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CHAPTER CONNECTIONS

The disposal of hazardous waste is a growing
concern for today’s communities, and with
many budgets stretched to the breaking point,
there is a cost/benefit analysis involved. One
major hauler uses trucks with a carrying
capacity of 800 ft*, and can transport at most
10 tons. A full container of liquid waste weighs
800 Ib and has a volume of 20 ft*, while a full
container of solid waste weighs 600 Ib and has
a volume of 30 ft°. If the hauler makes $300
for disposing of liquid waste and $400 for
disposing of solid waste, what is the maximum
revenue that can be generated per truck?
Chapter 8 outlines a systematic process for
answering this question. This application
appears as Exercise 58 in Section 8.4.

Check out these other real-world connections:

» Appropriate Measurements in Dietetics
(Section 8.1, Exercise 64)
P Allocating Winnings to Different Investments
(Section 8.2, Exercise 54)
B Minimizing Shipping Costs
(Section 8.4, Exercise 61)
» Market Pricing for Organic Produce
(Section 8.3, Exercise 56)
793
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m Linear Systems in Two Variables with Applications

Learning Objectives
In Section 8.1 you will learn how to:

[ A. Verify ordered pair
solutions

[ B. Solve linear systems by
graphing

[ C. Solve linear systems by
substitution

[ D. Solve linear systems by
elimination

[ E. Recognize inconsistent
systems and dependent
systems

O E Use a system of
equations to model and
solve applications

94 +5¢ = 3100

(150, 350)

Children

a+ ¢ =500

0 3008 500 700

In earlier chapters, we used linear equations in two variables to model a number of real-
world situations. Graphing these equations gave us a visual image of how the variables
were related, and helped us better understand this relationship. In many applications,
two different measures of the independent variable must be considered simultaneously,
leading to a system of two linear equations in two unknowns. Here, a graphical pres-
entation once again supports a better understanding, as we explore systems and their
many applications.

A. Solutions to a System of Equations

A system of equations is a set of two or more equations for which a common solu-
tion is sought. Systems are widely used to model and solve applications when the infor-
mation given enables the relationship between variables to be stated in different ways.
For example, consider an amusement park that brought in $3100 in revenue by charg-
ing $9.00 for adults and $5.00 for children, while selling 500 tickets. Using a for adult
and ¢ for children, we could write one equation modeling the number of tickets sold:
a + ¢ =500, and a second modeling the amount of revenue brought in:
9a + 5¢ = 3100. To show that we're considering both equations simultaneously, a
large “left brace” is used and the result is called a system of two equations in two
variables:

a+ ¢ =500 number of tickets

9a + 5¢ = 3100 amount of revenue
We note that both equations are linear and will have different slope values, so their
graphs must intersect at some point. Since every point on a line satisfies the equation

of that line, this point of intersection must satisfy both equations simultaneously and
is the solution to the system. The figure that accompanies Example 1 shows the point

Adults of intersecion for this system is (150, 350).
L EXAMPLE 1 » Verifying Solutions to a System
- Vet st (150, S el = L
erify that (150, isasolutionto 1o o _ 4o
Solution P Substitute the 150 for @ and 350 for ¢ in each equation.

ﬁA. You've just learned how
to verify ordered pair
solutions

794

a+ ¢ = 500 firsteguation 9a + 5¢ = 3100 second equation
(150) + (350) = 500 9(150) + 5(350) = 3100
500 = 500 v 3100 = 3100 v

Since (150, 350) satisfies both equations, it is the solution to the system and we
find the park sold 150 adult tickets and 350 tickets for children.

Now try Exercises 7 through 18 »

B. Solving Systems Graphically

To solve a system of equations means we apply various methods in an attempt to find
ordered pair solutions. As Example 1 suggests, one method for finding solutions is to
graph the system. Any method for graphing the lines can be employed, but to keep
important concepls fresh, the slope-intercept method is used here.

82
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M.“M EXAMPLE 2 » Solving a System Graphically

4y — 3y =19
Solve the system by graphing: :
¥ y graphing o g =5
Solution P First write each equation in slope-intercept form (solve for y):
4 v
y=—x—13 iy
4x—3y=9 ’ 3 T

—_
—%+ y=-5  |y=2x-3
For the first line, 3\: = 1 with y-intercept (0.:—3);
The second equation yields 5 = F with (0, —5)as

the y-intercept. Both are then graphed on the grid as Y %r T
shown. The point of intersection appears to be (3, 1), -(oj iy
and checking this point in both equations gives ! / |
4x — 3y =90 —2x+y=-5 : —5gH0, —5)
MB. You've just learned how 4(3) - 3(1) = 0  substitute 3 —2(3) + (|) = =5
to solve linear systems by 9 =g forxandlfory I S

graphing
This verifies that (3, 1) is the solution to the system.

Now try Exercises 19 through 22 »

C. Solving Systems by Substitution

While a graphical approach best illustrates why the solution must be an ordered pair,
it does have one obvious drawback—noninteger solutions are difficult to spot. The

dx+y=4

ordered pair (3, %) is the solution to 5 but this would be difficult to

=%

“pinpoint” as a precise location on a hand-drawn graph. To overcome this limitation,

we next consider a method known as substitution. The method involves converting a

system of two equations in two variables into a single equation in one variable by using
X o dx+y=4 . .

an appropriate substitution. For N £2 the second equation says “y is two more

than x.” We reason that all points on this line are related this way, including the point
where this line intersects the other. For this reason, we can substitute x + 2 for v in
the first equation, obtaining a single equation in x.

I]I]]I]:M EXAMPLE 3 » Solving a System Using Substitution
o dx +y=4
y=x+2"
Solution » Since y = x + 2, we can replace y with x + 2 in the first equation.

Solve using substitution:

4x + y=4 firstequation
4x + (x + 2) =4  substitute x + 2fory
S5x+2=4 simplify
2

s S result

5
The x-coordinate is % To find the y-coordinate, substitute  for x into either of the
original equations. Substituting in the second equation gives

y=2x+2  secondequation

2
=—+2  substitute ‘; for x

2 1030 & 42
P S N

1 5'5 5 ]

livhe

s

The solution to the system is (5, '5—2) Verify by substituting ‘g-' for x and 15—2 for y into

both equations.

Now try Exercises 23 through 32 »
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MO. You've just learned how
to solve linear systems by
substitution

If neither equation allows an immediate substitution, we first solve for one of the
variables, either .x or y, and then substitute. The method is summarized here, and can
actually be used with either like variables or like variable expressions. See Exercises
57 to 60.

Solving Systems Using Substitution

1. Solve one of the equations for x in terms of y or y in terms of x.

2. Substitute for the appropriate variable in the other equation and solve for the
variable that remains.

3. Substitute the value from step 2 into either of the original equations and solve
for the other unknown.

4. Write the answer as an ordered pair and check the solution in both original
equations.

D. Solving Systems Using Elimination

Now consider the system { i}t * ;“ 137. where solving for any one of the variables
e ol

will result in fractional values. The substitution method can still be used, but often the
elimination method is more efficient. The method takes its name from what happens
when you add certain equations in a system (by adding the like terms from each). If
the coefficients of either x or y are additive inverses— they sum to zero and are efim-
inated. For the system shown, adding the equations produces 2y = 6, giving y = 3,
then x = 1 using back-substitution (verify).

When neither variable term meets this condition, we can multiply one or both
equations by a nonzero constant to “match up” the coefficients, so an elimination will
take place. In doing so, we create an equivalent system of equations, meaning one

Tx — 4y =16
that has the same solution as the original system. For { g Y , multiplying
—3x+2y=-6
Tx—4y =16
the second equation by 2 produces { T ) , giving x = 4 after “adding
—6x +4y=-12

the equations.” Note the three systems produced are equivalent, and have the solution
(4, 3) (v = 3 was found using back-substitution).

Tx — 4y = 16 Tx — 4y = 16 Tx— 4y =16
—3x+ 2y=—6 —6x + 4y = —12 x= 4
In summary,

Operations that Produce an Equivalent System

1. Changing the order of the equations.
2. Replacing an equation by a nonzero constant multiple of that equation.
3. Replacing an equation with the sum of two equations from the system.

Before beginning a solution using elimination, check to make sure the equations
are written in the standard form Ax + By = C, so that like terms will appear
above/below each other. Throughout this chapter, we will use R1 to represent the equa-
tion in row I of the system, R2 to represent the equation in row 2, and so on. These
designations are used to help describe and document the steps being used to solve a
system, as in Example 4 where 2R1 + R2 indicates the first equation has been multi-
plied by two, with the result added to the second equation.
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Solution »

WORTHY OF NOTE

As the elimination method
involves adding two
equations, it is sometimes
referred to as the addition
method for solving systems.

neither variable eliminated. However, if we multiply both sides of the first equation
by 2, the y-coefficients will be additive inverses. The sum then results in an

C{udiion wilii 4 as Uic Oy UNKnoWwii.

2E-0-

Bl N |
-

Substituting 2 for x back into either of the original equations yields y = —1. The

..... S BIPR, J i Vowifor S,

A Y i 1. L T RN Y S NN P RS P
Oracied pair sOItion is (£, — 1). VETily usiig inc origiiiar equations.

Now try Exercises 33 through 38 »

The elimination method is summarized here. If either equation has fraction or
decimal coefficients, we can “clear” them using an appropriate constant multiplier.

Solving Systems Using Elimination

1. Write each equation in standard form: Ax + By = C.

2. Multiply one or both equations by a constant that will create coefficients of x
(or y) that are additive inverses.

3. Combine the two equations using vertical addition and solve for the variable
that remains.

4. Substitute the value from step 3 into either of the original equations and solve
for the other unknown.

5. Write the answer as an ordered pair and check the solution in both original
equations.

Iﬂl | EXAMPLE 5 »

Solution »

MD. You've just learned how
to solve linear systems by
elimination

Solving a System Using Elimination
i

Solve using elimination: {“,A ga

Zx—3y=1

Multiplying the first equation by 8(8R1) and the second equation by 6(6R2) will

clear the fractions from each.

BRI {%{%)-f%(%,v:’%(‘%)_,{ﬁf6.\-:2
6R2 19 — 4Gy = 6(1) ~ L3x -4y =6
The x-terms can now be eliminated if we use 3R1 + (—5R2).

3R1 = =
+
—5R2 |- IS% + = add
sum + o
y=—12 solvefory
Substituting y = —12 in either of the original equations yields x = —14, and the

solution is (— 14, —12). Verify by substituting in both equations.

Now try Exercises 39 through 44 »
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CHAPTER 8 and |

of Eq

. INCONSISIEnt and vepenaent oy
A

system having at least one solution is called a consistent system. As seen in
Example 2, if the lines have different slopes, they intersect at a single point and the
system has exactly one solution. Here, the lines are independent of each other and the
system is called an independent system. If the lines have equal slopes and the same

intersect at all points, and the system has an infinite number of solutions. Here, one
line depends on the other and the system is called a dependen
tution or elimination on a dependent system results in the elimination of all variable
terms and leaves a statement that is always true, such as 0 = 0 or some other simple

identity.

stem. Using substi-

ml]_m_ EXAMPLE 6 »

Solving a Dependent System

Sol ; liminati x+4y=12 A
olve using elimination: : S

= 6x =24 — 8

Solution »  Writing the system in standard form gives
{3.\'1-4_\': 12 B Ivi IRI
. By aj ing — , we can
Gx + 8y =24 “PPYINE

WORTHY OF NOTE eliminate the variable x:
When writing the solution to —2R1 - Bl =
a dependent system using a ;{’2 -~ ot .
parameter, the solution can —= + o = add -5
be written in many different Sum + 1 = variables are eliminated
ways. For instance, if we let 0 = O " iriie stohomiest

p = 4b for the first coordi-

nate of the solution to
Example 6, we have
—3(4b)

+3=-3b+3as
the second coordinate, and
the solution becomes
(4b, —3b + 3) for any
constant b.

E’E. You've just learned how
to recognize inconsistent and

dependent systems

Although we didn’t expect it, both variables were eliminated and the final
statement is true (() = 0). This indicates the system is dependent, which the graph
verifies (the lines are coincident). Writing both equations in slope-intercept form
shows they represent the same line.

3
y=—=x+3
3x+ 4y =12 4y=-3x+ 12 ’ 4
= =
6x + 8y = 24 8y = —6x+24 3
y= 74—,\‘ +3

The solutions of a dependent system are often written in set notation as the set
of ordered pairs (x, y), where v is a specified function of x. For Example 6 the

solution would be {(x, y)|y = —3x + 3}. Using an ordered pair with an arbitrary
=3
variable, called a parameter, is also common: | p, Tp +:3 ).

Now try Exercises 45 through 56 »

Finally, if the lines have equal slopes and different y-intercepts, they are parallel and
the system will have no solution. A system with no solutions is called an inconsistent
system. An “inconsistent system” produces an “inconsistent answer,” such as 12 = 0 or
some other false statement when substitution or elimination is applied. In other words, all
variable terms are once again eliminated, but the remaining statement is false. A summary
of the three possibilities is shown here for arbitrary slope m and y-intercept (0, b).
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Independent Dependent Inconsistent
my = my ity =ty by = b, my = s by = b,y

hd 35 ¥

R

One point in common All points in common No points in common

F. Systems and Modeling

In previous chapters, we solved numerous real-world applications by writing all given
relationships in terms of a single variable. Many situations are easier to model using
a system of equations with each relationship modeled independently using rwo vari-
ables. We begin here with a mixture application. Although they appear in many dif-
ferent forms (coin problems, metal alloys, investments, merchandising, and so on),
mixture problems all have a similar theme. Generally one equation is related to guan-
tity (how much of each item is being combined) and one equation is related to value
(what is the value of each item being combined).

I]I]IIMU EXAMPLE 7 »

Solution >

WORTHY OF NOTE

As an estimation tool, note
that if equal amounts of the
60% and 80% alloys were
used (7 oz each), the result
would be a 70% alloy
(halfway in between). Since a
75% alloy is needed, more of
the 80% gold will be used.

Solving a Mixture Application

A jeweler is commissioned to create a piece of artwork that will weigh 14 oz and
consist of 75% gold. She has on hand two alloys that are 60% and 80% gold,
respectively. How much of each should she use?

Let x represent ounces of the 60% alloy and y represent ounces of the 80% alloy.
The first equation must be x + y = 14, since the piece of art must weigh exactly
14 oz (this is the guantity equation). The x ounces are 60% gold, the y ounces are
80% gold, and the 14 oz will be 75% gold. This gives the value equation:
x+ y= 14

0.6x + 0.8y = 0.75(14). The system is { i S (after clearing decimals).

6x + 8y = 105
Solving for y in the first equation gives v = 14 — x. Substituting 14 — x for y in
the second equation gives

6x + 8y = 105  second equation
6x + 8(14 — x) = 105  substitute 14 — x for ¥
—2x + 112 = 105 simplify
2

= solve for x

2

Substituting J for x in the first equation gives y = %" She should use 3.5 oz of the

60% alloy and 10.5 oz of the 80% alloy.

Now try Exercises 63 through 70 »

Systems of equations also play a significant role in cosr-based pricing in the busi-
ness world. The costs involved in running a business can broadly be understood as
either a fixed cost k or a variable cost v. Fixed costs might include the monthly rent
paid for facilities, which remains the same regardless of how many items are produced
and sold. Variable costs would include the cost of materials needed to produce the item,
which depends on the number of items made. The total cost can then be modeled by
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C(x) = vx + k for x number of items. Once a selling price p has been determined, the
revenue equation is simply R(x) = px (price times number of items sold). We can now
set up and solve a system of equations that will determine how many items must be
sold to break even, performing what is called a break-even analysis.

M EXAMPLE 8 »

Solution »

WORTHY OF NOTE

This break-even concept can
also be applied in studies of
supply and demand, as well
as in the decision to buy a
new car or appliance that will
enable you to break even
over time due to energy and
efficiency savings.

Solving an Application of Systems: Break-Even Analysis

In home businesses that produce items to sell on Ebay®, fixed costs are easily
determined by rent and utilities, and variable costs by the price of materials needed
to produce the item. Karen's home business makes large, decorative candles for all
occasions. The cost of materials is $3.50 per candle. and her rent and utilities
average $900 per month. If her candles sell for $9.50, how many candles must be
sold each month to break even?

Let x represent the number of candles sold. Her total cost is C(x) = 3.5x + 900
(variable cost plus fixed cost), and projected revenue is R(x) = 9.5x. This gives the
C(x) = 3.5x + 900

Sysl
S r(x) = 9.5¢

. To break even, Cost = Revenue which gives

9.5x = 3.5x + 900
6x = 900
x =150

The analysis shows that Karen must sell 150 candles each month to break even.

Now try Exercises 71 through 74 »

QOur final example involves an application of uniform motion (distance =
rate - time ), and explores concepts of great importance to the navigation of ships and
airplanes. As a simple illustration, if you’ve ever walked at your normal rate r on the
“moving walkways" at an airport, you likely noticed an increase in your total speed.
This is because the resulting speed combines your walking rate r with the speed w of
the walkway: total speed = r + w. If you walk in the oppesite direction of the
walkway, your total speed is much slower, as now total speed = r — w.

This same phenomenon is observed when an airplane is flying with or against the
wind, or a ship is sailing with or against the current.

mlﬂ]mn... EXAMPLE 9 »

Solution »

Bf F. You've just learned how
to use a system of equations
to model and solve
applications

Solving an Application of Systems — Uniform Motion

An airplane flying due south from St. Louis, Missouri, to Baton Rouge, Louisiana,
uses a strong, steady tailwind to complete the trip in only 2.5 hr. On the return trip,
the same wind slows the flight and it takes 3 hr to get back. If the flight distance
between these cities is 912 km, what is the cruising speed of the airplane (speed
with no wind)? How fast is the wind blowing?

Let r represent the rate of the plane and w the rate of the wind. Since D = RT the
flight to Baton Rouge can be modeled by 912 = (r + w)(2.5), and the return flight
912 =25r+ 25w __ RI
912= 3r— 3w ung;sand
3648 =r+w — o

Bl =gy which 1s easily solved using

by 912 = (r — w)(3). This produces the system {

R2 | \
T gives the equivalent system
elimination with R1 + R2.

668.8 = 2r Rl +R2
3344 =r divide by 2

The cruising speed of the plane (with no wind) is 334.4 kph. Using » — w = 304
shows the wind is blowing at 30.4 kph.

Now try Exercises 75 through 78 »

883
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TECHNOLOGY HIGHLIGHT
Solving Systems Graphically

When used with care, graphing calculators offer an accurate way to solve linear systems and to check

solution(s) obtained by hand. We'll illustrate using the systemn from Example 3: {4X t i i : where we
found the solution was (2, 12). U

Figure 8.1
1. Solve for yin both equations: 2. Enter the equations as 10
{y=—4x+4 Yy = —dx+4 “\
y= xt2 Yo=x+2
3. Graph using |200M )6 4. Press |2nd| [TRACE] (CALC)5 1o o] 10
Y, =—4x + 4 ENTER] | ENTER) | ENTER) to
Y,=x+2 have the calculator compute et kb
the point of intersection. —10

The coordinates of the intersection appear as decimal fractions
at the bottom of the screen (Figure 8.1). In step 4, The first | ENTER] selects Y, the second |ENTER] selects
Y, and the third | ENTER] bypasses the GUESS option (this option is most often used if the graphs intersect
at more than one point). The calculator automatically registers the x-coordinate as its most recent entry,
and from the home screen, converting it to a standard fraction (using | MATH] 1: __'_‘_J Frac LELTEKJ)
shows x = £. You can also get an approximate solution by tracing along either line towards the point of
intersection using the | TRACE] key and the left or right arrows.

Solve each system graphically, using a graphing calculator.

W —y=-7
y+5x=-1

2% -3 =3

Exercise 1: { 6 - ax— 3y

Exercise 2: {

- e

» CONCEPTS AND VOCABULARY

Fill in the blank with the appropriate word or phrase. 5. The given systems are equivalent. How do we
Carefully reread the section if needed. obtain the second system from the first?
" ; 2 1 3
1. Systems that have no solution are called = S S e s T
systems. &) 2 &) 7
o Zx+4y=10
2. Systems having at least one solution are called 02x + 04y =1
— systems. SFadt i
- . : : . 6. For {J Y , which solution method would
3. If the lines in a system intersect at a single point, 3x+4y=95
the system is said to be and . be more efficient, substitution or elimination?
4. If the lines in a system are coincident, the system is IBTLANAE S
referredtoas — and
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> DEVELOPING YOUR SKILLS

Show the lines in each system would intersect in a single Identify the equation and variable that makes the
point by writing the equations in slope-intercept form. substitution method easiest to use. Then solve the
Tz — dy = 24 system.
*ldx+ 3y =15 - {h — 4y =124 -2 {3_( +2y =19
0.3x — 04y = 2 AEE ¥ = ey
“05x + 0oy = —4 50 {O.Tx + 2y=3 - {0.8.\' + y=174
) x—ldy=114 7 |06x+ 1.5y=193
An ordered pair is a solution to an - _ o
equation if it makes the equation 31, Shiidi= 32, Siarri=
x+2y=6 8x— y=6

true. Given the graph shown here,
determine which equation(s) have
the indicated point as a solution. If
the point satisfies more than one
equation, write the system for
which it is a solution.

Solve using elimination. In some cases, the system must
first be written in standard form.

— 3= —x + p =
33_{2x 4y =10 34_{ x+ 5y=38

3x+4y=5 x+2y=6
L LUg . {41 —3y=1 {sy =T
1. c 12. D " l3y=-5r—19 "+ 2y =19
LisE e 4 2= =3y +17 2y =55 +2
& {4}\'—5-}— 12 o {34 *‘—17—6~
Substitute the x- and y-values indicated by the ordered * P T =
pair to determine if it solves the system. 29 {0.5)’ + 04y = 0.2 {0.2.\: + 0.3y = 0.8
- { it = - 0.3y = 1.3 + 0.2« 0.3x + 0.4y = 1.3
Clesx+y=-13 41 { 0.32m — 0.12n = —1.44
16 {3){ Fhy=-4 © L -0.24m + 0.08n = 1.04
C 7k + 8y = —21;( »2) B { 0.06g — 0.35h = —0.67
© | -0.12¢ + 0.25h = 044

17 {34(—243':—17(_1 i)
"lize+30y=2; \ 812 —outiv=4 Tty= 2
TER G 44, 14 73
1% {4,\'+15v=7 (1 1) st =1 Xty =3
T8k + 21y = 11:\2°3

Solve each system by graphing. If the coordinates do not

Solve using any method and identify the system as
consistent, inconsistent, or d t

a

P

appear to be integers, estimate the solution to the 45. { dx +iy =14 46. {ZTJ\ Ty =2
nearest tenth (indicate that your selution is an estimate). = Ot iy =13 1yi= f,.c =
x+2y=12 5x+2p=-2 02y =03x+4 1.2¢ + 04y = 5
19. : 20. : 47. : 48. ;
{x* y=9 {*3x+ y=10 {06}{*0.4}'7*1 {0.5y=*|.5,\'+2
Sx—2y=4 It =2 6x =22 == 15— 5y =—9%
21.{" . 22.{t ) 49.{}( , : 50.{ i T
x+3y=-15 Sx+3y=12 x+yp=1 —3x + 3=
_ e %y ) =
Solve each system using substitution. Write solutions as 51. { Hie o 3 52. {_" Ty =
an ordered pair. s Uidoe oty
= i = Ja+ b= =25 =2m + 3n = —1
B FTRTE T >3 {; - sr) -4 * { sm ~ 6" =4
x—2y=-6 2r—5 =y a D m i

y:i\'*? 2x—y=46
25. 26.
{3X72\s: 19 {y:_%x* 1
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55 {4a=2—3b {3;1—2q=4 57 {b‘+4y=6 {8x=3y+24
e+ 2a=7 "9 + 49 = -3 let12=4dy T |8x—5y =136
The substitution method can be used for like variables ) {5)( ==l { i e
or for like expressions. Solve the following systems, using Iy =5 — 8x gy = or =
the expression common to both equations (do not solve
for x or y alone).
> WORKING WITH FORMULAS
R+CT =D
61. Uniform motion with current: {( T ! 62. Fahrenheit and Celsius temperatures:
(R=C)T, =Dy

The formula shown can be used to solve uniform
motion problems involving a current, where D
represents distance traveled, R is the rate of the
object with no current, C is the speed of the
current, and 7" is the time. Chan-Li rows 9 mi up
river (against the current) in 3 hr. It only took him
1 hr to row 5 mi downstream (with the current).
How fast was the current? How fast can he row in
still water?

» APPLICATIONS

Solve each application by modeling the situation with a
linear system. Be sure to clearly indicate what each
variable represents.

Mixture

63. Theater productions: At a recent production of A
Comedy of Errors, the Community Theater brought
in a total of $30,495 in revenue. If adult tickets
were $9 and children’s tickets were $6.50, how
many tickets of each type were sold if 3800 tickets
in all were sold?

64. Milk-fat requirements: A dietician needs to mix
10 gal of milk that is 24% milk fat for the day’s
rounds. He has some milk that is 4% milk fat and
some that is 13% milk fat. How much of each
should be used?

65. Filling the family cars: Cherokee just filled both
of the family vehicles at a service station. The total
cost for 20 gal of regular unleaded and 17 gal of
premium unleaded was $144.89. The premium gas
was $0.10 more per gallon than the regular gas.
Find the price per gallon for each type of gasoline.

66. Household cleaners: As a cleaning agent, a
solution that is 24% vinegar is often used. How
much pure (100%) vinegar and 5% vinegar must be
mixed to obtain 50 oz of a 24% solution?

67.

68.

69.

70.

{y=2.t+32 °F
y=3-3) °c

Many people are familiar with temperature
measurement in degrees Celsius and degrees
Fahrenheit, but few realize that the equations are
linear and there is one temperature at which the two
scales agree. Solve the system using the method of
your choice and find this temperature.

Alumni contributions: A wealthy alumnus
donated $10,000 to his alma mater. The college
used the funds to make a loan to a science major at
7% interest and a loan to a nursing student at 6%
interest. That year the college earned $635 in
interest. How much was loaned to each student?

Investing in bonds: A total of $12,000 is invested
in two municipal bonds, one paying 10.5% and the
other 12% simple interest. Last year the annual
interest earned on the two investments was $1335.
How much was invested at each rate?

Saving money: Bryan has been doing odd jobs
around the house, trying to earn enough money to
buy a new Dirt-Surfer©. He saves all quarters and
dimes in his piggy bank, while he places all nickels
and pennies in a drawer to spend. So far, he has
225 coins in the piggy bank, worth a total of
$45.00. How many of the coins are quarters? How
many are dimes?

Coin investments: In 1990, Molly attended a coin
auction and purchased some rare “Flowing Hair”
fifty-cent pieces, and a number of very rare two-
cent pieces from the Civil War Era. If she bought
47 coins with a face value of $10.06, how many of
each denomination did she buy?
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employees, and miscellaneous expenses, which run
about $75 per lawn. The average charge for full-
service lawn care is $115 per visit. Do a break-
even anaiysis to (a) determine how many iawns
Dave must service each month to break even and

Production of mini-microwave ovens: Due to
high market demand, a manuiacturer decides o
introduce a new line of mini-microwave ovens for

factory
ﬁpace and retraining some employeeq fixed costs
are estimated at $8400/mo. The components to
assemble and test each microwave are expected to
run $45 per unit. If market research shows
consumers are willing to pay at least $69 for this
product, find (a) how many units must be made and
sold each month to break even and (b) the revenue
required to break even.

In a market economy, the availability of goods is closely
related to the market price. Suppliers are willing to
produce more of the item at a higher price (the supply),
with consumers willing to buy more of the item at a
lower price (the demand). This is called the law of
supply and demand. When supply and demand are
equal, both the buyer and seller are satisfied with the
current price and we have market equilibrium.

73.

Farm commodities: One area where the law of
supply and demand is clearly at work is farm
commodities. Both growers and consumers watch
this relationship closely, and use data collected by
government agencies to track the relationship and
make adjustments, as when a farmer decides to
convert a large portion of her farmland from corn
to soybeans to improve profits. Suppose that for x
billion bushels of soybeans, supply is modeled by
= L.5x + 3, where y is the current market price
(in dollars per bushel). The related demand
equation might be y = —2.20x + 12. (a) How
many billion bushels will be supplied at a market
price of $5.40? What will the demand be at this
price? Is supply less than demand? (b) How many
billion bushels will be supplied at a market price of
$7.05? What will the demand be at this price? Is
demand less than supply? (c) To the nearest cent, at
what price does the market reach equilibrium?
How many bushels are being supplied/demanded?

Applications

8.1; Linear Systems in Two

© The McGraw-=Hill

8-12

y = 10.5x + 25 where y is the current markc[
price (in dollars). The related demand equation

might be y = —5.20x + 140. (a) How many
million MP3 players will be supplied at a market
pme of $88? What will the demand be at this
\upply lC\\ I.llﬂll uCilldil
million MP3 players will be ﬁupphed ata mdrkcl
pric of £1149 W 3
price? Is demand less than supply ? (c) To lhe
nearest cent, at what price does the market reach
equilibrium? How many units are being
supplied/demanded?

fow many

Uniform Motion

75.

76.

Canoeing on a stream: On a recent camping trip,
it took Molly and Sharon 2 hr to row 4 mi upstream
from the drop in point to the campsite. After a
leisurely weekend of camping, fishing, and
relaxation, they rowed back downstream to the
drop in point in just 30 min, Use this information
to find (a) the speed of the current and (b) the

speed Sharon and Molly would be rowing in still
water.

Taking a luxury cruise: A luxury ship is taking a
Caribbean cruise from Caracas, Venezuela, to just
off the coast of Belize City on the Yucatan
Peninsula, a distance of 1435 mi. En route they
encounter the Caribbean Current, which flows to
the northwest, parallel to the coastline. From
Caracas to the Belize coast, the trip took 70 hr.
After a few days of fun in the sun, the ship leaves
for Caracas, with the return trip taking 82 hr. Use
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measures the longest walkway, which turns out to
be 256 ft long. Using a stop watch, Jason shows it
takes him just 32 sec to complete the walk going
in the same direction as the walkwny Walkmg in

a direction opposite the walkway, it takes him

320 sec— 10 times as long! The next day in class,
Jason hands out a two-question quiz: (1) What was
the speed of the waikway in feet per second?

(2) What is my (Ja';on‘s) normal wa]kmg speed?
r".-gmm th.

78. Racing pigeons: The American Racing Pigeon
Union ofien sponsors opportuniiies for owners io
fly their birds in friendly competitions. During a
recent competition, Steve’s birds were liberated in
Topeka, Kansas, and headed almost due north to
their loft in Sioux Falls, South Dakota, a distance
of 308 mi. During the flight, they encountered a
steady wind from the north and the trip took 4.4 hr.
The next month, Steve took his birds to a
competition in Grand Forks, North Dakota, with
the birds heading almost due south to home, also a
distance of 308 mi. This time the birds were aided
by the same wind from the north, and the trip took
only 3.5 hr. Use this information to (a) find the
racing speed of Steve’s birds and (b) find the speed
of the wind.

> EXTENDING THE CONCEPT

83. Answer using observations only —no calculations.
Is the given system consistent/independent,

80.

81.

82,

Whai year dld the Civil War end?

Archlteclual

it was ﬁml

1889, the Eiffel
Tower in Paris,
France, was the
tallest structure
in the world. In
1975, the CN
Tower in
Toronto, Canada, became the world’s tallest
structure. The CN Tower is 153 ft less than twice
the height of the Eiffel Tower, and the sum of their
heights is 2799 ft. How tall is each tower?

Pacific islands land area: In the South Pacific. the
island nations of Tahiti and Tonga have a combined
land area of 692 mi?. Tahiti’s land area is 112 mi’
more than Tonga’s. What is the land area of each
island group?

Card games: On a cold winter night, in the lobby
of a beautiful hotel in Sante Fe, New Mexico, Marc
and Klay just barely beat John and Steve in a close
game of Trumps. If the sum of the team scores was
990 points, and there was a 12-point margin of
victory, what was the final score?

$5000 plus 10% of all income. For what income
level do both plans require the same tax?

consistent/dependent, or incnnsisle_nlg - 85. Suppose a certain amount of money was invested at
Explain/Discuss your answer. = 6% per year, and another amount at 8.5% per year,
y =50l + 1.9 with a total return of $1250. If the amounts

84. Federal income tax reform has been a hot political
topic for many years. Suppose tax plan A calls for
a flat tax of 20% tax on all income (no deductions
or loopholes). Tax plan B requires taxpayers to pay

» MAINTAINING YOUR SKILLS

invested at each rate were switched, the yearly
income would have been $1375. To the nearest
whole dollar, how much was invested at each rate?

86. (2.6) Given the parent function f(x) = |x|, sketch 88. (4.4) Solve for x (rounded 101]3e nearest
the graph of F(x) = —lx + 3| — thousandth): 33 = 77.5¢ **°* — 837

87. (5.1) Find two positive and two negative angles . sinx — cscx 2 .
that are coterminal with 6 = 112°. 82, i(:‘;ﬂi‘t\;?nfy that — = —cosxisan
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Lear ng Objectives

tion 8.2 you will iearn how to:

i Vistadi EYmnasiic g Wil £00G Ofganizs 2i SX3kis. Adinougii =
used are identical and similar results are obtained, the third equation and variable give

three dimensions
[ B. Check ordered triple

oo A. Visualizing Solutions in Three Dimensions
1 ©. Soive iinear systems in The solution to an equation in one variable is the single number that satisfies the equa-
three variables tion. Forx + 1 = 3, the solution is x = 2 and its graph is a single point on the number
| ﬁ. ﬁecognlze H’]consis'{eni IlI]C a on LHEIUIIHI Bl ilpl J I]C 0il 10 ail EL.II.I(I Ofl l[l iwo \-clli(lUlCS \I.I\.Ii as
and dependent systems X + y = 3,is an ordered pair (x, y) that satisfies the equation. When we gmphlh:\ solu-
3 E. Use a sysiem of ihree a nnrl at 1l nrunl- Thea
LJ E. USe a sysiein o1 tnree [ -t 5

solutions to an equation in three variables, such as x + ¥y + z = 6, are the ordcred
triples (x. y, ) that satisfy the equation. When we graph this solu[inn set, the result is
a plane in space, a graph in three dimensions. Recall a plane is a flat surface having
infinite length and width, but no depth. We can graph this plane using the intercept
method and the result is shown in Figure 8.2. For graphs in three dimensions, the
xy-plane is parallel to the ground (the y-axis points to the right) and z is the vertical
axis. To find an additional point on this plane, we use any three numbers whose sum
is 6, such as (2, 3, 1). Move 2 units along the x-axis, 3 units parallel to the y-axis, and

equations in three

WORTHY OF NOTE

We can visualize the location 1 unit parallel to the z-axis, as shown in Figure 8.3.
of a point in space by con-
sidering a large rectangular Figure 8.2 Figure 8.3

box 2 ft long X 3 ft wide x
1 ft tall, placed snugly in the
corner of a room. The floor is (0. 0, 6) (0,0, 6)
the xy-plane, one wall is the

xz-plane, and the other wall

is the yz-plane. The z-axis is

formed where the two walls

meet and the corner of the

room is the origin (0, 0, 0). To 0.6,00 ¥
find the corner of the box

located at (2, 3, 1), first

locate the point (2, 3) in the %6.0,0)

xy-plane (the floor), then

move up 1 ft. #

W EXAMPLE 1 » Finding Solutions to an Equation in Three Variables

Use a guess-and-check method to find four additional points on the plane
determinedby x + y + z = 6.

Solution » We can begin by letting x = 0, then use any combination of y and z that sum to 6.
Two examples are (0, 2, 4) and (0, 5, 1). We could also select any two values for x
& A. You've just learned how  and v, then determine a value for z that results in a sum of 6. Two examples are
to visualize a solution in three  (—2,9, —1)and (8, =3, 1).

dimensions
Now try Exercises 7 through 10 »
B. Solutions to a System of Three Equations in Three Variables
When solving a system of three equations in three variables, remember each equa-
tion represents a plane in space. These planes can intersect in various ways, creating
806 8-14
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different possibilities for a solution set (see Figures 8.4 to 8.7). The system could have
a unique solution («, b, ¢), if the planes intersect at a single point (Figure 8.4) (the
point satisfies all three equations simultaneously). If the planes intersect in a line
(Figure 8.5), the system is linearly dependent and there are an infinite number of
solutions. Unlike the two-dimensional case, the equation of a line in three dimensions
is somewhat complex, and the coordinates of all points on this line are usually rep-
resented by a specialized ordered triple, which we use to state the solution set. If the
planes intersect at all points, the system has coincident dependence (see Figure 8.0).
This indicates the equations of the system differ by only a constant multiple—they
are all “disguised forms” of the same equation. The solution set is any ordered triple
(a, b, c) satisfying this equation. Finally, the system may have no solutions. This can
happen a number of different ways, most notably if the planes intersect as shown in
Figure 8.7 (other possibilities are discussed in the exercises). In the case of “no solu-
tions,” an ordered triple may satisfy none of the equations, only one of the equations,

only two of the equations, but not all three equations.

Figure 8.4 Figure 8.5 Figure 8.6 Figure 8.7
Unigue solution Linear Coincident No solutions
dependence dependence

Mﬂ[ EXAMPLE 2

Solution

HB. You've just learned
how to check ordered
triple solutions

| 2

=

Determining If an Ordered Triple Is a Solution

Determine if the ordered triple (1, —2, 3) is a solution to the systems shown.

xt+d— z=-10 Ix+2y— z=-4
a. §2x+ 5y +8;:=4 b i2r—3y—2:=12
x—2y—3z=-4 x— y+2z=9
Substitute | for x, —2 for y, and 3 for z in the first system.
x+4y— z=-10 () +4(-2)—- (3)=-10 =10 = =10 true
a (2x+ S5y +8z=4 —o92(1)+5(-2)+8(3)=4 —16 =4 false
x—2y—3z=—4 (1) = 2(—2)— 3(3)=—4 —4 =—4 true

No, the ordered triple (1, —2, 3) is not a solution to the first system. Now use the
same substitutions in the second system.

x+2y— z=—-4  (3(1)+2(-2)— (3 =-4 [—4=—4 e
b {2x—3y—2:=2 —3{2(1)-3(-2)—-2(3)=2 —<{2=2 true
x— y+2=9 (1) = (~2)+2(3)=9 9=9 true

The ordered triple (1, —2, 3) is a solution to the second system only.

Now try Exercises 11 and 12 »
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C. Solving Systems of Three Equations in Three Variables
Using Elimination

From Section 8.1, we know that two systems of equations are equivalent if they have
the same solution set. The systems

2x+ y =2z = =7 2c+y—2z=-7
x+ y+ z=—-land{y +4z=5
=2y — z=-3 z=1

are equivalent, as both have the unique solution (—3, 1, 1). In addition, it is evident that
the second system can be solved more easily, since R2 and R3 have fewer variables than
the first system. In the simpler system, mentally substituting 1 for z into R2 immedi-
ately gives y = 1, and these values can be back-substituted into the first equation to find
that x = —3. This observation guides us to a general approach for solving larger
systems—we would like to eliminate variables in the second and thivd equations, until
we obtain an equivalent system that can easily be solved by back-substiturion. To begin,
let’s review the three operations that “transform” a given system, and produce an equiv-
alent system.

Operations That Produce an Equivalent System

1. Changing the order of the equations.
2. Replacing an equation by a nonzero constant multiple of that equation.
3. Replacing an equation with the sum of two equations from the system.

Building on the ideas from Section 8.1, we develop the following approach for
solving a system of three equations in three variables.

Solving a System of Three Equations in Three Variables

1. Write each equation in standard form: Ax + By + Cz = D.

2. If the “x” term in any equation has a coefficient of 1, interchange equations
(if necessary) so this equation becomes R1.

3. Use the x-term in R1 to eliminate the x-terms from R2 and R3. The original
R1, with the new R2 and R3, form an equivalent system that contains a
smaller “subsystem” of two equations in two variables.

4. Solve the subsystem and keep the result as the new R3. The result is an
equivalent system that can be solved using back-substitution.

U+ y—2z=-7

We’ll begin by solving the system § x+ y+ z = —1 using the elimination
—2y— z=-3

method and the procedure outlined. In Example 3, the notation —2R1 + R2 —R2

indicates the equation in row 1 has been multiplied by —2 and added to the equation
in row 2, with the result placed in the system as the new row 2.

EXAMPLE 3 »

Solving a System of Three Equations in Three Variables
ok yo=Pge=n=7
Solve using elimination: § x + vy + z= —1.
-2y— z=-3
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Solution » 1. The system is in standard form.

2. If the x-term in any equation has a coefficient of 1, interchange equations so
this equation becomes R1.

By AR g ; T S
2x b 2z T R2 <RI x+ y z 1
x+y+ z=-1 ———— e+ y—2z==T7

—2y— z=-3 -2y — z=-3

3. Use R1 to eliminate the x-term in R2 and R3. Since R3 has no x-term. the only
elimination needed is the x-term from R2. Using —2R1 + R2 will eliminate
this term:

—2Rl —2x—-2y—2z= 2
-
R2 e+ y—2z=-7
Ox — ly —4z=—5 sum
y+4z= 5 simplify

The new R2 is y + 4z = 5. The original R1 and R3, along with the new R2
form an equivalent system that contains a smaller subsystem

x+y+ z=-1 R |
2‘ . Y 5 , Z2R1+ R2>R2 2 s :Ewwem
- 3 2.:7 —_— ° z: Ul
i R3—>R3 J !

-2y — z=-— =2y — z= —3 system

4. Solve the subsystem for either y or z, and keep the result as a new R3. We
choose to eliminate y using 2R2 + R3:

2R2 2y + 8z = 10
-
R3 —-2y— z=-3
Oy +7z= 7 sum
z= 1

The new R3is z = 1.

x+ y+ z=-1 x+y+ z=-1 new
2R2 + R3 —>R3 §
y+tdz=5 ———— y+dz= equivalent
— 23- — z==3 z=1 system

The new R3, along with the original Rl and R2 from step 3, form an
equivalent system that can be solved using back-substitution. Substituting 1
for z in R2 yields y = 1. Substituting 1 for z and 1 for y in R1 yields

x = —3. The solution is (-3, I, 1).

Now try Exercises 13 through 18 »

‘While not absolutely needed for the elimination process, there are two reasons
for wanting the coefficient of x to be “17 in R1. First, it makes the elimination
method more efficient since we can more easily see what to use as a multiplier.
Second, it lays the foundation for developing other methods of solving larger
systems. If no equation has an x-coefficient of 1, we simply use the y- or z-variable
instead (see Example 7). Since solutions to larger systems generally are worked out
in stages, we will sometimes track the transformations used by writing them
between the original system and the equivalent system, rather than to the left as we

did in Section 8.1.

Here is an additional example illustrating the elimination process, but in abbrevi-

ated form. Verify the calculations indicated using a separate sheet.
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M]M‘L EXAMPLE 4 » Solving a System of Three Equations in Three Variables
—Sy+2r-z=-8
Solve using elimination:§ —x + 3z + 2y =13 .
—z+3y+x=5
2x—5y— z= -8

Solution » 1. Write the equations in standard form: { —x + 2y + 3z = 13
x+3y— z=35
2x—5y— z=-8 x+3y— z=5 _
2 1T+ +3=13 RIORI (-x+2y+3=13 g
x+3y— z=5 x—5— z=-

3. Using RI + R2 will eliminate the x-term from R2, yielding 5y + 2z = 18.
Using —2R1 + R3 eliminates the x-term from R3, yielding —11y + z = —18.

ATH— 255 g ipame  |FTRT 253 ialent
- equivalen
—x+2y+3z=13 m Sy+22=18  gutem
-5 — ;=8 “lly+ z=-18
4. Using —2R3 + R2 will eliminate z from the subsystem, leaving 27y = 54.
3+ Sy~ g5 x+ 3y— z=95
5 —2R3 + R2—R3 - c
) st ) o quivalent
Sy +2:=18 — Sy +2z=18 S
—lly+ z=-18 27y =54
o You've learned justhow  golying for y in R3 shows y = 2. Substituting 2 for y in R2 yields z = 4, and
to solve linear systems in substituting 2 for y and 4 for z in R1 shows x = 3. The solution is (3, 2, 4).

three variables

Now try Exercises 19 through 24 »

D. Inconsistent and Dependent Systems

As mentioned, it is possible for larger systems to have no solutions or an infinite
number of solutions. As with our work in Section 8.1, an inconsistent system (no solu-
tions) will produce inconsistent results, ending with a statement such as 0 = —3 or
some other contradiction.

M EXAMPLE 5 » Attempting to Solve an Inconsistent System

e+ y—3z=-3
Solve using elimination: § 3x — 2y + 4z =2 .
4x + 2y — 6z = =7

Solution » 1. This system has no equation where the coefficient of x is 1.
2. We can still use R1 to begin the solution process, but this time we’ll use the
variable y since it does have coefficient 1.

Using 2R1 + R2 eliminates the y-term from R2, leaving 7x — 2z = —4. But
using —2R1 + R3 to eliminate the y-term from R3 results in a contradiction:

2R1 4x+ 2y —6z=—6 =2Rl —4x — 2y +6z= 6
+ +
R2 3x—2y+4z= 2 Ry 4x+2y—6z2=-7
Tx —2z=-4 Ox + 0y + 0z =—1
0= —1 contradiction

We conclude the system is inconsistent. The answer is the empty set (7, and we
need work no further.

Now try Exercises 25 and 26 P>
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Unlike our work with systems having only two variables, systems in three vari-
ables can have two forms of dependence— linear dependence or coincident depend-
ence. To help understand linear dependence, consider a system of two equations in

: —2x+3y— z=95 .
three variables: e X Each of these equations represents a plane,
H—=iBY gt

and unless the planes are parallel, their intersection will be a line (see Figure 8.5). As
in Section 8.1, we can state solutions to a dependent system using set notation with two
of the variables written in terms of the third, or as an ordered triple using a parameter.
The relationships named can then be used to generate specific solutions to the system.

Systems with two equations and two variables or three equations and three vari-
ables are called square systems, meaning there are exactly as many equations as there
are variables. A system of linear equations cannot have a unique solution unless there
are at least as many equations as there are variables in the system.

“H__  EXAMPLE 6 >

Solution »

Solving a Dependent System
“2x+3y— z=5

Solve using elimination: { .
x=3v+2z =i

Using R1 + R2 eliminates the y-term from R2, yielding —x + z = 4. This means
(x, y, ) will satisfy both equations only when x = z — 4 (the x-coordinate must be
4 less than the z-coordinate). Since x is written in terms of z, we substitute z — 4
for x in either equation to find how y is related to z. Using R2 we have:

(z—4) — 3y + 2z = —1, which yields y = z — 1 (verify). This means the
y-coordinate of the selution must be 1 less than z. In set notation the solution is
{x,y,z)|x=z—4,y=z— 1,zE€ R}. Forz = —2,0, and 3, the solutions
would be (—6, —3, —2), (—4, —1,0), and (— 1, 2, 3), respectively. Verify that these
satisfy both equations. Using p as our parameter, the solution could be written

(p — 4,p — 1, p) in parameterized form.

Now try Exercises 27 through 30 »

The system in Example 6 was nonsquare, and we knew ahead of time the system
would be dependent. The system in Example 7 is square, but only by applying the elim-
ination process can we determine the nature of its solution(s).

nmIML EXAMPLE 7 »

Solution »

Solving a Dependent System
Ix—2yt+z=-1
Solve using elimination: § 2x + y—z =35
10x — 2y =8
This system has no equation where the coefficient of x is 1. We will still use R1,

but we'll try to eliminate z in R2 (there is no z-term in R3).
Using R1 + R2 eliminates the z-term from R2, yielding 5x — y = 4.

2;23‘“:;1 RI + R2—R2 zx—2y+z=;1
+ y—g= x— ¥ =
105 — 2y -3 _R3—R3 10¢ — 2y -8

We next solve the subsystem. Using —2R2 + R3 eliminates the y-term in R3, but
also all other terms:
—2R2 —10x +2y=-8
+
R3 10x —2y=_8

Or+ 0y = 0 s

0= 0 result
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Since R3 is the same as 2R2, the system is linearly dependent and equivalent to

=2y +z=-— . . . .
5 . Ve ‘We can solve for y in R2 to write y in terms of x: y = 5x — 4.
X — ¥ =
Substituting Sx — 4 for y in R1 enables us to also write z in terms of x:
3 — 2y +z=-—1 R1
Ix—25x—4)+z= -1 substitute 5x — 4 for y
3x—10x +8 +z=-1 distribute

—Ix+z=-9 simplify
z=Tx—9 solveforz
The solution set is {(x, , 2)|x € R, y = 5x — 4, z = 7x — 9)}. Three of the infinite

number of solutions are (0, —4, —9) forx = 0, (2,6, 5) forx = 2, and
(—1, =9, —16) for x = — . Verify these triples satisfy all three equations. Again

Now try Exercises 31 through 34 »

Solutions to linearly dependent systems can actually be written in terms of either
x, v, or z, depending on which variable is eliminated in the first step and the variable
we elect to solve for afterward.

For coincident dependence the equations in a system differ by only a constant
multiple. After applying the elimination process—all variables are eliminated from the
other equations, leaving statements that are always true (such as 2 = 2 or some other).
See Exercises 35 and 36. For additional practice solving various kinds of systems, see
Exercises 37 to 51.

E. Applications

Applications of larger systems are simply an extension of our work with systems of two
equations in two variables. Once again, the applications come in a variety of forms and
from many fields. In the world of business and finance, systems can be used to diver-
sify investments or spread out liabilities, a financial strategy hinted at in Example 8.

”| EXAMPLE 8 » Modeling the Finances of a Business

A small business borrowed $225,000 from three different lenders to expand their
product line. The interest rates were 5%, 6%, and 7%. Find how much was
borrowed at each rate if the annual interest came to $13,000 and twice as much
was borrowed at the 5% rate than was borrowed at the 7% rate.

Solution » Letyx, y, and z represent the amount borrowed at 5%, 6%, and 7%, respectively.
This means our first equation is x + ¥ + z = 225 (in thousands). The second
equation is determined by the total interest paid, which was $13,000:
0.05x + 0.06y + 0.07z = 13. The third is found by carefully reading the problem.

“twice as much was borrowed at the 5% rate than was borrowed at the 7% rate”,
or x =2z
x+y+z=225
These equations form the system: § 0.05x + 0.06y + 0.07z = 13. The x-term of
x=2z
the first equation has a coefficient of 1. Written in standard form we have:
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x+ y+ z= 225 Rl
5x + 6y + 7z = 1300 R2
x -2z = 0 R3

Using —5R1 + R2 will eliminate the x term in R2, while —R1 + R3 will eliminate

the x-term in R3.

—5R1 —5x—S5y— 5z=-1125

+
_R2 S5x+6y+7z= 1300 R3 % —=2= 0
y+2= 175 —¥—3g= —225
The new R2 is y + 2z = 175, and the new R3 (after multiplying by —1) is
x+y+ z=225
y + 3z = 225, yielding the equivalent system +2z=:175.
+3z =225

in Three Vari:

(multiplied by 100y

—x'= y— gr= =225

Solving the 2 X 2 subsystem using —R2 + R3 yields z = 50. Back-substitution

shows y = 75 and x = 100, yielding the solution (100, 75, 50). This means $50,000
was borrowed at the 7% rate, $75,000 was borrowed at 6%, and $100,000 at 5%.

with Application 813

Now try Exercises 54 through 63 »

TECHNOLOGY HIGHLIGHT

More on Parameterized Solutions

For linearly dependent systems, a graphing calculator can be used to both find and check possible
solutions using the parameters Y,, Y, and Y. This is done by assigning the chosen parameter to Y,
then using Y, and Y, to form the other coordinates of the solution. We can then build the equations
in the system using Y, Y,, and Y, in place of x, y, and z. The system from Example 7 is

2x + y—z =5 , whichwe found had solutions of the form (x, 5x — 4, 7x — 9). We first form the

{3x2y+z—1

10x — 2y =8
solution using Yy = X, Y» = 8Y; — 4 (for ), and Y5 = 7Y, — 8 (for z). Then we form the equations in the
system using Ys = 3Ys — 2Y2 + Ya, Y5 = 2Y¢ + Yo — Ya, and Y = 10Yy — 2Y2 (see Figure 8.8). After
setting up the table (set on AUTO), solutions can be found by enabling only Y, Y3, and Y5, which gives
values of x, y, and z, respectively (see Figure 8.9—use the right arrow |_» | to view Y,). By enabling Y,,
Y5, and Y you can verify that for any value of the parameter, the first equation is equal to —1, the second
is equal to 5, and the third is equal to 8 (see Figure 8.10—use the right arrow ‘LJ to view Yy).

Figure 8.8 Figure 8.10
Plokd Plotz Plok Yy Vg
185 -1 3
“WeBSY1 -4 1|E
wWeB7Y1 -3 32 |k
Wy=3Ye=2Y2+Y 3 -1 £
sWe=2Y 1+ -Ys e | H
We=10Y1-2Y2 1 £
sNr=
Exercise 1: Use the ideas from this Technelogy Highlight to (a) find four specific solutions to Example 6,

(b) check multiple variations of the solution given, and (c) determine if (—9, —6, —5),(—2,1,2), and
(6, 2, 4) are solutions.
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| O 82 EXERCISES

> CONCEPTS AND VOCABULARY

Fill in the blank with the appropriate word or phrase.
Carefully reread the section if needed.

1. The solution to an equation in three variables is an
ordered

2. The graph of the solutions to an equation in three
variables is a(n)

3. Systems that have the same solution set are called

» DEVELOPING YOUR SKILLS

Find any four ordered triples that satisfy the equation

given.
T b Dy =0 8.x+y—z=28

D=y e — 10.2x =y + 3z = =12

Determine if the given ordered triples are solutions to

the system.
Yt Y=z =—1
11, {4x— y+3z=3 0,3,2)
3x+2y— z=4 (—3,4,1)

2+ 3+ z2=9
125458 — 2y — =320 (=4.5,2)
x— y—2z=-13 (5,-4.11)

x
I

Solve each system using elimination and back-substitution.

x—y —=2z=—10 Xty tidr ==
13, { x— ==l 14. 4 4x — » =3
z=4 3x =6
x+3y+ 2z= —x+ y4+52=1
lS.{ =lyiee iy 4+ y =1
8y — 13z =3 =0y 8
2x— yt4z= 2x+ 3y +4z=—18
ET.{)t+2_)’—5z’_ x-ly+z=4
y — 4z 4x + z=—19
e e P x+ y—2z=-1
l9.{ L=z dr— ¥y +3:=3
BB e Ix+2y— z=4

4. If a3 X 3 system is linearly dependent, the
ordered triple solutions can be written in terms of a
single variable called a(n)

5. Find a value of z that makes the ordered triple
(2, —5,z)asolutionto 2x + y + z = 4.
Discuss/Explain how this is accomplished.

6. Explain the difference between linear dependence
and coincident dependence, and describe how the
equations are related.

At y—22=9 2x—3y+2:=0
2. § x—2y+3z=10 22.{3x— 4+ z=-20
4x— 8y +5z=15 X+ 2y= z2=16
3= ykz= 2 Sy ==
23 {2x+2y—2z=5 24.4 x— y+2z=-5
2x— y+z=35 2vi— Dy dn ==

Solve using the elimination method. If a system is
inconsi or dependent, so state. For systems with
linear dependence, write solutions in set notation and as
an ordered triple in terms of a parameter.

A+ yt+t 22=3 2c— y+3:z=8
25. T —yee gz =26 3x—4dy+ z=

4x— 8y + 12z =7 —4x + 2y — 6z =
27 {4,=:+ B = {4x*y+2:.:9
lx—-2+3z=2 “l3x+y+52=5

e {6,c—3y+7z=2 {Zc—4y+52,=—2
. Ix—4+ z=6 : x—2y+3z2=7

Solve using elimination. If the system is linearly
dependent, state the general solution in terms of a
parameter. Different forms of the solution are possible.
3x—4y+5:=5
M. {—x+ 2y -3z =3
Fr—2y s="]
Sx—=3y+2:= 4
32. { —9x +5y—4z=-12
=3 Eh =2z =D
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x+2y—3z=1 x— S5y— 4z=3
33. {3x+5y—8:=7 42, (2x— 9y — Tz=2
x+ y—2z=5 Sxi— Iy =117=5
=2y gy = sz = 3 2xob3y = 52 —4
34. Sti= Ty & 22— —8 43. b= =
T— 3yt 22— =2 x+ 3y —4z = —1
Solve using elimination. If the system has coincident lx + L._\‘ - l; = 2 2 2
dependence, state the solution in set notation. 6 3 2 2 3 2
3 1 1 2x
—02x + 12y — 24z = —1 44. i ;y-i— 2'229 45. 3 Y- z=8
35, 05x— 3yv+ 6z=25 1 - ; .
X 5
x— 6y+ 12z=35 R e = +2y+-—=h
e - e s =T

6x — 3y + 9z =21
36. 4x — 2y + bz = 14 Some applications of systems lead to systems similar to
those that follow. Solve using elimination.
=2 A= = 0l
Solve using the elimination method. If a system is 46. B =1
inconsistent or dependent, so state. For systems with
linear dependence, write the answer in terms of a A+B =
parameter. For coincident dependence, state the solution —-A+3B+2C=11

= ) AR

in set notation. 47. B+ C=9
x+2y=z=1 3 +ay — 2z =111 B+2C=8
37. x+ Ti=i3 38. 2 +y—3z2=12 Ak Cc =17
2e— ytz=3 yr2=-—4 48 coA-3B =3
2x— By—dp=0 3A + 6B — 8C= —33
39. r=—23y—2:=13
—3x+ 75+ 6z2=-9

x—2y+2z=6 24— B— C=1

40. ¢ 2x — 6y + 3z = 13 c=-2
Jea Ay =g = 50. ¢ 54 -2C=5
dx—5y—6z=5 —4B — 9C =16

41. {2x — 3y + 3z =0 s
xH+2y—3:2=5 51. {24 + 3C =10

|

{
{

|

{

3B—-4C = —11

» WORKING WITH FORMULAS

52. Dimensions of a rectangular solid: 53. Distance from a point (x, y, z) to the plane
2w+ 2h=P; T i L s e Ax+By+ Cz —D
, = 16 em (top x y =D [ —————
2+ 2w =P P‘ = Pi=[14em VA + B+ C*
21+ 2h =P Zr e Cl (smalll side)
S s (large side) . The perpendicular distance from a given point
7 i (x, ¥, 2) to the plane defined by Ax + By + Cz =D
. . ) is given by the formula shown. Consider the plane
Using the fcrm.ula shown, the d.lmensm@ ofa given in Figure 8.2 (x + y + z = 6). What is the
rectangular solid can be found if the perimeters of distance from this plane (o the point (3, 4, 5)?

the three distinct faces are known. Find the
dimensions of the solid shown.
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three

Investment/Finance and Simple Interest Problems

B4

in the lottery, Maurika decided to place the money
in three different investments: a certificate of
deposit paying 4%. a money market certificate
paying 5%, and some Aa bonds paying 7%. After

1 yr she earned $15,400 in interest. Find how much
was invested at each rate if $20,000 more was

invesied at 7% than at 5%.

55,

Purchase at auction: At an auction, a wealthy
collector paid $7,000,000 for three paintings: a
Monet, a Picasso, and a van Gogh. The Monet cost

60.

8-24

five times the
wingspan of the
Albatross, what is the
wingspan of each?

Chemical mixtures: A chemist mixes three
different solutions with concentrations of 20%,
30%, and 45% glucose to obtain 10 L of a 38%
giucose soiution. if the amount of 30% soiution
used is 1 L more than twice the amount of 20%
ealutinn need  find the amonnt of each calution

$800,000 more than the Picasso. The price of the 61. Value of gold coins: As part of a promotion, a
van Gogh was $200,000 more than twice the price local bank invites its customers to view a large
of the Monet. What was the price of each painting? sack full of $5, $10, and $20 gold pieces,
promising to give the sack to the first person able
to state the number of coins for each
Descriptive Translation denomination. Customers are told there are
56. Major wars: The United States has fought three exactly 250 coins, with a total face value of
major wars in modern times: World War II, the $1875. If there are also seven times as many 85
Korean War, and the Vietnam War. If you sum the gold plecesids $20 gold pieces, how many of each
years that each conflict ended, the result is 5871. denomination are there?
The Vietnam War ended 20 years after the Korean 62. Rewriting a rational function: It can be
War and 28 years after World War II. In what year shown that the rational function V(x) =
did each end? x4 11
i . —— -5 can be written as a sum of the
57. Animal gestation periods: The average gestation £-3*+x-3
period (in days) of an elephant, rhinoceros, and Bx+ C .
camel sum to 1520 days. The gestation period of a L x—3 > £+1° where the coefficients
rl}:ino is 518 days longer lhm:1 ldhat ofagabme}.ﬁ';wice A+ B =0
the camel’s gestation period decrease :
gives the gefmtion pefiod of an elephnm.yWhut is e i LS S SRl (G
the gestation period of each? ) o ) A G ic=11
Find the missing coefficients and verify your answer
58. Moments in U.S. history: If you sum the year the by adding the terms.
Declaration of Independence was signed, the year
the 13th Amendment to the Constitution abolished 63. Rewriting a rational function: It can be

slavery, and the year the Civil Rights Act was

shown that the rational function V(x) =

. Z q —0
signed, the total would be 5605. chly-_m_ne years ;x—v AN BEWHllcn At a S oh the
separate the 13th Amendment and the Civil Rights o e 1y et e
Act. The Civil Rights Act was signed 188 years A B C
after the Declaration of Independence. What year terms x 2y e 2 (x — 3)1‘ where the
was each signed? coefficients A, B, and C are solutions to

59. Aviary wingspan: If you combine the wingspan of A+ B =0
the California Condor, the Wandering Albatross —6A — 3B + C = 1 .Find the missing
(see photo), and the prehistoric Quetzalcoatlus, you 94 = —9

get an astonishing 18.6 m (over 60 ft). If the
wingspan of the Quetzalcoatlus is equal to five
times that of the Wandering Albatross minus twice

coefficients and verify your answer by adding the
terms.
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» EXTENDING THE CONCEPT

=2

x — 2y + kz =5 isinconsistent if
2x—4y+4z=10
, and dependent ifk = ___.

R P

2

64, The system

k=

65. One form of the equation of a circle is
©+ yz + Dx + Ey + F = 0. Use a system to
find the equation of the circle through the points
(2, —1), (4, =3), and (2, —5).

66. The lengths of each side of the squares A, B, C, D,
E, F. G, H, and [ (the smallest square) shown are
whole numbers. Square B has sides of 15 cm and
square G has sides of 7 cm. What are the
dimensions of square D?

> MAINTAINING YOUR SKILLS

67. (7.3) Givenu = (1, —7) and v = (—3, 3), compute
u + 4vand 3u — v.

68. (5.2) Given cot A = 1.6831, use a calculator to find
the acute angle A to the nearest tenth of a degree.

69. (4.4) Solve the logarithmic equation:
log(x + 2) + logx = log3

70. (2.5) Analyze the graph of g shown. Clearly state
the domain and range, the zeroes of g, intervals

a. 9cm b. I0ecm e llcm
d. 12cm e 13cm
i B
o |
C
D E

where g(x) > 0, intervals
where g(x) < 0, local
maximums or minimums,
and intervals where the
function is increasing or
decreasing. Assume each tick
mark is one unit and estimate
endpoints to the nearest
tenths.

817

| &l MID-CHAPTER CHECK [

1. Solve using the substitution method. State whether
the system is consistent, inconsistent, or dependent.

X o=
2v+ y=3
2. Solve the system using elimination. State whether
the system is consistent, inconsistent, or dependent.

{ x—3y=—4

2x + W= 13

3. Solve using a system of linear equations and any
method you choose: How many ounces of a 40%

acid, should be mixed with 10 oz of a 64% acid, to
obtain a 48% acid solution?

4. Determine whether the ordered triple is a solution to
the system.
5x+ 2y —4z=22
2y e = S IR 2 =)
Ix—6y+ z=2

5. The system given is a dependent system. Without
solving, state why.

x+ Iy =3z =3

2x+4y—6z2=6

K= 2yEsr =1
6. Solve the system of equations:

7. Solve using elimination:
2x+ 3y —4z=-4
x—2y+ 2=0
i nee At |
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8. Solve the following system and write the solution as
an ordered triple in terms of the parameter p.
{ 2= yck g =
=S 2y = 5=
9. If you add Mozart's age when he wrote his first
symphony, with the age of American chess player
Paul Morphy when he began dominating the
international chess scene, and the age of Blaise
Pascal when he formulated his well-known Essai
pour les coniques (Essay on Conics), the sum is 37.
At the time of each event, Paul Morphy’s age was
3 yr less than twice Mozart’s, and Pascal was 3 yr
older than Morphy. Set up a system of equations and
find the age of each.

10. The William Tell Overture (Gioachino Rossini,
1829) is one of the most famous, and best-loved
overtures known. It is played in four movements: a
prelude, the storm (often used in animations with
great clashes of thunder and a driving rain), the
sunrise (actually, A call to the dairy cows . . .), and
the finale (better known as the Lone Ranger theme
song). The prelude takes 2.75 min. Depending on
how fast the finale is played, the total playing time is
about 11 min. The playing time for the prelude and
finale is 1 min longer than the playing time of the
storm and the sunrise. Also, the playtime of the
storm plus twice the playtime of the sunrise is 1 min
longer than twice the finale. Find the playtime for
each movement.

.*‘:s‘;’ REINFORCING BASIC CONCEPTS

Window Size and Graphing Technology

Since most substantial applications involve noninteger
values, technology can play an important rele in applying
mathematical models. However, with its use comes a
heavy responsibility to use it carefully. A very real effort
must be made to determine the best approach and to secure
areasonable estimate. This is the only way to guard against
(the inevitable) keystroke errors, or ensure a window size
that properly displays the results.

Rationale

On October 1, 1999, the newspaper USA TODAY ran an
article titled, “Bad Math added up to Doomed Mars Craft.”
The article told of how a $125,000,000.00 spacecraft was
lost, apparently because the team of scientists that plorred
the course for the craft used U.S. units of measurement,
while the team of scientists guiding the craft were using
metric units. NASA’s space chief was later quoted, “The
problem here was not the error, it was the failure of . . . the
checks and balances in our process to detect the error.”
No matter how powerful the technology, always try to
begin your problem-solving efforts with an estimate.
Begin by exploring the context of the problem, asking
questions about the range of possibilities: How fast can a
human run? How much does a new car cost? What is a rea-
sonable price for a ticket? What is the total available to
invest? There is no calculating involved in these estimates,
they simply rely on “horse sense” and human experience.
In many applied problems, the input and output values
must be positive — which means the solution will appear in
the first quadrant, narrowing the possibilities considerably.

This information will be used to set the viewing window of
your graphing calculator, in preparation for solving the
problem using a system and graphing technology.

Hlustration 1 » Erin just filled both her boat and Blazer
with gas, at a total cost of $211.14. She purchased
35.7 gallons of premium for her boat and 15.3 gal of
regular for her Blazer. Premium gasoline cost $0.10 per
gallon more than regular. What was the cost per gallon of
each grade of gasoline?

Solution » Asking how much yeu paid for gas the last
time you filled up should serve as a fair estimate. Certainly
(in 2008) a cost of $6.00 or more per gallon in the United
States is too high, and a cost of $1.50 per gallon or less

would be too low. Also, WI1HD0w
we can estimate a ¥min=8
solution by assuming that Hmax=6
both kinds of gasoline Hsc.'lf' 5
cost the same. This 3%;2;2
would mean 51 gal were Yeel=.5
purchased for about Hres=1
$211, and a quick

division would place the estimate at near 2 ~ $4.14 per

gallon. A good viewing window would be restricted to the
first quadrant (since cost > ()) with maximum values of
Xmax = 6 and Ymax = 6.

Exercise 1: Solve Illustration 1 using
eraphing technology.

Exercise 2: Re-solve Exercises 63 and 64 from Section
8.1 using graphing technology. Verify results are identical.
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m Nonlinear Systems of Equations and Inequalities

Learning Objectives

In Section 8.3 you will learn how to:

[ A. Visualize possible
solutions

[ B. Solve nonlinear systems
using substitution

[ C. Solve nonlinear systems
using elimination

[ D. Solve nonlinear systems
of inequalities

[ E. Solve applications of
nonlinear systems

HA. You've just learned how
to visualize possible solutions

8-27

Equations where the variables have exponents other than [ or that are transcendental
(like logarithmic and exponential equations) are all nonlinear equations. A nonlinear
system of equations has at least one nonlinear equation, and these occur in a great

variety.

A. Possible Solutions for a Nonlinear System

When solving nonlinear systems, it is often helpful to visualize the graphs of each
equation in the system. This can help determine the number of possible intersections
and further assist the solution process.

%QMPLE 1»

Solution »

No solutions

One solution

T
Two »;olulianw

Sketching Graphs to Visualize the Number
of Possible Solutions

Identify each equation in the system as the equation of a line,
parabola, circle, or one of the toolbox functions. Then

determine the number of solutions possible by considering the

. . . 2+ =25

different ways the graphs might intersect: . : 1
X =g =

Finally, solve the system by graphing.

The first equation contains a sum of second-degree terms with
equal coefficients, which we recognize as the equation of a
circle. The second equation is obviously linear. This means the
system may have no solution, one solution, or two solutions, as
shown in Figure 8.11. The graph of the system is shown in
Figure 8.12 and the two points of intersection appear to be
(—3, —4) and (4, 3). After checking these in the original
equations we find that both are solutions to the system.

Figure 8.11 Figure 8.12
* 0.5

Now try Exercises 7 through 12 »

819
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w

Solution »

M’ B You've just learned how
to solve nonlinear systems
using substitution

g ST y
Solve the system using substitution: !

x—y=7

The first equation is the equation of a parabola. The second equation is linear.
Since the first equation is already written with y in terms of x, we can substitute
x% = 2x — 3 for y in the second equation to solve.

2k —y=1
- -2-3)=7

second equation
substitute x* — 2x — 3for y

x— x4+ 2x+3 =7 ditibute
—x2+dx+3 =7 simplty
¥ —dx+4=0 setequaltozen "
(x=2P=0 factr ' o

We find that x = 2 is a repeated root.

Since the second equation is simpler than the
first, we substitute 2 for x in this equation and find Y=+
vy = —3. The system has only one (repeated) 1p 0 x
solution at (2, —3), as shown in the figure. 2.3

nie

Now try Exercises 13 through 18 »

2x-mryp=T7

C. Solving Nonlinear Systems by Elimination

‘When both equations in the system have second-degree terms with like variables, it is
generally easier to use the elimination method, rather than substitution. Remember to
watch for systems that have no solutions.

. EXAMPLE 3 »

Solution »

WORTHY OF NOTE

Note that the x-terms sum to
zero, and the y-terms cannot
be combined as they are not
like terms.

Solving a Nonlinear System Using Elimination
1.2

y —— y—sx =-3

Solve the system using elimination: ¢~ 27, i
2+ =41

The first equation can be rewritten as y = %xz — 3 and is a parabola opening upward
with vertex (0, —3). The second equation represents a circle with center at (0, 0)
and radius r = V41 = 6.4. Mentally visualizing these graphs indicates there will
be two solutions (see figure). After writing the system with x- and y-terms in the
same order, we find that using 2R1 + R2 will eliminate the variable x:

2RI {—f +2=-6
+

R2 S+ =41
+2y =35 add

rewrite first equation; multiply by 2

second equation
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To find solutions, we set the equation equal to zero and factor or use the quadratic
formula if needed.

¥+ 2y —35=0 standardform
(“ B2 7)(\. - 5)=10 factored form
y=—Tory=75 result
The solution y = —7 is extraneous, due to the

radius of the circle. Using ¥ = 5 in the second
equation gives the following:
cHyi=41 equation 2
©+ (5)2 =41 substitute 5 for y
P +25=41 =2

=16 subtract 25

x = *4  square root property

The solutions are (—4, 5) and (4, 5), which is
supported by the graph shown.

Now try Exercises 19 through 24 »

Nonlinear systems may involve other relations as well, including power, polyno-
mial, logarithmic, or exponential functions. These are solved using the same methods.

| EXAMPLE4 »

Solution »

MG. You've just learned how
to solve nonlinear systems
using elimination

Solving a System of Logarithmic Equations

y = —log(x +7) + 2
Solve the system using the method of your choice: {“ og(x )

y= loglx+4)+1
Since both equations have y written in terms of x, substitution appears to be the
better choice. The result is a logarithmic equation, which we can solve using the
techniques from Chapter 4.

log(x + 4) + 1= —log(x + 7) =+ 2 substitute log(x + 4) + 1 for yin first equation
log(x + 4) + log(x + 7) = 1 add log(x + 7); subtract 1
log(x +4)(x +7)=1 product property of logarithms
x+4)x+7)= 10! exponential form
P4 1c+18=0 eliminate parentheses and set equal to zero
x+9)x+2)=0 factor
x+9=0 or x+2=0 zero factor theorem
x==9 or x=-2 possible solutions
By inspection, we see that x = —9 is not a solution, since log (—9 + 4) and

~log(—9 + 7) are not real numbers. Substituting —2 for x in the second equation
we find one form of the (exact) solution is (—2, log 2 + 1). If we substitute —2 for
x in the first equation the exact solution is (—2, —log 5 + 2). Use a calculator to
verify the answers are equivalent and approximately (-2, 1.3).

Now try Exercises 25 through 36 »

For practice solving more complex systems using a graphing calculator, see Exer-
cises 37 to 42.
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: E===t W
V(=5,00 G.0)] x
" T

v o i)

b /

\\ K4

b ,’:
- -

inequal

lity x* + y
A,

use a test point from either “outside” or “inside” the region formed. The test point {0, U)

results in a true statement since (0)> + (0)> < 25, so the inside of the circle is shaded
to indicate the solution region (Figure 8.13). For asystem of nonlinear inequalities, we

attention to points of intersection.

m | EXAMPLE 5 »

Solution »

Ii D You've just learned how
to solve nonlinear systems of
inequalities

Solving Systems of Nonlinear Inequalities
2+ <25

Solve the system: {
A 2yt IS

We recognize the first inequality from Figure 8.13, a circle with radius 5, and a

rear and after solving for

solution region in the i

x we'll use a substitution to find points of intersection (if they exist). From
2y — x = §, we obtain x = 2y — 5.

t. The second inequ

is i
10e second meqgu 18 1

24y =25 given

(2y — 5 + 3> =25 substitute 2y — Sfor x
5}‘2 — 20y + 25 = 25 expand and simplify

y* — 4y =0  sublract 25; divide by 5

yy—4)=0 factor

y=0 or y=4 resutt

]

Back-substitution shows the graphs intersect at
(=35, 0) and (3, 4). Graphing a line through these | AP
points and using (0, 0) as a test point shows the 724' 5
upper half plane is the solution region for the linear \-( 50
inequality [2(0) — 0 = 5 is false]. The overlapping |
(solution) region for both inequalities is the circular
section shown. Note the points of intersection are
graphed using “open dots” (see figure), since points
on the graph of the circle are excluded from the solution set.

Now try Exercises 43 through 50 »

E. Applications of Nonlinear Systems

In the business world, a fast growing company can often reduce the average price of
its products using what are called the economies of scale. These would include the
ability to buy necessary materials in larger quantities, integrating new technology into
the production process, and other means. However, there are also countering forces
called the diseconomies of scale, which may include the need to hire additional
employees, rent more production space, and the like.

”I]]lm_ EXAMPLE 6 »

Solving an Application of Nonlinear Systems

Suppose the cost to produce a new and inexpensive shoe made from molded plastic
is modeled by the function C(x) = ¥ — 5x + 18, where C(x) represents the cost to
produce x thousand of these shoes. The revenue from the sales of these shoes is
modeled by R(x) = —x® + 10x — 4. Use a break-even analysis to find the quantity
of sales that will cause the company to break even.
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lve the system formed by the two equ
. Since we want to know the point where the company
breaks even, we set C{x) = R{x) and soive.
¥ —5Sx+ 18=—x>+ 10x — 4 substitute for C(x) and R(x)
272 - 15x+22=0 set equal to zero
(Zx—1D)x—-2)=0 factored form
[
— v= orx =2 result

With x in thousands, it appears the company will break even if either 2000 shoes or

Now try Exercises 53 and 54 »

> CONCEPTS AND VOCABULARY

1. Draw sketches showing the different ways each 3. The solution to a system of nonlinear inequalities
pair of relations can intersect and give one, two, is a(n) — of t.he plan.e where the
three, and/or four points of intersection. If a given for each individual inequality overlap.
number of intersections is not possible, so state. 4. When both equations in the system have at least
a. circle and line one ______ -degree term, it is generally easier to

b. parabola and line usethe — method to find a solution.

¢. circle and parabola 5. Suppose a nonlinear system contained a central
d. circle and absolute value function hyperbola and an exponential function. Are three
s e e e m e Fre solutions possible? Are four solutions possible?

. Explain/Discuss.
f. absolute value function and parabola
6. Solve the system twice, once using elimination,

2. By 1n‘specuon_onl_yv identify tl'!c systems having no then again s subsGtution. Compare/contrast

L R R R each process and comment on which is more
y=hl—6 y=x +4 s

a. > ‘, b. 5 , fficient in thi )b =05
X+y'=9 2+y=4 efficient in this case: § "

) : Ly =5

Y=kl

c.
2+ )'2 =12

> DEVELOPING YOUR SKILLS

Identify each equation in the system as that of a line, ¥+ 2% =100 2+ =25
parabola, circle, or absolute value function, then solve 9. {\. =y — 2] 10. {r i e T
the system by graphing. - . -
,r2+)‘:6 -x +y =4 11.{_(1_11)-+2="I 12. {'\‘_4=—x—
7‘{-r +y=4 8'{ .\l+;'1=l6 e e et
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Selve using substitution. In Exercises 17 and 18, solve
for x? or y? and use the result as a substitution.

r+\'*25 X ki
13. 14. § ,

y—x=1 %t
24iy=0 F-y
ls.{ RV X 16.{" ?

2 +y=

y = 50
¥ = 100

74 o 2] = 2=
".{x-f—) 13 “‘-{"1? 3)_25

¥ +y =25

Solve each system.

' {x2+y2=25 i {y—;—x?=—1
Tty =1 2+ =65
,’ 2= v+ e
21.{r+}ﬂ 4 2. {} X 6x §
y +x =5 y=11= (x—3)

24y =65 y—2x=35
23, 2 2

y=3x+25

Solve using the method of your choice.

25, {) —5=logx

y =6 — log(x — 3)

y = log(x + 4) + 1
26.
{y —2=-log(x+7)

= 2
27, {) = In(x") + 1
y —1=In(x + 12)

log(x + 11) =y + 3

28. {Og(x )=y 29, {
y + 4 = log(x”)
s 2% —

30. {" o 3L {
y— 1= 6¢

» WORKING WITH FORMULAS

y—9=¢F
3=y-7¢
e

y - 2rz"'3.r =0

51. Tunnel clearance: i = \/r* — d*

The maximum rectangular clearance allowed by a

circular tunnel can be found using the formula
shown, where x* + y° = r” models the tunnel’s
circular cross section and £ is the height of the

tunnel at a distance d from the center. If r = 50 ft,

8.3: Nonlinear Systems of
ies Equations and Inequalities

© The McGraw-Hill
Companies, 2010

8-32
y—3 "= {x —y=12
32, ¢ ; 33.

{y=9”2 y—5x=—6
o {y*x*—*l - {x’*ﬁx y—4
y + 4 = 3x "y —2x=-8

y+x=-—2
36. 4
{y+4x=)\2

Solve each system using a graphing calculator. Round
solutions to hundredths (as needed).

5 {xz + 3% =34 . {58 + 5)7 = 40
TP+ -37=25 y+u=2-6

™ {}!*2‘ 3 {)—*Zlcg)rJrS)
Tly+at=9 y+x =4r-2
1
LS
41. (’3)
(x—3

Solve each system of inequalities.

4. {y—le {x +y?2 =25
Xty =3 2y =5
{€+\>16 46{} +4 =x2
2+y=64 L+y=34

— = + =

a7 {3 x 16 e {)( V=16
v+ <9 X 2y > 10

0 {\‘+r<25 50{ +i2=4
=1 = —y x ty<4

find the maximum clearance at distances of
d = 20, 30, and 40 ft from center.

= 2arh
= ar*h

In the manufacture of cylindrical vents, a
rectangular piece of sheet metal is rolled, riveted,
and sealed to form the vent. The radius and height
required to form a vent with a specified volume,
using a piece of sheet metal with a given area, can
be found by solving the system shown. Use the
system to find the radius and height if the volume
required is 4071 cm® and the area of the
rectangular piece is 2714 cm”.

A
. Manufacturing cylindrical vents: { v
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Market equilibrium: In a free-enterprise (supply and 56.

8. Systems of Equations
and Inequalities

demand) economy, the amount buyers are willing to pay for
an item and the number of these items manufacturers are
willing to produce depend on the price of the item. As the
price increases, demand for the item decreases since buyers
are less willing to pay the higher price. On the other hand,
an increase in price increases the supply of the item since
manufacturers are now more willing to supply it. When the
supply and demand curves are graphed, their point of
intersection is called the market equilibrium for the item.

Solve the following applications of economies of scale.

53.

54.

552

World’s most inexpensive car: Early in 2008, the
Tata Company (India) unveiled the new Tata Nano,
the world’s most inexpensive car. With its low price
and 54 miles per gallon, the car may prove to be
very popular. Assume the cost to produce these cars
is modeled by the function C(x) = 2.5:% —

120x + 3500, where C(x) represents the cost to
produce x-thousand cars. Suppose the revenue from
the sale of these cars is modeled by R(x) =

—2x* + 180x — 500. Use a break-even analysis to
find the quantity of sales (to the nearest hundred)
that will cause the company to break even.

Document reproduction: In a world of
technology, document reproduction has become a
billion dollar business. With very stiff competition,
the price of a single black and white copy has
varied greatly in recent years. Suppose the cost to
produce these copies is modeled by the function
C(x) = 0.1x* — 1.2x + 7, where C(x) represents
the cost to produce x hundred thousand copies. If
the revenue from the sale of these copies is
modeled by R(x) = —0.1x%> + 1.8x — 2, use a
break-even analysis to find the quantity of copies
that will cause the company to break even.

Suppose the monthly market demand D (in ten-
thousands of gallons) for a new synthetic oil is
related to the price P in dollars by the equation
10P? + 6D = 144. For the market price P, assume
the amount I that manufacturers are willing to
supply is modeled by 8P° — 8P — 4D = 12.

(a) What is the minimum price at which
manufacturers are willing to begin supplying the
0il? (b) Use this information to create a system of
nonlinear equations, then solve the system to find
the market equilibrium price (per gallon) and the
quantity of oil supplied and sold at this price.

8.3: Nonlinear Systems of
Equations and Inequalities

© The McGraw-Hill
Companies, 2010

and Inequalities 825

The weekly demand D for organically grown
carrots (in thousands of pounds) is related to the
price per pound P by the equation 8P% + 4D = 84.
At this market price, the amount that growers are
willing to supply is modeled by the equation

8P + 6P — 2D = 43. (a) What is the minimum
price at which growers are willing to supply the
organically grown carrots? (b) Use this information
to create a system of nonlinear equations, then
solve the system to find the market equilibrium
price (per pound) and the quantity of carrots
supplied and sold at this price.

Solve by setting up and solving a system of nonlinear
equations.

7.

58.

s

60.

61.

62.

Dimensions of a
flag: A large
American flag has
an area of 85 m*
and a perimeter of
37 m. Find the
dimensions of the
flag.

Dimensions of a
sail: The sail on a
boat is a right
triangle with a
perimeter of 36 ft
and a hypotenuse of
15 ft. Find the
height and width of the sail.

Dimensions of a tract: The area of a rectangular
tract of land is 45 km?. The length of a diagonal is
V106 km. Find the dimensions of the tract.

Dimensions of a deck: A rectangular deck has an
area of 192 ft* and the length of the diagonal is
20 ft. Find the dimensions of the deck.

Dimensions of a trailer: The surface area of a
rectangular trailer with square ends is 928 ft°. If the
sum of all edges of the trailer is 164 ft, find its
dimensions.

Dimensions of a cylindrical tank: The surface
area of a closed cylindrical tank is 1927 m?. Find
the dimensions of the tank if the volume is

3207 m® and the radius is as small as possible.
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8.3: Nonlinear System:

is g
length of the horizontal base of the

the base to the vertex. Investigate
how this formula can be used to
find the area of the solution region

for the general system of inequalities shown.
I)‘Exz = byt ¢

l)‘ <c+bx—

(Hint: Begin by investigating with 5 = 6 and

¢ = 8, then use other values and try to generalize
what you find.)

» MAINTAINING YOUR SKILLS

66. (1.5) Solve by factoring:
a. 2>+ 5x—63=0
b. 42 — 121 =0
.28 -3 -8+ 12=0

5
67. (6.3) Find the exact value of cos(l—;) using a sum

or difference identity.

68. (5.2) Solve using any method. As an investment for
retirement, Donovan bought three properties for a
total of $250,000. Ten years later, the first property
had doubled in value, the second property had

69.

8-34

d
Po

i parabola y

i
the circle x*> + y* = 100 intersect.

A rectanguiar fish tank has a bottom and four sides
made out of glass. Use a system of equations to
help find the dimensions of the tank if the height is
10: £ AONL 1n2 sk LAl

108 gal (1 gal = 231 in’

are integers.

), and all three dime:

tripled in value, and the third property was worth
$10,000 less than when he bought it, for a current
value of $485,000. Find the original purchase price
if he paid $20,000 more for the first property than
he did for the second.

(7.4) Kiaro is using a leash to drag his stubborn
dog Maya out of the kitchen. (She is a shameless
beggar of table scraps.) He is pulling her with a
constant horizontal force of 20 b, with the leash
making an angle of 37° with the floor. How much
work is done as Maya is dragged the 12 ft out of
the kitchen? Round your answer to the nearest
tenth.

® The McGraw=Hill @
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m Systems of Inequalities and Linear Programming

Learning Objectives

In Section 8.4 you will learn how to:

[ A. Solve a linear inequality
in two variables

[ B. Solve a system of linear
inequalities

[ C. Solve applications using
a system of linear
inequalities

[ D. Solve applications using
linear programming

In this section, we'll build on many of the ideas from Section 8.3, with a more direct
focus on systems of linear inequalities. While systems of linear equations have an
unlimited number of applications, there are many situations that can only be modeled
using linear inequalities. For example, many decisions in business and industry are
based on a large number of limitations or constraints, with many different ways these
constraints can be satisfied.

A. Linear Inequalities in Two Variables

A linear equation in two variables is any equation that can be written in the form
Ax + By = C, where A and B are real numbers, not simultaneously equal to zero. A

linear inequality in two variables is similarly defined, with the * = " sign replaced
by the < Y8 2o 1S o7 o e P gymbal;

Ax+By < C Ax+ By > C

Ax+By=C Ax+By=C
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Figure 8.15

y

-5 el S x
Lower
half plane

Section 8.4 Systems of Inequalities and Linear Programming 827

, we grapl ¥ poini 5
whether the endpoint is included or excluded, and shade the appropriate half line. For

to the left (’Figure 8.14):

Figure 8.i4 .. "

1
+ 1 t
-3 =2 -1 0 1 2
Interval notation: x € (—=, 2]

Figure 8.15. Note it divi
d

s the

between the two regions. If the boundary is included in the solution set, we graph it using
a solid line. If the boundary is excluded, a dashed line is used. Recall that solutions
to a linear equation are ordered pairs that make the equation true. We use a similar idea
to find or verify solutions to linear inequalities. If any one point in a half plane makes
the inequality true, all points in that half plane will satisfy the inequality.

m]]]M_ EXAMPLE 1 »

Solution »

WORTHY OF NOTE

This relationship is often
called the trichotomy axiom
or the “three-part truth.”
Given any two quantities,
they are either equal to each
other, or the first is less than
the second, or the first is
greater than the second.

Checking Solutions to an Inequality in Two Variables
Determine whether the given ordered pairs are solutions to —x + 2y < 2:
a. (4. -3) b. (-2, 1)
a. Substitute 4 for x and —3 for y: —(4) + 2(—3) < 2 substitute 4 for x, —3 for y
-10< 2 tue
(4, —3) is a solution.
b. Substitute —2 for x and 1 for y: —(—2) + 2(1) < 2 substitute —2for x, 1 for y
4 <2 faise
(=2, 1) is not a solution.

Now try Exercises 7 through 10 »

Earlier we graphed linear equations by plotting a small number of ordered pairs or
by solving for y and using the slope-intercept method. The line represented all ordered
pairs that made the equation true, meaning the left-hand expression was equal to the
right-hand expression. To graph linear inequalities, we reason that if the line represents
all ordered pairs that make the expressions equal, then any point not on that line must
make the expressions unequal—either greater than or less than. These ordered pair solu-
tions must lie in one of the half planes formed by the line, which we shade to indicate
the solution region. Note this implies the boundary line for any inequality is determined
by the related equation, temporarily replacing the inequality symbol with an =" sign,

mmﬂ_ EXAMPLE 2 »

Solution »

Solving an Inequality in Two Variables

Solve the inequality —x + 2y = 2.

The related equation and boundary line is —x + 2y = 2. Since the inequality is
inclusive (less than or equal to), we graph a solid line. Using the intercepts, we
graph the line through (0, 1) and (—2, 0) shown in Figure 8.16. To determine the
solution region and which side to shade, we select (0, 0) as a test point, which
results in a true statement: —(0) + 2(0) = 2/. Since (0, 0) is in the “lower” half
plane, we shade this side of the boundary (see Figure 8.17).
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Figure 8.16 Figure 8.17
¥ ¥
" PR | M - 5
Upper i

MA. You've just learned how
to solve a linear inequality in
two variables

half plane 4,3) :
o / ©.1)
& /‘ i

20 _~1
e BB ST e
Test point
—x =2 i
AL Sl Lower - |
half plane | .
A, £

Now try Exercises 11 through 14 b

The same solution would be obtained if we first solve for y and graph the bound-
ary line using the slope-intercept method. However, using the slope-intercept method
offers a distinet advantage —test points are no longer necessary since solutions to “less
than” inequalities will always appear below the boundary line and solutions to “greater
than™ inequalities appear above the line. Written in slope-intercept form, the inequal-
ity from Example 2is y = %_z + 1. Note that (0, 0) still results in a true statement, but
the “less than or equal to” symbol now indicates directly that solutions will be found
in the lower half plane. This observation leads to our general approach for solving
linear inequalities:

Solving a Linear Inequality

1. Graph the boundary line by solving for y and using the slope-intercept form.
¢ Use a solid line if the boundary is included in the solution set.
* Use a dashed line if the boundary is excluded from the solution set.

2. For “greater than” inequalities shade the upper half plane. For “less than”
inequalities shade the lower half plane.

B. Solving Systems of Linear Inequalities

To solve a system of inequalities, we apply the procedure outlined above to all
inequalities in the system, and note the ordered pairs that satisty all inequalities simul-
taneously. In other words, we find the intersection of all solution regions (where they
overlap), which then represents the solution for the system. In the case of vertical
boundary lines, the designations “above” or “below” the line cannot be applied, and
instead we simply note that for any vertical line x = £, points with x-coordinates larger
than & will occur to the right.

HEAMPLE 3 » Solving a System of Linear Inequalities

: s +y=4
Solve the system of inequalities: { £ -
X — Y2
Solution » Solving for ¥, we obtain y = —2x + 4and y > x — 2. The line y = —2x + 4 will be a solid

boundary line (included), while y = x — 2 will be dashed (not included). Both inequalities are
“greater than” and so we shade the upper half plane for each. The regions overlap and form the
solution region (the lavender region shown). This sequence of events is illustrated here:
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Shade above y = —2x + 4 (in blue) Shade above y = x — 2 (in pink) Overlapping region

¥ g ¥

2 +i\'.4 4

The solutions are all ordered pairs found in this region and its included boundaries. To verify
the result, test the point (2, 3) from inside the region, (5, —2) from outside the region (the point

(2.0)is not a

solution since x — y < 2).

MB. You've just learned how
to solve a system of linear
inequalities

Now try Exercises 15 through 42 »

For further reference, the point of intersection (2, 0) is called a corner point or vertex
of the solution region. If the point of intersection is not easily found from the graph, we
can find it by solving a linear system using the two lines. For Example 3, the system is

{2.‘(+ y = 4
o Sl

2
and solving by elimination gives 3x = 6, x = 2, and (2, 0) as the point of intersection.

Akt

C. Applications of Systems of Linear Inequalities

Systems of inequalities give us a way to model the decision-making process when certain
constraints must be satisfied. A constraint is a fact or consideration that somehow limits
or governs possible solutions, like the number of acres a farmer plants — which may be
limited by time, size of land, government regulation, and so on.

HI]JML‘N EXAMPLE 4 »

Solution »

Solving Applications of Linear Inequalities

As part of their retirement planning, James and Lily decide to invest up to $30,000 in
two separate investment vehicles. The first is a bond issue paying 9% and the second
is a money market certificate paying 5%. A financial adviser suggests they invest at
least $10,000 in the certificate and not more than $15,000 in bonds. What various
amounts can be invested in each?

Consider the ordered pairs (B, C) where B represents the money invested in bonds
and C the money invested in the certificate. Since they plan to invest no more than
$30,000, the investment constraint would be B + C = 30 (in thousands). Following
the adviser’s recommendations, the constraints on

each investment would be B = [5and C = 10. C  g=15

Since they cannot invest less than zero dollars, the ! |

last two constraints are B = 0 and C = 0. Satution™|~{0; 6}
B+C=30 2 i !
B=15 "
C=10
o C=10
c=0

The resulting system is shown in the figure, and 3 W % w B

indicates solutions will be in the first quadrant.
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D. Linear Programming

for ways to maximize their
eeping up with delivery schedules and

To become as profiiabie as possibie, ¢
revenue and minimize their costs, w
A ! Iy

=
=

ile

imize productivity, while minimizing related costs and considering employee welfare,
union agreements, and other factors. Problems where the goal is to maximize or
minimize the value of a given quantity under certain constraints or restrictions are
called programming problems. The quantity we seek to maximize or minimize is called
the objective function. For situations where linear programming is used, the objec-
tive function is given as a linear function in two variables and is denoted fix, y). A func-
tion in iwo variables is evaluaied in much the same way as a singie variable funciion.
To evaluate f(x, ¥) = 2x + 3y at the point (4, 5), we substitute 4 for x and 5 for y:
£(4,5) = 2(4) + 3(5) = 23.

I]I]IH'L EXAMPLE 5 »

A

Solution »

Figure 8.18

Convex

Not convex

Determining Maximum Values

Determine which of the following ordered pairs maximizes the value of
f(x,¥) = 5x + 4y: (0, 6), (5, 0), (0, 0), or (4, 2).

Organizing our work in table form gives

Given Evaluate

Point Jlx,y) = 5x + dy
(0,6) £(0,6) = 5(0) + 4(6) = 24
(5,00 | £(5,0) = 5(5) + 4(0) = 25
(0,0) £(0,0) = 5(0) + 4(0) =0
4,2 f(4,2) = 5(4) + 4(2) = 28

The function f(x, ¥) = Sx + 4y is maximized at (4, 2).

Now try Exercises 43 through 46 »

‘When the objective is stated as a linear function in two variables and the constraints
are expressed as a system of linear inequalities, we have what is called a linear
programming problem. The systems of inequalities solved earlier produced a solu-
tion region that was either bounded (as in Example 4) or unbounded (as in Example
3). We interpret the word bounded to mean we can enclose the solution region within
a circle of appropriate size. If we cannot draw a circle around the region because it
extends indefinitely in some direction, the region is said to be unbounded. In this study,
we will consider only situations that produce a bounded solution region, meaning the
region will have three or more vertices. The regions we study will also be convex,
meaning that for any two points in the feasible region, the line segment between them
is also in the region (Figure 8.18). Under these conditions, it can be shown that the
optimal solution(s) must occur at one of the corner points of the solution region, also
called the feasible region.
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HI]]I]M EXAMPLE 6 » Finding the Maximum of an Objective Function

Solution »

Figure 8.19

HEEEAGE

Find the maximum value of the objective function f(x, y) = 2x + y given the
rty=4

3X+_y56
x=0

y=0

constraints shown:

Begin by noting that the solutions must be in QI,
since x = () and y = 0. Graph the boundary lines

" region—

y=—x+ 4and y = —3x + 6, shading the lower

half plane in each case since they are “less than” - By
inequalities. This produces the feasible region e e W N" Ny
shown in lavender. There are four corner points o et patd ik

this region: (0, 0), (0,4), (2,0), and (1, 3). Three of

these points are intercepts and can be found quickly. The point (1, 3) was found by
xty=

Ix+y=6

maximized at one of the corner points, we test them in the objective function, using

a table to organize our work.

solving the system Knowing that the objective function will be

Corner Objective Function
Point Jfix,y)=2x +y
©.0 | f(0.0)=20)+(0)=0
©,4) f10,4) = 2(0) + f4)—4
2,00 | f(2,0)=22) +(0) =
(1,3) f(1L. ‘)"(')*(‘)_5

The objective function f(x, y) = 2x + y is maximized at (1, 3).

Now try Exercises 47 through 50 b

To help understand why solutions must occur at a vertex, note the objective func-
tion fix, ¥) is maximized using only (x, ¥) ordered pairs from the feasible region. If we
let K represent this maximum value, the function from Example 6 becomes
K =2¢+ yor y = —2x + K, which is a line with slope —2 and y-intercept K. The
table in Example 6 suggests that K should range from 0 to 5 and graphing
y=-2x+ K for K=1,K =3, and K = 5 produces the family of parallel lines
shown in Figure 8.19. Note that values of K larger than 5 will cause the line to miss
the solution region, and the maximum value of 5 occurs where the line intersects the
feasible region at the vertex (1, 3). These observations lead to the following principles,
which we offer without a formal proof.

Linear Programming Solutions
1. If the feasible region is convex and bounded, a maximum and a minimum
value exist.
2. If a unique solution exists, it will occur at a vertex of the feasible region.

3. If more than one solution exists, at least one of them occurs at a vertex of the
feasible region with others on a boundary line.

4. If the feasible region is unbounded, a linear programming problem may have
no solutions.

Solving linear programming problems depends in large part on two things:
(1) identifying the objective and the decision variables (what each variable represents
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in context), and (2) using the decision variables to write the ebjective function and
constraint inequalities. This brings us to our five-step approach for solving linear pro-
gramming applications.

Solving Linear Programming Applications

1. Identify the main objective and the decision variables (descriptive variables
may help) and write the objective function in terms of these variables.

2. Organize all information in a table, with the decision variables and
constraints heading up the columns, and their components leading each row.

3. Complete the table using the information given, and write the constraint
inequalities using the decision variables, constraints, and the domain.

4. Graph the constraint inequalities, determine the feasible region. and identify
all corner points.

5. Test these points in the objective function to determine the optimal
solution(s).

mm]lm EXAMPLE 7 » Solving an Application of Linear Programming

Solution »

The owner of a snack food business wants to create two nut mixes for the holiday
season. The regular mix will have 14 oz of peanuts and 4 oz of cashews, while the
deluxe mix will have 12 oz of peanuts and 6 oz of cashews. The owner estimates
he will make a profit of $3 on the regular mixes and $4 on the deluxe mixes. How
many of each should be made in order to maximize profit, if only 840 oz of
peanuts and 348 oz of cashews are available?

Qur objective is to maximize profit, and the decision variables could be r to
represent the regular mixes sold, and d for the number of deluxe mixes. This gives
P(r,d) = $3r + $4d as our objective function. The information is organized in
Table 8.1, using the variables r, d, and the constraints to head each column. Since
the mixes are composed of peanuts and cashews, these lead the rows in the table.

Table 8.1
Pr,d)=$%3r +  $4d
i 1
Regular Deluxe Constraints: Total
r d Ounces Available
Peanuts 14 12 840
Cashews 4 6 348

After filling in the appropriate values, reading the table from left to right along
the “peanut” row and the “cashew” row, gives the constraint inequalities

14r + 12d = 840 and 4r + 6d = 348. Realizing we won’t be making a negative
number of mixes, the remaining constraints are r = () and d = 0. The complete
system is

14r + 124 = 840 o 4
4r + 6d = 348 0
]
r=10 ‘% )
d=0 T
Note once again that the solutions must be in QI, jﬂ
since r = 0 and d = 0. Graphing the first two 0
inequalities using slope-intercept form gives B
d= —1r+ 70and d = —3r + 58 producing the "I

feasible region shown in lavender. The four corner 1020 30 40 50 60%70 80 S0 100 7
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alues or the grap
[14r + 124 = 840
L 4r+

Knowing the objective function will be maximized at one of these points, we test

G

Table 8.2
Corner Obiective Function
Point P(r,d) = $3r + $4d
©.0) | P0.0) = $3(0) + $4(0) = 0
(60, 0) P(60,0) = $3(60) + $4(0) = $180
0.5%) | P(0.58) = $3(0) + S4(58) = $232
(24,42 P(24, 42) = $3(24) + $4(42) = $240

Profit will be maximized if 24 boxes of the regular mix and 42 boxes of the deluxe
mix are made and sold.

Now try Exercises 55 through 60 »

Linear programming can also be used to minimize an objective function, as in
Example 8.

lMII[I- EXAMPLE 8 »

Solution »

Minimizing Costs Using Linear Programming

A beverage producer needs to minimize shipping costs from its two primary plants
in Kansas City (KC) and St. Louis (STL). All wholesale orders within the state are
shipped from one of these plants. An outlet in Macon orders 200 cases of soft
drinks on the same day an order for 240 cases comes from Springfield. The plant in
KC has 300 cases ready to ship and the plant in STL has 200 cases. The cost of
shipping each case to Macon is $0.50 from KC, and $0.70 from STL. The cost of
shipping each case to Springfield is $0.60 from KC, and $0.65 from STL. How
many cases should be shipped from each warehouse to minimize costs?

Our objective is to minimize costs, which depends on the number of cases shipped
from each plant. To begin we use the following assignments:

A — cases shipped from KC to Macon

B — cases shipped from KC to Springfield

C — cases shipped from STL to Macon

D — cases shipped from STL to Springfield

From this information, the equation for total cost T'is
T=05A+ 068 + 0.7C + 0.65D,

an equation in four variables. To make the cost equation more manageable, note
since Macon ordered 200 cases, A + € = 200. Similarly, Springfield ordered

240 cases, so B + D = 240. After solving for C and D, respectively, these equations
enable us to substitute for C and D, resulting in an equation with just two variables.
For C = 200 — A and D = 240 — B we have

T(A. B) = 05A + 0.68 + 0.7(200 ~ A) + 0.65(240 — B)
= 054 + 0.68 + 140 — 0.7A + 156 — 0.658
= 296 — 0.24 — 0.058B

The constraints involving the KC plant are A + B = 300 with A = 0, B = 0. The

constraints for the STL plant are C + D = 200 with C = 0, D = 0. Since we want
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HD. You've just learned how
to solve applications using
linear programming

The minimum cost occurs when A = 200 and B = 100, meaning the producer
should ship the following quantities:

a system in terms of A and B only, we again substitute C = 200 — A and
D = 240 — B in all the STL inequalities:

C+D=200 STL inequalities CcC=0 D=0
(200 — A) + (240 — B) = 200  substite200 - 4 200 —A =0 240-B=0
for €, 240 — B for D 200=A 240 = B

440 — A — B = 200 simplify

240=A+ 8B result

Combining the new STL constraints with those from KC produces the following
system and solution. All points of intersection were read from the graph or located
using the related system of equations.

A+ B =300
A+ B =240
A =200
B = 240
A=0
B=0

To find the minimum cost, we check each vertex in the objective function.

Objective Function
Vertices T(A, B) = 296 — 0.2A — 0.05B
(0,240) | P(0.240) = 296 — 0.2(0) — 0.05(240) = $284

(60,240) | P(60, 240) = 296 — 0.2(60) — 0.05(240) = $272
(200, 100) | P(200, 100) = 296 — 0.2(200) — 0.05(100) = §251
(200,40) | P(200,40) = 296 — 0.2(200) — 0.05(40) = $254

A — cases shipped from KC to Macon = 200

B — cases shipped from KC to Springfield = 100
C — cases shipped trom STL to Macon = 0

D — cases shipped from STL to Springfield = 140

Now try Exercises 61 and 62 »

E TECHNOLOGY HIGHLIGHT

Systems of Linear Inequalities

Solving systems of linear inequalities on the TI-84 Plus involves three steps, which are performed on both
equations: (1) enter the related equations in Y; and Y, (solve for y in each equation) to create the boundary
lines, (2) graph both lines and test the resulting half planes, and (3) shade the appropriate half plane. Since
many real-world applications of linear inequalities preclude the use of negative numbers, we set Xmin = 0
and Ymin = 0 for the WINDOW size. Xmax and Ymax will depend on the equations given. We illustrate

by solving the system {

3x +2y < 14
X+2y<8"

—continued
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1. Enter the related equations. For 3x + 2y = 14, we have y = —1.5 + 7. For x + 2y = 8, we have

y = —0.5x + 4. Enter these as Y, and Y, on the ¥= | screen.

2. Graph the boundary lines. Note the x- and y-intercepts of both
lines are less than 10, so we can graph them using a friendly
window where x € [0, 9.4] and y € [0, 6.2]. After setting the
window, press |GRAPH] to graph the lines.

3. Shade the appropriate half plane. Since both equations are in
slope-intercept form, we shade below both lines for the less
than inequalities, using the “i " feature located to the far left of
Y, and Y;. Simply overlay the diagonal line and press (ENTER |
repeatedly until the symbol appears (Figure 8.20). After
pressing the GRAPH key, the calculator draws both lines and
shades the appropriate regions (Figure 8.21). Note the
calculator uses two different kinds of shading. This makes it
easy to identify the solution region—it will be the “checker-
board area” where the horizontal and vertical lines cross. As
a final check, you could navigate the position marker into the
solution region and test a few points in both equations.

Use these ideas to solve the following systems of linear inequalities.
Assume all solutions lie in Quadrant |.

y+2x<8
Yyt x<B

3x+y<8

Exercise 1: {
x+y<4

Exercise 2: {

Figure 8.20

Flotl Plot2 Plot:
wi1B-1.98+7
2B -8.5X+4
V=
WNy=
ZWeg=
We=
wNe=

Figure 8.21
6.2

1==1 EH+7

Exercise 3: {

—4x—y > -9
—3X—) > T

835

| NP xeroises | |

» CONCEPTS AND VOCABULARY

Fill in the blank with the appropriate word or phrase. 4. If a linear programming problem has a unique
Carefully reread the section if needed. solution (x, v), it must be a of the feasible
1. Any line y = mx + b drawn in the coordinate region.
plane divides the plane into two regions called 5. Suppose two boundary lines in a system of linear
— inequalities intersect, but the point of intersection
2% For the line % =yt dravon i tHe cobrainite is not a vertex of the feasible region. Describe how
plane, solutions to y > mx + b are found in the thisis postible:
region _____ the line. 6. Describe the conditions necessary for a linear
3. The overlapping region of two or more linear pro_grammin.g prob]erp o ha\{e m!.lhip]e Al
inequalities in a system is called the region, (Hint: Consider the diagram in Figure 8.19, and the

slope of the line from the objective function.)

» DEVELOPING YOUR SKILLS

Determine whether the ordered pairs given are solutions. gy =y =R (0 (=T 0 =3 =2 (=

7. 2¢ + y > 3;(0,0), (3, =5), (=3, —4),(~3,9) 10. 3x + 5y = 15:(0,0), (3, 5), (— L, 6), (7. —3)

8. 3x — y > 5,(0,0), (4, —1),(—1, =5), (1, —2)
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Solve the linear inequalities by shading the appropriate Use the equations given to write the system of linear
half plane. inequalities represented by each graph.
Mox+ 2y 8 1278 =3y =6 39. £
T
13.2x — 3y =9 14. 4x + 5y =15 I

Determine whether the ordered pairs given are solutions
to the accompanying system.

i {Sy— x=10
5y + 2= =5
(=2, 1), (=5, —4),(—6,2), (—8,2.2) 41.
8y + 7x = 356
16. {3y — 4x = —12
y = 4;(1,5), (4. 6), (8,5),(5, 3)

Solve each system of inequalities by graphing the
solution region. Verify the solution using a test point.

35, x=0
y=xt1
8x + Sy =40

AT SIS ) 38.

IV

[\

T +2y =1 1 TSy Determine which of the ordered pairs given produces
“l2x- y=-2 x+2y=1 the maximum value of f(x, y).
" {3)( +y>4 40 {1( =2y 43. f(x,y) = 12x + 10y: (0, 0), (0, 8.5), (7, 0). (5. 3)
“lx>2y “ly=4+3 44. f(x,y) = 50x + 45y; (0, 0), (0, 21), (15, 0), (7.5,
2ty <4 x—2y < =7 12.5)

=t 2y >3x+6 - Ze S
¥ = 2R Determine which of the ordered pairs given produces

23 {x === 24 {2)( — ay==15 the minimum value of f(x, y).

“le=3y=6 “ lBx—2y>56 45. f(x,¥) = 8x + 15; (0, 20), (35, 0), (5, 15),

g5 [F T =20 56, 106 = 4y =20 (12, 11)

T lx-1z=y ' Sx—2y > —1 46. f(x,y) = T5x + 80y; (0,9), (10,0), (4, 5), (5, 4)

27. {ﬂ'h = il 28. {’T e =Ry For Exercises 47 and 48, find the maximum value of the
0.3x + 0.5y = 0.6 x+ 09y =-12 objective function f(x, y) = 8x + 3y given the

3 3+ 4y > 12 constraints shown.
- )

2&{’2X 304 _2 1+2y=6 ty=7
dy=6x— 12 Y o lEty=s o AEtEss
= 3 1 2 “lx=0 T lx=0
TI+Z}‘EI Ex‘i'gySS y=0 y=0

31 { 32, :

E,\- + y=3 gx =0y =25 For Exercises 49 and 50, find the minimum value of the
objective function flx, y) = 36x + 40y given the
x—y=—4 I —y='5 constraints shown.

B +yv=4 3. (x+3y=6 x+2y=18 2x + y =10
x=1,y=0 =1 49 x+4y =24 s0 rt+dy=3
y=r+3 4y <A+ 12 aEl h=
i+2y=<4 36. =t x =10

0
0

X
v

Page 62 of 101



Algebra and Trigonometry, 2nd Edition, page: 921

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and
Trigonometry, Second

8. Systems of Equations
and Inequalities

Edition

8-45

Section 8.4 Systems of Inequalities and Linear Programming

» WORKING WITH FORMULAS

Area Formulas

51.

The area of a triangle is usually given as

A = 5 BH, where B and H represent the base and
height, respectively. The area of a rectangle can be
stated as A = BH. If the base of both the triangle
and rectangle is equal to 20 in., what are the
possible values for H if the triangle must have an
area greater than 50 in and the rectangle must
have an area less than 200 in*?

» APPLICATIONS

Write a system of linear inequalities that models the
information given, then solve.

533

54.

Gifts to grandchildren: Grandpa Augustus is
considering how to divide a $50,000 gift between
his two grandchildren, Julius and Anthony. After
weighing their respective positions in life and
family responsibilities, he decides he must bequeath
at least $20,000 to Julius, but no more than $25,000
to Anthony. Determine the possible ways that
Grandpa can divide the $50,000.

Guns versus butter: Every year, governments
around the world have to make the decision as to
how much of their revenue must be spent on
national defense and domestic improvements (guns
versus butter). Suppose total revenue for these two
needs was $120 billion, and a government decides
they need to spend at least $42 billion on butter and
no more than $80 billion on defense. Determine the
possible amounts that can go toward each need.

Solve the following linear programming problems.

557

56.

Land/crop allocation: A farmer has 500 acres of
land to plant corn and soybeans. During the last
few years, market prices have been stable and the
farmer anticipates a profit of $900 per acre on the
corn harvest and $800 per acre on the soybeans.
The farmer must take into account the time it takes
to plant and harvest each crop, which is 3 hr/acre
for corn and 2 hr/acre for soybeans. If the farmer
has at most 1300 hr to plant, care for, and harvest
each crop, how many acres of each crop should be
planted in order to maximize profits?

Coffee blends: The owner of a coffee shop has
decided to introduce two new blends of coffee in
order to attract new customers—a Deluxe Blend
and a Savory Blend. Each pound of the deluxe
blend contains 30% Colombian and 20% Arabian
coffee, while each pound of the savory blend

8.4: Systems of Inequalities
and Linear Programming

© The McGraw-Hill @
Companies, 2010

837

Volume Formulas

52.

57

58.

The volume of a cone is V = ;-mrzh, where r is the
radius of the base and / is the height. The volume
of a cylinderis V = r°h. If the radius of both the
cone and cylinder is equal to 10 cm, what are the
possible values for / if the cone must have a
volume greater than 200 cm® and the volume of the
cylinder must be less than 850 cm?™?

contains 35% Colombian and 15% Arabian coffee
(the remainder of each is made up of cheap and
plentiful domestic varieties). The profit on the
deluxe blend will be $1.25 per pound, while the
profit on the savory blend will be $1.40 per pound.
How many pounds of each should the owner make
in order to maximize profit, it only 455 Ib of
Colombian coffee and 250 1b of Arabian coffee are
currently available?

Manufacturing screws: A machine shop
manufactures two types of screws—sheet metal
screws and wood screws, using three different
machines. Machine Moe can make a sheet metal
screw in 20 sec and a wood screw in 5 sec.
Machine Larry can make a sheet metal screw in

5 sec and a wood screw in 20 sec. Machine Curly,
the newest machine (nyuk, nyuk) can make a sheet
metal screw in 15 sec and a wood screw in 15 sec.
(Shemp couldn’t get a job because he failed the
math portion of the employment exam.) Each
machine can operate for only 3 hr each day before
shutting down for maintenance. If sheet metal
screws sell for 10 cents and wood screws sell for
12 cents, how many of each type should the
machines be programmed to make in order to
maximize revenue? (Hint: Standardize time units.)

Hauling hazardous waste: A waste disposal
company is contracted to haul away some
hazardous waste material. A full container of liquid
waste weighs 800 Ib and has a volume of 20 . A
full container of solid waste weighs 600 1b and has
a volume of 30 ft’. The trucks used can carry at
most 10 tons (20,000 1b) and have a carrying
volume of 800 ft. If the trucking company makes
$300 for disposing of liquid waste and $400 for
disposing of solid waste, what is the maximum
revenue per truck that can be generated?
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59. Maximizing profit—food service: P. Barrett &
Justin, Inc., is starting up a fast-food restaurant
specializing in peanut butter and jelly sandwiches.
Some of the peanut butter varieties are smooth,
crunchy, reduced fat, and reduced sugar. The jellies
will include those expected and common, as well
as some exotic varieties such as kiwi and mango.
Independent research has determined the two most
popular sandwiches will be the traditional P&J
(smooth peanut butter and grape jelly), and the
Double-T (three slices of bread). A traditional P&J
uses 2 oz of peanut butter and 3 oz of jelly. The
Double-T uses 4 oz of peanut butter and 5 oz of
jelly. The traditional sandwich will be priced at
$2.00, and a Double-T at $3.50. If the restaurant
has 250 oz of smooth peanut butter and 345 oz of
grape jelly on hand for opening day, how many of
each should they make and sell to maximize
revenue?

60. Maximizing profit—construction materials:
Mooney and Sons produces and sells two varieties
of concrete mixes. The mixes are packaged in 50-1b
bags. Type A is appropriate for finish work, and
contains 20 b of cement and 30 Ib of sand. Type B
is appropriate for foundation and footing work, and
contains 10 1b of cement and 20 Ib of sand. The
remaining weight comes from gravel aggregate.
The profit on type A is $1.20/bag. while the profit
on type B is $0.90/bag. How many bags of each
should the company make to maximize profit, if

» EXTENDING THE CONCEPT

63. Graph the feasible region formed by the system
x=0
y=
i 5 How would you describe this region?
=
x=3
Select random points within the region or on any

boundary line and evaluate the objective function
flx ¥) = 4.5x + 7.2y. At what point (x, y) will this

> MAINTAINING YOUR SKILLS

65. (5.3) Given the point (—3, 4) is on the terminal
side of angle 8 with 0 in standard position, find

a. cos#
b. csc

c. cotf

66. (3.7) Solve the rational inequality. Write your

S
answer in interval notation. —- 9 >0
2 -

8-46

2750 Ib of cement and 4500 Ib of sand are
currently available?

61. Minimizing shipping costs: An oil company is
trying to minimize shipping costs from its two
primary refineries in Tulsa, Oklahoma, and
Houston, Texas. All orders within the region are
shipped from one of these two refineries. An order
for 220,000 gal comes in from a location in
Colorado, and another for 250,000 gal from a
location in Mississippi. The Tulsa refinery has
320,000 gal ready to ship, while the Houston
refinery has 240,000 gal. The cost of transporting
each gallon to Colorado is $0.05 from Tulsa and
$0.075 from Houston. The cost of transporting
each gallon to Mississippi is $0.06 from Tulsa and
$0.065 from Houston. How many gallons should
be distributed from each refinery to minimize the
cost of filling both orders?

62. Minimizing transportation costs: Robert’s Las
Vegas Tours needs to drive 375 people and
19,450 Ib of luggage from Salt Lake City, Utah, to
Las Vegas, Nevada, and can charter buses from two
companies. The buses from company X carry
45 passengers and 2750 Ib of luggage at a cost of
$1250 per trip. Company Y offers buses that carry
60 passengers and 2800 Ib of luggage at a cost of
$1350 per trip. How many buses should be
chartered from each company in order for Robert
to minimize the cost?

function be maximized? How does this relate to optimal
solutions to a linear programing problem?

64, Find the maximum value of the objective function
Sf{x,y) = 22x + 15y given the constraints
x+ 5y =24
Ix+4y=29
x+ 6y =26 .
x=0
= 0

67. (3.8) The resistance to current flow in copper wire
varies directly as its length and inversely as the
square of its diameter. A wire 8 m long with a
0.004-m diameter has a resistance of 1500 (). Find
the resistance in a wire of like material that is
2.7 m long with a 0.005-m diameter.

68. (6.4) Use a half-angle identity to find an exact

lue fi LS b
value for cos 2
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| [NGPR SUMMARY AND CONGEPT REVEW | |

SECTION 8.1 Linear Systems in Two Variables with Applications

KEY CONCEPTS
* A solurion to a linear system in two variables is an ordered pair (x, v) that makes all equations in the system true.

Since every point on the graph of a line satisfies the equation of that line, a point where two lines intersect must
satisfy both equations and is a solution of the system.

A system with at least one solution is called a consistent system.

If the lines have different slopes, there is a unique solution to the system (they intersect at a single point). The
system is called a consistent and independent system.

If the lines have equal slopes and the same y-intercept, they form identical or coincident lines. Since one line is
right atop the other, they intersect at all points with an infinite number of solutions. The system is called a
consistent and dependent system.

If the lines have equal slopes but different y-intercepts, they will never intersect. The system has no solution and is
called an inconsistent system.

EXERCISES

Solve each system by graphing. If the solution does not have integer values indicate your solution is an estimate. If the
system is inconsistent or dependent, so state.
{ 3x—2y=4 2 {0.2,( + 05y =—-14 3 {2{ + y=2
—x+3y=8 x—03y=14 Clx-2y=4

Solve using substitution. Indicate whether each system is consistent, inconsistent, or dependent. Write unique
solutions as an ordered pair.

y=5-1x x+ yv=4 X—2y=3
4. 9" 5: ’ 6. -
{2,\' +2y=13 {0.41 +03y =17 {X —d4y = —1

Solve using elimination. Indicate whether each system is consistent, inconsistent, or dependent. Write unique
solutions as an ordered pair.

{2.\- —4y =10 & {—_r +5y=8 {2.\- =3y +6
3x +4y=35 : x+2y=6 24x + 36y =06
10. When it was first constructed in 1968, the John Hancock building in Chicago, Illinois, was the tallest structure in

the world. In 1985, the Sears Tower in Chicago became the world’s tallest structure. The Sears Tower is 323 ft
taller than the John Hancock Building, and the sum of their heights is 2577 ft. How tall is each structure?

SECTION 8.2 Linear Systems in Three Variables with Applications

KEY CONCEPTS
= The graph of a linear equation in three variables is a plane.
« Systems in three variables can be solved using substitution and elimination.
« A linear system in three variables has the following possible solution sets:
If the planes intersect at a point, the system has one unigue solution (x, y, z).

If the planes intersect at a line, the system has linear dependence and the solution (x, y, z) can be written as
linear combinations of a single variable (a parameter).

If the planes are coincident, the equations in the system differ by a constant multiple, meaning they are all
“disguised forms™ of the same equation. The solutions have ceincident dependence, and the solution set can be
represented by any one of the equations.

.

In all other cases, the system has no solutions and is an inconsistent system.
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sysiem is inconsisient or dependent, so staie. For sysiems wiih finear dependence, give
d triple using a parameter.

=2 J.t+_i=+ 2z=3
=1 13 4 x—2¢y 4+ 3z=1
{2c+y+ z=4 (dr — 8y + 12z =7

face cards (F) are worth 10 points, and aces (A) are worlh 20 pmmq At the moment his oppnnent said “Gin!”
K had 12 card 1 If the value of d f: de
equal to four times the value of his numbered cards, how many aces, face cards, and numbered cards was he
holding?

15. A vending machine accepts nickels, dimes, and quarters. At the end of a week, there is a total of $536 in the
machine. The number of nickels and dimes combined is 360 more than the number of quarters. The number of
quarters is 110 more than twice the number of nickels. How many of each type of coin are in the machine?

as

SECTION 8.3 Nonlinear Systems of Equations and Inequalities

KEY CONCEPTS
= Nonlinear systems of equations can be solved using substitution or elimination.
» First identify the graphs of the equations in the system to help determine the number of solutions possible.

« For nonlinear systems of inequalities, graph the related equation for each inequality given, then use a test point to
decide what region to shade as the solution.

» The solution for the system is the overlapping region (if it exists) created by solutions to the individual inequalities.
 If the boundary is included, graph it using a solid line; if the boundary is not included use a dashed line.

EXERCISES
Solve Exercises 16-21 using substitution or elimination. Identify the graph of each relation before you begin.
. {.rz +3y2 =125 1 {.\‘ =y -1 - {—.\'1 +y =-1
Cly—x=-1 "lx+4y=-5 ’ Z+y =7
2+ ¥ =10 y=x2-2 it P
i {_\' -32=0 20. {‘,z + ¥y =16 21 {\" +y=-3

SECTION 8.4 Systems of Linear Inequalities and Linear Programming

KEY CONCEPTS
= Asin Section 8.3, to solve a system of linear inequaliries, we find the intersecting or overlapping areas of the
solution regions from the individual inequalities. The common area is called the feasible region.

The process known as linear programming seeks to maximize or minimize the value of a given quantity under
certain constraints or restrictions.

The quantity we attempt to maximize or minimize is called the ebjective function.

The solution(s) to a linear programming problem occur at one of the corner points of the feasible region.
» The process of solving a linear programming application contains these six steps:

* Identify the main objective and the decision variables.

« Write the objective function in terms of these variables.

« Organize all information in a table, using the decision variables and constraints.

« Fill in the table with the information given and write the constraint inequalities.

« Graph the constraint inequalities and determine the feasible region.

« [dentify all corner points of the feasible region and test these points in the objective function.
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EXERCISES
Graph the solution region for each system of linear inequalities and verify the solution using a test point.
—x—y> -2 x—4dy =35 +2y=1
22. { o 23, { 4 24. { T
—x+y <l =4 —x+2y=0 x— y= =2
ok =]

25, Carefully graph the feasible region for the system of inequalities Ix+ oy ; 10
shown, then maximize the objective function: f(x, y) = 30x + 45y it R
=

x=0,y=0

26. After retiring, Oliver and Lisa Douglas buy and work a small farm (near Hooterville) that consists mostly of milk
cows and egg-laying chickens. Although the price of a commodity is rarely stable, suppose that milk sales bring
in an average of $85 per cow and egg sales an average of $50 per chicken over a period of time. During this time
period, the new ranchers estimate that care and feeding of the animals took about 3 hr per cow and 2 hr per
chicken, while maintaining the related equipment took 2 hr per cow and 1 hr per chicken. How many animals of
each type should be maintained in order to maximize profits, if at most 1000 hr can be spent on care and feeding,
and at most 525 hr on equipment maintenance?
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1. Write the equations in each system in slope-intercept Solve using elimination. If the system has coincident
form, then state whether the system is dependence, state the solution set using set notation.
consistent/independent, consistent/dependent, or

k i D : x—=2y+3z=4 x=2y+3z=4
inconsistent. Do not solve.
B.4x+ y— z=1 9.42t+ y— z=1
{—3x+5y=10 b{ dx-3y=9 oD, oy
“Léx +20 = 10y 2+ 5y =10 * g * 5
T 10. It’s the end of another big day at the circus, and the
5 { _' 2 - clowns are putting away their riding equipment—a
—6y + 2x = 10 motley collection of unicycles, bicycles, and tricycles.
2. Solve by graphing. 3. Solve using a substitution. As she loads them into the storage shed, Trixie counts
A= 0y =6 Bk By =35 21 cycles in all with a total of 40 wheels. In addition,
{ o 5 seig {_){ .55 =17 sh§ notes the number {?f bicycles is one fewer than
2 : twice the number of tricycles. How many cycles of
4. Solve using elimination. each type do the clowns use?
Tx — 4y = =5 ) . .
S 2”‘ —9 Solve each system of inequalities by graphing the
x Y= solution region.
5. A burrito‘stand sells a ve.ggie burrito for $2.45 pndg Yt y=4 D oy
beef burrito for $2.95. If the stand sold 54 burritos in 11. ) . 12. g ¥
one day, for a total revenue of $148.80, how many of r=3y =6 ty> 3
cach did they sell? {.\’ —2y=5
A x =2y
Solve using elimination. ) . .
e 14. Graph the solution region for the system of
e St dr+2y =14
BT a=l e ouaiies, 4 2F T S5
e—6y+ z=1 inequalities. .
0.1x — 02y + z= =0

17
7. 0.3x + y—0l1z=36
—02r - 01y + 02z = —-1.7
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15. Maximize P(x, y) = 2.5x + 3.75y, given

x+ y=8
x+2y=14
4r + 3y = 30
nLy=0

16. Solve the system by substitution.

{.\'2+_\'3= 1
x —y =-1

8. Systems of Equations Mixed Review

Companies, 2010

47 - yz = -9
X+ 3E=19

[

7. Solve using elimination: {
18. Solve using the method of your choice.
y+1= X
©+ y=17

Solve each system of inequalities.

x +y >1
y [  Tae
{)\’ +y =16

2

2, 2
XAy <4

20, 97,
{.J(' + y <0

© The McGraw-Hill
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PSSl PRACTICETEST

Solve each system and state whether the system is
consistent, inconsistent, or dependent.

1. Solve graphically: 2. Solve using substitution:

Ix+2y=12 Ix— ¥
—x + 4y =10 —Ix +dy = -6
3. Solve using elimination: 4. Solve using elimination:

+2y— z=-
{55‘# 8y =1 EE D= g=md
3x+7y =5

2x—3y+ 5z= 27
—S5x+ y—4z=-27

5. Solve using elimination:

et g =4
—x + 2g=1
x—2y+8=11
6. Find values of @ and b such that (2, —1) is a solution
of the system.

{zu; — by =12

bx +ay = —1

Create a system of equations to model each exercise,
then solve using the method of your choice.

2=

7. The perimeter of a “legal-size” paperis 114.3 cm.
The length of the paper is 7.62 c¢m less than twice
the width. Find the dimensions of a legal-size sheet
of paper.

§. The island nations of Tahiti and Tonga have a
combined land area of 692 mi?. Tahiti’s land area is
112 mi®> more than Tonga’s. What is the land area of
each island group?

9. Many years ago, two cans of corn (C), 3 cans of
green beans (B), and 1 can of peas (P) cost $1.39.
Three cans of C, 2 of B, and 2 of P cost $1.73. One

can of C, 4 of B, and 3 of P cost $1.92. What was the
price of a single can of C, B, and P?

10. After inheriting $30,000 from a rich aunt, David
decides to place the money in three different
investments: a savings account paying 5%, a bond
account paying 7%, and a stock account paying 9%.
After 1 yr he earned $2080 in interest. Find how
much was invested at each rate if $8000 less was
invested at 9% than at 7%.

11. Solve the system of inequalities by graphing.
= y=2
x+2y=8§
12. Maximize the objective function: P = 50x — 12y
x+2y=8§
8x + 5y =40

X y=0

Solve the linear programming problem.

13. A company manufactures two types of T-shirts, a
plain T-shirt and a deluxe monogrammed T-shirt. To
produce a plain shirt requires 1 hr of working time
on machine A and 2 hr on machine B. To produce a
deluxe shirt requires 1 hr on machine A and 3 hr on
machine B. Machine A is available for at most
50 hr/week, while machine B is available for at most
120 hr/week. If a plain shirt can be sold at a profit of
$4.25 each and a deluxe shirt can be sold at a profit
of $5.00 each, how many of each should be
manufactured to maximize the profit?

Solve each nonlinear system using the technique of

your choice.
14 {,\: + ' =16 15 {4)= - =1
= y—x=2 . V=
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16. A support bracket on the frame of a large ship is a

19. Solve the system of

steel right triangle with a hypotenuse of 25 ft and a inequalities. Exerclse 20
perimeter of 60 ft. Find the lengths of the other sides o = wgEmeas] X
using a system of nonlinear equations. s A5 3
P-y =2 :
17. Solve s ; X = By
de—geE <2

18. Write a system of inequalities that describes all
the points with positive y-values that are less than
3 units away from the origin.

20. Write a system of
four inequalities that
describes the
location of the dart
on the darthoard
shown.
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| 5P .l CALCULATOR EXPLORATION AND DISCOVERY

Optimal Solutions and Linear Programming

In this exercise, we’ll use a graphing calculator to explore
various areas of the feasible region, repeatedly evaluating
the objective function to see where the maximal values
(optimal solutions) seem to “congregate.” If all goes as
expected, ordered pairs nearest to a vertex should give rel-
atively larger values. To demonstrate, we'll use Example
6 from Section 8.4, stated below.

Example 6 » Find the maximum value of the objective
function f(x, y) = 2x + y given the constraints shown:
xty=4
It y=6
=19
yv=0

Solution » The feasible region is
shown in lavender. There are four
corer points to this region: (0, 0),
(0, 4), (2, 0), and (1, 3), and we
found f(x, y) was maximized at

(1, 3): f(1,3) = 5.

To explore this feasible region in terms of the objec-
tive function f(x,y) = 2x + y, enter the boundary lines
Y, = —x+4and Y, = —3x + 6 on the [¥=] screen.
However, instead of shading below the lines to show the
feasible region (using the & feature to the extreme left),
we shade above both lines (using the ™ feature) so that
the feasible region remains clear. Setting the window size
at x € [0,3] and y € [—1.5,4] produces Figure 8.22.
Using YMin = — 1.5 will leave a blank area just below
QI that enables you to explore the feasible region as the
x- and y-values are displayed. Next we place the calcula-
tor in “split-screen™ mode so that we can view the graph
and the home screen simultaneously. Press the | MODE | key

and notice the second- Figure 8.22
to-last line reads Full 4
Horiz G-T. The Full
(screen) mode is the
default operating
mode. The Horiz
mode splits the screen
horizontally, placing
the graph directly
above a shorter home
screen. Highlight
Horiz, then press ENTER] and (GRAPH| (o have the calcula-
tor reset the screen in this mode. The TI-84 Plus has a
free-moving cursor that is brought into view by pressing
the left _« | or right |_» | arrow (Figure 8.23). A
useful feature of this
cursor is that it auto-
matically stores the
current X value as the
variable X (|XTLan| or
ALPHA st0=)) and
the current Y value
as the wvariable Y
( [ALPHA 1), which
allows us to evaluate
the objective function
f(x.y) = 2x + yright on the home screen. To access the
graph and free-moving cursor you must press |GRAPH
each time, and to access the home screen you must press
(2nd | | MODE) (QUIT) each time. Begin by moving the
cursor to the upper-left corner of the region, near the
y-intercept [we stopped at (~0.0957, 3.26)]. Once you
have the cursor “tucked up into the corner,” press | and
MopE | (QUIT) to get to the home screen, then enter the
objective function: 2X + Y. Pressing (ENTER] evaluates
the function for the values indicated by the cursor’s location

Sl 1

Figure 8.23

0 R et T O O W ——— 3

14
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(Figure 8.24). It Figure 8.24 near 5 in this corner of Figure 8.25
appears the value of 4 the region, and at the 4
the objective function : i corner point (1, 3) the
for points (x, y) in this maximum value is 5.
corner are close to 4, [ eear 3| Exercise It The feasi- oo gemiem s e
and it’s no accident 0 ¥ 3 ble region for the © e ]
that at the corner 3.452156629 system given to the  |2¥+Y
point (0, 4) the right has four corner 4.631566284
maximum value is in points. Use the ideas
fact 4. Repeating this -15 here to explore the area -15
procedure for the lower-right corner suggests the near each corner point of the feasi-
maximum value near (2, 0) is also 4. Finally, press |sraps ble region to determine which point

to explore the region in the upper-right corner, where the is the likely candidate to produce 2y + 2y =15
lines intersect. Move the cursor to this vicinity, locate it the minimum value of the objective )

A

very near the point of intersection [we stopped at  function f(x,y) = 2x + 4y. Then xt y=6
(~0.957,2.716)] and return to the home screenand eval-  solve the linear programming xtdy=9
uate (Figure 8.25). The value of the objective functionis  problem to verify your guess. Ly=0
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STRENGTHENING CORE SKILLS

Understanding Why Elimination and Substitution “Work”

When asked to solve a system of two equations in two
variables, we first select an appropriate method. In
Section 8.1, we learned three basic techniques: graphing,
substitution, and elimination. In this feature, we’ll explore
how these methods are Figure 8.26
related using Example 2 ¥
from Section 8.1 where we
were asked to solve the
4r—3y=9
=2x+ y=-5
by graphing. The result-
ing graph, shown here in
Figure 8.26, clearly indi-
cates the solution is (3. 1).
As for the elimination
method, either x or y can be
easily eliminated. If the second equation is multiplied by
2, the x-coefficients will be additive inverses, and the sum
results in an equation with y as the only unknown.

R1 4x—3y=9
2
2R2 —4x +2
sum

system

The result is y = 1 but remember, this is a system

of linear equations, and y = 1 is still the equation of a
4x —3y=29
y=1
valent to the original, it will have the same solution set. In
Figure 8.27. we note the point of intersection for the new
system is still (3, 1). If we eliminate the y-terms instead

(horizontal) line. Since the system is equi-

(using  RI + 3R2), the
result is x = 3, which is
also the equation of a (ver-
tical) line. Creating another
equivalent system using

s ne x=3
this line produces I
y =

and the graph shown in
Figure 8.28, where the
vertical and horizontal
lines intersect at (3, 1),
making the solution trivial.
Note: Here we see a
close connection to solving 5
eeneral equations, in that 4
q 3

2

the goal is to write a series
of equivalent yet simpler
equations, continuing until
the solution is obvious.

As for the substitution
method,  consider  the
second equation written as
vy = 2x — 5. This equation
represents every point (x, y) on its graph, meaning the rela-
tionship for the ordered pair solutions can also be written
(x, 2x — 5). The same thing can be said for the line
4x — 3y = 9, with its ordered pair solutions represented by
(x, - 3). At the point of intersection the y-coordinates
must be identical, giving 2x — 5 = Sx — 3. In other words,
we can substitute 2x — 5 for y in the first equation, or
4x — 3 for y in the second equation, with both vielding the
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correct solution. Substituting 2x — 5 for y in the first equa- All three methods will produce the same solution,
tion gives and the best method to use at the time often depends on
the nature of the system given, or even personal

4x — 3(2x — 5) =9  substitute2x — 5 for y
dx —6x+15=9 expand
—2x = —6 simplify
x=3

preference.

Exercise 1: Solve the system by
(a) graphing, (b) elimination, and
(c) substitution. Which method was {2-‘ + y=2
and the solution (x, 2x — 5) becomes (3,2(3) — 5)or(3,1).  most efficient for solving this system? 4+ 3y =8
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Graph each of the following. Include x- and y-intercepts
and other important features of each graph.

1.

3,

5.
6.

7.

8.

L'

10.

11.

y=%+2 2 f)=k=-2/+3
glx)=Vx—3+1 4.h(4’)=t11+2
gx) =(x = 3)x + D(x +4)

y=2"+3

= 2sin| x — —
¥ r-
v gl o g B
y = —tan| 2x 2

2
X ’ "
T Give the coordinates of all

9 -
Graph h(x) = —

A
intercepts and the equation of all asymptotes.

Chance’s skill at bowling is slowly improving with

practice. In February his average score was 102, but

by May he had raised his average to 126. Assuming

the relationship is linear, (a) find the equation of the

line, (b) explain what the slope of the line means in

this context, and (c) predict the month when

Chance’s average score will exceed 151.

Determine the following for

the graph shown to the right.

Use interval notation as

appropriate.

a. domain

b. range

¢. interval(s) where f(x) is
increasing or decreasing

. interval(s) where f(x) is constant

. location of any maximum or minimum value(s)

. interval(s) where f(x) is positive or negative

. the average rate of change using (—4, 0) and
(=2,39).

00 - B

12. Suppose the cost of making a rubber ball is given by

C(x) = 3x + 10, where x is the number of balls in

hundreds. If the revenue from the sale of these balls

is given by R(x} = —x* + 123x — 1990, find the
profit function (Profit = Revenue — Cost). How
many balls should be produced and sold to obtain

the maximum profit? What is this maximum profit?

13. Solve each equation.
a Vx—2=V3ix+4
b. x> +8=0

e 2n+4+3=13
d ¥ —6x+13=0
e.x ?—3!-40=0
£ odn R =t

g3 =7

h. log; 81 = x

i. logyx + logs(x — 2) =1
Given f(x) = 2x — 5 and g(x) = 3x% + 2x find:
14. Solve each equation in [0, 2m).

a. 2sin(2x) + V3 =2V3
b. —"J’Ban(.t - E) +7V3=4V3

B
15. Solve using a special triangle.
a=20b=__¢c= __
A=30°B=_,C=90 20
A 80 C
16. Solve using trigonometric B
ratios (round to tenths). 7l
a=__.,b=__c=282 82 fi
A= B=63,C=0°
A C
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7. State the three Pythagorean id

- withcosa > 0.

tana = —

3

20, Verify the following is an identity:

s
4 l — sec’a
tan“a = ———

21, Find the average rate of change in the interval
111,12 for fix) = 2 — 3x,

Solve each inequality. Write your answer using interval
notation.

23.2°-3x—-10<0

x—2

i -
24'_\'-{'—373

Solve each triangle using either the law of sines or the
law of cosines, whichever is appropriate.

o5

19 in.

8-54

Solve each system using elimination.
o j 4x + 3y = 13
T l-9%+5y=6

((x+2v— z= 0
28. 1 2o Sy + 4z =
l—x+3y—47=-5

29. A 900-Ib crate is

has a 28° incline. Find ‘
the force needed to 21°

hold the crate c——l_l_J
stationary. G

30. A jet plane is flying at 750 mph on a heading of 30°,
There is a strong, 50 mph wind blowing from due
south (heading 0°). What is the true course and
speed of the plane (relative to the ground)?
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