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cqm1. A Dynamical Theory of the Blectromagnetic Fid. ByJ. Cueax Maxwsis, F.R.S.

Receivéd Oetober 27, —Read Docember 8, 1864

PART I —INTRODUCTORY.

(1) TaF most obvious mechanieal phenomenon in electrical and magnetical experiments
is the mutual action by which bodies in certain states set each other in motion while
ﬂlnt:a!!ﬂﬂﬂ}lﬂdiﬂtﬂnﬂﬂﬁ'ﬂmﬁﬂ.ﬂhﬂthﬂ. The first step, therefore, in reducing these
'[.mumminbu ncienﬁﬁufnrm,istnumrtﬁiﬂthﬁmngﬂituﬂemdﬂirmﬁnnufthafm
ating between the bodies, and when it is found that fhis force depends in e certain
way upon the relative position of the bodies and on their elegtric or magnetic condition,
it seerns af first sight natural to explain the facts by assuming the existence of some-
thing either at rest orin motion in each bndy,mnaﬁtuﬁngihaleﬁuic or magnetic state,
sed aapable of acting at a distance according to mathematical Jaws.

In this way mathematical theories of statical electricity, of magnetism, of the mecha-
pical action between conductors carTying currents, and of the induction of currents have
been formed.  In these thauﬂﬂthﬂfurﬂamﬁnghetﬂmﬂmmhnﬂimiuhﬁmdwith
wferince only to the condition of the bodies and their relative position, and without
wy express consideration of the surrounding mediam.

These theories assume, more or less explicitly, the existence of substances the parti-
des of which have the property of acting on one another ot & distance by attraction
or repulsion, The most complete development of a theory of this kind is that of
M W. Wxsgs*, who has made the same theory include electrostatic and electromagnetic
Penomena.

In doing so, however, he has found it necessiry to assume that the force between
two electric particles depends on their relative velocity, as well as on their distance.

This theory, as. developed by MM. W Weane and . Nemuanwt, is exceedingly
igenions, and wonderfully comprehensive in ifs 8 ication to the phenomena of
statical electricity, electromagnetic attractions, induction of currents and diamagnetic
phenomena ; and it comes to us with the more authority, as it has served to guide the
speculations of one Who has made so grezt an advance in the practicel part of electric
‘ience, both by introducing a consistent system of units in electrical measurement, and
by actually determining electrical quantities with an accuraey hitherto unknown.

H: :‘-?ﬁrﬂd:;nunhﬂu Mopeshestimmungen. Leipsio Trans. vol. i. 1840, sod Tarron's Scientific Memoirs, vol, v,
Hj " Explicare tentatur quomado flat ut lueis planwm polarivations per vires lectriess vl magneticas decli-
W —Halis Bygonnm, 1538
MBLLRLEY, IR
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(2) The mechanical difficuities, however, which are involved in the assumption of
particles acting at & distance with forces which depend on their velocities are such gs
to prevent me from considermg this theory as an ultimate one, though it may have been,
and may yet be useful in leading to the coordination of phenomena.

T have therefore preferred to seek an explanation of the fact in another direction, by
supposing them to be produced by actions which go on in the surrounding medium s
well as in the excited bodies, and endeavouring to explain the action between distant
bodies without assuming the existence of forces capable of acting directly at sensible
distances.

{3) The theory I propese may therefore be called o theory of the Electromagnetic Fiald,
because it has to do with the space in the neighbouwrhood of the electric or magnetic bodies,
and it may be called & Dynamécal Theory, becanse it assumes that in that space there is
matter in motion, by which the observed electromaguetic phenomena are produced.

(4) The electromagnetic field is that part of space which contains and sorrounds
bodies in electric or magnetic conditions,

It may be filled with any kind of matter, or we may endeavour to render it empty of
all gross matter, as in the case of GrissLER's tubes and other so-called vacua.

There is always, however, enough of matter left to receive and transmit the undslatisns
of light and heat, and it is because the transmission of these radiations 13 not greatly
altered when transparent bodies of measurable density are substituted for the so-called
vacuum, that we are obliged to admit that the undulations are those of an mthereal
substance, and not of the gross matter, the presence of which merely modifies in some
way the motion of the mther,

We have therefore some reason to believe, from the phenomena of light and heat,
that there is an mthereal medium filling space and permeating bodies, capable of heing
set in motion and of transmitting that motion from one part to another, and of com-
municating that motion to gross matter so as to heat it and affect it in varions WEYE,

{8) Now the energy communicated to the body in heating it must have formerly
existed in the moving medinm, for the undulations had left the souree of heut somie Hime
before they reached the body, and during that time the energy must have been half ia
the form of motion of the medium and half in the form of elastic resilience. From
these considerations Professor W. Tromsox has argued®, that the medium must haye &
density capable of comparison with that of gross matter, and has even assigned an infe-
rior limit to that density,

{6} We may therefore receive, as & datum derived from a branch of science inde-
pendent of that with which we have to deal, the existence of a pervading medium, of
small but real density, capable of being set in motion, and of transmitting motion from
one part to another with great, but not infinite, velocity.

Hence the parts of this mediom must be so connected that the motion of one part

* “0On the Poesible Dansity of the Luminiferous Medium, and oo the Mechanionl Value of & Cobic Mils of
Bunlight,” Transsctions of the Royal Sotiety of Bdinburgh (L1B34]), p. 5T,
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depends’in some way on the miotion of the rest; and at the same time these connexions
must be capable of a certain kind of elastic paldmg since the mmmummnun ufnmh-:m
is not instantaneous, bt eccupies time. .

The medium is therefore capable of mrmgmﬂdunng up two kinds of energy,
namely, the *“actual™ energy depending on the motions of its parts, and “potential ”
energy, consisting of the work which theme&umwﬂldnm mnnvarmgﬂ'umd.wyhu&-
nient in virtue of its elasticity.

'The propagation of undulations consisis in the mntmnal transformation of one of
-[-,hmefurms of energy into the other alternately, and at any instant the amonnt of
energy in the whole medium is equally ﬂmded, so that half j is energy of motion, a.l:l.ﬂ
half is elastic Tesilience.

- {T) A medium having such a conktitution may be na@al:-le of other kinds of motion
and-displacement than those which produce the phenomena of ]Jghtanﬂ heat, and some
of these may be of such a kind that they may be evidenced to our senses by the pheno-
menz they produce.

(8) Now we know that theiurmmfmmﬂhummmueﬂm macl;adﬂnh]'
magnetism ;- for Fanapay* discovered that when a plane polarized tay traverses o trans-
perent diamagnetic medium in the direction of the Yines of magnetic force produced by
magnets or currents in the neighbourhood, the plane of polarization is caused to rotate,

This retation is always in the direction in which positive electricity must be carried’
round the dismagnetic body in order 1o produce the actual magnetization of the field.

M. Veroert has sinee discovered that if 8 paramagnetic body, such as solution of
perchloride of iron in ether, be Eulﬁhtutﬂifnl'thﬁ ﬂmagn&nohndg,thewtﬂammm
the opposite direction.

Now Professor W. Tromsor] has pointed uutthainn distribution of forces acting
between the parts of o medinom whose only motion is that of the lnminous vibrations, is
sufficient to account for the phenomena, but that we must admit the existence of a
motion in the mediim depending om the magnetization, in addition to the lem.tﬂrj'
motion which constitutes light.
© Tt is true that the rotation by magpetism ufthﬂplanaufpdlamatmnh&u been
observed ouly in media of considerable density; but the properties of the magnetic field
arg not so much altered by the substitution of one medium for another, or for & vacwum,
as to allow us to suppose that the dense medium does anything more than merely modify
the motion of the ether. W have therefore warrantable grounds for inguiring whether
there may not be & motion of the ethereal medinm going on wherever magnetic effects
are pbserved, aud we have some Teason to suppose that this motion is one of rotation,
having the direction of the magnetic foree a3 its axis,

{9) We may now consider mnﬂae:*phmnmmm ‘observed in the almhumagmhn

E:Pmmhlﬂﬂﬁmhﬂa, Series 19,
+ Comptes Rendus {1838, second helf vear, p. 528, and T84T, first half year, p. IEM}.
1 Proceedings of the Royal Bociety, June 1558 and June 1861,
' Sr2
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field. When a body is moved across the lines of magnetic force it experiences what-i5
called an eleciromotive force; the two extremities of the body tend to betome oppe-
sitely electrified, and an electric current tends to flow through the body, When the
electromotive foree is sufficiently powerful, and ismhdetunutunm'mmmpmmﬂ
bodies, it decomposes them, and causes one of their eomponents to pass towards ope
extremity of the body, and the other in the opposite direction.

Here we have evidence of a foree causing an electric current in spite of regst-
ance; electrifying the extremities of a body in opposite ways, & condition which i
sustained only by the action of the electromotive force, and which, a3 soon as that foree
1s removed, tends, with an equal and opposite force, to produce a counter enrrent through
the body and to restere the original electrical state of the body; and finally, if strong
encngh, tearing to pieces chemical compounds and carrying their components in oppo-
site directions, while their natnral tendency is to combine, and to combine with g forea
which can generate an electromotive force in the reverse direction.

This, then, is a foree acting on a body caused by its motion through the electro-
magnetic fleld, or by changes oecurring in that field liself, and the effect of the foree i
either to produce a current and heat the body, or to decompose the body, or, when if
can do neither, o put the body in a state of electric polarization,—a state of constesint
in which opposite extremities are oppositely electrified, and from which the body tends
to relieve itself as soon as the disturbing foree is removed,

(10} According to the theory which I propose to explain, this * electromotive forre™
is the force called into play during the communication of motion from one part of the
medium to another, and it is by means of this force that the mation of one part cansgs
motion in another part. When electromotive force acts on & conducting eirouit, it pro-
duces a current, which, as it mests with resistance, occasions & continual transformation
of electrical energy into heat, which is incapable of being restored again to the form of
electrical energy by any reversal of the process.

(11} But when electromotive force acts en a dielectric it produces a state of polari-
zation of its parts similar in distribution to the polarity of the parts of a mass of iran
under the nfluence of & magnet, and like the maguetic polarization, capable of heing
described as a state in which every particle has its opposite poles in opposite con-
ditions *.

In @ dielectric under the action of electromotive force, we may conceive that the
electricity in each molecule is so displaced that one side is rendered positively and the
other negatively electrical, but that the electricity remains entirely connected with the
molecule, and does not pass from one molecule to amother, The effect of this aection on
the whole dielectric mass is to produce a.general displacement of electricity in a ver
tain direction. This displacement does not amount o g current, becanse when it has
attained to a certain value it remains constant, but it is the commencement of a current,
and its variations constitute currents in the positive or the negetive direction according

* Fanunay, Exp, Res. Serics XI.; Mossorrr, Mam, dalls Boe. Italinan (Modens), vol. xxiv purt 2. p. 49,
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as the displacement is increasing or decreasing. In the intevior of the dielectric there.
s no indication of electrification, because the electrification of the surface of any molecule:.

:s nentralized by the opposite elecirification of the surface of the molecules in contact
with it; but at the bounding surface of the dielectric, where the sleotrification is not
neutralized, we find the phenomens which indicate positive or negative electrification.
The relation between the electromotive force and the amount of electric displacement
it produces depends on the nature of the dielectric, the same. electromotive force pro-
ducing generally a greater electric displacement in solid dieleetries, such as glass or °
sulphur, than in air. o - ' S
(12} Here, then, we perceive another effect of electremotive force, namely, electric
displacement, which according to cur theory is o kind of elastic yielding to the action
of the force, similar to that which takes place in structures and machines owing to the
want of perfect rigidity of the connexions, _ T .
(18) The practieal investigation of the indnctive ‘eapacity of dielectrics is rendered
difcult oii account of two disturbing phenomens. The first is the conductivity of the
diclectriv, which, though in many eases exceedingly small, is not nltogether insensible.
The second is the phenomenon called electrie ghsorption®, in virtue of which, when the
diclectric is expased to electromaotive force, the electric displacement gradnally increases,
and when the electromotive foree is removed, the dielectric does not instantly Teturn to
its primitive state, but only discharges a portion of its glectrification, and when left to
itself gradually acquires electrification on its surface, as the interior gradunally becomes
depolarized, Almost all solid dielectries exhibit this phenomenon, which gives rise to
the residusl charge in the Leyden jar, and to severzl phemnomena of electric enbles
deseribed by Mz, F. Jewgxf. - T : S
{14) We have here two other kinds of yielding besides the yielding of the- perfect
dielectric, which. we have eompared to a perfectly elastic body. The yielding due to
conductivity may be compared to that of a viseous flnid (that is to say, & fluid - having
great internal friction), or a soft solid en which the smallest force produces 4 permanent
alteration of figure increasing with the time during which the force acts. The yielding
due to_electric absorption may be compared to that of a cellular elastic body containing
& thick Anid in its eavities. - Such a body, when subjected to pressure, is compressed by
degrees on secount of the gradual yielding of the thick fluid ; and when the pressure is
removed it does not st once recover, its fignre, because the elasticity of the substance of
the body has gradually to overcome the tenacity of the fluid before it can regain com-
plete equilibrinrm. _ ’ .
Several solid bedies in which no such stmeture as we have supposed can be found,
seem- to pussess o mechanical property of this kind §; and it seeme probable that the

* Fipamar, Fxp. Bes. 1239-1250, -

+ Reports of British Associntion, 1858, p. 248; and Report of Commitce of Board of Trade on Submarine
Cables, pp. 136 & 484, -

+ As, for instance, the compoeition of glue, treacle, &c., of which small plostle figures are mode, which after
being distorted grodually recover their shape. :
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Bame substances, if dielectrics, may possess the analogous electrieal property, and if
magnetie, may have corresponding properties relating to the acquisition, retention, and
loss of magnetic polarity.

{15) It appears therefore that certajy phenomena in electricity and magnetism Jeaqd
to the same conclusion as those of optics, namely, that there iz an sethereal Diedinm
pervading all bodies, and modified only in degree by their presence; that the parts of
this medium are capable of being set in motion by electric currents and magnets: that
this motion {s communiecated from one part of the medium to another by forees arising
from the commexions of those parts; that ander the action of these forces there is g
certain yielding depending on the elasticity of these connexions; and that therefore

conpexions, in virtue of their elasticity,

{16) Thus, then, we are led to the conception of a complicated mechaniam capable
of & vast variety of motion, but at the same time s0 connected that the motion of one
part depends, according to definjte relations, on the motion of other parts, these motiong
befug communicated by forces arising from the relative displacement of the conneeted
parts, in virtue of their elasticity. Such & mechanism must be subject to the general
laws of Dynamies, and we aught to be able to work out all the consequences of its
motion, provided we know the form of the relation between the motions of the parts.

(1) We know that when an electric current is established in g conducting eireuit,
the neighbouring part of the field is characterized by certain magnetic properties, and
that if two circuits are in the field, the magnetic properties of the field due tg the two
currents are combined, Thus each part of the field is ig comnexion with both currents,
and the two currents are put in connexion with each other in virtue of their pon-
nexion with the magpetization of the field The first result of this connexion that I
propuse Lo examine, is the induction of one curvent by another, and by the motion of
conductors in the field,

The second result, which is dedured from this, is the mechanieal action hetween con-
ductors carrying currents, The plhenomenon of the induetion of currents hes heeh
deduced from their mechanjgal action by HELuBoLTZ * and Troxsgx T I have followed
the reverse order, and deduced the mechanical action from the laws of induction. I
have then described experimental methods of determining the quantities L, M, N, an
which these phenomena depend,

(18} T then apply the phenomena of induction and attraction of cwrrents to the
exploration of the electromagnetic field, and the laying down systems of Jines of mag-
netic force which indicate its magnetic properties, By exploring the same field with g
magnet, I show the distribution of its equipotential magnetic surfaces, cutting the lines
of force af right angles.

* # Conservation of Forow,” Physieal Boelety of Berlin, 1847; and Tavro's Bcientiflg Mempirs, 1853,
p- 114.

T Reports of the British Assoviation, 1843 ; Fhilosophical Magazine, Dec. 1551,
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In order to bring these results within the power of symbolical calenlation, I then
express them in the form of the General Equations of the Ei-:r:trnmngﬂetm Eeld

These equations express—
(A) The relation between electric displacement, true conduction, and the tq:rtnl

cwtent, compounded of both, _

(B} The relation between the lines of magnetic fnme and the inductive ooefcients of
a cireuit, as already deduneed from the laws of induoetion,

{0} The relation between the strength of & corrent and its ma.gnetm effects, ac:cnrﬂmgr
to the electromagnetic system of measurement.

(D) The value of the electromotive force in « body, as arising from the motion u'f 1:]1&
body in the field, the alteration of the field itself, and thavmmuun l:-f&]eah'm
potential from one part of the field to another. ;

(E) The relation between electric displacement, and the eler:tmmntmz furm whmh
produces it.

(F) The relation between an electric current, and bha 'elactrumﬂtwe force w]:uch pro-
daces it.

(G) The relation between the amount of free electricity at any pomj:. and the electric
displacerents in the neighbourhood.

(H} The relation between the increase or diminution of ﬁ-ee elentnmt.r a-.nd tha elec-
tric currents in the neighbourhaod. - :

There are twenty of these equations in all; invelving twenty varisble quantities.

(19) T then express in terms of “these quantities the intrinsic energy of the Electro-
magnetic Field as depending partly on its magnenn and partly on its electric polanza.—
tion at every point.

From this I determine the mechanieal force acting, lst, on a mnvm'u]e conductor
carrying an electric current; 2ndly, on a magnetic pole; Srdly, on an electrified body.,

The last result, namely, the mechanical force acting on a2a electrified body, gives rise
to an independent method of electrical messurement founded on its electrostatic effects.
The relation between the units employed in the two methods is shown fo depend on
what T have celled the “ electric elasticity™ of the medinm, and to be a velocity, which
has been experimentally determined by MM, WezEs and KoBLRAUSUR

I then show how fo calculate the electrostatic capacity of a uandenaer and the
specific inductive capacity of a dielectric,

The case of a condenser composed of parallel layers of substances of different electric
resistances and inductive capacities is next examined, and it is shown that the pheno-
menon called electric ahanrptmn will geoerally oecur, that is, the condenser, whan
suddenly discharged, will after a short time show signs of a residual charge.

(20} The general equations are next applied fo the case of a magnetic disturbance
propsgated through a non-conducting field, and it is shown that the only disturbances
which can be so propagated are those which are transverse fo the direelion of propags-
tion, and that the velocity of propagation is the velocity v, found from experiments such
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85 those of WERER, which expresses the mumber of electrostatic units of electricity
which are contained in one electromagnetic unit.

This velocity is so nearly that of light, that it seems we have strong reason to con.
clude that light itself (inoluding radiant heat, and other radiations if any) is an electro-
magnetic disturbance in the form of waves propagated through the elestromagnetic field
according fo electromagnetic laws. If so, the agreement between the elasticity of the
medinm as caleulated from the rapid alternations of Inminous vibrations, and as found
by the slow processes of electrical experiments, shows how perfect and regular the
elastic properties of the medinm must be when not encumbered with any matter denser
than air, If the same character of the elasticity is retained in dense transparent bodies,
it appears that the sguare of the index of refraction is equal to the product of the
specific dielectric capacity and the specific magnetic capacity, Conducting media are
shown to absorb such radiations rapidly, and therefore to be generally opaque.

The conception of the propagation of transverse magnetic disturbances to the exclu-
sion of normal ones is distinetly set forth by Professor Faranay# in his “ Thonghts on
Ray Vibrations,” The electromagnetic theory of light, as proposed by him, is the same
in substance as that which I have begun to develope in this puper, except that in 1846
therz were no data to caleulate the velocity of propagation.

(21) The general equations sre then applied to the caleulation of the coefficients of
mutual induction of two circular currents and the coefficient of selfinduction in o coil.
The want of uniformity of the eurrent in the different parts of the section of a wire at
the commencement of the enrrent is investigated, I believe for the first time, and the
consequent correction of the coefficient of self-induction is found.

These results are applied to the ealeulation of the self-induction of the coil used in
the experiments of the Committee of the British Association on Standards of Electrie
Resistance, and the value compared with that deduced from the experiments.

PART IIT —ON ELECTROMAGNETIC IXDUCTION.

Electromagnetic Momentum of @ Current,

{22) We may begin by considering the state of the field in the neighbourhood of an
electric current. 'We know that magnetic forces are excited in the field, their dizection
znd magnitnde depending according to known laws upon the form of the conductor
carrying the current. When the strength of the current is incressed, all the magnetic
effects are fucreased in the same proportion. Now, if the magnetic state of the field
depends on motions of the medium, a eertain force must be exerted in order to incrense
or diminish these motions, dud when the motions are excited they continue, so that the
effect of the connexion between the current and the electromagnetie field surrounding
it, is to endow the current with a kind of momentum, just as the connexion between
the driving-peint of a machine and & fiy-wheel endows the driving-point with an sddi-

* Philesophical Mogazine, Mey 1840, or Experimontal Researches, iii, p. 447.
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tional momentum, which may be called the momentom of the fiy-wheel reduced to
the driving-point. The unbulanced force acting on the driving-point mﬂ.mthm
momentum, and is measured by the rate of its increase. '

In the case of electric currents, the resistance to sudden increase or diminution of
strength produces effects exactly like those of momentum, but the amount of this mo-
mentum depends on the shape of the conduetor and the relative position of its different

parts.
Mutual detion of two Currents.

(23) If there are two electric cwrents in the field, the magnetic force at any point is
that compounded of the forces due to each current separately, and since the two currents
are in connexion with every poiut of the field, they will be in connexion with each other,
so that any inerease or diminution of the one will produce a force acting with or con-
frary to the other. C :

Dymamical Dlustration of Beduced Momentum,

(24) As a dynamical illustration, let us suppose a body C so connected with two
independent driving-points A and B that its velocity is p times that of A together with
g times that of B. Let @ be the velocify of A, v that of B, and w that of C, and let it
by, 5z be their simnltancous displacements, then by the general equation of dynamics*,

e
C Ge=Xaz+ Yy,
where X and Y are the forces acting at A and B.
But do_ du, do
i R P
and
Sz =phr-+giy.
Substituting, and remembering that &z and 3y ave independent,
d
U ¢
a
Y= 5 (Cpgu+Cgu).

We may call Cp*ut-Cpgo the momentum of C referred to A, and Upgu-t-Cg'e ite
momentum referred to B; then we may say that the effect of the force X is to increase the

mementam of O referred to A, and that of ¥ to increase its momentum referred to B,
If there are many bodies connected with A and B in a similar way but with different

values of p and g, we may treat the question in the same way by assuming
L= I[{&r’], M= E{G_Fg:l, and H=Efﬂg"},
* Tacmawez, Mde. Anal. ii, 2. § 5.
MDCCGLAY. L
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where the summation is extended to all the bodies with their proper values of C, p, and .
Then the momentum of the system referred to A is

La 4-Muw,
and referred to B,
Mu—+Nu,
ard we shali have
K= (L My,
Y =2 Myt No), | @
_Ef H-+ ‘ﬂ],:

where X and Y are the external forces acting on A and B.

(25) To make the fllustration more complete wo have only to suppose that the
motion of A is resisted by a force proportional to its velocity, which we may call Ry,
and that of B by a similar foree, which we may call 8¢, R and 3 being cocflicients of
registance. Then if £ and » are the forces on A and B

t=X 4 Ru=Ru-(Ta+Ms),
8
A=Y 8r =5s +d£: { My Nv)

If the velocity of A be increased at the rate %, then in arder to prevent B from moving

2 force, n=£—{Mu} must be applied to it

This effect on B, due to an increase of the velocity of A, corresponds to the eleatro-
motive force an one circnit arising from an increase in the strength of & neighbouring
cireuit,

This dynamical illustration is to be considered merely as assisting the reader to under-
staud what is meant in mechanies by Reduced Momentum. The facts of the induction
of currents as depending on the veriations of the quantity called Eleetromsgnetie Mo-
mentum, or Electrotonic State, rest on the experiments of Firapat®, Feuot, &

Cogfficients of Induction for Two Circuits.

(26) In the electromagnetic field the values of 1, M, N depend on the distribution
of the magnetic efects due to the twa cirenits, and this distribution depends only on
the form and relative position of the cirenits. Hence L, M, N are quantities depending
on the form aad relative position of the circuits, and ave subject to variation with the
motion of the conductors. It will be presently seen that L, M, N are geometrical
quantities of the nature of lines, that is, of one dimension in space; L depends on the
form of the firsi conductor, which we shall enll A, N on that of the second, which we
shall call B, and M on the relative position of A and B.

(27) Let £ be the electromotive force geting on A, 2 the strength of the current, and

* Experimenia] Tesearches, Series I,IX. T Anuales de Chimie, ser. 8. xxxiv, (1852} p. &4,
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R the resistance, then Ra will be the resisting force. In steady currents the electro-
motive force just balances the resisting force, but in variable omrents the resultant
force =Rz is expended in increasing the * electrnmagnetic momentum,” using the
word momentum merely to express that which is generated by a force acting during a
time, that is, a velosity existing in a body. )

Tn the case of electrie eurrents, the foree in action is not ordinary mechanical force, &t
‘lenst we are pot as yet able to measure it as commun force, but we call it electromotive
faree, and the body moved is not merely the electricity in the conductor, but gomething
outside the conductor, and capable of being affected by other conductors in the neighbour-
hood earrying carvents, In this it resembles Tather the reduced momentum of a driving-
point of & machine as inflaenced by its mechanical conmexions, than ‘that of o simple
moving body like a cannon ball, or water in a tube. '

Elsciromagnetic Relations of two Conducting Cirouits.
(28.) In the case of two conducting circuits, A end B, we shall assume thai the
electromagnetic momentum belonging to A is
' La +My,

Mz + Ny,
where L, M, N correspond to the same qnénﬁﬁe: in the dynamicsl illustration, except
that they are supposed to be capable of variation when the conductors A or B are

moved, _
Then the equation of the cuzrent & in A will be

anid that belonging to B,

d
F=Rebo(le+My) o o - - - oo o« oo oo (4)
and thet of ¥ in B ., -
_ a=Sy+5(Mz4Ng) . - . - . - o . (B)
whereEandumtheelﬁﬁIumuﬁmﬂ:rmmandythecmanta,'andﬂnnﬂﬂthe
resistances in A and B respectively. .

Induction of ons Curvent by another.

(20 Case lst. Let there be no electromotive force on B, except that which arises
from the action of A, and let the current of A increase from 0 to the vaine x, then

Sy G (Ma+Ny) =0,
whence - o
Y= yit=—5s

that iz, & quantity of electricity ¥, being the total induced current, will flow t]:.mﬁgh B
when & vises from 0 to & This is induction by variation of the current in the primary
sl
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comductor. When M is positive, the induced current due to increase of the F"-m“j"
current is negative, I
Induction by Motion of Conductor,

(30) Case 2nd. Let # remain constant, and let M change from M to M, then
M'—2M
i — ‘T & 3
so that if M is increased, which it will be by the primary and aamndary circaits
approaching each other, there will be a negative induced current, the total qnimﬁt;r of
“eleetricity passed through B being Y. ;
This is induection by the relative motion of the primary and secondary conductors,

Equation of Work and Energy. |
(31) To form the equation between work done and eneray produced, multiply (I}LEE
@ and (2) by v, and add |
o -
E7-Hay=Ra'+ Sy*4 o4 (Le + My) Ty (Me+Ry). . . . L (8

Here v is the work done in unit of tims by the electromotive foree £ acting nn'thl:
current & and maintaining it, and sy is the work done by the electromotive force 32
Hence the lefi-hand side of the equation represents the work done by the electromaotive:
forces in unit of time. :
Heat produced by the Current.
(32) On the other side of the eguation we have, first,
| R.r'-f—ﬂ_qr‘=H,...........fi_]j

which represents the work done in overcoming the resistance of the cirenits in unit of
time. This is converted into heat. The remaining terms represent work not converted
into heat. They may be written

" dM
b (La 420y + No) 4 3 Lo ey ¥y

Intrinsic Energy of the Currents,

(83) If L, M, N ara eomstant, the whele work of the electromotive foroes which is
not spent against resistance will be devoted to the development of the curvents, The
whole intrinsic energy of the currents is therefore

Wt MeyHNP=E . . . . . .. . g

This energy exists in a form imperceptible to our senses, probably ss actual motion; the

seat of this motion being not merely the condueting circuits, but the space surrounding
them,
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Mechanical dotion betwesn Conductors.
(34) The remaining terms,

L

(e Ry i gr=w . . . ... .- (D

I-.EPIBEE]]’E the work done in upit of time arising from the variations of L, M, and N, or,
what is the same thing, alterations in the form and puainun of the conducting circuits
A and B

Now if work iz done when a body is moved, it must arise from ordinary mechanical
force acting on the body while it is moved. Hence this part of the expression shows
that there is a mechanical force urging every part of the conductors themselves in that
direction in which I, M, and N will be most increascd.

The existence of the electromagnetic force between conductors carrying currents is
therefore o direct consequence of the joint snd independent action of each eurrent on
the electromagnetic field. If A and B wre allowed to approach a distance ds, so as to
increase M from M to M’ while the cnrrents are & and , then the work done will be

[H_H}Wl
and the foree in the direction of de will be - '
I ¢ )
Emdthmm]]hamattmuhnn:fs:m&ymnfthemmamgn,nnﬁ:fh[mmmamim

A and B approach.
It appears, therefore, that if we admit that the unresisted part of elmtmmul:we force

goes on as long as it aets, generating a self-persistent state of the current, which
we may call {from mechanical analogy) its electromagnetic momentum, and that this
momentum depends on circumstances external to the conductor, then both induetion of
currents and electrumagnetic attractions may be proved by mechanical reasoning.

What T have cailed electromagnetic momentum is the same guantity which is called
by Famanax* the electrotonic state of the circuit, every change of which involves the
action of an electromotive force, just as change of momentum involves the action of
mechanical foree.

T, thevefore, the phenomenn described by FaRanay in the Ninth Series of his Expe-
rimental Researehes were the only known facts about electric currents, the laws of
AMPRRE relating to the attraction of conductors darrying cwrrents, as well as those
of FARADAY about the mutual induction of currents, might be deduced by mechanical

TERSOTLIN,
In order to bring these results within the range of experimental verification, I shall
next investigate the case of a single current, of two currents, and of the six currents

in the electric balance, so as to enable the experimenter to determine the values of

H‘
L, M, * Expenimeutsl Hegearches, Series 1. 80, &e
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Case of & single Cireuit.
(35} The equation of the eurent r in a efreait whose resistance is R, and whoze
coefficient of selfinduction is 1., nated on by an external electromotive foree E is

. .
E—Rﬂ?=ELT-_ e e e e .. {15}
When £ is constant, the golution is of the form
' 2,

re=b-p(a—dle”T",

where a is the valne of the current st the commencement, and & is ity final value,
The total quantity of electricity which passes in time ¥, where ¢ is great, is

J:mh‘+{a—-&}%. T v

The value of the integral of &* with respect to'the time ig

_L’fﬂt;ﬁﬂm-ﬁ}%(“;‘). N T

The actual current changes gradually from the initial value g to the final value &, h“ﬁ
the values of the integrals of r and 2* are the same as if a steady current u-fmlam:;]r

Ha+-b) were to flow for a time EE, and were then succeeded by -the steady current ﬁﬁ
The time Ei‘? is generally so minute a fraction of a second, that the effects on the galveno-

‘meter and dynamometer may be caleulated as if the impulse were instantanecus,
If the cirenit consists of a battery and a coil, then, when the eirguit is first completed,
‘the effects are the same as if the current had-only half its final strength during'tha.rﬁrqe_

2%. This diminution of the current, due to induction, is sometimes called the counter-

current. S
(38) 1f an additional resistance r ig suddenly threwn intn the circuit, as by breaking
oontaet, so as to foree the curvent to pess througl a thin wire of resistance 7, then the

original enrrent is ﬂr:.—lEI, and the fnal current is -5=1E%;_,

] - . ER-I-I' r ¥ L =
The ewrrent of induction is then }& RR+r" and continves for a tjme Em . 'This

and may be sufficient tg ignite the thin wive .

When contact is broken by separating the wires in air, this additional resistanee is
given by the interposed air, and since the electromotive force across the new resistance
is very great, a spark will be foresd AcToss, |
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If the electromotive force is of the form E sin pé, as in the case of a coil revolving in
a magnetic field, then B

where #=R'+Lp", and tan :r—;.—IE-

Case of twn Cireuits.

(87) Let R be the primary cireuit and-S the secondary cirenit, then we have a case
gimilar to that of the induetion coil.

The equations of currents are those marked A and B, and we may here assome
I, M, N a3 constant because there iz no motion of the conductors. The eguations
then become . . :

Re+L 2 4 MZ=t
o g
Sy +MELNT

To find the total quantity of slectricity which passes, we have only to integrate these
equations with respect to &3 then if &,, , be the strengths of the currents at time 1,
and z,, ¥, at time ¢, and if X, Y be the quantities of electricity passed through each
_girenit during time f, '

L. L (18%)

E:ﬁ (B4 Ly ,) +- M2 —31) s (14%)

Y =%{H{I.—£,J+N{fu—ﬂl}}' :

When the cirenit R is uuﬁlpl-ataﬂ, then the tota] currents up to time £ 'Iwh t is
great, are found by making ] '

.t!,-—'—ﬂ, ::r.':-ﬂ, y’.=ﬂ, y.=ﬂ;
then
E:x,(ﬂTE), Y:—-%ml. Y £

The value of the total counter-current in R is (herefore indcpendent of the seeondary
circuit, and the induction current in the secondary circuit depends only en M, the
coefficient of induction between the coils, S the resistance of the secondary coil, and
z, the final strength of the current in R. '

When the electromotive force § ceases to act, there is an extra current in the pri-
mary civenit, aud a positive induced current in the secondary eircuit, whose values are
equal and opposite to those produced on making contact. '

(38) All questions relating to the totel guantity of tramsient currents, as measured
by the impulse given to the magnet of the galvanometer, may be solved in this way
without the necessity of a complete solution of the equations. The heating effect of
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the current, and the impulse it gives to the suspended coil of Wearn's dynamometer,

depend on the square of the current at every instaut during the short time it Jasty:

Hence we must obtain the solution of the equations, and from the solution we may find

the effects both on the galvanometer and dynamometer; and we mey then make use of

the method of Webzn for estimating the intensity and duration of a current uniform

while it lasts which would produce the same effects. ]
(89) Let n,, n, be the roots of the equation

(LN—M%a'+ (RN+LSja+RS=0, . . . . . . (18}
and let the primary e¢oil be acted on by & constant electromotive fores Eo, g0 that o is
the constant current it could maintain; then the complete solution of the equitions for
making contact is s .

. b —_ , .
m& M{(;+H)ﬂ'—(a+ﬂ)ﬂ”+sﬂ:7ﬂ:’}, e e . f:ﬁ'j

= i
M
y:%‘ ﬂTln—ﬁn—' {ﬂ’.‘_ﬂ}. . I -.. . - ] . . N " + = = {13_:?
From these we obtain for calculating the impulee on the dynamometer, -
. 1 .MI * : .
j’fﬂ;:p‘{t-}n—}m—q_ﬁ}, Coe e e e (19
MR iy
Ifdﬁ:ﬂﬂim T e e e (2D

The effects of the corrent in the secomdary coil on the gﬂmnnmeher and dynamometer:
are the same as these of a uniform enrrent
| | e MR
‘:RN + L8
for a time :
L N
z R“‘E)‘

(40) The equation between work and energy may be easily verified. The work done

by the electromotive force is
glrdt=c(Rt=L),

Worle done in overcoming resistance and producing heat,
Ria*dt 48[y di=c"(Rt— 31, ).
=4t

(41) If the cirenit R is suddenly and completely interrupted while carrying a cnrrent
¢, then the equation of the eurrent in the secondary coil wonld he )

F=¢_ ﬂ_ﬁl [
N

Energy remaining in the system,

This current begins with a value n%, and gradually disappears.
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* Thaeetotal quantity of electricity is#-]é-f, and the value of fydt is G'Elél!:-
'Theaﬂacguunthagﬂmmmt&rﬁuddymmm&mméﬂquﬂ-m those of a uniform
M . N '
cwrrent ¢ o for & time 25
The heating effect is therefore greater than that of the current on making contact.

(42) If an electromotive force of the form {=1E cos pf acts on the circuit R, then if
the cireuit 8 is removed, the value of 2 will be

z=1 sin(pt—a),
A=R+4 L%,

tan u=%-

The effect of the presence of the circuit § in the neighbourhood is to alter the valoe
of A and e, to that which they would be if B become

' MBS
B-“"]'le L)

where
and

and I hecame e
| L-pgrpm

Hence the efféct of the presence of the cireuit Sis to increase the apparent resistance and

diminish the apparent self-induction of the circuit R.

. ﬂnﬂaﬂﬂmmqfﬂwﬁaimﬁ.qffndwﬁmwﬂswﬂm.

(43) The clectiic balance consists of six con-
ductors joining four points, AC DE, two and two.
One pair, A C, of these points is connected through
the battery B. The opposite pair, D E, s connected
through the galvanometer G. Then if the resistances
of the four remaining conductors are represented by
P, Q, B, 8, and the currents in them by &, ¥—2, %
and y+z, the curvent through G will be 2.  Let the
‘potentials at the four points be A, G, D, E  Then the conditions of steady currents may
be found from the equations '

Pr=A-D = Qa—z)=D-C, -
By=A-E 8(y+=)=E~C, T 1
Ge=D—E B{z+y)=—2A+C+F.

Solving these equations for z, we find
{p+a+a+a+B(pra) (a+s) +€ b+a)(3+5) +rons®+QT R4 =F (Fs—am)

MDCCCLIY. S
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In this expression F is the electromotive foree of the baitery, s the carrent
the galvanometer when it has become steady. P, Q, R, S the resistances in t.hem
arme. B that of the battery and electrodes, and & that of the galvanometer,

(44) 1If P83=QR, then =0, and there will be no steady current, but a traveiss
current through the galvanometer may be produced on making or breaking clreuit on
account of induction, and the indications of the galvanometer may be used to determing
the coefficients of induetion, provided we understand the actions which take plam

We shall sappose PS=QR, so that the current ¢ vanishes when sufficient time is
allowed, and

' Fi{P
#(P+Q)=y(R+5)= gy 1 2o

Let the induction coefficients between P, Q, B &, be
given by the following Table, the coefficient of induction
-of P on itself being p, between P and @}, k, and 8o on.

Let g be the coefficient of induction of the galvanometer
on itself, and let it be out of the reach of the inductive
influence of P, Q, R, 8 (as it must be in order to awoid
direct action of P, Q, B, § on the needle). Let X, Y, Z be the integrals of &, j‘,'i'
with respect to . At making contact , y, # are zerg, .Eﬂa:ahmﬁsdzmppem-s,md
E‘ﬂnﬂj’l‘ﬂﬂ-ﬂhﬂ]ﬂ.ﬂfﬂ.ﬂt values. The equations for each ucrndu::l;n: will therefore be

PX 4 (p+h otk -+ Jy=fAdbmefDar,
QX —Z)+(k+q Jo+ (mtrly={Ddt—{Cdt, _
RY  +{b+mp+({r +oy=fade—fRar,|. . . . . (24)
B(Y+Z) +(1 +n Je+{o +«r-!m —Ib*ﬂ.

GZ={Dtd—[Edt. )

Solving these equations for Z, we find
AptatititB(pn) (a+) 40 (b+a) (i) +rone P+ 0+ B8}
=—Frs{p—d— i +i(b—a) ++(a—p) +i(i+E) —m(b+1) | Em)

1 1 1 1
+n(a=s)+o(s-x)}
(456) Nowlet the deflection of the gn.lmnhﬁ&ner by the instintaheous current whose |
intensity is 4 be =,
Let the permanent deflection produced by mnhug the ratio-of PS to QR, g instewd of
unity, be 2,
Also let the time of vibration of the galvanometer needle from rest to rest be T:-

- ]
[ a:__al';um

Q
A
g
-
n

A D
~ B |-|='




FPROFESSOR CLERE MAXWELL ON THE ELECTROMAGNETIC FIELD. 477

Then calling the guantity
g i (mt) 2 (kD) D) (o) 43D +GR)= €0
we fiod Z_geinjaT_ v . . ., . . . "
£ tunld xT ey

In determining = by experiment, it is best to make the slteration of resistance in one
of the arms by means of the arrangement described by Mr. JENEIN in the Report of the
British Association for 1863, by which any value of ¢ from 1 to 1-01 can be accurately
measured.

We observe (z) the greatest deflection due to the impulse of induetion when the
galvanometer is in circuit, when the eonnexions are made, and when the resistances are
s adjusted as to give no permanent current. _

We then abserve (3] the greatest deflection produced by the permanent cuirent when
the resistance of one of the arms is incressed in the ratio of 1 to g, the galvanometer
not being in eircuit til] a little while after the conuexion is made with the battery.

Tn order to eliminate the effeats of resistance of the air, it is best to vary ¢ till 3="2=

nearly ; then .
mTlr{l_rf%‘ﬁE. SO 1=

If all the arms of the balance except P consist of resistance coils of very fine wire of
no great length and doubled before being coiled, the induction cocfficients belonging to

these coils will be insensible, and r will be redueed to %. The electric balance there-

fore affords the means of measaring the self-induetion of any circuit whose resistance is
known,

(43) It may alse be uzed to determine the coefficient of induction between two
girguits, as for instance, that between P and 8 which we have called m; but it would be
more convenient to measure this by directly measuring the current, as in (37), without

using the balance. Wémajﬂﬂumrﬂjnthaequaﬂtyuf%auﬂ-& by there being no

eurrent of induetion, and thus, when we know the value of p, we may determine that of
g by a more perfect method than the comparison of deflections.

Exploration of the Electromagnetic Field.

(47) Let us now suppose the primary cirenit A to be of invariable form, and let us
“explore the electromagnetic field by means of the secondary cirenit B, which we shall
guppose to be variable in form and position.

We may begin by supposing B to consist of a short straight conduetor, with its extre-
mities sliding ou two parallel conducting reils, which are put in connexion at some
distance from the sliding-piece.

drd
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Then, if sliding the moveable conductor in a given direction inereases the velue -of B,
a negatire eleciromotive force will act in the circuit B, tending to produce a negative.
current in B during the motion of the sliding-piece. .

If a current be kept up in the cirenit B, then the sliding-piece will itself tend to
move in that direction, which canses M to increase, At every point of the field there
will always be a certain direetion such that 2 conductor moved in that direction does
not experience any electromotive force in whatever direction its extremities are turned.-
A conductor carrying e cuwrrent will experience no mechanical force nrging it in that
direction or the opposite, ' _

This direction is called the direction of the line of magnetic foree through thﬂm

Mation of & conductor across such a line produces electromaotive force in a direction’

perpendicnlar io the line and to the direction of motion, and a conductor carrying a
ewrrent is urged in a direction perpendicular to the line and to the direction of the
ourrent. -
- {48) 'We may next suppose B fo consist of a very small plane eircuit eapable nfbem!
placed in any position and of having its plane turned in any direction. The value of M
will be greatest when the plane of the circuit iz perpendicular to the line of magmetic
force. Hence if a current is maintained in B it will tend to set itself in this position,
and will of itself indicate, like a magnet, the direction of the magnetic force.

On Lines of Magnetic Force.

(49) Let any surface be drawn, cutting the lines of magnetic foree, and on this sur
face let any system of lines be drawn at small intervals, so as to He side by side without
cutting each other, Next, let any line be drawn on the surfuce cutting all these lines,
and let a second line be drawn near it, its distence from the first being such that tne
value of M for each of the small spaces enclosed between these two lines and the lines
of the first system is equal to unity.

In this way let more lines be drawn so a3 to form a second system, so that the value of
M for every reticulation formed by the intersection of the two systems of lines is unity. -

Finally, from every point of intersection of these reticylations let a line he drawn
through the field, always coinciding in direction with the direction of magnetio forea.

(60} Iu this wuy the whols fleld will be filled with lines of magnetie force at regular
intervals, and the properties of the electromagnetic field will be completely expressed
by them. :

For, 1st, If any u_lns&d curve be drawn in the field, the value of M for that earve will
be expressed by the number of lines of force which pass through that closed curve,

Zodly. If this curve be a conducting cireuit and be moved through the field, an
electromotive force will act in it, represented by the rate of decrease of the number of
lines pmssing throogh the curve, ' -

Brdly. If a carrent be maintained in the cirenit, the conduector will be acted on by
forces tending to move it so as to increase the number of lines passing through it, and
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the amount of work done by these forees is equal to the eurrent io the arenit moulti-
plied by the number of additional lines. :

£thly. If a small piane cirewit be placed in the field, and be free to tfum, it will place
its plave perpendicnlar to the lines of force. A small magnet will place itself with ite
axis o the direction of the lines of force.

fthly. If a long waiformly magnetized bar is placed in the field, ench pole will he
peted on by a force in the divection of the lipes of force.  The numnber of lines of force
passing through unit of avea ia enuel to the force acting on & unif pole multiplied by &
coeficient depending on the magnetic nature of the medinm, and called the coefficient
of magnetic mducticn.

In fluids and isotropic solids the valus of this-coefficient u is the rame in whatever
Jirection the lines of force pasa through the substance, but in crystallized, strained, and
orgavized solids the value of o may depend on the direstion of the lines of force with
respect to the axes of ergstallization, atrain, or growih,

In sll bodies g 13 affectad by temperature, end in won i appears to diminish zs the
jntensity of the magnetization increases.

On Magnetic Eguipotential Surfares.

{E1) If we explore the field with a uniformly magnetized bar, so long that one of its
poles is in o very weak part of the magmetic field, then the magnetic forces will perform
work on the other pole as it moves about the feld.

If we start from & given point, and move this pole from it to any other point, the
work performed will be independent of the puth of the pole between the two points;
provided that no electric current passes between the different paths pursued by the pole.

Hence, when there are no electric curremts but culy magnets io the field, we may
o w sariea of surfaces such that the work done in passing from one to another shall
be constant whatever be the path pursued between them. Such surfaces are called
Bquipotential Surfaces, and In ordinary ceses are perpendicular to the Lines of mag-
netic foree.

if these surfarcs are o drawn that, when s unit pele pasees from aay cne to the
nogt in order, unity of work is done, then the work done in moy motion of 2 magnatic
pole will be measured by the stremgth of the pole multiplied Ly the numbear of anrfaces
which it bas passed through in the positive direction. '

(52] If there are circuits carrying electric currents io the field, then there will =till
he equipotentin] surfaces in the parts of the field external to the condurtors canying the
currents, but the work done on a unit pele in passing from one to enother will depend
on the mumber of times which the path of the pole circulates round any of these
currents. Hence the potential in each surface will bave & series of values In arth-
metign] progression, differing by the work done n passing completely round ong of the
corrents in the field. ' '

The equipetential surfaces will not be continuous clased surfaces, but gome of them
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‘will be limited shests, terminating in the electric circuit as their common edge  gr
Bmﬂa.r; The pumber of these will be equal to the amount of wark done on aunit
pole in going round the current, and thisby the ordinary measurement =4xy, Whers 4
is the value of the current. | |

These surfaces, therafore, are connected with the electric current as soap-bubbles are
connected with a ring in M. Praveav's experiments. Every current ¥ has-dwy surfaces
attached toit. These surfaces have the current for their common edge, and meet it at
equal angles. The form of the surfaces fxr other parts depends on the presence of gther
aurrents and magnets, as well as on the shape of the eircuit to which they belong.

PART ITl—GENERAL EQUATIONS OF THE ELECTROMAGNETIC FIELD,

{63.) Let us assame three rectangular directions in space us the axes of #, y, and 7,
and let all quantities having direction be expressed by their compaonents in these three

directions,
Electrical Currents (p, g, r).

(54} An electrical current consists in the transmission of electricity from one part of
i body to another. Let the quantity of electricity transmitted in unit of time across
unit of area perpendicular to the axis of & be called p, then p is the component of the
current at that place in the direction of .

Wae shall use the letters P, ¢ © to denote the components of the current per unit of
aren in the directions of r, ¥ 5

Electricel Displacements (1, g, h).

(68) Electrical displacement consists in the opposite electrification of the sides of a
malecule or particle of o body which may or may not be accompanied with transmission
through the body. Let the quantity of electricity which would appesr on the faces
dy.dz of an element dr, dy, dz eut from the body be f.dy.dz, then £is the component
of electric displacement parallel to =, We shall use Sy g k to dehote the electric
displacements parallel to z, 3, 2 respectively.

The variations of the electrical displacement must be added to the currents p, ¢, 7 to
get the total motion of electricity, which we may call @, ¢, , eo that

g’——-g'—}-sg,....,i.,,.._.{.&}

: Electromotive Foroe (P, Q, R).
(56} Let P, Q, R represent the components of the electromntive force at any paint.
Then P represents the difference of potential per unit of length in a conductor
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placed in the direction of x at the given point. We may suppose an indefinitely short
wire placed parallel to x at a given point and touched, during the action of the force P,
by two small conductors, which sre then insulated and removed from the inflnetice of
the electromotive forcé. The value of P might then be sscertainéd by measuring the
charge of the conduetors. ! :

Thus if  be the length of the wire, the differéncé of potential at its ends will be P/,
and if C be the capacity of each of the small conduetors the charge on each will be
40Pl Sinee the capacities of moderately large conductors, measured on the electro-
magnetic system, are exceedingly small, brdriary elestromotive forces arising froif
electromagnetic actions could hardly be messured in this way. In practice such measure-
‘ments are alwaye made with long conductors, forming eloged or nearly closed circuits.

Electromagnetic Momentum (F, G, H).

(67} Let F, G, H represent the components of electromagnetic momentum at any
point of the field, due to any system of magnets or currents,

Then F is the total impulse of the electromotive force in the direction of & that would
be generated by the removal of theee magnets of cuttents from the field, that is, if P
be the electromotive force at any instant during the removal of the system

' F={Pds.
Hence the part of the electromotive force which depends on the motion of magnets or
currents in the field, or their alteration of intensity, iz
P=—2F, Q=44 Rewf® oL (@9)

EIMWH&M@F“W+
(58) Let s be the length of the circuit, then if wé integraté

f(rhrod i, . o OO

round the cifenit, we shall get the total electromagnetic momentum of the cirenit, or the

pumber of lines of magnetic force which pass throngh it, the variations of which measure

tho total electromotive foree in the circuit. ‘This electromagnetic momentum is the

same thing to which Professor Faranay has applied the name of the Electrotonic State.

If the circuit be the boundary of the elementary area dy da, then its electromagnetic

momentum is " '
(%— Z )99 2.

and this is the mumber of lines of magneti forve which pass through the area dy dz.
 Magnatio Forco (s, f, 7).

(59) 1et o, B, v represent the force acting on & unit magnetic pole placed at the
given point resolved in the directions of &, ¥, and z. S .
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Cogfficient gf Magnetic Industion (u).

(60) Let p be the ratio of the magnetic induction in a given medium to that in ajr
under an equal magnetizing force, then the number of lines of force in unit of mreq
perpendicular to £ will be pa (» is & quantity depending om thennmreufthemaﬂim
its temperature, the amount of magnetization alveady produced, and in crystalline bodies
varying with the direction)

(61) Expressing the electric momentum of small circuits perpendicular to the three
nxes in this notafion, we obtain the following

Eguations of Currents.
{62) It is known from experiment that the motion of a magnetic pole in the electro-

mgnmﬁddhndmaddrmﬁtmutgaanwrkmlmthecirmitwhiuhthepale
describes passes round an electric ourvent.  Hence, except in the space occupied by the

elaetric enrrents,
edet+Pdy4ypde=de . . . . . | . . | . (31)
a complete differential of p, the magnetic potential,

The guantity p may be susceptible of an indefinite number of distinct values, according
to the number of times that the exploring point passes round electric cirrents in its
course, the difference between successive values of p corresponding to & passage com-
pletely round a current of strength ¢ being 4.

- Hence if there is no electric current,

I
=

but if there is a current g,

& B E-i.!- W R
14 3

|

Similarly,
. . {O)

I}

BE ME &Y &

We may call these the Equations of Currents.
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Electromotive Foree in o Uircuit.
(63) Let & be the electromotive foree acting round the cirenit A, then

z=5(ri;+u%+n‘§)ssﬁ N €

wheraEﬂhthaﬂemantnflmgﬂl,mdthehtegmﬁmhpm{m&munﬂth&dmﬁt
Y.t the forces in the field be those due to the circuits A and B, then the eleciro-
magnetic momentom of A is

iz
(P et ruf)i=Tatys, . . . .. .. (39
whﬂret:anduarnthﬂcunentniu.ﬁ.mﬂﬂ,md
o
E=—?i{Iﬁ+Hv].............{MJ
Henee, if thers is no motion of the cirenit A,
_ dF _dv
__?‘I_EI
Q=_%_g,_. A €170
dH a&¥F
R=_-ﬁ—E‘

¥

where ¥ is o function of x, ¥, z, and £, which is indeterminate as far as regards the
solution of the above equations, becanse the terms depending on it will disappear oo
integrating round the creuit. The quantity ¥ can always, however, be determined in
any particular case when we know the actual conditions of the question. The physical
interpretation of ¥ is, that it represents the glectrio potential at each point of space.

Flectrometive Force on « Moving Conductor,

(84) Let a short straight condnetor of length @, parallel to the axis of #, move with
a velocity whose components are %’, %, %’, and let its extremities slide along twe
parallel conductors with s veloeity 4}‘2 Let us find the alteration of the electro-
magnetic momentum of the circuit of which this arrangement forms » part.

Ir unit of time the moving conductor has travelled distances %, %, d= along the
directions of the three axes, and st the same time the lengths of the parallel conductors
inclnded in the cireuit have each been increased by g

Hence the quantity
f(u grogmg)e

MDOCCLEY. v
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will be inergased by the following increments,

@ { o ﬁ+£F ""1'5"'--|—‘EF E") dne to motion of conductor,

HEEE(EE I--|--""T'} "‘If"'-q--‘i.H s :111? to lengthening of circnit.
The total increment will therefore be

E“E)%"“ (d.u re) .i: ;
or, by the equations of Magnetic Force (8},

If P is the eleciromotive force in the moving eonductor parallel to # referred to unit
of length, then the actual electromotive force 1s Pa; and since this iz measored by the
decremeant of the electromagnetic momentum of the circuit, the electromotive force due
to motion will be

.

(68) The complete equations of electrometive foree on a moving conductor may now
be written as follows ;(—

Fguations of Electromotive Foree,

_E"'(?,ﬂ“‘ﬁ,ﬂ) o M1 )
Q=F(HE~?H)_%3_%, . (D)

a¥

R (st ST

The first term on the right-hand side of each eqnation represents the electromotive
force arising from the motion of the conductor itself. This electromotive force is per-
pendicular to the direction of motion and to the lines of magnetic force; and if &
parailelogram be drawn whose sides represent in direction and magnitude the velocity
of the conductor and the magmetic induction at that point of the field, then the area of
the parallelogram will represent the electromotive force due to the motion of the con-
ductor, and the divection of the foree is perpendicular to the plane of the parallelogram.

The second term in each equation indicates the effect of changes i the position or
strength of magnets or currents in the field. :

The third term shows the effect of the 'I‘.‘.].Eﬂtl'lﬂ potential ¥, It has no effect in
cansing a cireulating current in a closed cirenit. - It indicates the existence of a force
urging the electricity to or from certain definite points in the field.
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Electric Flasticity.

(G#) When an electromotive force acts on & dielectrie, 1tpntse~re:3rpm-tufthe
dielectric into @ polarized condition, in which its opposite sides are oppositely electri-
fed. * The amount of this electrification depends on the electromotive force and en the
natare of the substance, and, 1n solids having a structure defined by axes, on the direc-
tion of the electromotive force with respect to these axes. In isotropic substances, if &
is the ratio of the electromotive force to the electrie displacement, we may write the

Eguations of Electrie Elaxticity,

P =4£f,
u=@*}-_-----+----m}
R=kh

{67} When an electromotive force acts on a conductor it prodnces a current of elee-
tricity throngh it. This effect is additional to the electric displacement already con-
sidered. In solide of complex strcture, the relation between the electromotive force
and the current depends on their direction through the solid, Inisotropic substances,
which alone we shall here consider, if p is the specific rmshmmreﬁneitﬂmt of
volome, we may write the.

Eguations of Electric Besistance,
P=—¢p,
Q=—.H’}1‘+‘..T"""{F]

Electric Quantify.
(68) Let & represent the guantity of free positive electricity contained in unit of
volume at any part ofthe field, then, since this arises from the electrification nfﬂla
different parts of the field not neutralizing each other, we may write the

Equation of Free Electricity,
dh .

AEFEFE=0 L (@)
{89} I the mediurm conducts electricity, then we shall have another condition, 'H']l'l.ﬂ]l
mayhecalleﬂ,ﬂamhyﬂrmhnmm,thﬂ'

Egudiﬂﬂqfﬂbwﬁnu{@,

de ar

E+%+%+Esﬂ. .

(70) In these equations of the electromagnetic field we have assumed twenty variable
U2
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guantities, namely,

For Electromagnetic M:rmenh:m c o s e ok e . F G H
p MagnetiecIntensity . . . . . . . ., . . . & B y
» Blectromotive Foree . . . . . . . . . . . ., P Q R
» Current due to true conduwetion. . . . . . . . . p g
» Flectric Displacement . . . N A
w Total Corrent (including mmhnn ﬂf ﬂ:splncemmt} g g 7
s»  Quantity of free Electricity . . . . . . .. 8
»w Electric Potential . . . . . g

Between these twenty quentities we have found twenty equations, viz.
Three equations of Magnetie Force . . . . , . . . . (H)

- Electric Carrents . . . . . . . . . {(C)

- Electromotive Foree . . . . . . . . (D)

. Electric Elasticity . . . . . . . . (E)

. Electric Resistance . . . . .', . . (F)

Total Currents . . . . . . . . . (A)

Cne ﬂq‘uﬂ.tmn of Free Electrieity . . . . . . . . . . (@)
. Coptinmity . . . . . . . . . . . (H)

These equations are therefore sufficient to. ﬂetermme all the quantities which cecer
in them, provided we know the conditions of the problem. In many guestions, how-.
ever, only a few of the equations are required.

Tufrinsic Energy of the Electromagnetic Field.

(71} We have seen (33} that the intrinsic energy of any system of currents is found
by multiplying half the current in each cirenit into its electromagnetic momentom,
This is equivalent to finding the integral

E=}3(Fp'+Gg+HF)AV . . . .. . .. (37)
over all the space occupied by currents, where p, ¢,  ave the components of currents,
and ¥, G, H the components of electromagnetic momentum. :

Substituting the values of ¢/, ¢, r' from the equations of Corrents (C), this becomes .

AR SHCE I 2
~ Integrating by parts, and remembering that &, 3, 4 vanish at an infinite distance, the
be 1 .:IF di dF
E?E{ {e; ﬁ)"‘ﬁ( )+T(E'_3‘.'7J}ﬁ

where the integration is to be extended over all space. Ileferring to the equations of
Magnetic Force (B), p. 482, this becomes

E=i3(n. patB. gty pldV, . .. . . . (38)
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where &, 5, 7 are the components of magnetie intensity or the force on & unit magnetic
pole, and wa, @B, py are the components of the quantity of megnetic induetion, or the
pumber of lines of force in unit of area.

In isotropic media the value of @ is the same in all directions, and we may express
the result more simply by saying that the intrinsic energy of any part of the magmetic
field axising from its magnetization is

&

per unit of volume, where 1 is the magnetic intensity.

(72} Energy may be stored up in the field in a different way, namely, by the action
of electromotive force in producing electric displacement. The work done by a variable
clectromotive foree, P, in producing a variable displacement, f, is got by integrating

Sedf
from P=0 to the given value of I
Since P=Fkf, equation (E}, this quantity becomes

Skfdf=pif*=4Ff.
Henee the jntrinsie exergy of any part of the field, as existing in the form of electric
s ;
placement; 1 33(Bf+Qg+ RV,
The total enerpy existing in the field is therefore
E=z{g—‘,,-:m+ﬁuﬂ+ﬁw1+ifrf+ug+mj}ﬂ- R ¢S

The first term of this expression depends on the magnetization of the-field, and is
explained on onr theory by actual motion of some kind, The second term depends on
the electric polurization of the field, and iz explained on our theory by strain of some
kind in an elastic medium.

{78) 1 have on a former occasion * attempted to describe a particular kind of motion
and a particular kind of strain, so arranged as to account for the phenomena. In the
present paper I avold any hypothesis of this kind ; and in using such words as electric
mementom nnd electric elasticity in reference to the known phenomena of the induc-
tion of currents and the polarization of dielectrics, I wish merely to direct the mind of
the reader to mechanical phenomena which will assist him in understanding the elec-
trical ones.  All such phrases in the present paper are to be considered as illustrative,
not ag explanatory.

(T4} In speaking of the Energy of the field, however, 1 wish to be understood literally.
All energy is the same s mechanical energy, whether it exists in the form of motion or
in that of elasticity, or in any other form. The energy in electromagnetic phenomena is
mechanical energy. The only question is, Where does it reside? On the old theories

= .« (In Physical Lines of Foree,” Thilosophical Mpgreine, 1861-42.
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it resides in the electrified bodies, conduecting eircuits, and magnets, in the form of an
unknows guality called potential energy, or the power of producing certain effects at a
distance. Omn our theory it resides in the electromagnetic field, in the space surrounding
the electrified and maguetic bodies, as well as in those bodies themselves, and is in two
different forms, which may be described without hypothesis as magnetic polarization
and electric polarization, or, according to a very probable hypothesis, as the motion and
the strain of one and the same medium.

(76) The conclusions arrived at in the present paper are independent of this hypo-
thesis, being deduced from experimental facts of three kinds:—

1. The induction of electric eurrents by the inerease or diminution of neighbouring
currents aceording to the changes in the lines of foree passing through the eircait.

9. The distribntion of marnetic intensity according to the variations of a magnetic
potential.

5. The induction {or influence) of statical electricity through dielectrics.

We may now proceed to demonstrate from these prineiples the existence and laws of
the mechanieal forces which act upon electric currents, magnets, and electrified bodies
placed in the clectromagnetic field.

PART IV.—AECHANICAL ACTIORS IN THE FIELD.

Meochanical Fores on a Moveable Conducior.

(76) We have shown ($§ 34 & 35) that the work done by the electromagnetic forces
in aiding the motion of & conductor is equal to the product of the current in the con-
ductor multiplied by the increment of the electromagnetic momentum due to the
motion,

Let a short straight conduetor of length @ move parallel to itself in the divection of
x, with its extremities on two parallel conduetors. Then the increment of the electro-
magnetic momentum due to the motion of g will be

dF dz &'Gﬂy dH ds
Wiar & T T ‘?533)“

That due to the lengthening of the sircuit by inereasing the length of the parallel cone

ductors will be o b e
d'Fi;r o F
~Ewty & TE ns.)“

dip s dF
anl (0 —5)—a(e )}
which is by the eguations of Maguetic Foree (B), p. 452,
o, dz
abz (ﬁf"r _"EL“IE')-
Let X be the force acting nlong the direction of & per unit of length of the conductor,
then the work done iz Xafe

The total increment is



PROFESS0ORE CLERK MAXWELL ON THE BLECTROMAGNETIC FIELI. 489

Iet O be the earrent in the conductor, and let p's ¢, ¥ be its components, then
d dz

or K=pyq —ppr.
Similarly, Vospapr —pgdy be - e e omonono ot (T}
o= pi3y] — o

These are the equations which determine the mechanical force acting on a conducter
carrying a current. The force is perpendicular to the current and to the lines of force,
and is measured by the area of the parallelogram formed by lines pavallel to the current
and lines of force, and proportional to their intensities.

Mechanical Force on o Mfagnet.

(77) In any part of the field not traversed by electric currents the distribution of
magnetic intensity may be vepresented by the differential coefficients of a function
which may be called the magnetic potential. When there are no currents in the field,
this quantity has a single value for each puint. When there are currents, the potential
haos o series of values at each point, but its difflerential coefficients have only one valoe,
namely,

%:m_ %:ﬂ, %:gﬂ,
Substituting these values of «, 8, y in the expression (eguation 33} for the intringic
energy of the field, and integrating by parts, it becomes

—z{p %(% +% +"'§§)}dv.

(s B A avatmay L o ()

indicates the number of hnes of magnetio force which have their origin within the
space V. Neow a magnetic pole is known to us only as the omigin or termination of
lines of magnetic force, and a unit pole is one which has &= lines belonging to it, since
it produces unil vl wagnetic intensity ot anit of distsnce over a sphere whose surface
is da.

Hense if 7 is the amount of frea positive magnetism in unit of volume, the above
expression may be written 4wm, and the expression for the energy of the field becomes

B —Sem)dV. . - . o+ o+ oo - - o+ - {40)
If there are two magnetic poles m, and m, producing potentials ¢, and g, in the field
then if m, is moved a distance dx, and is urged in that direction by a foree X, then the
work done is Xdz, and the decrease of energy in the field is
E{H'Fl'i":’:}l:ml'l'm!}}i

and these must be egunl by tae principle of Conservation of Energy.

The expression
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Since the distribution ¢, is determined by m,, and @, by m,, the guantities pm, and
P, 7, will remain constant.

It can be shown also, as Greey Las proved (Essay, p. 10), that

g0 that we get .=y,
or I.ﬂ:ﬂ['m,p,],
1=m,f£1 =, ,
where «, represents the magnetic intensity due tom,. . . . . .« . . . . (K}
E'i'mj]“l.ﬁ Y= maf3,,
Zi=myy,.

So that a magnetic pole is urged in the direotion of the lines of magnetic force with
a force equal to the product of the strength of the pole and the magnetic intensity.

(78) Ifa eingle magnetic pole, that is one pole of a very long magnet, be placed in
the field, the only solution of ¢ is

e 38

where m, is the strength of the pole and » the distance from it.
The repulsion between two poles of strength m, and m, is

m,%=%._..,.,...+..[ﬂ}
In air orany medium in which =1 this is aimply"l;_l“ﬁ, but in other medis the force

acting between two given magmmetioc poles is inverzely proportional to the coefficient af
ruagnetic induction for the medium. This may be explained by the magnetization of
the medium induced by the action of the poles.

IFI:_HT:"

o=

Mechanical Force on an Electrified Body.
(T9) If there is no motion or change of strength of currents or magnets in the field

the electromotive forca is entirely due to variation of electric potential, and we shall
have (§ 65)

—- e A% o d¥
P--——'E‘.i Q__E.l H.--—- Il

Integrating by parts the expression (I) for the energy due to electric displacement, and
reraembering that P, Q, R vauish at an infinite distance, it becomes

v+ 2+%) v,
or by the equation of Free Electricity (G), p. 485,

—+E(We)dV.
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By the same demonstration as was nsed in the ease of the mechanical action on & magnet,
it may be shown that the mechanieal force on a small body containing a quantity e, of
free electricity placed in a field whose potential arising from other glectrified bodies

iz ¥, , has for components

d¥
E=EI_E‘=— 1,
Yeafhe Qe . D)
Eug,%:—:ﬂ,ﬁ,.

8o that an electrified body is urged in the direction of the electromotive force with a
farce equal to the product of the quantity of free electricity and the electromotive force.

If the electrification of the field arises from the presence of a small electrified body
containing ¢, of free electrity, the only solution of ¥, is

=% & Y (1)

et | * 5 - " -

4 ¥

Whera # is the distance from the electrified body.
The repulsion between two electrified bodies e, ¢, is therefors

ﬂ-_ t I‘-‘]"E. * » . " * ' = !!4
&y u—;;_?—1 a . " = { }

Measurement of Electrical Phenomena dy Electrostatic Effects.

fﬂﬂ] The guantities with which we have had to do have been hitherto expressed in
terms of the Electromagnetic System of measurement, which is founded on the mecha-
nical action between currents. The electrostatic system of measurement is founded on
the mechanical mction between electrified bodies, and is independent of, and incom-
patible with, the electromagnetic system; so that the units of the different kinds of
quantity have different values according to the system we adopt, and to pass from the
one system to the other, a reduction of all the guantities is required.

Aecording to the electrostatic system, the repulsion between two small bodies charged

with quantities x,, %, of electricity is
.
Where 7 is the distance between them.
Let the relation of the two systems be such that one electromagnetic unit of elec-
tricity setitains v electrostatic units ; then z,—ve, and y,=u8,, and this repulsion becomes

#55I=I%5§Waquﬁm{£4},. T T )

Hence &, the coefficient of “ glectric elasticity” in the meditm in which the experi-
ments aye made, i. & coramon air, is related to v, the number of electrostatic units in one

electromagnetic unit, by th :
bytheequation . . L ... ... . (48)

3z
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The quantity v may be determined by experiment in several weys, Aocording to the
expeniments of MM, Weees and Konrrsosom,

v=310,740,000 metres per second.

(81) 1t appears from this investigation, that if we sssume that the medium which
constitutes the electromagnetic field is, when dielectric, capable of receiving in every
part of it an electric polarization, in which the opposite sides of every element intg
which we moy conceive the medinm divided are oppositely electrified, and if we also
assume that this polarization or electric displacement is proportional to the electro.
motive foree which produees or meintaing it, then we can show that electrified bodies
in a dielectric mediom will act on one another with forees obeying the same laws as are
established by experiment,

The energy, by the expenditure of which electrical attractions and repulsivns are pro-
duced, we suppose to be stored up in the dielectric medidm which snrrounds the eleetn.
fied bodies, and not on the surface of thosa bodies themselves, which on our
are merely the bounding surfaces of the air or other dielectric in which the true springs
of action are to be songht.

Note on the Attraction of Gravitation.

{82) After tracing to the action of the surrounding mediom both the magnetic and
the electric attractions and repulsions, and finding them to depend on the inverse Bguare
of the distance, we are naturally led to inguire whether the attraction of gravitation,

surrounding mediam,

Gravitation differs from magnetism and electricity in this; that the bodies cuncerned
are all of the same kind, instend of being of oppusite signe, like magnetic poles and
electrified bodies, and that the force between these bodies is an attraction and not e
repulsion, es is the case between like slectric and magnetic bodies,

The lines of gravitating force near two dense bodies are exactly of the seme form as
the lines of magnetic force near two poles of the same name; but whereas the poles are
repelled, the bodies are nttracted. Let E be the intringe energy of the field surrounding
two gravitating bodics M,, M,, and let E be the intrinsic energy of the field surronnding
two magnetic poles m,, m,, equal in numerical valoe to M,, M, aud let X be the gravi-
tating force acting dwing the displacement &z, and X' the maognetic foree,

Xire=3E,  X3r=23E';
now X and X' are equal in numerical value, but of epposite signs; so that
§E=—3E',
E=C-F
1
=0= 25 (#+B+yNYV,

or
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where a, B, v are the components of magnetic intensity. If B be the resultant gravi-
tating force, and R' the resultant magnetic force at a corresponding part of the field,

R= =R, and £+ F++'=R'=R"

Henoe 1
E=0-3R4V. . . . . . . .. . ... (40

The intrinsic energy of the field of gravitation must therefore be less wherever there is
s resultant gravitating force.

As energy is essentially positive, it is impossible for any part of space to have nege-
tive intrinsic energy. Hence those parts of space in which there is no resultant force,
such as the points of equilibrium in the spaee between the different bodies of & system,
and within the substance of each body, must have an intrinsic energy per unit of volume
greater than 1
i
where R is the greatest possible value of the intensity of gravitating force in any part of
the universe.

The assumption, therefore, that gravitation arises from the action of the surrounding
medium in the way pointed out, leads to the conclusion that every part of this medinm
possesses, when undisturbed, an enormous intrinsic energy, and that the presence of
dense bodies influences the medium so as to diminish this emergy wherever there is a
resultant attraction.

As T am unable to understand in what way & medium can possess such properties, I
cannot go any further in this direction in searching for the cause of gravitation.

FART V —THRORY OF CONDENEERS,
Capacity of a Condenser,

(83) The simplest form of condenser-consists of & uniform layer of insulating matier
bounded by two eonducting surfaces, and its capacity is measured by the guantity of
electricity on either surface when the difference of potentials is unity.

Tet 8 be the aren of either surface, # the thickuess of the dielectrie, and ¥ its coeffi-
cient of electric elasticity; then on ene side of the condenser the potential is ¥, and on
the other side ¥, -+ 1, and within its snbstance

E:-:Lf..+.+...+.+,{i3}
Since % and therefore f is zero ontside the eondenser, the quantity of electricity on its
first aurface =—8f, and on the second 48f. The capacity of the condenser is there-
fore 8f =;E£ in electromagnetic measure.
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Specifio Capacity of Electric Induction (D).

(84} Ifthe dielectric of the condenser be air, then its capacity in electrostatic mea-
sure is 7 {n-&glechug corrections arising from the conditions to be fulfilled at the
edges). If the dielectric have a capacity whose rutio to that of air is D, th¢n the capa-
city of the condenser will be 1>

Hence D=%,..*........-..(iﬂ}
where F, is the value of ¥ in air, which is taken for unity.
Flootrio A ”

(85) When the dielectric of which the condénser is formed is not a perfict insulator,
the phenomena of conduction are combined with those of electric displacement. The
condenser, when left charged, gradually loses its charge, and in some eases, after being
discharged completely, it gradually acquires a new charge of the same sign as the original
charge, and this finally disappears. These phenomena have been desaribed by Professor
Faranay { Experimental Hesenrches, Series X1} and by Mr. F. Jowais {Report of Com-
mittee of Board of Trade on Submarine Cables), and may be classed under the name of,
*t Electric Absorption.”

(86) We shall take the case of a condenser composed of any number of parallel layers
of different materiala, If o constant difference of potentials between its extreme
sarfaces is kept up for a sufficient time till a condition of permanent steady flow of
electricity is established, then each bounding surface will have a charge of electricity
depending on the nature of the substances on each side of it.  If the extreme surfaces
be now discharged, these internal charges will graduslly be dissipated, and a certain
charge may reappear on the extreme surfaces if they are insulated, or, if they are con-
pected by a conductor, a certain quantity of eleetricity may be urged through the con-
ductor during the reestablishment of equilibrium.

Let the thickness of the eeveral layers of the condenser be a,, 4, &ec.

Let the values of ¥ for these layers be rvespectively &, &, &, and let

ek ekt &e=ak, . . . . . . . . (90}

where & is the “ electric elasticity” of air, and @ is the thickness of an eqtuwlent con=
denser of air,

Let the resistances of the layers be respectively r,, 7y, &¢., and let r,4r,+ &c. =r be
the resistance of the whole condenser, to a steady current throngh it per unit of surfacs.

Let the electric displacement in each layer be £, £, &c

Let the eleciric current in each layer be p,, i &o

Let the potential on the fivst surface be ¥, and the electricity per unit of surface &,

Tet the corresponding quantities at the boundary of the first und second surface be
¥, and &, and s0 on.  Then by equations (G} and {(H),
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o=—fn B
wmfmfs Bmpepa|
. &c.
But by equations (E) and (F),
¥, =¥, =k fi=—"Pn
S R
o See. &c.
After the electromotive force has been kept up for a sufficient time the current
becomes the same in each layer, and
p=p,=&ec, =p= :3;-
where ¥ is the total difference of potentials between the extreme layers. 'We have then
ki

. (51)

—— T __'E Ta
==tk ATt
“ﬂ- w 4 B - L} Ll L] {EB}
wor T
o= o l! E,=? ﬁi.—ﬁl"‘), &ee,

These are the quantities of electricity on the different surfaces.

(8T} Now let the condenser be discherged by connecting the extreme surfaces
through a perfect conductor so that their potentials are instantly rendered equal, then
the electricity on the extreme surfaces will be altered, but that on the internal surfaces
will oot have time to escape. The total difference of potentials is now

V=g e 6tk €, o) aki(e Hata), &e. =0, . . ... - {B%)
whenee if ¢, is what ¢, becomes at the instant of discharge,

W v W
-ﬂ’l—? %-E—-ﬂ]'—-ﬁ- . - - 4 . ¥ M (55]

The instantanecus discharge is therefore %, or the Tlinﬁ.tj". which wonld be dis-

¢harged by a condenser of air of the eguivalent thickness @, and it is unaffected by the
want of perfect insulation.

(88) Now let us suppose the conpexion between the extreme surfaces broken, and the
condenser 1eft todtself, and let us copsider the gradual dissipation of the internal charges.
Tet ¥ be the difference of potential of the extreme surfaces at any time £; then

‘Fl=u,i:,_f1+ﬂ,hﬁ+&¢+; T (G8)
but ﬂ:.llkl‘ﬂ:--rl%l,
EI.M!.='_TI%-
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-—"_lf—'lr,ﬁ= -?tjkﬂ.:mdh]rreﬁ:rﬁngmthﬁﬂlmufﬂ,aﬂhq

Hence fi=Ae
we find ¥ o T
A=
P w b e L ()
A=
&, ; )

@0 that we find for the difference of extreme potentials at any time,
'1Fr='qr{ (?_%') Rl 4 ?—35’) oS + &n.}. « « « . (BB)

(89) It sppears from this result that if ail the layers are made of the same sub-
stance, ¥ will be =zero always. If they are of different substances, the order in which
they are placed is indifferent, and the effect will be the same whether each substance
consists of one layer, or is divided into any number of thin layers and arranged in any
order among thin layers of the other substances. Any substanee, therefore, the parts
of which are not mathematically homogeneous, though they may be apparently so, may
exhibit phenomena of absorption.  Also, since the order of magnitude of the coefficients
is the same as that of the indices, the value of ¥ can never change sign, but must start
from zero, become positive, and finally disappear.

(90} Let us next consider the total amount of electricity which would pass from the
first surface to the second, if the eondenser, after being thorcughly saturated by the
current and then discharged, has its extreme surfaces comnected by a comductor of
resistance R, Let p be the current in this conduetor; themn, during the discharge,

VY'=prtprte=pR. . , . . . . . . (53)

Integrating with respect to the time, snd calling ¢;, gy, § the quantities of electricity
which traverse the different conductors,

&+ gt &e.=gR. T 1)
The quantities of electricity on the several surfaces will be
&~q —
g —
&, ;
and since at last all these quantities vanish, we find
T :Ei =i
G =&y —g;
=¥, o
whence gE_.;(;I_E+#’h+&¢.) —=F?

o o=z whek(h =) Fakeh(Z-0) F e . . . 1)
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a quantity essentially positive; so that, when the primary electrification is in one direc-
tion, the secondary discharge iz always in the same direction as the primary discharge®.

PART VL—ELEOTROMAGNETI0 THEORY OF LIGHT.

(01) At the commencement of this paper we made use of the optical hypothesis of
wn elastic medinm through which the vibrations of Iight are propagated, in order fo
show that we have warrantable grounds for seeking, in thé same medium, the cause of
other phenomens as well as those of light, 'We then examined electromagnetic pheno-
mena, seeking for their explanation in the properties of the field which surrounds the
electrified or magnetic bodies. In this way we arrived at certain equations expressing
vertain properties of the electromagnetic field. "We now proceed to investigate whether
these properties of that which constitutes the electromaguoetic field, deduced from electro-
magnetic phenomena alons, are sufficient to explain the propagation of light through
the same snbstance.

(92) Let us suppnse that a plane wave whose direction cosines are [, w, % is propa-
gated through the field with a velocity ¥. ‘Then all the electromagnetic functions will

be functions of w=lr-myfnz—Vt.
The equations of Magnetic Force (B), p. 482, will become
dH 4G
Pﬂ—iﬂﬁ—ﬂ E:
wS=n %w! %1
40 dF

1f we multiply these equations respectively by I, m, m, and add, we find
lpatmpfidnpy=0, . . . . . . . . . (82)

which shows that the direction of the magnetization must be in the plane of the wave,
(93) If we combine the equations of l'.'[ngnehu Fume {B) wiith those of Electric
Currents {C), and put for brevity -

E+$+;=J,m5+$+£=w, ... . (83

lapg =5 =G, | - o o o s (68

* Bine thia paper wes communicated to the Royal Boctety, I have seon s paper by M. Guvears in the Annales
da Chimie for 1864, in which he has ‘dedused the phenomens of electriv abeorption wnd secondsry discharge
from the theory of compound sondsnsars,
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If the mediom in the field is a perfect dielectrie there is no troe conduction, and the
currents g, ¢, v are only wvariations in the electrie displacement, or, by the equations of
Total Currents (A),

ik
=4, =%, P=E -+ -+ . . . (85)
But these electric displacements are caused by electromotive forees, and by the equations
of Electric Elasticity (E),
F=y; q:@n R=ﬁ, * . . r = - = {H‘E}

These electromotive forces are due to the variations either of the electromagnetic or
the electrostatic fanetions, as there ia no motion of eonduetors in the field ; so that the

equations of electromative forece (D) are

dF 4T
P=—m———-1’—:
L
dH dF
R=—r—a- |

(84) Combining these equations, we obtain the following :—
g~V ) +isa (S5 + 1) =0,

Hg—ve)+m(G+E)=0 . . . . . . (g
.I:(fzﬁ‘ir —-‘F‘H) +dp (‘%';'-+ %) =0,

If we differentiate the third of these equations with rezpect to g, and the second with
respect to 5, and subtract, J and ‘¥ disappear, and by remembering the equations {B) of
magmetic force, the results may be written

a*

AV oo = dps s i,
%

AV = dorp o
d*

EVopy =dapmpy.

(69)

b
4
L}
-

(95} If we assume that «, B, y are fanctions of lr—+my+nz—Vi=mw, the first equa-
tion becomes A
Aoge=dmp Vg -+ - o oL (T0)

o vex/E L

The other equations give the same value for V, so that the wave is propagated in either
direction with a velocity V.
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This wave consisis entirely of magnetie disturbances, the direction of magnetization
being in the plane of the wave. No magnetic disturbance whose direction of magneti-
sation is not in the plane of the wave canl be propagated as & plane wave at all.

Henee magnetic disturbances propagated through the electromagnetic field agree with
light in this, thet the disturbance at any point is transverse to the direction of propaga-
tion, and such waves may have all the properties of polarized light.

(96) The only mediom in which experiments have been made to determine the value
of & is air, in which p=1, and therefore, by equation (46},

T=u............[T2:I
By the electromagnetic experiments of MM. WseER and KoALEAUSCHY,
p—=510,740,000 metres per second

is the number of slectrostatic nnits in one electromagmetic nnit of electricity, and this,
aceording to our Tesult, should be aqual to the velocity of light in air or vacuum.
The velocity of light in air, by M. FrzEav's + experiments, 18

V=>514,368,000;
according to the more soenirate experiments of M. Foveavrt 1.
V=298,000,000.

The velocity of light in the space surrounding the earth, deduced from the coefficient
of aberration and the received value of the radius of the earth’s orbit, iz

YV =2308,000,000.

(97) Hence the velocity of light deduced from prperiment agrees sufficiently well
with the value of v deduced from the only set of experiments we as yel possess. The
value of ¢ was determined by measaring the electromotive force with which a condenser
of known capacity was charged, and then discharging the condenser through a galvano-
meter, so as to measure the quantity of electricity in it in electromagnetic measure.
The oply use made of Hght in the cxperiment was tn see the instruments. The value
of V found by M. Foucavur was obtained by determining the angle through which a
revolving mirror turned, while the light refiected from it went and returned along &
mensured course. Mo nse whatever was made of slectricity or magnetism,

The agreement of the results seems to show that light end magnetism are affections
of tha same substance, and that hght ;s an electromagnetic disturbance propagated
through the field according to electromagnetic laws.

(98) Tet us now go back upon the equations in {94), in which the guantities J and
W peeur, to see whether eny other kind of disturbance can be propagated through
the medium depending on these quantities which disappeared from the final equations.

= Leipzig Transsetions, vol. v. {1857), p. 260, or Pooosxporrr’s © Annalen,’ Aug. 1858, p. 10,

+ Comptes Rendus, vol. wxix, (1848, p. B + Thid, val. Iv, {1382}, pp. a0, THE.
L7
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If we determing y from the eqaation

T e s P € )
and ¥, &, H from the equations.

F=F-%, G=6- B=H-%, . .. . (g
then dF 4G | Al

E"‘dy'l'dr.—""""""'{m}
and the equations in (94) become of the form

wWr=dep (G + 2 (Y+F) - - - - - . (8
Inflerentiating the three equations with respect to &, g, and z, and adding, we find that
?=_¥+p[.@,g,=;:, N (45

and that EV'F _dm?
W= T L L (T8)

&?*H‘:hp%ﬂfu

Hence the disturbances indicated by F, G, H' are propagated with the velocity

V=au J‘ thruugh the field ; and since
dF' dH'
3 +% 5T &=

the resultant of these disturbances is in the plane of the wave.
(88) The remaining part of the total disturbances F, @, H being the part depending
on ¥, 18 subject to no condition except. that expressed in the equation

&
T+ =0
If we perfprm the operation V* on this equation, it becomes
dI
ko= —EV{x, 32 . . . . o . (TH)
Since the medinm iz a perfect insulator, &, the free electricity, is immoveable, amd
t.herefnm?i iz a function of 2, ¥, =, and the value of J is either constant or zere, or

uniformly incrensing or diminishing with the time; so that no disturbance depending
on J ean be propagated as o wave.

(100) The eguations of the electromagnetic field, deduced from purely experimental
evidence, show that transversal vibrations only can be propagated. If we were to go
beyend our experimental knowledge and to assign a definite density to o substance which
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we should call the electric fluid, and select either vitreous or resinous electricity as the
representative of that fluid, then we might have normal vibrations propagated with o
velocity depending on this density. 'We have, however, no evidence asto the density of
electricity, as we do not even knoow whether to consider vitreous electricity as a. sub-
stance or &3 the absence of a substance.

Hence glectromagnetie science leads to exactly the same conclusions as optical science
with respect to the direction of the disturbances which can be propagated through the
feld; both affirm the propagation of transverse vibrations, and both give the same velocity
of propagation. On the other hand, both sciences are at a loss when called on to affirm
or deny the existence of normal vibrations.

Relation between the Index of Refraction and the Eleetromagnetio Character of the

CE.
(101} The velocity of light in a medium, according to the Undulatory Theory, is

'lrvl:-

where ¢ is the index of refraction and V, is the .veloeity in vacuum. The velocity,
according to the Electromagnetic Theory, is

AR
-I!I]'.r.’
where, by equations (49} and (71}, k=]—;i‘.. and g=4xV3.
Hence n=§,......-..._._.{an}
ar the Specific Inductive Capacity is equal to the sqnarve ¢f the index of refraction
divided by the coefficient of magnetic induction.

Fropagation of Electromagnetic Disturbances in & Crystallized Medium.

(102} Let vs now caleulate the conditions of propagation of = plane wave in a
medium for which the values of & and w are different in different directions. As we
do not propose to give & complete investigation of the guestion in the présent imperfect
stateof the theory az extended to disturbances of short period, we shall assume that the
axes of magnetic indoction coineide in direction with those of electric elasticity.

(103} Let the values of the magnetic coeficient for the three axes be &, @, s, then
the equations of magnetic force (B) become '

dH a‘.G )
}kﬂ — # - 3
dF  dH
LT T

_dG  dF
ST T
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The equations of electric currents (C) remain as before.
The equations of electric elasticity (E) will be
P=dxa'f,
=dardly, Soe e e e e e .. L (89)
Re=dxe®h,

where d4we®, dxrf’, and 4x¢® are the values of & for the axes of 7, 9, ¢.
Enmhmmg these equations with (A} and (D), we get equations of the form

a=*F Pl 1 o
1E+ﬂ5$+r;?‘ ( g +P ,gr'l' d,)—‘!( ‘i |- (85}
{104) If:".. mi, n are the direction-cosines of the wave, and V its velocity, and if
let+my+nz—Vi=w, . . . . . . . . . (B4)

then ¥, G, H, and ¥ will be functions of w; and if we put I, G, H', ¥ for the secangd
differentials of these quantities with respeet to w, the equations will be

(V- a*("+ )P+ SR e S v,

(v—o(s —))G'+5""“Hr+—r-mv1rf-u . . (85)
el ,
(?“—E'(;+TJ)H'+TF+-A—G—1IV‘P‘=GZ ,.
1f we now put
ViV '—{Nﬁ’ﬁ-l-ﬁ}+m“#{ﬁ+ﬂ]+ﬂ’ﬂ[ﬂ'l+3"#}}
C ... (86)
o (RS )t miep )=,
we shall find
FVU—NVU=0, . . . . . . . ... (&)
with two similar equations for G' and H'. Hence either
V=0, . .. (88
U=ﬂl - = ® 3 ] - s . - . - . - - . {E‘HJ
or
VE=I¥, VG'=m¥ ad VH=nl". . . . . (30)

The third supposition indicates that the vesultant of F', ', H' is in the direction
normal to the plane of the wave; but the eguations do not indicate that sneh s disturb-
ance, 1f pessible, conld be propagated, as we have no other relation hetween W and
F, G, H'

The solution V=0 refers to a case in which there is no propagation.

The solution U= gives two valaes for V* corresponding to values of ¥, G, H', which
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are given by the equations

LpBG BH=0, L e (91)
&'k b chn
'F[I"P'—ﬂ"}+%{5’—ﬂ}+w{n’h—ﬁ’p}=ﬂ, A
(105) The velocities alungthaﬂummfulluﬂ:——
Direction of propagation . . . - - T ¥y 2
i . : | e
v f
Direction of the electric displacements ¥ !-': %
& &
& ; Y

Now we know that in sach principal plane of a erystal the ray polarized in that
plane cheys the ardinary law of refraction, and therefore its velocity is the same in
whatever direction in that plane it 1s propagated.

1f polarized light consists of electromagnetic disturbances in which the electric dis-
placement, is in the plane of puolarization, then

g==c. . . . - e (95)

If, on the contrary, the electrie displacements are perpendicalar to the plane of pola-
rization,

}L=P=J. = - - - " - = M a ) - = [g'ij

We know, from the magnetic experiments of Fapapay, PLiicEen, &c., that in many

crystals A, g, ¢ are unegual.

The experiments of Kropravce* on electric induetion through crystals seem to show
that «, & and ¢, may be different.

The inequality, however, of &, p, # is £0 small that great magnetic furees are reguired
to indicate their difference, and the differences do 1oL seam of sufficient magnitude to
account for the double refraction of the crystals.

O the other hand, experiments on clactric induction are liahle to error on acconnt
of minute flaws, or portions of conducting matter in the erystal.

Further experiments on the magnetic and dielectric properties of crystals are required
before we can decide whether the relation of these bodies to magnetic and electric
forees is the same, when these forces are permanent as when they are alternating with
the rapidity of the vibrations of light

* Thilosophical Magazine, 1352,
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Relation between Electric Resistance and Transparency,

(108} If the medinm, instead of being a perfect insulator, is a conductor whose resist.
ance per unit of volume is ¢, then there will be not only electric displacements, but true
currents of conductien in which electrical energy is transformed into heat, and the undu-
lation is thereby weakened. To determine the coefficient of absorption, let us investi-
gate the propagation along the axis of £ of the transverse disturbanee (3.

By the former equations
4G

T =— (e
= —dsp(F+q) by (4),
=t E - )y @ea (B, . . .. (o)
If G is of the form
e find that G=e¢*cos{gatnt), . . . . . . ., . . . . . .. (96)
P=5_:&§=%1;,......,..H._fsn

where' ¥ 1a the veloeity of Light in air, and ¢ is the index of refraction. The proportien
of incident light transmitted through the thicknessz is
aewe . N 1)

Let B be the resistance in electromagnetic measure of & plate 6f the substance whose
thickness is #, hreadth 2, and length 7, them

R:g&f
VoI
2_3;!.1‘::4.1’;&7 ﬁ v . . B . . . . . . . {‘EB]

(107) Most trausparent solid bodies ave good insulators, whereas all good. conductors
are Very opague.

Electrolytes allow « current to pass easily and yet are often very transparent. We
may suppose, however, that in the rapidly alternating vibrations of light, the electio-
motive forces act for so short a time that they are unable to effiscet o complete separation
between the particles m combination, so that when the force is reversed the particies
oscillate into thejr former position withont loss of energy.

Gold, silver, and platinum ere good conducters, and vet when reduced to sufBeiently
thin places they allow light to. pass through them. If the resistance of gold 15 the same
for electromotive foroes of short period as for those with which we make axperiments,
the amount of light which passes through = piece of gold-leat, of which the resistance
was determined by Mr. O Hocxis, would be only 107* of the incident light, a totally
imperceptible quantity. 1 find that between g ad gy of gleen light gets through
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such gold-leaf, Much of this is tranemitted through holes and cracks; there is enough,
nowever, transmitted through the pold itself to give a strong green hue to the
fransmitted light. This result cannot be reconciled with the electromagnetic theory
of light, unless we suppose that there is less loss of energy when the electromotive forces
ave Teversed with the rapidity of the vibrations of light than when they act for sensible
times, as in our experiments,

ABsolute Values of the Electromotive and Magnetic Forces called into play in the
Propagation of Light.
(108) If the equation of propagation of light is

F=Acos = (z—V8),
the electromotive force will be ] o
P=- AT Vein_{z=V1);

and the energy per unit of volume will be-
i
E:.u‘."-“!
where P represents the greatest value of the electromotive force. Half of this consists
of maguetic and half of electric energy.
The energy passing through a unit of avea is

1t
W=
P1=m‘
where V is the velocity of light, and W is the enetgy communicated to wnit of area by
the light in a second.
According to PoviLier’s data, as ealenlated by Professor W, Trousox®, the mecha-
nical valuze of direct sunlight at the Earth is
834 foot-pounds per second per square foot,

This gives the maximum value of ' in direct sunlight at the Earth's distance from the Sun,
P=6(0,000,000,

or about 600 DamiewL’s cells per metre.

At the Sun's surface the value of P would be about

13,000 DawieLy’s cells per metre,

At the Earth the maximum magnetic force would be 193 4.

At the Sun it wounld be 4-13.

These electromotive and magnetic forces must be coneceived to be reversed twice in
every vibration of light; that is, more thana thousand million million times in a second.

& Trnsaetions of the Roval Society of Edintargh, 1554 (¢ Mochanicel Energics of the Solny Spetem’).
+ Tho borizontal megnetic foree at Kew is nbout 1-70 jg metrical nnita.

so that



(108) The electromagnetic relstions between tWo conducting circuits, 4 ang B,
depend upon a function M of thejr form and yelative position, as has heen alranﬂj-

shown,

First Method. M is the electromagnetic momentum of the cirenit B when A carries
a unif current, or dr &=

where F, G, H are the components of eleciromagnetic momentnm due to g unit current
i A, and 45 is an element of length of B, and the integration is performed round the
circuit of B.
To find ¥, G, H, we observe that by (B) and (C)
a°F AP gt
a gty = —dwap,
with corresponding equations for G end H, ¥, ¢, and ¢ being the components of the

current in A,
Now if we consider only a single element ds of A, we shall have

if: dy o
P'_j&’r g=Ya ’J_EE!IEJ
and the solution of the equation gives
F_' E#H’ G-E Ezg da, H'._E 7 is,

where ¢ 1s the distance of any peint from ds.  Henee
i dr dy  dr oy
M*ﬂ;(ﬂ G BT ) dsas

(110} Second Method, M is the mumber of lines of magnetic force which pass
through the cirenit B when A carries s unjt current, oy
M =3{ual+ wn 4 pon)ds,
where we, w3, wy are the components of magnetic induction due to unit current in A,
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g is a surface bounded by the current B, and I, m, n are the direction-cosines of the
pormal fo the gurface, the integmﬁﬁnh&inge:tmdnﬂ.ﬂmthemﬂnm
We may express this in the form
H=pn1%sinhind’simpdﬁ'ds,

wheracﬁ’iaanalementufthcmnfnmhnnnﬂedhrﬂ,dahmalementnftha circuit A,
Eiathedinmnnuhetwaenthm,ﬂauﬁﬂ'mtha angles between ¢ and ds and between
g and the normal to 43 respectively, and ¢ is the angle between the planes in which
¢ and ¢ are measured. The in 1 i:pﬂfurmeﬂrnundthecirmitﬁ,ﬂ&nmthe
surface bounded by B.

111, Third Method. Histhat'pmnftheinhinﬁnmgueﬁnenargjrufthewhule
field which depends on the product of the currents in the two cirenits, each current
being nnity.

Lad;n,ﬁ,yh-athemmpnnentanfmagmﬁcintemitynt any point due o the first
circuit, &, ﬁ',-r"themfnrthemnﬂci:mit;th&nthaint:‘mﬁcmmgrqfthe
clement of volume dV of the field is

£ ((wtaP B+ +r+7 Y)Y
The patt whmhdap&nﬂs on the product of the currents is
£ (a4 B+ 77 V.
Hence if we know the magnetic intensities T and T due to unit enrrent in each circuit,
we may obtain M by integrating
£—_ FuY T oos 04V
over all space, where # is the angle between the directions of T and I'.

Application to ¢ Cal.

(112) To find the coefficient (M) of mutual indnetion between two circilar linear
conductors in parallel planes, the distance between the curves being everywhere the zame,
and small compared with the radius of either.

If r be the distance between the curves, and @ the rading of either, then when r iz
very small compared with g, we find by the second method, as a first appreximation,

M=dra (hg.ﬁ—:-ﬂ).

To approximate more closely 1o the value of M, let o and @, be the radii of the cireles,
and B the distance hetween their planes ; then

r={a—a, 1+
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We obtain M by considering the following conditions :—
1st. M must fulfil the differential equation
i M 1dM
&t g+ =l
This equation being trne for any magnetic field symmetrical with respect to the common
axis of the circles, cannot of itself lead to the determination of M as a function of a, g,
and b, "We therefore make use of other conditions,
Zndly, The value of M must remain the sume when @ and @, are exchanged,
3rdly. The first two terms of M must be the same as those given ahove.
M may thus be expanded in the following series —

. Ba la— 1 3-!!"'-1-[::[-—:!]“_ b| {35"-—]-{ —a; ) a—a,)
M=d=alog r{1+§ nﬂj_]_lﬁ = 3% . n: X +&°‘}

—4 {E—I-% u_—;_m__l_l_'léﬁ"—ﬂfu—n’]_:__af_ﬁb'— fa-;@lj{a—afj+&ﬂ_}_

L

(113} We may apply this result to find the coefficient of selfinduction (L) of & virenlar
coil of wire whose section is small compared with the radius of the cirele,

Let the seotion of the eoil be a rectangle, the breadth in the plane of the circle being
e, and the depth perpendicular to the plane of the circle heing 2.

Let the mean radius of the coil be g, and thenumharnfwindingnﬂ; then we find,

by integrating,
L= %ﬂ‘ﬂ' M{xy2'y')dw dy de’ dy,

where M(zy #'y") means the value of M for the twn windings whose coordinates are ay
and &y’ respectively; and the integration is pexformed first with respect to & and g over
the rectungnlar section, and then with respect to 2’ and y' over the same space.

L= M‘e{lng,s;'—hl—g—g(ﬂ—z)mt 26—~ Fo0s 26— 2 cot*d log vos 4— tantdlog sin a}

+ o {108 22(2 6in*a-+1) 4845 27475 costs_ 3.2 (37 ori+5 5oary log cos

+3 o log sin o]+
Here a= mean radius of the ceil.
» 7= diagonal of the rectangular section =./FJ
» {= angle between r and the plane of the eircle,
» = number of windings.
The logarithms are Napierian, and the angles are in cireular messure.

In the experiments made by the Committee of the British Association for deter-
mining a standard of Electrical Lesistance, & double eoil was used, consisting of two
nearly equal coils of rectangular section, ploced parallel to each other, with a smell
interval between them,
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The value of L for this coil wae fonnd in the fellowing way.
The value of L. was calealated by the preceding formuls for six different Cases in
which the rectangular section considered has always the sme breadth, while the depth
i A B G A+B B+C, A+B4C.
and m=1 in each case.
Calling the results
1'["&"]1 Ll:BJ'l HG}! '&'f‘"!

we calenlate the coefficient of mutual induction M({AC) of the two coils thus,
3 ACM(AC)=(A+B+CPLA-+B+C)- (A+BYLIA4B)—(B+ CFL({B+C)+BLE)

The:ni.fn.iuthanumbarufwinﬂingu in the coil A end n, in the coil B, the coefficient
of self-induction of the tvo coils together is

L 1{A) 4 2n L AC)+iSI(B).

(114) These values of L are calculated on the supposition that the windings of the
wire are evenly distributed so as to fill up exactly the whole cection. 'This, however, is
not the case, as the wire is gemerally circular and covered with insnlafing material.
Hence the current in the wire is more concentrated than 1 would have been if it had
been distributed uniformly over the section, and the currents in the neighbouring wires
do not act on it exsctly as such @ uniform current woiild do.

The corrections arising from these consideraticms may be expressed 28 numerieal
guantities, by which we must multiply the length of the wire, and they are the same
whatever be the form of the coil.

Let the distance between each wire and the next, on the supposition that they are

arranged in pOUAre wder,haﬂ,mdhtthsdimete:uf the wire be d, then the correc-

42 (g2 + 41052455 ).

The correction for the eight nearest wires iz

+0-0236.
For the sixteen in the next TOW
4-0-00083.

These corrections being mulﬁp]ieﬂ'njrthelengthn:fwirﬂan& added to the former
result, give the uﬂevalueufhmnsiﬂareduthemmenf the potential of the coil
on itself for unit current in the wire when that current has been established for scme
time, and is uniformly distributed through the section of the wire.

(115) But at the comumencement of a ourrent and during its variation the current is
not uniform throughout the seetion of the wire, because the inductive action between
different portions of the eucrent tends to make the current strOBgEr at one part of the
section than zt another, VWhen a uniform electromotive force P arising from any cause
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acts om a cylindrical wire of specific resistance g, we have
2F
H=P— E!

where F is got from the ﬂqua.tinn

1d4F
F +"' F—'_{W1

i being the distance from the axis of the cylinder.
Let one term of the value of F be of the form T7*, where T is 2 function of the time,
then the term of p which produced it is of the form

—ﬁn’l‘r"‘.

Hence if we write .

. pe ped 1 4T

=T+ 2 ( P+ ﬂ')!‘—]—-—]l F—EF?‘-F &

pe= (P-hu - F”‘Ef o - &
The total counter current of self-induction st an}' pnmi'. is
I(P_P)‘#— T‘f"%; ‘ﬂft+ & f!EiFT“'I—&B.
from =10 to f=eo,
Whea t=0, p=0, = () =P () =0, &

When #—n:n,_p—— (dT) =, (M) =0, &o.

1 aT
_f fﬂw(——}ﬁ)rdrdi— (Tt + 3 5% T T ST .
from t=0to =,
When ¢=0, p=0 throughont the sectiom, .-, ( ) =P, (F) ==0, &,

VWhen t==a, p=0 throughout . . . . %) =0, (‘Er =0, &c.

Also if I be the length of the wire, and R its resistance,
R= 5?
ry

and if C be the current when established in the wire, C— -
The total counter current may be written

R(T.~T)— gugO=— ¢ by § (35).
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F=T+,u.;-r(1—§) :

[}

where 5 is the current in the wire at any instant, and the total countercarrent wonld
have been

= 1 JF { a i L'C
j; _‘-: r -EENET-——'i{T.-T,]—ipEG=— r, EAY.

L=L —3ul,
or the value of I, which must be ysed in coloulating the self-induction of a wire for
variable currents is less than that which is deduced from the supposition of the current
heingmmt:mt.thmughnut the section of the wire by 1w, where I is the length of the
wire, and g is the coefficient of magnetic induction for the substance of the wire.
{116) The dimensions of the eeil used by the Committee of the British Assoeiation
in their experiments at King's College in 1864 were as follows -—

Hence

e,
Mean radins . . - o+ ¢+ ¢ —ag="168194
Depth of each el . . . . . =h —=-01608
Breadth of each coll . - - - —=p=="01841
TDistance hetween the coils. . - =-02010
Wumber of windings . - - n=9515
Diameter of wire . . -+ - =-00126

The value of L. derived from the fivst, term of the expression is 437440 metres.
The corvection depending on the radius not being infinitely great compaved with the
section of the coil as found frem the second term is — 7540 metres.

The correction depending on the diameter of the wire is } 444097
Clorrection of eight neighbouring wires. . . -+« = ° 0258

For sixteen wires next to thege . . - =« =+ = + * * -° 40008
Correction for varistion of current in different parts of section — 2500

Total correction per unit of length . . - - - =m0 -22437
Length . - - = =+ = = = = = = = "~ .. . 531-230 metres.
Sum of corrections of thiskind . . . o 00t T T0 s
Final value of L by ealeulation . .~ » =« - 77 4501685 .

This value of L. was employed in reducing the ohservations, accordimg 1o the methad
exploined in the Beport of the Committee®. The correction depending on L varies
as the square of the velocity. The resalts of sixteen experiments to which this correc-
tion had been applied, and in which the velocity varied from 100 revolutions in
ceventeen secomds to 100 in seventy-seven seconds, were compared by the method of

+ British Amociation Beports, 1663, p. 108
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least squaves to determine what further correction depending on the square of the
velocity should be applied to make the cuistanding errore & minimum,

The result of this examination showed that the calculated valus of I should be
multiplied by 140318 to ohtain the value of L., which wonld give the most consistent
regults,

We have therefore L by caleulation . . . . . . .+ 480165 metres,

Frobable value of L by method of least squares ., . . . . | 456748

Result of rough experiment with the Electric Balance (zee § 46} 410000

The value of L calculated from the dimensions of the eoil is probably muech more
accurate than either of the other determinations.
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FIGURE 3. Dynamical analogy for two inductively coupled
circuits (1865, 1874).
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