diagonal matrix. Therefore if we specify a change of basis by

x = Pu (so that xT = UTpT),

then xTAx = (UTpT)A(Pu) = UT(pTAP)u.

Let us write this out as a rule. See Example 23.5.

Rule
Let xTAx be a quadratic form, where A is a symmetric n x n matrix and
x is a n-vector with entries Xl' ... , Xn• Then the change of basis x = Pu,
where P is an orthogonal matrix whose columns are eigenvectors of A
leads to the simplification

xTAx = uTDu = klui + ... + knu;,

where kl, , kn are the eigenvalues of A (possibly including repetitions)
and ul, , Un are the new coordinates. The new basis consists of the
columns of the matrix P.

In our two-dimensional situation, what this amounts to is choosing
new axes in the directions of the eigenvectors. It is the eigenvectors which
determine the change of coordinates which will simplify the quadratic
form. And notice that the eigenvalues appear as the coefficients in the
simplified form.

Example 23.5(ii) is a re-working of Example 23.1 using these ideas. It
turns out that the new coordinate axes (in the directions of the
eigenvectors) are the axes of symmetry of the conic, sometimes called the
principal axes.
In three dimensions, an equation of the form

ax2 + by2 + cz2 + 2fyz + 2gzx + 2hxy + d = 0

generally represents a surface called a quadric surface. There are standard
types, represented by standard forms of equation, for example

x2 y2 Z2

- + - + - = 1 ellipsoid,
a2 b2 c2

x2 y2 Z2

- + -- - - = 1 hyperboloid of one sheet,
a2 b2 c2

x2 i Z2- - - - - = 1 hyperboloid of two sheets.
a2 b2 c2

There are obviously other possible combinations of positive and negative
signs. (A sphere is a special case of an ellipsoid, when a, band c are all
equal.)
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23.6 Diagonalisation of a quadratic form in three variables.
Find a matrix P such that the change of variables given by

will simplify the quadratic form

x2 + y2 - 3z2 + 2yz + 2zx - 6xy
into a quadratic form which has no cross-terms.
This quadratic form may be represented as x TAx, with

A =[-~ -~ ~].
1 1-3

We have already done the work required, in Example 22.1. The matrix P which
we found in Example 22.1 is the one needed here. Without specific verification
we know that the change of variables

[~] =[~;~ - ~;~ = ~;~][~]
z l/vIJ 0 2/~ w

will convert the given quadratic form into
_u2 _ 4v2 + 4w2.

The coefficients in this quadratic form are the eigenvalues of the matrix A.

PTAP=D=[-~ -~ ~],
o 0 4

and uTDu = [ _u2 - 4v2 + 4w2].
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Without going into the geometry, we can apply our methods to a given
equation such as the general one above, to simplify it into one of the
standard forms, and thereby to recognise the type of quadric surface and
to find some of its simple properties. This is done in Example 23.6. The
eigenvectors again turn out to determine axes of symmetry (i.e. the
principal axes) and the eigenvalues become the coefficients in the simplified
form. One general rule, therefore, is: we obtain an ellipsoid when and
only when all three eigenvalues are positive (presuming that the equation
is given in the form xT Ax =c, with c > 0).

Summary
Standard forms of equation are given for circles, ellipses and hyperbolas.
In general, a locus of one of these kinds has an equation which involves
a quadratic form. It is shown how to transform a quadratic form into a
sum of square terms, using the diagonalisation process from the preceding
chapter, and hence to convert a given equation into one of the standard
forms. This procedure is extended to the three-dimensional situation,
where the methods are applied to equations for quadric surfaces.

Exercises
1. For each of the quadratic forms listed below, find a symmetric

matrix A such that the quadratic form may be expressed as x TAx, where

x ~ e;th" [;] 0' [;J depend;n, on 'he ,i'"alion.

(i) 2x2 - y2 + 4xy.

(ii) 3x2 - 4xy.

(iii) 4x2 - 3y2.

(iv) x2 - 4y2 + Z2 + 16yz - 6zx + 16xy.

(v) 3y2 - 4xz + 6xy.

(vi) x2 + y2 + Z2 + xz.
(vii) 15y2+z2-8xy.

(These are the quadratic forms listed in Example 23.2.)
2. For each of the quadratic forms given in Exercise I, find an orthogonal

matrix P which determines a change of coordinates x = Pu which
transforms the given quadratic form into a sum of squares.

3. Each of the following equations represents a conic (an ellipse or a
hyperbola) with centre at the origin. Find the directions of the principal
axes in each case, write down an equation for the conic with respect
to the principal axes, and say which sort of conic it is.
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(i) x2 + y2 - 4xy = 3.

(ii) 3x2 + 3y2 + 2xy = 1.

(iii) 1+4xy-x2-3i=o.

(iv) 3x2+4xy+4=O.

4. Each of the following equations represents a quadric surface. Find the
directions of the principal axes in each case, write down an equation
for the surface with respect to the principal axes, and say what sort of
surface it is.

(i) -x2+i+z2+4xy+4xz=3.

(ii) x2 + i + Z2 + xz = 1.
(iii) x2 + y2 - 3z2 + 2yz + 2zx - 6xy = 4.

(iv) 2x2 + 2y2 + 5z2 - 4yz + 4zx - 2xy = 7.

Is any of these surfaces a surface of revolution?





24.1

(i)

Examples
Illustration of simultaneous differential equations.

dx
dt = y

dy
- = x. These equations are satisfied by
dt

x=e',
and by x =e-I

,

y=e',
y= _e-l•

(ii)

and by

(iii)

dx
-= x+2y
dt
dy
-=2x+y.
dt

x=e31+e-l
,

x = 2e31,

dx
-=y+z
dt
dy
-=x+z
dt
dz
-=x+y.
dt

These equations are satisfied by

y = e31 _e-l,

y = 2e31.

These equations are satisfied by

Indeed they are satisfied by any three functions x, y and z of the form

x = 2ae-1 + be21
,

y = -ae-l + be21
,

z = -ae-l + be21,
where a and b are arbitrary real numbers.

24.2 Solve the simultaneous differential equations

dx
-=6x-2y
dt
dy
-=2x+3y.
dt

dx k kl d dy k klso that -=q, e an -=q2 e .
dt dt

Substituting into the original equations, we obtain

[::}ekl

= [~:: ~~l
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and

Functions x and y of an independent variable t may have their derivatives
given as linear functions of x and y themselves:

dx
-=ax+by
dt '

dy
-=cx+dy.
dt

These may be written as a matrix equation

dx
-=Ax
dt '

where A =[: ~J
Example 24.1 gives an illustration of such equations and the sort of
functions x and y which satisfy them.

There is a formal similarity between the matrix form of differential
equation above and the simple differential equation

dx
-=ax.
dt

andi.e.

Its solution is

x = aea' (a an arbitrary constant).

The similarity does not end here. We may obtain the general solution to
the matrix equation by trying out

x= qek
',

x = Qlek'

and dy k k'-=Q2 e .
dt



and 2 are the eigenvalues of this

[~UuJ (UEIR, u#O).
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Thus k must be an eigenvalue of the matrix [~ -~land [:J must

be a corresponding eigenvector.
The standard process shows that 7
matrix, with corresponding eigenvectors

[-2:J (UEIR,U#O) and

Consequently,

and

are solutions to the original equations, for any choice of the numbers a
and b.

24.3 Find solutions to the differential equations
dx
~=x-2y
dt
dy
~=x+4y.
dt

We can abbreviate the process of Example 24.2. Find eigenvalues and eigenvectors

of the matrix [~ -~JThe characteristic equation is

1

1-
k -21=0
1 4-k

i.e. 4 - 5k + k2 + 2 = 0

i.e. 6 - 5k + k2 =0

i.e. (3:- k)(2 - k) =O.

So the eigenvalues are 3 and 2. Now find the eigenvectors.

k=2: Solve [ -~ -~JeJ=[~lgiVing[ -2:J (UEIR,u#O).

k=3: Solve [-~ -~I:]=[~l giving [-:] (UEIR, u#O).

Consequently

and

are solutions, for any real numbers a and b. These may be written
x = -2ae21 and x = -be31

,

y = ae21 and y = be31
•
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Substituting these, we obt~in
qkekt = Aqekl, :

giving qk = Aq,
I.e. Aq = kq.
Thus x = qekt is a solution to our matrix differential equation just when
k is an eigenvalue of the matrix A and q is a corresponding eigenvector
(or of course when q = 0, which yields the trivial solution x = 0). See
Example 24.2.

Example 24.3 shows this technique in practice. Find the eigenvalues
k1 and k2, and corresponding eigenvectors ql and q2' Then

x = ql ek11 and x = q2ek2t

are solutions to the differential equations. We know from our previous
work that the eigenvectors ql and q2 have an element of arbitrariness
about them. For any eigenvalue k, if q is an eigenvector corresponding
to k, then any multiple of q is also an eigenvector corresponding to k.
Thus arbitrary constants arise, as they customarily do in the process of
solving differential equations, in the solutions found by this process.
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24.4 Illustrations of the general solution to a set of differential equations.
(i) The general solution in Example 24.2 is

or x = - 2ae 7, + tbe2',
y = ae7' + be2'.

(ii) The general solution in Example 24.3 is

or x = - 2ae2' - be3',
y = ae2' + be3'.

24.5 Find the general solution to the set of simultaneous differential equations
dx
-=2x+2y+ 3z
dt
dy
-= x+2y+ z
dt
dz
-=2x-2y+ z.
dt

The answer is

[~]~ "q.'>"+ bq,"" + 'q,'>",

where a, band c are arbitrary constants, k I, k2 and k3 are the three eigenvalues
and ql' q2 and q3 are corresponding eigenvectors of the matrix

A =[~ ~~].
2 -2 1

These are found by the usual process. The work has been done in Example 19.1.
Take

kl=-I, k2=2, k3=4,

,nd q.{~l q,~Ulq,~m
The required general solution may then be written
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It is not hard to show (an exercise for the reader) that if we have any

two solutions Xl and X2 to the equation dx = Ax, then their sum Xl + X2
dt

is also a solution. In fact it can be shown (beyond the scope of this book)
that the most general form of solution is given by a sum of solutions as
found above. This may be stated as a rule for writing down the general
solution.

Rule
Let A be a 2 x 2 real matrix with distinct real eigenvalues kl and k2• Let
ql and q2 be any chosen, eigenvectors corresponding to kl and k2
respectively. Then the general solution to the differential equation

dx
-=Ax
dt

is x = aqlek1t + bq2ek2t,
where a and b are arbitrary real constants.

See Examples 24.4.
These ideas apply also where there are more than two functions and

'qual;on" Fo, oxampl" w, may havo x~ [~] and A may h, a 3 x 3

matrix. Then the equation

dx
-=Ax
dt

represents a set of three linear differential equations. If kl, k2 and k3 are
distinct eigenvalues of A, with corresponding eigenvectors ql' q2 and q3,
then the general solution is

x = aqlek1t + bq2ek2t + Cq3ekJt,
where a, band c are arbitrary real constants. This process generalises to
work for larger sets of equations, provided that the number of equations
is the same as the number of unknown functions, so that the matrix of
coefficients is square.

A calculation in the 3 x 3 case is given in Example 24.5.
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24.6
dx

Solve - = 2x - y + 2z
dt
dy
-= -x+2y-2z
dt
dz
-= 2x-2y+5z.
dt

The matrix of coefficients in this case is

[-! ~~-H
In Example 22.3(i) we saw that the eigenvalues of this matrix are 1 (with multiplicity
2) and 7, and that corresponding eigenvectors are

[":2'] (u, VE IR, not both 0)

and h:] (UEIR, u"oO).

These lead to solutions to the differential equations

[
X] [a - 2b]y = a e'
z b

and

The general solution (the sum of these) may be written
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There are complications in this: the same sort of complications which
were mentioned in relation to the diagonalisation process itself in Chapter
19. There may not be enough eigenvalues, or there may be repeated
eigenvalues, or there may be complex eigenvalues. We can cope, however,
with repeated eigenvalues, provided that there are enough linearly
independent eigenvectors to make the matrix diagonalisable. Example
24.6 provides illustration. Each ekil occurs in the general solution
multiplied by an eigenvector of the most general form possible, i.e. a linear
combination of some basis for the eigenspace corresponding to the ki.
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24.7 A case where the eigenvalues and eigenvectors are complex numbers.
See Example 18.6. Find the general solution to the system of differential
equations

dx

dt
dy
-=-x+y.
dt

The eigenvalues of the matrix of coefficients are 1 + i and I - i, with corresponding

eigenvectors (say) [ ~iJ and [~J respectively. The general solution is then

[;J = 2 Re((a + ib{ ~i}(1 +j>')

= 2 Re((a + ib{ ~i}'ei')

= 2e' Re((a + ib{ ~i}cos t + i sin t))
= 2e' Re((a + ib)[-i cos t ~ .sin tJ)

cos t + I sm t

, ([ - ai cos t + a sin t + b cos t + bi sin tJ)
= 2e Re

a cos t + ai sin t + bi cos t - b sin t
,[a sin t + b cos tJ= 2e
a cos t - b sin t '

I.e. x = 2e'(a sin t + b cos t)
y = 2e'(a cos t - b sin t).
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We can even cope with complex eigenvalues. We illustrate this with a
2 x 2 case. See Example 24.7. Notice that in that example, the eigenvalues
are complex conjugates of each other. This reflects the fact that complex
solutions to polynomial equations always come in conjugate pairs. The
eigenvalues of a matrix are the roots of the characteristic equation, so
complex eigenvalues will always come in conjugate pairs. The method
given here will apply to such a pair of eigenvalues irrespective of the size
of the matrix.

Consider dx = Ax, where A is a 2 x 2 matrix, and suppose that the
dt

eigenvalues of A are complex, say
k1=u+iv and kz=u-iv (U,VE~).

We saw in Chapter 18 that we can find complex eigenvectors
corresponding to these eigenvalues by following the usual process. Indeed
they will be complex conjugates of each other. Let ql correspond with
k1. Then ijl is an eigenvector corresponding to kz.

X=qlek" and X=ijlek2'
are (at least in formal terms) solutions. Indeed the general complex solution
is

x = Gqle(U+iV), + Hijle(u-iv)"

where, this time, we can think of G and H as arbitrary complex numbers.
What we seek, of course, are real solutions. If we choose H to be the
complex conjugate of G, then

Gq 1e1u+ iv)' and H ij 1e(u - iv)'

will be complex conjugates of each other, and their sum will be real:
x = 2 Re(Gqlelu+iv),).

It is not very helpful to try to simplify this formula in its general form.
In any particular situation, the appropriate values can be inserted for ql,
u and v, and G can be taken to be a + ib (where a and b are real numbers),
and then to carry out a simplification process starting from here, to find
the real part, which turns out to be expressible in terms of trigonometric
functions. This is done in Example 24.7.
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24.8 Find the general solution to the system of differential equations
dx-=2x-2y+ z
dt
dy
-=2x+ y-2z
dt
dz
-= x+2y+2z.
dt

By the usual process we find the eigenvalues and corresponding eigenvectors of
the matrix of coefficients.

k ~ 3, Ei"n,,"o,\ "" multipl"of[H
k~ 1+ h/i i, Eig,n""n".,, multip!"nf[~i].

k ~ 1- 2j2 i' Ei,'"",,,o,, "" multip!"of[-f J
From the two complex eigenvalues we can obtain a real solution as in
Example 24.7.m~2 "(Ia + ibH}' .'J>'»

.~ '" .o(ra + ib { ~ }OO'(2j2 'I+ i ,in(2j2 t) I)

[

-a cos(2j2 t) + b sin(2j2 t) ]
= 2e' - aj2 sin(2j2 t) - bj2 cos(2j2 t) .

a cos(2j2 t) - b sin(2j2 t)

The complete general solution is then

[
~] = 2et[-afl ::g~::~:fi~o~fi t)] + c[~]e3t,
z a cos(2j2 t) - b sin(2j2 t) I

where a, band c are arbitrary real constants. This may be written in a different
form, which might be easier to comprehend:

x = -2ae' cos(2j2 t) + 2be' sin(2j2 t) + ce31,
y = -2aj2 et sin(2j2 t) - 2bj2 et cos(2j2 t),

z = 2aetcos(2j2 t) - 2betsin(2j2 t) + ce3'.
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Example 24.8 shows how this method is carried out in a 3 x 3 case
where there are two complex eigenvalues and one real eigenvalue.

Summary
A routine procedure is described and illustrated for finding the general
solution to a system of simultaneous linear first-order differential
equations. It uses the ideas of eigenvalue and eigenvector. The case where
eigenvalues are complex numbers is discussed.

Exercises
1. Find the general solution to each of the following sets of

simultaneous differential equations .

dx .. dx
(i)-= x- y (11) -= x+4y

dt dt

dy
2x + 4y

dy
x-2y- -

dt dt

... dx dx
(111) - = x+ y (iv)-=-x

dt dt

dy
x+

dy
- y - -y
dt dt

dx dx
(v)-= x- y- z (vi)-= 2x - 2y + 3z

dt dt

dy
3y+ 2z

dy
3y - 2z- -

dt dt

dz dz

dt
-y

dt
-y + 2z

.. dx dx
(VII) -= x+ y- 2z (viii)-= 2x- y+ 2z

dt dt

dy
4x 4z

dy
- + -= -x+2\'-2z
dt dt .

dz dz
x- y+ 4z 2x - 2y + 5z

dt dt

dx ) dx
(ix)-= 3x + z (x)-= -y+ ~

dt dt

dy dy
- y - y
dt dt

dz
+)3z

dz
-x -= -x + 2z

dt dt



ANSWERS TO EXERCISES

Chapter 1
(i) x= I, y= -1. (ii) x=2, y= -3.
(iii) Xl =3, X2= -2, X3= 1. (iv) Xl =2, X2= I, X3=-1.
(v) Xl =2, X2= I, x3=2. (vi) Xl = I, X2 =0, X3= 1.
(vii) Xl = 1, X2= -I, x3=3. (viii) Xl =0, x2=0, X3=0.
(ix) Xl = 3, X2 = I, X3 =0. (x) Xl = -1, X2 =0, X3 =0.
(xi) Xl =2, X2= I, x3=0, x4=-1.
(xii) Xl =2, x2=2, X3= 1, X4= -3.

Chapter 2
2. (i) x=2+3t, y=t (tEIR).

(ii) x= -1-1t, y=t (tEIR).
(iii) Xl =4-3t, X2= 1+2t, X3=t (tEIR).
(iv) Xl = 1-2t, X2= -I +t,.X3=t (tEIR).
(V)XI=I+t,X2=t,x3=1 (tEIR).
(vi) XI = -2-3t, x2=2+t, X3=l (tEIR).

3. (i) x=2, y= 1. (ii) x=3, y=2.
(iii) XI = -I, X2= 1, x3=2.
(iv) XI =2, X2= -I, X3=0.
(v) XI = -2, X2= I, X3= I.
(vi) XI =4, x2=3, x3=2, X4= 1.

4. (i) Unique solution. (ii) Infinitely many solutions.
(iii) Inconsistent. (iv) Inconsistent.
(v) Infinitely many solutions.

5. (i) c= 1: infinitely many solutions. c oF I: inconsistent.
(ii) Consistent only for k =6.

6. (i) c= -2: no solution. c=2: infinitely many solutions. Otherwise:
unique solution.

(ii) c= :!:Ji no solution. Otherwise: unique solution.
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(iii) c= -3: no solution. c=3: infinitely many solutions. Otherwise:
unique solution.

(iv) c=O, c=J6, c= -J6: infinitely many solutions. Otherwise:
unique solution.

-~]9 '
2

6 13J [21 -7J
- 8 6' AD = 13 - 16 '

7] [8 -1 -14 -8 -4
6 , CB= 9 0-3
3 4 0 4

3
-4
3

[=U.
Chapter 3

2. (i) (ii) H] (i;i) [=:J (iv) [- n
(v) [~n(vi) [-n.

[
19 -1

3. AB= 16 -8

CD=U =H
DA also exists. A(BC) of course should be the same as (AB)C.

4. (i) [1; ~~]. (ii) [-~ -~ 1~].
19 16 8 8 4

"') [3 4J(111 1 2 .

5. [: ~ 1~].
13 8 8

6. A must be p x q and B must be q x p, for some numbers p and q.

Chapter 4

[

1 2
1. A2= 0 1o 0
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4. Xl =2, x2=6, X3= 1.

6. Symmetric:

[1 0 1]o 1 0 ,
1 0 1

U
1
o
-1

-~ -u,
-~].
-1

Skew-symmetric:

[-~~J [-! 1
o

-3
-2]3 .
o

9. (i) Interchange rows 2 and 3.
(ii) Add twice row 3 to row 1.
(iii) Subtract three times row 1 from row 3.
(iv) Multiply row 2 by -2.

10. T= [~ ~ ?6] [~ ~ ~] [ ~ ~ ~]
o 0'" 0 1 1 -2 0 1

and

TA=-[~ 1 -n.
11. T= [~ ~ ~] [~

o 0 -i 0

x [_~ ! ~J[l
and

TA= [~ -1 2
1
1 tJ .
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Chapter 5
1. Invertible: (i), (ii), (iv), (v), (vi), (viii), (xi).

[

l/G 0 0]
2. 0 l/b 0 .

o 0 l/e

Chapter 6
1. x= -1, y=2.
2. (i) Yes. (ii) No. (iii) Yes. (iv) No.
3. In each case we give the coefficients in a linear combination which is equal

to 0 (the vectors taken in the order given).
(i)2, - 1. (ii) 6, - 7, 2. (iii) 4, - 1, 3.
(iv) -11, 7, 16. (v) 5, -4, 3. (vi) 1, -13,5.

4. LD: (ii), (iii), (vi).
LI: (i), (iv), (v), (vii).

5. 1,2,2, 1,2,2,3,3,2, 1, 1,2, 1,2, 3,4,4,2,3.
6. Rank of xyT is 1. This holds for any p.

Chapter 7

~].
-1

1
-1
1

1. -7, -2,3,0, -28, -7,7, -3.
2.2, -4, -9,0, -10,10,0,0, -3.
3. -16, -35.
4. No, only for p x p skew-symmetric matrices with odd p.

[

-1
8. det A = 2. adj A = ~

Chapter 8
(i) Ranks 2, 2; unique solution.
(ii) Ranks 1,2; inconsistent.
(iii) Ranks 1, 1; infinitely many solutions.
(iv) Ranks 2, 2; unique solution.
(v) Ranks 3, 3; unique solution;
(vi) Ranks 3, 3; unique solution.
(vii) Ranks 2, 3; inconsistent.
(viii) Ranks 2, 2; infinitely many solutions.
(ix) Ranks 2, 2; infinitely many solutions.
(x) Ranks 2, 2; infinitely many solutions.
(xi) Ranks 2, 2; infinitely many solutions.
(xii) Ranks 3, 3; unique solution.
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Chapter 9
1. C: b-a, D: -a, E: -b, F: a-b.

5. (i) [-!l (ii) [~n.(iii) [=n. (iv) [-n.
(v) [-fJ.

6. (i) [1] . (ii) nl (iii) [n. (iv) [- ~~J.
(v) [~n.

~~J
1 1

(;;)m. (ih)

:]6 ~
2 19. (i) -:]6 . (iv)

~
1 1

-:]6 ~

Chapter 10
1. (i)x=t,y=1-t,z=3-2t (tEIR).

. (ii) x= 1, y= 1+t, z= -2.+2t (tE IR).
(iii)x=-1,y=2,z=4-11t (tEIR).
(iv)x=1+t,y=1+t,z=1+t (tEIR).
(v) x=3t, y= -t, z=2t (tEIR).

2. (i) [~n.(ii) [- n. (iii) [~~J.
3. (i) Intersect at (0, 1, 1).

(ii) Intersect at (0,3,1).
(iii) Do not intersect.
(iv) These two sets of equations represent the same line.

212 2
4. (i) ft' (ii) -6' (iii) )42' (iv) - ft'

~ 1 ~ 5 ~ 4
5. cos A= - fl' cos B= )34' cos C= .)17'

The largest angle is A, which is 3n/4 radians.



1
(v) r;::;'

~42
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6. For example,

[~ J .
7. 7 units.
8. (i) fi. (ii) )24. (iii) 0 (the point lies on the line).
9. (i) x- y+2z-3=0. (ii) 4x+5y+6z+ 1=0.

(iii) y+3z-18=0. (iv) x+ y+z-3=0.
10. (i) 0 (the planes are perpendicular).

412
(ii) 1101\' (iii) -. (iv) r,:;'

~180 2 ~14
11. (i) Straight line. (ii)'Single point.

(iii) Empty. (iv) Single point.
6 6

12. (i) O. (ii) r,:;' (iii) Ji (iv) r;::;'
~ 14 ~42

Chapter 11

1. (i) [-1] . (ii) [-n. (iii) [=iJ.
(iv) [=1] . (v) [-~:J. (vi) [-~J..

2. (i) t)26. (ii) t)94. (iii) tJ6l.
(iv) t)26. (v) tJ4i6. (vi) tJ18.

3. (i) t)35. (ii) t)66.

4. (i) [-n. (ii) [-~i].
5. (i) 3y-z-2=0. (ii) x+ y+z-2=0.

(iii) x - y+z=O.
6. 3 units3.
7. 4 units3.
8. (i), (ii) and (iv) are coplanar. The others are not.

305



-1] [1 0 0]o . (ii) Plane, 0 0 O.
o 000

3] [2 -1 -1]O. (iv) Line, 1 - 1 - 2 .
000 0
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Chapter 12
1. (i) 2, 1, 1. (ii) No solution. (iii) t, 1- 2t, t. (iv) -1,2,1, -1.
3. (i) 3, yes. (ii) 3, yes. (iii) 2, no. (iv) 3, yes.
4. (i) LD. (ii) LD. (iii) LI. (iv) LI. (v) LD. (vi) LD.

Chapter 13
1. (i) Yes. (ii) Yes. (iii) No. (iv) No. (v) Yes. (vi) Yes. (vii) No.
2. (i), (iii).
3. (i), (ii), (iii).
7. (ii), (iv).

8. (I)PI,n,. [~ - ~

(III) Pion" [~ -!
Chapter 14

2. [!HHUl
For the other two the coefficients are 1, 1 and ~, -to

3. (I) ([:]. [:]) (II) ([:]) (ill) [:]n])
(i,) ([~], [ -m (,)[il[H[!]).

5. (I) ([ -:J[~] (II) ([:J[-:]) (III) ([ -H[-m-i]
(I,) [-!l,[-ill -m (')([-il[IJ[-m

6. Coefficients: (i) -1, 1,t. (ii) t -1, l (iii) ~, ~, -!. (iv) 1, -1, O.

8 (i) ([ illi]) (ii) [!l [m (III) ([H [:J) (i,) ([ - ill

----\



Answers to exercises

Chapter 15
3. (i) LI. (ii) LD. (iii) LD. (iv) LI.
4. (i) 2. (ii) 3. (iii) 2. (iv) 3. (v) 2. (vi) 3.

307

Chapter 16

1. (iii) A =[ ~ ~].
-I 2

[
I I I 0]

2. 0 I I I.
-I 0 I I

3. f is not one-to-one. im f is not equal to [R3.

4. (i) Yes. (ii) No. (iii) Yes. (iv) No. (v) No. (vi) Yes. (vii) No. (viii) No.

Chapter 17
1. (i) 3, -1. (ii) -2,3. (iii) -2,3,1. (iv) 2, -1,1.

2. [~ ~l
~[Hn
~[Hn
5. [~ r n
6. HlH]tH
Chapter 18

1. (i) 3,[2:J -1, [ -2:J (ii) 0,[-:J 2,[:J
(iii) 3,[-2:J 2, [ -:J (iv) 2,[4:J -3, [ -:J
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[
-2

2. (iii) 1 -~J.(vii) [~ ~]. (viii) [ ~
-1 1 -4 -1

~ ~].(X)[-~ ~ ~].
-2 1 1 1 -1

-~].
-1
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Chapter 20
1. (i) 5. (ii) - 1. (iii) O. (iv) O.(v) O. (vi) 1. (vii) 14. (viii) - 7. (ix) -1. (x) 3.

2. .fi,fi, 5, -/3,Jl4, 5, )6, 9, 2, fi, J15, j4i

[
1/-/3] [ 1/.fi] [ 1/)6]

3. 1/-/3 ' 0, -2/)6 .
1/-/3 -1/.fi 1/)6

4. (i) l (ii) 6/J13.(iii) l/ft. (iv) -1/Jl4. (v) 1/.fi. (vi) - 5/-/99.
(vii) O. (viii) !.

309

Chapter 21

[
4/.Ji8] [0] [1/.fi] [-1/Jl4]

3. (i) -1/.Ji8 . (ii) 1/.fi . (iii) -1/.fi. (iv) 2/Jl4.
1/.Ji8 1/.fi 0 3/Jl4

[
1/-/3] [-2/)6] [ 0] [1/.fi] [ 1/)6] [-1/-/3]

4. (i) 1/-/3, 1/)6, 1/.fi. (ii) 1/.fi ' -1/)6, 1/-/3.
1/-/3 1/)6 -1/.fi 0 2/)6 . 1/-/3

[
-2/-/5] [-1/)6] [ 1/Jl4]

(iii) 0, 1/)6, -3/Jl4 .
1/-/5 2/)6 2/Jl4

[1/~][ 3/~][ 1/.fi]
(iv) 3/~ ' -2/~ ' o.

1/~ 3/~ -1/.fi

~[iHJl[ -U[H[ -um
[1] [ 0 ] [ 0]o 1/.fi 1/-/3

6. ~' 1/f ' - ~~~ .
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7. Hint nb"m th" ([tHmm 'pan, th, ,.m, 'pare

9. 1.[ - t:- U] (oig,n'pare i, plan, n",n,ctinn).

-I. m (,ig,n'pare i, lin, nn'mal to th, plan')

Chapter 22

1. (i)[ l/fi],[~~a],[-~~~].(ii)[ l/f],[~],[I/f].
-1/)2 1/J3 -1/./6 -1/)2 0 1/)2

(iii)[ i], [- ~~~], [~~~]. (iv)[!], [ 1],[-t].
-5 4/J50 4/J50 3 -3 3

3. (i)[- ~~a],[~~~],[-~~~].(ii)[ l/fi], [-~~~], [!].
1/J3 0 2/./6 -1/)2 I/JiS 3

(iii)[-~~~], [ ~~~], [~~~].
o -5/JiO 3/Ji4

5. [ 'r -:;1, 1 -l],[~~~ ~].
-1/)2 0 1 -1 0 0 0 -8

.rr :;~-;;~-:;n.[~~ -i j]
7. [~ _: H
s.[i -;-n
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Chapter 23

1. (iJ[~ -a (ii) [_: -~JliiiJ[~ -a (i{: ::: -n
(v)[~ ~ ~].(Vi)[~ ~ ~].(Vii)[-~ ~~ ~].

tOI 001 001

2. (i) [2/-/5 -1/-/5J. (ii) [ 2/-/5 1/-/5J.(iii) [1 °IJ.
1/-/5 2/-/5 -1/-/5 2/-/5 0

'[-1/-/3 1/16 1/J2] [1/J2 0 1/J2]
(iv) 1/J3, 2/16 0 . (v) 0 I 0 .

1/-/3 -1/16 1/J2 -1/J2 0 1/J2

(vi) [~ ~ ~]. (vii) [~ - ~~~ ~~~].
o 0 I I 0 0

3. (i) Directions of [_ ~l[:l u2 - ~ = I; hyperbola.

(ii) [_ ~l[~l2U2 + 4v2 = I; ellipse.

(iii) [ -2 J, [I + -/5J; (2+ -/5)u2 - (-/5- 2)v2 = 1; hyperbola.
1+-/5 2

(iv) Gl[-~lu2 - ~ = I; hyperbola.

4. (i)Un: H:::}';+,' - w' ~ 1; byp«boloid of ono ,boet

(ii) [!HH[~n"+3;' + ~' ~ 1; oilip,oid

liii) [ -lJ[J.m,'-,' - :'~1; byp"boloid of two ,boo"

(i,) [iJ[-:n~i}"y< +~ +w'~ 1; oilip,oid.

(Only (iv) is a surface of revolution.)
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SAMPLE TEST PAPERS FOR PART 1

3Jo .2
-Iand B=[~

Paper 1
1
(i) Let X be a 3 x 4 matrix. What size must the matrix Y be if the product XYX is to
exist? For such a matrix Y, what is the size of the matrix XY X?
Calculate AB or BA (or both, if both exist), where

[-1 2]
A= 0 I

3 -I
(ii) Find the values of t for which the following equations have (a) a unique solution,
and (b) infinitely many solutions.

tx+4y=O

(t-I)x+ ty=O.

(iii) Let X and Y be p x p symmetric matrices. Is the matrix XY - Y X symmetric? Is
it skew-symmetric? If P and Q are skew-symmetric matrices, what can be said about
the symmetry or skew-symmetry of the matrix PQ -QP?

2
Show that the list

is linearly independent if and only if a = 1 or a = - 4. For each of these values of a,
find a non-trivial linear combination of these vectors which is equal to the zero
vector.
What is the rank of the matrix

A= [~

when a= lor a= -4'1
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Find the inverse of A when a=0, and hence or otherwise solve the equation

Ax= [=n
in the case when a=O.

3
(i) Show that the determinant of a 3 x 3 skew-symmetric matrix is equal to zero. Do
all skew-symmetric matrices have determinant equal to zero? Justify your answer.
(ii) Explain what is meant by an elementary matrix. Give examples of the three
different kinds of elementary matrix, and explain their connection with the
Gaussian elimination process.
(iii)Let A, Band C be the points (1, 0, 0), (0, 2, 0) and (0, 0, 2) respectively. Using the
cross product of vectors, or otherwise, find the surface area of the tetrahedron
OABC.

4
Let A(2, 1,-4), B(O, -1, -6), C(3,0,-1) and D( -3, -4, -3) be four points in
space. Find parametric equations for the straight lines AB and CD. Hence show
that these two lines do not intersect. Let P and Q be points on AB and CD
respectively such that PQ is perpendicular to both AB and CD. Calculate the length
of PQ.
Find an equation for the locus of all midpoints of line segments joining a point on

AB to a point on CD. Deduce that the locus is a plane.
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Paper 2
1
(i) Let

A=[2 1J B=[1o l' 2
-1
2 ~] and C~ [ - j -n

315

Calculate all possible products of two of these matrices. Is it possible to multiply
them all together? If so, in what order? Calculate any such product of all three.
(ii) Let

X= [ ~
-1
; -~].
o -2

Find whether X is invertible. If it is, find its inverse.
(iii)Define a skew-symmetric matrix. Explain why the entries on the main diagonal
of a skew-symmetric matrix must all be zero. Let H be the matrix

[-~~J
Show that H2 +1 =0, that H is invertible, and that H-1 =HT•

2
(i) Let A be a p x q matrix and let b be a p-vector. In the matrix equation Ax= b,
what condition must be satisfied by the rank of A and the rank of the augmented
matrix [A! b] if the equation is to have no solutions? Prove that the following set of
equations has no solutions.

x+2y+3z= 1

x+ y+ z=2
5x+7y+9z=6.

(ii) Find whether the list

is linearly dependent or linearly independent.
(iii) Find all values of c for which the equations

(c+ 1)x+ 2y=0
3x + (c -1)y=0

have a solution other than x=y=O.
3
(i) Evaluate the determinant

2 1 3-1
-2 0 1 1
1 022
3 0 -1 1
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(ii)Explain what ismeant by the adjoint (adj A) of a square matrix A. Show that, for
any 3 x 3 matrix A,

A(adj A) = (det A)I,
where I is the 3 x 3 identity matrix.
(iii)Find an equation for the plane containing the three points A(2, 1, 1),B( - 1, 5, 9)
and C(4, 5, -1).

4
Define the dot product a. b of two non-zero vectors a and b.
(i) Let OABC be a tetrahedron, 0 being the origin. Suppose that OC is
perpendicular to AB and that OB is perpendicular to AB. Prove that OA is
perpendicular to BC.
(ii) Let P and Q be the points (1,0, -1) and (0,1, I) respectively. Find all unit

~ ~
vectors u which are perpendicular to 0 P and which make aQgleTt/3 (60°)with OQ.
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Paper 3
1
(i) Let

1
o
o

317

O~-~1] [ ]and C= _ ~ ~ ~ .

Evaluate the product CB. Evaluate every other product of A or C with B. There are
exactly three orders in which it is possible to multiply A, Band C all together. Write
these down but do not evaluate the products. State the sizes of the three product
matrices.
(ii) Define the rank of a matrix. Calculate the rank of the matrix

U =1 !J.
Use your answer in determining (without actually solving them) whether the
following equations are consistent.

x-3y+4z=O
2x - y+ 7z=4
2x+4y+6z=8.

(iii) Show that the product of two upper triangular 3 x 3 matrices is upper
triangular.

2
Solve the system of equations

x+2y- z~ 4
2x- y+ z= -3 (*)

-x+ y+4z= -7.
Show that the inverse of an invertible symmetric matrix is symmetric, and verify this
by finding the inverse of

P= [~ ~ ~].
010

Let A be a 3 x 3 matrix and let b be a 3-vector. Show that if c is a solution to the
equation Ax=b then p-'c is a solution to the equation (AP)x=b. Use your earlier
results to find a solution to

where A is the matrix of coefficients on the left-hand sides of equations (*) above.
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3 I 8 Sample test papers

3
(i) Let

A= [I~t -t ~], where tE~.
Evaluate det A and hence find all values of t for which A is singular.
(ii) Let X be a 3 x I matrix and let Y be a I x 3 matrix. Show that XY is a singular
3 x 3 matrix.
(iii) Let A, B, C and P be points with coordinates (2,1,1), (-4, -2,1), (1,2,3)and
(-1, -1,2) respectively. Find which of the angles BPC, CPA and APB is the
smallest.

4
Give the definition of the cross product a x h of two non-zero vectors a and h.

Find an equation for the plane n through the points A(I, 1,4), B(3, -2,4) and
C(3, -1,1).

What is the perpendicular distance of the point X(1, - 3,5) from the plane n?
Find the volume of the parallelepiped which has X as one vertex and A, Band Cas
the vertices adjacent to X. Find the coordinates of the vertex of this parallelepiped
which is farthest from X.



SAMPLE TEST PAPERS FOR PART 2

Paper 4
1
(i) Show that the set

{[~]E.'x~O}

is a subspace of 1R3.Find a basis for this subspace, justifying your answer. Show
that the set

r[~}"'x~ 1)

is not a subspace of 1R3•

(ii) Show that the list

i, a b.,i, fo, .'. Exp"" th, "cto, m., a lio"" ,ombinationof th,,, b.,i,

vectors.

2
(i) Suppose that we are told that a certain linear transformation f from 1R3to
1R2has the properties:

r. it po"ibl, to d,d"re th, val", of1([ _: ]),
If so, find it. If not, explain why, not.



320 Sample test papers

(ii) Find the kernel and the image of the linear transformation from [R4 to [R3

represented by the matrix

[ ~ ~ -~ ~].
-1 2 4 1

What is the rank of this matrix?

3
(i) Give the definition of orthogonal matrix. Show that the determinant of an
orthogonal matrix is equal to either 1 or -1. Show also that the product of two
orthogonal matrices is an orthogonal matrix.

(;;) F;nd two ,~to" (not multip!" of on, anoth,,) whl,h '" otthognna! tn [n
H",,, find an o"honMma! b••l, fot R' whl,h ,ontain, th, ""M m
4
(i) Find a diagonal matrix D and an invertible matrix P such that p-1 AP = D,
where

A~[~ =~n
(ii) What can be said in general about the eigenvalues of
(a) a diagonal matrix,
(b) an upper triangular matrix?
Justify your.answers.



Sample test papers

Paper 5
1
(i) Find a basis for the subspace S of 1R4spanned by the list of vectors

([-mm~mm
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A 4 x 4 matrix A is such that Ax = 0 for every vector x belonging to this subspace
S. What must be the rank of A? Find such a matrix A.
(ii) Show that the set

{~]E.'x+ y~,)

is a subspace of 1R3•

2

Let X ~ (lU lH l -;]). Thi, Ii" i, , b"i, £0' .' (do not "d'y ,hi,). Find,

matrix P which transforms a column vector of components with respect to the
basis X into a column vector of components with respect to the standard basis
for 1R3•Now let

This list is also a basis for 1R3 (do not verify this). Find (and evaluate fully) a
matrix which transforms components with respect to the basis X into components
with respect to Y.

3
Find an orthogonal matrix P such that the matrix pTAP is a diagonal matrix, where

A+~-; n
Describe a change of coordinate axes which will transform the equation

3x2 + 5y2 + 3z2 + 4yz - 4xy = 21
into a standard form. Find such a standard form, and deduce the nature of the
surface which has this equation.
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4
(i) Using the Gram-Schmidt process, or otherwise, find an orthonormal basis for
the subspace of 1R4spanned by the list

([!Hn[f])
(ii) Find the general solution to the simultaneous differential equations

dx
-=3x- y
dt
dy
-=2x+ y.
dt



Sample test papers

Paper 6
1
(i) Let S be the subspace of 1R3spanned by the list

([-mJ.[-m
Find a basis for S.
Let T be the subspace for 1R3spanned by the list

([H[;J[:]
Show that S = T.
(ii) Show that the set

t]E~'x+ y+,~O}

is a subspace of 1R3.

323

2

(i) Let A=[ I/,/i
-1/J2

1/J2J,
1/J2 [ 0 IJB= -I 0 .

With the aid of diagrams, explain in geometrical terms the effects of the linear
transformations from 1R2to 1R2which are represented by A and B. Show by means
of an algebraic argument that the result of applying one of these transformations
and then the other is always the same, irrespective of which one is applied first.
(ii) Show that the linear transformation from 1R3 to 1R4which is represented by
the matrix

U 1-~]
is one-to-one. Describe its kernel and its image.

3
Let u and v be eigenvectors of the matrix A corresponding to the eigenvalue k.
Show that every non-zero linear combination of u and v is also an eigenvector of
A corresponding to k.

Explain what is meant by saying that two non-zero vectors in IR"are orthogonal.
Show that if u and v are orthogonal to x in IR"then every non-zero vector in the
subspace spanned by (u, v) is orthogonal to x.

Let and
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Verify that u and v are orthogonal to x, and find a linear combination of u and
v which is orthogonal to u.
Suppose that a certain 3 x 3 matrix A has x (as above) as an eigenvector

corresponding to the eigenvalue 2, and has u and v (as above) as eigenvectors
both corresponding to the eigenvalue I. Write down an orthogonal list of
eigenvectors of A. Find an orthogonal matrix P such that

[
2 0 0]

pTAP = 0 1 O.
001

Hence find A.

4
(i) The equation

9x2 + 3y2 + 8xy - 11= 0
represents a conic. Find vectors in the directions of the principal axes of this conic,
and decide whether it is an ellipse or a hyperbola.
(ii) Find the general solution to the simultaneous differential equations

dx
-= 8x+ 5y
dt
dy
-= -4x-4y.
dt

Use this to find particular functions x(t) and yet) satisfying these equations, and
also satisfying the conditions x(O) = 0, yeO) = 3.



FURTHER READING

There is a very large number of books available on the subject of linear
algebra. This book is intended to be different from most of them, in the
manner described in the Preface, so reading other books simultaneously
could serve to confuse rather than enlighten. But this book is not
comprehensive: it does not cover more advanced or abstract parts of the
subject, nor does it pursue applications. And of course further examples
and exercises are always valuable. Here, then, is a selection of books
which might be useful.

The first two are books of worked examples:

F. Ayres, Matrices. Schaum's Outline Series, McGraw-Hill, 1968.
J. H. Kindle, Plane and Solid Analytic Geometry. Schaum's

Outline Series, McGraw-Hill, 1950.

Next, four books with subject matter similar to that of this book, but
with different approaches:

H. Anton, Elementary Linear Algebra, 4th edition. John Wiley,
1984.

D. T. Finkbeiner, Elements of Linear Algebra, 3rd edition.
Freeman, 1978.

B. Kolman, Elementary Linear Algebra, 4th edition. Collier
Macmillan, 1986.

I. Reiner, Introduction to Linear Algebra and Matrix Theory. Holt,
Rinehart & Winston, 1971.

Now some books which provide either a more abstract approach, or cover
more advanced topics:
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E. D. Nering, Linear Algebra and Matrix Theory, 2nd edition.
John Wiley, 1970.

H. Samelson, An Introduction to Linear Algebra. Wiley-
Interscience, 1974.

G. Strang, Linear Algebra and its Applications, 2nd edition.
Van Nostrand Reinhold, 1980.

As a reference for the geometrical aspects of the subject:

P. J. Kelly & E. G. Straus, Elements of Analytical Geometry.
Scott Foresman, 1970.

Last, here are some books which concentrate more on applications:

T. J. Fletcher, Linear Algebra through its Applications.
Van Nostrand Reinhold, 1972.

F. A. Graybill, Introduction to Matrices with Applications in
Statistics. Wadsworth, 1969.

C. Rorres & H. Anton, Applications of Linear Algebra,
3rd edition. John Wiley, 1984.



INDEX

addition of matrices 23
adjoint matrix 75
algebra of matrices (rules) 27
angle between two planes 115
angle between two vectors 109, 125, 241
area of a triangle 127
augmented matrix 81

basis 169

Cauchy-Schwarz inequality 241
centroid of a triangle 99
changes of axes 207, 277
change of basis 205fT.,283
characteristic equation 219
cofactor 73fT.
column space of a matrix 139, 147, 167,

183, 199
column vector 23
commutative law (failure) 29
complex eigenvalues 223, 295fT.
components of a vector 101, 205fT.,211
conic 277
consistent 139
coordinate axes 207,227
coplanar vectors 131
cross product 123fT.

determinant 63fT.,73, 131
determinant of a product 77
diagonal matrix 33, 231
diagonalisable 233
diagonalisability of a symmetric

matrix 235, 263
diagonalisation 229fT.,263fT.
diagonalisation of a linear

transformation 273
difTerential equations 289fT.
dimension 171fT.,201
direction ratios 107

distance from a point to a plane 117
distinct eigenvalues 235
dot prod uct 109, 239fT.

eigenspace 221
eigenvalue 217fT.
eigenvalues of a symmetric matrix 223
eigenvector 217fT.
eigenvectors of a symmetric matrix 245
elementary matrix 39, 45
elementary row operation 4, 39,47,69
elimination I
ellipse 277
ellipsoid 283
entry in a matrix 23
equation of a conic 277
equation of a plane 113
equation of a quadric surface 283
equations with parameters 19
Equivalence Theorem 61,73, 141, 185
expansion by row or column 67

Gaussian elimination 3fT.
GE process 5
geometrical transformation 194
Gram-Schmidt process 255

homogeneous simultaneous equations 81,
141

hyperbola 277
hyperboloid 283

identity matrix 33, 39
image of a linear transformation 199
inconsistent equations 3, 13, 137
inverse of a matrix 45fT.
inverse of a product 51
invertible matrix 45,51,59,61,73, 141

kernel of a linear transformation 199
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LD 55,141
length of a vector 101, 241
LI 55, 141
LI list of eigenvectors 229fT., 233
LI spanning list 167fT.
linear combination 55
linear equation 1
linear transformation 189fT., 271fT.
linearly dependent list 55, 131, 141
linearly independent list 55,61,73, 131,

141
lower triangular matrix 35

main diagonal 33
matrix 23
median of a triangle 99
multiplication
of a matrix by a number 25
of a matrix by a vector 25
of matrices 27

multiplicity of an eigenvalue 265

nilpotent matrix 227
non-singular matrix 45
non-trivial linear combination 55
normal vector to a plane 113
normalisation 253

one-to-one 197
orthogonal basis 251
orthogonal complement 248
orthogonal list 243
orthogonal matrix 37, 39, 45, 255fT., 263
orthogonal transformation 257
orthogonal vectors 111, 243
orthonormal basis 253

parallelepiped 129
parallel planes 115
Parallelogram Law 91
parameters in solutions to simultaneous

equations 11, 83, 115
parametric equations for a straight

line 107
partial pivoting 5
perpendicular vectors 111
perpendicular distance from a point to a

plane 117

plane 113, 153
position vector 93
principal axes 283
proper subspace 173

quadratic form 279
quadric surface 283

rank of a matrix 59,61,73, 81fT., 139,
181fT.

real eigenvalues 224fT.
rotation 195, 215, 256
row-echelon form 7
row space of a matrix 183
row vector 23, 181fT.

scalar triple product 129
Section Formula 97
similar matrices 234
simultaneous equations 11fT., 81fT., 137
singular matrix 45, 217
skew-symmetric matrix 37
solution of simultaneous equations 11fT.,

137
solution space 151,201
space spanned by a list of vectors 147, 163
spanning list 163fT., 175
standard basis for Ililn 169
standard basis vectors 101, 147,207, 255
straight line 105fT., 153
subspace of 151, 159
symmetric matrix 35, 223, 235, 245, 263,

281

transpose of a matrix 35
transpose of a product 37
Triangle Law 91
triangular matrix 35, 73

unit vector 101
upper triangular matrix 35, 39, 47

vector 23, 87fT.
vectors in geometry 87fT.
volume of a parallelepiped 129

zero matrix 33


