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PREFACE

Quantum field theory is one of most central constructions in 20th century theo-
retical physics, and it continues to develop rapidly in many different directions. The
aim of the workshop “New Developments in Quantum Field Theory”, which was held
in Zakopane, Poland, June 14-20, 1997, was to capture a broad selection of the most
recent advances in this field. The conference was sponsored by the Scientific and En-
vironmental Affairs Division of NATO, as part of the Advanced Research Workshop
series. This book contains the proceedings of that meeting.

Major topics covered at the workshop include quantized theories of gravity, string
theory, conformal field theory, cosmology, field theory approaches to critica phenomena
and the renormalization group, matrix models, and field theory techniques applied to
the theory of turbulence.

One common theme at the conference was the use of large-N matrix models to
obtain exact results in a variety of different disciplines. For example, it has been known
for several years that by taking a suitable double-scaling limit, certain string theories
(or two-dimensional quantum gravity coupled to matter) can be re-obtained from the
large-N expansion of matrix models. There continues to be a large activity in this area
of research, which was well reflected by talks given at our workshop. Remarkably, large-
N matrix models have very recently — just a few months before our meeting — been
shown to have yet another deep relation to string theory. This time the connection goes
through the so-called M-theory, which can loosely be thought of as a unifying theory
of strings. Also this very recent subject was covered at our workshop. At the very last
moment Yuri Makeenko had to cancel his participation. He fortunately agreed to send
his contribution to this volume.

The understanding of the r6le M-theory plays for the different string theories
originates in some remarkable results concerning duality that have been uncovered
within the last 2-3 years. While so-called T-duality of string theory has been known
for years, it is now being seen in a new light, and aso other kinds of dualities have
been found. Simultaneously, exact or approximate dualities have been shown to be
properties of certain highly non-trivial supersymmetric quantum field theories in four
dimensions. Both these dualities, their origin in string theory, as well as direct analyses
of T-duality in the o-model language were discussed at the meeting.

Another recent application of large-N matrix model techniques has been in the
description of certain exact features of field theories with spontaneous chiral symmetry
breaking (such as Quantum Chromodynamics). A recent flurry of activity has revealed
a number of surprising universal aspects of such quantum field theories, related to the
spectrum of the Dirac operator. At the meeting new and impressive Monte Carlo results
from lattice gauge theory simulations were presented. They appeared to be in complete



agreement with the theoretical predictions. Also other aspects of this computational
framework of matrix models were discussed at the meeting, for example in connection
with the behavior at finite temperature, or in the limiting case of no chirad symmetry
breaking.

Onge final, and also surprising, application of large-N matrix models which was
covered at the workshop concerns the derivation of exact results in the theory of tur-
bulence. Enlightening lectures were also given on the use of quantum field theory
techniques in general to solve problems related to turbulence, and on the application
of magnetohydrodynamics on cosmological scales.

As testified by this volume, numerous other topics were discussed at our workshop.
It left the participants with the distinct impression that despite the long history of the
field, we are now witnessing an extremely fruitful period of developments in quantum
field theory.

We take this opportunity to thank Yu. Makeenko, A. Polychronakos and J.F.
Wheater for serving on the international advisory committee. Very specia thanks go
to M. Praszalowicz and B. Brzezicka for their tireless help both before and during the
workshop, and to P. Biaas, Z. Burda, and P. Jochym for much assistance. We would
in particular like to thank Z. Burda for his help in preparing this volume.

Copenhagen and Cracow

Poul H. Damgaard
Jerzy Jurkiewicz
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THE STRUCTURE OF 2D QUANTUM SPACE-TIME

Jan Ambjearn

The Niels Bohr Institute
Blegdamsvej 17,
DK-2100, Copenhagen @, Denmark

INTRODUCTION

The free relativistic particle provides us with the simplest example of “quantum
geometry”. The action of a free relativistic particle is just the length of its world line* in
RY. The classical path between two space-time points x and y is just the straight line.
The system is quantized by summing over all paths B, from x to y with the Boltzmann
weight determined by the classical action, which is simply the length L(Pyy) of the path.
We write for the relativistic two-point function:

Glo,9) = [ Dy e ™), &)

where m is the mass of the particle. The measure on the set of geometric paths Py
can be defined and are related in a simple way (see?) to the ordinary Wiener measure
on the set of parameterized paths’. One of the main features of this measure is that a
“typica” path has a length

1
Loy 2o =P, @

where € is some cut-off. We say that the fractal dimension of a typical random path is
two.

The generalizations of (2) go in various directions. one can consider higher dimen-
siona objects like strings. The action of a string will be the area A of the world sheet
F swept out by the string moving in RY. If we consider closed strings the quantum
propagator between two boundary loops L; and L2 will be

G(L, Ly) = / DFy,y, e AFu), €)

where the integration is over all surfacesin RYwith boundaries L1 and L 5. Alternatively,
we can for manifolds of dimensions higher than one consider actions which depend only

*In the following we will always be working in Euclidean space-time.
TThe geometric paths are just parameterized paths up to diffeomorphisms.
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on the intrinsic geometry of the manifold. The simplest such action is the Einstein-
Hilbert action, here written for a n-dimensional manifold M:

S(o) = [ 6/o@ - 155 [ €6 /s(@ R, @

where g is the metric on M and Rthe scalar curvature defined from g. Quantization
of geometry means that we should sum over all geometries g with the weight e =),
The partition function will be

Z(A, @) = [ Dlg 59, (%)

where the integration is over all equivalence classes of metrics, i.e. metrics defined up
to diffeomorphisms. One can add matter coupled to gravity to the above formulation.
Let S (9, g) be the diffeomorphism invariant Lagrangian which describes the classical
dynamics of the matter fields in a fixed background geometry defined by gand let A
denote the coupling constants of the scalar fields. The quantum theory will be defined
by

Z(A,G,)) = [ DlgiDg e~5@-5nt60), (6)

Two-dimensional quantum gravity is particularly simple. As long as we do not address
the question of topology changes of the underlying manifold M, the Einstein-Hilbert
action (4) simplifies since the curvature term is just a topological constant, and we can

write
S(g) = A /M d%/g(€)  (two dimensions). @

Classical string theory, as defined by the area action A(F), has an equivalent formula-
tion where an independent intrinsic metric g(§) is introduced on the two-dimensional
manifold corresponding to the world sheet and where the coordinates of the surface,
x(§) O RY, are viewed as d scalar fields on the manifold with metric g(§). The quantum
string theory will then be a special case of two-dimensional quantum gravity coupled
to matter, as defined by (6), with S(g) given by (7). In the following we will study
this theory, with special emphasis on pure two-dimensional quantum gravity, i.e. two-
dimensional quantum gravity without any matter fields.

A TOY MODEL: THE FREE PARTICLE

It is instructive first to perform the same exercise for the free relativistic particle
given by (1). In this case one can approximate the integration over random paths by
the summation and integration over the class of piecewise linear paths where the length
of each segment of the path is fixed to a, i.e. we make the replacement

/Dny-—)Pz:EE/HdéiJ(aZéi—(m~y)), €)

where & denote unit vectors in RY and > p,, IS @ symbolic notation of the summation
and integration over the chosen class of paths. The action is simply m, . na for a path
with n “building blocks’. A “discretized” two-point function is then defined by

Gal@, y;mg) = 3" e ™HPa) = Y g moan / [1dé 6(a Ya-@-y). O

Py 3



The integration over the unit vectors is most easily performed by a Fourier transfor-
mation with removes the 6-function:

Gop;mp) = /d:c e~ P0G, (z,y;m0) = 3 emmoen /Hdéi e taré (20)
Since ] (@)
5 —iapE _ (@-/2ap) 1 _
[ atseirs < onon [ LGh) = s, a
the final expression for G, (p; mg) becomes
n 1
. = moa = — 12
Ga(pv mO) ;(e f(ﬂ:p)) 1— e_moaf(ap)' ( )

We only need the following properties of f(ap):
flap) = f(O)(1 = (ap)® +--7),  F(0) >0.

In order to obtain the continuum two-point function we have to take a - 0 and this
involves a renormalization of the bare mass my as well as a wave-function renormal-
ization. Let us define the physical mass mph by

It 0
€™ flap) = 1 - Fmla®, le. mg= —9%() + mlya. (13)

With this fine tuning of the bare mass mp we obtain for a - 0

Ga(p; mO) ~ a—2 Gcont(p; mph)’ (14)
where the continuum two-point function of the free relativistic particle is

1
Gcmt(p; mph) = m-

The prefactor L/a2in eg. (14) is a so-caled wave-function renormalization. It is related
to the short distance behavior of the propagator as will be discussed below.

Scaling Relations and Geometry

It is worth rephrasing the results obtained so far in terms of dimensionless quan-
tities and in this way make the statisticall mechanics aspects more visible. Introduce
M =mgaand q=ap and view the coordinates in RY as dimensionless. The steps in the
discretized random walk will then be of length 1 and (12) reads

Gulg) =) e f(q) = Tﬁfégfff(a‘ (15)

It is seen that p acts like a chemical potential for inserting additional sections in the
piecewise linear random walk and that we have a critical valuepc = log f(0) such that
the average number of steps of the random walk diverge for p - p from above. This
is why we can take a continuum limit when g - pc. In fact, the relation (13) becomes

B— pte = mia?, (16)
which defines a as a function of p:

) = i (= i, )



Further, we see that the so-called susceptibility diverges as p - B!

1 1
X = [0 Gu(w) = Gula = 0) =ty Tgmmy ~ 0 (18)

These considerations can be understood in a more general framework. It is not
difficult to show that G, (x) has to fall off exponentially for large x under very general
assumptions concerning the probabilistic nature of the (discretized) random walk. It
follows from standard sub-additivity arguments. In essence, they say that the random
walks from x to y which pass through a given point z constitute a subset of the total
number of random walks from xtoy. This implies that

1
Gulz,y) ~e~™Wl=dl for |z —yl > ——. 19
Nex) o=l > s 19)

Let us now assume that

m(p) = (B — pe)” for p— phe (20)

In order that G, (x, y) has a non-trivia limit for p - . we have to introduce the
following generalization of (16)

m(n) = mpa(s),  zn=za(p), Le a(p)~ (u- )" (22)

It is clear that m(u) has the interpretation as inverse correlation length (or a mass). If
the mass m(l) goes to zero as 1 - ¢ the two-point function Gu(x, y) will in general
satisfy a power law for x — ygymuch less that the correlation length:

1 1
Gu(z,y) ~ o= g for |-yl < PR (22)

Finaly the susceptibility is defined as in (18):

1
x(p) = | d*z G, (z,y) ~ ———, 23
(W= [ &' Guat) ~ (s (23)
where the critical exponents v, N and y (almost) by definition satisfy
y =v(2-n) (Fisher's scaling relation). (24)

For the random walk representation of the free particle considered above we have:
1
2 b

Let us now show that 1/vis the extrinsic Hausdorff dimension of the random walk
between x and y. The average length of a path between x and y is equal

V= n=0, v=1. (25)

(Lo} = Zres UE) 70 dlog (e, v)
v Zp,, e HHF) dp

(26)
For [x — yOsufficiently large, such that (19) can be used, we have

(Lzy) ~ m’(,u)|x - yl' (27
However, the continuum limit has to be taken in such a way that

m(,u)|x - yi = mphlzph. - yph’y (28)



i.e. independent of p for g — Y. From (20) and (28) we obtain

(Do) T oy 9

We define the extrinsic Hausdorff dimension by

(e)

(La:y> ~ |.’L‘ - yldH 3 (30)
and we conclude that the critical exponent v is related to the extrinsic Hausdorff di-
mension d(:f) by

di = (31)

=

Summary

Above it has been shown how it is possible by a simple, appropriate choice of
regularization of the set of geometric paths from xto yto define the measure D Pyy.
One of the basic properties of this measure, namely that a generic path has d,(f) = 2 was
easily understood. It is important that the regularization is performed directly in the set
of geometric paths. In this way it becomes a reparameterization invariant regularization
of DPyy. The regularization can be viewed as a grid in the set of geometric paths, which
becomes uniformly dense in the limit p - pc or aternatively a(p) - 0. The Wiener
measure itself is defined on the set of parameterized paths and will not lead to the
relativistic  propagator.

THE FUNCTIONAL INTEGRAL OVER 2D GEOMETRIES

As described above the partition function for two-dimensional geometries is

Z(A) = / Dlgle%, Vv, = /M d2:/9(9). (32)

It is sometimes convenient to consider the partition function where the volume V of
space-time is kept fixed. We define it by

2(v) = [ Dlgl8(v V), (33

such that o
Z(A) = /0 av e VAZ(V). (34)

It is often said that two-dimensional quantum gravity has little to do with four-
dimensional quantum gravity since there are no dynamical gravitons in the two-di-
mensional theory (the Lagrangian is trivial since it contains no derivatives of the met-
ric). However, al the problems associated with the definition of reparameterization
invariant observables are still present in the two-dimensional theory, and the theory is
in a certain sense maximal quantum: from (33) it is seen that each equivalence class
of metrics is included in the path integral with equal weight, i.e. we are as far from a
classical limit as possible. Thus the problem of defining genuine reparameterization in-
variant observables in quantum gravity is present in two dimensional quantum gravity
as well. Here we will discuss the so-called Hartle-Hawkings wave-functionas and the
two-point functions. The Hartle-Hawking wave-functional is defined by

W(LiA) = [ Dlg] o~ @)



where L symbolizes the boundary of the manifold M. In dimensions higher than two one
should specify (the equivalence class of) the metric on the boundary and the functional
integration is over al equivalence classes of metrics having this boundary metric. In
two dimensions the equivalence class of the boundary metric is uniquely fixed by its
length and we take L to be the length of the boundary. It is often convenient to consider
boundaries with variable length L by introducing a boundary cosmological term in the

action:
S(gih ) = [ e /@) +An [ as, (36)

where ds is the invariant line element corresponding to the boundary metric induced
by g and Ag is caled the boundary cosmological constant. We can then define

W(AB,A) = /D[g] e~ SleihAg) (37)

The wave-functions W(L; A) and W(Ag, A) are related by a Laplace transformation in
the boundary length:

W(ha,A) = [ P AL e MR W (L; A). (38)
The two-point function is defined by

G(R;A) = [ Digle=o® [[ a%\/o(&) d®n/oln) SDy(6,m) = ), (39)

where Dy (€, n) denotes the geodesic distance between & and n in the given metric g.
Again, it is sometimes convenient to consider a situation where the space-time volume
Vis fixed. This function, G(R;V) will be related to (39) by a Laplace transformation,
as above for the partition function Z:

G(R;A) = /0 vV e VAG(R V). (40)

It is seen that G (R;A) and G(R;V) has the interpretation of partition functions for
universes with two marked points separated a given geodesic distance R. If we denote
the average volume of a spherical shell of geodesic radius Rin the class of metrics with
space-time volume V by Sy(R), we have by definition

v = 570, (a)
One can define an intrinsic fractal dimension, dy, of the ensemble of metrics by
lim Sy(R) ~ R#-1(1 4+ O(R)). (42)
Alternatively, one could take over the random walk definition of dy. According to this
definition
(Vg ~ _@g_giﬂ/}l ~ Ri# (43)

for a suitable range of Rrelated to the value of A. | will show that the two definitions
agree in the case of pure gravity. Eq. (42) can be viewed as a “local” definition of dy,
while eg. (43) is “globa” definition. Since the two definitions result in the same dy
two-dimensiona gravity has a genuine fractal dimension over al scales.

Eq. (33) shows that the calculation of Z(V) is basicaly a counting problem: each
geometry, characterized by the equivalence class of metrics [g], appears with the same
weight. The same is true for the other observables defined above. One way of performing
the summation is to introduce a suitable regularization of the set of geometries by means
of a cut-off, to perform the summation with this cut-off and then remove the cut-off,
like in the case of geometric paths considered above.



The Regularization

The integral over geometric paths were regularized by introducing a set of basic
building blocks, “rods of length a”, which were afterwards integrated over all alowed
positions in RY. Let us imitate the same construction for two-dimensional space-time
2,3, 4 The natura building blocks will be equilateral triangles with side lengths €, but
in this case there will be no integration over positions in some target space*. We can
glue the triangles together to form a triangulation of a two-dimensional manifold M
with a given topology. If we view the triangles as flat in the interior, we have in ad-
dition a unique piecewise linear metric assigned to the manifold, such that the volume
of each triangle is dA, = v/3¢%/4 and the total volume of a triangulation T consisting
of N triangles will be NdA_, i.e. we can view the triangulation as associated with
a Riemannian manifold (M,g). In the case of a one-dimensional manifold the total
volume is the only reparameterization invariant quantity. For a two-dimensional mani-
fold M the scalar curvature Risalocal invariant. This local invariance in present in a
natural way when we consider various triangulations. Each vertex vin a triangulation
has a certain order n, . In the context of two-dimensional piecewise linear geometry,
curvature is located at the vertices and is characterized by a deficit angle

i
Ay = 3(6-m), (44)
such that the total curvature of the manifold is

/\/z,R =Y A, (45)

From this point of view a summation over triangulations of the kind mentioned above
will form a grid in the class of Riemannian geometries associated with a given manifold
M. The hope is that the grid is sufficient dense and uniform to be able the describe
correctly the functional integral over all Riemannian geometrieswhen € - 0.

We will show that it is the case by explicit calculations, where some of the re-
sults can be compared with the corresponding continuum expressions. They will agree.
But the surprising situation in two-dimensional quantum gravity is that the analytica
power of the regularized theory seems to exceed that of the formal continuum manip-
ulations. Usualy the situation is the opposite: regularized theories are either used
in a perturbative context to remove infinities order by order, or introduced in a non-
perturbative setting in order make possible numerical simulations. Here we will derive
analytic (continuum) expressions with an ease which can presently not be matched by
formal continuum manipulations.

The Hartle-Hawking Wave-Functional

Let us calculate the discretized version, w(A, p) of the Hartle-Hawking wave-
functional W(Ag,A\), defined by (37). We assume the underlying manifold M has
the topology of the disk. First note that the discretized action corresponding to (36)
can be written as

Sr(p, ) = uNg + M, (46)
where the given triangulation T also defines the metric, Ny and | denote the number of
triangles and the number of links at the boundary of T, respectively, while pand A are

¥ We could introduce such embedding in Rd, but in that case we would not consider two-dimensional
gravity but rather bosonic string theory, where the embedded surface was the world sheet of the
string, as already mentioned above 3 5



Figure 1. A typical unrestricted “triangulation”.

the dimensionless “bare” cosmological and boundary cosmological coupling constants
corresponding to A and Ag. We can now write

w, p) = 3 e~ N, (47)
~

where the summation is over al triangulations of the disk. Until now | have not specified
the class of triangulations. The precise class should not be important, by universality,
since any structure not allowed at the smallest scale by one class of triangulations
can be imitated at a somewhat larger scale. Thus, it is convenient to choose a class of
“triangulations’ which results in the simplest equation. They are defined as the class of
complexes homeomorphic to the disk that can be obtained by successive gluing together
of triangles and a collection of double-links which we consider as (infinitesimally narrow)
strips, where links, as well as triangles, can be glued onto the boundary of a complex
both at vertices and along links. Gluing a double-link along a link makes no change in
the complex. An example of such a complex is shown in fig. 1.
By introducing
g=e,  z=¢, (48)

we can write (47) as

g w,

w(z,g) =3 wirg'z M =3 z’,(ﬁ)» (49)
Lk !

where wy | is the number of triangulations of the disk with k triangles and a boundary

of | links. We see that w(z, g) isthe generating function8 for {w; ¢}. The generating

function w(z, g) satisfies the following equation, depicted graphicaly in fig. 2,

w(z,9) = 2gw(z,9) + %wQ(z, 9)- (50)

This equation is not correct from the smallest values of of the boundary-length |, as
is clear from fig. (2), since al boundaries on the right-hand of the equation have a
boundary length | > 1. Denote by w,(g) the generating function for triangulations of
the disk with a boundary with only one link (see eq. (49)). The correct equation which
replaces (50) is

wi(g)

wiz,0) = 7 + 2 (w(m0) - % — “5) + Zw(s,9), )

§ In (49) | have used Uzrather than zas indeterminate for {w;y} for later convenience, and for the
same reason multiplied (49) by an additional factor 1/zrelatively to (47).
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Figure 2. Graphical representation of eq. 51.

Figure 3. A boundary graph with no internal triangles.

if we use the normalization that a single vertex is represented by 1/z. This equation is
similar in spirit to the equation studied by Tutte in his seminal paper © from 1962, and
it can by shown that it has a unique solution where al coefficients wj x are positive.
The solution is given by

w9 =5 (:- 92+ (2 - WG - @G- @), 6

where c_(g), ¢+(9) and c,(g) are analytic functions of gin a neighborhood of g = 0,
with the initial conditions

a0) =1, cu(0)=2, ,c.(0)=-2 (53)

Thus, for g = 0 we have

w(e) =5 (- vE—A) =3 2L, (54)

where the coefficients wy have the interpretation as the number of boundaries with no
internal triangles, see fig. 3. We have

21 a2 0
= = 73292
wn = gy = 2L o), (55)
i.e. the number of such boundaries grows exponentially with the length |. We can view
I/zas the so-caled fugacity™ for the number of boundary links, and the radius of
convergence (here 1/2) can be viewed as the maximal allowed value of the fugacity.

T The fugacity f is related to the chemical potential pby f = e ™.



When z approaches z:(0) = 2 the average length of a typical boundary will diverge. In
the same way g acts as the fugacity for triangles. As g increases the average number of
triangles will increase, and at a certain critical value g, some suitable defined average
value of triangles will diverge. In terms of the coefficients wi x in (49) it reflects an
exponential growth of wi, for k - oo, independent of |, i.e. the functions w (g) al have
the same radius of convergence g.. For a given value g < g we have a critical value
z.(g) at which the average boundary length will diverge. As gincreases towards g,

z.(g) will increase towards zc = z(q) .

From the explicit solutions for ¢ (g) and cy(g) it is found that

C+(gc) =Ze = CZ(gc)/gm (56)
and near g. we have, withAg =g.— g:
1
cilg) = zc(l + E\IAg), ca(g) = zcgc(l - Ag). (57)

In particular, g, is the radius of convergence for c,(g) and c(g).
It is now possible to define a continuum limit of the above discretized theory by
approaching the critical point in a suitable way:

g(A) = gc(]- - AE?), = Zc(l -+ ABE). (58)

If we return to the relations (48) between g and pand zand A, respectively, we can
write (58) as follows:

— =A%, A=) =Age, (59)
where [, and A, correspond to g, and z., respectively. We can now, as is standard
procedure in quantum field theory, relate coupling constants pand A to A and Ag
by an additive renormalization. The dimensionless coupling constants pand A are
associated with so-called bare coupling constants A, and Ag as follows:

_ M 2, A 2
uNr + N = £Nre? + Zle = Ay /M 4%,/ + Ago /a L, ds (60)
We can now interpret (59) as an additive renormalization of the bare coupling constants:

Ap = BE+A, ABD=“A‘C‘+AB- (61)
€ €
This additive renormalization is to be expected from a quantum field theoretical point
of view since both coupling constants have a mass-dimension.
Using the known behavior (57) of c.(g) and c,(g) in the neighborhood g. , we get
from (52) (except for the first two terms with are analytic in g and therefore “non-

universal” terms!l  which can be shown to play no role for continuum physics):

w(z,g) ~ e W (Ag, A) (62)
where 78
W (A5, A) ~ (A5~ 5V A5 + VA )

Again, the factor £¥2 has a standard interpretation in the context of quantum field
theory: it is a wave-function renormalization.

By an inverse discrete Laplace transformation one obtains w(l, g) from w(z g) ,
and by an ordinary inverse Laplace transformation one obtains

W(L,A) = L™5%(1 + LVA) e VA, (64)

IIAnalytic terms are usualy non-universal since trivail analytic redefinitions of the coupling constants
can change these terms completely.
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Figure 4. A typical surface contributing to Gu(l, I' :r). The “dot” on the entrance loop signifies
that the entrance loop has one marked link.

The Two-Point Function

Let us return to the calculation of G(R; A). Using the regularization we define a
geodesic two-loop function by

Gull,lyr) =Y em#hT, (65)
T

and the class of triangulations which enters in the sum have the topology of a cylinder
with an “entrance loop” of length |; and with one marked linked, and an “exit loop”
of length |, and without a marked link, the loops separated by a geodesic distance r,
see fig. 4. We say the geodesic distance between the exit loop and the entrance loop is
r if each point on the exit loops has a minimal geodesic distance r to the set of points
on the entrance loop. Note the asymmetry between exit and entrance loops in the
definition. On the piecewise linear manifolds geodesic distances are uniquely defined.
However, it is often convenient to use a graph-theoretical definition, since this makes
combinatorial arguments easier. Here | define the geodesic distance between links (or
vertices) as the shortest path along neighboring triangles.

Gu(ls, I2; r) satisfies an equation 9, which is essentially equivalent to the equation
satisfied by the Hartle-Hawking wave function w(l, p) for a disk with boundary length
I. It is obtained by a deformation of the entrance loop:

=2
Gl ;1) = gG, (U +1,57) +2 3 w(l, ) Gl — 1 = 2, 1a; 7). (66)

1=0
In fig. 5 the possible elementary deformations of the entrance loops is shown. It is
analogous to fig. 2. The second term in eq. (66) corresponds to the case where the
surface splits in two after the deformation. We can view the process as a “peeling”
of the surface, which occasionally chops off outgrows with disk topology as shown in
fig. 6. The application of the one-step peeling |1 times should on average correspond

11



I+ w(l',g)

(a) (b) (©)

Figure 5. The “peeling” decomposition: a marked link on the entrance boundary can either belong
to a triangle or to a “double” link. The dashed curved indicates the new entrance loop.

to cutting a slice (see fig. 6), of thickness one (or €, which we have chosen equal 1
for convenience in the present considerations) from the surface. Thus we identify the
change caused by one elementary deformation with

0 1
= 1, lo; = 67
[o-cutiian] 1. (©)
forgetting for the moment that r is an integer. It follows that we can write
a
5 Gully, by ) = —hGu(ly, Iy r) + ghGu(ly + 1, 1 7) (68)

+23 Il p) Gully — 1 — 2,15 7).
7

To solve the combinatorial problem associated with (68) it is convenient (as for w(l, b))
to introduce the generating function Gu(zy, z2; r) associated with (65):

Gulli, l;7)

Gula,27) = 3~ (69)
Ils #1122
With this notation eq. (68) becomes
% Gulz, 22;7) = E)%Kzl — gz} — 21u(z,g)> Gul(z, 22; r)] (70)
Io; 1

This differential equation can be solved since we know w(z, g) (for details see10°),
However, we are interested in the two-point function. It is obtained from the two-loop
function be closing the exit loop with a “(cap” (i.e. the full disk amplitude w(l, p)) and
shrinking the entrance loop to a point. The corresponding equation is

G#("') = ZG#(ll = 1, lz;’]") lzw(lhg) (71)
i
= § sl )] [yt _

Since w(z, g) and G(z;,z2;r) are known we can find Gu(r), see'for details. For
K - e, i.e. in the continuum limit, we obtain:

3/ cosh [rm]

sinh® [rm] ' 2

Gulr) ~ (1 — ite)

12



disc topology disc topology

N

the present peeling point

—
=

() (b)

Figure 6. Decomposition of a surface by (a) dlicing and (b) peeling.

If we introduce the following continuum geodesic distance R = r+/€, it follows that we

can write: [ \V—]
3 . L 3/4coshR A
Gﬂ(r) € G(R7 A)a G(Rv A) A sinh3 [R\VK] : (73)
The factor £3/2is again a wave-function renormalization which connects the dimension-
less, regularized Gy(r) and the continuum two-point function G(R; A).

We can compare the behavior of Gu(r) (or G(R; A)) with that of the random
walk two-point function. All conclusions and interpretations remain valid here, except
that we only work with intrinsic geometric objects. First note that Gy(r) fals off
exponentially for large r (see (19) for the random walk). As for the random walk it
follows from general sub-additive properties of Gu(r). In addition the associated mass
satisfies (20) sincem(p) - O for g - e as (M — )Y with v = 1/4. The behavior of
Gu(r) for r << 1/m(y) is purely power-like correspondington = 4 in (22), and finally

x() = [dr Gu(r) ~ (1 = pie)*’? + less singutar terms, (74)

i.e. y = —-1/2 according to definition (23). Needless to say, Fisher's scaling relation
(24) is sdtisfied and the exponents for two-dimensional quantum gravity:

— 75
> (75)
should be compared the the values for the random walk (see (25)). In particular it
follows that the intrinsic fractal dimension, dy, of two-dimensional quantum space-
time is .
dg =~ =4. (76)
v

This d,, is a “globally defined” Hausdorff dimension in the sense discussed below (43)
as is clear from (72) or (73). We can determine the “local” d,, defined by eq. (42),
by performing the inverse Laplace transformation of G(R; A) to obtain G(R; V). The

13



average volume S, (R) of a spherical shell of geodesic radius Rin the ensemble of
universes with space-time volume V can then calculated from (41). One obtains

Sy(R) = RAF(R/VY), F(0)> 0, (77

where F(x) can be expressed in terms of certain generalized hyper-geometric functions
12 Eq. (77) shows that aso the “local” dy = 4

Summary

It has been shown how it is possible to calculate the functional integral over two-
dimensional geometries, in close analogy to the functiona integral over random paths.
One of the most fundamental results from the latter theory is that the generic random
path between two points in Rd, separated a geodesic distance R, is not proportional
to R but to R?. This famous result has a direct trandation to the theory of random
two-dimensional geometries. the generic volume of a closed universe of radius Ris not
proportional to R2 but to R*.

2D GRAVITY COUPLED TO MATTER

While the fractal structure of pure two-dimensional quantum gravity can be an-
alyzed in detail as described above, the change in the fractal structure when two-
dimensional quantum gravity is coupled to matter is not fully understood. From an
analytical point of view there have been two suggestions for the intrinsic Hausdorff
dimension, as a function of the central charge c of a conformal matter theory coupled

to gravity:
da(c) = 2 x V25— c+ /49 —¢ (78)
e e s —ct+vi-¢c’

and

't 2
dp(c) = ——, 79
n(c) p (79)
where the string susceptibility y is given by the famous KPZ formula:

I—c—4/(1-0¢){25—-0¢)
12 '

v(e} = (80)

In the following | will review some of the arguments which lead to formula (78) and
(79), respectively, and explain the present understanding of the formulas.

Liouville Diffusion

Consider the propagation of a massless scalar particle on a compact Riemannian
manifold with metric g and total volume V. The scalar Laplacian is defined by

By = \/—aga \/—guﬁ ep’ (81)

and the diffusion process related to a scalar particle which is located at point &, at the
diffusion time = =0 can be expressed in terms of Ay by

K€, 60i7) = 50 %5(5 _&). (82)

14



The scalar propagator is related to the heat kernel K, by

Gy(fv E()) = /Uoo dr Kg(é.: 50; 7-)1 (83)

and the heat kernel has the following asymptotic = expansion**
e~ (6:60)/47
Ky(& &, T) ~ ——7,72——'2%(5, &)1, (84)

where dg(&, €,) denotes the geodesic distance between the points labeled & and €,. As
in flat space we have

<£mkséfﬁﬁﬁﬂaﬁﬁmw&@&ﬂ~fﬂmﬁ (85)
<d§(r)>g as well as the the average of the return probability

7p() = (Ky(7))¢ » (86)

are clearly reparameterization invariant, and it makes sense to talk about the guantum
average of such “observables’. In the following we consider a fixed volume V and
denote the functional average over geometries (i.e. over equivalence classes of metrics)

byO00Q, .

%m calculation of dy, in Liouville theory is so far based on the assumption that
for a given rescaling of the volume V - AV of the universe there exists a rescaling
7 — 7 =7'(}\) such that

(o' ON)e ),y = { Eo(M)e ), - (87)
If one uses the representation (82) of Ky and performs a small 7 expansion:
1
1+ 74, +0(r%)—=d(¢ - ¢ , 88
((la+rasvoengoe-o] ) ) )

it is seen that the first, trivial term satisfies (87). However, in order that the second
term will satisfy (87) one is, due to the anomalous scaling of Ag in Liouville theorytt
forced to the following A-dependence of 7':

=T e dim[r] = dim[47%- 1/, (90)

Since we also expect that
dim{ { (&), ), | = dim{4?/%), 91
im[ ( (7)), ) ] = dim{a%/) (92)

one finaly obtains (78) from (85).

**We present here a slightly simplified version of the precise asymptotic expansion.
To be more specific the calculation proceed as follows: The Liouville field @ is introduced by the
partial gauge fixing gap =€23.qp, where § is a background metric. Field-operators with specific
scaling properties when the volume V - AV WiIIn pick up anomalous scaling in Liouville gravity. If
the classical scaling is expected to be [@,[AV=A [@n[V, the quantum Liouville scaling will be

_ 2nv/25 — ¢
T /25 —c+B—c-24n’ (89)

where cis the central charge of the conformal field theory coupled to two-dimensional quantum
gravity.

(Qn))\v = panfe (q)n)V sy CGn
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Spin Boundaries

The derivation of the aternative formula (79) for the fractal dimensiondj, is best
explained by considering the Ising model coupled to gravity in the context of dynamical
triangulations. The model has a critical point as a function of the Ising coupling. Away
from the critical point the geometric aspects of the combined theory coincide with those
of pure gravity, but at the critical point, where the theory is believed to describe a
conformal field theory of central charge ¢ = 1/2 coupled to quantum gravity, the string
susceptibility jumps from —1/2 (the value for pure gravity) to —1/3, the value for a
c= 1/2 theory coupled to gravity according to the KPZ formula (80). At the same
time the values of critical exponents related to magnetic properties of the spin system
differ from the flat space values of the exponents, showing that gravity influences the
critical properties of matter (the exact formulas being those of KPZ).

Ideally, one would like to follow the combinatorial approach for pure gravity in the
determination of dj,. It has not yet been possible. The two-loop function defined above
would involve an average over various spin configurations at the boundaries and it is not
known how to perform such average analytically. However, it is possible to calculated
the disk-amplitude (the Hartle-Hawking wave-functional) where all spins are aligned,
as first noticed in 8. In 1415 this was generalized to the calculation of a two-loop
function somewhat similar to two-loop function G (I1,15;r) considered above for pure
gravity. One difference is that the boundary loops I; and |, have aligned spins (which
need not be the same for different boundaries). Another important difference is that
the geodesic distance r is replaced by a “time’ parameter 7 defined by deformation
along spin boundaries as will now be explained.

Let the spin be located at the vertices of the triangulation. A given spin configura-
tion can be decomposed into spin clusters where spin either point up or down. The spin
boundaries can be viewed as closed loops passing through the centers of the triangles
and crossing the links (i.e. living on the lattice dua to the triangulation). The loop
gas expansion of the Ising model (or more generally, the loop gas expansion of the O(n)
model on a lattice) is precisely an expansion in terms of such boundaries. For a given
spin configuration the triangles either have no links or two links which belong to a spin
boundary. We denote triangles with no links belonging to a spin boundary as type |
and the other triangles as type Il. Let us now define a modified geodesic distance in
the following way. In the case of pure gravity the “peeling” decomposition along the
boundary is defined in fig. 6. In the present case we proceed in the same way if we
meet a triangle of type |. If we meet a triangle of type Il it will be part of a closed loop
of triangles, all of type Il. We define al these triangles to have the same distance to
the link from with we perform the deformation, and one step out will include al the
triangles in the loop. One can view the step as if we “lasso” the loop and in this way
create two new boundaries, each with a the same distance to the origina link. The
spins at the two boundaries will be opposite. The procedure is illustrated in fig. 7.

Following the above described procedure one can systematically proceed outwards
from a given triangle where the three spins are aligned and define a “distance” or “time”
7 to other triangles, or the distance from the initial boundary loop to the boundary
created by the “peeling” (see fig. 5). It is of course not a genuine distance, since it
does not satisfy the requirement that two triangles with zero distance are identical.
However, it may serve as some approximate measure of distance which in principle
could be proportional to the geodesic distance in the scaling limit after an average
over spin configurations as well as over geometries. Below we will discuss the relation
between geodesic distance r and the “time’ .
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Figure 7. The deformation corresponding to fig. 5(a), but in the situation when the triangle is of
type II.

Let us now by a heuristic argument show that one can expect
dim[r] = dim[V/%]. (92)

The consequence of this dimension-assignment is that the fractal dimension of two-
dimensional quantum gravity coupled to the critical Ising model is

dy, = 8, (93)

provided 7 is proportional to the geodesic distance.

In order to understand the relation (92) we first consider flat space, i.e. a triangular
regular lattice (for instance with toroidal topology, such that each vertex can be of
order 6). In this case the definitions given above for the “time” = still apply. Recall the
following facts from finite size scaling of the Ising model (or spin systems in general):
if B. denotes the critical point of the Ising model at infinite volume, there exists a
“pseudo-critical point” B.(V) > B, for a finite volume V, such that the system at (¢
has an effective magnetization m per volume:

m o~ LA y-Bive, (94)

where we have used the notation j3 for the critical exponent of the magnetization and
L denotes the linear extension of the spin system. The total magnetization at B, will
be

M=mV ~ V- (95)
In 2d the magnetization at the critical point is determined by the largest cluster of spin.
The clusters of spins are described by percolation theory and if p denotes probability
that a site belongs to a largest cluster, it is known that

p~m, pV~M (96)

The largest spin clusters at the critical point will be fractal. In peculation theory one
defines the fractal dimension D of a cluster by

pLt=LP e pV =VP/AH, (97)
We conclude that D is related to 3 by

D

D_,_8 . B -
7=l = for the Ising model). (98)

16

17



Assume now that we use the definition of “time” or “geodesic distance” in terms of
spin boundaries and step outwards from a single triangle boundary. Since it is known
that the fractal dimension of the boundary of a large spin cluster is identical to the
fractal dimension of the cluster itself we can write

3 1
VA~ VP s e dimr]= % (= 6 for the Ising model). (99)

This calculation can be taken over to the Ising model coupled to gravity since the change

in A and the change in vd after coupling to 2d quantum gravity can be calculated by
KPZ:

5:%a%, vd =2 — vdy, = 3. (100)
Consequently we have for the Ising model coupled to 2d quantum gravity at the critical
point: ~
B _1
—. 101
dim[r] = il (101)
We conclude that the fractal dimension of 2d quantum space-time coupled to ¢ = 1/2
conformal matter is 6, again provided 7 can be identified with the geodesic distance.
The above argument can be generalized to any (p,q) conformal field theory cou-
pled to gravity (1416) with the result that dy = —2/y(c), where y(c) is the string
susceptibility given by KPZ.

A Test for c=-2

As emphasized above the interpretation of d,(c) = —2/y(c) relies on the identifi-
cation of = with the geodesic distance. The hypothesis can be tested numerically with
high accuracy for ¢ = —2. There are severa reasons that ¢ = -2 is an idea test model.
First it is possible to perform very good numerical simulations since one for ¢ = -2
does not have to rely on Monte Carlo simulations, but can use a recursive algorithm for
sampling configurations 7. It implies that one can get much better statistics and that
one can use much large triangulations. Further, the fact that dx(c) = 2 is predicted for

= -2 means that there should be no finite size effects which invalidate the numerical
results. If ds had been very large, as is the case for ¢ close to 1 (for instance dy = 10
for the three-states Potts model coupled to gravity), it would have been difficult to
fulfill the criterion 1 <<+ <<N/* for the number of triangles N available in computer
simulations. Finaly ¢ = —2 belongs to the range of conformal field theories which are
well described of O(n) models coupled to gravity via the loop expansion. For these
models the equations for two-point functions have been derived in detail starting from
the discretized models (*8). In particular, the two-point function for ¢ = -2 can be
found explicitly and one findsd, = 2 for c = -2, again provided = ~r in average,
where r denotes the geodesic distance 8.

The result of the numerical test leaves no doubt. Using the standard geodesic
distances in such simulations (either triangle distance or link distance) one finds perfect
agreement with formula (78), while the data are incompatible with (79). The prediction
of (78) is

dn(c = —2) = 3.56..., (102)
and from the discussion of the two-point function for pure gravity one expects that a
measurement of the average “volume” (in this case : average length) of spherical shells
of geodesic radius r, measured on triangulations consisting of N triangles, will scale as

r

Sn(r) ~ N Hangh=lp(g), = N

(103)
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Figure 8. The scaling of the “volume” of spherical shells for a ¢ = —2 theory coupled to gravity,
according to formula (103), only with the parameter x = (r + a)/Nl/d", where a is a so-called shift
parameter (see citemany for a detailed discussion.

| fig. 8 we have shown a verification of this scaling law for ¢ = -2 and d given by (102)
for N in the range from 2000 to 8,000.000 triangles. A detailed account of the best
numerical determination of dn(c = —2) can be found in*°. The result is di, = 3.58+ 0.03,
in perfect agreement with (102).

It is natural to conjecture from the outcome of the numerical simulations that

dim[7] # dim[r] for c¢#0. (104)

Unfortunately it is premature to conclude that (78) for al c. The numerical simulations
for c> 0, i.e. for the Ising model (c = 1/2) and the three-states Potts model (c = 4/5),
have not confirmed formula (78) in a convincing way. The results seem rather to
indicate that dn = 4 for 0 < c< 1. First it should be mentioned that the quality of the
numerical simulations do not match those of ¢ = —2 since one has to use Monte Carlo
simulations for ¢ # —2. Next, athough it seems strange that formula (78) should be
valid for ¢ < 0 and not valid for ¢ > 0, one should be aware that precisely for ¢ < 0 the
cosmologica term will not correspond to the most infrared dominant operator in the
theory. This difference between ¢ < 0 and c > 0 might be important for the validity of
(78), but the details of such an mechanism are not yet understood.

Summary

Of two candidates for a fractal dimension of space-time, (78) and (79), it seems
that (78) is correct at least for c < O, while (79) never describes the correct fractal
dimension of space-time when c# 0. It does not imply that the scaling implicit in (79)
is not correct. Such a scaling indeed exists, as has independently verified recently in
the context of the O(n) model 8. However, it has no relation the concept of geodesic
distance and the fractal structure introduced via geometry. The analysis of the Ising
model on a flat lattice highlighted such a scenario since the geodesic distance of course
would result in dp = 2 while the “distance” defined via spin boundaries resulted in
d, = 16 ! It is an unsolved and interesting question to what extend 7 might anyway
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serve as a kind of proper time in 2d quantum gravity. the question is also important
since a string field theory of gravity coupled to matter can be formulated in relatively
simple way using 7 as evolution parameter.

DISCUSSION

| have presented our present understanding of some aspects of the fractal structure
of two-dimensional quantum gravity coupled to matter. A few aspects of the fractal
structure have not been touched upon in this review. In particular the so-called spectral
dimension, which is still another, seeming independent, measure of fractal properties
of space-time. The spectral dimension is closely related to the heat kernel for diffusion,
which was discussed in connection with diffusion in Liouville theory. On a fixed manifold
one has the asymptotic expansion

=2 (EL0) /4T

Ky(€ &, 7) ~ —ﬁﬁ——;ar(&&)‘r’, (105)

of the heat kernel. The average return probability at “diffusion time 7 was defined as
1 [, 1. .

m(r) = 5 [ €6V Kol667) = (7). (106)

It follows that rp(r) has the asymptotic expansion
1
rp(7) ~ g 3 A (107)

where the coefficients A, have a simple geometric representation, well-known from the
theory of the heat kernel. One can define the diffusion on more general structures than
manifolds. Under very general assumptions the associated heat kernel has an asymp-
totic expansion and the return probability can be written as in eq. (107), only with
the dimension d replaced by the so-called spectral dimension ds. As aready discussed it
makes perfect sense to take the functional average over geometries. After the functional
average we might still have an asymptotic expansion like (107). Also in that case we
denote the d appearing in the expansion the spectral dimension dg, and it might be
different from the dimension of the manifolds underlying the geometry.

Little is known about ds from analytic calculation. It has been proven that ds = 2
for c= -2 coupled to gravity %°, but even in the case of pure gravity there is presently
no analytic calculation of ds. However, if we turn to numerical “experiments’ it seems
that ds = 2 for the central charge c O [-2, 1]. From the point of view of diffusion, it
seems that quantum gravity coupled to conforma matter with central charge c in this
interval has the same spectral dimension as flat space-time. It would be very interesting
to have an analytical proof of this fact. It is further interesting to note that when the
central charge ¢ > 1 it seems (again from computer simulations 2) as if the individual
triangulations have ds< 2. One interpretation of this is that the matter interacts so
strongly with the geometry that each individual manifold is teared apart and does no
longer classify as a two-dimensional manifold.

Higher Dimensions

It is presently an open question how to generalize these results to higher dimen-
sional geometries. In particular, our space-time world seems to be four-dimensional.
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What is the genuine fractal dimension in the class of all four-dimensional geome-
tries of fixed topology? Numerica simulations seem to indicate that the typical four-
dimensional spherical geometry has infinite intrinsic Hausdorff dimension. This might
well change when we take into account the Einstein-Hilbert action. Presently the nu-
merical simulations indicate that we have a two-phase structure as a function of the
bare gravitational coupling constant, the two phases being separated by a first order
phase transition. For large bare gravitational coupling constant we are in the phase
with infinite dy, (the limit of infinite bare gravitational coupling constant corresponds to
not including the Einstein-Hilbert term in the action at all, i.e. the situation mentioned
above), while a small gravitational coupling constant seemingly results in geometric
structures which are more like branched polymers. It is presently not known how to
extract interesting physics which resembles our four-dimensional wold from this sce-
nario, in particular because the phase transition separating the two phases seems to be
a first order transition. However, it might be possible to add new terms to the action
and change this situation. This aspect is presently being investigated.

Another interesting question is whether the spectral dimension of such (discretized)
manifolds is still four, or whether they are some kind of degenerate manifolds which
cannot be viewed as representing genuine four-dimensional manifolds. Even if we have
presently no well defined theory of four dimensional quantum gravity, questions like
these can still be asked and they will clearly be important for the way we view functional
integration over four-dimensional geometries.
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SCALING LAWS IN TURBULENCE

Krzysztof Gawedzki

CN.RS, ILHES.
91440 Bures-sur-Y vette, France

INTRODUCTION

We discuss the largely open problem of scaling laws in fully developed turbulence,
stressing the similarities and the differences with scaling in field theory. A soluble model
of the passive advection is examined in more detail in order to illustrate the principal
idess.

LANGEVIN VERSUS NAVIER-STOKES

Many dynamical problems in physics may be described by evolution equations of
the type

0= —-F(® +f (1)

where @ (t, xX) represents local densities of physical quantities, F(®) is their nonlinear
functional and f stands for an external source. We shall be interested in the situations
where the source f is random. For concreteness, we shall assume it Gaussian with mean
zero and covariance

(F(t,%) £(s,¥)) = 8t — 5)C(3Y) @

with L determining the scale on whichf (t, x) are correlated. An example of such an
evolution law is provided by the Langevin eguation describing the approach to equilib-
rium in systems of statistical mechanics or field theory!. In this case the nonlinearity
is of the gradient type:

r(@) = &) ©

with S(®) a loca functiona, eg. S(®) = & [(V®)? + im? [ &% + A [ 3% in the ®*
field theory, and with L small so that C(x/L) is close to the delta-function &(x) and
regulates the theory on short distances < L.
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Augmented by an initial condition ®(tg, x) (and, eventually, boundary conditions),
the solution of Eg. (1) should define random field @ (t, x). We are interested in the
behavior of its correlation functions given by the mean vaues

(Hll?(ti,xz-)). (4)

Among the basic questions one may ask are the following ones:

1. Do the correlation functions become stationary (i.e. dependent only on time
differences) whento — —? If so, are the stationary correlators unique (independent
of the initial condition)?

2. Do they obey scaling laws?

For the field theory case these questions are well studied with the use of powerful an-
alytic tools as perturbative expansions and renormalization group and by numerical
analysis (Monte Carlo simulations). The stationary correlators describe possibly dif-
ferent phases of the system. Universal (i.e. independent of the cutoff C) scaling laws of
the type

(Qa(t, %) Q(2(t,¥)) ~ Ix—y[™ )

for |x —y| > L with Q some local functions of ® emerge at the points of the 2"® order
phase transitions.

On the opposite pole of the field theoretic case are the hydrodynamical examples
of the evolution equation (1). The best known of those is the Navier-Stokes equation

Ov = —~Pv-V)v+vAv +f (6)

for theincompressible (O - v = 0) velocity field v(t, x), with P standing for the orthog-
onal projection on such vector fields. v denotes the viscosity and f is the external force
which induces the fluid motion. In the fully developed turbulence one is interested in
the regime where the stirring forces act on large distances (like the convective forces on
scales of kilometers in the atmosphere) and we observe quite complicated (turbulent)
motions on shorter distances down to scales on which the the dissipative term O v
becomes important (~ milimeters in the atmosphere). It is believed that the large
scale details should not be essential for the statistics of the flow in this intermediate
regime called the “inertial range”. It is therefore common to model the stirring forces
by a random Gaussian process with mean zero and covariance

(£t %) f(s,y)) = 8(t —~ 5)CP (%) ©

with 8,C*# = 0. L denotes now the large "integral scale’ on which the random forces
act. Note that, unlike for field theory, in this case the covariance C(x/ L) is close to a
constant, i.e. to a delta-function in the wavenumber space and not in the position space.
Such regime in field theory would correspond to distances shorter than the ultraviolet
cutoff with the behavior strongly dependent on the detailed form of the regularization.
Another (related) difference is that in Eq. (6) the nonlinear term is not of a gradient
type. Finadly, the projection P renders it non-local which is another complication. All
these differences make the Navier-Stokes problem (6) quite different from that posed
by the Langevin equation and resistant to the methods employed successfully in the
study of the latter.
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KOLMOGOROV THEORY

The first major attempt to obtain universal scaling laws for the inertial range cor-
relators is due to Kolmogorov?. Assuming the existence of homogeneous (i.e. transla-
tionally invariant) stationary correlators of velocities, one deduces the following relation
at equa times

V% (V) = V()P (v(x) = v(y))) + 5tr CCFE) = v(Vv(x) - Vv(y)).  (§)

Eq. (8) is obtained the following way. First, using Eq. (6), we write

¢4t
v(t+ 8t x) = v(t,x) + [-P(v-V)v(t,x) + vAv(t,x)]6t + / £(s)ds + O(5t1) (9)

t

and we instert this expansion into the equal-time 2-point function obtaining

(V{4 8, %) V(4 63) = (V1) V(oY)
—{P(v-V)v(t,x) - v{t,y})0t = (v(t,x)- P(v- V)v(t,y)dt
+u{Av(t,x) - v(t,¥) )0t + v{v(t,x) - Av(t,y) )0t + tr C(Z7F)dt + O(6t%). (10)

Vanishing of the O (dt) terms produces Eq. (8).
Under the limit y - x for positive v, Eq. (8) becomes the identity
1 =
Ftrc(0) = (u(Vv)?) = ¢ (12)

which expresses the energy balance: in the stationary state, the mean energy injection
rate is equal to the mean rate of energy dissipation € . On the other hand, performing
the limit v - O for x # y one obtains

~ iV {(v(x) vy (v(x) — v(¥)) = FtrC(5Y). (12)

For |[x —y| <« L the right hand side is approximately constant and equal to % tr C(0),
i.e. to€. Assuming also isotropy (rotational invariance) of the stationary state one may
then infer the form of the 3-point function in the inertia range:
4€

Oy e B} _ o) Y(x) — 47 o T (§eby ). (13
(0700 = 07(0)) () = v (O) (07(6) = v (O)) & =gy (577 - eyel). (19
The latter implies for the 3-point function of the component of (v(x) — v (0)) paralel
to x the relation

12
- 3y v 7
((v(@) = vO)D) = =gy el (14
known as the Kolmogorov % law” (% is the value of the coeffitient on the right hand
side in 3 dimensions).

Under natural assumptions about the stationary state one may deduce a stronger
version (sometimes called refined similarity) of the above relation which takes the form
of the operator product expansion for the v — O limit of the dissipation operator
e=v{Vv)?:

() = — lim Vo [(v() - v(¥))* (v(x) — v(y)] (19

v=0
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holding inside the expectations in the v - 0 limit. Relation (15) expresses the dissipa-
tive anomaly: the dissipation € whose definition involves a factor of v does not vanish
when v - 0.

Kolmogorov postulated? that the scaling of genera velocity correlators in the in-
ertial range should be determined by universa relations involving only the distances

and the mean dissipation rate €. Such postulate leads to the scaling laws
((v(x) = v(0)) oc &x"? (16)

for the n-point "structure functions’ of velocity generalizing the (essentialy rigorous)
result (14) about the 3-point function. The right hand side of relation (16) is the only

expression built from & and |x| with the right dimension.

The power law fits O [x| ¢n for the structure functions measured in experiments and
in numerical simulations lead to the values of the exponents slightly different from the
Kolmogorov prediction {,, =n/3 for n#3. One obtainss {, 0.70, {4 01.28, {z O 1.77,
(g 0O 2.23. The discrepencies indicate that the random variables (v(x) — v (0))y are
non-Gaussian for small x with the probability distribution functions decaying slower
than in the normal distribution. Such a slow decay signals the phenomenon of frequent
occurence of large deviations from the mean values called "intermittency”. There exist
many phenomenological models of intermittency of the inertial range velocity differ-
ences based on the idea that the turbulent activity is carried by a fraction of degrees of
freedom with a self-similar ("multi-fractal”) structure*. An explanation of the mech-
anism behind the observed intermittency starting from the first principles (i.e. from
the Navier-Stokes equation) is, however, still missing and constitutes the main open
fundamental problem of the fully developed turbulence.

KRAICHNAN MODEL OF PASSIVE ADVECTION

Recently some progress has been achieved®®” in understanding the origin of inter-
mittency in a simple model®° describing advection of a scalar quantity (temperature
T(t, x)) by a random velocity field v(t, x). The evolution of the temperature is de-
scribed by the equation

&T = — (v- V)T + sAT + § 1
where k denotes the molecular diffusivity and f is the external source which we shall
take random Gaussian with mean zero and covariance (2). Following Kraichnan8, we

shall assume that v(t, x) is also a Gaussian process, independent of f, with mean zero
and covariance

(v (t,%)v%(s,y)) = 8(t ~ 5) (D6* ~ d*¥(x ~y)) (18)
with Dy a congtant, d®®(x) 0 |x[ for small |x| and with 0qd®® = 0 in order to assure
the incompressibility. Note the scaling of the 2n-point function of velocity differences
with power n¢ of the distance. The Komogorov scaling corresponds to & = % (the
temporal delta-function appears to have dimension lengthé-1). The time decorrelation
of the velocities is not, however, a very redlistic assumption. In the Kraichnan model
¢ is treated as a parameter running from 0O to 2.

Writing
t+dt

T(t+ 6t,x) = T(t,x) — /[(v V)T (s,x) — f(s,%)]ds + sAT (¢, x)6t + O(62), (19)
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we obtain the analogue of the relation (8) for the stationary state of the scalar (the
latter may be shown to exist and to be independent of the initial condition decaying at
spatial infinity):

— 50 (x —¥) O yp (T T(Y)) + 3C(5E) = K(VT(x) - VT(y)).  (20)
Letting in Eq. (20) y - x for K > 0 produces, as before, the energy balance:

20(0) = (w(VT)?) = &. 1)

On the other hand, taking Kk - O for x #y results in the equation analoguous to (12):

747 (x — ¥) 8008 (T() T(y)) = 5C(5F¥) (22)

which may be easily solved exactly for the 2-point function of the scalar giving

(T(x)T(0)) = A¢ L*~¢ — const. &}x|*~¢ + O(L?) (23)

or
((T(x) — T(0))?) = const. € |x[*~¢ (24)
for |x]<< L. This is an analogue of the Kolmogorov -2 law. It may be strengthen to

the operator product expansion for the dissipation operator1°15lj K(OT)2

€(o) = 3 Jim d*(x—y) 0T 4T(Y)| (25)

valid inside the expectations in the limit k - 0. Eqg. (25) expresses the dissipative
anomaly in the Kraichnan model, analogous to the dissipative anomaly (15) for the
Navier-Stokes case.

The natural question arises whether the higher structure functions of the scalar
((T'(x) = T(0))**) = Yy,(x) scale with powers n(2 — &) as the dimensional analysis
would suggest (Corrsin’s analogue!! of the Kolmogorov theory). The answer is no.
Experiments show that the scalar differences display higher intermittency than that of
the velocities!2. Although, by assumption, in the Kraichnan model there is no inter-
mittency in the distribution of the velocity differences, numerical studies®® # indicate
strong intermittency of the scalar differences signaled by anomalous (i.e. #n(2 -¢))
scaling exponents. Unlike in the Navier-Stokes case, we have now some analytic under-
standing of this phenomenon, athough still incomplete and controvertial®.14.16,

The simplifying feature of the Kraichnan model is that the insertion of expansion
(19) into the higher point functions Fa,{x) = (T(t, x4, ..., T(t,X2,)) leads to a system
of (Hopf) equations which close:

Man -7'-27;(&) = Z fzn—z(xls R in) C(x'_‘—l,ﬁ) (26)

i<y i g
where M,, are differential operators
n
.Mn = Z d"’ﬂ(x,' - Xj) om:x Oz@ had HZ Ax,. . (27)
1<i<j<n ’ i=1

In principle, the above equations permit to determine uniquely the stationary higher-
point correlators of the scalar iteratively by inverting the positive elliptic operators
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M,,, . By analyzing these operators whose symbols loose strict positivity when k goes
to zero, it was argued in5 1 that at least for small &

1. lin% Fan(x) existsandisfinite,
K+
2. Fon(X) = Acpn L Fo(x) + O(L7240@) 4 . atk=0

where pan, = 2—"51—;—11.5 + O(£%), F3,is a scaling zero mode of the k = 0 version M3,
of the operatorMy,: MY, F3, = 0, F3,(0x) = 32-8-r» FD (x). The. . .-terms do
not depend on at least one of the vectors x; and do not contribute to the correlators of
scalar differences.

3. San(x) oc L#e |x|2~8-sem gtk =0andfor x|« L.

The last relation, a simple consequence of the second one, shows appearence of inter-
mittent exponents at least for small &(pzn is their anomalous part and it is positive
starting from the 4-point function). A similar analysis, consistent with the above one,
has been done for large space dimensions®. 17,

The above results about the ”zero-mode dominance” of the correlators of the scalar
differences show what degree of universality one may expect in the scaling laws of in-
termittent quantities: the amplitudes Acon in front of the dominant term depend on
the shape of the covariance Ci.e. on the details of the large scale stirring. But the zero
modes of the dominant terms (and their scaling exponents) do not. In field theory,
small-scale universality of the critical behavior finds its explication in the renormaliza-
tion group analysis. Similarly, in the Kraichnan model there exists a renormalization
group explanation of the observed long scale universalityl® . The renormalization group
transformations eliminate subsequently the long scale degrees of freedom. In a sense,
they consist of looking at the system by stronger and stronger magnifying glass so that
the long distance details are lost from sight. The eliminated degrees of freedom induce
an effective source for the remaining ones!8. Whereas such an “inverse renormalization
group” analysis may be implemented for more complicated turbulent systems rests an
open problem.

DYNAMICS OF LAGRANGIAN TRAJECTORIES
What is the source of the zero mode dominance of the inertia range correlators of

the scalar differences? In absence of the diffusion term in Eq. (17) the scalar density is
given by the integral

t
Tt,%) = [ f(sy(s;t,%)ds (29)
where y(s t, x ) describes the Lagrangian trajectory, i.e. the solution of the eguation
dy
Juc S 29
7 = V() (29)

passing at time t through point x (for concretness, we have assumed the vanishing initial
condition for Tatt= — ). The Lagrangian trajectories describe the flow of the fluid
elements. If the velocities are random, so are Lagrangian trgjectories and we may ask
the question about their joint probability distributions. Let P,(t,x;s,y) denote the
probability that n Lagrangian trajectories starting at time sat points(y 1, . . . , Yn) = ¥

pass at time t 2 sthrough points (X4, . . ., X,) = x. These probabilities may be
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computed for the time-decorrelated Gaussian velocities. They appear to be given by
the heat kernels of the singular elliptic operators M?

Pa(t,x5,y) = ¢ Mi(x;y) (30)

(more exactly, this is true after averaging over the simultaneous trandations of the
initial points, i.e. for the probabilities of relative positions of the trgjectories).

From the form of the operators Mﬁ we see that the (relative positions of) n
Lagrangian trajectories undergo a diffusion process with distance-dependent diffusion
coefficients. When two trajectories are close, the corresponding diffusion coefficient
vanishes as the distance to power & slowing down the diffusive separation of the tra-
jectories. When the trgjectories eventually separate, the diffusion coefficient grows
speeding up further separation. The result is a superdiffusive large time asymptotics:

[1@ Patxi0,y) dx o 5 (31)

for a generic (trandationally invariant) scaling function f (x) of scaling dimension o >0
(eg.for 5 |x: — x;|*> with the scaling dimension 2). Note the faster than diffusive
growth in time for §£ > 0. There are, however, exceptions from this generic behavior.
In particular, if f is a scaling zero mode of M2 then

/f(x)P (6% 0,y) dx = /f(x)e MR (x; y) dx =const. = f(y). (32)

It can be shown!? that each zero mode fo of Mﬂ of scaling dimension g, = 0 generates
descendent slow collective modes f,, p=1,2, . . . , of scaling dimensions o, = oo+p(2—¢)
for which

/ F(x) Po(t,%;,0,y)dx o< 7, (33)

i.e. grows sower (if 6, > 0) than in (31). The descendants satisfy the chain of equations
M nfp = fp-1. The structure with towers of descendants over the primary zero modes
resembles that in systems with infinite symmetries and may suggest presence of hidden
symmetries in the Kraichnan model.

The slow modes f, appear in the asymptotic expansion

Pn(t,x_; 0?_y_/L) = z ZL dpgp fP( ) (34)

zero modes p=0
fo

valid for large L and describing the behavior of the trajectories starting close to each
other. Since Pn{t,x;0,y/L) = P.(t,¥/L; 0,x), expansion (34) describes also probabil-
ities that the trajectories approach each other after time t. By simple rescalings and
the use of expansion (34), one obtains

[ 5@ Patt,x;0,y) dx = 655 [ f(0) Pal1, 0, y/¢77) dx
= Y Y fp(z)/f(x)gp(t,x) dx. (35)

zero modes p=0
0

For generic f, the dominant term comes from the constant zero mode and is propor-
tional to ¢2—¢ . However for f equal to one of the slow modes, the leading contribution is
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given by the further terms in the expansion due to the orthogonality relations between
fp's and gp’s. The behaviors (31,32,33) result. The distributions P, (t,x; O,y ) enter the
expressions for scalar correlators. For those of scalar differences, the contributions to
expansion (34) of modes which do not depend on al y; (like the constant mode) drop
out leading to the dominance by non-trivial zero modes.

The asymptotic expansion (34), governed by the slow modes f,, displays another
important feature of the Lagrangian trgjectories. Since P, (t x; 0,y) is a joint prob-
ability distribution of the endpoints of n Lagrangian trajectories starting at points
Yi,--.,Yn, weshould expect that it becomes concentrated on the diagonal x; = . . . =
Xn when the initial pointsy,, . . ., yn tend to each other. But this is not the case
as Lh—{r.}o P.(t,x;0,y/L) = Po{t,x;0,0) is a finite function of x. It is the constant
zero mode contribution to expansion (34). The whole expansion describes how ex-
actly P,(t, x; 0,y/L) fails to concentrate on the diagonal when L - . Similarly,
Pn(t, 0; 0,y) is anon-singular function of y showing that the probability that the tra-
jectories collapse after time t to a single point is finite, contradicting the uniqueness of
the Lagrangian trgjectories passing through a given point. The solution of the para-
dox is as follows. The typical velocities in the ensemble that we consider have rough
spatial behavior (and even rougher time behavior). As functions of x they are (es-
sentially) Holder continuous with exponent%. But for such velocities, the eguation
for the Lagrangian trajectories (29) does not have a unique solution, given the initia
position. As a result, the Lagrangian trgjectories loose deterministic character for a
fixed velocity redlization. Nevertheless, one may still talk about probability distribu-
tion Py(t, %;0,y] v) of their final points whose average over v gives Py(t, x 0,y). In a
more realistic description which takes into account a smoothing of the typical velocities
at very short viscous scale, the same effect is due to the sensitive dependence of the
now deterministic Lagrangian trajectories on the initial conditions, within the viscous
scale, signaled by the positivity of the Lyapunov exponent! ©.

Summarizing, intermittency in the Kraichnan model of the passive advection ap-
pears to be due to the slow collective modes in the otherwise superdiffusive stochastic
Lagrangian flow. The presence of such modes is closely related to the breakdown of the
deterministic character of Lagrangian trajectories for the fixed velocity configuration
at high Reynolds numbers, due to the sensitive dependence of the trajectories on the
initial conditions within the viscous scale. We expect both phenomena to be present
aso in more realistic turbulent velocity distributions and to be still responsible for the
anomalous scaling and intermittency.
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FIELD THEORY AS FREE FALL
A “Proper-Time” Approach to Classical and Quantum Gravity
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INTRODUCTION

In this talk | would like to discuss the meaning, and possible utility, of the concept
of “proper-time” when applied to the dynamics of the Universe as a whole. My talk is
based on a series of papers by Alberto Carlini and myself.1-3

The motion of a point particle in free fall is described by the geodesic equation

&?z” 1 (B9un | Bgusg 0Ogap dz* dzP _
9w g+ 3 (azﬂ Do " Bor ) dE dE &)
where tis an affine parameter proportional to the proper-time of the particle trajectory.

The classical field equations for gravity (gy,) coupled to any number of other bosonic
fields (@”) look, of course, quite different,

1
R, - §g#,,R = —KT,
55 _
A = &)

where S = S[g,,y @*] is the action, and the time parameter corresponds to an arbi-
trary 3 + 1 decomposition of the Lorentzian 4-manifold. Nevertheless, | will show the
following:

I. The Einstein + other bosonic field equations describe the free fall of a point particle
in superspace, and can be put in the form of a geodesic equation.

I1. Just as the mass m of a particle in free fall doesn’t appear in the usua geodesic
equation, there is a free parameter M in gravitational dynamics that does not ap-
pear in the classical field equations, but which may be important at the quantum
level.

*Talk presented by J. Greensite.
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I1l. Path integration of the “square-root” form of the gravitational action leads to
quantum evolution of states in a proper-time parameter.

It is not yet clear whether this proper-time formulation will be useful. | will, however,
mention some possible (albeit speculative) applications.

WORLDLINE ACTION FOR BOSONIC FIELDS

The classical motion of a freely falling, spinless particle of mass m (i.e. the geodesic
equation) is derived from variation of the worldline action, which is proportional to the
proper-time interval of the particle trgjectory

S,,=—-m/ds

dz dzv
= [ ary o G- g @

Removing the square-root by introduction of a Lagrange multiplier (lapse) N, we can
write S, in the form

detdzy 1
(4)

1
o —_ —— —— — —
S”_mde [2Ng‘"’ dr dr 2N

and in 1st-order form

" dz#
Sp = /dT [p#?—NH]

1 vV
H= %(gu Pubv + m?)

with H = 0 (which follows from variation w.r.t. N) the mass-shell condition. Quantum-
mechanically, this condition is imposed as a constraint on physical states

Hyp=0 )

which is just the Klein-Gordon equation in curved spacetime. In an interacting theory
the mass-shell condition is relaxed somewhat; it is required only of asymptotic states.
The 4-momentum of a virtual particle is alowed to violate the mass-shell condition.

We would like to generalize the proper-time approach to the case of gravity in
combination with any number of interacting bosonic fields; this calls for rewriting the
gravitational action in the form

Sg=—-M / ds (6)

where s is an invariant length parameter in the space of al fields modulo spatial dif-
feomorphisms, i.e. superspace. The only reasonable candidate for sis the usual action
of genera relativity, so the problem is to reformulate that action as a proper time in
superspace.

Let {g3(x), pa(X)} represent a set of gravitational and other bosonic fields, and their
conjugate momenta, with the fields scaled by an appropriate power of k2 =16mGy SO

as to be dimensionless. The standard ADM action has the form
Sapm = /d4:ﬂ [PaBog® ~ NH, — N/HL]

Hw = EzAGabpapb + \/EU((])
H, = 0°(g, 8slpa @
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where {q3(x)} = {g;j(X), 2* ()} is the set of 3-metric and other bosonic fields. In pure
gravity, for example, in this condensed notation,

{a=1-6} < {(,7), i < j}
9*(z) © gij(=)

pi(z) i=j
Pa(a) € { 2p™ (z) Z<;
Ga(z) Gij"’"(x)
VoU —%«/ﬁR (®)

Now express momenta in terms of velocities, and solve the Hamiltonian constraint
H = 0 for the lapse function, with a choice of shift functions N;i = 0. Insert the result
into the ADM action to get the Baierlein-Sharp-Wheeler (BSW) form of the action: 5

1
Spsw = — / d'z \/ ~ 3 VOUGad0g*dog® 9)

This is not yet a worldline action. For that, we need some additional manipulations.
First choose a time-parameter t = x, proportional to the BSW action, i.e.

Swsw =~ [ ds=—o [ at (10

where ¢ is an arbitrary parameter with dimensions of mass. Inspection of the BSW

action gives
1, [ 1
dt = ;—/d b —F\/ﬁUGa,,dqadq" (12)

1 3 1 Q.
1= - /d z \/—E\/ﬁUGaaazq 0,q* (12)

Let N denote the lapse function (derived by solving the Hamiltonian constraint) asso-
ciated with this time parameter t

or

. 1
N = J_WGabagqaatqb (13)
Then 1 1
b e e B

The condition dt a dsimposes only one global restriction on the choice of N. Since

= 1
/ d*z N\/gU = / d’z \/ ~ 12 VIUGudig®0eg® (15)
then from (12) we get the condition
[ & Nygu = %a (16)

For any given N satisfying this condition, there corresponds a time parameter t pro-
portional to Sggw. The condition is solved trivialy by
Lo

N= N0 (47
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where N is unrestricted. Then

1= —-;12- /dam [/ d*z’ N\/ﬁU] K—/-l;gGabatqaatqb (18)
> ds® = /dgcc [/ &z N\/EU] F%Gaadqadqb (19)

Now we introduce a mixed discrete/continuous ”coordinate index” (a, x) in super-
space:

== e @

We also define a degenerate supermetric

Glazyityy = [/d%/ N\/—U] Ny Gap(2)8°(z — y)

Goayoy = Gea)ow = G(on)w) =0 (21)
With these definitions,
d5® = ~G(az)(py dg* dg ™) (22)
so finaly
8y = —M f ds
dg(@=) dgbw)
= -M / dr \/jg«w)(ﬁy)?? (23)

This is the required world-line action for gravity coupled to any number of bosonic
fields.
Variation of the action Sq w.r.t q@x leads, in the usual way, to a geodesic equation

a1 3Gy | 0wr)v)  09(Byye) dg'® dgtr)
Glax)(on) ds? ) 5q0v) + 5q(By) - dgloe) ds ds 0 @4

It is straightforward to verify that the a # 0 components of the geodesic equation are
the eguations of motion

a 1
ot [anzG

bl 1 8G¢d c 3,1
ab tq:] 4NK,2 aq 6tq +/d ( )(\/—U) (25)

while the a = 0 component is the Hamiltonian constraint

1 b
mGab@q“@q -+ \/ﬁU =0 (26)
These equations are identical to those obtained from the ADM action, with the gauge
choice N;j =0andN=N.T We have therefore interpreted the classical field equations
of genera relativity as describing the free fall of a point particle in superspace. We can

T The supermomentum constraints H; = 0, may appear to be missing, but in fact those constraints
can be derived, as a consistency condition, from the other equations of motion and the Hamiltonian
constraint. 4
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now proceed, as in the relativistic particle case, to derive the proper-time Hamiltonian.
Again introducing a Lagrange multiplier nto remove the square-root, we have

Sy=M [ar [gzg(amxm e dg %n] )
and the first-order form is
5 = /d'r [p(w)d—d(ai) - == nHJ
H= m[g(“"b”):ﬂ(az)mbm + M)
= sl + M) (28)
where
& = G W pigypiy)
_ &z N&*Gpap, 29
J &3 N /gU

Variation of the 1st order action with respect to q2(x,7), pa(x,7) and N(x,7), n(7)
gives us, respectively, the set of Hamiltonian equations and constraints
N n 0K O: 0FE
a‘rq ("E) - mdpa(z) ) ana(x) - méq“(m) ; (SN(Cl?)
Setting n= 1, so that 7 = s = o t; these equations are eguivaent to the usua Hamil-
tonian equations of motion and Hamiltonian constraint

=0, B=-M? (30)

.6
a _ 3,0
8™ (z) = /d z N&pa(z)H
.6
Oypa(z) = — / N ™
2
H = G¥p,py + My/GU =0 (31)

M

in the N = N, N; = 0 gauge. We note that since N is arbitrary, this gauge choice does
not imply any loss of freedom in the choice of constant-time hypersurfaces. The only
restriction is on the labeling of those hypersurfaces, such that At ASggy.

The constant M in eg. (31) is implicitly set to M = 1, in the usua Hamiltonian
formulation of genera relativity, but there is no overwhelming reason to make this
choice. We have seen that M appears as a constant multiplicative factor in the worldline
action of the Universe, as does the mass min the worldline action of a particle. Both
of these constants drop out of the corresponding geodesic eguations. In the context of
the first-order formulation, the condition

E=-M? (32

is in every sense analogous to the particle mass-shell condition g*’pup, = —m?. We
dignify this constraint with the title "Mass-Shell of the Universe.”
Canonical quantization, in the “proper-time’ gauge n = 1, leads to the proper-time
dependent Schrédinger equation
o

5 0¥ _ 1 2
i = 5 B+ MY (33)
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which has the general s-dependent solution
\Il[q, S] — EG£p¢ep[q]€i(£_M2)s/(2Mh)
£g
BEdeplq) = —Eeplq) (34

where the label 3 distinguishes among a linearly independent set of eigenstates of
A with eigenvalue —€. The classical constraint 8//0N = 0 becomes an operator
constraint %%\Il = 0. Inserting the eigenstate expansion, we find that each eigenstate
o . satisfies a Wheeler-DeWitt equation

2 2
W 2pw 8

zrd s ‘/‘EU] ®slg] =0 (35)

associated with the parameter €. Findly, if we aso impose the mass-shell constraint
BV = -MT (36)

then the only physical states are those with € = M2, and the (classically indeterminate)
constant M can be absorbed, via

h
herr =34 (37

into a rescaling of Planck’s constant.

PATH-INTEGRAL FORMULATION

We will now derive the proper-time formulation in quite a different way, from
direct path-integral quantization of the square-root form of the action. Although path-
integral methods have been applied to, e.g., the square-root particle worldline action
in Riemannian spacetime,® they have not, to our knowledge, been applied to square-
root actions with Lorentzian metrics. The signature of the metric inside the square
root introduces some new and quite non-trivia features in the quantization procedure,
which will be discussed below.

In non-time-parametrized theories, the path-integral is built out of elementary
integrals

Widst+e) = [ d% peexpliS((@, ¢+ o), (o, )/ hitp(a, 1)
= Ue"/)(qI’ t) (38)

where §(q, t + 0), (q, t)] is the action of a classical trajectory between the points g at
time tand ¢ a time t+ €. A unitary evolution operator

U, = exp[—iHe/h] + 0(52) (39)

is obtained. Direct imitation of this construction doesn’t work in time-parametrized
theories, because

Sl(d',t + €); (a,1)] = S[d', d] (40)

which implies that Ug is O-independent (and in general non-unitary). Of course, there
are well-known methods of evaluating the functional integral in certain cases, e.g. rela
tivistic particles and strings propagating in a flat background, to obtain Green functions
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G[d', q]. The easiest method is to introduce auxiliary fields, to remove the square root.
But our aim here is rather different, and is related to the infamous “problem of time””’
in time-diffeomorphism invariant theories: It is to describe the evolution of quantum
states, in a time-diffeomorphism invariant theory, in terms of an appropriate proper-
time parameter.

With this aim in mind, let us try to recover a unitary evolution operator of the
form (39) by making a small change to the construction (38)

PgT+e) = / dPq peexplecS(q, @)l (g, T)
= Up(d,7) (41)

where co is a complex constant to be chosen such that Ug is unitary. Begin with the
relativistic particle action, where

(a7 +e) = /dD:c e e;xp[——cem,/—n,‘,,Axl‘Az"]w(x, 7) (42)
with measure
1= /dDz exp[—cemy/ —nu Azt Az @)

so that Uop — 1as[— O Comparing to the corresponding expression for a free non-
relativistic particle

Uo7+ = [dP peexp [m%—%ﬁ] e (4

motivates us to try
(45)

The "time”-step 0 now has units of action.

To complete the definition of the functional integral, we must decide whether to
integrate over all Ax, including both timelike and spacelike path segments, or only
over timelike paths. The corresponding question, in quantum gravity, is whether to
integrate over manifolds of Lorentzian and Euclidean signature, or just over Lorentzian
manifolds. To address this question, let us calculate separately the contributions to Ug
from timelike and spacelike paths. Following the usua steps leading from the path-
integral to Schrodinger eguation

P(z',7+¢€) = /dDa: te €XD|~ ,/—r],‘,,Ax“Az"/\/-—zeh

2
[1/1(35 T) + A + %@ (Z‘g — Azt Az + ]
= Usp(a', 1) (46)
One finds
1+t IBgp

Uo=1+ o510 *

Iy = /dDz exp{—my /[~ zha? [/ —ich)

Ip= /dDz % exp[—my/—n,zhz? [/ —ieh) (47)
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= o

wherext = {t, #} and r2= #.£. Dividel 5into timelike and spacelike contributions

00 o0 2 _ 2 7 2 __ 42
IA=0/0 der'z{/r dtexp[—M}+/0 dtexp[—%—t—]}

v/ —ieh Vieh
=g [0 dr rP=2{Fy(r) + Fy(r)} (48)
where
= 7 Y —my/NR 1
Fi(r) _/0 dyWe O(r) as r — oo
— T Y —my/Vieh 1
F = d ——— Y ~ -
2(r) /0 yme O(T) as r — 00 (49)
therefore

timelike paths contribution = o /oo dr rP=2Fy(r) s divergent
0
spacelike paths contribution = o /0 * dr rP2Fy(r) s divergent (50)
(and similarly for 1z). The interim conclusion is that an evolution operator defined

over timelike paths alone, or spacelike paths alone, is meaningless. What about the
sum? It turns out that

i 2 —my/Vieh : mr
F+F=~| dy—m==e ™Vt =jrk 51
1+ I /T y\/;:f___yfe w l(m) ( )
which is exponentially damped at large r! We then find that
1 = io2P=2 (L yer P Ly P21,
Ip = z'azl’(——““)D+21“(D—Jrl +yr2=2 1 (52)
m 2 2
and finaly
; (D + 1) i
U = 1+ieh Y 79,8, + O(€?)
= exp[—i/Be/h] + O(?) (53)
where
E={(D+ 1)2m"mp o (54)

Note that co= 1/A/—iekh leads to the iO factor required for unitarity in Ug. Our
conclusion is that for the relativistic particle action, we must sum over timelike and
spacelike contributions. A similar analysis for gravity implies that both Lorentzian and
Euclidean 4-manifolds contribute to the evolution of the wavefunction.

The “unitary” path-integral formulation we have introduce here leads to the correct
equation of motion (in this case the geodesic equation in flat space) in the classical limit.
It does not impose a definite mass-shell condition, which is irrelevant to the geodesic
equation. The mass-shell condition only pertains to stationary states of the quantum
theory. These stationary states satisfy

B = —E (55)
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which is simply the Klein-Gordon equation

[7**paps + mZpfltp =0 (56)

with a mass term
2 28 2
meff = mm
Non-stationary states are superpositions of Klein-Gordon states with different values
of m2. It can be shown that as long as we only superimpose states with € > 0, i.e.
m2:; > 0 non-tachyonic, the wavepacket follows a timelike trajectory.
Next, consider minisuperspace models of the form

(57)

S = /dt {p.0¢® — NH|p, q}}

— L ab
H=5-G (@)paps +mV(g) (58)

where the supermetric G® has Lorentzian signature (— + + + ... +). The "square-root”
form of the action is obtained by solving for p, in terms of the time-derivatives of the
{a?}
0H N
opa

m
== Po = NGabatq

at qu. =N Gab

and then solving the Hamiltonian constraint for the lapse function

_ 1 ab
0=5-G (@)paps + mV {(q)

m 1
= Q—N;Gabatqaatqb + §mV(q)

1
= N= —WGabatqaatqb

Substitute into the minisuperspace action, to find

S=-m / dt \[—2V Cadiq®Beg (59)

Define the modified supermetric
Gab = 2VGab (60)

so for Ag? small

Sldal = —m [ dt \/Gudedud®
0
= —my/ —GuAg*Agh

The measure is

b7) = (Ve lim [ (\/— expl-my/—OuAFA/V=iR]  (6)
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Introduce Riemann normal coordinates & around the point g'2, which transforms the
modified supermetric into the Minkowski metric G, = N a the point g' (§ = 0). Then

ut(q) / dP¢ det[ 35,, 1| exp[~m/ —nap€o€8 v/ —ieh]
- I (62)
1y
1G{aN
so that
(g, T +e) = %/dDAq\/lg(q’ + Ag)| exp[~my/ —Gp AgeAgt /v —ieh{q' + Aq,T)

It

71/; / dPe (1 - lmbf“f" ) expl—m/ =1l €8 /v/—ieh]

7] 7]
(vt + agi +s agc;’;ﬂdw(&a)}

- [1+ F2de - o )}] W E),r)

_ . D+1 , 8% . D1
= [1+zeh YRl e e — ieh o RiY(E,T) (63)

where Ris the curvature scalar formed from the metric Gy,. Transforming back from
Riemann normal coordinates, we have

D+1 1 w® . D+1
1+ éeh——- Py \/73(1 1G] 5 — ieh o 'R} (g, )

S Ucd)(q’ 7') (64)

1/1(qu+€) -

As in the relativistic particle case, exp[-iAJ k] is a unitary operator, where
,D+1 1 8
2m? /i |3q“

is obviously Hermitian in the measure pg Taking the O- O limit, the wavefunction
W(q,7) satisfies a Schrodinger equation

010 3 + R (65)

E=—

o, p(xz, ) = Byp(g, 7) (66)

and the r-independent Schrodinger equation Ag: = —€@: IS

D41 VvV a9l h D+1 bela) = 0 67)
£ am? Jig|og" V Bq” 3 e

This is simply the Wheeler-DeWitt equation Hf@, = 0O with a particular operator-
ordering. In the classical limit

a . e g 9
}Ecl[q ’Pa] = ;LI—IR) }E[q ,~7,h% ——)pa]

og®
1 ! 75.G° bPan
D 2m a0 68
= 5D+ ) (68)
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which again has the “Kinetic/Potentia” form of eg. (29). It can be readily verified
that

0,Q = {Q, B} (69)

gives the correct classical dynamics. Ther evolution parameter is a proper-time, for
trgjectories in minisuperspace with metric Gap.

For quantum gravity, the starting point is the BSW action in eq. (9). Following
steps analogous to the minisuperspace case leads to a proper-time Schrodinger equation

i1, ¥ = BV (70)
where
= [ d%z |-K*Ns2G* & -+ operator-ordering terms (71)
£B= f d’z K Sgiag p g
and
@)= ot ) @)

= Tdv JGNU(@)

Classicaly, this is the same 4 as in the "free fal” approach. For the details of the
derivation, | must refer the reader to one of our articles® The general solution of this
evolution eguation has again the form

Vlg*(z),7) = Zg: agpPeplg”(z))e™/™

}E‘I)gﬂ = —5(13513
== ’ng)gg =0 (73)

where HE is the Hamiltonian in eq. (31) with € = M2 As in the case of the relativistic
particle, each stationary state ®.g is a solution of a Hamiltonian constraint (in this case,
the Wheeler-DeWitt equation), each with a separate value of the parameter €.

Once again, unitarity of U, requires summing over all g2(x,7), including regions
where the lapse function is imaginary. This means that we are integrating over mani-
folds of Euclidean, Lorentzian, and mixed Euclidean/Lorentzian signature. Why, then,
does spacetime look Lorentzian? This has to do with Ehrenfest’s principle: the WKB
wavefunction will be concentrated on a manifold solving the Einstein equations. At
both the classical and semi-classical level, metric signature depends on initia condi-
tions. An initia 3-manifold can evolve via Einstein’s equations into either a Lorentzian
or Riemannian 4-manifold, depending on the initial choice of conjugate momenta. At
the quantum level, the "average” metric signature depends on the initia state.

THE COSMOLOGICAL CONSTANT

In the spirit of third quantization,® we consider the effective super-gravitational
action at one loop, where the “particle” going around the loop is, in this case, a virtual
universe. This has the form

if
SerlGu] = 5 Tl + M) (74)
where the trace runs over a basis of states satisfying the one-parameter family of
Wheeler-DeWitt equations HE®ep = 0. However, the supermetric Ga, unlike the

ordinary spacetime metric gy is not arbitrary; it is constrained to be a particular func-
tional of U(g) and gyv. But the form of U(q) isalso tightly constrained: it is the sum

43



of al possible potential terms that could appear in an ADM Hamiltonian. With this
restriction, Sefs is just a function of the coupling constants of each possible interaction
term, i.e

Sﬂff[gab] = Seff[)\, 627 gz’ ] (75)

and the couplings are now viewed as dynamical variables. Variation of Ss¢s with respect
to the couplings could, in principle, determine their phenomenological values, very much
in the spirit of Coleman’s “Big Fix.”®

As an illustration, consider the minisuperspace action representing a Friedman-
Robertson-Walker (FRW) universe filled with a three-component, minimally coupled

massless scalar field ¢==(¢y, ¢z, #3), i.e.

8
/dt [———+a¢ ¢+N(a—)\a3) (76)
With the choice of coordinates ° = a, ' = &', the supermetric for the corresponding

worldline action
§=-M / dr/~Gapid (77)

Gpp = —0Gag =a*(Ma®—1) ; =123 (78)
As in ordinary gravity, the trace log in (74) has an adiabatic (“weak curvature”) ex-
pansion

reads

SerslGul = [ da [ \/iGI(As + KsR +.] 79

Let us temporarily compactify the ranges of integration so that the scale factor runs
froma=0toa=a, and keep only the leading term in the adiabatic expansion

Sef,_AS/ da/d3¢a (Aa? — 1)?

At @t 1
= LAcad | 2= - 22 4 2
“”“(12 5+8)

(80)

where | 4 is the (compactified) g-integral. Then it is easy to check that Sy is stationary

at
el ) = A= (81)

with the result that A — 0% as@ - o,

Although the algebra is simplest in this case, the result seems to be fairly robust,
and and survives inclusion of mass terms, supercurvature, and varying number of scalar
fields.

A NEW SOURCE OF DECOHERENCE?

As a second speculation, we may imagine the possibility that the Universe propa-
gates dlightly off-shell; the wavefunction of the Universe being a superposition of states
with different values of € # €5, = M?2. The finite uncertainty Ae will be reflected in an
apparent dispersion 3% in the “effective’ value of Planck’s constant kett (e ) = £/VE,
i.e

1 AE
AE = Zhepj— 82
€ = Sherr— (82

d
oh = ’theff rr
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If such a dispersion exists, it would manifest itself as a new source of decoherence
between paths whose difference in action 8S exceeds a certain bound. By arguments
analogous to those in physical optics, the criterion for coherent interference between
paths of action difference 8Sist

55 hey
hupr ~ oh

The signature of finite dispersion 8% in the effective value of Planck’s constant could
be, e.g., an observed decoherence of particle beams in an ultra-sensitive particle inter-
ferometer, in a situation where standard time-energy considerations would imply that
the beams should interfere coherently. Of course, we have no idea whether there really
is afinite dispersion 6k #0, nor, if there is such a dispersion, whether it is large enough
to be detectable.

(83)
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INTRODUCTION

The results that | would like to discuss here are a collection of numerical data
which strongly favor an old and, in recent years, somewhat neglected theory of quark
confinement: the Zn Vortex Condensation Theory. Some of this data (Figs. 1-8) was
reported by our group late last year,! the rest is new.

The confinement region of an SU(N) gauge theory redly consists of at least two
parts. The first is an intermediate distance region, extending from the onset of the
linear potential up to some color-screening distance, which we call the Casimir-Scaling
regime.23 Many numerical experiments have shown that in this intermediate region
flux tubes form, and a linear potential is established, between heavy quarks in any
non-trivial representation of the gauge group. The string-tension is representation-
dependent, and appears to be roughly proportional to the quadratic Casimir of the
representation. *Thus, for an SU (2) gauge theory,

o5~ gj(} + 1oy @
where g is the string tension for a heavy quark-antiquark pair in representation j.
Eventually, however, the color charge of higher-representation quarks must be screened
by gluons, and the asymptotic string tension can then only depend on the transforma-
tion properties of the quarks under the center of the gauge group, i.e. on the "n-ality” of
the representation. This Asymptotic regime extends from the color-screening length
to infinity, and in the case of an SU (2) gauge group the string tensions must satisfy

~_ J 012 j = half-integer 2
% _{ 0 j= integer C)

In particular, the string between quarks in an adjoint representation must break, at
some distance which presumably depends on the mass of "gluelumps’ (i.e. the energy

*Tak presented by J. Greensite.
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of a gluon bound to a massive adjoint quark). Also, since string-breaking is a 1/N?

suppressed process, the number of colors is relevant. The breaking of the adjoint string
is difficult to observe in numerical experiments, although on general theoretical grounds
one may be confident that the breaking must occur for sufficiently large adjoint quark
separation.

The most popular theory of quark confinement is the abelian projection theory
proposed by 't Hooft, which | will briefly describe in the next section. In past years
our group has been highly critical of this theory (as well as the Zn vortex theory), on
the grounds that it fails to explain the existence of a linear potentia between higher
representation quarks in the Casimir scaling regime.? 3 This failure is very significant,
because it is in the Casimir regime that the confining force replaces Coulombic behav-
ior, and in fact it is only in this regime that the QCD string has been well studied
numericaly. If we don't understand Casimir scaling, then we don’t realy understand
how flux tubes form.

A possible response to this criticism is simply to admit that the formation of
flux tubes, at intermediate distances, remains to be understood, but that the abelian
projection theory is nonetheless valid at very large distance scales, i.e. in the asymptotic
regime. | will argue that there may be some truth to this response, but that the
confining configurations relevant to the asymptotic regime seem to be Zy vortices,
rather than abelian monopoles.

ABELIAN DOMINANCE

One of the earliest ideas about confinement, known as “dual-superconductivity,”
was put forward independently by 't Hooft and Mandelstam in the mid-1970's. The
idea is that the QCD vacuum resembles a superconductor with the roles of the B
and B fields interchanged. Electric (rather than magnetic) fields are squeezed into
vortices; electric (rather than magnetic) charges are confined. Magnetic monopoles are
condensed; they play the role of the electrically charged Cooper pairs. The problem is to
actually identify the magnetic monopoles of an unbroken non-abelian gauge theory, and
to understand which non-abelian degrees of freedom play the role of electromagnetism.

A concrete suggestion along these lines was made by 't Hooft in 19815 The pro-
posa was to gauge fix part of the SU(N) symmetry by diagonalizing some operator
tranforming in the adjoint representation of the gauge group. This leaves a remnant
U (1)N"1 gauge symmetry, with gauge transformations g of the form

g = diag[e’®, ™2 .., eioV] San=0 (©)

The diagonal components of the vector potential, Af}a, transform under the residual
symmetry like abelian gauge fields, i.e.

At = AP+ 8,00 (4)
while the off-diagonal components transform like double (abelian) charged matter fields
.A;fb — ei(a“—a")Azb (5)

This gauge-fixed theory can therefore be regarded as an abelian gauge theory of “pho-
tons,” charged matter fields, and magnetic monopoles. Monopole condensation confines
abelian charged objects, and the abelian electric field forms a flux tube.

On the lattice, one can decompose the link variables U

Un(z) = Wy(2)Ay(z) (6)
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into “abelian” link variables A, transforming under the residual symmetry as abelian
gauge fields, and “matter” fields W

A (2) = 9(=)Au(w)g™ (@ + 1)
Wo(z) = g(z)W,(z)g ™" (2) (7

For SU(2) lattice gauge theory, Ais simply the diagona part of U, rescaled to restore
unitarity, i.e.
_ap+ iago®

Monte Carlo studies of the abelian projection theory began with the work of Kro-
nfeld et a.,® who introduced a specific abelian projection gauge, the “maximal abelian
gauge,” 7 which has been used in most further studies. The maximal abelian gauge is
defined as the gauge which maximizes the quantity

2 2 Tr{Uu(z)e*Uj(x)o”] ©)

U=apl +id-& , A

This requires diagondlizing, at every site, the adjoint representation operator

X(2) = X [Uu(2)0*U(2) + Ul(z — 3)o*Uy(z — )] (10)

I

This gauge choice makes the link variables as diagona as possible, placing most of
the quantum fluctuations in the abelian link variables. If the abelian projection idea is
going to work at all, it ought to work best in this gauge. Other proposals (Polyakov-line
gauge, Field-Strength gauge) have not, in fact, been very successful.

An important development was the finding, by Suzuki and collaborators, that if
we fix to maximal abelian gauge and replace the full link variables U with the abelian
link variables A (this is often termed “abelian projection”), and then calculate such
guantities as Creutz ratios, Polyakov lines, etc., with the abelian links, the results
very closely approximate those obtained with the full link variables® The fact that the
abelian link variables seem to carry most of the information about the infrared physics
is known as “abelian dominance,” and it has stimulated a great deal of further work
on the abelian projection theory.

CENTER DOMINANCE

Of course the abelian projection theory is not the only proposal for explaining the
confining force; there have been many other suggestions over the years. One idea that
was briefly popular in the late 1970's was the Vortex Condensation theory, put forward,
in various forms, by 't Hooft,® Mack,'® and by Nielsen and Olesen'! (the “Copenhagen
Vacuum”). The idea is that the QCD vacuum is filled with closed magnetic vortices,
which have the topology of tubes (in 3 Euclidean dimensions) or surfaces (in 4 dimen-
sions) of finite thickness, and which carry magnetic flux in the center of the gauge
group (hence “center vortices’). The effect of creating a center vortex linked to a given
Wilson loop, in an SU(N) gauge theory, is to multiply the Wilson loop by an element
of the gauge group center, i.e.

W) = ™Y W) n=1,.,N-1 (11)
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Quantum fluctuations in the number of vortices linked to a Wilson loop can be shown
to lead to an area law falloff, assuming that center vortex configurations are condensed
in the vacuum. '

With one notable exception,*® almost nothing has been done with this idea since
the early 1980’s, which was at the dawn of Monte Carlo lattice gauge simulations.
It is therefore interesting to go back and study the vortex theory, using a numerical
approach inspired by studies of the abelian projection theory.

In an SU(2) lattice gauge theory, we begin by fixing to maximal abelian gauge
and then go one step further, using the remnant U (1) symmetry to bring the abelian
link variables

0
A= [ ¢ il ] (12)

as close as possible to the SU(2) center elements =1 by maximizing < cos?0 >, leaving
a remnant Z,symmetry. This is the (indirect) Maximal Center Gauge (the center
is maximized in A, rather than directly in U). We then define at each link

Z = sign(cos ) = +1 (13)

which is easily seen to transform like a Z, gauge field under the remnant Z, symmetry.
“Center Projection” is the replacement U — Z of the full link variables by the center
variables, we can then calculate Wilson loops, Creutz ratios, etc. with the center-
projected Z-link variables.

Figure 1 is a plot of Creutz ratios vs. B, extracted from the center-projected
configurations. The straight line is the asymptotic freedom prediction

2\ 102/121 2
oa? = 7\”—2 (6—17;—/3) exp [—%Z;—ﬂ] (14)
with the value /o /A = 67. What is remarkable about this plot, apart from the
scaling, is that the Creutz ratios (R, R) a each 3 are aimost independent of R. This
means that the center projection sweeps away the Coulombic contribution, and the
linear potential appears aready at R = 2. This is seen quite clearly in Fig. 2, which
compares the center-projected Creutz ratios (solid line), at B = 2.4, with the Creutz
ratios of the full theory (dashed line). It is also interesting to compute the Creutz ratios
derived from abelian link variables with the Z variable factored out, i.e. A/Z (dotted
line). We note that, in this case, the string tension simply disappears.

It seems evident from this data that, just as the abelian A links are the crucial part
of the full U link variables in maximal abelian gauge, so the Z center variables are the
crucial part of the Alinks in maximal center gauge, carrying most of the information
about the string tension. This is what we mean by “Center Dominance.”

Should one then interpret center dominance to mean that the confining force is
due to Z, center vortices, rather than U (1) monopoles? That conclusion would be
premature, in our view. In fact, our original interpretation of this data was that
the success of center dominance suggests that neither abelian dominance nor center
dominance has anything very convincing to say about quark confinement (and this fits
very nicely with our further critique of abelian projection based on Casimir scaling). 2
Underlying that interpretation, however, was the belief that the “thin” Z, vortices of
the center-projected configurations are probably irrelevant to the confining properties
of the full, unprojected configurations. This belief is testable, however, and the result
of the test is surprising.

TSome related ideas have also been put forward by Chernodub et ar
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Figure 1. Creutz ratios from center-projected lattice configurations, in the (indirect) maximal
center gauge.

VORTEX-LIMITED WILSON LOOPS

The only excitations of Z, lattice gauge theory with non-zero action are “thin”
Z, vortices, which have the topology of a surface (one lattice spacing thick) in D=4
dimensions. We will cal the Z, vortices, of the center projected Z-link configura-
tions, “Projection-vortices’ or just P-vortices. These are to be distinguished from
the hypothetical “thick” center vortices, which might exist in the full, unprojected U
configurations. A plaguette is pierced by a P-vortex if, upon going to maximal center
gauge and center-projecting, the projected plaguette has the value —1. Likewise, a
given lattice surface is pierced by n P-vortices if n plaguettes of the surface are pierced
by P-vortices.

In a Monte Carlo simulation, the number of P-vortices piercing the minimal area
of agiven loop C will, of course, fluctuate. Let us define W,(C) to be the Wilson loop
evaluated on a sub-ensemble of configurations, selected such that precisely n P-vortices,
in the corresponding center-projected configurations, pierce the minima area of the
loop. It should be emphasized here that the center projection is used only to select the
data set. The Wilson loops themselves are evaluated using the full, unprojected link
variables. In practice, to compute Wn(C), the procedure is to generate thermalized
lattice configurations by the usual Monte Carlo agorithm, and fix to maximal center
gauge by over-relaxation. For each independent configuration one then examines each
rectangular loop on the lattice of a given size; those with n P-vortices piercing the loop
are evaluated, the others are skipped. Creutz ratios X,(l, J) can then be extracted
from the vortex-limited Wilson loops W,(C). In particular, if the presence or absence
of P-vortices in the projected configuration is unrelated to the confining properties of
the corresponding unprojected configuration, then we would expect

xo(I,J) = x(I,J) (15)
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Figure 2. Creutz ratios x(R, R) vs. Rat B = 2.4 for full, center-projected, and U (1)/Z,-projected
lattice configurations.

at least for large loops.

The result of this test is shown in Fig. 3. Quite contrary to our expectations, the
confining force vanishes if P-vortices are excluded. This does not necessarily mean that
the confining configurations of SU(2) lattice gauge theory are thick center vortices. It
does imply, however, that the presence or absence of P-vortices in the projected gauge
field is strongly correlated with the presence or absence of confining configurations
(whatever they may be) in the unprojected gauge field.
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Figure 3. Creutz ratios Xo(R, R) extracted from loops with no P-vortices, as compared to the usua
Creutz ratios X (R R), at B = 23.

The next question is whether we can rule out the possibility that the confining
configurations are, in fact, thick Z, center vortices. Suppose, for a moment, that to
each P-vortex in the projected Z-link gauge field there corresponds a thick center vortex
in the associated, unprojected, U-link gauge field. If that is the case, then in the limit

of large loop area we expect ©
W, (C n

The argument for this equation is as follows: Vortices are created by discontinuous
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gauge transformations. Suppose loop C, parametrized by xH(+), + O[O, 1], encirclesn
vortices. At the point of discontinuity

9(=(0)) = (-1)"g(=(1)) 1)

The corresponding vector potential, in the neighborhood of loop C can be decomposed
as

A‘(‘")(z) = g‘léAfL") (2)g + 9709 (18)
so that
Wa(C) = < Trexpli }( dat AP] >
=(-1)"< Trexp[z'jl{dx“&Af,")] > (19)

In the region of the loop C, the vortex background looks localy like a gauge trans-
formation. If all other fluctuations 3A[” are basically short-range, then they should
be oblivious, in the neighborhood of the loop C, to the presence or absence of vor-
tices in the middle of the loop. In that case, if we have correctly identified the vortex
contribution, then

< Trexp[i}z{dz“dA&") >~ <Tr exp[z‘?fdw“zSAﬂ))] > (20)

for sufficiently large loops, and eg. (16) follows immediately. All we have to do is test
this.

Figures 4 and 5 show our data for W1/Wg and W,/W,, respectively, at 3 = 2.3.
Again, somewhat to our surprise, this data is entirely consistent with (16); it is con-
sistent with the confining field configurations being center vortices, and in fact offers
good evidence in favor of that possibility.

0.5 —

0.0

W,/ W,

Loop Area

Figure 4. Ratio of the 1-Vortex to the 0-Vortex Wilson loops, W; (C)/Wg (C), vs. loop area at
B= 23

Of course, it could still be that we are looking at a rather small (and perhaps
misleading) sample of the data, at least for the larger loops. Large loops will tend to be
pierced by large numbers of P-vortices. As the area of a loop increases, the fraction of
configurations in which no P-vortex (or exactly one, or exactly two P-vortices) pierces
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Figure 5. Ratio of the 2-Vortex to the 0-Vortex Wilson loops, W,(C)/Wo(C), vs. loop area at
B= 23

the loop will decrease, tending to zero in the limit. So let us instead consider Weyn(C)
and Wogq (C), where Wi, (C) denotes Wilson loops evaluated in configurations with an
even (including zero) number of P-vortices piercing the loop, and W4 (C) denotes the
corresponding quantity for odd numbers. Then

W(C) = Poyn(CYWeyn(C) + Pota(C)Woia(C) (21)
where

Pevn (C) = the fraction of configurations with an even (or zero)
number of P-vortices piercing loop C

Poaa(C) = the fraction of configurations with an odd
number of P-vortices piercing loop C

One expects that for large loops, Pen = Poad = 0.5. According to the vortex conden-
sation mechanism, neither Weyn nor Wogq falls with an area law; the area-law faloff
is due to a delicate cancellation between the two terms in eg. (21). As loops become
large, one should find Wygg » —Weyn. The data, shown below in Figures 6-8, support
these expectations. This time we are using essentially all of the data, since about half
contributes to Wan (C), and the rest to Wogg (C).

DIRECT MAXIMAL CENTER GAUGE

Along with the successes, there is one significant failure of center dominance in the
data shown in Fig. 1. Despite the nice scaling of the data, the value of /& /A = 67 is
a little high, and in fact the center projected Creutz ratios are all significantly higher
than the asymptotic string tension extracted from unprojected configurations, using
“state-of-the-art” noise reduction techniques.

On the other hand, it is not so clear that the “indirect” maximal center gauge
is the true maximal center gauge. What we have done up until now is to first fix to
maximal abelian gauge, and then bring the abelian part A of link U as close as possible
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Figure 6. Fraction of link configurations containing even/odd numbers of P-vortices, at B = 2.3,
piercing loops of various areas.

to + |. However, since we are emphasizing the role of the gauge group center, rather
than the U (1) subgroup, it really makes more sense to choose a gauge in which the
entire link variable U is brought as close as possible to the center elements 1. With
this motivation, let us define the (direct) Maximal Center Gauge of an SU(N)
gauge theory as the gauge which maximizes the quantity

Q=33 Tr[U ()| Tx[U} ()] (22)

For the SU(2) gauge group, we define
Z = sign(Tr[U]) (23)

as the center-projected link variables; these again transform like Z» gauge fields under
the remnant Z, gauge symmetry.

Using the direct maximal center gauge, we find the following results. Qualitatively,
things look about the same, and plots of Wh/Wo, and Weyn VS, Wogg, 100K virtualy
identical to the previous data in the indirect maximal center gauge. Quantitatively,
however, there is an improvement. We find that string tensions extracted from the
center projection in the “direct” gauge are in much better agreement with the asymp-
totic string tension of the full theory, extracted by “state-of-the-art” methods. Figure
9 shows a plot of Creutz ratios vs. B The straight line is the usual scaling curve,
but this time with a value /o/A = 58. Figures 10-12 plot the center-projected Creutz
ratios X (R, R) a B = 2.3, 2.4, 2.5 respectively. The triangles are our data. The solid
line is the asymptotic string tension of the unprojected configurations at these values of
3, quoted by Bali et a.14 The dashed lines are the error bars on the asymptotic string
tension, which we have also taken from this reference.
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configurations with even numbers of P-vortices piercing the loop. The standard Creutz ratios
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Figure 8. Wilson loops Wevn (C), Woad (C) and W(C) at larger loops areas, taken from
configurations with even numbers of P-vortices, odd numbers of P-vortices, and any number of
P-vortices, respectively, piercing the loop. Again B = 23.
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Figure 9. Creutz ratios from center-projected lattice configurations, in the direct maximal center
gauge.
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VORTICES VS. MONOPOLES

There is no denying that the data shown here, in support of the vortex condensation
theory, is a little reminiscent of the data that has been put forward in support of the
abelian projection theory. This raises a natura question: If the Yang-Mills vacuum is
dominated, at long wavelengths, by Z, vortex configurations, then how do we explain
the numerical successes of the abelian projection in maximal abelian gauge? In our
opinion, the probable answer to this question is that a center vortex configuration,
transformed to maximal abelian gauge and then abelian-projected, will appear as a
chain of monopoles aternating with antimonopoles. These monopoles are essentialy
an artifact of the projection; they are condensed because the long vortices from which
they emerge are condensed.

A little more graphically, the picture is as follows: Consider a center vortex at
some constant time t. This time-slice of a thick vortex is then a tube of magnetic flux.
Before gauge-fixing, the field-strength inside this tube points in arbitrary directions in
color space

b or N o =N 7 N .
F N T TN T N

Fixing to maximal abelian gauge, the field strength tends to line up mainly (but not
entirely) in the diagonal (xo3) color direction

Upon abelian projection, the regions interpolating between +0° and —c 2 emerge as
“monopoles.” Their location is gauge (and Gribov copy) dependent.

—>—>~>@<—<—-<—4— —
— e — - - - - — -

It is not difficult to construct examples of center vortices which behave in just this way,
i.e. which are converted to monopole-antimonopole chains upon abelian projection in
maximal abelian gauge.
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If this picture is accurate, then the “spaghetti vacuum”

appears, under abelian projection, as a “monopole vacuum”
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We have, in fact, obtained some preliminary evidence for this picture from Monte
Carlo simulations. These simulations were carried out at B = 2.4, in the (indirect)
maximal center gauge. We look at sites where the monopoles are “static,” i.e. the

monopole current is jo = %1, 7 =0 The monopole charge is enclosed in a cube
bounded by spacelike plaguettes. We find that:

I: Almost all (93%) of monopole cubes are pierced by one, and only one, P-vortex.

9 4 -
3 % 93 % 4%

No vortex 1 vortex >| vortex

I1: The action of a monopole cube, pierced by a P-vortex, is highly asymmetric. Almost
all the plaquette action

Se==(1- %T&[UUU*U*]) - S (24)

above the lattice average S, is oriented in the direction of the P-vortex. On each
of the two plaguettes pierced by the P-vortex, at B = 2.4, the average action

above Spis S= 0.29. On each of the four plaguettes which are not pierced by
the vortex, S= 0.03 on average.

*Bakker et al.!® have also studied the excess action of monopole cubes (but not the correlation with
P-vortices) in maxima abelian gauge.
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I11: The (unprojected) action distribution of a monopole cube, pierced by a P-vortex,
is similar to the action distribution of any other cube pierced by a P-vortex...

0.29 0.18

0.03 -0.02
7/

q.29 0.18

One Monopole No Monopoles
One Vortex One Vortex

...especially when we look at “isolated” monopoles (no neighboring monopole
currents)

0120 0.18

‘ -
0,20 0.18

One Monopole No Monopoles
One Vortex One Vortex

In summary, abelian monopoles tend to lie aong P-vortices. Isolated monopoles are
hardly distinguished, in their (unprojected) field strength distribution, from other re-
gions along the P-vortices.

This is in accordance with our intuitive picture.
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CONCLUSIONS

We have developed a technique for locating center vortices in thermalized lattice
gauge configurations, and have found evidence that center vortices account for the
asymptotic string tension between static, fundamental representation, color charges. A
“spaghetti vacuum” picture appears to be correct at sufficiently large scales.

On the other hand, string formation at intermediate distances, in the Casimir
scaling regime, remains to be understood. This is a very important issue, especialy
since the Casimir scaling regime extends to infinity as Nygs — .16 Casimir scaling
suggests that center vortices, athough they may be the crucia configurations asymp-
totically, are not the whole story. Since adjoint loops are oblivious to the gauge-group
center, one may speculate that there are other types of configurations which contribute
to the adjoint string tension. Or, possibly, the finite thickness and detailed inner struc-
ture of center vortices is a relevant issue, since adjoint loops which intersect the “core”
of a center vortex will be affected by the vortex. Perhaps the gluon-chain model Y
which | proposed some time ago, might be helpful in understanding the dynamics of
the Casimir-scaling region.

We are currently in the process of repeating all our calculations for SU(3) lattice
gauge theory, and have already found evidence of center dominance on small lattices
at strong couplings. If we also find that (i) center dominance persists on larger lattices
at weaker couplings; (ii) the absence of P-vortices results in vanishing string tension,
and (iii)

W (C)
Wo(C)

then the combined evidence in favor of some version of the Z, vortex condensation
theory will be quite compelling.

One fina note: Shortly after the Zakopane meeting, Tomboulis and Kovécs re-
ported on some new Monte Carlo. data they have obtained in support of the vortex
condensation theory.'® Their results are quite consistent with the work | have presented
here.

—y ginmi /3 (25)
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ABSTRACT

The requirement that duality and renormalization group transformations commute
as motions in the space of a theory has recently been explored to extract information
about the renormalization flows in different statistical and field theoretical systems.
After areview of what has been accomplished in the context of 2d sigma models, new
results are presented which set up the stage for a fully generic calculation at two-loop
order, with particular emphasis on the question of scheme dependence.

1. INTRODUCTION

Duality symmetries are typicaly transformations in the parameter space of a the-
ory which leave the partition function and the correlators invariant (perhaps up to some
known function of the parameters). Renormalization group (RG) transformations also
act in this same space, with similar invariance properties. Given the generality of this
observation, one expects that it may be possible to investigate the interplay between
duality and the RG whenever a system presents a duality symmetry and a renormal-
ization flow, regardless of whether it is a quantum field theory, a dstatistical system, a
lattice theory, etc..

Indeed, such a nontrivia interplay has recently been verified in a number of dif-
ferent contexts,¥® and a requirement of consistency of duality symmetry and the RG
has been used to obtain constraints on the RG flows. Spin systems, which generally
enjoy a Kramers-Wannier duality symmetry, were considered in'. The Quantum Hall
system, on the other hand, is strongly suspected to exhibit a much richer duality, under
SL(2,Z) or one of its (level 2) subgroups, and it was studied in 2. For the spin sys-
tems considered in !, the parameter space consisted of a single relevant coupling (the
inverse temperature), while Kramers-Wannier duality forms the (colloquialy speaking)
simple group Z2, so that the constraints on the RG structure end up not being strong
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Quantum Hall system, where the parameter space consists of the upper complex half-
plane, and the requirements of holomorphy and modular symmetry naturaly turn out
to be considerably richer. Yet, even in that case, the existing results are not entirely
conclusive: while on the one hand there is not enough experimental data confirming
the precise symmetry group of the system, on the other hand by postulating a specific
modular symmetry one still does not obtain unique RG flows.

Two-dimensional sigma models targeted on an arbitrary background of metric,
antisymmetric tensor and dilaton fields also present a duality symmetry (when the
background has an abelian isometry), and in that context, the situation is more favor-
able: while the symmetry group is, like for spin systems, aso Z,, the parameter space
is of course much larger, and the action of the group on it rather more involved, with
geometry and torsion mixing in a nontrivial way. For the loop orders and backgrounds
considered so far, this has in fact allowed for an essentially complete determination of
the RG flows using only the requirement of consistency between duality and the RG
(the qualification ‘essentially’ will be understood more clearly below). It is to these
models and the relevant consistency requirements that the bulk of what follows will be
dedicated.

To begin, we consider a system with a number of couplings, k',i=1,...n, and a
duality symmetry, T, such that

Tk =k = k() (1)

represents a map between equivalent points in the parameter space (with equivalence
taking the same meaning as, for instance, the order-disorder equivalence in the 2d Ising
model). We will also assume the system has a renormalization group flow, R, encoded
by a set of beta functions:

RK = §i(k) = u—k’ (2)

with 1 some appropriate subtraction scale. On a generic function in the parameter
space, F(K), these operations act as follows:

TF(k) = F{k(k))

rE() = 8 gy @

For a finite number of couplings the derivatives above should be understood as ordinary
derivatives, whereas in the case of the sigma model these will be functional derivatives,
and the dot will imply an integration over spacetime. The consistency requirement
governing the interplay of duality and the RG can now be stated very simply:

[T.RI=0 (4)

or, in words, that duality transformations and RG flows commute as motions in the
parameter space of the theory. This is the main concept to be explored, and from
which most results will follow. It is easy to see that the above amounts to the following
consistency conditions:

(H*——W%% (5)

that is, under duality transformations the beta function must transform as a “form-
invariant contravariant vector” (to avoid confusion: we are borrowing the language of
General Relativity here, but of course duality transformations have nothing to do with
diffeomorphisms!). It is this “form-invariance”, i.e, the fact that the functional form
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of B' on the l.h.s. above must be the same as the one on the r.h.s, that is mostly
responsible for the severity of the constraints engendered.

For the 2d Ising model on a square lattice this yields a constraint which is nontriv-
ialy satisfied by the (known) beta function of the model, although it does not determine
uniquely this beta function. In the Quantum Hall system, on the other hand, the re-
sulting constraint is that the beta function transform as a weight -2 modular form
(strictly speaking, negative weight modular forms do not exist, and this obstruction is
then circumvented by dlightly relaxing the condition of holomorphy, but these details
will not concern us here).

In what follows, we will explore in detail the analogous constraints in the context
of 2d bosonic sigma models, in order of increasing complexity: Sections 2 and 3 contain
a review of previously published work345 on, respectively, the fully generic one-loop
case and the purely metric two-loop case, while Section 4 comprises results obtained in
the course of more recent investigations® and presents the setup for the fully generic
two-loop case, in the presence of torsion. In this case, where al possible backgrounds
are included, the issue of scheme dependence will also be discussed in some detail, as
it arises for the first time to complicate matters in a considerable way.

2. SSIGMA MODELS AT ONE-LOOP ORDER

Our starting point is the d = 2 bosonic sigma model on a generic D +1-dimensional
background {g,,y(X), buv(X)} of metric and antisymmetric tensor, respectively, where
Kmv=0,1...,D=0,1i, so that the p= 0 component is singled out. We shall assume
this sigma model has an abelian isometry, which will enable duality transformations,
and we shall consider the background above in the adapted coordinates, in which the
abelian isometry is made manifest through independence of the background on the
coordinate 8 = X9, The origina sigma model action reads:

1 . . )
S = EE; /dza [ggo(X)&,Ga"H + ZgOi(X)aaﬂa"X’ + gij(X)BaX’(')C‘XJ
+ e (2b0i(X)8a005 X" + by (X)X 05 X7)] . (6)

Throughout, all background tensors can depend only on target coordinates X', i =
1,...,D, and not on 6.
The duality transformations in this model are also well-known:”

N 1 . bos 7 o
= = = 0
Yoo P Goi P 0 P
b = g, — 9000 =buibog - goibes = buigo;
Gi5 = Gij Goo 3 bl] = bl] 20 . (7)

The statement of classical duality is that the model defined on the dual back-
ground {g,‘,,,fzﬂy} is simply a different parametrization of the same model, given that
the manipulations used to derive the transformations essentially only involve perform-
ing trivial integrations in a different order starting from the path-integral in which the
abelian isometry is gauged.

On a curved worldsheet, another background must be introduced, that of the
dilaton ¢(X), coupling to the worldsheet curvature scalar. The RG flow of background
couplings is given by their respective beta functions:

d d d
9 0 L ¢ = 8
P = b By = prpbun, % = pigd ®
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while the trace of the stress energy tensor is found from the Weyl anomaly coefficients?

9, = B9, + 20V, 0,0+ VW, ,
b, = B, + o Hu 0sd + Hy Wi+ Vi Ly (9)
3% = B¢ 4 &/ (8,9)* + VAW, ,

where W, and L, are some specific target vectors depending on guv and by, and
(uv) = pv + v, [pv] = pv — v For the loop orders and backgrounds considered in
Sections 2 and 3, W, = L, = 0, and we will henceforth disregard them. Both the
beta functions and the Weyl anomaly coefficients turn out to satisfy the consistency
conditions, Eq. (5). However, while the latter satisfy them exactly, the former satisfy
them up to a target reparametrization.®* Since both encode essentially the same RG
information, for simplicity we will consider RG motions as generated by the Weyl
anomaly coefficients in what follows. Thus, in the present context, the couplings are
denoted by ki = { guv, Buv, @}, with i =g, b, @labeling metric, antisymmetric tensor
and dilaton backgrounds, and our R operation will in this case be defined, on a generic
functional F[g, b, g] (and in principle a any loop order), to be
oF 0F - 0F -

RF[gyb,¢]=3g—W' ZV"'EIZJ;' Zl/+%'ﬂd)? (10)
where the dot also indicates a spacetime integration. Duality transformations are given
by .-

TF(g,b,¢] = F[§,,¢] , (11
where ¢ will be defined shortly.
The consistency conditions to be satisfied, Eqg. (5), that obtain from Eq. (7) trans-
late more explicitly into:

o 1 -
ﬂgo = _T:Bg() ’
Yoo

s 1 _

B = oy (boz'ﬂgo - ﬁgi.‘loo) )

_x 1 ~ _

Boi = s (gmﬂgo = Bow) (12)
00

o 1, _ B -
G5 =85 - - (ﬂ&go; + 3890 — Paibo; — ﬁgjboi)
1 n
+—- (g0igoj — boibo;) B
Goo
7 ~ 1 /= _ _ _
By =B — T (ﬁé’iboj + Bhigoi — Bibo; — ﬁﬁing)
1 _
+—2— (goiboj — bosga;) B8

where in a condensed notation, we take the quantities on the l.h.s. above to mean
0, = ﬂu,,[g,b ¢], etc.. Both the dilaton duality transformation and its attendant
consistency condition are still ostensibly missing, but will be determined shortly.
At loop order £, the possible tensor structures Ty, appearing in the beta function
must scale as Tyy(Ag, Ab) = AL*T,,(g, b) under global scalings of the background fields.
At O(a’) one may then have

9, = o (AR + B Hp,H + C gy R+ D g Hopy H*)
B, =o (EV Hu,) (13)
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where Hyy), = 0, by, + cyclic permutations and with A, B, C, D, E being determined
from one-loop Feynman diagrams. As found in 3, requiring Eq. (12) to be satisfied, and
choosing A = 1 determines B = -1/4, E = -1/2, and C = D = 0, independently of
any diagram calculations. The consistency conditions, Eq. (12), on g,y and b, aone
also alow for an independent determination of the dilaton transformation (or “shift”)
é=¢- %ln goo- From this shift, and Eq. (5), one obtains yet another consistency
condition,

G _ge__L
B =B = 5B s (14)

from which one can finally find the dilaton beta function, thus completely determining
all beta functions at this order:

1
ﬂu =a (Ruv - Zan\pHuAp)
Bhy
ﬁdl

o 3
~SVAD, (15)

I

of o
C - ~2~V2¢ ~ % HyH#A |
up to the constant C.

3. TWO-LOOP ORDER WITH PURELY METRIC BACKGROUNDS

At the next order Ris modified by the two-loop beta functions, and one must
determine the appropriate modifications in T such that [T, R] = 0 continues to hold.
We begin by working with restricted backgrounds of the form

_{a O
gw=\o g, )" (16)

and b,, = 0, so that no torsion appears in the dua background either. It is_useful
to define at this point the following two quantities: a; = dilna, and ¢; = Via; +
%aﬂj, where barred quantities here and below refer to the metric ;; (also, indices
i,j, ... are contracted with the metric g;). Within this class of backgrounds classical
duality transformations reduce to the operation a — 1/a, and it is simple to determine
the possible corrections to T from a few basic requirements, spelled out in detail in
[5]. For conciseness, we will directly present the final result for the corrected duality
transformations:

Inéd = —Ina + M'a;a’,
Gif = G5 = Gij » (17)
=6 L Ine+ )‘a’a-ai
- 2 4

where A is a constant that cannot be determined from the basic requirements. The
consistency conditions that follow from the above are:

L g 1z . 1, .-
5 '630 = —EﬂgO + 22/ [alai ((—lﬁgo) - 50. a],@i,gj] 1
=05, (19)
A Llazg AT 0 (1l 1, .-
/8¢ = B¢ - %ﬂgo + Ea( I:azai (gﬂgo) el Eaza] %} .
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The terms scaling correctly under g — Ag at this order, and thus possibly present in
the beta function, are

ﬂg(z) A1 V,,V R+ A2 V R;Lu -+ A3 RuauﬂR + A4 R;mﬂ'yR by + A5 leR
+ As Ry R+ A7 9 ViR + As guR? + Ay uRag R + At guv Rapys B (19)

(we have used Bianchi identities to reduce from a larger set of tensor structures).
L WiII suffice in fact to study the consistency conditions for the (ij) components,
—,-”j = f3;, in order to determine the only structure satisfying all the consistency condi-
tions.
We write
% = o (65 + 2V:8,0) + 2657 (20
where ﬁfj(l) = R;; = Ri; — Lg;; is the one-loop beta function, and perform the duality

transformation (17), keeping terms to @ (a'2). Using the fact that the one-loop Weyl
anomaly coefficient satisfies the one-loop consistency conditions (12), we arrive at

1
ﬂ9(2) ﬁfj(z) _ Z/\U'(iaj)(akak) , (21)

where the duality transformation of Bg(z) is given simply by a — 1/awithout a' correc-

tions, since this is aready O(a'?). Separatlng the possible tensor structures into even
and odd tensors under a — 1/a,

iﬂ]’(Z) =E;+0y, Fy=Ey, Oy = -0y , (22)
the even structures drop out of Eqg. (21) and we are left with
1
O,']- = g)\a(iaj)(a’“ak) . (23)
We now perform a standard Kaluza-Klein reduction on the ten terms in (19) to identify

which if any satisfy this condition. The results can be obtained using the formulas in
the Appendix of #, and are as follows:

(1) : ViV;R=VV(R~q."),

(2) : V2Ry = (V?:+ %akw)(ﬁw - %qu) - %aﬂjqn"
“Zliaka(‘ (Rj)k - %q]‘)k) )

(3) : RigjpR* = %lhﬂn" + Rinjm{ ™™ — %qnm) )

@ ¢ Riap 5™ = Sau + Rinn ™,

(5) : RiaR;® = RuR}* - —;—Rk(iqj)k +

(6) : RyR= (R~ %‘h‘j)(ﬁ - "),

() 9s9"R =g [ 5000~ au™)

+OO(R - ga™)] |

®) : iR =g (R - Qmm)2 )

© ¢ GiiRagRY =3 [}l(qm"”)z + (Rom — %qkm)ﬂ ,

(10 : % Ropys ReBYS — s [ Qo qkm + Rklmn Rkimn] .

Lok
AL (24)
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The respective odd parts are
O,(]l) = —Vﬁjvna" y
1 =i5 ) 1 -
0P = 5%\7"&]- ~ 5V?Viay — gai0; Vgt

1= _ 1 = 1 -
0(3) = '—ERinjmvnam + gana"Viaj + gaiajvna'n >

if

1 -
Oz(;) = Zaka(ivj)a’“ s

1. = 1 =
0(5) = —'ERk(iVj)ak 4 gaka(ivj)ak , (25)

i

O,(?) = —%R@iaj — RijVpa™ + ia,—ajﬁna“
+%ana”v,-dj ,

0 = g; [%akak(l_? - %ama"‘) — vkak(vmam)] ,

Og) = Gij [—2(‘7’“%)]?4_ (Vkak)amam] ,

+i(vkam)akam] s

04" = §ij(Viam)aa™ .

It is fortunate that none of these tensors contain purely even structures, since such
structures are left unconstrained (and thus undetermined) by duality. The only odd
term of the form (23) comes fromA,Ryas, R, **7, and a detailed inspection shows that
no linear combination of the other terms gives rise to odd tensors genericaly of the
form (23). This determines that, with the requirement of covariance of duality under
the RG, the O(a'?) term in the beta function is

ﬁtgu(?) = ’\R;mﬁ“rRuaM E (26)

One should now check that the corresponding (00) component also satisfies its consis-
tency condition. A straightforward computation shows that it does, and the determi-
nation of the two-loop beta function is thus complete.

Although we treated a restricted class of metric backgrounds, the final result is
valid for a generic metric, since none of the possible tensor structures are built out
of the off-block-diagonal goi elements aone (in which case our consistency conditions
would be blind to them, just as they are to the even terms E;).

Simply using the requirements that duality and the RG commute as motions in the
parameter space of the sigma model, we have thus been able to determine the two-loop
beta function to be

By = & Ry + &> ARy RSP 27

for an entirely generic metric background, again without any Feynman diagram cal-
culations. Because we used an extremely restrictive class of backgrounds, it was not
possible to determine the value of A (the correct value is A = % ). However, we expect
that, similarly to what happens at O(a '), once a more generic background is used in
the consistency conditions, even this constant should be determined. We now examine
how to go about calculating in such a generic background in an efficient way.
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4. SETUP FOR THE FULLY GENERIC TWO-LOOP CASE

The inclusion of torsion at two-loop order brings with it a number of complications
which one should try to minimize as much as possible. First, the number of new terms
appearing in the beta functions is greatly increased as compared to the purely metric
case. Moreover, there is now one more beta function to worry about, for the antisym-
metric tensor. Also, it is clear that there will be several new terms in the corrections
to duality transformations, and the general arguments used in® will not be sufficient
to determine them. To finally complicate the situation further, the scheme depen-
dence present leaves a lot more latitude to what the correct expressions for these beta
functions are, as well as which duality transformations should make them transform
covariantly.

It thus seems that a direct guessing of the corrected duality transformations, at-
tempting to keep the two-loop beta functions covariant, would be an extremely arduous
task, and we will try rather to first streamline the calculations involved by going through
what may seem at first a longer path.

We start with the observation that there is a connection between the Weyl anomaly
coefficients and the string background effective action (“EA” in what follows), whereby
one establishes a direct relation between the former and the equations of motion of
the latter. In principle, there is thus the possibility that the duality transformation
properties of one imply the transformation properties of the other. Should this be the
case, one might save considerable effort by studying the effective action aone, since
this is a scalar function on the parameter space, invariant under duality, wheress the
beta function represents a vector field in that space, with nontrivial transformation
properties.

Unfortunately, we will see that the transformation properties of the EA under
duality will not allow us to deduce the transformation properties of the Weyl anomaly
coefficients. However, the detailed consideration of this relationship will still be useful,
on the one hand to limit the possible transformations under which the Weyl anomaly
coefficients behave covariantly, and on the other, to clarify the messy issue of scheme
dependence.

We begin by examining the situation at one-loop order. The EA is given by

S=dS=a [do % Ge (R+4(Ve) - 1—12H,L,,AH""*) . 29)

Given the one-loop expressions for the beta functions, Eq. (15), it is ssmple to see that
this EA is actually eguivalent to (with C = Q)

S=RV=V;. §, (29)

where V = ,/gexp—2¢, and V; = 8V /8K, in the notation of the introduction. Be-
cause we know the one-loop Weyl anomaly coefficients transform contravariantly under
duality (cf. Eq. (5)), the gradient 8/3k' transforms covariantly, and Vis invariant, it
immediately follows that S as defined above is invariant under duality transformations.
Similarly, at higher loop orders, if we are able to find the corrected duality transforma-
tions under which the higher-loop Weyl anomaly coefficients transform contravariantly
asin Eq. (5), and if we are able to find a scheme in which the EA continues to be given
by Eqg. (29), then we are guaranteed duality invariance of the EA. But that is actually
opposite to the direction we are seeking. Can we attempt to argue also conversely? At
first sight, EQ. (29) does seem to give this converse result, that once a duality trans-
formation can be found at some loop order that keeps Sinvariant, that will imply the
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sought for contravariance of the Weyl anomaly coefficients, and thus the statement that
[T,R =0.
That is not correct, however, for V,, which is given more explicitly by

| _%ng/
Vi=| V, | = 0 , (30)
Ve -2V

(we are omitting a delta function coming from the functiona derivative) has an enor-
mous amount of “zero modes’, given by

‘ 29 zﬂ,,
d=]d | = ) 25, , (31)
2% i !szﬂu
b

with zfjv,zu\, arbitrary, so that V,; z' = 0. This implies that, at some loop order, if there
is a set of duality transformations that keeps Sas defined in Eq. (29) invariant, then
the Weyl anomaly coefficients are seen to transform not as in Eq. (5), but as

k) +F(8) = 25 (B + 2 (H) (32)

with zi (k) and #'(k) some specific vectors of the form (31), not necessarily zero. Nat-
uraly, this does not represent any covariance property at all.

Could some other reasoning rescue the possibility that the invariance of the EA
might imply the contravariance of the Weyl anomaly coefficients? For instance, one
immediate criticism that may be applied to the argument above is that one is not sure
a priori that the EA should really be given by Eq. (29). This brings us to the issue of
scheme ambiguities.

An independent definition of the EA corresponds to the field theory action that
generates the massless sector of the (string) tree level string S-matrix. That EA con-
tains a large number of terms that are ambiguous in that they can be modified with
field redefinitions of the EA, and it contains a smaller number of terms that are invari-
ant under field redefinitions, and thus unambiguous. Field redefinitions also affect the
beta functions, and stemming from their definition, Eq. (8), it is simple to see that they
must transform under field redefinitions as contravariant vectors (now we are talking
about diffeomorphisms). Parenthetically, we note that a subset of these field redefi-
nitions correspond to what is typically referred to as a change of subtraction scheme
in the renormalization of the sigma model: if, say, minimal subtraction corresponds
to the subtraction of a divergent term 1/e T, , then a different, nonminimal scheme
corresponds to the subtraction of a term (const. + 1/€) Ty, which in turn is equivalent
to a field redefinition by the term (const.) Ty,. With such a notion of scheme ambigu-
ity, it can be seen that the two-loop beta function in the purely metric case is actualy
scheme independent, a property which is lost when torsion is included. More generally,
however, because the sigma model is not renormalizable in the usua sense, one is aso
allowed finite subtractions of terms not originally present in the action, and these cor-
respond to arbitrary field redefinitions. In order not to propagate semantic confusion,
we will refrain from using the standard (and more restrictive) notion of scheme ambi-
guity, and will always consider instead the full generality of arbitrary field redefinitions,
referring to different redefinitions as different choices of scheme.

At any rate, we realize from the discussion above that there is an unambiguous
and independent notion to the EA, and that to each different “realization” of it, or

73



choice of scheme, there corresponds aso a choice of scheme for the beta functions. It
is expected that in any scheme there should be a relation between the equations of
motion of the EA and the Weyl anomaly coefficients of the form

45 -

i Gy- 7, (33)
with Gj; invertible, in the sense that the equations of motion imply the vanishing of
the Weyl anomaly coefficients, and vice-versa (an even stronger requirement would be
the positivity of Gj;, in order to connect the EA to a c-function, but that will not
concern us here). Could this relation between the EA and 5¢’s alow us to deduce the
contravariance of the latter from invariance of the former?

The notation certainly is very suggestive, with G;; naturaly appearing to change
an object transforming contravariantly into an object transforming covariantly. How-
ever, insofar as Gj; itself has no independent meaning,* but is devised to have the above
equation satisfied (in the sense that it just represents the particular linear combinations
of §’s that yield the equations of motion of the EA), the answer is again unfortunately
negative, and it is well exemplified by the situation a one loop order aready. With
the beta functions given by Eqg. (15), and the EA by Eq. (28), it is simple to find that
G will be

2

G Gui™ Ghg

Gy~ | Gl Gl o
A

Gy Gt G

It

%gu(/\gﬂ)u _ %guvgkp i} 29+
—2¢ 1 gpl2 ool
= —/ge 0 390" 0 (34)
297 0 -8

We aready know that both the one-loop Weyl anomaly coefficients and EA trans-
form in the proper way, and thus one must find, if one were to check explicitly the
transformation properties of the particular Gj; given above, that it transforms like a
rank 2 form-invariant covariant tensor under duality. If we did not know how the 3% 's
transformed, however, al we could tell from the invariance of Sis that Gjj has to
cancel whatever (possibly completely wrong) transformation property of 47, and yield
the transformation rule for a covariant vector. Thus if, say, the antisymmetric tensor
Weyl anomaly coefficient were twice its correct vaue, Eq. (33) would still hold if we
multiplied Gy, by 1/2, and yet the “new” B¢ (with the wrong coefficient of3® ) wout
certainly not satisfy Eq. (5), and consequently [T, R] = O would also not be satisfied.
Accordingly, the “new” G;; would also not transform like a rank 2 covariant tensor.
Another clear, and even more pertinent, example of this can be seen with G;; at two-
loop order: if Eq. (33)is expanded to O(d'?), the r.h.s. will contain, at O(a'2), a term
given by the contraction of Gj; at two-loop order with A7 at one-loop order. Such an
expansion is considered in 1, and the authors note there that because Gij at two-loop
order has the same tensor structures as 57 at one-loop order, whenever a term appears
containing (roughly speaking) the square of a one-loop A7, it becomes impossible to de-
termine which piece belongs to G;j , and which to3?. Of course, any choice other than
the correct one will lead to a violation of [T, R] = 0, even though Eq. (33) is perfectly

*Again, in the context of a c-theorem it would, but scheme dependence in the present context compli-
cates matters too much to alow one at this point to seriously conjecture Gj; to be the Zamolodchikov
metric. This may well turn out to be true eventualy, in some scheme, but we shall simply not assume
it here.
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satisfied whichever way these terms are split up. Incidentally, the authors of 1° suggest
the only way to resolve this indefinition in Gij is by going one order higher; we would
suggest instead that the present considerations involving duality will eventually resolve
this problem without the need to go to three-loop order.

So far, it has seemed that the invariance of the EA cannot really be of any help in
determining the covariance properties of the Weyl anomaly coefficients. But, in fact,
the above has not been entirely in vain: we know that, in the scheme in which the EA is
given by Eq. (29) at higher loop order, if there exists at all any dudlity transformations
that respect [T, R] = 0, i.e, such that 3¢ transforms contravariantly, then these trans-
formations must keep the EA invariant; thus, if there is only one set of transformations
that keep the EA invariant, these are the only transformations that have a chance of
satisfying [T, R] = 0. So, we are not guaranteed that the transformations that keep
Sinvariant satisfy [T, R] = 0, but if we know the only transformations that keep S
invariant, we are at least not groping in the dark trying to guess which transformations
we should be testing on the Weyl anomaly coefficients.

Recently, a set of corrected duality transformations has been found that keep
invariant the two-loop EA in a particular scheme. In that scheme, it is claimed that
the matrix G;; connecting the equations of motion and the Weyl anomaly coefficients is
purely numerical, that is, it contains no spacetime derivative operators acting on . 1012
That is certainly a crucial advantage if one is interested in studying a c-theorem for
generalized sigma models. For our purposes, however, the disadvantage of that scheme
is the fact that the expression for the EA is very complicated, containing a large number
of scheme dependent terms as compared to the “minimal” EA that reproduces string
scattering amplitudes. Furthermore, that EA does not satisfy Eq. (29), a property we
would like to maintain; instead, the so-caled “minima” EA, Smin, does.’® Wewould
therefore like to obtain all our results in that scheme if possible.

In order to do this, we will study the general problem of scheme dependence,
to determine whether we can find a set of duality transformations that keeps an EA
invariant in one scheme if another set of transformations is given that keeps the EA
invariant in another scheme.

In the generic notation of the introduction, we assume we are given an EA in one
particular scheme to two-loop order,

S(k) = o/So(k) + o S.(k) , (35)
and a set of (two-loop corrected) duality transformations
Fi(k) = ki (k) + o Ei() , (36)

such that S(k) = S(k) to O(a’?). Thus, (K) is given by Eg. (28), Si(k) may be for
instance the two-loop EA in the scheme considered in %1 k, (K) is given by Eq. (7),
andé; (k) would then be the corrections to duality found in® . We now make afield
redefinition N ) ]

E(k) =& +o f'(k), (37)
with fi(k) some functional of the couplings with the appropriate dimensions. The field
redefined EA, to O (a'?), will be

3S(k)
oK

To the order considered, the invariance S(I~c') = (k) assumed implies

So(k) = So(ko)

S(k) = Stk) = S(k) + o fik}- (39)
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5So(ko)

S1(k) = (ko) + ki (k) - —=—= . (39)
0k}
We now write . . .
R k) = kj(k) + o' RL(K) (40)
for the duality transformations that will keep the field redefined EA,$ (k), invariant:
5(&(k)) = 5(k) . (41)

To determine these field redefined duality transformations, one must now substitute
Eqg. (40) into Eqg. (41), using Egs. (37,38,39), and keeping terms to O(a'?). This is done
in a straightforward way, and we simply state the final result:

N 1. BT

R0 = R + (G0 - 1) (42
This is the result we sought: given a set of transformations keeping the EA invariant
in some scheme, we can explicitly construct the set of transformations keeping the EA
invariant in any other scheme. It is interesting to note that the term in parenthesis
on the r.h.s. above represents precisely the one-loop consistency conditions [T, R] = 0,
but acting on the field redefinitions rather than on the Weyl anomaly coefficients. In
other words, in changing from one scheme to another through a field redefinition, the
duality transformations that keep the redefined EA invariant differ from the origina
transformations by a term which “corrects’ for how much off the field redefinitions
themselves are from satisfying the one-loop consistency conditions.

The minima EA, Spin = & 'S + a'2 Symin,

1 1
Stmin = 5 [ 48 4% /e (Ru,,,\,,R’“"‘ﬂ ~ SR H
1

+ ﬂHu,,,\H '},QH”U'\HU“" - éH,mﬂH,,""HW"H V/,,,) , (43)
the field redefinition taking the nonminimal action of 1% into it, and the beta functions
in several different subtraction schemes, can al be gleaned from the literature 101314
The task at hand is now to find the duality transformations that keep Eq. (43) invariant
and, using those as the operation T, and the beta functions in the appropriate scheme
to define R, verify whether [T, R] = 0 holds at two-loop order. It should be noted that
what we have done above guarantees that there exists a set of dudity transformations
that keeps Smin invariant; however, the constructive procedure, in Eq. (42), of obtaining
these transformations starting from the transformations found in *, is very likely not
the most efficient way to proceed, and we have opted instead for direct guessing and
verification on Sp,. We expect to report on this in the near future®

5. CONCLUSIONS

The requirement that duality and the RG commute as motions in the parameter
space of a model is a very basic one, and it has been shown not only to be verified
in the instances it has been tested, but also to yield important constraints on the RG
flows in the context of 2d sigma models.

While at one-loop order this interplay between duality and the RG in the sigma
model has been thoroughly investigated, at two-loop order the analysis has not been
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exhaustive so far. To help us in achieving this complete analysis, we have available
first of al a set of duality transformations keeping a string background effective action
invariant. ! We have shown that there is no guarantee that the set of transformations
that keeps this effective action invariant will also turn out to satisfy the duality consis-
tency conditions [T, R] = 0. However, we have aso seen that if any transformations at
al exist that do satisfy the consistency conditions, they must also keep the effective ac-
tion invariant (at least in the “minimal” scheme), so that by finding the transformations
that keep the effective action invariant one is selecting the one set of transformations
that has a chance of satisfying [T,R] =0

We believe this basic statement, [T,R] = 0, to be a more fundamental feature of
the models in question than the invariance of the string background effective action,
which follows from it (and which only is defined for sigma models). This has represented
sufficient motivation for us to delve into the question of its validity in full generality
at two-loop order, with the encouragement that the existence of a duality invariance of
the string background effective action has already been shown in the same context.

Field redefinition ambiguities enter at this loop order as an added complication.
We have taken the first step in comprehensively accounting for them by establishing
that duality symmetry is a well-defined notion over and above the presence of such
ambiguities, in the sense that if it is present in one choice of scheme, it may be modified
but will nonetheless also be present in any other scheme.
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1. INTRODUCTION

There have been two broadly successful approaches to the construction of confor-
mal field theories,

* The general affine-Virasoro construction'~”
« The general non-linear sigma model®13 )

but, although both approaches have been formulated as Einstein-like systems'®?, the
relation between the two has remained unclear.

This talk summarizes recent work* which unifies these two approaches, following
the organization of Fig. 1. The figure shows the two developments (1) with the left
column (the general affine-Virasoro construction) as a specia case of the right column
(the genera non-linear sigma model). Our goa here is to explain the unification shown
in the lower right of the figure.

In the general affine-Virasoro construction, a large class of exact Virasoro operators: 3

T =L%*1,J,* +iD°0J,, ab=1..dim(g )

are constructed as quadratic forms in the currents J of the general affine Lie algebrat>16.
The coefficients L* = L* and D2 are called the inverse inertia tensor and the im-
provement vector respectively. The general construction is summarized by the (im-
proved) Virasoro master equation (VME) for L and D, and this approach is the basis
of irrational conformal field theory” which includes the affine-Sugawara'®*® and coset

*e-mail address. deboer@theorm.Ibl.gov
temail address: halpern@theor3.Ibl.gov

New Developments in Quantum Field Theory
Edited by Damgaard and Jurkiewicz, Plenum Press, New York, 1998 79
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Figure 1. Conformal Field Theory

constructions®® 1720 as a small subspace. The construction (2) can also be considered
as the genera Virasoro construction in the operator algebra of the WZW model?t 22,
which is the field-theoretic realization of the affine algebras. See Ref. 7 for a more
detailed history of affine Lie algebra and the affine-Virasoro constructions.

For each non-linear sigma model, a Virasoro operator23

1 ini 1 .
T= —ﬁGﬁaz 3z + 0(a) = i LI, + O(a) (3a)

G® =G, T, =Gued2', i,j,0,b=1,...,dim(M) (30)

is constructed in a semiclassical expansion on an arbitrary manifold M, where G
is the metric on M and G ® is the inverse of the tangent space metric. This is the
canonical or conventional stress tensor of the sigma model and this construction is
summarized 12 23 py the Einstein equations of the sigma mode!, which couple the metric
G, the antisymmetric tensor field B and the dilaton @ . In what follows we refer to these
equations as the conventional Einstein equations of the sigma model, to distinguish
them from the generalized Einstein equations obtained below.

In this paper, we unify these two approaches, using the fact that the WZW action
is a specia case of the general sigma model. More precisely, we study the genera
Virasoro construction

T= —%L,-jax"azf +0(@") = —l,L“bnaH,, +O0(") (49)
o [#%
i,j,0,b=1,...,dim(M) (4b)

at one loop in the operator algebra of the general sigma model, where L is a symmetric
second-rank spacetime tensor field, the inverse inertia tensor, which is to be determined.
The unified construction is described by a system of equations which we call
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o the Einstein-Virasoro master equation

of the general sigma model. This geometric system, which resides schematicaly in the
lower right of Fig. 1, describes the covariant coupling of the spacetime fields L, G, B
and ® ,, where the vector field @, generalizes the derivative [, @ of the dilaton ®.

The unified system contains as special cases the two constructions in (1): For the
particular solution

LP=1g =" +0), P=07=V, (5)

the genera stress tensors (4) reduce to the conventiona stress tensors (3) and the
Einstein-Virasoro master equation reduces to the conventional Einstein equations of
the sigma model. Moreover, the unified system reduces to the general affine-Virasoro
construction and the VME when the sigma model is taken to be the WZW action.
In this case we find that the contribution of @, to the unified system is precisely the
known improvement term of the VME.

More generally, the unified system describes a space of conformal field theories
which is presumably much larger than the sum of the general affine-Virasoro construc-
tion and the sigma model with its canonical stress tensors.

2. BACKGROUND

To settle notation and fix concepts which will be important below, we begin with
a brief review of the two known constructions in (1), which are the two columns of
Fig. 1.

2.1. The General Affine-Virasoro Construction

The improved VME

The genera affine-Virasoro construction, which is the left column of Figure 1,
begins with the currents of a general affine Lie algebra 1> 16

Jo(2) o(w) = @ ?”:U)Z + if‘ji]c;w) + reg. (6)

where a, b=1...dimgand fa° are the structure constants of g. For simple g, the
central term in (6) has the form G, = knap, Wherenay is the Killing metric of g and k
is the level of the affine algebra. Then the general affine-Virasoro construction is?

T = L% *J,J, } +iD%3J, ©)

where the coefficients L% = L2 and D? are the inverse inertia tensor and the improve-
ment vector respectively. The stress tensor Tis a Virasoro operator

G C_/fu)‘* (fT-%z + 2T g ®

T(2)T(w) =

iff the improved Virasoro master equation*

Lub = 2LacGdeb _ LCdLEffCﬂafdfb __ LCdfceffdf(aLb)e - fod(aLb)ch (ga)
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D*(2G o L* + fu’L¥f.4°) = D° (9b)
¢ = 2G (L™ + 6D DY) (9)

is satisfied* by L and D, and the central charge of the construction is given in (9c).
The unimproved VME3 is obtained by setting the improvement vector D to zero.

K-conjugation covariance

A central property of the VME at zero improvement is K-conjugation covariance’® 17. 20.1
which says that all solutions come in K-conjugate pairs L andL ,

L% 4 Lo = 12, T+T =T, cH+i=c, (10a)

T(2)T (w) = reg. (10b)

whose K-conjugate stress tensors T, 7 commute and add to the affine-Sugawara con-
struction [15-18] on g

Lab *J Jtv x (ll)
For smple g, the inverse inertia tensor of the affine-Sugawara construction is
w_ 1 _a® 2
Ly =55rg, = T OWT) =5 +0G7) (12)

wherena is the inverse Killing metric of g and Qg is the quadratic Casimir of the
adjoint. K-conjugation covariance can be used to generate new solutions L = Lg—L
from old solutions L and the simplest application of the covariance generates the coset
constructions 61" & L = Ly —Lp = Lyyp.

Semiclassical expansion

At zero improvement, the high-level or semiclassical expansion®*” of the VME has
been studied in some detail. On simple g, the leading term in the expansion has the
form
Pab

ab _
L 2k

+ O(k7%), ¢ = rank(P) + O(k™") (139
Py P = pob (13b)

where P is the high-level projector of the L theory. These are the solutions of the
classical limit of the VME,

L = 2L%°G yL® + O(k™?) (14)

but a semiclassical quantization condition®* provides a restriction on the allowed pro-
jectors. In the partial classification of the space of solutions by graph theory 5257 | the
projectors P are closely related to the adjacency matrices of the graphs.

Irrational conformal field theory

Given also a set of antiholomorphic currents J,.,a= 1. .. dim(g), there is a corre-
sponding antiholomorphic Virasoro construction

T=1%%J,Jyt +iD%J, (15)

¥ Our convention is A@BY = AeBb + AbBe, AleBY = 4°B® — AtRBe,
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with & = c. Each pair of stress tensors T and 7' then defines a conformal field theory
(CFT) labelled by L and D. Starting from the modules of affine g x g, the Hilbert
space of a particular CFT is obtained?® 2" "oy modding out by the local symmetry of
the Hamiltonian.

It is known that the CFTs of the master equation have generically irrational central
charge, even when attention is restricted to the space of unitary theories, and the study
of all the CFTs of the master equation is called irrational conformal field theory (ICFT),
which contains the affine-Sugawara and coset constructions as a small subspace.

In ICFT a zero improvement, world-sheet actions are known for the follow-
ing cases: the affine-Sugawara constructions (WZW models?L22), the coset construc-
tions (spin-one gauged WZW models?) and the generic ICFT (spin-two gauged WZW
models®® 2% %0). The spin-two gauge symmetry of the generic ICFT is a consequence
of K -conjugation covariance.

See Ref. 7 for a comprehensive review of ICFT, and Ref. 31 for a recent construction
of a set of semiclassical blocks and correlators in ICFT.

In this talk, we restrict ourselves to holomorphic stress tensors, and the reader is
referred to Ref. 14 for the antiholomorphic version.

WZW_ model

The left column of Fig. 1 can be considered as the set of constructions in the
operator algebra of the WZW model, which is affine Lie algebra

The WZW action is a specia case of the general nonlinear sigma model, where the
target space is a group manifold G and g is the algebra of G.

2.2. The General Non-Linear Sigma Model

The general non-linear sigma model (the right column of Fig. 1) has been exten-
S|vely gudiajiﬂ, 33, 8, 34, 9, 10, 35, 36, 11, 12, 37, 38, 23, 13

The Euclidean action of the general non-linear sigma model is

1 in
§ = 5= [ =(Giy + By)6a'da) (163)
2 drdy .
d’z = 0 z=1z+1y, Hyjp = 6¢Bjk + ;B + 6kBij. (16b)
Here x',i=1. .. dim(M) are coordinates with the dimension of length on a general

manifold M and a', with dimension length squared, is the string tension or Regge slope.
The fields Gjj and Bjjare the (covariantly constant) metric and antisymmetric tensor
field on M.

We also introduce a covariantly constant vielbein g2,a=1...dim( M) on M and
use it to translate between Einstein and tangent-space indices, eg. Gij = e{Ga ejb,
where G,,, is the covariantly constant metric on tangent space. Covariant derivatives
are defined as usual in terms of the spin connection, Rjj,”is the Riemann tensor and
Ra = Rap Cis the Ricci tensor. It will also be convenient to define the generalized
connections and covariant derivatives with torsion,

Ve = Bive — 0400 (7
b b 1 b
Wi =W’ & -2-Hm (17b)
RN = (00F - 90F — [0F,07))a (17¢)
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where @i, is antisymmetric under (a, b) interchange and R;?ab is pairwise antisymmetric
in (i, j) and (a, b).

Following Banks, Nemeschansky and Sen?, the canonical or conventional stress
tensors of the general sigma model have the form

Gijn in s
Te = —-2—0;6::: 027 + 8*® + T + O(c) (18a)
Gab
= =TI, + 8°® + Ty + O(c) (18b)
20/
I, = Gae?dst, [, = Gue’dzt (18c)

where @ is the dilaton and T, is a finite one-loop counterterm which depends on the
renormalization scheme. The condition that T is one-loop conformal reads 12

1
Rij + 5 (H?);j = 2V:V;2 = O() (19a)
V*Hyj — 2V*®Hy; = O(a) (19b)

ce = B = dim(M) + 30/ (4|V®|2 — 4V?® + R + %Hz) + 0 (19¢)

where (19a8) and (19b) are the conventional Einstein equations of the sigma model and
(19c¢) is the central charge of the construction. The result for the central charge includes
two-loop information, but covariant constancy of the field-dependent part of the central
charge follows by Bianchi identities from the Einstein equations, so al three relations
in (19) can be obtained with a little thought from the one-loop calculation. It will aso
be useful to note that the conventional Einstein equations (19a), (19b) can be written
in either of two equivalent forms

B —2VEVER = O(o) (20)
by using the generalized quantities (17) with torsion.
WZW data

The WZW action is a specia case of the general sigma model (16a) on a group
manifold G. Identifying the vielbein e on M with the Ieft-invariant vielbein e on G, we
find that J,= ﬁﬂa are the classical currents of WZW and

1

Gab = knab: Habc = \/afabc- (21)

Here f4° and n 4 are the structure constants and the Killing metric of g and kis the
level of the affine algebra. From this data, one also computes

1 c
¢ =, 224
Wap 2\/@/’ b ( )
1
ahe=0, On° = T Far© (22b)
REr=o. (22¢)

Manifolds with vanishing generalized Riemann tensors are called parallelizabless’ 3
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23. Strategy

As seen in Fig. 1, our strategy here is a straightforward generalization of the VME
to the sigma model, following the relation of the general affine-Virasoro construction
to the WZW model. In the operator algebra of the general sigma model, we use the
technique of Banks et al.? to study the general Virasoro construction

Li‘ ) ) La.h
T =-—70502" + 0(d") = =—ILIL, + O(a") (233)
T =0 (23b)
¢/2 2<T(w)>  <T(w)>

< T(2)T(w) >=

G-wi | G-wp | G-w) T (239
where the dilatonic contribution isincluded at @ (a'® and L is a symmetric second-rank
spacetime tensor field (the inverse inertia tensor) to be determined.

It is clear that this one-loop construction includes the conventiona stress tensor
Te of the general sigma model, as well as the general affine-Virasoro construction when
the sigma model is chosen to be WZW.

3. CLASSICAL PREVIEW OF THE CONSTRUCTION

The classical limit of the general construction (23a) can be studied with the clas-
sical equations of motion of the general sigma model

oM, + M 1.07%, =0 (24)

where TL, I are defined in (18c) and &* are the generalized connections (17b) with
torsion.
One then finds that the classical stress tensor is holomorphic

T = _EI—Hanb’ gT =0 (25)

iff the inverse inertia tensor is covariantly constant
ViL®t =0 (26)

where V* are the generalized covariant derivatives (17a) with torsion. Further discus-
sion of this covariant-constancy condition is found in Sections 5.2 and especially 5.5,
which places the relation in a more geometric context.

To study the classical Virasoro conditions, we introduce Poisson brackets in Minkowski
space, and study the classical chiral stress tensor

1 orabge gt
T++=%L EARYA (27)

where J;" is the Minkowski-space version of [],. This stress tensor satisfies the equal-
time Virasoro algebra iff
Lub — 2Lachdeb’ (28)

which is the analogue on general manifolds of the high-level or classical limit (14) of
the VME on group manifolds.
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4. THE UNIFIED EINSTEIN-VIRASORO MASTER EQUATION

We summarize here the results obtained by enforcing the Virasoro condition (23c)
at one loop. Details of the relevant background field expansions, Feynman diagrams
and dimensional regularization can be found in Ref. 14.

Including the one-loop dilatonic and counterterm contributions, the holomorphic
stress tensor T is

IL11,

— __Juab
T=-L"(5

1
+ 5T Hao Hy™) + 8L, 2%) + Ol (29%)

ab=1...,dimM) (29b)

where L® = L % istheinverse inertia tensor and M is defined in (18c). The second term
inTis a finite one-loop counterterm which characterizes our renormalization scheme.
The quantity ®® in (29a) is called the dilaton vector, and we will see below that the
dilaton vector includes the conventiona dilaton as a specia case.

The necessary and sufficient condition that T satisfies the Virasoro algebra is the
unified Einstein-Virasoro master equation

LURY 4+ VId, = Oa)) (30a)
@, = 2L, 0, + O() (30b)
YL = Oa) (30¢)
Lab —“-“-ZLMGCdeb
~ o/ (LL Ho Hy® + LOH, S HSIP?) (30d)
— o (LG Dy) + O(?)
¢ =2G L™ + 60/ (28,8 — V,8%) + O(c?) (30¢)

where the first line of (30d) is the classical master equation in (28).

In what follows, we refer to (30a) as the generalized Einstein equation of the
sigma model, and equation (30b) is called the eigenvalue relation of the dilaton vector.
Equation (30d) is called the generalized Virasoro master equation (VME) of the sigma
model. The central charge (30e) is consistent™ by Bianchi identities with the rest of
the unified system. TheO(a") corrections to the covariant-constancy condition (30c)
can be computed in principle from the solutions of the generalized VME.

Some simple observations

1. Algebraic form of the generalizedVME. In paralel with the VME, the generalized
VME (30d) is an algebraic equation for L. This follows because any derivative of L can
be removed by using the covariant-constancy condition (30c).

2. Semiclassical solutions of the generalized VME. The solutions of (30c) and (30d)
have the form

1
Lo’ = 5P + O(e) (31a)
Vipt=0 (31b)

where P is a covariantly constant projector, in parallel with the form (13) of the high-
level solutions of the VME. The solutions of (31b) are further discussed in Section 5.5.
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3. Correspondence with the VME. The non-dilatonic terms of the generalized VME
(30d) have exactly the form of the unimproved VME (see eq. (9a)), after the covariant
substitution

fabc hd \/EEHabE (32)
for the general sigma model. This correspondence is the inverse of the WZW datum in
(21),

c 1 [+
Hy' = *\/—a—*,f ab (33)

which means that, for the specia case of WZW, the non-dilatonic terms of the gen-
eralized VME will reduce correctly to those of the unimproved VME. We return to
complete the WZW reduction in Section 5.2.

4. Dilaton solution for the dilaton vector. According to the classical limit (28) of the
generalized VME, one solution of the eigenvalue relation (30b) for the dilaton vectors
is

3°(d) = 2LYV,d (34)
In what follows, this solution is called the dilaton solution, and we shall see in the

following section that the scalar field @ is in fact the conventiona dilaton of the sigma
model.

5. PROPERTIES OF THE UNIFIED SYSTEM
5.1. The Conventional Stress Tensors of the Sigma Model

In this section, we check that the conventional stress tensors of the sigma model
are correctly included in the unified system.

In the full system, the conventional stress tensor T of the sigma model corresponds
to the particular solution of the generalized VME whose classica limit is

Gab

L* = Lg = 5 +0(d) (35)

where G ® is the inverse of the metric in the sigma model action. The covariant-
constancy condition (30c) is trivially solved to this order because VG, = 0.

To obtain the form of Tg through one loop, we must also take the dilaton solution
(34) for the dilaton vector, so that the dilaton contributes to the system as

&, = 0% = V,® + O(d), Vi®j = 0(o). (36)

The relations (35) and (36) then tell us that the generalized Einstein equation (30a)
simplifies to the conventional Einstein equation

RE — oVEVED = O(o). (37)

Moreover, eg. (36) tells us that the dilaton terms do not contribute to the generalized
VME in this case, and we may easily obtain

Gab

o I
L= 1g = = - T (H)® + 0(a”) (383)
o o o F
ViLE = - VEH)" + 0(o?) (380)
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Gab
Ta(®) = —ﬁnanh + 520 + O(Cll) (38¢)

by solving the generalized VME through the indicated order. In this case, the stress
tensor counterterm in (29a) cancels against the O(af) correction to L5, and (38c) are
consistent with (18). In what follows, the stress tensor T (®) is called the conventional
stress tensor of the sigma model.

To complete the check, we evaluate the central charge ¢ = c;(9) in this case,

Gab ;
2a(®) = 2Gab(—2— - %(Hz)“") +6d/(2|VO|? — V2®) + O(a?) (393)
= dim(M) + 3¢/ (4T P — 220 — %HQ) +0(?) (30b)
= dim(M) + 3¢/ (4]V®[? — 4V?® + R + %HZ) + O(a”) (390)

which agrees with the conventional central charge in (19c). To obtain the usual form in
(39c), we used the conventional Einstein equations (19a) in the form R = 2V?® — 1H2,
We also note the form of the system for L = L with general dilaton vector ¢S ,

Gab
Te(®,) = —Q—JIL,I'I,, + 8(I1°3C) + O(a) (40a)
ca(®,) = dim(M) + 3¢/ (49°0%, — 4V, 0% + R + Il~2~H2) + 0 (400)
R;rb - 26:‘1’60 = O(a’) (40C)

Wheretbg is unrestricted because its eigenvalue equation is trivial.
5.2. WZW and the Improved VME

In this section we check that, for the specia case of WZW, the unified system
reduces to the improved VME (9a), where the improvement vector D is constructed
from the general dilaton vector.

Using the WZW datum above we find that the generalized VME (30d) has the
form

L® = (usual L? and L2 f? terms) + Vo' foa*LY°®2 + O(a?) (41)
when the sigma model is taken as WZW. The terms in parentheses are the usua terms
(see eq. (93)) of the unimproved VME. Next, we solve the generalized Einstein equation
(30a) to find (using B = 0) that the dilaton vector is a constant

8,9 = 0. (42)

It follows that the dilaton vector can be identified with the improvement vector of the
VME in (93
D* = —/&/®® = constant. 43)
Moreover, the solution of the covariant-constancy condition (30c) is
8,L% =0, L = constant (44)

because @' = 0. This completes the recovery of the improved VME in (93).
The central charge reduces in this case to

¢ = 2Gq(L% + 6D° DY) + O(k™%) (45)
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in agreement with the central charge (9c) of the improved VME. We finally note that
the eigenvalue relation (30b) of the dilaton vector can be rewritten with (43) as

2L7 Gy D° = D* + O(k™?) (46)

which is recognized as the leading term of the exact eigenvalue relation (9b) of the
improved VME. This completes the one-loop check of the unified Einstein-Virasoro
master equation against the improved VME.

5.3. Alternate Forms of the Central Charge

Using the generalized Einstein equation and the generalized VME, the central
charge (30e) can be written in a variety of forms,

€= 2Le% + 60/(28,8° — V) + O(c'?) (47a)
=4Lo’Ly + 20 [L° Ly H* Hepo +3(20,8° - V09| + 0(0®)  (a7h)
= rank(P) + 20 [Lo"Le*(4Ly" — 364 ) H* Hyep + 3(28,2° — V}2)] + O(a?) (470)

= rank(P)+2¢/ [3L*R}, + Lo’ L*(4L" — 38,7 )HO Hyop + 6(2.0° — @:qw)] +0(a'?)

A A (47d)
= 4L, Ly* + 26/ [3L“”R;;, + Lo L2 H Hyoy + 6(0 B° — v:;@“)] +0(?).  (47¢)

The first form in (47a) is the ‘affine-Virasoro form’ of the central charge. The form
in (47d), with the first occurence of the generalized Ricci tensor, is caled the ‘conven-
tional form’ of the central charge because it reduces easily to the central charge of the
conventional stress tensor

co(®) = dim(M) + 30/ (4]VE* ~ 4V78 + R+ - 11%) + O(a") (48)

G . . . .
when P=Gand ® ; = 0O,®. The conventional form is also the form in which we
found it most convenient to prove the constancy of ¢

Bic = Ve = 0(a?) (49)

using the Bianchi identities and the rest of the unified system. The fina form of cin
(47¢) is the form which we believe comes out directly from the two-loop computation.

5.4. Solution Classes and a Simplification

Class | and Class Il solutions

The solutions of the unified system (30) can be divided into two classes:
Class I. T conformal but Tg(®,) not conformal
Class Il. Tand Tg(@,) both conformal.
The distinction here is based on whether or not (in addition to the generalized Einstein
equation) the dilaton-vector Einstein equation in (40a) is also satisfied. In the case
when the dilaton solution ®,(® in (34) is taken for the dilaton vector, the question
is whether or not the background sigma model is itself conformal in the conventional
sense.
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In Class |, we are constructing a conformal stress tensor T in the operator algebra
of a sigma model whose conventional stress tensor T (®,) with general dilaton vector
is not conformal. This is a situation not encountered in the genera affine-Virasoro
construction because the conventional stress-tensor Ty of the WZW model is the affine-
Sugawara construction, which is conformal. It is expected that Class | solutions are
generic in the unified system, since there are so many non-conformal sigma models, but
there are so far no non-trivial® examples (see however Ref. 40, which proposes a large
set of candidates).

In Class Il, we are constructing a conformal stress tensor T in the operator agebra
of a sigma model whose conventional stress tensor T (®,) with genera dilaton vector
is conformal. This class includes the case where the conventional stress tensors Tg ( ®)
are conforma so that the sigma model is conformal in the conventional sense. The
general affine-Virasoro construction provides a large set of non-trivial examples in Class
Il when the sigma model is the WZW action. Other examples are known from the
general affine-Virasoro construction which are based on coset constructions, instead of
WZW. In particular, Halpern et al. 4 construct exact Virasoro operators in the Hilbert
space of a certain class of g/h coset constructions, and we are presently studying these
conformal field theories as Class Il solutions in the sigma model description of the coset
constructions (see also the Conclusions).

It is aso useful to subdivide Class Il solutions into Class lla and Ilb. In Class Ilb,
we require the natural identification

®, = 2L 0F + O(a) (50)

which solves (30b), and Class lla is the set of solutions in Class Il without this iden-
tification. Note in particular that Class Ilb contains al solutions in Class Il with the
dilaton solution ®,(¢) in (34).

Simplification for Class Ilb with the dilaton solution

A simplification in Class I1b follows for the dilaton solution ®, (¢). In this case
the unified system reads

Ry + %(H"')a‘ —2ViV;® = O(/) (51a)
V* Hyis — 2VFO Hy,y = O(a) (51b)
VL = 0(), ViL¥ = O() (51c)
Lub :2LaCchLdb

— (LML H,o Hy® + LH,,' HELP) (51d)

— &/ (LOGYV . By) + O(a?)
¢ =2GuL™ + 60/ (28,8° — V,9%) + O(a?) (51¢)
B, = B,(B) = 2LV, . (51f)

This smplified system is close in spirit to the VME of the genera affine-Virasoro con-
struction: The solution of the conventional Einstein equation in (5l1a), (51b) provides

8 Trivial examples in Class | are easily constructed as tensor products of conformal and non-conformal
theories.
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a conformal background, in which we need only look for solutions of the generalized

VME in the form po
Ly = 2= +0(a) (52)

where P is a covariantly constant projector. Moreover, as in the VME, it has been
shown'* that all solutions of the simplified system (51) exhibit K-conjugation covari-
ance, so that

T=Te-T, é=cg—c¢ (53)

is also a conformal stress tensor when T is conformal.

5.5. Integrability Conditions

The inverse inertia tensor L& is a second-rank symmetric spacetime tensor, and
we know that its associated projector P is covariantly constant

ViPt=0 (54)
Operating with a second covariant derivative, we find that the integrability conditions
Ri™Pb + RiP2 =0 (55)

follow as necessary conditions for the existence of solutions to (54).
On any manifold, there is aways at least one solution to the covariant-constancy
condition (54) and its integrability conditions (55), namely

pob = @b (56a)
B+ Ry =0 (56b)

ab
=12 =9 o) (56¢)

where G, is the metric of the sigma model action. This solution corresponds to the
classical limit of the conventional sigma model stress tensor, as discussed in Section 5.1.
For WZW, the integrability conditions (55) are also trivialy satisfied (because I:Zf,md =
0) and the general solutions of the covariant-constancy conditions were obtained for
this case in Section 5.2.

In general we are interested in the classification of manifolds with at least one
more solution P®, beyond G®. In what follows, we outline the sufficient and necessary
condition for this phenomenon.

In a suitable basis, any projector P can be written as

10

Inserting this form in (54) and (55) shows then that R* and @+ must be *block diagonal’
in the same basis, i.e. they can be written as

(B = ( e - ) @) = ( e ) (58)

for some matrices Acd, Bed, Di, Ei. Thus, a necessary condition for new solutions to the
covariant-constancy condition to exist is that # and & should be block diagonal.
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Conversely, given a block diagonal @+, we can construct a new solution to the
covariant-constancy condition with P given in (57). In fact, with @+ written in terms
of the smallest possible blocks we can classify all possible solutions to the covariant
constancy condition. If we denote the smallest diagona blocks of @* by Di1,...,Dy,
then the most general covariantly constant projector is

P=p1i+...+pls (59)

where p; O {0, 1} and 1; is the matrix which consists of the identity matrix in the jth
block and zeroes everywhere else. In the case when one of the blocksin @t is zero, say
Dj , then P, 1; can be replaced by an arbitrary projector P; in the jth subspace.

New solutions obtained following this procedure are discussed in the Conclusions.

Mathematically, the problem of finding block-diagonal curvatures is the problem
of finding manifolds with reducible holonomy. In the absense of torsion, it is known
that block-diagonal curvatures exist only on product manifolds, but in the presence
of torsion the question of manifolds with a block-diagona curvature is an unsolved
problem, except for the group manifolds discussed above (where 2+ = 0), and the new
examples given in the Conclusions.

6. CONCLUSIONS

We have studied the general Virasoro construction
Lii o o
T = —j@x’@z’ + O(a'®) (60)

at one loop in the operator algebra of the general non-linear sigma model, where L is
a spin-two spacetime tensor field called the inverse inertia tensor. The construction
is summarized by a unified Einstein-Virasoro master equation which describes the co-
variant coupling of L to the spacetime fields G, B and ®a, where G and B are the
metric and antisymmetric tensor of the sigma model and ®,is the dilaton vector,
which generdizes the derivative 0,® of the dilaton ®. As specia cases, the unified sys-
tem contains the Virasoro master equation of the general affine-Virasoro construction
and the conventional Einstein equations of the canonical sigma model stress tensors.
More generaly, the unified system describes a space of conformal field theories which
is presumably much larger than the sum of these two special cases.
In addition to questions posed in the text, we list here a number of other important
directions.
1. New solutions. It is important to find new solutions of the unified system, beyond the
canonical stress tensors of the sigma model and the general affine-Virasoro construction.

Although it is not in the original paper!4, we have recently discovered a large class
of new solutions of the covariant-constancy condition: It is not hard to see that the
spin connection in the sigma model description of the g/h coset constructions has the
form

(‘I’zﬂ-)ab = NiAfAub (61)

where A'is an h-index and a, b are g/h-indices, and anb are the structure constants of
g. The structure constants and hence the spin connection can be taken block diagonal,
where the blocks correspond to irreducible representations of h. As discussed in Sec-
tion 5.5, this alows us to classify all possible covariantly-constant projectors on these
manifolds. More work remains to be done in this case, including the solution of the
generalized VME, but there are indications that the resulting conformal field theories

92



may be identified as the set of local Lie h-invariant conformal field theories® on g ,
which have in fact been studied in the Virasoro master equation itself.

2. Dudlity. The unified system contains the coset constructions in two distinct ways,
that is, both as Gap = kng, L3P = Lg/bh in the general affine-Virasoro construction
and among the canonica stress tensors of the sigma model with the sigma model
metric that corresponds to the coset construction. This is an indicator of new duality
transformations in the system, possibly exchanging L and G, which may go beyond
the coset constructions. Indeed, if the conjecture of the previous paragraph holds, this
duality would extend over al local Lie h-invariant conformal field theory, and perhaps
beyond.

In this connection, we remind the reader that the VME has been identified? as an
Einstein-Maxwell system with torsion on the group manifold, where the inverse inertia
tensor is the inverse metric on tangent space. Following this hint, it may be possible
to cast the unified system on group manifolds as two coupled Einstein systems, with
exact covariant constancy of both G and L.

3. Non-renormalization theorems. The unified Einstein-Virasoro master equation is
at present a one-loop result, while the Virasoro master eguation is exact to all orders.
This suggests a number of possibly exact relations'* to al orders in the WZW model
and in the genera non-linear sigma model.

4. Spacetime action and/or C-function. These have not yet been found for the unified
system, but we remark that they are known for the special cases unified here: The
spacetime action®® is known for the conventional Einstein equations of the sigma
model, and, for this case, the C-function is known!3 for constant dilaton. Moreover, an
exact C-function is known® for the special case of the unimproved VME.

5. World-sheet actions. We have studied here only the Virasoro operators constructible
in the operator algebra of the general sigma model, but we have not yet worked out
the world-sheet actions of the corresponding new conformal field theories, whose beta
functions should be the unified Einstein-Virasoro master equation. This is a familiar
situation in the general affine-Virasoro construction, whose Virasoro operators are con-
structed in the operator algebra of the WZW model, while the world-sheet actions of
the corresponding new conformal field theories include spin-one28 gauged WZW models
for the coset constructions and spin-twoze' 29’3Ogauged WZW models for the generic
construction.

As a consequence of this development in the genera affine-Virasoro construction,

more or less standard Hamiltonian methods now exist for the systematic construction of
the new world-sheet actions from the new stress tensors, and we know for example that
K -conjugation covariance is the source of the spin-two gauge invariance in the generic
case. At least at one loop, a large subset of Class IIb solutions of the unified system
exhibit K-conjugation covariance, so we may reasonably expect that the world-sheet
actions for generic constructions in this subset are spin-two gauged sigma models. For
solutions with no K-conjugation covariance, the possibility remains open that these
constructions are dual descriptions of other conformal sigma models.
6. Superconformal extensions. The method of Ref. 23 has been extended*4-46 to the
canonical stress tensors of the supersymmetric sigma model. The path is therefore open
to study general superconformal constructions in the operator algebra of the genera
sigma model with fermions. Such superconformal extensions should then include and
generalize the known N =1 and N = 2 superconformal master equations4’ of the
general affine-Virasoro construction.

In this connection, we should mention that that the Virasoro master equation is
the true master equation, because it includes as a small subspace all the solutions of
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the superconformal master equations. It is reasonable to expect therefore that, in the
same way, the unified system of this paper will include the superconformal extensions.
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ABSTRACT

We present a hermitian matrix chain representation of the general solution of the
Hirota bilinear difference equation of three variables. In the large N limit this matrix
model provides some explicit particular solutions of continuous differential Hirota equa-
tion of three variables. A relation of this representation to the eigenvalues of transfer
matrices of 2D quantum integrable models is discussed.

INTRODUCTION

The Hirota bilinear equations (HE) [3] provide, may be, the most genera view
on the world of exactly solvable models, from integrable hierarchies of differential and
difference equations equations, like KdV equations or Toda chains, to, as it was recently
shown, the transfer matrices of 2D models of statistical mechanics and quantum field
theory [4, 5, 1] integrable by the Bethe ansatz (BA) techniques. Indeed, in the last case,
it was shown that the eigenvalues of transfer matrices must obey the general HE with
3 discrete variables corresponding to the rapidity, rank and level of a representation
with rectangular Young tableaux, used in the fusion procedure. The Thermodynamical
Bethe Ansatz (TBA) equations discovered by Lee and Yang and widely used in the last
years for the description of thermal properties and finite size effects of 2D integrable
models follow almost directly from this HE [6].

HE has its own history in connection with the matrix models (MM). The gen-
eral solitonic solutions of HE [7] bear a striking resemblance with the matrix models
with logarithmic potentials. The discovery of double scaling limit in the matrix models
[8, 9, 10] (corresponding to the big size of matrices and a specia tuning of potentials)
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et a I’Université de Paris-Sud
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showed that the matrix models are closely related to KdV and KP hierarchies of in-
tegrable differential equations [11]. The study following it provided even more general
examples of this correspondence: the multi matrix models before taking any large N
limit appeared to be related the classical Toda chains [12]. Another manifestation of
these connections are the Schwinger-Dyson equation for MM which can be written in
terms of Virasoro constraints [13, 14] (see [15] for a modern account of this approach).

We would aso recall one rather mysterious coincidence: in [16] an open string
amplitude for the (1+1)D string with mixed (Dirichlet-Neumann) boundary conditions
appeared to have the same form as the Sine-Gordon S-matrix.

All this suggests that matrix models could have something to do with the quantum
2D integrable models and the way from one to another might go through HE.

In this paper we will propose a matrix chain representation of the general solution
of Hirota difference equation. We will use for that the analogy between the so called
Bazhanov-Reshetikhin determinant representation [17] of the transfer-matrix eigenval-
ues of integrable models (which obeys the HE) and the determinant representation of
matrix chain, in terms of eigenvalues of the matrices. The potentials acting at every
site of the chain will depend on the eigenvalues of the matrices and on the coordinate
of the site. Hence the arbitrary potential is a function of 2 variables which is in general
enough to parameterize any solution of a difference equation of 3 variables.

The solutions of HE relevant to TBA must obey very specia boundary conditions.
It can include, for example, the condition on the maxima possible size of the fusion
representation (reflecting the invariance of the initial model with respect to some contin-
uous symmetry), and Lorentz invariance of the spectrum of physical particles emerging
on the top of physical (dressed) vacuum.

It is not easy to extract the physical information from HE or the corresponding
TBA eguations as it is not easy to solve the nonlinear difference or integral equations
with specific boundary conditions. The results obtained on this way are quite limited:
they mostly concern the calculations of central charges and dimensions of operators in
the conformal (ultraviolet) limits and various asymptotic expansions corresponding to
high energies (see for example [17, 18, 19]). It even appears to be difficult to reproduce
the first loop calculation for the asymptotically free models in finite temperature, apart
from some simplified models [20]), athough numerically the TBA equations work quite
well. Another challenge is to find the planar (large N) limit of such an interesting 2D
quantum field theory as the principal chira field. The model was formaly integrated
by the BA approach in [21, 22]. It has been solved rather explicitly in the large N limit
in case of zero temperature and arbitrarily big external field [23, 24], but the attempts
to generalize it to finite temperatures were not successful.

On the other hand, the general solution of HE follows from its integrability and
can be represented in terms of ar-function. In case of a genera difference HE it
coincides with the determinant representation of Bazhanov-Reshetikhin. It might be a
good idea to use this representation, and hence our matrix chain representation, to get
some hand on HE and TBA. Of course, for a finite rank N of matrices (and hence finite
dimensional groups of symmetry of corresponding models) our representation hardly
could offer some breakthrough. But for big N we can try to use the machinery of the
matrix models (like orthogonal polynomials, character expansions and various saddle
point techniques) to calculate the corresponding infinite determinant.

We were not able to find any solutions of HE satisfying correct TBA-like boundary
conditions. A natural way to impose these boundary conditions is the most important
drawback of our representation. Leaving it to future studies we propose here some
particular solutions of continuous (differential) Hirota equations which describe our
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matrix chain in the large N limit. They correspond to a particular choice of parameters
(potentials) of the chain.

In the next section we will briefly review how the Hirota equation is connected
with the integrable models of the 2D quantum field theory. The continuous differential
version of them will be presented.

In section 3 we will propose the matrix chain representation of the difference Hirota
equation based on the Bazhanov-Reshetikhin determinant representation of the fusion
rules for transfer-matrices.

In section 4 we will present some particular examples of solution of the continuous
differential HE, given by the one matrix model and the matrix oscillator with the
specific boundary conditions.

In section 5 we will sketch out a general solution of the differential HE for an
arbitrary time dependent matrix chain potential and consider a more explicit solution
for the particular case of time independent potential.

The last section will be devoted to conclusions and prospects.

TBA, FUSION RULES AND HIROTA DIFFERENCE EQUATION

To set a more physical background for our construction let us briefly review how
the HE appears from the Bethe ansatz. We will mostly follow in this section the
framework and the notations of [1,2].

The transfer-matrix of an integrable 2D model with periodic boundary conditions
depends (apart from a number of fixed parameters, like volume, temperature or the
anisotropy g) on three variables: rapidity u =16, rank (“color’) aand level (“string”
length) s. The variables a and s have the meaning of a representation of elementary
spins filling the bare vacuum of the model, given by the rectangular Young tableau of
the size a x s. The corresponding transfer matrix is called T¢(u).

The integrability imposes the commutativity of transfer-matrices for different val-
ues of al three variables playing thus the role of spectral parameters:

[T9(w), T (u)] = 0 o

It follows from (1) that we can always work with the eigenvalues T2 (u) instead of
the transfer-matrix itself and view them as usua functions.

The transfer-matrices, as well as their eigenvalues, obey a set of relations known
as fusion rules, originaly found as the relations between S-matrices for particles with
different spins in integrable QFT. They can be summarized in the so called Bazhanov-
Reshetikhin formula [17] (BR) presenting the function of three variables T{u) in terms
of the function of only two variables T% (u):

T;’(u) = dEtlsi,jSaT.91+i—j(u + 1+ ] + a) (2)

Actualy, there exists a more general BR formula, expressing the transfer-matrix
eigenvalue of any skew representation h/h' through T2 (u):
Th/hl (u) = dEtlsi,jSan},-—hg (u + h; + h;) (3)

where hj =m; +a—iand h} =m| +a—iare the so called shifted highest weight
components of two representations Rand R of GL(N) characterized by the usual
highest weight components R = (m,,...m,) and R = (m’,..m,), so that they obey
the inequdities h; < hj_;, h} < hjand aso h'; < h;. But the transfer-matrices with
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rectangular Young tableaux play an exceptiona role since they obey a closed set of
fusion rules given by the difference Hirota equation:

Tou+ DI — 1) — Ty ()T () = T (T2 () @

It follows directly from (2) in virtue of the Jacobi identity for determinants. It contains
little information since it is true for any function of two variables Ti(u) in (2). To
specify it further to some particular integrable model we have to impose some boundary
conditions on solutions of the eq. (4).

One of these conditions specifies the group of symmetry of the model. To make it,

say, SU(N) (or Ay _ ,in terms of underlying algebra) we put:

T¢(u) =0, for a<Oand a>N (5)

It is not enough since it leaves us with an infinite discrete set of possible solutions
(like in quantum mechanics, fixing the boundary conditions on a wave function we are
still left with infinitely many wave functions corresponding to different energy levels).
We have to specify some analytical properties of solutions.

There are two ways to do it in the case of BA.

One is related to the so called bare BA where one specifies T(u) and TV (u) to
be some given polynomials in the variable u whose zeroes specify completely a model,
where as the functions T2 (u), for L <a< N- 1 are polynomials whose zeros we
have to find. The details of the analyticity conditions for the bare BA can be found for
example in (1).

Another way to fix analytical properties corresponds to the dressed BA where the
elementary excitations are aready the real physical particles. To precise them let us
derive from (4) the TBA equations. For that we introduce the function:

To ()T (u)

Yo = i oye () (6)

which, in virtue of (4), satisfies the equation sometimes called Y -system [6]:

Yolu+ DYPw-1)  [1+Y5,@l1+Y7, ()]
VeYeT() 1+ Ve @)+ Ve (o) 0
Note that this system is symmetric under the change: Y - Y, a - s, s - a
(rank-level duality).
To make it a little bit more symmetric let us introduce the functions:
1
Ya(u) (8

s

Up(w) =1+ Y7 (w), Uf(w)=1+

Then the eq. (7) can be rewritten as

Udu+ U u—1)  U(u+1)T8u—1)

Ura@Uae)  Oer () () ©
Taking logarithm of both sides of this equation and applying the operator
/ T L
—oo  cosh Z(f —#) (10)
where 6 = iu we obtain:
a aa' 1
Coo@)+In(L+YS(0) =C*(0) *In (L + —“(55) (12)
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where we introduced the so called “baxterized” Cartan matrices:

an’ _ 1
O 0) = ot = Gz gy ot T Sobrr) (12)

and similarly for Csg. The+ sign defines the usual convolution operation: f(6)«g(6) =
2 d8F(0 —~ 0)g(8).
Let us now act on both sides of eq. (11) by the operator inverse to (12):

sinh{(N — maxz(ea’))p] sinh[min(aa)p]
sinh(pN)

A% = o) = ;2;/00 dp cos(pB) coth(p) (13)
0
Note that this inverse is respecting the boundary conditions restricting the values of
a,atol<aasN-1 .
Note also that the operator C** has zero modes:

C*(8) % o(s)mg sin{a'wk/N) cosh(§7k/N) = 0 (14)

for any integer k and any function o(s). So in acting by (13) on both sides of (11)
we might be obliged to add one of zero modes. The choice of zero mode and the
functiono(s) defines completely the boundary conditions and hence the model. If we
want to respect the 1+1 dimensiona relativistic invariance we can add the zero mode
with k= 1, since only it will lead to the relativistic spectrum of energies elementary
excitations (which are described by this zero mode) of a type:

a(s)mgsin{ar /N) cosh(fn /N) (15)

It gives a typical mass and energy spectrum of physical particles for integrable rela
tivistic models of 2D QFT. The choice of o(s) and the range of sdefine a particular
relativistic model. For example, foro(s) = &g; s= 1 corresponds to the chiral Gross-
Neveu model, whereas o(S) = 850, — ® < s < o corresponds to the principal chiral
field (PCF) with the SU(N) symmetry.

With al these settings the final TBA equation (or similar equations for the ground
state of the finite length system with the periodic boundary conditions) takes a familiar
form (say, for the PCF):

A (9 5. Cp (6) %1n (1 + V2 (w)) — In (1 + —;l(u—)) = 5, omosin(ar/N) cosh(97/N) (16)
where e(z,y,7) = log Y2(u) plays the role of the energy density of the excitations
characterized by the rank a and level s.

At the end of this section let us comment on the large N limit of the TBA equations.
It is not obvious to us how to simplify the eg. (16) in this limit, but the difference
equation equation (7) after introducing the rescaled continuous variables

T=u/N, n=s/N, v=a/N (17)
becomes a second order differential equation for the quantity (7, v, 7) = log Y(u) *:
(82— 82)e = (82 — 02)In (1 + expe) (18)

This is an integrable classical equation, as it is a consequence of the genera HE and
the determinant representation (2) for its solution, athough the determinant becomes
functional in the large N limit.

T 1 thank P. Zinn-Justin for this comment
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Let us give aso another form of this equation in terms of new variables |, mand
a ( and the corresponding rescaled variables) A, pand v defined through the origina
variables u, sand a as follows:
A_L_u+s+a _m _u—s+a yo
SNTTeN  MTNTTaw 0 YT (19)
Notethat A and p play the role of “light-cone” variables.
In their terms we can represent the function Y =1In Oin the large N limit as

1
= l ———————
e=m exp F,(’u -1 (20)
where "

The continuous HE (18) for this function looks in the new variables as
0x0u In{exp[—Fy,] = 1) = 0,(9, — Ox — 8,) Fy,] (22)

This form of HE will be useful for our matrix model representation of its solution.

MATRIX MODEL CHAIN AS SOLUTION OF THE BILINEAR DIFFER-
ENCE HIROTA EQUATION

In this section we propose to parametrize the general solution of HE (4) by means
of so called matrix chain integral - a matrix model widely used and investigated in the
literature (see [25] for the details).

Let us define the following Green’s function:

-1 T
Ko(T, 4(0), 6 / H a9 xpur X oS+ 1) = Vb)) (2

where @(k) - are a x a hermitian matrices, each corresponding to its site k of the chain,
with matrix elementsq;j (K),i,j=1,2, ---,N,k=0,1,2, - , T. Two matrices at the
ends of the chain are fixed.

The continuous analogue of the chain would be just the matrix quantum mechan-
ical Green's function on the interval of time (O, T):

Ko(T, $(0), 9(T)) = [ D* (1) exp ~tr /Tdt[%q'b2+V(t,¢)] (24)

with the end point values of the matrix fields also fixed. The matrix quantum mechanics
was introduced and solved in (36).
Let us now define a new quantity:

Zo(l,m) = [ d$(0) [ d**9(T)(det $(0)) Ka(T, 6(0), H(T))(det STN™  (25)

where K could be any of both Green's functions (23) or (24). We have added two
logarithmic potentials at the ends of the chain to describe the dependence on | and m
introduced by (19).

We claim that the function of three discrete variables

o u+s+a u—s+a
T () = Zo(~—5—— ——5—) (26)
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obeys the HE (4). More than that, it gives the most general solution of HE parame-
terized by the function of 2 variables - the potential V(t,x).

The proof goes as follows. If we start, say, from the discrete version we can
diagonalize each of the matrices in the chain by the unitary rotation:

(fa)is = ;(Q:)ik(za)k(ﬂa)kj 27
and integrate over the relative “angles’ between two consecutive matrices in the chain
by means of the Itzykson-Zuber-Harish-Chandra formula. This concerns only the first
term in the exponent in the r.h.s of (23). The potentials, including two determinants
at the ends, depend only on the eigenvalues. The overall result after the angular
integration will be (see (25) for the details of this calculation):

Zo(lym) =  det | [ v / dgK (T, p, q)p™* g™+ (28)

where I I r
K(T,p,9) = [ Tl de(k)ep( 3 2(k)alk+1) = S Vk 20D} (29)

k=1 k=0 k=0

for the discrete chain, or

K(T,p,q) = / Da(t) exp ~{ /o ! dt[—i—;,— +V(t,2)]} (30)

for the continuous quantum mechanics, where z(0) = p, z(T) = q.

Now we see that due to the determinant representation (28) the function T";(u)
defined by the eq. (26) has the same determinant form as the BR formula (2) and
hence it obeys the HE (4), if we identify

u-2

To(u) = / dp / dgK (T,p, )p"#¢" (31)

The formula (28) generally defines an arbitrary function of two variables sand u. It is
clear from the fact that it is just the Mellin transform of an arbitrary function (30) (or
(29)) in two variables, which is in our case the Greens function of a quantum mechanical
particle in an arbitrary time and space dependent potential. This potential obviously
gives enough of freedom to define K(T, p, q) as an arbitrary function of two variables
pand g. So we proved (or at least made rather obvious) our statement about the
generality of this representation of solution of the HE.

We can provide a more general matrix integral giving the parameterization of the
most general BR formula (3):

Tugw = [ @60 [ 4 frxpn(@1)Ka(T, do, S (9r) )

where X [n)(@) is the GL(a) character of the representation characterized by the highest
weight [h]. It can be easily proved when written in terms of eigenvalues with the use
of the Weyl formula for characters.

For any finite N all this seems to be on the edge of triviality: we just defined in a
sophisticated way an arbitrary function of two variables and built from it the necessary
determinant. Naturally, we don't expect this representation to be of big use for a finite
N. The boundary conditions of TBA will be as difficult to satisfy as before. What is our
major hope is the large N limit of this matrix model which should correspond to the
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large N limit of the integrable models of the type of principal chira field. In this case the
determinant in the BR formula is essentially functional, and the matrix models give a
rich variety of methods for the calculation of such determinants. That why our strategy
will be the following: we investigate the matrix integrals of the type (25) in the large
N limit for various potentials and look for physically interesting regimes. Things might
become much more universal in the large N limit, and it could exist a classification of
interesting regimes, like it was done for the multi-critical points in the matrix models.
This paper represents of course only a few modest steps in this direction.

Let us make an important remark concerning the large N limit of the representation
(28): the Y variable introduced in the previous section and presented by the formula
(20) in the large N limit (with the matrix chain partition function Z instead of the
transfer-matrix T) obeys the differential equation (18) or, in new variables (19), (22).
It is almost clear from our definitions and it will be demonstrated in the following
sections,

Another more formal but interesting application of this method could be the search
for new solutions in the integrable equations of the type (18). In the next section we
will show some particular examples of it.

EXAMPLES OF SOLUTIONS OF THE CONTINUOUS HIROTA EQUA-
TION

We will demonstrate here on some examples limited to particular choices of the
matrix chain potentials how this relation between the HE and MM works.

One matrix model and GL(n) character

Let us start from the one matrix model partition function with an extra logarithmic
potential

Zu(l) = /d“2¢(det #)! exp —~NtrV (4) (33)
which, after going to the eigenvalue representation, becomes
Za(l) = det | [ dp p*"9 " exp ~NV (2) (34)

It is well know that if one chooses:

a

exp—V{z) = [[ (b — 2)7! (35)
k=1

and performs the integral in (34) aong the contour encircling al these poles one will
identify this partition function with the GL(a) character xf‘(b) of the a x | rectangular
Young tableau given by the Weyl determinant formula. So, much of our next formulas
is valid for the characters as well.

It is easy to see from the Jacobi identity for determinants that the function

t°() = Zo(a - 1) (36)
satisfies a simplified version of the general HE (4):

e+ D — 1) — D) = e 37
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Introducing the variable

ta+l (l)ta—l(l)
YY) = ——F—>
0 e () (38)
we obtain from (37) a simplified version of the general Y-system (7):

Yo+ )Ye(i—1)  [L+ YR ()1 + Yol ()]
[Ya(@)P B [1+Ye()] (39)

If we go to the large N limit and introduce the continuous variables (19) we obtain from
the previous equation a ssimplified version of the differential HE (18):

logY = 3%log(1+Y) (40)

which is again integrable, as it is obvious from the above determinant formulas. In the
last equations we changed a bit the definition of the function Y rescaling the variables
by 1/N.

Take first a simple example of the potential V(x) = |x]|. The direct calculation of
(34) gives:

ta(l) =If11(z_a+k)!(k— ! (41)
which yields Y, (I) as
Y.y = l—::Jr—l (42)
or, in the large N limit:
Y0 = (43)

which perfectly satisfies the eq. (40).

To find a genera (up to some comments which will follow) solution of the eqg. (40)
we just have to apply the well known formulas for the saddle point approximation in
the one matrix model with the potential which is now V(x) + (A—v) log x. Omitting
the standard calculations (see for example [9]) We give the result: the function Yy (A)
obeys the following system of eguations on Y and an intermediate variable S:

LduV'(VYu+S)  A-v

1T \/I_UZ - @_4)/ (44)
Udy (VYu+ S)V'(VYu+5)
L[5 i =t (45)

So we have obtained the solution of the eq. (40) in terms of a system of ordinary
equations. For example, for a polynomia potential the equations will become algebraic.
In genera they are functional.

Not every potential is compatible with this solution. We restricted ourselves to
the so called one cut solution implying the existence of one classically stable well in
the potential. This restricts our solution to some parametrically general but still lim-
ited class of solutions of (40). The generdization to the multi-cut solution which is
straightforward should in principle yield the most general solution of (40).

The equations (44-45) look like the characteristics method of solution of the eqg.
(40). In the next sections we shall see to what extent we can generalize it to the full
differential HE (4).
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Gaussian Chain Solution of HE

Now we shell consider another particular example of solution of the HE (4) by
restricting all the potentials in the matrix chain to be Gaussian. Then all the integrals
over @(1),...,0 (T) in (23) can be easily performed and we are left in (25) with the
following two matrix integral over the endpoint variables:

Zm) = [ @6 [ 479 (@etg) exp—tr(56" + 567~ chpg(des$)" (40

If we do the same with the continuous quantum mechanical integral (24) we arrive
(up to a trivial coefficient typical for the Green's function of the harmonic oscillator)
at the same two matrix integral, with ¢ = 1/cosh(wT), where wis the frequency of the
corresponding oscillator.

An important comment is in order. Although this partition function satisfies the
HE for three variables it should a little bit modified for finite N: note that Z(l, m)
in (46) after passing to eigenvalues splits into the product of two determinants corre-
sponding to i, j both even or both odd (the matrix elements with different parities of
i,j are zero, see the formula (28) with the gaussian kernel). Each of these determinants
satisfies the same difference HE with the shifts of discrete variables by +2 and not by
+ 1. The continuous (large N) version of HE will be the same as before.

This two-matrix model has the only complication with respect to the ordinary
one, containing usualy only polynomial potentials: its potentials contain logarithmic
parts, like in the well know one matrix Penner model. To solve it the ordinary method
of orthogonal polynomials does not look convenient. We propose here another, rather
powerful method worked out in a series of papers [26, 27, 28, 29, 30, 31] and capable
to solve some even more sophisticated models than the present one.

First we perform the integral over the relative “angles’ of two matrices in (46) by
means of the character expansion [32]:

czk hy—a(a—1)/2

[@um exple trigate] = 3 (@)@ (@47)

!
0<hy <--<h1 <00 H’C hk'

We dropped here some unessential overall coefficient.

Plugging this formula into the eg. (46) we encounter two identical independent
Gaussian integrals over @ and ¢' with the characters as pre-exponentials. These in-
tegrals can be calculated (they dlightly generalize the similar integrals appearing in
[33, 27, 28, 29] to the case of |, m# 0). The result (again up to some unessential
factor) is:

ITi(hf + 1~ BUTT (RS + D)1

= A(R)ARY)  (48)
7]

[ e i 9)det ) =

where we denote by h®(h°) the even(odd) highest weights whose numbers should be
equal. A (h) isthe Van-der-Monde determinant of h’s. We chose here | to be even; for
| odd one only has to exchange h® and h°in (48).

Putting al this together we obtain for (46) a representation in terms of the multiple
sum over h's (we dropped a h-independent coefficient):

Zy(l,my= Y A2(h?) A2 (h)c2nhithe) (49)
{he e}
y TT:(h + L — DUTL;(AS + DU IL(AE + m — DT (A2 + m)!!
s !
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We chose here |, mto be both even. Different parity for them is forbidden by the
symmetry @ — —@of (46). This will not be important in the large N limit. As we see,
the sums over h® and h°are decoupled and can be calculated independently.

The method of calculation of these multiple sums in the large N limit was proposed
in [26] and further elaborated in [43, 27, 28, 29] and is based on the saddle point
approximation of this sum. One introduces the resolvent function of shifted highest
weights:

H(h) = Z — hk (50)

In what follows we change h by h/N (since the highest weights are supposed to be
of the order N in the large N limit). So, in the large N limit:

H(R) = /dh’ A1) % = 1, (h) + inp(h) (51)

where H +(h) is the symmetric part of the function H(h) on the cut defined by the
distribution of h's and gi(h) is the density of h’s aong this cut. In the large N limit we
can calculate the multiple sum by the saddle point method. The saddle point condition
defines the most probable Young tableau shaped by the density 4(h):

£ 0 L (S004) -

One has to remember that a part of the most probable Young tableau is in general
empty (some of the highest weight components m, are equal to zero, see [26, 27] for

the details). So, the function gi(h) is equal to one on the interval (O,b) and to some
nontrivial function p(h) on the interval (b, d). This yields, instead of (52), the equation:

¢ o) _ 1. (A4 N)(h+p)
f;dh h_h,_—§1n< e ) (53)

This linear integral equation has a one-cut solution:
H(h) =In [c*(d + 0P hy(h+ Nk + u)] (54)
“In [(h+ N2 = (J@+ NN - b - d) - b))2]
~in[(h+ ) - @+ W+ ) - h— d) - 1))

To fix d and b we should recall the asymptotic of H(h) with respect to large h:
H(Rh) = v/h+ < h > /B2 + 0(1/R®) (55)
following from (50). Here < h > is the average shifted highest weight in the most

probable Young tableau. Expanding H (h) in /h up to the terms O (1/ hz) we obtain a
system of equations defining d and b:

D+ d+b+2/[dF N+ A)] [2u+ d+b+2/d+ G+ M)} (56)

=cd+ b)2
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(d+b)y/(d+X)(b+ ) + (d + )X+ 2db

2/(d+2)(b+A) +d+b+2)

(d+b),/ (d+ )b+ p) + (d+b)p+2db
2/(d+u)(b+p) +d+b+2p
At
+T_

(67

¢From (50) we deduce the following formula for the solution of the continuous HE
(22):
1

i
=g << In(h + ), In(h + 1) >> (58)

where by << A, B >> we denoted the connected average of any two h-dependent
functions A and B. Note that this average has a finite large N limit, as it should be.

This solution can be brought into a more explicit form: the explicite formula for
such correlators in the one matrix models was given in [34, 35] for W{z,7) =<<
z}—h), —(Z,l_h) >

W(zz)—%N( d)(z’—b)+\J(Z'—d)(z—b)_ 1 )

(2 —d)(z =) (z—d)(»—=b) (z2-2)?
Integrating it in zand Z and putting z= —-A, z' = —u we obtain a rather explicit
solution of differential HE (22)
) 1
Fyu = gla(\ b, d)g(u, d,6) + g(A, d, b)g(, b, d) + In(A + u)] (60)

where

9(z,b,d) = /(z + d) (= + b) + ,/” Inf2y/(z + d)(z 4 b) = 22— d— 5] (61)

and d,b are defined by the egs. (58).
In the next section we will give the solution of (18) in the case of a general time-
independent potential V(x). We will also reduce the search for the most general solution

of continuous Hirota equation (18) defined by the time dependent potential V(X,t) to
a simpler problem.

COLLECTIVE FIELD METHOD FOR THE DIFFERENTIAL HE

Now let us briefly describe how our method works in the case of a the genera
potential in the matrix quantum mechanics defined by (24). In this case we can apply
the collective coordinate method of Jevicki and Sakita [44] which is valid in the large N
limit and can be applied to the non-stationary saddle point solutions which are needed
in our case. The details of this approach can be found in [44, 42, 45, 37]. We will use
the results of it and apply them to our case.

In terms of this method the effective action for (24) can be written for the density
p(x, t) of eigenvalues x, and its conjugate momentum P (X, t) developing in time as:

T . 1 2
Setslo, P = / dz /0 dt{pP — 5pP” + %pﬂ + pV (x,1)] (62)
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reflecting our specific boundary conditions at the ends of the interval (0, T) following
from (25).
The equations of motion corresponding to the action (62) are:

p+8(Pp)=0 (63)
-1 m?
P+ EP’Z = 7/)2 +V(z,t) (64)

Differentiating the second one in x and defining the function f(x, t) = P' + impwe
rewrite this system as only one forced Hopf equation on this complex function:

Of + fOuf = —V'(z,1) (65)
We have to impose at any moment, say, a t= 0 the normalization condition
f dzp(z,0) =v (66)

Then it will be true at any t due to the condition (63).

We have excluded the end points of the interval (0, T) in the last equation. The
logarithmic potentials and the two Van-der-Monde determinants left at the ends of the
interval can be taken into account as the boundary conditions:

AL g4 p(e',0)
=2 <z<
Ref(z,0) ==+ ]f(o) do' B2, 0(0) S 5 d(0) (67)
_ K A7) , o', T)
Ref(@,T) = -£ 7{@ dr' 222 W(T) <@ < d(T) (68)
or, introducing the resolvent: Ru(z,t) = f dz’ &8 4 imp(z, 1),
A

f(@,0) =~ + R(,0) (69)
f@ 1) =-£-R (z1) (70)

Hence we reduced the problem of the virtually general (since it is parameterized
by a general potential depending on 2 variables) solution of the continuous HE (4) on
the function of 3 variables v, A et pto the solution of the differential equation of the
first order (65) (assuming that the complex function f is anaytica in their variables)
supplemented by the boundary conditions (67-68). The variables v, A et p appear here
only as fixed parameters.

It is till quite complicated, although simpler than the original problem and, may
be, physically more transparent. We don’t know how we could simplify it further in gen-
eral case. So let us consider an interesting particular example of the time independent
potential  V(x). In that case the forced Hopf equation

Ocf + fOuf = ~V'(2) (71)

becomes completely integrable by the characteristics method *.
Wewill choose A = /i, which does not look as restriction if we assume the analytic-
ity in A and p Then due to the time reversal symmetry we have f(x, T) = —=f(x, 0). So

¥ 1 am grateful to A. Matytsin for the explanation of this method and its application to the forced Hopf
equation
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we can say that also p(x, T) = p(x, 0). Hence only one of these two boundary conditions
is independent.

The first part of the problem is to find the solution of eg. (71) with fixed endpoint
density p(x, T) = p(x, 0). The result can be formulated as the following equation on
the functions already at the endpoints

T::/G@)—————gg————— 72
T 4f2(g0(x) ~ V()

where G(x) = X7 (gr(x)) and Xt (9) is the function to be found by solution of

gler) = 5o, T) + Vior) 73

Note that the function  G(X) = X(go(X)) defined by the solution of

9= 3@, 0) +V(z0) (7)

is the functional inverse of the function G(x) itself which gives the equation of A.
Matytsin [37]:
GG(a) == (75)

Although the dynamics of the forced Hopf equation is summarized by the relation (72)
the last equation leads to a strong constraint on the analytical structure of the function
G(X).

Once we found the functional f,, o) (X, 0) as the solution of egs. (72-75) we have
to much it with our boundary conditions:

Re fo(z,0)(2,0) = A + 7{1(0) da’ M b(0) < z < d(0) (76)

z (0) z—a’

With a given V(x) this defines the end-point density p(x, 0) which is the only
non-trivial information we need to find the quantity (25). Probably it is convenient to
represent this boundary condition as a condition on the large x asymptotic of f(x, 0):

v+ A

F(2,0) 2500 77)

We thus reduced the solution of the continuous HE (22) to some simpler functional
problem in a particular but rather representative case of the time independent potential.
The solution with the harmonic oscillator potential obtained in the previous section
should be also reproducible by this method.

We can also use these equation to produce more explicit solutions of the HE (22)
by the method proposed in [37]: one chooses two conjugated roots G(x) and & (x) of an
algebraic equation x(G) = 0, where x(G) is some polynomial. These two roots satisfy
by construction the eq. (75). Then one has to plug them into (72) and solve it as an
integral equation for V(x). Of course the choice should be limited by the boundary
conditions (76) or (77).

It would be interesting to analyze the case of the inverted oscillator potential
corresponding to the 1+1 dimensional non-critical string theory. But this question lies
beyond the scope of this paper.
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CONCLUSIONS AND PROSPECTS

In this paper we proposed a matrix model representation for the solution of the
general difference Hirota equation. For its continuous analog of the differential HE of
second order on three variables the solution is represented by the large N limit of the
corresponding matrix chain. It gives an effective framework for solving the continuous
HE in a rather explicit way, at least for some particular cases. In particular, the problem
can be reduced to the forced Hopf equation with specific boundary conditions.

Many things remain to be understood. First of al it is not clear how to find
the solutions satisfying the boundary conditions of various 1+1 dimensional quantum
field theories solvable by Bethe ansatz. Especialy how to choose the matrix potentials
to get the relativistic spectrum for the physical particles and to fix the symmetries
of original models. Another question: is there some physical interpretation in terms
of these integrable theories of the time variable t and of the eigenvalue variable xin
our matrix representation similar to the non-critical (1+1) dimensiona string theory
(where these variables describe the target space of the string [42, 41])? It might be
for example that the time can be considered as the physical space dimension of the
corresponding integrable theory. But it remains to be proved. We hope that the
formalism proposed here at least sets a convenient framework for the attempts to find
the physicaly interesting solutions.

A more formal use of our method might be the search for new solitonic solutions for
the well known integrable equations. For example, the Toda equation 82F = 8,0, exp F
is just a particular limit of the continuous HE (18). To our knowledge, the solitonic
solutions to this equation are not yet found.

Another interesting question is how the double scaling limit in matrix models is
related to HE? For example, how to find the corresponding solution for the inverted
harmonic oscillator giving the description of the (1+1) dimensional string field theory.
To answer this question as well as many others we have to learn how to deal with
the non-stationary forced Hopf equation with our specific boundary conditions. The
methods worked out in the papers [37, 38, 39, 40] could be useful for that.
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INTRODUCTION

There is a growing interest in discrete approximations of quantum gauge field
theories, using real (and not Euclidean) time. This is partidly due to the successes of
Quantum Gravity in the Ashtekar — Lewandowski — Rovelli — Smolin formulation > 2. In
this approach we organize the field Cauchy data on a given 3-D space-like hypersurface
into the phase space of a physical system which is going to be quantized. Since we are
not able to quantize directly a system with infinitely many degrees of freedom (unless it
is linear!), we use finite, 3-dimensional lattices (or networks in Ashtekar — Lewandowski
terminology) to select a finite number of degrees of freedom and then we are able to
provide a quantum description of such a truncated subsystem of our origina system.
The way we select such subsystems from the origina physical system is fully gauge
invariant.

The fundamental idea in the above approach is to reconstruct both the gquantum
kinematics and dynamics of the complete system (i.e. to construct the continuum
quantum gauge field theory) via a suitable limiting procedure from the above quantum
theories of subsystems.

Such an approach should be first tested on Quantum Electrodynamics, where we
are dtill far from understanding the fundamental structures of the theory beyond the
perturbative picture. In particular, the gauge structure is rather poorly understood.

In this talk we present an attempt to construct Quantum Electrodynamics in a
fully gauge invariant, non-perturbative way. It is based on the ideas published earlier 34,
where we have shown that the functional integrals of QED and QCD can be reformu-
lated in terms of local gauge invariant quantities. Recently®® , we were able to imple-
ment similar ideas on the level of the 3-D lattice approximation of QED in the Hamil-
tonian approach, where the rea tirne variable (and not the Euclidean time) remains a
continuous parameter. The main result of these papers is a complete description of the
observable algebra and an explicit construction of the physical Hilbert space as a direct
sum of charge superselection sectors. A similar programme for the continuum theory
has been formulated by many authors a long time ago. Since the problems arising for
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the continuum case are extremely difficult, only partial results have been obtained until

7-11
now .

The algebra of observables (gauge invariants) in QED is generated by the electro-
magnetic field operators E and B together with the invariants which are bilinear in
fermionic fields:

Wyt = 4" (z) exp(—ig / A) () , (1)
¥
where + is an oriented path starting at x and ending at y. Dividing the bi-spinor field
¥* into the positron degrees of freedom ¢ and the electron degrees of freedom &%,
K,L =1, 2, we may consider, in particular, the “pair annihilation operators’:

M, % = ¢r(y) exp ( - z’g/fi) () , 2

5

(they annihilate a positron with helicity K a x and an electron with helicity L at
y). It turns out® that these operators — together with their conjugate “pair creation
operators’ — are sufficient to reconstruct all the operators W defined above.

The purpose of this talk is to present the structure of the observable algebra
generated by these operators in a lattice version of the theory. It turns out, that the
algebra splits in a natural way into a tensor product of the algebra of electromagnetic
observables and the algebra generated by the above operators A4. The first component
carries the structure of a finitely generated Heisenberg algebra. The latter is a finite-
dimensional C*—algebra isomorphic to the enveloping algebra of SL(2N, C) factorized
by a certain ideal. We are able to find al irreducible representations of this algebra
and, thus, the decomposition of the physical Hilbert space into charge superselection
sectors. In the last part of the talk we discuss a possible strategy how to reconstruct
the continuum theory. Our strategy differs slightly from the one proposed by Ashtekar
and Lewandowski. The two constructions may lead to physically non-equivalent sectors
of the theory.

SECOND QUANTIZATION ON THE LATTICE

A classica field configuration of the continuum Maxwell-Dirac theory consists of
a U(1)-gauge potential (A,) and a four-component spinor field (%), wherea, b, ... =
1,2,3,4 denote bispinor indices and |, v, ... =0, 1, 2, 3 spacetime indices. The classical
Lagrangian of the theory is given by

L= ~SFuF — g Gyt = T {9 B (), Dt} ©

where F,, = 3,4, — 8,4, and D,y* = 9,4* + igA,*. The star denotes complex
conjugation, PBab denotes the canonical Hermitean structure in bispinor space and (yH)
are the Dirac matrices. For a given Cauchy hyperplane Y = {t= const} in Minkowski
space, the above Lagrangian gives rise to an infinite-dimensional Hamiltonian system
in variables (Ag, E*, ¢, %) with the Hamiltonian given by

W= (B E* + By BY) + my® B y? + R {9 6 (1) D}, ()

where B = curl A.
Let us take a finite regular cubic lattice A contained in Y, with lattice spacing a,
and let us denote the set of n-dimensional lattice elements by A", n=0, 1, 2, 3. Such
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elements are (in increasing order of n) called sites, links, plaguettes and cubes. We
approximate every continuous configuration (A4, E*, 2, 1$**) in the following way:

A3z — oyt :=al y(x) e C, (5)

N3 (@o+k)— A, = AydlER, (6)
’ (z,2+k)

Al9(av,z—f—l:;)—-)EN‘HAe :=/ _E*doi € R. (7)
o(z,x+k}

Here a(x, X + &) denotes a plaquette of the dual lattice, dual to the link (x, x +&) OA 1
Note that we have chosen the non-compact lattice approximation, where the potential
and the field strength remain Lie-algebra-valued on the lattice level.

We define the second quantization for the lattice theory by postulating the follow-
ing canonical (anti-) commutation relations for the lattice quantum field operators:

I:"j;:’ A;*]+ = 6'1(76:51/ 7 (8)
[Az,z+E’Ey,y+i] = ihibayy; . 9
The remaining (anti-) commutators have to vanish.

All irreducible representations in the strong (Weyl) sense of the above agebra
are equivalent 23 . In particular, the bosonic quantities (A, E) may be described by
the Schrodinger representation, in the Hilbert space of wave functions W depending on
parameters A. Operators A are thus multiplication operators and canonically conjugate
momenta are represented by derivatives

. hL .0
B =
z,2+k ; aAw,x—HE (10)
For the fermion fields we use the following decomposition into Weyl spinors:
K
w=(2 ) KL=12. ay
YL

We take the anti-holomorphic representation for the upper part and the holomorphic
representation for the lower part of Y. Thus, we represent the “classical” Grassmann
algebra valued quantities (¢%*, ¢3) as multiplication operators (¢%*, &%) in the space
of al functions (polynomials) of these variables. It follows that the adjoint operators
(6%, ¢1) satisfy relations (8). They may be represented as derivatives!:
K;_ﬁé?%:, gaL::B%. (12)

The tensor product of al these representations is, therefore, defined in the space of
wave functions

U =V({A, .} {67} {wied) (13)
which are polynomials in the anticommuting variables (¢*, ¢*) with coefficients being
functions of variables A. The Hilbert space structure is defined by the L?-norm. In-
tegration over the Grassmann variables is understood in the sense of Berezin, which
means that the set of al different monomials in these variables forms an orthonormal
basis.

Obviously, the algebra generated by (8) and (9) contains a lot of unphysical (gauge-
dependent) elements. Moreover, the above electric field operators do not satisfy the
Gauss law. In what follows we will present an explicit construction of the algebra
of observables (gauge invariant operators satisfying the Gauss law), together with a
complete classification of its irreducible representations.
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GAUGE INVARIANCE, CONSTRAINTS AND BOUNDARY DATA
A local gauge transformation of a lattice configuration is given by:

_ 1l'z = eXP(—ig/\z) Yo, (14)
Az,m+ic = Az,z+fc + /\x+ic = Az, (15)

where A® 3z — X, € R.

At this point we could have aso used the more familiar compact description, in
which the lattice gauge potentials are group-valued quantities exp(ig4, ,.;) (paral-
lel transporters). On the level of physical observables, this would lead to replacing
the magnetic field B, see forthcoming formula (24), by exp(igB) (the Wilson loop) .
The compact description of gauge fields is also used by Ashtekar and Lewandowski in
Quantum Gravity. For the purposes of QED we prefer, however, to keep the above
non-compact description which leads to the topology of the phase space which better
resembles the corresponding structure of the continuum theory. Also the classification
of irreducible representations of the observable algebra which we obtain in our approach
is much simpler: we avoid the so called 6-representations for the electromagnetic field
operators exp(igB) and E, which occur in the compact representation (they have no
physical meaning and arise merely as artifacts of the compact formalism used).

Local gauge transformations act on wave functions in the following way:

( {/\’E})\I}) {Am a:+k:} {QSK*} {¢;;L}') = ‘P({Az,m—fg}’ {Q;;(*}, {¢;;L ) ’ (16)

This induces the transformation law for the field operators Aand, formally identical
with (14) and (15). To calculate the generator G, of infinitesimal local gauge transfor-
mations a x we take the derivative of ¥({4,.:}, {@5*}, {5..}) with respect to A,,
aAy,=

, ., 0¥
gz\I/ = Z(?A +4 ZQSZ 3¢K* 1g;<pw;l/5@ =

z,2+k
_ _ZE o hz(‘m"k_u 5 v a7
h €, 5+k 9 x Pz wz;K‘Pm;K .
k K
We conclude that the generator G, of local gauge transformations is given by

{Z otk 32}, (18)

where, the operator 72 of electric charge at x is automatically obtained in the “normally
ordered” form:

B e drds = (0K —95;;1(@;1() , (19)
a K

and e := gh is the elementary charge.
The necessary and sufficient condition for gauge invariance of the wave function is
provided by the following “Gauss law constraint”:

Go U =0. (20)
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Unfortunately, wave functions fulfilling (20) are not sguare integrable with respect to
the standard measure on the configuration space, because they are constant on non-
compact gauge orbits. A possible strategy to circumvent this difficulty consists in
looking for an appropriate Hilbert space structure in the space of gauge invariant wave
functions. As far as we know, there is no unique construction of such a structure. In our
approach, we construct explicitly the algebra of observables and find al its irreducible
representations. This way, no ambiguity in the definition of the scalar product in
the space of physical, gauge-invariant functions arises. It is uniquely implied by the
structure of the algebra of observables.

If we sum up eguations (20) over all x OA % we see tha, heuristically, the tota
charge @) should vanish, when acting on gauge invariant wave functions ¥':

QY=Y 2¥=0. (22)

TEAS

Thus, nontrivial values of the total charge can only arise from nontrivial boundary
data, which we are now going to introduce. For this purpose we consider also external
links of our finite lattice A, connecting lattice sites belonging to the boundary dA with
“the rest of the world”. This way we can treat A as part of a bigger (maybe infinite)
lattice. We denote these external links by (x,»0) and allow the wave functions W
from the beginning to depend on the corresponding potentials A, ... Moreover, we put
OA™ := A N A™. Now gauge invariance does no longer imply vanishing of the total
charge, because the electric fields on external links remain when we sum up eguations
(20) over all sites of A:

QU = (Z 53) U= (Z Em) 2 (22)

TE€AC £€HA0

We stress that the external fluxes £, are not dynamical quantities in this approach,
they play the role of prescribed boundary conditions. (On the other hand, one could
possibly treat them dynamically a la Staruszkiewicz — see his contribution in the present
volume.) It will be shown in the sequel that the charge operator ¢ defines a superse-
lection rule. Thus, we have § = Q1 on every superselection sector. Consequently, the
only consistent choice for the external fluxes is By = Fr oo 1 ON every superselection
sector, where E, ,, are c-numbers fulfilling

Q = Z Em,oo . (23)

TEIAC

In principle, we could distinguish between representations characterized by the same
value Q, but corresponding to different external flux distributions fulfilling (23). This
would lead to additional superselection rules. Here, we have chosen another option,
which is motivated by the fact that different boundary conditions corresponding to
the same vaue Q give equivalent representations. Thus, for any value of Q we have
an equivalence class of boundary data and we choose a representative, e.g. the “most
symmetric” distribution of the values E; o on dA.

ALGEBRA OF GAUGE INVARIANT OPERATORS

Consider the algebra® of gauge invariant operators acting in the auxiliary Hilbert
space HO of square integrable wave functions (13), admitting (possibly) nontrivial
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boundary data £, ... This algebra is defined as the commutant of {/({A,})}inB (H9)
We are going to list below the set of relations between its generators. This set, sup-
plemented by the Gauss law, will be taken as a set of axioms for the generators of the
algebra of observables, which we are going to define in the next Section.

We see that arbitrary bounded functions of (self-adjoint) electric flux operators
E are gauge invariant. To each oriented plaquette (z; &,[) we may aso assign the
(self-adjoint) magnetic flux operator:

Bygi = Apesh + Avshasint + Aoyiniant + Anyi - (24)
Again, arbitrary bounded operator functions of B are gauge invariant — due to (15).
Observe that magnetic flux operators are subject to the following constraint: the total
magnetic flux through the boundary of a lattice cube vanishes as a consequence of (24),

divz;k,fﬁ B:= Bm;fs,f + Ba:;ﬁ,l% + Bz;l:ﬁ + Bx«}-ﬁ;[,fc + Bz+[;fcﬁ + Bz+fc;ﬁ,[ =0. (25)

Moreover, we consider bilinear invariants (1). Obviously, any such W isbounded in H®
and hence it belongs to O.

Proposition 1 If yis a path connecting x with y, B is a path connecting y with z and

if the degrees of freedom (x, &), (y, b) and (z, c) differ from each other, then we have the
following identity:

[, ve] =g (26)
where By is the composition of yand B, a path connecting x with z.
Proof:
[, e = (deripitriz — diridadeds) exvl-ig [ 4)
By
= (S + 0y i =g

There are three types of operators W:

Ly = gl exp(—ig / A)gx (7)
Y
M’Y;LK = Py EXP(_i.‘]/A) ‘l;f , (28)
Y
Rossc 1= By expl=ig | &) g (29)
e

(the fourth type coincides with the adjoint operators A1, X*). Observe that M., X
annihilates a positron at x and an electron at y, whereas MWJK* creates such a pair.
We call them “pair annihilation operators’ (respectively, “pair-creation operators’). A
non-diagonal  operator LAW”‘ (i. e. such that (x, K) # (y, L), where x is the beginning
and y is the end of y) annihilates a positron at x and creates another one at y, whereas
7@7;LK does the same with electrons. Finally, we have diagonal operators corresponding
to trivial paths. We denote them by [, %K = &f*q@g (the projector representing the
number of positrons at x with helicity K) and by R (the projector 1 — Ry, . =
@y Py describes the number of electrons at x with helicity L).
The following statement was proved®:
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Proposition 2 The operators £ and R can be expressed in terms of the operators A
and M*.

It follows from this Proposition that also every local charge operator (19) can be
expressed in terms of M and M*. We see, therefore, that the algebra @ is generated
by the family {E B,M, M*} These generators are, however, not independent. Below,
we list a number of operator identities between them, which may be easily verified by
inspection.

Proposition 3 We have

1
divx;fc,l‘,ﬁ B=0. (30)
2. Any pair of operators A{ commutes:
[Man®, Ma™] =0 (31)

3. Pair-annihilation operators along two different paths yand 3, having common
ends x and y, are related by:

11X = exp{—igB(a-1)) Mg, ¥ (32)

where By,5-1) denotes the magnetic flux through the closed path yB™.

~ 2
(Ftaz®) =o0. (33)
5. Let o connect x with y, B connect z with u and y connect t with w. Denote by
8(x, k)(z, m) the Kronecker symbol, which vanishesif (x, K) # (z M) and takes the
value equal to one if both points and indices coincide. Then:

[MQ;LK7 Mﬂ;NM*a M'y;Rle = 6(2,K)(Z,M)é-(u,N)(w,R)MQB‘IW;LP

+ S LS pean Mu-ar” . (39)
where we have denoted [, -, -] :={[-, -], "] = [-, [, -]], (both definitions are equivalent,
because the first and the last variable commute).

6.
[Mar®,Bol] =0, (35)
[MQ;LK’ Ez,z+ic] = ehd, (g ari) Mar™ (36)
[Bus Busn) = 8acagp e - &7

Here &, puiy =0 i (T +k) g o, 8 popn =1if (z,e+k) € o and has
the same orientation as o and &, (z+ky = —1 otherwise. In the last formula we
have denoted by &(z; k,{) a closed path — the boundary of the oriented plaquette

{z; k. 0).
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ALGEBRA OF OBSERVABLES AND TREE DECOMPOSITION

The algebra@ is, of course, unphysical, because it does not respect the Gauss
law. Its representation in HO is highly reducible. To construct the physical observable
agebra O we additionally impose the Gauss law

div, B =37, (38)

Wherej’g is expressed in terms of M according to Proposition 2.

Thus, let us start with the =-algebra generated by the family of abstract ele-
ments {£, B, M, M*} (with E and B being self-adjoint), satisfying axioms (30) — (37)
together with (38). We will show in this section that these axioms (with canonica
commutation relations understood in the sense of Weyl) define, indeed, uniquely a von
Neumann algebra, which we shall call Algebra of Observables of our model and denote
by O.

Our main tool will be the notion of atree. By atree we mean apair (X ,7), Where
X OAO is alattice site, which we call the root of the tree and 7 DA ! is a subset of
links, having the following property: for every site x OA © there is one and only one
path composed of links belonging to 7, which connects the root xo with x. We denote
this unique path by (Xo, X)7-

The simplest example of a tree is obtained as follows. Choose any root and take
asT the following collection of links

1. dl the links (x, x +3) belonging to the x3-axis passing through the root,

2. dl the links (x, x + %), belonging to the two-dimensional plane (X2, x3) passing
through the root,

3. al the links (x, x +1) .

With every off-tree link, (x, x+ %) € 7, we associate the unique closed path
composed of the tree-path (Xo,X)7, the link (x, X+ &) itself and the inverse tree-path
(x + k,xo)7. For any surface (finite number of plaguettes), such that the above closed
path is its boundary, we denote the operator of total magnetic flux through it, i.e. the
sum of all operators Bm;“ corresponding to this surface, by BM +&(7) - Of course, this
quantity does not depend upon the choice of the surface, because the divergence of B
vanishes. We call these quantities “aong-tree magnetic fluxes. From (37) we have

[BosilT)s Byyat] = by (39)

which means that the operators canonically conjugate to the along-tree magnetic fluxes
are equal to the off-tree electric fluxes. From now on we denote them by 5” A{T).

Finally, let us describe al electron and positron degrees of freedom as follows:
For operators </>E and ¢y we write ¢; and ¢;, where i = (x, K), j = (y, L) label all
possible values of indices K and L, and all lattice sites x and y. We denote by m;;
those generators A1, which correspond to the “on-tree paths’:

T’fl,‘j = M7;LK ) (40)

where i = (x, K), j = (y, L) and y denotes the unique “on-tree” path connecting the
lattice site x with the lattice site y.
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Definition 1 For a given tree T and a given family {£, B, M, M*} of generators
fulfilling our axioms, we call the family {£, ,.#(7), B, 444(7), 45,73} the tree data of
{E, B, M, M*}.

Observe that the tree data inherit the following properties from axioms (31) — (37):

Proposition 4

[, ] = 0, (41)

()2 =0, (42)

[, 0y, Hirs] = Oki Ops Ty + Gk Oy i (43)

[mij! BAz;z+ic(T)] =0, (44)
[mﬁ’ ém,z—f—l?:(T)] = 0! (45)
(BT, €, ilT)] = by (46)

It turns outé that the =-algebra O,, generated by operators 77 and 7", fulfilling axioms
(41) — (43), is finite dimensional. Moreover, the following is true:

Theorem 1 Let there be given a tree 7. Every family {£, B, A, M*} of generators
fulfilling axioms (30) — (37) together with (38), is in one-to-one correspondence with
its tree data, fulfilling identities (41) — (46).

Due to this Theorem, the * -algebra generated by  {E, B, M, M*} fulfilling axioms
(30) — (37), is isomorphic to the «-algebra generated by the tree data, fulfilling iden-
tities (41) — (46). Due to (39), the first two components, £(7) and B(7), fulfil the
commutation relations of a finitely generated Heisenberg algebra. We take the corre-
sponding Weyl-algebra generated by them and denote its strong closure by O, ., (7).
This algebra may be represented as B(L2(B(T))), the algebra of bounded operators
acting on the Hilbert space of L?-integrable functions depending on classical variables
B(T), with B, ,.+(T) defined as multiplication and &,,44(7) as differentiation opera-
tors (Schrodinger representation). It follows from (44) and (45) that On and O, (7)
commute. Thus, the C*-algebra generated by (£(7), B(T),7n,77*) is the tensor product
of Oppy (7) and O,,. Consequently, we have the following

Definition 2 The observable algebra O is defined as
0= Oe-m(T) &® Om . (47)

Due to Theorem 1 we may identify elements of O reconstructed from tree data
corresponding to different trees. It is easy to check that this identification is an iso-
morphism of algebras. Hence, the algebras O generated from data corresponding to
different trees coincide. Consequently, the definition of O does not depend upon the
tree.

The following result easily follows from the above algebraic structure of the theory.

Theorem 2 The total charge operator defines a superselection rule in O . We have

0 =P {Ocn(T) ® On(Q)} , (48)
Q
where O, (Q) are the central decomposition components of O,,.

121



UNIQUENESS OF IRREDUCIBLE REPRESENTATIONS AND CHARGE
SUPERSELECTION SECTORS

We restrict ourselves to strongly continuous representations of the Weyl relations.
They are unitarily equivalent to at most a countable sum of copies of the Schrédinger
representation 12, Thus, al representations of the observable algebra O may be con-
structed from the Schrodinger representation and from representations of Om . In this
Section we will describe all irreducible representations of the latter algebra.

In afirst step, we are going to define a family of canonical representations of O, .
It turns out that every irreducible representation is isomorphic to one of them. For this
purpose we denote N={1,2, ..., N}, where Nis — as in Section — the number of all
positron degrees of freedom ¢; (and also the number of all electron degrees of freedom
;). For any integer Z O [-N + 1, N - 1] we define a finite-dimensional representation
of O, in the following way.

We denote by Sy the set of al subsets of N and take the free vector space

Hua(T) = @ Hira Hin =C,

{(I,JYESn X SN

over Sy x Sy. Next we restrict ourselves to the subspace H, of such vectors that the
number #l of elements of | differs from the number #J of elements of Jexactly by Z:

Hy = @ Hia - (49)

#I-HJ=Z

We endow H; with aHilbert space structure by choosing in each subspace H, | 3 o ¢
the unit number Q (1,9): =1, 50 H, ; and treating {Q (1, 5)} &s an orthonormal bass.
We have, of course,

Hoo(T) =P Hz . (50)
z
We define the irreducible representation of the operators s and 72+ on H; asfollows:
- = | sy Qonaagy ifi€landjed 51
iS4,y { 0 otherwise , (51)

o Sgn Q , ifkgTandlgJ
RN :{ g ((k,l),(l.]))o (FU{k},T0{1}) 4 o -

otherwise .

By sgn((kyl)y(,'J))(k ol and | O J_) we denote the parity (1) of_the per_mu_tation, yvhich
is necessary to reestablish the canonical order of the sequence (k, I, ig .. .0y, j1 .. .]J1). It
is easy to check that the operators 7 represented this way fulfil the defining relations
of the algebra O .

The above constructed representations will be caled Z-representations.

The Hilbert space Hz constructed above may also be treated as a subspace of the
fermionic Fock space defined by N (abstract) positron degrees of freedom ¢, and N

electron degrees of freedom ¢; :
Hz c FICY)Q F(CY), (53)
where by F(C¥) we denote the fermionic Fock space with N generators, satisfying the

canonical anticommutation relations. In this space, vectors Q (; j; may be represented
as canonically ordered monomias ¢;, --- ¢}, ¢ - - ¢}, (wherei; < - - - <i andj; <
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.. <ji are al elements of | and Jrespectively) of Grassmannian (anticommuting)

variables @« and¢+. They are obtained from the Fock vacuum by the action of creation
operators:

B G0 = Bl > ® 0w > (54

and |ap > (respectively |w, >) denotes the (fermionic) Fock vacuum for positrons
(resp. electrons). The subspace Hz corresponds to the value Q = eZ of the total
charge. In the polynomial representation of Hz, operators /»* may be identified with
multiplication operators by the Grassmannian 2-nd order quantity mj; = ¢jw;. The
coefficient arising in (52) is chosen in such a way that it reestablishes the canonical
order in the product ¢xw;d}, - &5 ¢5 - ¥,

The following, fundamental result was proved®: ©:

Theorem 3 Every irreducible representation of O, is unitarily equivalent to one of
the Z-representations defined by (51) and (52).

LOCAL OBSERVABLES AND LATTICE QUANTUM HAMILTONIAN

The operators 7+ are non-local. But due to (43) they can be expressed in terms of
local quantities, namely annihilation operators of pairs located at the same lattice site
or pairs separated by at most one lattice link:

ﬁz;LK = Sbm;Léf (59)
wz,z+l::;LK = ¢.’T.+E;L eXp(_igAz,m+k)¢i{ ‘ (56)

Using (34) we can express all pair creation and annihilation operators along any long
path y as a multiple commutator of the above short pair creation operators assigned
to links and points belonging to y. This way, the observable algebra O may be viewed
as the algebra generated by the following set of local generators: {E, B, @, w}.

The quantum evolution of the field is governed by the second quantized Hamilto-
nian (4). Using standard lattice approximation recipes one gets its lattice approxima-
tion:

H = Hep + Hy + Hyn, (57)
N 1 . 2 1 . 2
fom=g 3 (Boet) +52 (Burt) (9
(z,x+k) wik,d
H, = mz [(br )", trdy) (59)
T
N k - N
Hin = - ZSSH’C Im {UkLK . wz,z+ic;LK} . (60)
zk

The above Hamiltonian is bounded from below, because ﬁemis positive definite
and the remaining terms are bounded operators. Hence, we may define the dynamical
vacuum as the minimal energy state in the vacuum sector Q = 0 and the notion of a
dressed particle as the minima energy state in the Q = e sector, with appropriately
chosen boundary data E, .. We stress that these states have nothing to do with the
perturbative vacuum and the notion of a bare particle in the perturbative approach.

There is, probably, no way to obtain an exact, analytic expression for these states,
even on the lattice level, and a numerical analysis will remain as the only tool to
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investigate the spectrum of the operator A. There is, however, an interesting ided" ®
to consider Hy, as the perturbation to the operator Ay := Hop + Hy We stress that
this type of perturbative approach has nothing to do with “switching the interaction
off”, because quantum states corresponding to g =0 and to g # 0 belong to completely
different Hilbert spaces.

TOWARDS CONTINUUM THEORY

Here, we present some ideas concerning the construction of the full continuum
quantum theory. Heuristically, the algebra of observables of the continuum theory
should be constructed as an inductive limit!16 of our algebras O A, each of them de-
scribing a finite number of degrees of freedom, related to a finite lattice A. For this
purpose an order relation “ <" in the set of finite lattices has to be chosen. We say
that the lattice A, is “later” than A; (or A; < A,) if it describes more field degrees of
freedom than A does. Thus, being “later” means being “bigger” respectively “finer”,
or both.

Given apar A; < N,,there is, obviously, a natural embedding

Pyyp 104 = Oy, (61)

which preserves the properties (30) — (37). The Gauss law (38), however, is no longer
true in its original version but in a new version, with the charge 32 replaced by the sum
of al charges 3gi corresponding to the sites x; of A, which are contained in the same cell
of the dual lattice as x. There is a natural compatibility relation, Pas aProag = P/\a,/\l,
if Ap< /o< Ag

The inductive limit of our observable algebras describes, in principle, degrees of
freedom of the continuum theory. To avoid singular objects, we may smear the fields
E, B and 0 with sufficiently regular test functions and obtain this way “observable-
valued-distributions”. The field i cannot be smeared directly, because of its non-
additive character. A natural way to encode the information about the field % in an
“observable-valued-distribution” consists in replacing it by the field

1" () 1= lim = (0, g™ — iz = (Din () 65 @) - (©)

Our previous work® suggest that ©, together with ultralocal invariants @.%(z) :=
%;Lq@f , might be the fundamental fields of the continuum theory.

Once the observable algebra of the continuum theory is given, its Hilbert space
representations may be constructed via the GNS construction — provided a vacuum
state is given. This idea is aso followed by Ashtekar and Lewandowski, but they
propose to use a perturbative vacuum, constructed in a fully kinematic way (in the case
of bosonic degrees of freedom their construction of the Hilbert space’ consists, in fact,
in choosing the Gaussian wave function as a vacuum state or the constant function in
case of the compact representation of gauge fields). In our opinion such a choice might
possibly lead to an unphysical sector of the theory, because it is not plausible that
the perturbative vacuum belongs to the physical sector. A possible way to avoid this
difficulty consists in approximating the vacuum state of the continuum theory by the
true vacuum states of its lattice approximationst6. For this purpose observe that the
space of states S, (not necessarily pure states, but all the mixed state§ may be treated
as being dua to the observable algebra O 5. This implies that we have a family of dual
mappings

PXQJH :SAx (—S/\z , (63)
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defined for A; < A,.

Physicaly, O,, may be thought of as a subsystem of a bigger physical system O, , ,
containing more degrees of freedom. The above mapping assigns, to every state of a
bigger system, a mixed state of the subsystem. This state is obtained by “forgetting”
about those degrees of freedom which are not contained in the subsystem.

Let wp O S denote the vacuum state, corresponding to the minimum of the
Hamiltonian (57). Let us project the vacuum from “finer lattices” backwards to “coarser
lattices” and define

WA Az = PR, A, Wh, € Sa, - (64)

Suppose that the limit Qx, = lima, wa, 4, exists. If this is true for every A4, then
the compatibility condition 4, = P}, 5,4, is automatically fulfilled and the state
2 := {Q,} belongs to the projective limit of spaces S,. Therefore, it defines a state on
the inductive limit of the algebras Oa . As a limit of approximate vacuum states, it is
a natural candidate for the non-perturbative vacuum of the continuum theory and the
starting point for the GNS construction of the Hilbert space of its quantum states.

The existence of the above limit of vacuum states may be extremely difficult to
prove. A redlistic attitude consists, therefore, in a detailed analysis of lattice ap-
proximations of the theory presented in this paper: if the continuum limit of these
approximations does exist, the numerical results obtained on the level of a sufficiently
“late” lattice A should approximate the true physical quantities.
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PREFACE

These introductory talks on the matrix models of Superstrings and M theory were
not given at the Nato Advanced Research Workshop on Theoretical Physics in Zakopane
for the reason which pretty much reminds the one widely known from the times of the
Former Soviet Union. | am grateful to the Organizers who nevertheless invited me
to make a contribution to the Proceedings. | used for this purpose the notes of three
lectures at 5th Nordic Meeting on Supersymmetric Field and String Theories in Helsinki
(March 10-12, 1997) which exist in the e-Print Archive but has never been published.

Each of the three talks is mostly concentrated around one of the three selected
paperst. 2.3 . The references in the text are only to the results quoted. More complete
list of references can be found clicking a mouse on the number of citations to the
pioneering paper of Banks, Fischler, Shenker and Susskind in HEP database at SLAC.
An up-to-date survey of the subject can be found in the talk by Poul Olesen at this
Workshop.

Contents:

1. M(atrix) theory of BFSS,
2. From 1IA to IIB with IKKT,
3. The NBI matrix model.

INTRODUCTION

The standard non-perturbative approach to bosonic (Polyakov) string, which is
based on discretized random surfaces and matrix models, exists since the middle of
the eighties*: 5. 6 . The main result of the investigations (both analytical and numerical)
within this approach is that the bosonic string is not in the stringy phase but rather
in a branched polymer phase when the dimension D of the embedding space is larger
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than ones. This is the way how the tachyonic problem is resolved for D > 1. In other
words the perturbative vacuum with the tachyon is unstable and the system chooses a
stable vacuum which is not associated with strings.

A question immediately arises what about superstrings where the GSO-projection
kills tachyons (at least perturbatively). This is a strong argument supporting the
expectation for superstrings to live in a stringy phase, which agrees with the common
belief that fermions smooth out the dynamics.

The attempts (not quite successful until very recent time) of discretizing super-
strings are performed starting from8. The problem resides, roughly speaking, in the fact
that is not easy to discretize the target-space supersymmetry (SUSY). A progress had
been achieved only for the simplest case of pure two dimensional supergravity which
can be associated with a supereigenvalue model®. For a more detail review, see’.

The dramatic recent progress in a non-perturbative formulation of superstrings
by supersymmetric matrix models, which has occurred during last few months, is the
subject of these notes. | shall mostly concentrate on ten dimensional superstrings
practically leaving outside presumably most interesting question of constructing the
fundamental Lagrangian of eleven dimensional M theory in the language of matrix
models.

M(ATRIX) THEORY OF BFSSt

Eleven dimensional M theory combines different ten dimensiona superstring the-
ories (I1A, 11B, . . . ), which are in fact related by duality transformations, into a single
fundamental theory. BFSS proposed! to describe it by a supersymmetric matrix quan-
tum mechanics in the limit of infinite matrices. This construction is called M(atrix)
theory.

The Set Up

The point of interest of 1 is D = 10 + 1 dimensional M theory (characterized by
its Planck’s length, |,). The eleven coordinates

¥ = (t,:vi,arll) (z=1,...,9)

are split into time, t, the nine transverse ones, ¥ or xY, and the longitudinal one, called
x11, which is compactified:
M =g +27R.

The radius of compactification R plays the role of an infrared cutoff in the theory.

The system is considered in the Infinite Momentum Frame (IMF), which is more
or less the same as the light cone frame, boosting along the longitudina axis. The role
of the light cone variables is played by t + xI. The advantage of using IMF is that
only positive momenta p, ; are essential while systems with zero or negative p, ; do not
appear as independent dynamical degrees of freedom. A price for this is the absence of
manifest Lorentz invariance.

Due to compactness all systems have (positive) longitudina momentum

N
=7 (N >0), 6]

*For a review see 7,
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where N > 0 is integer. At the end of calculations R should tend to infinity,
R~ e @

to get uncompactified infinite momentum limit of 11D theory. N will be identified in
what follows with the Ramond-Ramond (RR) charge of the system.

10D Versus 11D Language

M theory with compactified x11 is by construction type IIA superstring in D = 9+1
dimensions. The parameters Rand |, of eleven dimensional M theory and those g5 and
|s of the ten dimensional superstring are related by

R= gglalp s ls=g; 1/3111 ' (3

where gs is the string coupling constant and I, = v/&/ is the string length scale related

to the string tension T by
1

T=5—- €]
The 11D M theory is in turn a strong coupling limit of 10D IIA superstring, since (2)
is guaranteed as g5 — oo.
No perturbative string states carry RR charge [0 they are associated with van-
ishing momentum p; ;. 1 unit of RR charge is carried by DO-brane of Polchinskil® for
which

1
= 5
pu=%p (©)

in accord with Eq. (1) at N = 1.

The low-energy limit of M theory is 11D supergravity having 256 massess states:
44 gravitons, 84 three-forms and 128 gravitinos. These 256 states are referred to as
supergravitons which are massless as 11D objects 0 they are Bogomolny—Prasad—
Sommerfield (BPS) saturated states in 10D theory. Their 10D mass ~ 1/R.

States with N # 1 are not associated with elementary DO-branes. The states with
N> 1 are bound composites of N DO-branes as is discussed in the next subsection.

The Appearance of Matrices

The world-volume of a p-brane is parametrized by p + 1 coordinates &, . . ., &.
The p-branes emerge as classical solutions in 10D supergravities” which describe low-
energy limits of 10D superstrings. They possess an intrinsic abelian gauge field A, (€)
(a=0, ..., p)whichcan beviewed as tangent (to p-brane) components of 10D abelian
gauge field reduced to p-brane. Otherwise, the remaining 9 — p components of the
10D abelian gauge field, which are orthogona to the p-brane, are associated with its
coordinates! ©
Xl(f)=27I'OlIA,(§) (Z=p+1,,9) (6)

A D(irichlet) p-brane can emit a fundamental open string which has the Dirichlet
boundary condition on a p+ 1 dimensional hyperplane and the Neumann boundary
condition in the 9 — p dimensional bulk of space. This string can end either on the
same Dp-brane or on another one as is illustrated by Fig. 1.

If one has N parallel Dp-branes separated by some distances in the 9 — p dimen-
sional space, then massless vector states emerge only when the string begins and ends

T For areview, see 11,
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Eps s &y

Figure 1. Dp-brane (depicted by a hyperplane parametrized by the coordinates &, . . ., Ep) and the
fundamental string.

at the same brane, so the gauge group U(1)N appears in a natural way. Since the
energy of strings stretched between different D-branes is

M ~T|X'— X, (7

more massless vector states appear when the branes are practically on the top of each
other. Since the string is oriented, al possible massless states when the string begins
and ends either on same or different Dp-branes form a U(N) multiplet when strings are
very short. The example of N = 2 is illustrated by Fig. 2. This is how hermitian N x N
matric?sz appear in the description of bound composites of N Dp branes according to
Witten=< .

For our case of N DO-branes, their coordinates Xi(t) become 9 Hermitean N x
N matrices Xéi‘b (t) eccompanied by the fermionic superpartners 82° (t) which are 16
component nine dimensional spinors). They can be thought as spatial components of
the vector field in ten dimensional super Yang—Mills theory after reduction to zero
space dimension (same for the superpartners). N is associated with the value of the
RR charge of these states.

The Fundamental Lagrangian

The possibility of formulating the fundamental Lagrangian of M theory as a matrix
model is stated in* as the

Conjecture: M theory in IMF is a theory with the only dynamical degrees of freedom
of DO-branes.

In other words all systems are composed of DO-branes. Therefore, the fundamental
Lagrangian of M theory is completely expressed via the hermitian N x N matrices
X ?b (t) describing coordinates of DO-branes (and their fermionic superpartners Bﬁb 1),
so that

| M theory = M(atrix) theory|.

M (atrix) theory is described (in units of | = 1) by the Lagrangian
L= % br (XiXi + 2676 ~ —;—{X", X — 26079, Xf]) . ®
Here N - oo in order to satisfy (2).
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Figure 2. Appearance of matrices in the example of bound states of two parallel D-branes (N = 2).
The fundamental string can begin and end either at the same or different D-branes. Since the string
is oriented, there are four massless vector states when the branes are practically on the top of each
other. They form a representation of U(2).

Changing the units to those where eleven dimensional |, = 1 and introducing

X
Y = F,
Eq. (8) can be rewritten as
1 i ;1 i vy i
L=tr (?ﬁDtY DY~ SRV, YR = 6"D8 = R 676, Y ]) , ©)
where
Dy =6, +ido (10)

is the covariant derivative with respect to the A, field. Equation (8) is written in the
Ay = 0 gauge.
The Lagrangian (9) is invariant under two SUSY transformations

dsusy X' = —2¢"y'8, (11)
1 . 1. .

Sgusyl = 5 (DtXl'Yz' +- 4+ 51X X ’Yij) e+e, (12)

Ssusy Ao = —2¢74, (13

where 00 and [t are two independent 16 component (t-independent) parameters. It is
seen from this formula that Ag is needed to close the SUSY algebra.

Matrix Quantum Mechanics
The Hamiltonian which is associated with the Lagrangian (9) reads

ILIL 1 } ’ (14)

H=Rtr {T + 7 WL YR+ 678,V
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where []; is the canonical conjugate to Y'. As is usual for fermions, a half of eib plays
the role of coordinates and the other half plays the role of canonical conjugate momenta
in the language of 1st quantization.

All finite energy states of the 10D Hamiltonian (14) acquire infinite energy as
R — o, i. e in the uncompactified 11D limit. Only the states whose energy ~ /N as
N - o yield

R 1
H~t o
N  pn (15)
as is expected since p? = 2Ep;, —p%  in 11D IMF, so that
2
2=0 (in11D) = £=2L (in10D
P ( ) pr ( ) (16)

in 10D.

The simplest states of the Hamiltonian (14) is when the matrices Y' are diagonal
with only one nonvanishing diagonal component and all 6’s equal zero. For nonvanishing
pg — the eigenvalue of [1o— Eq. (14) yields

B=Spl=5- 1)

since the commutators vanish. Thus we get Eqg. (5) with N = 1 and this state corre-
sponds to a single DO-brane in 10D language.

Each of these states is accompanied by the fermionic superpartners and they form
a representation of the algebra of 16 6's with

217 = 28 = 956

components. They are exactly 256 states of supergraviton in 11D. In the 10D language
these are BPS states of the mass ~ 1/Rwhich become massless in the uncompactified
limit R - oo,

A more general eigenstate of the Hamiltonian (14) has a form of the diagonal
N x N matrix

Yi= . (18)
yi(N)
The commutator obviously vanishes in this case.

It is convenient to split the U(N) group as U(1) 0 SU(N) and to associate the
U(1) part with the center mass coordinate

. 1
Yi(em) = N rY;. (19
Then N
pilem) = tr1; = EYi(CTn) | (20)
and using p;; = N /Rwe get the usua relation
1 .
—p;(em) = Y(em
pupl( ) = Yi(cm) (21)

between transverse velocity and momentum.

Interaction states are described in this construction by non-diagonal matrices.
They correspond to scattering states of supergravitons in 11D. The interaction of su-
pergravitons at the tree level is correctly reproduced within M(atrix) theory.
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The Hamiltonian (14) of the N — oo supersymmetric quantum mechanics looks
pretty much like the onel3 for a 11D supermembrane in IMF. While there are no truly
stable finite energy membranes in the decompactified limit, there exist very long lived
classicad membranes.

The membrane action can be derived in the Weyl basis on gl(N), which is given
by two unitary N x N matrices g and h (clock and shift operators) obeying

hg =wgh, w=e?N, (22)
RN =1=4". (23)
Any hermitian N x N matrix Z can be expanded in this basis as
N
Z=3" Znmg™h". (24)
n,m=1

AsN - oo, we can introduce a pair of canonical variables g and p, so that

g=¢e®, h=e%, (25)
21
le, 7] = 57 (26)

As usua in quantum mechanics, the last equality is possible only as N — . Then,
we have

trZ = N [dpdgz(p,q), (27)
X,Y]= % {(8,X8,Y - 8,X8,Y} (28)

for the trace and the commutator, and finally?®

| M(atrix) action [0 Supermembrane action|

A special comment is needed concerning the continuum spectrum of the super-
membranel4. From the point of view of the M(atrix) theory, it is as a doctor ordered
for describing the supergraviton scattering states. The conjecture of M(atrix) theory
is that there exists a normalizable bound state at the beginning of the continuum
spectrum at p? = 0.

The emergence of membrane states in M(atrix) theory can be seen from the clas-
sical equations of motion

[Vi,[¥/, v =0, [V, (1) =0 (29)
which are satisfied by static configurations.
An infinite membrane stretched out in the 8,9 plane is given by?
Y® = Ryv/Np, Y® = RyvNg,
al other Y'sand 6's = 0, (30)
where pand q are N L oo matrices (operators), and Rg and Rq are (large enough)
compactification radii. Equations (29) are satisfied by (30) because
[Y8,Y®] = c-number. (31)
The membrane in this picture is built out of infinitely many DO-branes.

The interaction between these membrane configurations has been studi
and compared with the superstring results.

ed 15, 16, 17
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FROM IIA TO IIB WITH IKKT?

M(atrix) theory naturally describes ten dimensiona Il1A superstring. IKKT pro-
posed? another matrix model associated with 1I1B superstring, which is in spirit of the
Eguchi—Kawai large-N reduced ten dimensional super Yang—Mills theory. This non-
perturbative formulation of 11B superstring is caled the IKKT matrix model.

Preliminaries

1B superstring differs from 1IA superstring by chiralities of the fermionic super-
partners. They are opposite for [1A superstring and same for |1B superstring.

As a conseguence of this, Dp-branes of even p (p=0, 2, 4, . . .) are consistently
incorporated by type IIA superstring theory while type I1B superstring is associated®
with Dp-branes of odd p (p=-1, 1, 3, 5, . . .). Thisis due to the rank of the antisymmet-
ric field which is odd for 1A superstring and even for 1B superstring. Correspondingly,
the analog of DO-brane (associated with p = 0 in the IlA case) is D-instanton (asso-
ciated with p = =1 in the IIB case) and the analog of D-membrane (associated with
p = 2 in the I1A case) is D-string (associated with p = 1 in the IIB case).

In analogy with * where the fundamental Lagrangian is expressed in terms of DO-
branes, one might expect that [IB superstring is described in terms of D-instanton
variables, i.e. by the ten dimensional super Yang-Mills dimensionaly reduced to a
point12,

Schild Formulation of |IB Superstring

The starting point in the IKKT approach is the Green—-Schwartz action of type
I1B superstring theory with fixed k-symmetry:

Sag = T / do {V/ =07 + 2ie®0, X" T, 0,7} (32)
where
o = %9, X 0, XY, (33)

the vector index p of X* (ay,0,) runsfrom O to 9 and the spinor index o of ¥, (o4, 05}
runs from 1 to 32. The fermion W is a Majorana=Weyl spinor in 10D which satisfies
the condition ~,, ¥ = ¥, so that only 16 components effectively remain.

The action (32) is invariant under the N =2 SUSY transformation

1
dsusy¥o = WUW (V€ g +&a,

6SUSYXp = 41‘5’)’“\11 (34)

whose parameters [ and & do not depend on o, and o,.
The action (32) can be rewritten in the Schild form

Ssana = [ &0 {\/ﬁa (%{X“,X”}z - %@w{xp, ) + Wg} : (35)

where /g (c1, 02) is positive definite scalar density (which is considered as an indepen-
dent dynamical variable) and the Poisson bracket is defined by

1
{X,V}= ﬁe"baaXabY. (36)
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Note that ,/g cancels in the fermionic term in the action.

The equivalence of (32) and (35) at the classical level can be proven by using the
classical equation of motion for /g. Varying the Schild action (35) with respect to /g,
we get

—%a L (0.x 0,x) 4 f= 0. (37)

V3

Substitution of the solution
1 /o 5 2
V9= 54 GV (60X 0XY) (38)

into (35) restores the Nambu—Goto form (32) of the Green—-Schwartz action:

i . -
Sve=T [do {,/am/(gaba,,Xua,,va - Zac "aaxuwyua,,\y} . (39)
The action (39) is invariant under the N = 2 SUSY transformation

1
Ssusy ¥ = —5\/§{Xw X} (7€) + €as
dsusy X* = igey* ¥, (40)

where the parameters [ and & do not depend again on 0, and o,.
Finally the partition function in the Schild formulation of 1B superstring is defined
by the path integral over the positive definite function /g, and over X* and wq:

Zschitd = / D\/gDX*D%¥,e —Ssehild | (41)

It is invariant under the SUSY transformation (40) since both the action (35) and the
measure DX#D¥, are invariant.

Equations (35) and (41) represent? [IB superstring in the Schild formalism with
fixed K-symmetry.

In addition to the N = 2 SUSY transformation (40), the partition function is
invariant at fixed /g under area-preserving or symplectic diffeomorphisms

Seair X" = {X*,Q},  Seair Vo = {¥,, 02} (42)

which is only a part of the whole reparametrization (or diffeomorphism) transforma-
tions. The invariance of the string theory under the whole group of reparametrizations
is restored when /7 is transformed. The symmetry (42) reminds the non-abelian gauge
symmetry in Yang-Mills theory and is to be fixed for doing perturbative calculations.

The IKKT Matrix Model

The IKKT matrix model can be obtained from the representation (41) of IIB
superstring in the Schild formalism by replacing

Xy (o1,02) = Azb, (43)
\Ila (0'11 02) ad ’l/)gb, (44)

where A;“}’ and ¥2* are hermitian n x n bosonic and fermionic matrices, respectively.
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The IKKT matrix model is defined by the partition function

Z= Z/dAdeae-S, (45)
n=1
which is of the type of 2nd quantized (euclidean) field theory, with the action

S=a (_:11 tr [ A ~ % or (B[ Ay, w])) + pn. (46)

The summation over the matrix size nin Eq. (45) implies that n is a dynamical variable
(an analog of , /7 in Eq. (41)).

The action (46) and the measure dAuqua in (45) are invariant under the N = 2
SUSY transformation

i
6SUSY¢Z'7 = §[A;u Au]ab('ylwe)a + faéab s
Ssusy AL = iy, P, (47)

where the parameters 0 and & are numbers rather than matrices, as well as under the
SU(n) gauge transformation

égaugeA# =1 [AI-H w] ’
égauge’l/)a =i ["/)ay w] . (48)

The formulas (47) and (48) look like as if ten dimensional super Yang-Mills theory
is reduced to a point. For instance only the commutator is left in the non-abelian field
strength

f;w =1 [Au ) Au] (49)

and there are no space-time derivatives. However, the action (46) coincides with the
one of 10D super Yang-Mills dimensionally reduced to zero dimensions only if B =0
and nis fixed. This differs the IKKT matrix model from a pure D-instanton matrix
model.

As was argued in 2, if large values of n and smooth matrices Aab and 42 dominate
in (45), one substltut&e

r ..=>/dza¢g... (51)

similarly to what is discussed above for M(atrix) theory. Then the formulas (45) to (48)
for the IKKT matrix models reproduce the ones (35) to (42) for the Schild formulation
of 1B superstring.

This passage from the IKKT matrix model to the Schild formulation of 11B super-
string can be formalized introducing the matrix function

L (aly UZ)ab = Z jml,mz (aly 02) anbhmz 3 (52)

m1,my

where jab ) form a basis for gl(«) and jml m, (01, 02) form a basis in the space of
functlons of o1 and g,. An explicit form of j's depends on the topology of the o-space.
Explicit formulas are available for a sphere and a torus.

136



With the aid of (52) we can relate matrices with functions of g; and o, by
4y = [Poyix,L, (53)
X, = trA,L. (54)

These formulas result for smooth configurations in Egs. (50) and (51). The word
“smooth” means that configurations can be reduced by a gauge transformation to the
form where high modes are not essential in the expansions (53) or (54).

The commutators of J's coincide with the Poisson brackets of j's as n - . This
demonstrates the equivalence between the group of symplectic diffeomorphisms and the
gauge group SU(e ) for smooth configurations.

D-Strings as Classical Solutions

The classical equations of motion for the Schild action (35) read
(X", (X0, %3} =0,  {X*,(9),}=0. (55)
Their matrix model counterparts are
[AI’-7 [Auy Al/]] = 07 [AIL b (7}‘4’(/))0] = O ? (56)

which are to be solved for n x n matrices A at infinite n.

Since Egs. (56) look like Eq. (29) for M(atrix) theory, they possess operator-like
solutions of the form (30), which are now associated with D-strings?. The solution
associated with static D-string along 1st axis reads

T L
Aﬂ:(ﬂq,%—p,O,...,O), =0, (57)

where the (infinite) nxn matrices p and g obey the canonica commutation relation (26),
while T/2rt and L /2mtare (large enough) compactification radii.

The arguments in favor of identification of the classical solution (57) with static
D-string are

e It is one dimension less than D-membrane of 1;
o Interaction between the two D-strings is reproduced at large distances?;
o It is a BPS state (a proper central charge of SUSY algebra exists1819);
e It can be extended® 20 to p = 3,5.

Zoo of Dp-Branes

A solution associated with two D-strings has a block-diagonal form and is built
out of the ones given by Eq. (57) for single D-strings.
The solution for two parallel static D-strings separated by the distance b along 2nd

axis reads?
c __ Q 0 el __ P o c b/2 0
A°‘<0 Q)’ A‘_(O P)’ A2_(0 ~b/2)’

A= =4aY=0, (58)



where we have denoted T I
Q= 570 PEﬂIL (59)

The solution associated with two anti-parallel static D-strings separated by the
distance b along 2nd axis is

a_[Q 0 a_(P 0 a_[b2 0
AO_(O Q): Al_(o __P)y AZ_(O —b/2)’
Al =... = A =0. (60)

The solution associated with two static D-strings rotated through the angle 6 in
the 1,2 plane and separated by the distance b dong 3rd axis is

cl __ Q 0 o _ P 0 c __ P 0
AO_(O Q)’ Al_(O PcosB)’ AQ_(O Psind /°

b/2 0
cl _ cd __ _ Apc
AS_( / _b/z), A= = 4P =0 6
The solution associated with one Dp-brane, which extends (57) to p > 1, is given

by
AZI=(Plany“"PL‘;_l)Q%lyO)'“70)7 (62)
whereP’s and Q’'s form (p + 1)/2 pairs of operators (infinite matrices) as in Eq. (59)
obeying canonical commutation relation on a torus associated with compactification

(of large enough radii La/2m) aong the axes O, . . ., p, so that
R 2Ty T _ P+ 1)
we= UrnFE (k__l,,.., 2 (63)

isfixedasn —» . This is because of the fact that the full Hilbert space of the
dimension nis represented 18 as the tensor product of (p + 1)/2 Hilbert spaces of the

dimension n#7 each. The value of n is related to the p+ 1 dimensional volume

Vori= LoLi--- Ly (64)
of the p-brane by
2l
n=Vou [ (2mw) ™t (65)

i=1
These formulas alows one to extract world-volume characteristics of Dp-branes from
the matrix model.
A general multi-brane solution has a block-diagonal form and is built out of single
p-brane solutions (62) quite similar to (58)—(61).

One-Loop Effective Action

The calculation of the one-loop effective action in the IKKT matrix model at
fixed n can be performed for an arbitrary background, Af} and ¢& = 0, obeying the
classical equations of motion (56). The calculation is quite similar to the one in the
Eguchi—-Kawai reduced model.

Expanding around the classical solution

Ay = A5+ ay (66)

138



and adding the gauge fixing and ghost terms to the action (46):

1 2
Spr=—tr (A%, @]+ [, o] [42, q), (67)

where the matrices b and c represent ghosts, we get2

1 2 . 1 o i A (147

W = STrn(P*6,, — 2iF,) - {Trln ((P + 2Fur™) (—7—)) —TrlnP?. (68)
Here the adjoint operators P, and F, are defined on the space of matrices by
PuZ[A;l)]: F#,,=[f§3,,]=2[[Af‘l,Aﬁl],] (69)

For the solution (62), Im W vanishes for p=1, 3,5, 7since P, = 0 at least in one
direction.

The first term on the right hand side of Eq. (68) comes from the quantum fluctu-
ations of A, the second and third terms which come from fermions and ghosts have
the minus sign for this reason. The extra factor 1/2 in the first and second terms is

because the matrices A and ) are hermitian.
If A5} is diagonal
Af‘l = diag (p,(}), . ,p&”)) R P =0, (70)
which is a solution of Eq. (56) associated with the flat space-time, then F,,= 0 and
W:(%‘m—%‘mq)mmﬂ:o. (71)

The plane vacuum is a BPS state.
The same is true (to al loops) for any Afj whose commutator is diagonal:

[Aff, A;czl] =culy, (72)

where ¢,y are c-numbers rather than matrices. Such solutions preserve®® a half of
SUSY and are BPS states. The solution (58) associated with parallel D-strings is an
example of such a BPS state.

For a general background Ag, the matrix Fy can always be represented in the
canonical (Jordan) form

0 —Ww
wh 0
F = , (73)
Q —Ws
Ws 0
so that s
Trin(P2,, — 2iF,) =Y Trin((P?)? — 4wf) (74)
i=1
and

Trin ((P2 + 2 Fu™) (lizﬂ)) = 3 Th (PZ - Zwi&) (75)
81,.,95=%1 ¢
81...85=1
There are 16 terms on the right hand side of Eq. (75) representing the trace over y-
matrices. Equations (74) and (75) are most useful in practical calculations for the
background of Dp-brane given by (62), when only (p + 1)/2 of 5 omegas are nonvan-
ishing.
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Brane-Brane Interaction

The interaction between two Dp-branes is calculated by substituting the proper
classical solutions into (68) and using Egs. (74), (75).

For parallel Dp-branes, W = 0 is accordance with the general arguments of the
previous subsection.

For anti-parallel Dp-branes, we get ( 2 for p= 1,19 for p = 3)

d = ot ®o
W=—2/S b hdwis — 1) — 5 — —
nO zz=}(cos w;$ ) 4(l=H1 cosh 2w;s 1) E Teh s

(76)
The asymptotics of this formula at large b:

Bl il Jﬁ'_l
2 2

=g (58) - G| B (B o 35). o

1 i=1 i=1

agrees with the superstring calculation at large distances.

However, the superstring result 10. 2L 2 for the interaction between two anti-parallel
Dp-branes at arbitrary distances b, which is given by the annulus diagram in the open-
string language or by the cylinder diagram in the closed-string language,

- o dt ! —s2tj2ne —1 ey (1~ ¢**71)®
W=t |G e N TEN 00 (78)

with q = e-mt, does not coincide with the matrix-model result (76). There is no
agreement even if one truncates to the lightest open string modes.

A way out could be to interpret % the classical solutions in the IKKT matrix model
as D-branes with magnetic field, in analogy with previous work 1® on M(atrix) theory?.
An aternative possibility is to modify the IKKT matrix model to better reproduce the
superstring  calculation.

THE NBI MATRIX MODEL?

Calculations of the brane-brane interaction in the matrix model can be extended to
the case of moving and rotated static Dp-branes. The results agree with the superstring
calculations for empty branes only at large distances between them. This was one of
the motivations of 3 to modify the IKKT matrix model introducing (instead of n) an
additional dynamical variable — a positive definite hermitian matrix Y2® — which
is the direct analog of /g in the Schild formulation of IIB superstring. Integration
over Y2 results in the Non-abelian Born-Infeld (NBI) action which reproduces the
Nambu—Goto version of the Green-Schwarz action of 1B superstring.

Parallel Moving Branes
The operator-like solution to Egs. (56), which is associated with two parallel branes

separated by the distance b aong the (p+2)-th axis and moving with velocities v and
—-v along the (p+1)-th axis, can be obtained by boosting the one for paralel branes
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(see (58)) aong the (p+1)-th axis:

A9 = Bycoshe 0
0= ] Bycoshe

e _ Ba. 0 —
Al Bqgsinhe 0
+1 0 —Bgsinhe
)
2 0
A;I-H:(é _g)’
A =0, i=p+3,...9. (79)
Here
v=tanh O, (80)
and we have denoted
BoEQl, BIEP17 BF*IEQL;—l’ BPEP% (81)

The substitution of (79) into the one-loop (euclidean) effective action (68) yields?

B .
= s L: / ds (zr_) ot (cosh(4wissinh €) — 4 cosh(2w; ssinhe) -+ 3)

ot 5 \s cosh € sinh(2w;ssinhe)
(82)

Using Egs. (63), (64) and Wick rotating back to Minkowski space-time, we get for
the phase shift

_ o H /oo ds (_) _p2 (c08(dw; ssinh €) — 4 cos(2wy ssinh €) + 3)
27r)1’ cosh e sin{2w;ssinhe)

(83)
where

- ﬁ L. (84)
o=1

This result was shown® to agree with the superstring calculation of Bachas?* at
large b for the real part of 6. Analogously, the imaginary part of (83) which comes from
the poles at zeros of the denominator agrees at small v providing w; = 21 0.

Rotated Branes

Taking the configuration of two parallel Dp-branes separated by the distance b
along the (p+2)-th axis and rotating them in the opposite directions in the (p,p+1)
plane through the angle 6/2, one obtains the following solution to Eq. (56)

AZ]~(%‘” ga), a=0,...,p-1,

B= (P ).

A21+1=<B,,%ing promn%)’

A:L-z:((%) _0%>>

AY=0, i=p+3,...,9, (85)



which extends (61) to p > 1. This looks pretty much like an analytic continuation of
Eq. (79) (O- i6/2).
The interaction between two rotated Dp-branes is given by3

7 II L2

OS 2 a#p-1
o, z 7 o
% / ?S (g) P e~ tanh (szds sin 5) sinh? (W%IS sin 5) : (86)
Q

It can be obtained from (82) substituting O =i6/2.
Expanding in /b2 and using Eqg. (63), one gets

6—p 1 sn3¢ 1 1
W=’F(T) e‘”Lﬂz 36—-p+0(bs——p) (87)

Wy Cos

W = —471112+1

for large distances, which agrees with the supergravity result. For p = 1 this is first
shown in 2

The NBI Action

In the IKKT model the matrix size n is considered as a dynamical variable, so the
partition function (45) includes the summation over n. This sum is expected to recover
the integration over /g in (41) while the proof is missing. Even at the classical level,
the minimization of Eq. (46) with respect to n does not result in a nice matrix-model
action which could be associated with the Nambu—Goto action (39).

These problems can be easily resolved by a slight modification of the IKKT matrix
model. Let us introduce a positive definite N x N hermitian matrix Y2 which would
play the role of a dynamical variable instead of n. In other words, the matrix size Nis
fixed (to be distinguished from fluctuating n) while the elements of Y fluctuate.

The classical action has the form

1 1 -
5 = —q (Z WY U4, AL+ S b (wv“[Au,z/)])) +huY, (9)
which yields the following classical equation of motion for the Y-field:
e (Y (A AJY )+ Bby =0. (89)

The solution to Eg. (89) reads

1
V= 5\/g —[Aw AP (90)

Here —[A, , A/]? is positive definite, since the commutator is anti-hermitian (cf.
Eqg. (49)). The square root in (90) is unique, provided Y is positive definite which
is the case. After the substitution of (90), the classical action (88) reduces to

Sthor = /o b1 [ AP = 5 tr (5714, ) ()

The bosonic part of (91) coincides with the strong field limit of the Non-abelian
Born-Infeld (NBI) action. The action (91) is called for this reason the NBI action.
Notice that it is field-theoretic rather than widely discussed stringy NBI action which
has a different structure?3.
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The formulas above in this subsection are very similar to the ones above for the
Schild formulation. Thus the hermitian matrix Y® with positive definite eigenvalues
is the direct analog of 4/g(oy,0;) so that

Y% = /g(01,00) (92)

in the same sense as in (43), (44). In the next subsection we discuss that it is possible
to choose such a measure of integration over Y which reproduces the Nambu-Goto
version of the Green—Schwarz action even at the quantum level.

The NBI Model of IIB Superstring

The NBI matrix model is defined by the action
1 _ 1 =
Snpr = —a (Z Y Ay A+ 5 b (B[4, w])) +V(Y), (93)

where Y is a hermitian N x N matrix with positive eigenvalues. The potential is

V((Y)=BTrY=yTrinY, (94)
where 1
r=N-3. (95)

The partition function is then given by the matrix integral®
Ty = [ dAydipe dY =S, (96)
The action (93) is invariant under the SUSY transformation

_ Z —1 v
Ssusy ¥ = ¢ [V [ AT], Y€ ¢
dsusy Ay = i€y, (97)

in the limit N - o, where [, ], stands for the anticommutator. Y is not changed
under this transformation.

The action (93) differs from its classical counterpart (88) by the second term on
the right-hand side of Eq. (94). It is associated with the measure of integration over
Y rather than with the classical action. The classical action (88) can be obtained
from (93) in the limit a ~B — o, a/B~1~y/N. This corresponds to the usua
classical limit in string theory since? o ~ B ~ g3 1.

The matrix Y can be aways brought to the diagona form

Y =0tdiag (v1,...,ym) R (vi,...,u8 > 0), (98)

where Q is unitary. The measure for integration over Y reads explicitly

Jar .= I &1 a2 . (99)
with
Alyl =11 (: — 9) (100)

i>j

being the Vandermonde determinant.
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The integral over Yin (96) can be done. Let us mention that the fermionic term
in (93) is Y-independent and denote

]:(z) = / dYe—utrY‘lzz/zl—ﬂ trY—vytr lnY7 (102)

where z2 = —[A,, Ay]2 This matrix integral looks like an external field problem for
the Penner matrix model.

Doing the Itzykson—Zuber integral over the “angular” variable Q, (101) takes the
form

Ay 1, Al
F(2) o dl_______ﬂny BB =y 2w o DUEL \/_"Zzz
e Ml iy NE

(102)
where z? stands for the eigenvalues of 22

Hence, it is shown that

dA, dipq

_scl
O Wa sy (103)
IMis5(2i + 25)

/ dA, dipy dY e ~5N01 =

Thus the NBI actionS&g; defined by Eq. (91) is reproduced modulo the change of the
measure for integration over A,.
The significance of this result is that it can be explicitly shown that

1
SIEIBI = SNG

given by Eg. (39), where the arrow is in the same sense as in (43), (44) and (92).
Analogously, the Schild action (35) can be reproduced from the model (96) with the
additional integration over Y (without explicitly doing it).

A proposal of 3 is to modify the measure for the integration over Au from the
outset to get

/ Ay dipe dY T[ (2 + 2;) € ~5v®t = / dA, dipee ~er

i>j
Nzeo / DX* DU e ~S%c (104)

Then the Nambu-Goto version of the Green—Schwartz action of IIB superstring is
exactly reproduced by the NBI matrix model.

Remark on D-Brane Solutions in the NBlI Model

The classical solutions (62) associated with D-brane configurations are also classical
solutions to the NBI matrix model whose classical equations of motion, which result
from the variation of the action (91) with respect to A, and y, read

[ s A, =0, 1w, (el = 0. (105)

The reasonis that thesecl assi calsol utionsare BPS statesand the commutator [A,;, Ay]
is proportional to the unit matrix (see Eq. (72)).

A more general property holds in the large-N limit when any classical solution
of the IKKT matrix model is simultaneously a solution of the classical eguations of
motion of the NBI model. However, the structure of the classica equations (89) and
(105) in the NBI matrix model is, generally speaking, richer that Eq. (56) in the IKKT
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model, since Y® may have some nontrivial distribution of eigenvalues (typical for the
large-N saddle points).

One of most urgent checks of the NBI model would be to perform the calculation
of the brane-brane interaction to compare with the superstring result. This calculation
will take into account the fact that Y is a dynamica field while the ones described
above for the IKKT matrix model are done at fixed n, i.e. without considering nas a
dynamical variable.

Conclusion

It is now too early to make any definite conclusions since it is not yet clear whether
or not this formulation of superstrings, which is based on the supersymmetric matrix
models, would survive. Nevertheless, such an approach to M theory looks most promis-
ing among those proposed so far.

This situation reminds me somewhat of the one with QCD in the very beginning
of the seventies about the times when the QCD Lagrangian was introduced. Before
that there existed the approach to the theory of strong interaction based on strings
and dual resonance models, while the new theory looked quite different and was most
convenient to study strong interaction at small distances. Once again, it is now too
early to predict whether the same could happen with superstrings in the nearest future,
but this option should not be immediately excluded.

One of the simplest checks of the matrix models of superstrings is the study of the
interaction between D-branes. It should answer, in particular, the question whether
the classical operator-like solutions of the matrix models are associated with empty
D-branes or D-branes carrying magnetic field.

A more serious problem is to show how string perturbation theory emerges from
the matrix models. The NBI matrix model is very promising from this point of view
since it reproduces the Nambu—-Goto version of the Green—Schwartz action.

While the proposed matrix models of 1IB superstring are of the type of reduced
ten-dimensional super Yang-Mills, they have additiona degrees of freedom which are
essential to have strings. This differs the situation from the one in large-N QCD where
the fundamental Lagrangian is fixed, and the problem to obtain strings in the Eguchi—
Kawai reduced model is amost as difficult as in whole QCD. Now, for the matrix
models of superstrings, the true model is not know from the outset. The reader is till
free to introduce hisher own model to describe superstrings in the best way
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INTRODUCTION

Over the last severa years, there has been a resurgence of interest in using non-
perturbative approximation methods based on Wilson's continuous Renormalization
Group (RG), in quantum field theory.! The reason is simple: on the one hand there
is a desperate need for better anaytic approximation methods to understand truly
non-perturbative situations in quantum field theory (i.e. where there are no small
parameters in which one can fruitfully expand). On the other hand, Wilson's framework
offers many possibilities for systematic approximations which preserve a crucia defining
property of a quantum field theory — namely the existence of a continuum limit. 234

In this lecture, | review progress in the use and understanding of Wilson's con-
tinuous renormalization group! particularly in the past year. | try not to overlap
too much with reviews given in RG96*%. | concentrate on progress in the under-
standing of the structure of the continuous RG since this is of fundamental impor-
tance to all research in this area, and is an aspect that | have been particularly
involved with, but | hope that the references collected at the end are a representa
tive list of just last years research in this area. 2  These papers dea with — amongst,
other issues — chiral symmetry breaking,®8 chiral anomalies? finite temperature,® 10112
reparametrization invariance,'® 1 gauge invariance, ®©® perturbation theory, 91617 grav-
ity and supergravity,!> phase transitions, 81113141820 novel continuum limits, 1° mas-
sive continuum limits,?° local potential approximation,?:222* large N limits, 22 % %¢
functions,? % and with applications from condensed matter ® to cosmology %°.

The basic idea behind the (continuous) Wilsonian RG, is to construct the partition
function in two steps. Rather than integrate over al momentum modes g in one go,
one first integrates out modes between a cutoff scale Ay and a very much lower energy
scale A. Both of these scales are introduced by hand. The remaining integral from
N\ to zero may again be expressed as a partition function, but the bare action Sy,
(which is typically chosen to be as simple a functiona as possible) is replaced by a very
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complicated effective action S, and the overall cutoff Ayjby the effective cutoff A
Differential RG flow equations of the generic form

Aol = FISE) &
can be written down that determine S§ in such a way that the resulting effective
partition function gives precisely the same results for all correlators as the original
partition function.

It may seem at first sight that such a partial integration step merely complicates the
issue. For example, we have had to replace the (generally) simple S, by a complicated
St However, for the most part the complicated nature of S' merely expresses the
fact that quantum field theory itself is complicated: on setting A = 0, S{ becomes
equivalent to the generating function for al connected Green functions. To see this,
note that the effective cutoff A can be regarded, either as an effective ultraviolet cutoff
for the remaining modes q — as just described, or, from the point of view of the modes q
that have aready been integrated out, A behaves as an infrared cutoff. These intuitive
statements can be formalised and proved?* We introduce A by modifying propagators
~ 1/¢* to Apy = Cyyv{g,A)/q% where Cyy is a profile that acts as an ultra-violet
cutoff 29 i.e. Cyv(0,A) =1and Cuv — O (sufficiently fast) as q — . If we introduce
the interaction part of the effective action as

1
Si'lel =50 Mgy @+ Salel )

then Polchinski’s form®® of Wilson's RG? is,

oA ~25, Oh By 3" OR body @)

On the other hand, exp —S¥* is itsalf given by a partition function Z, in which the
effective cutoff appears as an infrared cutoff as | have already mentioned.2 Propagators
~ 1?2 are in this partition function replaced by Arg = Crr(g, A)/q? where it can be
shown that Crr{g,A) = 1 — Cyv(g,A). It is easy to see from the above properties of
Cuv , that Cgindeed behaves as an infrared cutoff.

¢From this partition function, Z,, one can construct the Legendre effective action
Ietlo], and it is immediately clear that there must be a close relation between the two
effective actions '°t and S'. Indeed, if we write the interaction parts of T'% as

1 : <
Do) = 5 ATk 9+ Tale] @

(where ¢°¢ is the so-called ‘classica’ field) then it can be shown that the following
Legendre transform type relation exists between the two effective actions?

Salel = Talg) + 5(5 = 9) - ATA- (9~ 9) ©

This relationship is important, for it means that the A — 0 limit of the Wilso-
nian effective action can be related to the standard Legendre effective action I[$9 =
lim a0 Tal9®] and hence to Green functions, S matrices, classical effective potentials,
and so forth. On the other hand, by relating the infrared cutoff Legendre effective action
to the Wilsonian effective action, it provides physical justification for the existence of

*Somewhat similar statements have appeared elsewhere %’ 2
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fixed points and self-similar behaviour in the solutions for I, . By differentiating Z, ,one
readily obtainsa flow equation for the infrared cutoff Legendre effective action: 230.28.34

Oy 1 | 1 0An ary, \
It is straightforward to show that substitution of the Legendre transform relationship
converts one flow eguation into the other.

One should note aso that Wilson's original form of the continuous RG?! is related
to Polchinski’s by some simple changes of variables®%4 , and that the Wegner-Houghton
sharp cutoff RG®! is nothing but the sharp cutoff limit of Polchinski’s equation 2:32. Since
these cover all present forms of the continuous RG, this might give the impression that
no other forms are possible. This is not the case. But they are the simplest forms of
continuous RG (related to the fact that the cutoff A may be placed entirely within the
inverse propagator). Other more complex versions may eventually prove more useful
for certain applications, e.g. gauge theory.

STRUCTURE OF THE CONTINUUM LIMIT -1

This RG method of describing quantum field theory becomes advantageous when
we consider the continuum limit. | will indicate how one can solve the flow eguations
in this case, directly in the continuum, dispensing with the standard, but for quantum
field theory, actually artificial and extraneous, scaffolding of imposing an overall cutoff
Mo, finding a sufficiently general bare action Sy, and then tuning to a continuum limit
as/\y — .The solutions for the effective actions, being sensitive only to momenta
of magnitude ~ A, may be expressed directly in terms of renormalized quantities. In
this case one finds that the effective action may be expressed as a self-similar flow of
the relevant and marginally-relevant couplings, say g* to g", about some fixed point:

Sale) = Slel (6*(A), -, 9™(9)) - (7)

Actually, we also require to change to renormalised fields of course, 2° but, for clarities
sake we leave this implicit. Also, to see this self-similar behaviour, it is necessary to
add the other essential ingredient of an RG step: scaling back the cutoff to the original
size. Simpler and equivalent, is to ensure that al variables are ‘measured’ in units of A,
i.e. we change variables to ones that are dimensionless, by dividing by A raised to the
power of their scaling dimensions. ¢From now on, we will assume that this has been
done.

A fixed point Sal¢] = Si[¢], i.e. such that 9SHAA = 0, being thus completely
scale free, corresponds to a massless continuum limit. We can arrange that the coupling
constants by definition vanish at the corresponding fixed point

S[e](0,---,0) = Si[g] (8)
and are conjugate to the eigen-perturbations (i.e. integrated operators of definite scal-
ing dimension) at the fixed point:

a8
dg*

We can easilyisolate a set ofnon-perturbative beta-functions?® 8{g) = Adg’/8A, whose
perturbative expansion begins as f(g) = M\ig* + O(g?), once a QGfinition (ak.a. renor-
malization) condition consistent with (9) IS chosen tor the couplings. Here, the ); > 0

=0yl - )

9=0
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are the corresponding RG eigenvalues. This follows simply by comparing coefficients
of the left and right hand sides of (1). Suppose for example, that @, = %, and a
coupling g* is defined to be ¢ — ¢, wherec(A) is the coefficient of the four-point vertex
at zero externa momentum, and c, its fixed point value; then the zero-momentum
part of the four-point vertex on the left hand side of (1) is nothing but 4 and the
corresponding term on the right hand side yields an expression for it in terms of S,
itself. In this way one readily converts the original Wilsonian RG into a self-similar
flow for the underlying relevant couplings, in close analogy to the usual field theory
perturbative RG,TaIthough here the B functions are defined non-perturbatively. Finite
massive continuum limits then follow providing that the couplingsg' (A) are themselves
finite at some finite physical scale A Oy 2

Of course this trandation to ‘manifest’ self-similar flow is just a rewriting, if the
solution Sp is aready known. On the other hand the solution Sy is determined com-
pletely (e.g. numericaly) from (1), once the fixed point solution S, and relevant (and
marginally-relevant) eigenperturbations are determined, since these provide the com-
plete boundary conditions via

Sa =8, + Zai(p/A)’\‘O,- as A— oo , (10)

where the ai are the finite integration constants. (10) follows from (8), (9) and the
B! to first order in g. Note that this more subtle boundary condition is required
because Sy = S. is a singular point for the continuous RG, regarded as a first-order-
in-Adifferential equation. In Wilsonian terms this establishes the initial position and
direction of the Renormalised Trajectory, which thus is sufficient to determine the
entire trajectory. In this form, or even better in the self similar form of (8), (9) and
the B! (g), we have dispensed entirely with the usual tuning procedure required to reach
a continuum limit. (We still need to compute the infrared limit A - 0, however this
involves no tuning, and the asymptotic behaviour in this limit is straightforward to
derive analytically since it corresponds to ‘freeze-out’ of finite dimensionful quantities
on the scale of A < p.) It is worth remarking also, that for a Gaussian fixed point
these equations (including the B!) are soluble analytically by iteration, directly in terms
of renormalised perturbation theory. 22416

The remaining basic structural question then, is to understand how the (gener-
icaly) finite number of fixed point solutions and relevant perturbations arise from
equations such as (3) and (6), when these quantities are determined by functional dif-
ferential equations (the right hand sides of (3) or (6), and their perturbations) with
apparently a continuous infinity of solutions. Let us return to this after first considering
some possible approximations. Then the so-called Loca Potential Approximation will
be used to illustrate the general solution to these questions.2°

APPROXIMATIONS

Clearly, except in very special simple cases, these flow equations are not exactly
soluble. However, virtually any approximation of the flow equations that preserves the
fact that they are non-linear (in Sa) will continue to have fixed points and self-similar
asymptotic solutions about the fixed point of the form (7), i.e. preserve renormalisabil-
ity. This is in direct contrast to other frameworks for approximations such as the use of

T with the important difference however that physical Green functions are here obtained only when the
scale used to define the beta function, tends to zero
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Dyson-Schwinger equations.? The difficulty then, is ‘only’ one of finding approximations
that are sufficiently reliable and accurate for the purpose at hand.

The simplest form of approximation is to truncate the effective action S, so that
it contains just a few operators. The A dependent coefficients of these operators then
have flow equations determined by equating coefficients on the left and right hand side
of (3), after rejecting from the right hand side of (3) all terms that do not ‘fit’ into this
set (this being the approximation). The difficulty with this approximation is that it
inevitably resultst in a truncated expansion in powers of the field ¢ (about some point),
which can only be sensible if the field ¢ does not fluctuate very much, i.e. is close to
mean field.# This is precisely the opposite regime from the truly non-perturbative one
that concerns us here. In most situations, it is difficult in practice to be systematic
about the choice of which operators to include, while even if this is possible, in this
regime one finds generically that higher orders cease to converge and thus yield limited
accuracy, while there is aso no reliability — even qualitatively — since many spurious
fixed points are generated.3®

One exception to this rule deserves comment. As is well known, fluctuations of
p = 0% a (when appropriately scaled) disappear in the limit N - . (Here ¢2is an
N component scalar field in an O(N) invariant theory for example. More genera large
N soluble systems also have this property.) In this limit, it can be shown that the flow
equations for the (infinitely many) operators in ', which can be written in such a way
that they only involve p, form a closed set, so that truncation to al such operators
involves no approximation.?3 Furthermore specialization to just the non-derivative op-
erators (thus forming the effective potential) also involves no approximation.3-212223
In fact, the further truncation of these flow equations to a finite power expansion in
p about this minimum, is dtill exact in this limit.22 This gives some insight into why
these latter truncations give good results also at finite N,2236:37.2 jmproving at high
orders of truncation to as much as 8 digits accuracy, before succumbing to the generic
pattern for finite truncations as outlined above.”3

A less severe, and more natural, expansion, closely alied to the succesful trun-
cations in rea space RG of spin systems? is rather to perform a ‘short distance
expansion’ 432 of the effective action I, which for smooth cutoff profiles corresponds
to a derivative expansion.®® As well as evidently aways allowing a systematic expan-
sion (each level of approximation merely corresponding to discarding all terms with
more than a specified number of derivatives), and robust and reasonably accurate
approximations,* it also preserves enough of the continuous RG to address the struc-
tural question posed above® — namely how (generically) discrete sets of fixed point
solutions and eigenperturbations arise. This is because the second order functional
differential eguations that determine these, reduce under the derivative expansion to
second order ordinary differential equations®®34 which thus retain the property that
they have a continuum of solutions.

The simplest such approximation is the so-called Local Potential Approximation
(LPA), introduced by Nicoll, Chang and Stanley:3°

Sun [a% {50 + Vg, )} (1)

It has since been rediscovered by many authors3? notably Hasenfratz and Hasenfratz.*
As a concrete example, consider the case of sharp cutoff. The flow equations may be

*unlike the case with truncations in the real space renormalization group of simple spin systems, where
such a procedure has proved very succesful®
Sin contrast to the case of truncations to a finite set of operators
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shown to reduce to3%40. 2 35,32

8 1
57V () +5(D=2)V =DV =In(1+V") 12)

where/ = £ and t = In(p/A). Actudly, the analogous N = o case of (12) was

aready derived by Wegner and Houghton in their paper introducing the sharp-cutoff
flow equation.3! As aready pointed out above, in this limit the LPA is effectively
exact?® It can be shown23.202 that V coincides with the Legendre effective potential in
the limit A - 0,i.e t - oo.

STRUCTURE OF THE CONTINUUM LIMIT — 11

Thus in this example, the fixed point potential satisfies
1
5(D=2) V() - DValp) =In(1+ V) . (13)

This equation has indeed a continuum of solutions, in fact a continuous two-parameter
set. However generically, al but a countable number of these solutions are singular!3541
(D = 2 dimensions is an exception.®) It is the discrete set of non-singular solutions
that are approximations to the exact fixed points. A review was given in RG96.4*
Since this scenario generalises to higher orders of the derivative expansion (with an
increasingly larger dimension parameter space of solutions),304 it seems reasonable to
suppose that it applies also to the exact RG equations (e.g. 3,6) in the sense that,
athough the second order non-linear functional differentia equations governing the
fixed points have a full functional space worth of solutions, only typicaly a discrete
number are well defined for all ¢(x).20

As reviewed in RG96,4 this structure of the derivative expansion equations, and
(13), allows straightforwardly for systematic searches of al possible continuum limits
within this approximation. In the traditional approaches, this would require systematic
searches of the infinite dimensional space of all possible bare actions!

For large field ¢ the only consistent behaviour (with D > 2) for the fixed point
potential in (13) is

Vi(p) ~ ApP/t (14)

where d = 3(D-2), and Ais a constant determined by the equations. This simply solves
the left hand side of (13), these terms arising from purely dimensional considerations,
and neglects the right hand side of the flow equation — which encodes the quantum
corrections. Or in other words, (14) is precisely what would be expected by dimensions
(since V's mass-dimension is D and ¢’s is d) providing only that any dependence on A,
and thus the remaining quantum corrections, can be neglected. Requiring the form (14)
to hold for both ¢ — o and ¢ — —oo, provides the necessary two boundary conditions
for the second order ordinary differential equation (13), so we should indeed generally
expect at most a discrete set of globaly non-singular solutions. These considerations
generalise to any order of the derivative expansion, and indeed we expect them to hold
aso for the exact RG, with one modification: beyond LPA, d= (D — 2 + ), where n
is the anomalous dimension at the fixed point.20

(n is set artificially to zero by the LPA because in the LPA the momentum depen-
dent terms in (11) remain uncorrected. There are subtleties to do with reparametriza-
tion invariance, if higher orders in the derivative expansion are to determine a discrete
set of solutions for n, as properly to be expected. We will not review them again
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here. The preservation of such an invariance under the derivative expansion, requires a
particular power-law form of cutoff profile.4.3.30 There has been recent progress in un-
derstanding the ramifications of reparametrization invariance for derivative expansions
of the Polchinski equation.! %)

Now consider the determination of the eigenoperators. For this we set (by separa-
tion of variables),

V{p,t) = Vu(p) + ae™u(p) , (15)

and expand to first order in a (c.f. (10)), obtaining

,U//

!
/\’U+d§01] _DU=T_~*:——17;’7 . (16)
In this case we again have a one parameter continuum of solutions (after some choice of
normalisation), which are guaranteed globally well defined since (16) is linear, and this
for each value of A\. How can this be squared with the fact that experiment, simulation
etc., typicaly only uncover a discrete spectrum of such operators? The answer is that
only the discrete set of solutions for v(¢) that behave as a power of ¢ for large field, can
be associated with a corresponding renormalised coupling g(t) and thus the universal
self-similar flow (7) which is characteristic of the continuum limit.41.20

Indeed we see from (16) and (14), that those solutions that behave as a power for
large ¢ must do so as
(i) ~ PN 17

this being again the required power to balance scaling dimensions (with [g(t)] = A) if
the remaining quantum corrections may be neglected in this regime. Once again for
¢ — oo, this supplies two boundary conditions, but this time, since (16) is linear,
this overdetermines the equations, and generically alows only certain quantized values
of A.

On the other hand if v does not behave as a power of ¢ for large ¢, then from (16)
and (14), we obtain that instead

v(p) ~ exp {A(D - d)tpD/d} . (18)

Actualy, in the large ¢ regime, we may solve (12) without linearising in a. Indeed
we may solve it non-perturbatively. This is because, just as before, we may neglect the
guantum corrections in this regime. These are given by the right hand side of (12), and
thus V(¢, t) follows mean-field-like evolution:

V(p,t) ~ e”V(pe™,0) . (19)

If we take V(¢, O) to be given by (15) at t = 0, and use (19), (14) and (17), then we
see that for large ¢, we recover the t dependence of (15) even without linearising in
a Thus for power law v (17) in the large ¢ regime, we may absorb the t dependence
into the self-similar flow of a corresponding coupling g(t) = ae™, even for finite a. But
using (19) and the non-power-law behaviour (18), results in the t dependence being
‘stuck’ in the exponential in (18). In this case then, the scale dependence cannot be
combined with a into a corresponding coupling and the RG flow is not self-similar. In
fact one can further show that perturbations of the form (18) collapse on t-evolution
into an infinite sum of the quantized power-law perturbations, and thus the non-power
law eigenperturbations are entirely irrelevant for continuum physics.2 ©

Again, these considerations generalise to higher orders of the derivative expan-
sion and thus presumably to the exact RG, the non-quantized perturbations growing
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faster than a power for large ¢ and consequently not associated with renormalised
couplings. (The precise form of the large ¢ dependence of the non-power-law per-
turbations however depends on non-universa details including the level of derivative
expansion approximation used, if any.)20

| finish the review with a couple of applications of these ideas.

A NUMERICAL EXAMPLE

It is worth stating again that the derivative expansion gives fair numerical approx-
imations in practice* For example, we have previously reviewed* the numerical results
for N component scalar field theory at the non-perturbative Wilson-Fisher fixed point
in three dimensions,!3 and the impressive numerical results for the sequence of mul-
ticritical scaar field theories in two dimensions (where al standard methods fail).38
As an example of the application of al the above concepts to a caculation, we here
review the Ising model scaling equation of state, in the symmetric phase, in three
dimensions. 20 This is of current interest since it alows direct comparison with the re-
cent progress in accurate calculations from resummed perturbation theory.34445 The
Ising model equation of state follows from the Legendre effective potential of the mas-
sive non-perturbative field theory of a single scalar field built around the Wilson-Fisher
fixed point. Such a theory has only one relevant eigenperturbation and thus only one
coupling — which simply sets the scale. If al quantities are measured in terms of this
mass-scale, the results are thus pure numbers and universal. (This is of course the basis
for the universality of critical phenomena in the Ising model class.)

A second order derivative expansion, ‘O(02)",

D= [a% (5@ K e, 0) + Vip,0)} (20)

with a certain careful choice of smooth cutoff (~ power-law as aluded to earlier) results
in the flow equations,3 ©

v 1 1—7n/4
o 2 VRV +2VE
and 0K 1 , _( _ Q) 1 24KK" - 19(K')?
5t (L meK +aK = (1-7 BRor 1 oVRe (22)

_i 58V”’K'\/f_('+ 57(KI)2+ (V"')ZK _5—(‘/!//)21:{_*_21/1//]{;\/}_(*_ (Kr)z}
48 K" + oJR)? 12 VRV ¥ o/K))

These equations enjoy the following reparametrization symmetry, ¢ > Q52¢ ,V —
Q%V, K — Q-4K, which turns the fixed point equations into non-linear eigenvalue
equations for the anomalous dimension n.39.4 On the other hand, by discarding (22),
and setting K =1 and n = 0 in (21), one obtains the flow equation associated with the
lowest order in the derivative expansion (with this cutoff), ‘O(a°)'.

It should be pointed out that one method of extracting the universal character-
istics of the fixed point behaviour in the above equations is simply to solve them in
a traditional way, by choosing an appropriate bare potential and bare K (typically
K = 1), a some initid point t, (effectively the cutoff Ay) and tuning the potential as
the cutoff is removed, so as to recover a continuum limit. Nevertheless, the numerical
methods based on the insight of the previous sections are certainly faster, more elegant,
and more accurate.
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Table 1. Universal coupling constant ratios for the three dimensional
Ising model universality class.

Approximation off Fy j2 Fy
Sharp 1.514(2) .0155(3) 3.6(5) x 10~F  —1.7(5) x 10~F
0(8%) 1.3012(2)  .01638(1) 4.68(3) x 1074 —~2.4(1) x 1075
0(8%) .8635(5) .01719(4) 4.9(1) x 107*  —5.2(3) x 107°
8 exp® 86(15) 0172(3) 45(1) x 10°¢ —5(1) x 10°°

D=3% .988(2) .01712(6) 4.96(49) x 1071 —6(4) x 10~°
D=3 4 0168 - 0173 4.1-16.2x10~%
e—exp. 43 1.2 0176(4) 4.5(3) x 107*  —3.2(2) x 10~%
e—exp. 4 0176
ERG 36,46 1.20 016 43 x 1074
HT ¥ .99(6) .0205(52)
HT %8 1.019(6)  .01780(15)
HT % .987(4) 017(1) 5.4(6) x 10~ —2(1) x 10~5
M %0 97(2) .0227(26)
MC 51 1.020(8) 027(2) .00236(40)

We will not detail the numerical methods used to implement the above ideas,13.4.38.30
but simply quote the results. We found just one non-trivial non-singular fixed point
solution with n = .05393208 [11] which is thus identified with the Wilson-Fisher fixed
point. 30.20 Our resulting O(02) vaue for n should be compared with the (combined)
worlds best estimates 4230 n = .035(3). Extracting from the quantized spectrum of
power-law eigenperturbations, the relevant operator and the least irrelevant operator,
one obtains the critical exponents v and w (via the formulagl v = 1/A and w=-1\).
We found at O(d°), v = .6604, w = .6285, and a O(d2), v= .6181 and w= .8972.
These should be compared to combined worlds best estimates of v = .631(2) and
w=.80(4).42:30

Having transformed to renormalised variables and integrating out aong the renor-
malised trgjectory we have that the Legendre effective potential V(9) is given by the
t — oo limit of V(¢, t). Writing in terms of the physical dimensionful variables

1
Vip) = 5m2w2 +ugp! + ug® + -+, (23)

the ratios af, = uaxm** are dimensionless and universal. By Taylor expansion of
the equations (21,22), careful choice of closure ansatze, and reworking the equations
to expose the self-similar flow along the renormalised trajectory (in the way indicated
earlier), we obtained ordinary differential equations which could be straightforwardly
integrated to obtain the ob,.2 (We performed al the calculations within the Maple
package.) The results are displayed in table 1. The six-point coupling and higher are
written in terms of Fyy_; = 2k, /(2405)%~1, which allows a direct comparison with
the most accurate recent perturbative results. 43 In row “Sharp” of this table, we show
also the results obtained from egn.(12). In the row “0 expn”, we use both orders of
the derivative expansion, and a comparison of our results for the critical exponents w
and v with the best determinations, to estimate an error.2° It should not be taken as
seriously as the very careful error analyses possible, and performed, 4 in the large order
perturbation theory calculations. Those rows labelled D=3, O-exp., ERG, HT, and
MC give results respectively from resummed perturbation theory, O expansion, another
exact RG approximation, high temperature series and Monte-Carlo estimates.

It can be seen from the table, that while perturbative methods are more powerful
than the derivative expansion for low order couplings, the derivative expansion even-
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tually wins out. The reason for this is that the derivative expansion at these lowest
orders, is crude in comparison to the perturbation theory methods, however the per-
turbative methods suffer from being asymptotic — which in particular results in rapidly
worse determinations for higher order couplings. The derivative expansion does not
suffer from this, since it is not related at al to an expansion in powers of the field.
Indeed, it may be shown that?2 even at the level of the LPA, Feynman diagrams of all
topologies are included.

Let us mention that we also obtained ‘for free’ some estimates for F1; and Fis,
and universal coefficient ratios in the O(82) function K(¢).2° These latter correspond
to universal information about the O(p?) terms of the one particle irreducible Green
functions. At present, we know of no other estimates with which these can be compared.

THEORETICAL EXAMPLE — A C FUNCTION

Following Zamolodchikov’s celebrated c-theorem52 for two dimensional quantum
field theory, a number of groups have sought to generalise these ideas to higher dimensions.2>53
The motivation behind this, is not only to demonstrate irreversibility of renormaliza-
tion group flows, and thus prove that exotic flows such as limit cycles, chaos, etc,
are missing in these cases, but perhaps more importantly to provide an explicit, and
useful, geometric framework for the space of quantum field theories,. Zamolodchikov
established three important properties for his ¢ function:

(i) There exists a function c¢(g) = 0 of such a nature that %c = ﬁ"(g)a—z;c(g) <0,
the equality being reached only at fixed points g(t) = g,.

(i) c(g) is stationary at fixed points, i.e. Bi(g) = O for al i, implies dc/ag' = 0.
(iii) The value of c(g) at the fixed point g. is the same as the corresponding
Virasoro algebra central charge. 3 (This property thus only makes sense in two

dimensions.)

Within the LPA to Wilson's, or Polchinski’s exact RG,T
b} 1 v oV v\’
— —_ —_ e — = = — | — 24
ZVlert)+ 5D Dpug— DV = ( a%) (22)

we have discovered?* a c-function which has the first two properties in any dimension D.
Our c-function has a counting property which generalises property (iii): it is extensive
at fixed points, i.e. additive in mutually non-interacting degrees of freedom, and counts
one for each Gaussian scalar and zero for each infinitely massive scalar (corresponding
to a High Temperature fixed point). These properties are shared by the two dimensional
Virasoro central charge. It is probably not possible within the LPA, to establish a more
concrete link to Zamolodchikov's c.

The ideais very simple and builds on the observation of Zumbach,55 that (24) may
be written as a gradient flow

dp &F
N A Y
a Gat 55 (25)

where we have introduced G = exp —3(D—2)¢2, p=e~", and a measure normalization
factor a. The functiona F is given by

2
Flol = aN/de €] {% (;%’:) + %Z-pz (1-2In p)} . (26)

fifor N scalar fields, with no symmetry implied, and (almost) any smooth cutoff. 24,56
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Fixed points p = p. are then given by &F/dp= 0. If one substitutes this equation back
into F one obtains24

D
Flpd = S a[d% Gt 27)

Now, if the field content splits into two mutualy non-interacting sets, the potential
splits in two, and thus p. factorizes. We see then that the integra in (27) itself factor-
izes. Thus if we define a ¢ function through the logarithm of F, ¢ = In(4F/D)/A (where
Ais another normalization factor), it will be additive in mutually non-interacting de-
grees of freedom. Furthermore, we may use the normalization constants a and A, to
normalise the c function so that it counts one for Gaussian scaars (V, = 0) and zero
for the high temperature fixed point (V, = —;-(pz ~ 1/D per scalar 21.24),

The other properties follow from the geometrization of (25), by rewriting the flow
in terms of a complete set of coupling constants gi (), V = V (¢, g). Close to a fixed
point, these need only be the relevant and marginal couplings, as we discussed earlier.
Elsewhere, they have to be infinite in number to span the space of al potentias.
Following Zamolodchikov®? we generalise (9) to the whole space by writing Oj(g) =
0; V(¢, g), where 0; = 0dlogi. Then, after some straightforward manipulation, we obtain

dic(g) = — G (9) (28)

where G;; is our analogue of the so-called Zamolodchikov metric on coupling constant
space: 52

Gij(9) ={FIn A)aN/sto Gp* 0,0, . (29)

Property (ii) follows immediately from (28), while, because Gj; is positive definite,
multiplication of (28) by B' establishes property (i).

| close with two remarks. Firstly, it would be very interesting of course, to under-
stand if this LPA ¢ function generalizes to higher orders in the derivative expansions®
(which likely would allow a direct comparison with Zamolodchikov’s c), or indeed gen-
eralizes to an exact expression along the present lines. Secondly, the geometric struc-
ture immediately suggests a variational approximation method for (24): Restricting
the flows to some finite dimensional submanifold parametrized (in some way) say by
g', 000, gM, corresponds to ansatzing a subspace of potentials V=V(¢, g), where g
stands now only for the M parameters. Approximations to the fixed points then fol-
low from the variational equations 0;c(g) = 0. Our investigations indicate that this
approximation method is rather powerful.24.57 This illustrates once again that purely
theoretical insights into the structure of the continuous RG and its approximations,
tend in turn to suggest yet more elegant and more powerful methods of approximation.
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PRIMORDIAL MAGNETIC FIELDS AND THEIR DEVELOPMENT
(APPLIED FIELD THEORY)

P. Olesen
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Blegdamsvej 17
DK-2100 Copenhagen @
Denmark

MOTIVATION

In this talk | discuss the non-linear development of magnetic fields in the early
universe. Since this is based on a classical field theory, which turns out to have a
rather complex structure, | thought it could be of interest for this meeting, under the
heading of “applied field theory”. | very briefly mention a number of particle physics
mechanisms for generating magnetic fields in the early universe, but the emphasis is on
the field theoretic aspects of the developments of these fields, mainly on the occurence
of inverse cascades, i.e. generation of order from disorder. In this connection it is also
discussed how the Silk effect (photon diffusion) is counteracted by the inverse cascade,
which moves energy from smaller to larger scales.

Many galaxies (including our own) are observed to have magnetic fields. One way
to observe such fields is to study the polarization of light passing the galaxy. Due to the
interaction with the field and the plasma there is a Faraday rotation of the polarization
vector, proportiona to the field and to the square of the wave length of the light. In
this way fields are found to have the order of magnitude 106 — 10-8 Gauss on a scale
of 100 kpc* If you have forgotten what a G(auss) is. the mean field on the sun is
approximately one G.

Usualy the galactic magnetic field is explained by the dynamo effect: turbulence
(e.g. differentia rotation) in the galaxy enhances the magnetic field exponentially up to
some saturation value, corresponding to equipartition between kinetic and magnetic en-
ergy. The dynamics which governs these phenomena is called magnetohydrodynamics,
abbreviated as MHD, which is essentialy the Maxwell plus Navier-Stokes equations.
The dynamo can produce an enhancement factor of several orders of magnitude. An
important feature is that the dynamo needs a seed field. It appears reasonable to
assume that this field is of primordial origin, i.e. it has existed aready in the early
universe. Astrophysicists often say as a joke that a primordial magnetic field is a field

*A p(arse)c is an astronomica unit, which has the physical value 1 pc= 3.26 light year.
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which has existed for so long that everybody has forgotten how it was created. How-
ever, in particle physics we must be more serious since we have knowledge of the early
universe, and hence we should explain the origin of these fields.

PRIMORDIAL MAGNETIC FIELDS IN THE EARLY UNIVERSE

In natural units magnetic fields have dimension (mass)?. At the electrowesk scale,
assuming the Higgs mass to be of order my, there is essentialy only one mass, m,,
and we may therefore expect something like

on a scale ~ /my,. This is a huge field, far larger than anything one has ever seen or
produced on this earth. How does this compare with the rather weak fields found in
galaxies?

In the standard cosmologica model al distances are blown up by the scale factor
R(t). It is useful for estimates that the scale factor is proportional to the inverse
temperature. Thus, Ryow /Rew = Tew/Tnow = 1015. Hence, an initial correlation
length of order ~ 1/mw is of order 1 cm today, which has no astrophysical interest.
We need fields on a scale of order 100 kpc = 3x103cm.

If we assume that Bis essentially random, we can estimate the field at any distance
from a simple random walk. We have the field at the initial correlation length, but we
want it a = 10% times this length. Thus, in d dimensions we have

< BEW > geale 1023/mw’~v 1024 G/(1023)d/2. (2)

So for d = 3 we get < Bgy, >=10-19G, whereas for d=2and d = 1 we have < By, >
approximately equal 10 G and 102G, respectively, on the scale of 1023/my.

In order to see if these fields are reasonable, we need to know the cosmological
developments of < B >. From MHD (with viscosity ignored) one has the result that
the flux through a surface bounded by a curve following the fluid of charged particles
is conserved. Since such a surface increases like R?, it follows that < B > decreases
like YR® when the universe expands with the scale factor RT. It therefore follows
that if today we need e.g. a primordial field of order 10-1°G on a scale of 100 kpc,
then on the corresponding scale 1023/my at the electroweak phase transition, we need
< B >= 10® G. Thus, from the random walk estimates above we see that only the case
d = 1 comes near this value, athough a factor 10° is missing. Actually one could argue
that the case d = 1 is relevant, because in observing the magnetic field by Faraday
rotation, a one dimensional average is made aong the line of sight. However, this
argument is not really convincing, since the dynamo effect is three dimensional, and
hence the field relevant for this effect is the very small 3d average.

The conclusion is thus that if fields of the order of m3, can be generated at the
EW-scale, then there could still be missing a factor of order 10*, where x is of order
3. However, it should be emphasized that afield of order m3 is very large, and is not
obtained in most mechanisms for creation of primordia fields. Hence, in most cases x
is larger than 3.

The metric is .
dr
1—kr?

where k = +1, 0, -1 for a closed, flat or open universe, respectively.

dr? = dt? ~ R(t)? I: +r2d0?|, (3)
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MAGNETIC FIELDS FROM PARTICLE PHYSICS MECHANISMS

In this section we very briefly discuss a number of proposed mechanisms for the
generation of primordial fields. The list is by no means exhaustive.

Fields From Inflation

An inflationary creation of primordial magnetic fields has the advantage that the
coherence scale is larger than in other mechanisms. As an example, we mention the work
by Gasperini, Giovannini and Veneziano *, which is based on a pre-big-bang cosmology
inspired by superstrings, which is an aternative to the usual slow roll inflation. The
dilaton field @in the Lagrangian

1
L=-/ge R+ 3 Bug 0 + %FHUF‘“’) (4

amplifies the quantum fluctuations of F, . The magnetic energy spectrum behaves like
~ k0.8, The resulting magnetic fields are of the right order of magnitude on a 100
kpc scale. Recently, however, Turner and Weinberg 2 have argued that this scenario
requires fine tuning of the initial conditions in order to get enough inflation to solve
the flatness and horizon problems.

Bubble Formation at the EW Phase Transition and Magnetic Fields

In a first order EW phase transition bubbles of new vacuum are formed. This
was used by Baym, Bodecker and McLerran 3 to obtain the generation of a magnetic
field. The main point is that the bubbles, although overall neutral, have a dipole
charge layer on the surface, so rotating bubbles generate a field. Although the field
from each bubble is very small, there is a large number of bubbles, so depending on
the subsequent development of < B >, in the end a reasonable magnitude can be
produced. A different mechanism was considered by Kibble and Vilenkin #: when
the bubbles collide, the phase of the Higgs field varies, giving rise to currents and a
magnetic field. Again, in this case one can get a reasonable magnitude provided the
subsequent development of < B > is favourable.

Superconducting Cosmic Strings and Other Mechanisms

There exists a number of other mechanisms for the generation of magnetic fields.
Vachaspati pointed out that if the gradients of Higgs fields fluctuate, they can induce
a magnetic field®> at the electroweak scale. The statistical averaging involved in this
scenario was discussed in details by Enqvist and meé. As mentioned aready in the first
section, the conclusion is that if line averaging is relevant, one obtains nearly the right
order of magnitude, since by this mechanism the field at genesis is of order m3, on a
scale of 1/m,,. However, this scenario operates with physically motivated fluctuations
in gauge dependent quantities like gradients of Higgs fields. Such a procedure is not
very clear to me.

Recently there has been discussions of generation of primordial magnetic fields
from a network of Witten's superconducting cosmic strings’*8 . These strings are current
carrying, and hence produce magnetic fields. It turns out that if the strings are created
at the GUT phase transition, where the current is very large, they can produce a field
which is large enough over a sufficient scale, assuming that MHD does not give rise
to any trouble. On the other hand, superconducting strings created at the EW phase
transition cannot generate sufficient fields.
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It has also been proposed that a Savvidy-type vacuum, where the energy is lowered
relative to the trivia vacuum by having a magnetic field, can generate enough field®
For SU(N) the field produced at a temperature T is of order

4872
~J 2 — —— et e
B ~T* exp ( 11Ngz) . (5)

At the EW transition (N = 3), this field is far too small. At the GUT transition,
however, it produces a large enough field for N = 5, due to the strong sensitivity of the
exponent with respect to N. Whether this field is acceptable depends on the subsequent
development according to MHD.

It was proposed long ago by Harrison that magnetic fields could be generated from
vorticity present in eddies of plasma in the early universe'®. This idea was criticized,
and the eddies were replaced by irrotational density fluctuations by Rees!®. A more
modern version of this scenario is due to Vachaspati and Vilenkin19, where the magnetic
field is generated by vorticity arizing in the wakes of ordinary (i.e. not superconducting)
cosmic strings.

Finally we mention that recently Joyce and Shaposhnikov!! have presented a sce-
nario which has the potential of leading to quite large fields. The standard model has
charges with abelian anomaly only (e.g. right-handed electron number) which are essen-
tially conserved in the very early universe, until a short time before the EW transistion.
A state with finite chemical potential of such a charge is unstable to the generation of
hypercharge U(1) fields. Such fields can turn into large magnetic fields, depending on
their subsequent development.

It is clear that the physical validity of most, if not al, of these scenarios, depends
on the subsequent non-linear development of the primordial field, due to MHD. This
will be discussed in the next section. In the end of this talk we shall aso discuss Silk
diffusion, which is a mechanism for destroying magnetic fields by turning it into heat.
We shall show that this linear diffusion is in fact counteracted by the non-linear terms
of MHD.

INVERSE CASCADE FROM MAGNETOHYDRODYNAMICS

We shall now investigate what happens subsequently to a primordial magnetic field
generated in the early universe. To simplify things, here we give the details only for
the non-relativistic case, and mention without giving the arguments, what happens in
the generd relativistic case.

The Non-Relativistic MHD Equations

In the rest frame of a plasma consisting of charged particles with current j, we
have Ohm'’s law,

Jress = 0 Eest, (6)
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where ¢ is the conductivity. The universe is a good conductor, so g is very large¥. Thus
it follows that
Eresg = 0. (7)

In a frame moving with bulk velocity v one therefore has
E~ -v xB. (8)

The induction equation 0B/dt = —[Ox E therefore gives
OB/dt =~ V x (v x B). (MHD I} (9)

This is one (out of two) of the fundamental MHD equations. It tells us that the magnetic
field is influenced by the velocity, and also, if you start from B = 0 no magnetic field
can be generated. Therefore a seed field is needed in the dynamo mechanism.

The second fundamental MHD equation is the Navier-Stokes equation with the
Lorentz force j x B on the right hand side. Here j can be estimated from the Maxwell
equation j + dE/0t = O x B. The time derivative can be estimated to be small in the
non-relativistic cases$, soj = Ox B, so the Navier-Stokes equation with the Lorentz
force is given by

Opv /ot + (VV)pv = —V{p + %Bz) + (BV)B. (MHD II) (10)

Here for simplicity we have ignored the viscosity. For o large, this can be generalized
to the relativistic case a the expense of a considerable increase in the complexity of
the equations.

Why and When does MHD have an Inverse Cascade: A Simple Scaling
Argument

Now let us suppose that by some particle physics mechanism a primordial magnetic
field is generated. At the genesis the field has some correlation length, and the crucia
guestion is then what happens as time passes. If the correlation length grows smaller,
corresponding to a cascade, the situation is quite bad, even for the inflationary scenario.
Such a cascade would appear if the system develops into a more chaotic direction. If,
on the other hand, we have an inverse cascade, the correlation length grows and the
system develops towards more order. In an inverse cascade, energy is thus transferred
from smaller to larger scales.

It turns out that 13 the situation depends on the initial spectrum. Roughly speak-
ing, if the spectrum is concentrated at short (large) distances, it will develop into large
(short) distances. To see this, one can make use of the fact that the MHD equations
are invariant under the “self-similarity” equations,

x o ix, t > ', v 'v, B I"B, (11)

¥1n the relativistic era this can be seen from the following estimate: The current is defined by j = nev .
The velocity is given essentialy by the Newtonian expression V/y = eE/E, where E is the relativistic
energy, and 5 is the average time between collisions. Thus, 7= 1/nox, where o, is a typical
relativistic cross section. Thus, j = ne( r€E/E), s0 0 = ne25/ E = e2/Eox . A relativistic cross
section goes like e4/T2, since the temperature T is a typical momentum transfer. Also, E ~ T. Thus
o = T/e?, which is very large in the early universe, because the temperature is very high. At later
stages the universe is still a good conductor, for different reasons!2 .

8 We have E ~ vB, so 0 E/dt ~ (V/I)vB ~ (B/I)vz. But [Ox B|~ B/l, where |is some typica length,
so the time derivative of the electric field can be ignored relative to the curl of B.
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and if the viscosity vand Ohmic resistance are included, we further have

v = WYy o o 71, (12)
¢From this it is very easy to show that the magnetic and kinetic energy densities (¢),
given in 3+1 dimensions by expressions like

EkD)V / Bz Py ™Y < B(x,t)B(y,t) >, with V = / d’z,  (13)

(2 ?
where
V/dlc Ek,t) /dsz < B? >= tota magnetic energy, (14)

must satisfy the scaling relation13
E(kJL M) = 1120 g(k 1), (15)

Thisisvalid in the inertial range, where viscosity and Ohmic resistance can be ignored.
The general solution of this equation is

Ek,t) = kP p(k®HP)/2p), (16)

with p=—1 — 2h and  some function of the single argument k(3+p)/2t. The interpre-
tation of this equation is that, if at the initia time t = 0 the spectrum is kP (from some
particle physics mechanism), then at later times it will be governed by the function y .
Hence the wave vector scales like

ko~ =Y 3+P) 17

Thus, if p> -3 there is an inverse cascade, because k moves towards smaller values,
whereas for p < -3, there is a cascade. Thus, if initialy we have a random system
corresponding to p = 0, then later the system becomes more ordered, as already an-
nounced. For p = =3 it follows from eg. (15) that the k and t dependence of the energy
density become uncorrelated.
In the case when genera relativity is included one obtains for a flat, expanding
universe!3
R()* Ek, t) = kP (kD2 3), (18)

where tis the Hubble time, £ = [dt/R(t) is the conformal time, f o« +/¢, and where
k is the comoving wave vector, so that the physical wave vector is kpnys = K/R(t).
Therefore the physical wave vector scales like

kphys ~ FA04) [ R(t) o ¢~ (00330, 19

Thus, if the spectrum starts out with p = 2, corresponding to a Gaussian random
initia field", we have a scaling of the physica wave vector by t-07, instead of t=0-5

T1f the initia field is given by

0,0k
< Bi(x,0}By(y,0) >= A (5 52 ) JB(X ¥) (20)
then the initial energy is given by
Ek,0) = (i — kiki [E?)k? = 2)K2. (21)

Thus the general relativistic scaling goes as kppys ~t=3/5.
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from pure expansion. If p decreases, the effective expansion increases. Thus, if the
initial spectrum is characterized by p = 1, we get ascaling kpnys ~ t=075, and for p = 0
we have kpnys ~ t-08. These examples imply physically that the typical size of an eddy
increases liket0-2, t9-25 and t0-3, respectively, on top of the expansion factor. Finally we
mention that the “scale invariant” initial spectrum with p = -1 (dk/k =scale inv.)
has an increase of the typical eddy size by t, which means that the eddies follow the
horizon.

Numerical Simulations in 2+1 Dimensions

From the general scaling arguments presented above one cannot deduce the value of
the scaling function . Here numerical investigations are needed, since redlistic analytic
solutions of MHD are not known. However, a problem arises, since the Reynold number |l
is very large in the early universe. For example, in the paper by Brandenburg, Engvist
and me!4 the magnetic Reynold number was estimated to be of order 1017 . In numerical
simulations one cannot reach this value, no matter how much computertime is used.
We therefore did numerical simulations in 2+1 dimensions with an unredlistically low
Reynold number#, taken to be 10. So the non-linear terms are approximately ten
times as important as the diffusion terms. These terms are, however, needed to achieve
numerical stability (they act as a short distance cutoff).

We used the generd relativisic MHD equations, which are considerably more
complicated than the MHD equations discussed in a previous section. We took the
initia conditions that the velocity vanishes and B is Gaussian random, so the magnetic
energy spectrum goes like k. Also, we took the energy density to be p = const/R*, and
the pressure p = p/3.

In fig. 1 the numerical resultst4 are displayed. At the initial time there is a rather
chaotic state, where the magnetic flux lines are either long random walk curves, or
small closed loops. We used periodic boundary conditions, and satisfied divB = 0. We
see that in a short time the typical lenght scale increases considerably. In the end of
the simulation there are quite large eddies. Therefore we clearly see an inverse cascade,
where order is produced from chaos, in contrast to the usual paradigm.

Also, the initial velocity v = 0 acquires a spectrum which shows an inverse cascade.
The velocity is initialy induced by the Navier-Stokes equation through the Lorentz
force. The velocity generated this way then influences the magnetic field through the
induction eguation, etc. etc.

Numerical Simulations in 3+1 Dimensions: The Shell Model

As dready mentioned, simulations of MHD with large Reynold numbers is not
possible with present day computers**. The situation gets worse when we go from 2+1
to 3+1 dimensions. Therefore one needs to make a model which has as many features
of the real Navier-Stokes as is compatible with practical tractability. In recent years
the so-called GOY (Gledzer, Ohkitani and Yamada) model has become increasingly
popular. Another name for this model is the “shell model”. It gives results in good
agreement with experiments, especialy as far as the subtle intermittency effects are
concerned. The model captures a basic feature of turbulence, namely the coupling of
many different length scales. It is not known whether the model has relation to the real

IIThis number can be understood as the ratio between “typical” non-linear terms and the linear vis-
cosity term. Thus, if Re is large, turbulence is important.

««This also applies to hydrodynamics, and is perhaps the reason why weather forecasts are pretty bad,
at least in Denmark.
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Figure 1. Left column: magnetic field lines at different times at low resolution (64 x 64
meshpoints). Right column: magnetic field lines at different times at higher resolution (128 x 128
meshpoints). This figure is taken from ref. 14.

Navier-Stokes and MHD. But it nicely illustrates the behaviour of a system in which
numerical simulations are made difficult by the effect of a huge number of couplings
between the different length scales. Also, real world conservation laws (energy, helicity)
are buildt into the model.

To motivate the model, let us mention that in the Navier-Stokes eguations and
MHD one has terms like

(vV)v, V x(vxB), {BV)B, (22)
etc. In Fourier space they e.g. have the form
WV)v = [ @pup)p: — ks (p ~ k). (23)

Experience with numerical simulations show that the largest contributions come from
triangles in k—space with similar side lengths. This is taken as a “phenomenological”
input in the shell model.
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At this stage, for numerical purposes, one would discretize k—space. In the shell
model one of the basic ingredients is a hierachical structure, where |k |-space is divided
into shells

kn = A"ky, n=1,2,..,N. (24)
Here ) is often taken to be 2. There furthermore exists a complex “velocity mode”
v =V(k,), which can be considered as the Fourier transform of the velocity difference
v(|x| + 2m/X) — v(|x])|. Since kn increases exponentially, it covers a wide range of
corresponding length scales. The model then assumes couplings between neighbours
and next nearest neighbours,

=2
(VV)V—) Z Cij ’Un+2‘klnvn+j, (25)

ij=~2

where the sum is over neighbours and/or next nearest neighbours to n. The couplings
C;; in this sum should be made such that energy is conserved in the absence of diffusion.
Thus, energy conservation

/(Uz + BZ)dSm = const (26)
now corresponds to
n=N
Z(]’UHIZ + |Bn|2) = const. (27)
n=1
Thus, we need to satisfy
n=N
Z ( d;{ + B, df + complex conj. ) =0, (28)

n=1

where, as before, £ is the conformal time, £ = fdt/R(t). In this approach the vectorial
character is thus lost, but the conservation of energy is kept as an essential feature.
We should now find equations for the time derivatives respecting the conservation
of energy. Taking into account some factors from genera relativity in an expanding
universe (the expansion factor as well as the energy density and pressure) we get'*

Bd"/n/dt = ika (A+O)( n+1'”n+2 B 1 Briya)
+iky (B — ?C)( n— 1”n+1 B 1B (29)
—ikn(3B + 1A) (W _ov5_1 — Br 2B 1),

dB,/dt = ikn (A 3 C)(Wnt1Brya = Briitnia)
-Hk"1(B + 3C)vn_1 By i1 — BroyVinia) (30)
““Cn(EB - ZA)('U;—zB;—l - By _,vh_1),
where with A, B, C arbitrary constants energy is conserved. In 3+1 dimensions, mag-
netic helicity is also conserved. In the continuum helicity is given by

H= / d*z AB, (31)
where A is the vector potential. This conservation is trivia in 2+1 dimensions, since

there H = 0. To mimic conservation of H in the shell model we require that the
quantity

N
Hopen = »_(=1)"k;" B} Bn (32
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Figure 2. Spectra of the magnetic energy at different times. The straight dotted-dashed line gives

the initial condition (t, = 1), the solid line gives the final time (t= 3 x 10%), and the dotted curves

are for intermediate times (in uniform intervals of Alog(t—to) = 0.6). A=1 B= -1/2, and C = 0.
This figure is from ref. 14.

is conserved. The reason is that ki B, is like the vector potential. The factor (-1)"is
a more “phenomenological” factor. The corresponding conservation in hydrodynamics
([ v(V x v)dz =congt) has been studied, and it was found that the integrand oscillates
in sign. This is then taken into account in the shell model by the oscillating factor.

The requirement that helicity is conserved thus corresponds to taking into ac-

count 3+1 dimensions, and it leads to the following values for the otherwise arbitrary
constants A, B, C,

A=1, B= -1/4, C = 0. (33)

Using these values, we have 2N coupled set of equations. In our calculations we took
N =30, corresponding to solving 60 coupled equations. The resulting spectra at differ-
ent times are shown in fig. 2. Again we see a nice inverse cascade, because as functions
of the comoving wave vector k the spectra clearly move towards k= 0.

To give a more precise picture of the change of the spectrum towards large dis-
tances, we also computed a correlation length defined by averaging over the magnetic
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Figure 3. The correlation length (the “integral scale’) as a function of time. The two curves are for
dightly different models. This figure is from ref. 14.

energy density,
-1
b= / dk%g(k,t) { / dk £(k,t)} . (34)

In turbulence theory this quantity is called the “integral scal€”. It is a measure of the
characteristic size of the largest eddies of turbulence.

The result is shown in fig. 3. We see that initidly the system moves extremely
rapidly towards larger scales. Clearly MHD (in the shell version) does not like the
initial Gaussian random state for the magnetic field! The scaling arguments in eg. (18)
predicts an increase in the eddy size like t®2. This cannot directly be compared to the
integral scale g, since the integrations in eq. (33) are limited by an ultraviolet cutoff,
which also becomes scaled. However, a fit in ref. 14 gives lo~ t%%, if the steep initial
increase in fig. 3 is ignored. Taking into account some uncertainty in the fitting, this
is in good agreement with the scaling in eq. (18).

EFFECTS OF DIFFUSION: SILK DAMPING

The effect of diffusion has been ignored in the above discussion, except as a short
distance cutoff in the numerical calculations. However, this is not redlistic, as was
pointed out by Siegl, Olinto, and Jedamzik'®. This is connected to Silk damping,
which occurs in the charged plasma because radiation can penetrate the plasma and
carry away momentum by scattering off the charged particles. Around the time of
recombination photon diffusion became very important and corresponded to a very
large photon mean free path. The diffusion coefficient is proportional to the photon
mean free path, and hence photon diffusion at that time cannot be ignored®. In a linear
approximation of MHD it was clearly demonstrated that the magnetic field must be
destroyed, the magnetic energy beeing turned into heat®®. Silk diffusion would therefore
remove the hope of understanding primordial magnetic fields from most points of view!

All hope is not lost, however, since the non-linear inverse cascade, discussed in the
previous section, counteracts Slk diffusion. While the latter is buzy removing magnetic
energy at shorter scales, the former is active in removing the energy frorn these scales
to large scales. As we have seen in fig. 3, this happens very quickly. Therefore,
without doing any calculations it is clear that these two mechanisms compete against
one anocther.

To be more precise, numerical simulations are needed. This was done by Branden-
burg, Enquist, and me™®, and the result is that even if Silk diffusion is included, the
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inverse cascade is strong enough to make the magnetic field survive, at least until close
to recombination. This should be enough for the dynamo effect to start to operate. We
refer to the original paper'® for a full discussion of this.

CONCLUSIONS

In conclusion we mention that there are several particle physics models which can
produce primordial magnetic fields. Of course, they are based on assumptions which
may not turn out to be ultimately true. For example, there may not be a first order EW
phase transition, superconducting or ordinary cosmic strings may not exist, etc. etc.
So when the dust settles, there may not be so many mechanisms which survive. Also,
it should be remembered that without the inverse cascade, there is no hope to produce
large enough background fields (this does, of course, not apply to the inflationary
mechanism), and it may be that for some or al of these models, the inverse cascade is
not large enough.

Thus, in estimating the effect of various models one should take into account the
combined effect of the inverse cascade and Silk diffusion. This will perhaps require
rather complicated numerical calculations, athough some results might conceivably be
obtained or guessed from simple scaling arguments, as discussed in ref. 13.

Finally, we mention that there is a very interesting proposa for direct observation
of a primordial background field’. The idea is that gamma rays arising from strong
sources can scatter in a background field, making pair production and delayed pho-
tons. The spectrum of these photons could then be observed, provided the field is of
order 1074 G or larger V. If this is technically feasible, important information on the
spectrum would be obtained, which could then be compared with different models.
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INTRODUCTION

Recently there has been a lot of papers on matrix models and superstrings, induced
by the work of Banks, Fischler, Shenker, and Susskind (hep-th/ 9706168). | refer to
Makeenko's talk at this meeting for a general review of this subject.

Most of the work* reported in this talk has been done together with Fayyazuddin,
Makeenko, Smith, and Zarembo'. As explained in Makeenko's (virtual) talk at this
meeting, we started from the work by Ishibashi, Kawai, Kitazawa, and Tsuchiya?, who
proposed that type |IB superstrings in 10 dimensions are described by the reduced
action,

Sucr = (=3¢ [y AP = 1T (GD¥14,,0) ) ®

where A and Y, are n x n matrices. A sum over n is implied, with weight exp(—pn).
Later the sum over n has been replaced by a double scaling limit3.

In our papert we discussed various problems associated with eq. (1), and we
proposed a different model with action

Snpr = *%Tf (Y AL AP) +V(Y) - %TT (YT [ Ay, 9)), @)
where the potentia is given by
V(Y)=8TY +~TrlnY. ©)

The partition function is thus given by

Z= f dA,dypdY e~ Ser, 4)

* The paper in reference 1 has been published in Nuclear Physics B. Unfortunately, the editors of that
journal used an early draft of the manuscript, which contained several typhos. For this reason |
cannot recommend the published version, but refer to the version in the Archives.

New Developments in Quantum Field Theory
Edited by Damgaard and Jurkiewicz, Plenum Press, New York, 1998 171



We select the constant yin such a way that the result of the Y-integration is as close
to the superstring as is possible. This turns out to mean

1

’Y:n_"é» (5)

as we shall see later.

Physically the model Syg, is motivated by a GUT scenario: Suppose one has a
field theory valid down to the GUT scale. Then, in our model the group is SU(n),
with n large. As we shall see, this type of GUT model then leads to superstrings if
n - oo, For nfinite, supersymmetry is broken, as is expected for energies below the
GUT energy. Thus, superstrings can emerge from a GUT type of model. Of course,
the model with action Syg, is not a redlistic GUT model.

Under the SUSY transformations

0 = 20V (A AYT™e, 04, =iy, ©)
the action transforms like
8Supr o €A T (i (DT TM T pen{[Aay Agls [Ap, Y} . (M

It can be shown that
6Snpr — 0 for n — oo, 8

so the action is supersymmetric in the limit n - oo, but for finite n the symmetry is
broken.

THE Y-INTEGRATION
The integration over Y can be done exactly. Consider
- /dY exp (=3I (Y1) — Y =9 T Y), 2 = (4, AP (9)

The “angular” integration is of the Itzykson-Zuber type, so we get

i=n

- —a ¥ 2B i i Iny:
F(z) = const. H/dylA(l/y AGD e . (10
Here the z;’s and y; 's are the eigenvalues, and

Az) = I—‘[(z1 - ;) = dkeit zh1 (11)

i>j

is the Vandermonde determinant. We only integrate over the positive eigenvalues of Y.
Thus we get

A2 F(z) = const./ deg Yi 1]:[(1/1 — ;) e7*% /=P Tipimr T lons, (12)
0y

i>j

This can be rewritten as a determinant

AY | k1 —a?/ay-
2 — k—1_—az?/4y—By
A(2*)F(2) = const. d}?it/ \/yy e
by OF1 T Jale
= const. dkeit [(—1) - 2551 (1 /E e~V z.)] . (13)
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Here z; is by definition the positive square root of 22. This determinant can be evaluated
using basic properties of determinants, and the result ist

A(Z)F(2) = const. A(z) e~ VP Tix, (14)

This result is exact, and hence it is valid for any n.
The sum over eigenvalues in the exponent has the following interpretation,

O+ gy

Zz, Z\/- 4z\/_/ B2 zzetz?’ (15)

where we used an integral representation of the square root. Thus,

1 O g 2
;z,- = W/_w ais T exp(=t{A, AP) = Tr /- [Ay, AP, (16)

valid in Euclidean space.
The partition function therefore becomes

Z = / dAupaY exp (ST {4, AF) ~ 6 TV — 5 TrinY)

A dip o -
= const. /H1>1 s+ 7) exp (—\/@ Try/—[A,, A2 — -iTr (d)F“[A,L,lﬁ])) .

(17)

This is the exact result of the Y-integration. In order to get the sguare root it is
important to use the value of y given in eg. (5).

This result can be expressed in an aternative form, at the cost of introducing an
auxillary Hermitean field M. We use the identity

ﬁ——é-—-ﬁ-—z—j = const.\/detz/ dMe™ ™ ”Mz, (18)
A

to obtain

1/2
Z = const. / dA.dpdM (det —[A,“A,,]Z)

xexp( ( (Vap+ M) /—[A,, A2 ) —%T\r (zZF”{Awb])) (19)

The field M is essentialy trivial, with a “classical equation of motion” M = 0.

ON THE WEYL REPRESENTATION AND THE APPROACH OF THE
COMMUTATOR TO THE POISSON BRACKET

The square root occuring in the result above is somewhat reminisent of the Nambu-
Goto square root. If we could replace the commutator in the square root in eq. (17) by
the corresponding Poisson bracket, we would have a partition function which is very
similar to the one for the superstring.

This problem has been discussed by Hoppe#, and in different settings by a number
of other authors 5.6.7 . It turns out that making some assumptions, one has the limit

“lA,B] —i{A,B}ps “, for n — oo. (20)
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Here {, }pg denotes the usua Poisson bracket.

We refer to the literature for a detailed discussion. Here we shall follow Bars?, and
consider a torus (although this restriction is probably not important®). The case of a
sphere was discussed in ref. 5. A Hermitean matrix can be expanded in a Weyl basis,

(A= C1 Y als(h)i, with k= (ky, ky). 1)
k
The matrix I, can be expressed in terms of the n x n (n =odd) Weyl matrices h and
g, which satisfy
B*=g"=1 and gh =whg, with w= """ (22)
The explicit form of these matrices are

h = diag(l,w,w?, ...,w™ 1)
g} = 6;+1, i=1,2,..,n—1, g} =0 except for gf = 1. (23)

The SU(n)-generators Iy are then constructed as

n
b= w2k gh, (24)
since the powers of h and g are linearly independent for k;, k, =1,2,...,n—- 1, are
unitary, close under multiplication, and are traceless. Using that
Tr hkigkz = nék,,g&w,o, (25)
we easily see that ,
n
Tr lp = W6k+p,0- (26)
Thus the expansion coefficients in eg. (21) are given by
- . (4mp?
a‘up = (aﬁ) = n301 Tr (lPAN) (27)
Also, from the relation
glmhkz = wkxkzhkzgkl (28)
we get
no, 2T
[lp, ] = by Sin (FP X k) lp1k, (29)
where
p X k = piky - k1ps. (30)
Using the expansion (21) we get
; n o, 2m ;
(A A = OF S in (%5 xa) Gpralt. (@)

This can be compared with the similar expression for the string variables X, (o, 7),
where we have the expansion

Xuloym) =Co Z ap exp(iomy + iTmy), (32)

m
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leading to
{Xu X, }on = C3 Y abal (p x ) exp(i(p + o). (33)

p.qa

Now it is clear that if

b ¥ oS 2

modes modes

then we have by use of (26)
Tr [A,, AJ)* — const. /dadT{Xu,X,,}2 for n— oo. (35)

It is obvious that the commutativity (34) is only valid if the infinite modes are unim-
portant. This is, however, not true e.g. for the bosonic string. If we fix the end points
of this string at some distance, then there is a critical distance (essentialy the inverse
tachyon mass) at which the string oscillates so wildly that this behaviour can only be
reproduced with an infinite number of modes. Below this distance the “string” becomes
a branched polymer, and hence is no longer a string.

For superstrings this problem does not arize, and hence there is at least no obvious
reason why the limits cannot be intechanged as in eq. (35). In the following we assume
that eq. (35) is correct for type 11B superstrings.

Since we are interested in the square root of the squared commutator, the result
(35) is not enough. Using eq. (26) and repeated applications of the formula

Il = (n/47) exp(2mi(m x r)/n))n e (36)
one can easily derive

Tr by bmg--lmy = P{n/AT)* Smytmat..4me,0s OF 7 — 0O (37)

to leading order in n. Using this in eg. (16) we obtain

1 fOh g
Tr y/—[A,, A2 = v /_m mTr exp(—t[A,, A}

1O g .
— m/_w tT/E/dadTexp(t const.{X,, X, }¢5)

= const. /dadﬁ/ {Xu, X, }2g for n — co. (38)

Thus we see that in the leading order the Nambu-Goto square root arises as the limit of
the sguare root of the corresponding commutator. However, it should be remembered
what was said before about strings with tachyons. They do not alow the interchange
of limits as in (34), and hence the result (38) is not valid in that case™ .

T For such strings where the end points are actually separated by a large distance, the interchange of
limits in (34) is probably alowed. Thus at large distances the string picture is most likely right for
the NBI matrix model even without supersymmetry. At shorter distances near the critica one, this
picture breaks down, and the sine function in (31) cannot be approximated by its first term in a
power series expansion.
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TYPE 1IB SUPERSTRING FROM THE NBI MATRIX MODEL
We can now summarize our results in the following rather long formula,

/ dA,dpdY exp (%my—lmm AJD) =BT - (n— -;-) Trin y)

Z

1/2
= const.fdAHdde (det —[AM,A,,P)

X eXp (—Tr ((\/oz_ﬁ+ M?) —[Au,AuF) - %Tf (@F”[Amw]))

p— / X, dpd M (det NS Xu}z) v
X exp (— / dodr ((\/oz_ﬂ + MY (X X} - %Of(iF”{Xu,w}))) ,

where the last expression is valid for n — . In this expression the fields ¢ and M
have expansions similar to egs. (21) and (32), and some normalization constants have
been absorbed in a and B in the last formula above.

The functional integration over M in eg. (39) is just Gaussian and can of course
easily be performed,

z - const.de dy (det Y {X/“X" )

{Xu X}
xewp (- [aoar (VaByf0x X - B on,)). @

The two determinants in this expression arises from different types of Gaussian inte-
grations, the “det” beeing defined through eq. (18) and the subsequent limit n - oo,
whereas the “Det” determinant comes from the continuum integral over M. Naively
one would tend to identify these two determinants, so that the fraction containing them

is just one,

det ,/{X,L,X

Det/{ X, X, (41)
If so, the NBI action gives exactly the Nambu- Goto version of the Green-Schwarz type
1B superstring.

However, Zarembo® has pointed out to me that the situation can be more com-
plicated. For example, from eg. (18) one sees that the “det” determinant (= det zfor
n - o) is subdominant relative to the factor T](z + ) occurring in eq. (18), and
hence can be ignored in the limit n - oo. In this case, one has instead of (41)

det /X, X, 12 R 1
Det/{X,, X,12  Det/{X,, X.}* (42)

If so, the Det determinant survives in the measure. However, even if thisis so, this factor
is rather harmless: correlation functions are invariant, since the measure is multiplied
by a constant factor under reparametrizations. This factor does not depend on the
fields and cancels in the correlation functions®.

Perhaps the right answer depends on how exactly the continuum limit is con-
structed, because in order to interpret Det a regulator is needed.

It should also be mentioned that Chekhov and Zarembo'® have discussed models
somewhat different from the NBI model, and have also discussed the measure in more
details.
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A SADDLE POINT AND THE VIRTUAL EULER NUMBER

We shall now study the saddle point of the NBI action. By variation of the
A, fields we obtain the classical equation of motion

[Ays {Y_lr [Au, A} = 0. (43)
This equation was studied by Kristjansen and me!l. The solution is
(A, A,,]j = UMy in» (44)

where m,,,, is a matrix with repect to the space indices. In the saddle point the action
has the value
siaddle — (3 +m?,af/4) XY + (n— 1/2) TrinY. (45)

In order to have a non-trivial n — oo limit, it is necessary that a and B are of order n.
It should be stressed that this does not imply the usua classical limit in string theory,
as explained in details in ref. 11.

In addition to the terms exhibited above, there are of course subdominant terms
arising from the expansion of A, around the classical solution. These terms are ignored
in the following. Therefore, at the A, -saddle point we have the integral’! (a/n and
B/n are both of order one)

goaddlo _ /dYexp[—n {(B+m2,a/4)/n TrY +1t TrinY }, with +=1—1/2n. (46)

This functiona integral is of the Penner type!2. For the value of the parameter t needed
in the saddle point, the Y-integral actually diverges. However, by analytic continuation
4 la the gamma function for negative argument one can start by defining the integral
for negative t, and then ultimately continue back to positive t. It the turns out that
t= 1isacritica point, and in the vicinity of this point one can define a double scaling
limit with the “cosmological constant”

p=(1-t)n= fixed. (47)

We see that with the value of t given by eq. (46), u =1/2=fixed quite automatically!
Thus, we do not need to make any special assumptions in order to have this double
scaling limit in the NBI model.

What is the meaning of the Penner model in the double scaling limit? An asymp-
totic expansion in p can be made. Consider the “free energy” F, Z%%%® = | then

Fu) = Fo(u) + Fi(w) + D _ x> ™%, p=1/2. (48)

g=2

Here Xq is the “virtual Euler number” for moduli space of Riemann surfaces with genus
g, which is well known to be relevant for strings. One has'?

By,

= o2 )

where B,y are the Bernoulli numbers. These have positive sign, and blow up factorially,
so the sum defining F is not Borel summable. This is also well known to be the case
for genus expansion of string theories.
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The physical interpretation of this result is that the field Y captures the Euler
characteristic of moduli space of Riemann surfaces. Therefore it is quite likely that
the NBI model encodes non-perturbative information on Riemann surfaces generated
by moduli space. It should be remembered that in string theories one usually sum the
functional integral over g, however here this seems to be aready included. It must
be admitted that the virtual Euler number represents very global properties of moduli
space, and certainly more details are needed before one can claim a good understanding
of the non-perturbative nature of this model.

Recently Soloviev13 has commented on “a curious relation” between Siegel’s model14
of random lattice strings and the above saddle point approximation to the NBI model.
This comes about if one starts from Siegel’s T-self-dual matrix model

1
S=Tr <§<I>2 +n In(l - g<1>)> ) (50)

where @ is a Hermitean n x n matrix and g is a constant. It was then pointed out by
Soloviev!® that if one makes the substitution

gy =1-g9, (51)
and perform the limit n - o, g — 0, gn =fixed, then one obtains
S - nTr (const.Y + ninY) + irrelevant const.. (52)

This is, however, precisely the saddle point expression (46) for the NBI model. This
sadle point is therefore a weak string coupling limit of the Siegel matrix model 13. For
arbitrary coupling there is, however, an additional Y2term in the Siegel action, and
hence it was suggested that perhaps the potential (3) should have an additional TrY?
term!® . Of course, a similar statement can be made about the NBI model, where there
are various corrections to the saddle point expansion.
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QUANTUM MECHANICS OF THE ELECTRIC CHARGE

Andrzej Staruszkiewicz

Institute of Physics, Jagellonian University
Reymonta 4, 30-059 Krakéw, Poland

INTRODUCTION

P.A.M. Dirac described in his last published work! a certain representation of the
proper, ortochronous Lorentz grow up and added the following comment: “This is the
simplest example of a pathological representation of the Lorentz group. It may very well
be that this pathological representation is essential for the physics of the future. Then
one will be unable to make any important advance without it.” My aim in this paper is to
elucidate these prophetic words, namely to place Dirac's “pathological” representation

within the established body of knowledge and to reved its physical relevance.

GEOMETRY OF THE LIGHT CONE

To this end | have to describe the geometry of the light cone. This is a textbook

material 2 but unfortunately not known among the physicists.
The light cone is a figure in space-time given by the equation

kk= (A0 - (k1) - (k%)% - (52 =0, K°>0.
Its internal geometry consists of the following three elements:
the (degenerate) metric gu./dk“dk"lkkzo;
the projective distance aong the rays

dk?
0 3
k k1:k2:k3= const

the volume of the set of rays

A2k + k2 dk3dk'] + k3 [dk' dk?]
70 '

1
=L
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The invariant volume (K k2
dk'dk*dk
w=
can be written as the outer product of the projective distance aong the rays and the
volume of the set of rays:

_ [dkdk2dk?)  rdk®
= g = ]

UNITARY IRREDUCIBLE REPRESENTATIONS OF THE PROPER,
ORTOCHRONOUS LORENTZ GROUP

These representations have been discovered by Gelfand and Neumark 3 and by
Harish-Chandra® who was a student of Dirac5. They consist of the main series
and the supplementary series 2 . Representations from the main series are spanned by
positive frequency solutions of the wave equation COf = 0, which are homogeneous of
degree —1 — iv, where vis a real number:

fz) = A"1""f(z) forall X>0.
They can be represented as

f@) = [ dke = f(k),
where the function f(k) is homogeneous of degree —1 + iv. Hence the scalar product

1) = [ @EFR () = [ IR

is manifestly Lorentz invariant and positive definite. The supplementary series is ob-
tained by putting v=+io, 0 <o < 1. We choose v = +io to increase the rea part of
the degree of homogeneity i.e. to make the process more diffuse or less well localized
in space-time. The scalar product for the supplementary series 2,

1) = | G T,

is manifestly Lorentz invariant. Its positivity, however, is not obvious at al. It can be
proven as follows.
Introduce the spherical coordinates

H=w, k=wn, i=1,23,

where n is the unit Euclidean vector orthogonal to the sphere (k/k°)2 + (k¥k0)2 +
(k¥/k%)2 = 1. Then

Jk) = w77 f(n)
= w—l—a Z flmy:m(n)

The invariant kernel (kl)°-1 reproduces the spherical functions Y, ,(n). Hence

ri+1—o)l
i =2 > L TI+TT U)F if:ml

which is obviously positive definite for 0 < o< 1.
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THE LIMIT =1

The scalar product for the supplemantary series remains well defined for o=1
but ceases to be positive definite:

limy(71f) = [ @reFEL Q) = | [ s )]

Only the spherically symmetric part has a nonvanishing norm! Assume, however, that
J d2kf(k)= 0. This is a Lorentz invariant condition because for o = 1 f(k) is homo-
geneous of degree —2. Divide the norm [f|f0 1 — o and work out the limit o - 1
from de |’Hopital’s rule; the result is

Iimm =

o+l11 —¢

- / @kd?L In(kD) TR £(0)
1 2
= 4”% mlffm’ .

It is thus seen that for 0 = 1 we have two scalar products: the degenerate scalar product
2
(Hhw =| [ s (o)

applicable for al states f(k) and the positive definite scalar product
(e == [ ErdtmEDFE )

applicableiif and only if f d?kf(k) = 0. If J d>kf(k) # 0, the symbol [F|f ) is obviously
meaningless.

The representation with o= 1 is exactly Dirac’'s “pathological” representation.
There is, however, nothing pathological about it. It is an infinite-dimensional analogue
of the Galilean structure of space-time well known from the classical Newtonian me-
chanics. In the Newtonian mechanics there are aso two measures of distance: the lapse
of the Newtonian time, which is applicable without any restrictions and the Euclidean
distance along the hyperplanes of simultaneity; for events which are not simultaneous
the Euclidean distance cannot be defined.

THE PROBLEM OF CHARGE UNIVERSALITY

The electric charges of al elementary particles are exactly the same. In the case
of the electron and the proton their charges are of equal magnitude with experimental
accuracy like 1 : 1072L. It is completely obvious that coincidence of two independent
guantities, which holds always and with such fantastic accuracy, is a manifestation of
some deep law of Nature. Recall, for example, that inertial and gravitational masses
of macroscopic bodies are equal with accuracy like 1 : 10-12 and this gave rise to the
Genera Theory of Relativity.

There are many statements in the literature on the problem of charge universality
but they are not realy helpful. Heisenberg said in the early thirties that to understand
the charge universality it is necessary to have the theory of elementary particles, some-
thing we do not have even now ® . Weinberg said roughly the same 50 years later during
the 2" Shelter Island conference 7.

Heisenberg might after all be right, but the argument implicit in his statement is
plainly wrong. To see the falacy in Heisenberg's argument consider another physical
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quantity which is exactly the same for the electron and the proton: the spin. It is cer-
tainly curious that two completely different objects rotate always so that they produce
exactly the same amount of angular momentum. Someone ignorant of the group theory
of angular momentum could repeat verbatim Heisenberg's argument, replacing only the
word “charge” by the word “spin”. In reality, however, to understand the universality
of spin it is enough to know elementary quantum mechanics of angular momentum, as
described e.g. in the third chapter of the Condon and Shortley’s book. The falacy in
Heisenberg's argument is thus seen to consist in this: Heisenberg assumes implicitly
that the electric charge is a dynamical quantity, ignoring the possibility that it is, like
spin, a purely kinematical property of space-time.

In the next section | will try to justify the following statement: the *pathological”
representation of P.AM. Dirac is the mathematical structure underlying the electric
charge. This statement has exactly the same meaning as the statement that the SU(2)
group is the mathematical structure underlying the spin.

The relevance of the “pathological” representation can be seen as follows. for
o = 1 the degree of homogeneity is exactly zero. Thus the representation describes
a phenomenon completely insensitive to increase of distance from some fixed origin,
which is the basic property of the electric charge as determined from the Gauss law.

THE STRUCTURE OF THE ELECTROMAGNETIC FIELD AT THE
SPATIAL INFINITY

The structure of the electromagnetic field at the spatial infinity has been described
by Alexander and Bergmann 8. It can be summarized as follows. At the spatid infinity
the field Fyy, (x) is homogeneous of degree —2:

F,(z) = A%F,(3), AuAz)=X1""4,(z) forall A > 0.

XV F(x) and (1/2)e""" x, Fis(X) are gradients of homogeneous of degree zero solutions
of the wave equation:

xVFuv(w) = uc(z)i (l/z)eﬂupaqupa(x) = 3/‘Lm(m) »
Oe(z) = 0, e(z) = a*A,(x), Om(z) =0,
e(Az) = e(z), m(iz) = m(z) for all A > 0.
A simple argument given in 9 shows that it is prudent to put m(x) = O. In this way the
following statement is seen to be true: the electromagnetic field at the spatial infinity

is completely determined by a single, homogeneous of degree zero solution of the wave
equation. This is exactly Dirac's “pathological” case.

QUANTUM MECHANICS OF THE ELECTRIC CHARGE

Basing upon the above observations | proposed some time ago 1° the following
Quantum Mechanics of the Electric Charge:

(@, S(x)] = te,

S(z) = —ex”A,(z). (h=c=1)

Here Q is the operator of the total electric charge, eis a constant and A, (x) is the
homogeneous of degree —1 part of Maxwell’s field. This is a closed kinematical scheme
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akin to the theory of angular momentum. It looks very simple and certainly falls short
of anything, which either Heisenberg or Weinberg could have in mind. For this reason
| would like to elucidate the epistemological status of both equations.

The eguation [Q, S(x)] = ie, where S(x) is a phase i.e. a field such that the
linear combination eA, (x) + 9,S(x) is gauge invariant, is a theorem in QED 10. In
my present context it is simply an implicit definition of the constant e. Hence it is
completely unambiguous.

The equation S(x) = —exi A, (X) is a hypothesis, which identifies the phase at the
spatial infinity. It cannot be derived from anything more fundamental. Let me elucidate
the nature of this hypothesis. The potential A, (x) is measured in the Gaussian units
while the phase S(x) is measured in radians. Hence there must be a constant which
converts the Gaussian units into radians, just like the constant c converts seconds
into centimeters. This follows from the dimensional analysis and per se contains no
assumption at al. The hypothesis consists in the assumption that the constant e in the
equation [Q, S(x)] = ieis identica with the constant ein the definition of the phase
S(x) = —ext Ay (X

Let me give some circumstantial evidence that this hypothesis is indeed true.
Interaction of the classical charge Q with the potential A, (x) is described by the action

—Q [ Au(w)itds.

Here Q is a constant i.e. a parameter in the Lagrangian. Assuming, in the spirit of the
present theory, that Q is a dynamical variable | put it behind the sign of integral:

- / QA (x)i ds + ... .

Dots denote additional terms which must be there to make the action gauge invariant.
| omit them since they are purely hypothetical and not relevant for my present purpose.
Integrating by parts and dropping the total derivative | obtain the action

/(Q'A#x“ +QA,z")ds .
Hence the momentum canonically conjugated with the total charge Qis
oL
pa =55 =~ Aula).
The minus sign must be there because | use the space-time metric with the signature
(+ ——-); hence p, = —0L/di#. Imposing the canonical commutation relation

[prQ] =i= [Q’ _IPAM("L‘)]

| see that it will be consistent with the theorem [Q, S(X)] = ie if S(x) = —exHA,(X).
The phase S(x) = —ex+ A, (x), where A, (x) is the homogeneous of degree -1
part of Maxwell's field, contains only infinitely slowly oscillating part of the field. Is
it justified to treat such an infinitely soft object as. a quantum object satisfying the
commutation relation [Q, S(X)] = ie? The answer is emphatically yes! Berestetsky,
Lifshitz, and Pitaevsky ' say that the field F,, (x) is approximately classica if (& =

l1=c)
2
(A2®) VFR + P+ Py > 1.

Here AXO is the observation time over which the field can be averaged without being sig-
nificantly changed. Fields Fu(x) homogeneous of degree —2, which are emitted when a
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charge Q changes its four-velocity, are localized entirely outside the light cone. This may
be seen in each textbook of QED dealing with the so called infrared catastrophe. Hence
AX° is limited by the opening of the light cone: [Aa®] < 2r, r = /(21)2 + (22)2 + (2%)2.
The field is simply the Coulomb field Q/r2 multiplied by a kinematical, velocity depen-
dent factor, which is clearly irrelevant for the present analysis, and which can be made
of order 1 by a suitable choice of the velocity change. Hence the Berestetsky, Lifshitz,
and Pitaevsky inequality takes on the form

(27")2|—er—' >1

i.e
lQl> 1,
which certainly does not hold for a single electron, for which

<

=

Q] =

3-

The experimentally observed value of the fine structure constant shows beyond any doubt
that the phase at the spatial infinity, S(x) = —ex* A (x), isnot a classical object.

THE SPECTRAL CONTENT OF THE COULOMB FIELD

There are big books on the guantum mechanics of angular momentum. | could
write an even bigger book on the Quantum Mechanics of the Electric Charge, because
it contains the theory of angular momentum as a part. | imagine, however, that this
would not be very interesting. The really interesting question is whether this theory
says something about the magnitude of the constant e. It turns out that it does,
although the results | have obtained up to now are of a very peculiar nature.

It is possible to associate with each four-velocity u astate |ulJ, which is an eigenstate
of the total charge Q, Q|uld= e|u[ is sphericaly symmetric in the rest frame of u and
contains no transversal excitations. These three properties determine uniquely the state
|ud which is the quantum counterpart of the classical Coulomb field moving with the
four-velocity u. In 12 | proved the following theorem: the state |[ul] when decomposed
into irreducible unitary representations of the proper, ortochronous Lorentz group,
contains

— only the main seriesif €2 /> 1;

— the main series and a single representation from the supplementary series with
1 e? e?
== w2 (g _ 2.

Cy 2M,,.,M po ( F)

if 0 < e?mt< 1. The scaar product, which corresponds to this particular value
of the Casimir operator C4, is

dPhd?l <
(flf)y= Wf(k)f(l)'

Thus et is the (1 — o) of mathematicians. The proof of this theorem is based
on anaytical properties of a new class of specia functions; this might indicate
that | am covering here a completely new ground.
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INTRODUCTION

It is generally accepted that QCD with two massless quarks undergoes a chiral
phase transition (see reviews by DeTar! , Ukawa and Smilga® for recent results on this
topic). This leads to important observable signatures in the real world with two light
quarks. The order parameter of the chira phase transition is the chiral condensate
W0 Below the critical temperature chiral symmetry is spontaneously broken with
WOz 0. One consequence is that parity doublets are absent in the hadronic spectrum.
For example, the pion mass and the d mass are very different. To a good approximation,
as dictated by the Goldstone theorem, the pion is massless. According to lattice QCD
simulations, chirad symmetry is restored for T > T, where @ O= 0.For two light
flavors the critical temperature is expected to be T, = 140 MeV. In the restored phase,
parity doublets are present, and a massive pion is degenerate with the g-meson. It is
well known that the QCD Lagrangian has two chiral symmetries: the U, (1) symmetry
and the SU(N;) x SU(N;) symmetry. As was in particular pointed out by Shuryak*
not necessarily both symmetries are restored at the same temperature®>. This may lead
to interesting physical conseguences.

According to the Banks-Casher formula®, the chiral condensate is directly related
to the average spectral density of the Dirac operator near zero virtuality. However,
the eigenvalues of the Dirac operator fluctuate about their average position over the
ensemble of gauge field configurations. The main question we wish to address in these
lectures is to what extent such fluctuations are universal. If that is the case, they do
not depend on the full QCD dynamics and can be obtained from a much simpler chiral
Random Matrix Theory (chRMT) with the global symmetries of the QCD partition
function.

This conjecture has its origin in the study of spectra of complex systems?. Ac-
cording to the Bohigas conjecture, spectral correlations of classically chaotic quantum
systems are given by RMT. A first argument in favor of universality in Dirac spectra
came from the analysis of the finite volume QCD partition function8. As has been
shown by Gasser and Leutwyler®, for box size L in the range

/A L < 1/my, (1)
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(A is a typical hadronic scale and my is the pion mass) the mass dependence of the
QCD partition function is completely determined by its global symmetries. As a con-
sequence, fluctuations of Dirac eigenvalues near zero virtuality are constrained by, but
not determined by, an infinite family of sum rules8 (also called Leutwyler-Smilga sum
rules). For example, the simplest Leutwyler-Smilga sum rule can be obtained from
the microscopic spectral densityl0 (the spectral density near zero virtuality on a scale
of a typical eigenvalue spacing). On the other hand, the infinite family of Leutwyler-
Smilga sum rules is not sufficient to determine the microscopic spectral density. The
additional ingredient is universality. A priori there is no reason that fluctuations of
Dirac eigenvalues are in the same universality class as chRMT. Whether or not QCD is
inside this class is a dynamical question that can only be answered by full scale lattice
QCD simulations. However, the confidence in an affirmative answer to this question
is greatly enhanced by universality studies within chirad Random Matrix Theory. The
aim of such studies is to show that spectral fluctuations do not depend of the details of
the probability distribution. Recently, it has been shown that the microscopic spectral
density is universal for a wide class of probability distributiong®: 1213, 14,15, 16 \\/e will
give an extensive review of these important new results.

The fluctuations of Dirac eigenvalues near zero virtuality are directly related to the
approach to the thermodynamic limit of the chiral condensate. In particular, knowledge
of the microscopic spectral density provides us with a quantitative explanation” of finite
size corrections to the valence quark mass of dependence of the chiral condensatel® .

Because of the U, (1) symmetry of the Dirac operator two types of spectral fluc-
tuations can be distinguished. Spectral fluctuations near zero virtuality and spectral
fluctuations in the bulk of the spectrum (Actualy, there is a third type: spectral fluc-
tuations near the end-points of lattice QCD Dirac spectra. However, this region of the
spectrum is completely unphysical, and it will not be considered in these lectures.)

Recently, it has become possible to obtain all eigenvalues of the lattice QCD
Dirac operator on reasonably large lattices!® 2, making a direct verification of the
above conjecture possible. This is one of the main objectives of these lectures. This is
easiest for correlations in the bulk of the spectrum. Under the assumption of spectral
ergodicity  eigenvalue correlations can be studied by spectral averaging instead of
ensemble averaging?® 2. On the other hand, in order to study the microscopic spectral
density, a very large number of independent gauge field configurations is required. First
lattice results confirming the universality of the microscopic spectral density have been
obtained recently20.

At this point | wish to stress that there are two different types of applications of
Random Matrix Theory. In the first type, fluctuations of an observable are related to
its average. Because of universality it is possible to obtain exact results. In general,
the average of an observable is not given by Random Matrix Theory. There are many
examples of this type of universal fluctuations ranging from atomic physics to quantum
field theory (a recent comprehensive review was written by Guhr, Miller-Groeling
and Weidenmdiller24). Most of the examples are related to fluctuations of eigenvalues.
Typical examples are nuclear spectra?s, acoustic spectra®® resonances in resonance
cavities?”, S-matrix fluctuations2 2° and universal conductance fluctuations®. In these
lectures we will discuss correlations in the bulk of Dirac spectra and the microscopic
spectral density. The second type of application of Random Matrix Theory is as a
schematic model of disorder. In this way one obtains qualitative results which may be
helpful in understanding some physical phenomena. There are numerous examples in
this category. We only mention the Anderson model of localization3!, neural networks®,
the Gross-Witten model of QCD3 and quantum gravity®*. In these lectures we will
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discuss chiral random matrix models at nonzero temperature and chemical potential. In
particular, we will review recent work by Stephanov®on the quenched approximation
a nonzero chemical potential.

At nonzero chemical potential the QCD Dirac operator is nonhermitean with eigen-
values scattered in the complex plane. As was first pointed out by Fyodorov et al .36,
this leads to the possibility of a new type of universal behavior. Characteristic fea-
tures of Dirac spectra will be discussed at the end of this lecture. For a review of
nonhermitean random matrices, we refer to the talk by Nowak® in these proceedings.

In the first lecture we will review some general properties of Dirac spectra including
the Banks-Casher formula. From the zeros of the partition function we will show that
there is an intimate relation between chiral symmetry breaking and correlations of
Dirac eigenvalues. Starting from Leutwyler-Smilga sum-rules the microscopic spectral
density will be introduced. We will discuss the statistical analysis of quantum spectra.
It will be argued that spectral correlations of 'complex’ systems are given by Random
Matrix Theory. We will end the first lecture with the introduction of chird Random
Matrix Theory.

In the second lecture we will compare the chira random matrix model with QCD
and discuss some of its properties. We will review recent results that show that the
microscopic spectral density and eigenvalue correlations near zero virtuality are strongly
universal. Lattice QCD results for the microscopic spectral density and correlations in
the bulk of the spectrum will be discussed in detail. We will end the second lecture
with a review of chird Random Matrix Theory a nonzero chemical potential. New
features of spectral universality in nonhermitean matrices will be discussed.

THE DIRAC SPECTRUM
Introduction
The Euclidean QCD partition function is given by
Zgep(m, 0) = / dA det (YD + m)e~Svm/h+iov, o

where yD =y, (0, + iA,) isthe anti-Hermitean Dirac operator and Syy is the Yang-
Mills action. The integral over field configurations includes a sum over al topological
sectors with topological charge v. Each sector is weighted by exp(i 8v). Phenomenolog-
icaly the value of the vacuum B-angle is consistent with zero. We use the convention
that the Euclidean gamma matrices are Hermitean with {y, , y,} = 28v. The inte-
gra is over al gauge field configurations, and for definiteness, we assume a lattice
regularization of the partition function.

Our main object of interest is the spectrum of the Dirac operator. The eigenvalues
Ak are defined by

¥Déy, = iAxdy. (3
The spectral density is given by
PA) = 228(A = M- (4)
k

Correlations of the eigenvalues can be expressed in terms of the two-point correlation
function

p2(2, N) = (p(N)p(X)), (%)
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where [. . .Odenotes averaging with respect to the QCD partition function (2). The
connected two-point correlation function is obtained by subtraction of the product of
the average spectral densities

pe(X ) = pa(X, X) = (p(A)) {o(X)). (6)

Because of the U, (1) symmetry

{ys,yD} =0, @)

the eigenvalues occur in pairs + A or are zero. The eigenfunctions are given by @,
and ysq, respectively. If ys@k = + @, then necessarily A = 0. This happens for a
solution of the Dirac operator in the field of an instanton. In a sector with topological
charge v the Dirac operator has v exact zero modes with the same chirality. In order
to represent the low energy sector of the Dirac operator for field configurations with
topological charge v, it is natural to choose a chiral basis with n right-handed states
and m = n + v left-handed states. Then the Dirac matrix has the block structure

(U
(T? 0)* (C)

where Tisan n x mmatrix. For m=2and n= 1, one can easily convince oneself
that the Dirac matrix has exactly one zero eigenvalue. We leave it as an exercise to the
reader to show that in general the Dirac matrix has |[m — n|zero eigenvalues.

In terms of the eigenvalues of the Dirac operator, the QCD partition function can
be rewritten as

Zaep(m,8) = 3 & [ mly! / AT IO + m2)eSvm/r )
v f v f &

where [, dA denotes the integral over field configurations with topological charge v,
and [ is the product over N flavors with mass m;. The partition function in the
sector of topologica charge vis obtained by Fourier inversion

Z,(m) = — [T dge- 7, 0 (10)
u(m)—27r | dbe qen(m, 9).

The fluctuations of the eigenvalues of the QCD Dirac operator are induced by the
fluctuations of the gauge fields. Formally, one can think of integrating out all gauge
field configurations for fixed values of the Dirac eigenvalues. The transformation of
integration variables from the fields, A, to the eigenvalues, A , leads to a nontrivia
"Jacobian”. Universality in Dirac spectra has its origin in this ”Jacobian”.

The free Dirac spectrum can be obtained immediately from the sgquare of the Dirac
operator. For abox of volumeL; x L, x L3 x L4 one finds

1/2
Ny -+ 05)2) (11)

n T T,
A =2m (%“)2 PP+ (B + (M

where we have used periodic boundary conditions in the spatial directions and anti-
periodic boundary conditions in the time direction. The spectral density is obtained
by counting the total number of eigenvalues in a sphere of radius \L/2m . The result is

P ~ VA, (12)
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Figure 1. The free Dirac spectral density (dotted curve) and the spectral density of the
Kogut-Susskind Dirac operator for a gauge field configuration generated with 3= 2.4 (histogram).
Both spectral densities are on a 124 lattice and are normalized to unit area.

For future reference, we note that in the generic case, when the sides of the hypercube
are related by an irrational number, the eigenvalues are uncorrelated, i.e.

p2(X, X) = (p(M)p(V). (13)

Two examples of Dirac spectra are shown in Fig. 1. The dotted curve represents
the free Kogut-Susskind Dirac spectrum on a 12* lattice with periodic boundary condi-
tions in the spatial directions anti-periodic boundary conditions in the time direction.
For an Ny x N, x N5 x N 4 lattice this spectrum is given by

1/2
o (2 (FMY 2 (TM2Y o2 (T78Y | 2 (7R +05) (14)
)\n-—2(sm (N1)+sm <N2)+sm <N3)+sm ( N; .

Heren; =01,...,[N/2](i=1,2,3)andns =0, 1, ..., [(Ns + 1)/2]. The Kogut-
Susskind Dirac spectrum for an SU(2) gauge field configuration with B = 2.4 on the
same size lattice is shown by the histogram in the same figure (full curve). We clearly
observe an accumulation of small eigenvalues.

The Banks-Casher Relation
The order parameter of the chiral phase transition, (%) , is nonzero only below

the critical temperature. As was shown by Banks and Cashers, () is directly related
to the eigenvalue density of the QCD Dirac operator per unit four-volume

T = || = lim MPT(O»' (15)

It is elementary to derive this relation. The chiral condensate follows from the partition
function (9) (all quark mass are chosen equal),

_ 1 o1 2
(hpy = —lim mam log Z(m) = — hmv(; g_‘i_n—nﬁ) (16)
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If we express the sum as an integral over the average spectral density, and take the
thermodynamic limit before the chira limit, so that many eigenvalues are less than
m, we recover (15). The order of the limits in (15) is important. First we take the
thermodynamic limit, next the chira limit and, finaly, the field theory limit. As can
be observed from (16) the sign of ()% changes if m crosses the imaginary axis.

An important consequence of the Bank-Casher formula (15) is that the eigenvalues
near zero virtuality are spaced as

AN =1/p(0) = n/TV. 17

This should be contrasted with the eigenvalue spectrum of the non-interacting Dirac
operator. Then one obtains from (12) an eigenvalue spacing equal to A ~ 1/VY4,
Clearly, the presence of gauge fields leads to a strong modification of the spectrum
near zero virtuality. Strong interactions result in the coupling of many degrees of
freedom leading to extended states and correlated eigenvalues. On the other hand,
for uncorrelated eigenvalues, the eigenvalue distribution factorizes, and for A # 0, we
have p(A) ~ A?Ns+lin the chird limit, i.e. no breaking of chird symmetry. One
consequence of the interactions is level repulsion of neighboring eigenvalues. Therefore,
the two smallest eigenvalues of the Dirac operator,=Amin repel each other, and the
Dirac spectrum will have a gap at A = 0 with a width of the order of 1/3V.

Spectral Correlations and Zeros of the Partition Function

The study of zeros of the partition function has been a fruitful tool in statistical
mechanics 38 39, In QCD, both zeros in the in the complex fugacity plane and the
complex mass plane have been studied®®*'. Since the QCD partition function is a
polynomia in mit can be factorized as (all quark masses are taken to be equal to m)

Zaen(m, 0) = [[(m —my). (18)
k
Because configurations of opposite topological charge occur with the same probability,
the coefficients of this polynomial are real, and the zeros appear in complex conjugate
pairs. For an even number of flavors the zeros occur in pairs £my . In a sector with
topological charge V, this is aso the case for even N x v. The chiral condensate is
given by

. 1 . 1 1
Z(m) = —lim I—/—F—V;(?m log Zgcp(m, 0) = —lim == > (19)

VNf % m—mk'

For an even number of flavors, Y (m) is an odd function of m. In order to have a
discontinuity at m = 0, the zeros in this region have to coalesce into a cut along the
imaginary axis in the thermodynamic limit.

In the hypothetical case that the eigenvalues of the Dirac operator do not fluctuate
the zeros are located at my = £ iA. In the opposite case, of uncorrelated eigenvalues,
the eigenvalue distribution factorizes and all zeros are located at +io, where 62 = (A%).
As a result, the chiral condensate does not show a discontinuity across the imaginary
axis and is equal to zero.

We hope to convince the reader that the presence of a discontinuity is intimately
related to correlations of eigenvalues®? . Let us study the effect of pair correlations for
one flavor in the sector of zero topological charge. The fermion determinant can be
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written as

(M = () ) 020, @)

(Z)(u—nu

ways of selecting | pairs from A?... AZ. The average of each pair of different eigenvalues
is given by

There are

R = o* + Ca (21)
where o2 is the expectation vaue of A2 and C, is the connected correlator
Co= (LA — ORNA), me#n (22)

This result in the partition function

N 5] N k
Z(m) = lemw”—k) ( P ) ( ol ) (20 — NCh**=2), (23)
k=01=0

After interchanging the two sums, one can easily show that Z(m) can be expressed as
a multiple of a Hermite polynomial

Z(m) = (——02—2)”/2}11\,((02+m2)/1/—26’2). (24)

In terms of the zeros of the Hermite polynomials, z , the zeros of the partition function

are located at
mE = 21/ —2C,; — o2 (25)

Asymptotically, the zeros of the Hermite polynomials are given by  z; =~ nk/2vN. In
order for the zeros to join into a cut in the thermodynamic limit, they have to be spaced
as ~ 1/N. This requires that

1
The density of zeros is then given by
dk
am ~ (@)

We conclude that pair correlations are sufficient to generate a cut of Z(m) in the
complex m-plane, but the chiral symmetry remains unbroken. Pair correlations alone
cannot suppress the effect of the fermion determinant.

Leutwyler-Smilga Sum Rules
We have shown that pair-correlations are not sufficient to generate a discontinuity
in the chiral condensate. In this subsection we start from the assumption that chira

symmetry is broken spontaneously, and look for consistency conditions this imposes
on the Dirac spectrum. As has been argued by Gasser and Leutwyle;9 and Leutwyler
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and Smilga8, in the mesoscopic range (1), the mass dependence of the QCD partition
function is given by (for simplicity, al quark masses have been taken equal)

eff ~ mVERe Ty Ue®/ s
2% (m, 9) /U om0 . (28)
The integral is over the Goldstone manifold associated with chiral symmetry break-
ing from G to H. For three or more colors with fundamental fermions G/H =
SU(Np) x SU(Np/SU(Nf). The finite volume partition function in the sector of
topological charge v follows by Fourier inversion according to (10). The partition func-
tion for v = 0 is thus given by (28) with the integration over SU(Ny) replaced by an
integral over U(N;). The case of Ny = 1 is particularly simple. Then only a U (1)
integration remains, and the partition function is given by8 Z¢f (m) = 1,(mVy). Its
zeros are regularly spaced along the imaginary axis in the complex m-plane, and, in
the thermodynamic limit, they coalesce into a cut.

The Leutwyler-Smilga sum-rules are obtained by expanding the partition function
Z\(m) in powers of m before and after averaging over the gauge field configurations and
equating the coefficients. This corresponds to an expansion in powers of m of both the
QCD partition function (2) and the finite volume partition function (28) in the sector
of topological charge v. As an example, we consider the coefficients of m?in the sector
with v = 0. This results in the sum-rule

i1 D2
> XE> = (29)

where the prime indicates that the sum is restricted to nonzero positive eigenvalues.
The next order sum rules are obtained by equating the coefficients of order mf*
They can be combined into

| 11 11 oAyt
G~ " e @0

We conclude that chiral symmetry breaking leads to correlations of the inverse eigen-
values. However, if one performs an analysis similar to the one in previous section, it
can be shown easily that pair correlations given by (30) do not result in a cut in the
complex m-plane. Apparently, chiral symmetry bresking requires a subtle interplay of
al types of correlations.

For two colors with fundamental fermions or for adjoint fermions the pattern of
chira symmetry breaking is different. Sum rules for the inverse eigenvalues can be
derived along the same lines. The general expression for the simplest sum-rule can be
summarized as*® 4

i1 $2y?
3 = T @mem T 08 (3)

The Leutwyler-Smilga sum-rules can be expressed as an integral over the average
spectral density and spectral correlation functions. For the sum rule (29) this results
in

L {p))ar _ 1
V2 / A2 T ANy (32)
If we introduce the microscopic variable
u = AVL, (33)
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this integral can be rewritten as

du 1
[vs 7 elys) =i, (34
The thermodynamic limit of the combination that enters in the integrand,
U
ps(u) = 1%72“( ) (39)

will be called the microscopic spectral density10. This limit exists if chiral symmetry
is broken. Our conjecture is that ps(u) is a universal function that only depends on
the global symmetries of the QCD partition function. Because of universality it can
be derived from the simplest theory with the global symmetries of the QCD partition
function. Such theory is a chiral Random Matrix Theory which will be introduced later
in these lectures.

We emphasize again that the U, (1) symmetry of the QCD Dirac spectrum leads
to two different types of eigenvalue correlations: spectral correlations in the bulk of
the spectrum and spectral correlations near zero virtuality. The simplest example of
correlations of the latter type is the microscopic spectral density defined in (35).

We close this subsection with two unrelated side remarks. First, the QCD Dirac
operator is only determined up to a constant matrix. We can exploit this freedom
to obtain a Dirac operator that is maximaly symmetric. For example, the Wilson
lattice QCD Dirac operator, DY, is neither Hermitean nor anti-Hermitean, but y5DW
is Hermitean.

Second, the QCD partition function can be expanded in powers of n? before or
after averaging over the gauge field configurations. In the latter case one obtains sum
rules for the inverse zeros of the partition function. As an example we quote,

1 $2y?
D

mil,_, 4
where we have averaged over field configurations with zero topological charge.

, (36)

SPECTRAL CORRELATIONS IN COMPLEX SYSTEMS
Statistical Analysis of Spectra

Spectra for a wide range of complex quantum systems have been studied both
experimentally and numerically (a excellent recent review has been given by Guhr,
Miller-Groeling and Weidenmiller?*). One basic observation is that the scale of varia-
tions of the average spectral density and the scale of the spectra fluctuations separate.
This alows us to unfold the spectrum, i.e. we rescale the spectrum in units of the local
average level spacing. Specifically, the unfolded spectrum is given by

A
A= [ (p(pax, 37
0
with unfolded spectral density
Punf >‘) Z‘s /\unf (38)

The fluctuations of the unfolded spectrum can be measured by suitable statistics.
We will consider the nearest neighbor spacing distribution, P(S), and moments of the
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number of levels in an interval containing n levels on average. In particular, we will
consider the number variance, Y,(n), and the first two cumulants, y;(n) and y,(n).
Another useful statistic is the Az(n)-statistic introduced by Dyson and Mehta®. It
is related to Y ,(n) via a smoothening kernel. The advantage of this statistic is that
its fluctuations as a function of n are greatly reduced. Both 3,(n) and Az(n) can be
obtained from the pair correlation function defined as

Y2\ X) = = {(punt (A) punt (N)) + {Punt (X)) {punt (X)) (39)

Analytical expressions for the above statistics can be obtained for the eigenvalues
of the invariant random matrix ensembles. They are defined as ensembles of Hermitean
matrices with Gaussian independently distributed matrix elements, i.e. with probability
distribution given by

P(H) ~ e~ FTH'E, (40)

Depending on the anti-unitary symmetry, the matrix elements are real, complex or
guaternion real. They are called the Gaussian Orthogonal Ensemble (GOE), the Gaus-
sian Unitary Ensemble (GUE) and the Gaussian Symplectic Ensemble (GSE), respec-
tively. Each ensemble is characterized by its Dyson index B which is defined as the
number of independent variables per matrix element. For the GOE, GUE and the GSE
we thus have B = 1, 2 and 4, respectively.

Independent of the value of 3, the average spectral density is the semicircle,

(V) = i;’.\/z R (41)

Analytical results for al spectral correlation functions have been derived for each
of the three ensembles®® via the orthogonal polynomial method. We only quote the
most important results. The nearest neighbor spacing distribution, which is known
exactly in terms of a power series, is well approximated by

P(8) ~ S8 exp(—apS?), (42)
where a; is a constant of order one. The asymptotic behaviour of the pair correlation
functions is given by*

1

Ya(A N) ~ 72— W for =1, (43)
in2a(h—= N

w0 ~ TEESE) o = (44)

Yo X) ~ _cos2r(A—X) 1+ (r/2)sin 27 (A = X) for =4 (45)

TNy 4m2(X - V)2

The 1/()\—)\')2tail of the pair correlation function results in a logarithmic dependence
of the asymptotic behavior of 3 ,(n) and Az(n),

To(n) ~ (2/7%F)logn and As(n) ~ BTs(n)/2. (46)

Characteristic features of random matrix correlations are level repulsion at short dis-
tances and a strong suppression of fluctuations at large distances.
For uncorrelated eigenvalues the level repulsion is absent and one finds

P(8) = exp(-5), (47)
and
Za(n)=n and Az(n) =n/15. (48)
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Spectral Universality

The main conclusion of numerous studies of eigenvalue spectra of complex systems
is that spectral correlations of classically chaotic systems are given by RMT2. As illus-
tration we mention three examples from completely different fields. The first example is
the nuclear data ensemble in which the above statistics are evaluated by superimposing
level spectra of many different nuclei®. The second example concerns correlations of
acoustic resonances in irregular quartz blocks?. In both cases the statistics that were
considered are, within experimental accuracy, in complete agreement with the GOE
statistics. The third example pertains to the zeros of Riemann’s zeta function, Exten-
sive numerical calculations” have shown that asymptotically, for large imaginary part,
the correlations of the zeros are given by the GUE.

The Gaussian random matrix ensembles introduced above can be obtained* from
two assumptions: i) The probability distribution is invariant under unitarity trans-
formations; ii) The matrix elements are statisticaly independent. If the invariance
assumption is dropped it can be shown with the theory of free random variables®®
that the average spectral density is still given by a semicircle if the variance of the
probability distribution is finite. For example, if the matrix elements are distributed
according to a rectangular distribution, the average spectral density is a semicircle. On
the other hand, if the independence assumption is released the average spectral density
is typicaly not a semicircle. For example, this is the case if the quadratic potential
in the probability distribution is replaced by a more complicated polynomial potential
V(H). Using the supersymmetric method for Random Matrix Theory, it was shown by
Hackenbroich and Weidenmiiller®® that the same supersymmetric nonlinear o-model is
obtained for a wide range of potentials V(H). This implies that spectral correlations
of the unfolded eigenvalues are independent of the potential. Remarkably, this result
could be proved for al three values of the Dyson index.

An explicit construction of the correlation functions using orthogona polynomials
could only be performed® 51.52.53 for B = 2. Several examples have been considered
where both the invariance assumption and the independence assumption are relaxed.
We mention H -~ H + A where Ais an arbitrary fixed matrix, and the probability
distribution of H is given by a polynomia V(H). It was shown by P. Zinn-Justin®
that also in this case the spectral correlations are given by the invariant random matrix
ensembles. For a Gaussian probability distribution the proof was given by Brézin and
Hikami %5,

The domain of universality has been extended in the direction of real physical
systems by means of the Gaussian embedded ensembles®™® . The simplest example
is the ensemble of matrix elements of n-particle Slater determinants of a two-body
operator with random two-particle matrix elements. It can be shown analytically that
the average spectral density is a Gaussian. However, according to substantial numerical
evidence, the spectral correlations are in complete agreement with the invariant random
matrix ensembles®,

Universal spectral correlations are obtained in the thermodynamic (or semi-classical)
limit, N - o, with (E — E") N fixed. Alternatively, one can take the thermody-
namic limit with E-E' fixed. This leads to the Ambjorn-Jurkiewicz-Makeenko (AJM-
) universality® for smoothened correlation functions®2. They are obtained from the ex-
act correlation functions by replacing the oscillating terms by their average over a scale
much larger than 1/N, but small compared to the secular variation of the average spec-
tral density. The result for the two-point correlation function is given by a smoothening
of the leading order asymptotic result>®. However, correlations at macroscopic distance
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in energy should include another ingredient. Namely, correlations resulting from the
compactness of the support of the spectrum. Indeed, Ambjorn, Jurkiewicz and Ma-
keenko showed® that the smoothened correlation functions for an arbitrary potential
are determined completely by the endpoints of the spectrum. This theorem was proved
for all three ensembles by Beenakker®® and it was generalized to multi-cut potentias by
Akemann and Ambjorn®. A general expression for the smoothened correlation func-
tion in terms of one-point Greens functions has been derived for different deformations
of the invariant random matrix ensembles®® 6162 An interesting question is whether
correlations given by this general expression are also found in real physical systems.
There are severa indications that the answer to this question is negative. First of al,
AIM universality is closely related to the compactness of the support of the spectrum.
In real physical systems, the spectral density usually increases with energy so that the
average resolvent does not even exist (only the difference of two resolvents enters in
the general expression). Second, in fully chaotic systems, with microscopic correlations
given by Random Matrix Theory, it was shown by Berry®® that the asymptotics of the
two-point correlation function, as measured by the As-statistic, is determined by the
shortest periodic trajectory.

Smoothened correlators are obtained via a perturbative expansion of the correla-
tion functions. In Random Matrix Theory this is equivalent to a loop expansion in 1N .
The full non-perturbative result cannot be obtained this way. That requires the use of
orthogonal polynomials or the super-symmetric method of Random Matrix Theory.

Another type of universal behavior is given by correlations in the neighborhood of
the largest eigenvalue. It was shown by Kanzieper and Freilikher® that for an arbitrary
potential the spectral correlations at the soft edge of the spectrum are given by the Airy
kernel. However, we are not aware of any physical applications of such correlations.
Certainly, this type of universality is restricted to systems with a resolvent that is
defined by a finite cuts on the real axis. For example, for the embedded ensembles with
a Gaussian spectral density, we do not expect such type of universality.

We have seen a large number of examples that fall into one of universality classes
of the invariant random matrix ensembles. This calls out for a more general approach.
Naturally, one thinks in terms of the renormalization group. This approach was pio-
neered by Brézin and Zinn-Justin®®. The idea is to integrate out rows and columns of a
random matrix and to show that the Gaussian ensembles are a stable fixed point. This
was made more explicit in a paper by Higuchi et al%. However, much more work is
required to arrive at a natural proof of spectral universality.

Although the above mentioned universality studies provide support for the validity
of the Bohigas conjecture, the ultimate goal is to derive it directly from the underlying
classical dynamics. An important first step in this direction was made by Berry®. He
showed that the asymptotics of the two-point correlation function is related to sum-
rules for isolated classical trgjectories. Another interesting approach was introduced
by Andreev et al.®” who where able to obtain a supersymmetric nonlinear sigma model
from spectral averaging. In this context we also mention the work of Altland and
Zirnbauer % who showed that the kicked rotor can be mapped onto a supersymmetric
sigma model.
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CHIRAL RANDOM MATRIX THEORY
Introduction of the Model

In this section we will introduce an instanton liquid®® 7 inspired chira RMT for
the QCD partition function. In the spirit of the invariant random matrix ensembles
we construct a model for the Dirac operator with the global symmetries of the QCD
partition function as input, but otherwise Gaussian random matrix elements. The
chRMT that obeys these conditions is defined by!0 7172 73

Ny )
Zf,h,,(ml, ceemyy) = /DW H det(D + mf)e'ETQT"W*W, (49)
f=1
where
0 W
= ). (50

and Wisan x m matrix with v=|n—m|and N = n+ m. The matrix elements of
W are either real (B = 1, chiral Gaussian Orthogonal Ensemble (chGOE)) , complex
(B = 2, chiral Gaussian Unitary Ensemble (chGUE)), or quaternion rea (B = 4, chira
Gaussian Symplectic Ensemble (chGSE)). As is the case in QCD, we assume that v
does not exceed v/, so that, to a good approximation, n = N/2.

This model reproduces the following symmetries of the QCD partition function:

e The U, (I) symmetry. All nonzero eigenvalues of the random matrix Dirac oper-
ator occur in pairs £\ or are zero.

e The topological structure of the QCD partition function. The Dirac matrix has
exactly |v| = |n — m| zero eigenvalues. This identifies v as the topological sector
of the model.

e The flavor symmetry is the same as in QCD. For B =2itis SU(N;) x SU (Ny),
for B = 1itis SU(2Nf) and for B =4 itis SU (N;).

e The chiral symmetry is broken spontaneously with chiral condensate given by
= ,}i_’,{‘,o”(o)/N‘ (512)

(N is interpreted as the (dimensionless) volume of space time.) The symme-
try breaking pattern is*® SU (Ny) x SU (Ns)/SU(Nf), SU(2Ny) /Sp(Nf) and
SU(N;)/O(Ny) for B = 2, 1 and 4, respectively, the same as in QCD"™.

o The anti-unitary symmetries. For three or more colors with fundamental fermions
the Dirac operator has no anti-unitary symmetries, and genericaly, the matrix
elements of the Dirac operator are complex. The matrix elements Wk of the
corresponding random matrix ensemble are chosen arbitrary complex as well (3 =
2). For N. = 2, the Dirac operator in the fundamental representation satisfies

[CT2K1 ’L"}’D] = 0, (52)

where C is the charge conjugation matrix and K is the complex conjugation
operator. Because, (CrzK)? = 1, the matrix elements of the Dirac operator can
aways be chosen real, and the corresponding random matrix ensemble is defined
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with real matrix elements (3 = 1). For two or more colors with gauge fields in the
adjoint representation the anti-unitary symmetry of the Dirac operator is given
by

[CK,iyD] = 0. (53)

Because (CK)2 = —1, it is possible to rearrange the matrix elements of the Dirac
operator into real quaternions. The matrix elements W, of the corresponding
random matrix ensemble are chosen quaternion real (B = 4).

Together with the invariant random matrix ensembles, the chira ensembles are
part of a larger classification scheme. Apart from the random matrix ensembles dis-
cussed in this review, this classification also includes random matrix models for disor-
dered super-conductors’. As pointed out by Zirnbauer™, all known universality classes
of Hermitean random matrices are tangent to the large classes of symmetric spaces
in the classification given by Cartan. There is a one-to-one correspondence between
this classification and the classification of the large families of Riemannian symmetric
superspaces’,

Selected Results for the Chiral Random Matrix Ensembles

The joint eigenvalue distribution follows from (49) by choosing the eigenvalues and
eigenvectors as new integration variables. For N; flavors and topological charge v it is
given by™

o) = O TT I = M IIA 7 Hen (252 5003) 0
k<l

where Cg, is a normalization constant and v = 0. For B = 2 the average spectral
density and the spectral correlation functions can be derived from (54) with the help
of the orthogonal polynomia method*. The associated polynomias are the general-
ized Laguerre polynomials. That is why this ensemble is aso known as the Laguerre
ensemble’ 78, The spectral density and the two-point correlation function were also de-
rived within the framework of the supersymmetric method of Random Matrix Theory™.
The calculation of the average spectral density and the spectral correlations functions
for =1and B = 4 is much more complicated. However, with the help of skew-
orthogonal polynomials®® 8 82 exact analytical results for finite N can be obtained as
well.

¢From the properties of the Laguerre polynomials it can be shown that, indepen-
dent of the value of 3, the average spectral density is a semi-circle

= (nE?/m)1/4/T2 — A2 (55)
The microscopic spectral density can be derived from the limit (35) of the exact
spectral density for finite N. For N; =3, Nr flavors and topological charge vit is given

by 71

ps(z) = (Jz( ) = Jar1(2)Jai(2)) (56)

where a = N; + |v|. The expressions for SU (2) with fundamental fermions (3 = 1) are
much more complicated In this case we find the microscopic spectral density®?
1d 1d
= 20+1 s -
ps(2) = J2E+1(z2 2/ dw(zw)**tle(z - )(w T zdz)
W (2Z) a1 (WE) — zJ2a_1(zZJ)J2a(wE)
X
()2 )

(57)

200



where ais the combination

1 v
a=Nf—§+—2-. (59)
The microscopic spectral density in the symmetry class with B = 4 was first calculated
by Nagao and Forrester 84 It is given by

ps(2) = 22° /;1 dun? /01 dv {Jae-1(2uv2) Jug (2uz) — vJ4a—1(2u2) Juo(2uvz)]  (59)

with 4a=N; + 2jv| + 1.

The spectral correlations in the bulk of the spectrum are given by the invariant
random matrix ensemble with the same value of 3. For B = 2 this was aready shown
three decades ago by Fox and Kahn?”. For § = 1 and B = 4 this was only proved
recently 8 .

Duality between Flavor and Topology

As one can observe from the joint eigenvalue distribution, for f = 2 the dependence
on Ny and v enters only through the combination N;+v. This alows for the possibility
of trading topology for flavors. In this section we will work out this duality for the
finite volume partition function. This relation completes the proof of the conjectured
expression® for the finite volume partition function for different quark masses and
topologica charge v.

In terms of the eigenvalues the partition function (49) is given by

22N
2, may) = [ SO TIRN M [Ty [T + mile 55 Zut,
k f

fid ik
(60)
where the Vandermonde determinant is defined by
AQY) =TIOE - 2. (61)
kyl
By inspection we have
Zn ,»(mh"‘,mN )
_J—_ﬁfnl';—’NZNI+V’O(m1"”,mN!’D,'H’OL (62)
where the argument of the last factor has v zeros.
As an example, the simplest nontrivial identity of this type is given by
Z1y(m) ~ mZyp(m, 0). (63)

Let us prove this identity without relying on Random Matrix Theory. According to the
definition (28) we have

Zl,l(m) ~ /deeiﬂemVEcos(J, (64)
and
Zap(m,0) ~ /u e dUeVEReTH(MU) (65)



where M is a diagonal matrix with diagonal elements mand 0. The integral over U
can be performed by diagonalizing U according to U = U ,e'®U;~1, and choosing U,
and @ as new integration variables. The Jacobian of this transformation is

J ~ A2(ei%), (66)

The integral over U; can be performed using the Itzykson-Zuber formula. This results
in
‘e—i¢l - C_i¢2[2

Zog~ [ drden

(emVE cospr emVE cos 2 )
)

m{cos ¢y — cos ¢y (67)

Both terms in the last factor result in the same contribution to the integral. Let us
consider only the first term ~ exp(mV2cosg,). Then the integral over @, has to be
defined as a principal value integral. If we use the identity

le=iér — g=i02)2 sin ¢
(cos ¢y — cos dp) 2 (COS o - tan((¢; + ¢2)/2)> (68)

the @-integral of the term proportional to sin ¢, gives zero because of the principal
value prescription. The term proportional to cos@y trivialy results in Z ;;. We leave
it as an exercise to the reader to generdize this proof to arbitrary N; and v.

The group integrals in finite volume partition function (28) were evaluated by
Leutwyler and Smilga8 for equal quark masses. An expression for different quark
masses was obtained by Sener et al.85. The expression could only be proved for v= 0.
The above duality can be used to relate a partition function at arbitrary v to a partition
function at v = 0. This completes the proof of the conjectured expression for arbitrary
topological charge.

UNIVERSALITY IN CHIRAL RANDOM MATRIX THEORY

In the chiral ensembles, two types of universality studies can be performed. First,
the universality of correlations in the bulk of the spectrum. As discussed above, they
are given by the invariant random matrix ensembles. Second, the universality of the
microscopic spectral density and the eigenvalue correlations near zero virtuality. The
aim of such studies is to show that microscopic correlations are stable against deforma-
tions of the chiral ensemble away from the Gaussian probability distribution. Recently,
a number of universality studies on microscopic correlations have appeared. They will
be reviewed in this section.

In a first class of universality studies one considers probability distributions that
maintain unitary invariance, i.e.

2 0
POW) ~ exp(~NFZ- 3= ay (W), (69
k=1

The first study of this kind was performed by Brézin, Hikami and Zeel3. They consid-
ered a potential with only a; and a, different from zero and showed that the microscopic
spectral density is independent of a,. A general proof valid for arbitrary potential was
given by Nishigaki 1! 8 The essence of the proof is a remarkable generalization of the
identity for the Laguerre polynomials,

Jim La(2) = h(2v3) | (70)
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to orthogonal polynomials determined by an arbitrary potentia V. This relation was
proved by deriving a differential equation from the continuum limit of the recursion
relation for orthogonal polynomials. In a consecutive work, Akemann, Damgaard,
Magnea and Nishigaki 12 extended this proof to al microscopic correlation functions.

In a second class of universality studies one considers deformations of the Gaus-
sian random matrix ensemble that violate unitary invariance. In particular, one has
considered the case where the matrix Win (50) is replaced by

W W+ A (71)

where, because of the unitary invariance, the matrix A can aways be chosen diagonal.
The simplest case with A =TT times the identity was considered by Sener et al.15. This
model provides a schematic model of the chiral phase transition. For large matrices,
the average resolvent defined by

G(2) = T @

obeys the cubic equation®”. 88 15 (the parameter Y = 1 in (49))
G? - 22G P+ G(22 -7 T? + 1) —z=0. (73)

This equation was first obtained using a diagrammatic method 8715, Later, this deriva-
tion was rewritten8® in terms of the so called blues function®°. The average spectra
density given by

PO =~ TmG(z = ) 74

is a semicircle at T = 0 and splits into two arcs at 7T = 1. For the spectral density at
zero one obtains p(0) = +/1 — 7272, and therefore chiral symmetry is broken for T < 1,
and is restored above this temperature. In spite of this drastic change in average spectral
density, it could be shown?5 with the help of a supersymmetric formulation of Random
Matrix Theory that the microscopic spectral density does not depend on T.

The super-symmetric method in the first paper by Sener et al.15 is not easily
generalizable to higher order correlation functions. A natural way to proceed is to
employ the super-symmetric method introduced by Guhr®®. In the case of B = 2 this
method results in an expression for the kernel determining all correlation functions.
This approach was followed in two papers, one by Guhr and Wettigl4 and one by
Sener et al.16. The latter authors studied microscopic correlation functions for Ain
(71) proportional to the identity, whereas Guhr and Wettig considered an arbitrary
diagonal matrix A. It was shown that independent of the matrix A, the correlations
are given by the Bessel kernel92. Of course, a necessary condition on the matrix Ais
that chiral symmetry is broken. Guhr and Wettig also showed that correlations in the
bulk of the spectrum are insensitive to A.

The main ingredient of the proof was a supersymmetric generalization % of the
I1tzykson-Zuber-Harish-Chandra type integral 93. 85, 94

detk,l (I,,('rksl))
TT0%, (rase) P A(SDA(R) (79)

/ du(U, V) exp(Re TtU'SVR) = C

Here, U OU(N1), VO U(N,), v=N; —N,=20. The positive square roots of the
eigenvalues of STSand RRT are denoted by, s, and ry, respectively. The integral is
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over the invariant measure. The constant C in the r.h.s. can be evaluated, and the I
are modified Bessel functions.

The deformation W — W + A with the probability distribution for W given by
an arbitrary invariant potential has not yet been considered. We have no doubt that
universality proofs along the lines of methods developed by P. Zinn-Justin®4  can be
given.

We wish to emphasize that al universality studies for the chiral ensembles have
been performed for B = 2. The reason isthat B =1 and B =4 are mathematically
much more involved. It certainly would be of interest to extend the above results to
these cases as well.

In addition to the above anaytical studies the universality of the microscopic
spectral density aso follows from numerical studies of models with the symmetries of the
QCD partition function. In particular, we mention strong support in favor universality
from a different branch of physics, namely from the theory of universal conductance
fluctuations. In that context, the microscopic spectral density of the eigenvalues of the
transmission matrix was calculated for the Hofstadter®> model, and, to a high degree
of accuracy, it agrees with the random matrix prediction®6. Other studies deal with a
class random matrix models with matrix elements with a diverging variance. Also in
this case the microscopic spectral density is given by the universal expressions®’ (57)
and (56).

The conclusion that emerges from al numerical and analytical work on modified
chiral random matrix models is that the microscopic spectral density and the correla-
tions near zero virtuality exhibit a strong universality that is comparable to the stability
of microscopic correlations in the bulk of the spectrum.

Of course, QCD is much richer than chiral Random Matrix Theory. One question
that should be asked is a what scale (in virtuality) QCD spectral correlations deviate
from RMT. This question has been studied by means of instanton liquid simulations.
Indeed, at macroscopic scales, it was found that the number variance shows a linear
dependence instead of the logarithmic dependence observed at microscopic scales98.
More work is needed to determine the point where the crossover between these two
regimes takes place.

LATTICE QCD RESULTS

Recently, the Dirac spectrum in lattice QCD received a good deal of attention. In
particular, the connection between the topology of field configurations and the spectrum
of the Wilson Dirac operator has been studied in detail 9. 100, 101. Other studies are
related to the connection between the Wilson Dirac spectrum and the localization
properties of the eigenfunctions102

In this section we will focus ourselves on the spectral correlations of the lattice QCD
Dirac operator. Both correlations in the bulk of the spectrum and the microscopic
spectral density will be studied. Consistent with universality arguments presented
above, we find that spectral correlations are in complete agreement with chiral Random
Matrix Theory.

Correlations in the Bulk of the Spectrum
Recently, Kalkreuter 19 calculated all eigenvalues of the N. = 2 lattice Dirac oper-

ator both for Kogut-Susskind (KS) fermions and Wilson fermions for lattices as large
as 124. For the Kogut-Susskind Dirac operator, DKS | we use the convention that it is
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anti-Hermitean. Because of the Wilson-term, the Wilson Dirac operator, DW , is neither
Hermitean nor anti-Hermitean. Its Hermiticity relation is given by DWt = ygDWy,.
Therefore, the operator ysDW is Hermitean. However, it does not anti-commute with
ys, and its eigenvalues do not occur in pairs £A,.
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Figure 2. Spectral correlations of Dirac eigenvaues for Wilson fermions (left) and KS-fermions
(right). Results are shown for the number variance, Y (n), the A, —statistic and the nearest
neighbor spacing distribution, P(S). The full, dashed and dotted curves represent the analytical
result for the GOE, GUE and GSE, respectively.

In the the case of SU(2), the anti-unitary symmetry of the Kogut-Susskind and the
Wilson Dirac operator is given by 103.22,

[D¥S,72K] =0, and [ysD",%CKrs)=0. (76)
Because
(2K)? = =1, and ($CKm)" =1, (7

the matrix elements of the KS Dirac operator can be arranged into real quaternions,
whereas the Wilson Dirac operator can be expressed into real matrix elements. There-
fore, we expect that eigenvalue correlations in the bulk of the spectrum are described by
the GSE and the GOE, respectively?2. The microscopic correlations for KS fermions are
described by the chGSE. However, the microscopic correlations for Wilson fermions are
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not described by the chGOE but rather by the GOE. Because of the anti-unitary sym-
metry, the eigenvalues of the KS Dirac operator are subject to the Kramers degeneracy,
i.e. they are double degenerate.

In both cases, the Dirac matrix is tri-diagonalized by Cullum’s and Willoughby’s
Lanczos procedurel04 and diagonalized with a standard QL algorithm. This improved
agorithm makes it possible to obtain all eigenvalues. This allows us to test the accuracy
of the eigenvalues by means of sum-rules for the sum of the squares of the eigenvalues
of the lattice Dirac operator. Typically, the numerical error in the sum rule is of order
10-8.
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Figure 3. The number variance, Y ,(n) and the first two cumulants, y, (n) and y,(n) as a function of
n for eigenvalues of the Wilson Dirac operator (left) and the Kogut-Susskind Dirac operator (right).
The full and dotted curves represent the analytical result for the GOE and the GSE, respectively.

As an example, in Fig. 1 we show a histogram of the overall Dirac spectrum for
KS fermions at B = 2.4. Results for the spectral correlations are shown in Figs. 2 and
3. The results for KS fermions are for 4 dynamica flavors with ma = 0.05 on a 124
lattice. The results for Wilson fermions were obtained for two dynamical flavors on
a 83 x 12 lattice. For the values of B and k we refer to the labels of the figure. For
B> 2.4, with our lattice parameters for KS fermions, the Dirac spectrum near zero
virtuality develops a gap. Of course, this is an expected feature of the weak coupling
domain. For small enough value of k the Wilson Dirac spectrum shows a gap at A=0
as well. In the scaling domain the value of K is just above the critica value of k. A
qualitative description of the Wilson Dirac spectrum can be obtained with a random
matrix model with the structure of the Wilson Dirac operatorl 05,
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The eigenvalue spectrum is unfolded by fitting a second order polynomia to the
integrated spectral density of a stretch of 500-1000 eigenvalues. The results for Y ,(n),
As(n) and P(S) in Fig. 2 show an impressive agreement with the RMT predictions.
The fluctuations in Y ,(n) are as expected from RMT. The advantage of As-statistic is
well illustrated by this figure. We aso investigated? 3 the n dependence of the first two
cumulants of the number of levels in a stretch of length n. Results presented in Fig. 4
show a perfect agreement with RMT.

Spectra for different values of [3 have been analyzed as well. It is probably no
surprise that random matrix correlations are found at stronger couplings. What is
surprising, however, is that even in the weak-coupling domain ( = 2.8) the eigenvalue
correlations are in complete agreement with Random Matrix Theory. Finaly, we have
studied the stationarity of the ensemble by analyzing level sequences of about 200 eigen-
values (with relatively low statistics). No deviations from random matrix correlations
were observed al over the spectrum, including the region near A = 0. This justifies the
spectral averaging which results in the good statistics in Figs. 2 and 3.

In the case of three or more colors with fundamental fermions, both the Wilson and
Kogut-Susskind Dirac operator do not possess any anti-unitary symmetries. Therefore,
our conjecture is that in this case the spectral correlations in the bulk of the spectrum
of both types of fermions can be described by the GUE. In the case of two fundamental
colors the continuum theory and Wilson fermions are in the same universality class.
It is an interesting question of how spectral correlations of KS fermions evolve in the
approach to the continuum limit. Certainly, the Kramers degeneracy of the eigenvalues
remains. However, since Kogut-Susskind fermions represent 4 degenerate flavors in the
continuum limit, the Dirac eigenvalues should obtain an additional two-fold degeneracy.
We are looking forward to more work in this direction.

The Microscopic Spectral Density

The advantage of studying spectral correlations in the bulk of the spectrum is
that one can perform spectral averages instead of ensemble averages requiring only a
relatively small number of equilibrated configurations. This so called spectral ergodicity
cannot be exploited in the study of the microscopic spectral density. In order to gather
sufficient statistics for the microscopic spectral density of the lattice Dirac operator a
large number of independent configurations is needed. One way to proceed is to generate
instanton-liquid configurations which can be obtained much more cheaply than lattice
QCD configurations. Results of such analysist96 show that for N, = 2 with fundamental
fermions the microscopic spectral density is given by the chGOE. For N, = 3 it is given
by the chGUE. One could argue that instanton-liquid configurations can be viewed
as smoothened lattice QCD configurations. Roughening such configurations will only
improve the agreement with Random Matrix Theory.

Of course, the ultimate goal is to test the conjecture of microscopic universality
for redlistic lattice QCD configurations. In order to obtain a very large number of
independent gauge field configurations one is necessarily restricted to relatively small
lattices. The first study in this direction was reported recently 20.107_|n this work, the
guenched SU(2) Kogut-Susskind Dirac operator is diagonalized for lattices with linear
dimension of 4, 6, 8 and 10, and a total number of configurations of 9978, 9953, 3896
and 1416, respectively. The results were compared with predictions from the chGSE.

We only show results for the largest lattice. For more detailed results, including results
for the two-point correlation function, we refer to the original work. In Fig. 4 we show
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Figure 4. The distribution of the smallest eigenvalue (left) and the microscopic spectral density
(right) of the Kogut-Susskind Dirac operator for two colors and P = 2.0. Lattice results are
represented by the histogram, and the analytica results for the chGSE are given by the dashed
curves.

the distribution of the smallest eigenvalue (left) and the microscopic spectral density
(right). The lattice results are given by the full line. The dashed curve represents
the random matrix results. The distribution of the smallest eigenvalue was derived by
Forrester 108 and is given by

T
P(/\min) = a\/;(a)\min)s/zfaﬂ(aAmin)C-%(aAmi")z, (78)

where a =V Y. The random matrix result for the microscopic spectral density is given
in eq. (59). We emphasize that the theoretical curves have been obtained without any
fitting of parameters. The input parameter, the chira condensate, is derived from the
same lattice calculations. The above simulations were performed at a relatively strong
coupling of B = 2. Recently, the same analysis109 was performed for B = 2.2 and for
B = 25 on a 164 lattice. In both cases agreement with the random matrix predictions
was found109,

An dternative way to probe the Dirac spectrum is via the valence quark mass
dependence of the chiral condensatel 8 defined as

Sm) = & [ M) e 79

The average spectral density is obtained for a fixed sea quark mass. For masses well
beyond the smallest eigenvalue, Y (m) shows a plateau approaching the value of the
chiral condensate . In the mesoscopic range (1), we can introduce u =AmN and
x=mN}Y as new variables. Then the microscopic spectral density enters in Y (m). For
three fundamental colors the microscopic spectral density for B = 2 (eqg. (56)) applies
and the integral over A in (79) can be performed analytically. The result is given byl 7,

?g_) = 2(l4(2) Ka(z) + Tot1 (2) K1 (2)), (80)

where a=N; + |v|. In Fig. 2 we plot this ratio as a function of x (the "volume' Vis
equal to the total number of Dirac eigenvalues) for lattice data of two dynamical flavors
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with mass ma = 0.01 and N, = 3 on a 163 x 4 lattice. We observe that the lattice data
for different values of (3 fall on a single curve. Moreover, in the mesoscopic range this
curve coincides with the random matrix prediction for Ny =v=0.
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Figure 5. The valence quark mass dependence of the chiral condensate TV (m) plotted as 3V (m)/y
versus mVy . The dots and squares represent lattice results by the Columbia group® for values of
as indicated in the label of the figure.

Apparently, the zero modes are completely mixed with the much larger number of
nonzero modes. For eigenvalues much smaller than the sea quark mass, one expects
quenched (N; = 0) eigenvalue correlations. In the same figure the dashed curves
represent results for the quark mass dependence of the chiral condensate (i.e. the mass
dependence for equal valence and sea quark masses). In the sector of zero topological
charge one finds110. 9. 8

S5() _ L)

E I()(’U,) fOl‘ Nf = 1, (81)
and
S5(u) _ I(u) _
T WRw -G o MR (@)

We observe that both expressions do not fit the data. Also notice that, according
to Gockeler et al. 111, eq. (81) describes the valence mass dependence of the chiral
condensate for non-compact QED with quenched Kogut-Susskind fermions. However,
we were not able to derive their result (no derivation is given in the paper).

CHIRAL RANDOM MATRIX THEORY AT p#0

At nonzero temperature T and chemical potential p aschematic random matrix
matrix model of the QCD partition function is obtained by replacing the Dirac operator
in (49) by87, 112, 88, 35

D:( 0 'iW+iQT+;L).

W+ iQr + p 0 (®3)
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Here, Q =T O, (2n + 1)rl + pare the matrix elements of y,datly, in a plane
wave basis with anti-periodic boundary conditions in the time direction. Below, we
will discuss a model with Q1 absorbed in the random matrix and p# 0. The aim of
this model is to explore the effects of the non-Hermiticity of the Dirac operator. For
example, the random matrix partition function (49) with the Dirac matrix (83) is well
suited for the study of zeros of this partition function in the complex mass plane and
in the complex chemical potential plane. For a complete analytica understanding of
the location of such zeros we refer to the work by Halasz et al.113.

The term py, does not affect the anti-unitary symmetries of the Dirac operator.
This is aso the case in lattice QCD where the color matrices in the forward time
direction are replaced by U — e U and in the backward time direction by Ut ~ ¢~#U*.
For this reason the universality classes are the same as at zero chemical potential.

The Dirac operator that will be discussed in this section is thus given by

DW%z(M£+uiWJN)’ &

where the matrix elements W are either real (f = 1), complex (B = 2) or quaternion
real (B = 4). For al three values of B the eigenvalues of D () are scattered in the
complex plane.

Since many standard random matrix methods rely on convergence properties based
on the Hermiticity of the random matrix, direct application of most methods is not
possible. The simplest way out is the Hermitization114 of the problem, i.e we consider
the Hermitean operator

Hip ) = K z—Dlp)
D%(z,2") = ( 2 = D) . ) . (85)
For example, the generating function in the supersymmetric method of Random Matrix

Theory115. 116 js then given by 117, 118, 119, 120

det(DH(z + J,2* + J*)
det(DH(z,2*)) ) (86)

Z(J4,J) =(

The determinants can be rewritten as fermionic and bosonic integrals. Convergence
is assured by the Hermiticity and the infinitesimal increment k. The resolvent follows
from the generating function by differentiation with respect to the source terms

Gle#") = o) = 55 200T) @
Notice that, after averaging over the random matrix, the partition function depends in
a non-trivial way on both z and z*.The spectral density is then given by
Md=%£ﬁ&) (89)
Alternatively, one can use the replica trick 121, 35 with generating function given by
(det"’ Dy(z, 2*)). (89)

The idea is to perform the calculation for integer values of N and perform the limit
Nf - O a the end of the calculation. Although the replica limit, Ny - 0, fails in
general122, it is expected to work for det Dy (z Z') because it is positive definite (or
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zero). Then the partition function is a smooth function of N;. For other techniques
addressing nonhermitean matrices we refer to the recent papers by Feinberg and Zee!'*
and Nowak and co-workers'?®, One recent method that does not rely on the Hermitic-
ity of the random matrices is the method of complex orthogonal polynomials®. This
method was used by Fyodorov et al.® to calculate the number variance and the near-
est neighbor spacing distribution in the regime of weakly nonhermitean matrices. As
surprising new result, they found an S*2 repulsion law.

In the physicaly relevant case of QCD with three colors, the fermion determinant
is complex for nonzero chemical potentia. Its phase prevents the convergence of fully
unquenched Monte-Carlo simulations (see Kogut et al}* for the latest progress in this
direction). However, it is possible to perform quenched simulations. In such calculations
it was found that the critical chemical potential p. ~ +/m, instead of a third of the
nucleon mass'®, This phenomenon was explained analytically by Stephanov®® with
the help of the above random matrix model. He could show that for small p the
eigenvalues are distributed along the imaginary axis in a band of width ~ p? leading
to a critical chemical potential of pe ~ m?. As has been argued above, the quenched
limit is necessarily obtained from a partition function in which the fermion determinant
appears as

: N
,g}rgo | det D(p)|™, (90)

instead of the same expression without the absolute value signs. The partition function
with the absolute value of the determinant can be interpreted as a partition function of
an equa number of fermions and conjugate fermions. The critical value of the chemical
potential, equal to half the pion mass, is due to Goldstone bosons with net a baryon
number consisting of a quark and conjugate quark. The reason that the quenched limit
does not correspond to the standard QCD partition function is closely related to the
failure of the replica trick in the case of a determinant with a nontrivial phase.

Both for B =1 and = 4 the fermion determinant, det(D(u) + m), is red. This
is obvious for B = 1. For 3 = 4 the redity follows from the identity q* = 0,q0, for a
quaternion real element g, and the invariance of a determinant under transposition. We
thus conclude that quenching works for an even number of flavors. Consequently, chiral
symmetry will be restored for arbitrarily small nonzero W, whereas a condensate of a
quark and a conjugate quark develops. Indeed, this phenomenon has been observed in
the strong coupling limit of lattice QCD with two colors?’.

In the quenched approximation, the spectral properties of the random matrix
ensemble (84) can be easily studied numerically by simply diagonalizing a set of matrices
with probability distribution (49). In Fig. 6 we show numerical results’?® for the
eigenvalues of a few 100 x 100 matrices for u= 0.15 and p= 0.5. The dots represent
the eigenvalues in the complex plane. The full line is the analytical result® for the
boundary of the eigenvalues which is given by the algebraic curve

(1 + 4p®) (1P — 22)? + 2* = 4P (i® - 2?). (91)

This result was obtained by Stephanov for 3 = 2 with the help of the fermionic replica
trick. This amounts to rewriting the determinants in (89) as integrals over Grassmann
variables. Since Grassmann integrals are always convergent the infinitesimal increment
K can be put equal to zero. This method can be extended'® to p = 1 and B = 4.
Although the effective partition function is much more complicated, it can be shown
without too much effort that the solutions of the saddle point equations are the same if
the variance of the probability distribution is scaled as /3. In particular, the boundary

211



20 - - 20 e0l- A
C ] 3 C 3
y [ ] i ] C ]
00 |~ - 0.0 -— —: 0.0 —— ——
C ] C ] C ]
L . J N 1 N - ]
=2.0 |- u=0.15 —-2.0 I~ —~2.0 [ u=0.15 =" g=4 —|
=_1 L 1 i =1 1 il 1 1 Il I L 1 ] 1
—0.10 0.10 -0.10 0.00 0.10 -0.10 .00 0.10
= T T T T T F T FT T T T T T T
20 ] il T 7
y [ L ]
L J
00 . 4
C L ]
-20 - -
C C ]
-06 00 x 05 -05 0.

Figure 6. Scatter plot of the real (x), and the imaginary parts (y) of the eigenvalues of the random
matrix Dirac operator. The values of B and pare given in the labels of the figure. The full curve
shows the analytical result for the boundary.

of the domain of eigenvalues is the same in each of the three cases. However, as one
observes from Fig. 6, for =1 and 3 = 4 the spectral density deviates significantly
from the saddle-point result. For B = 1 we find an accumulation of eigenvalues on the
imaginary axis, whereas for 3 = 4 we find a depletion of eigenvalues in this domain.
This depletion can be understood as follows. For u= 0 al eigenvaues are doubly
degenerate. This degeneracy is broken at u# 0 which produces the observed repulsion
of the eigenvalues.

The number of purely imaginary eigenvalues for B = 1 appears to scale asv/N.
This explains that this effect is not visible in a leading order saddle point analysis.
From a perturbative analysis of (89) one obtains a power series in 1/N. Clearly, the
v'N dependence requires a truly nonperturbative analysis of the partition function (49)
with the Dirac operator (84). Such a /N scaling behavior is typical for the regime of
weak non-hermiticity first identified by Fyodorov et al.'®. Using the supersymmetric
method for the generating function (86) the v/ N dependence was obtained analytically
by Efetov'®,

A similar cut below a cloud of eigenvalues was found in instanton liquid simulations'?®
for No=2atpu# 0 and in a random matrix model of arbitrary real matrices'’®. The
depletion of the eigenvalues along the imaginary axis was observed earlier in lattice
QCD simulations with staggered fermions!30 . Obviously, more work has to be done in
order to arrive at a complete characterization of the universal features® in the spectrum
of nonhermitean matrices.

CONCLUSIONS

We have argued that there is an intimate relation between correlations of Dirac
eigenvalues and the breaking of chiral symmetry. In the chiral limit, the fermion deter-
minant suppresses gauge field configurations with small Dirac eigenvalues. Correlations
counteract this suppression, and are a necessary ingredient of chirad symmetry break-
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ing. From the study of eigenvalue correlations in strongly interacting systems, we have
concluded that they are described naturally with by Random Matrix Theory with the
global symmetries of the physical system. In QCD, this led to the introduction of
chiral Random Matrix Theories. They provided us with an analytical understanding
of the statistical properties of the eigenvalues on the scale of a typical level spacing.
In particular, impressive agreement between lattice QCD and chiral Random Matrix
Theory was found for the microscopic spectral density and for spectral correlations in
the bulk of the spectrum. An extension of this model to nonzero chemical potential
explains some intriguing properties of previously obtained lattice QCD Dirac spectra
and instanton liquid Dirac spectra.
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DETERMINATION OF CRITICAL EXPONENTS AND EQUATION OF
STATE BY FIELD THEORY METHODS

J. Zinn-Justin®

CEA-Saclay, Service de Physique Théoriquef,
F-91191 Gif-sur-Y vette
Cedex, FRANCE

ABSTRACT

We review here the methods, based on renormalized @4 quantum field theory and
renormalization group, which have led to an accurate calculation of critical exponents
of the N-vector model, and more recently of the equation of state of the 3D Ising
model. The starting point is the perturbative expansion for RG functions or the ef-
fective potential to the order presently available. Perturbation theory is known to be
divergent and its divergence has been related to instanton contributions. This has al-
lowed to characterize the large order behaviour of perturbation series, an information
that can be used to efficiently “sum” them. Practical summation methods based on
Borel transformation and conformal mapping has been developed, leading to the most
accurate results available probing field theory in a non-perturbative regime. We illus-
trate the methods with a detailed discussion of the scaling equation of state of the
3D Ising model 1. Compared to exponents its determination involves a few additional
(non-trivial) technica steps.

A general reference on the topic is

J. Zinn-Justin, 1989, Quantum Field Theory and Critical Phenomena, in particular
chap. 28 of third ed., Clarendon Press (Oxford 1989, third ed. 1996).

Many relevant articles are reprinted in

Large Order Behaviour of Perturbation Theory, Current Physics vol. 7, JC. Le
Guillou and J. Zinn-Justin eds., (North-Holland, Amsterdam 1990).

1. INTRODUCTION

Let usfirst briefly review one line of arguments which, starting from some statistical
model (like the Ising model), leads, in the critical domain, to quantum field theory.
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The starting point is mean field theory which allows to describe phase transitions
and explore the neighbourhood of the critical temperature. In the case of second order
phase transitions, continuous phase transitions where the correlation length diverges,
this leads to the concept of super-universality. The latter is summarized in Landau's
theory of critical phenomena. A number of quantities, like the exponents which charac-
terize the singular behaviour of physical observables near the critical temperature, are
universal, i.e. independent of the system (provided it has only short range interactions),
and even the dimension of space. However empirical evidence, exact solutions of 2D
models, and finally an analysis of corrections to mean field theory, had shown that
a universality of such general nature could not be true. Empirical evidence also sug-
gested that universality could still hold, but in a more limited sense. Since the failure of
mean field theory originated from the impossibility of describing critical systems with
a purely macroscopic theory, it could have been feared that critical properties would be
short distance sensitive. Therefore the existence of even a more restricted universality
was puzzling. It took many years to develop the renormalization group (RG) ideas 2
which explain the origin of universality: it relies on the existence of IR fixed points of
RG transformations.

From the technical point of view, RG arguments, as well as an analysis, near
dimension four, of the most divergent terms appearing in the expansion around mean
field theory 3, then indicated that all universal quantities quantities could be calculated
from renormalizable or super-renormalizable quantum field theories. In particular for
an important class of physical systems and models (with short range interactions) one
isledto a @*like euclidean field theory with O(N) symmetry. Among those let us men-
tion statistical properties of polymers, liquid-vapour and binary mixtures transitions,
superfluid Helium, ferromagnets... For these systems we shall explain how critical expo-
nents and other universal quantities have been calculated with field theory techniques.
To simplify notation we shall concentrate on the universality class of the Ising model
(models with Z, symmetry), but the arguments are more generally applicable.

1.1 The effective quantum field theory

As indicated above, after some analysis, one is led to a ¢* field theory with an
action of the form

H(g) = [ a'e [V’ + 308 (@) + b (@), ®

with a, b and c being regular functions of the temperature for T close to T.. Actualy
in perturbation theory the coefficient of @2 is the most sensitive to a variation of the
temperature. Calling a. its value at T¢, we can takea—a, o T — T, as alinear measure
of the deviation from the critica temperature.

The field ¢ can be considered as some local average of the initial spin variable.

The hamiltonian 1 generates a perturbative expansion of field theory type which
can be described in terms of Feynman diagrams. These have to be calculated with a
momentum cut-off of order 1, reflection of the microscopic scale of the initial physical
model (like the lattice spacing in lattice models).
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The critical domain, where universality can be expected, is characterized by

physicl massm= ¢ '« 1= Ja—-a,xT Tyl <« 1
distances >> 1 or momenta << 1, 2

magnetization M = [@(x)k< 1.

Taking the microscopic scale as the length unit is not specially convenient if one wants
to describe only large distance properties. It is more convenient, as is usually done in
particle physics, to fix the large distance scale one wants to describe and thus to study
the small microscopic scale limit. One therefore rescales the cut-off in momentum space
to alarge value A and all distances correspondingly

X = AX. ©)]

For similar reasons one aso rescales the field @(x) in such a way that the coefficient of
[O@(x)]2 becomes the standard 1/2

o(z) = ((z). (4)
The choice of normalization for the gradient term implies:

¢= C—1;2A1—4/2’ (5)
which shows that @ now has in terms of A its canonical dimension d/2 — 1. In this way
the critical domain corresponds to Cép(x) 0= O(1).

After this resealing all quantities have a dimension in units of A. The action H (@)
becomes:

H(@) = [ do {5 Vo + 576@) + oo 9 @)}, ©
with:
r =ah?/c, go = b/c”. @

The study of the critical domain thus reduces to the study of the large cut-off behaviour,
i.e. to renormalization theory and the corresponding renormalization group. However
one extremely important feature of this action distinguishes it from field theory, at
least in the form it is usually presented in particle physics: the coefficient of ¢* hasa
dependence in the cut-off A which is given a priori. In particular in the dimensions of
interest, d < 4, the “bare” coupling constant diverges, though the field theory, being
super-renormalizable, requires only a mass renormalization.

1.2 The divergence of the bare coupling constant

To circumvent the problem of the large coupling constant two strategies have
been devised. The first is the famous Wilson—Fisher e-expansion 4. One considers the
dimension d as a continuous variable. Setting d = 4 — € one expands both in g, ande.
Divergences then behave like in four dimensions, they are only logarithmic and can be
dealt with. Moreover it is possible to work directly in the massless (or critical) theory.
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The second, initiated by Parisi 5, relies in working at fixed dimension d < 4, in the
massive theory (the massless theory is IR divergent). The reason one has to face this
problem is of practical nature: it is easier to calculate Feynman diagrams in dimension
three than in generic dimensions, and thus more perturbative orders are available.

The strategy then is to take first the large cut-off limit a u, = goA*~¢ fixed, and
then the infinite ug limit. This implies that one first tunes the initial parameters of the
model to remain artificially close to the unstable u, = 0 gaussian fixed point, When
m the physical mass or inverse correlation length goes to zero near T, one varies the
dimensionless bare quantity g, as

49 o,

This approach has sometimes be questioned, but the final results and their comparison
with other data have shown the consistency of the method.

Still one is confronted with a serious problem from the technical point of view:
perturbation theory is finite but one is interested in the infinite coupling limit, which
is obviously outside the perturbative domain. Parisi’s idea was to introduce coupling
constant and field renormalizations, @ = Z'/?@g, as in four dimensions. They are
implicitly defined by the renormalization conditions:

TP (pim,g) =m?+9*+0 (pY,
(8

(i =0;m,g) =m*.
The role of these renormalizations, however, is here different. When the initia coupling
constant ug becomes large the new dimensionless coupling g has a finite limit provided
the corresponding Callan—-Symanzik B-function has an IR stable zero g*:

up =00 = f(g*) =0 andw=F'(¢*) >0.
Indeed we recal the relations
up = goAU=? = mi-9G(g),

Blg) =(d-4)G(g9)/C(9)-
It follows that at g, fixed, A/m - oo,
g-g° o (MmN, (9)

Therefore the renormalized coupling g is a more suitable expansion parameter then u,.
The form of the 3-function in d dimension is

Blg) = —(4—d)g + ax(d)g® +- - . (10)

For € = 4 —d small one finds a zero of order € and therefore perturbation is applicable.
One recovers the principle of the g-expansion.

By contrast at fixed dimension three or two, there is no small parameter. Therefore
an accurate determination of g* and all quantities depends on the analytic properties
of the series, in addition to the number of terms available. A semi-classical analysis,
based on instanton calculus, unfortunately indicates that perturbation in quantum field
theory is always divergent. Therefore to extract any information from perturbation
theory a summation method is required. Note then that at any finite order the results
for universal quantities become renormalization scheme dependent in contrast with the
results of the e-expansion.
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2. CRITICAL EXPONENTS

The most studied quantities are critical exponents, because they are easier to
calculate, and because they have been used to test RG predictions by comparing them
with other results (experiments, high or low temperature series expansion, Monte-Carlo
simulations) 6. The first accurate determination of exponents of the O(N) symmetric
N-vector model has been presented in” using six-loop series for RG functions reported
in 8 The basic ideas in 7 to sum the series, are Borel transformation and conformal
mapping. The same ideas have been later applied to the e-expansion where five loop
calculations have been performed, and more recently to the equation of state. With
time the method has been refined and the efficiency improved by various tricks but the
basic principles have not changed.

2.1 Borel transformation and conformal mapping
Let R(g) be any quantity given by a perturbation series

R(g) =_ Rug". (11)
k=0

One knows from large order behaviour analysis (instantons) in the ¢ theory that R,
at large order k behaves like

Ry k*(—a)*k!.

The value of a> 0 has been numerically determined (while sis known analytically).
One introduces B(b, g), the Borel (rather Borel-Leroy) transform of R(g), which is
defined by

IR W L

where b is a free parameter. Formally, i.e. in the sense of series expansion, R(g) can be
recovered from

R(g) = /0 * te~tB(b, gt)dt, (13)

Using the large order estimate in (12) one verifies that B(z) is analytic at least in a
circle of radius 1/a and its singularity closest to the origin is located & z= -1/a.
Therefore B(z), in contrast with R(z), is determined by its series expansion. However,
for relation (13) to make sense as a relation between functions, and not simply between
formal series, one must know B(z) on the whole real positive axis. This implies that
B(z) must be analytic near the axis, a result which has been proven in constructive
field theory (as well as the property that the function R(g) is indeed by given by (13))
9. Moreover it is necessary to continue analytically the function from the circle to
the real positive axis. Consideration of more general instanton contributions strongly
suggest that the Borel transform actually is anaytic in a cut-plane, the cut being on
the real negative axis, at the left of —1/a. Therefore a method to perform the analytic
continuation is to conformally map the cut-plane onto a circle:

zu(z) = ———11——\/_%—_:2——:- . (14)
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Table 1

Estimates of critical exponents in the O(N) symmetric (¢?)?% field theory.

N 0 1 2 3

Oni 1.413 + 0.006 1.411+0.004 | 1.403 + 0.0030 | 1.390 + 0.003
g 26.63+0.11 23.64 £ 0.07 21.16 + 0.05 19.06 + 0.04
% 1.1597 + 0.0020| 1.2398 + 0.0012| 1.3170 + 0.0015| 1.3893 + 0.0029
v 0.5882 + 0.0009 | 0.6303+0.0012| 0.6701 + 0.0012| 0.7071 + 0.0016
n 0.0285 + 0.002 | 0.033 + 0.002 0.035 = 0.002 0.035 + 0.002
B 0.3025 + 0.0007 | 0.3257 + 0.0008 | 0.3469 + 0.0008 | 0.3660 + 0.0013
o 0.235 + 0.003 0.109 + 0.004 | -0.010 + 0.004 | —0.121 + 0.005
W 0.812+ 0.016 0.800 + 0.009 0.790 = 0.007 0.785 + 0.007

0 =wv 0.48 + 0.01 0.50 + 0.01 0.53 £ 0.01 0.56 + 0.01

The function R(g) is then given by the new, hopefully convergent, expansion

Ry = Y B®) [ e fulon) e, (15)
k=0

The parameter b, as well as a few other parameters introduced in variants, are used to
improve the apparent convergence and test the sensitivity of results to their variations.
Moreover the value of b has to stay within a reasonable range around the value s
predicted by the large order behaviour. Findly it is to be expected that the summation
method will be efficient if the coefficients R« are aready approaching the asymptotic
large order regime.

2.2 Exponents

The values of critical exponents obtained from field theory have remained after
about twenty years among the most accurate determinations. Only recently have consis-
tent, but significantly more accurate experimental results been reported (in low gravity
superfluid experiments 1°). Also various numerical simulations* and high temperature
expansions on the lattice have claimed similar accuracies.

The RG values of critica exponents are now in the process of being updated
12 pecause one additional term has been added to two of the three RG functions.
Preliminary results are displayed in table 1. Compared with the previously published
values the main improvement concerns the exponent n which was poorly determined,
and the new lower value of yfor N = 0 (polymers).

3. ISSING MODEL: THE SCALING EQUATION OF STATE

We now consider the scaling eguation of state for the N =1, d = 3 case (Ising-like
systems). Before discussing the actual calculation at d = 3 fixed, let us however recall
a few properties of the equation of the state in the critical domain, as well as the results
which have been previously obtained within the framework of the e-expansion.
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The equation of state is the relation between magnetic field H, magnetization
M = (¢) (the “bare” field expectation value) and the temperature which is represented
by the parameter t 0 a—a. (see (2)). It is related to the free energy per unit volume
F, in field theory language the generating functional (@) of 1Pl correlation functions
restricted to constant fields, i.e the effective potential,

F(M) =T(M)/vol.,

by

oF
H=g (16)

In the critical domain the equation of state has Widom’'s scaling form
H(M,t) = Mif(t/MI/ﬂ)v (17)

a form initially conjectured and which renormalization group has justified.

One property of the function H(M, t) which plays an essentia role in the analysis
is Griffith’s analyticity: it is regular att= 0 for M > 0 fixed, and simultaneously it
is regular a M =0 for t > O fixed. Amplitude ratios. Universal amplitude ratios are

numbers characterizing the behaviour of thermodynamical quantities near T.. Severa
of them commonly considered in the literature can be directly derived from the scaling
equation of state. Let us just give two examples.

The singular part of the specific heat, i.e. the ¢? 2-point correlation function at
zero momentum, behaves like

Cy=A%|t™™, t«T-T,—=0. (18)

The ratio A*t/A~ then is universal.
The magnetic susceptibility x in zero field, i.e. the ¢ 2-point function at zero
momentum, diverges like

x=C%™, t= 0. (19)

The ratio C*/C~ then is aso universal.

3.1 The g-expansion

Let us recal the results concerning the equation of state which have been obtained
within the framework of the € = 4 — d expansion.

The e-expansion of the scaling equation of state has been determined up to order
&2 for the general O(N) model, 13 and order €3 for N = 1 . We give here the functions
for N'= 1 only up to order €2 to display the structure. The function f(x = t/M YP) of
eg.(17) can be written:

25

- L :[L 2
f(x)—1+x+66(x+3)L+E 72(z+9)L + 354

(m+3)L] +0(&) (@
with L = log(x + 3).

The expression (20) is not valid for x large, i.e. for small magnetization M. In this
regime the magnetic field H has a regular expansion in odd powers of M. It is thus
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convenient to express the equation of state in terms of another scaling variable z 0 x~?
because

z o MtP, (21)
The equation of state then takes the form
H o t¥F(2), (22)

where the relation between exponents y = [3(0 — 1) has been used. Substituting into
€0.(20) x = xoz VB (the constant X takes care of the normalization of z) and expanding
in € one finds at order € for the function (22)

F(z) = Fy(2) + eFy(2) + 2 Fy(z) + O(%),

with
Fy =z+12°
B =LA+ L@2z+2%) (23)

By = 3A:(~502% + L(100z — 42%) + L?(18z + 272%))

and L = log(L + 2%/2).

Within the framework of the forma €-expansion one can easily pass from one
expansion to the other. Still a matching problem arises if one wants to use the €-
expansion to determine the equation of state for d = 3, i.e. € = 1. One is thus naturally
led to look for a uniform representation valid in both limits. Josephson—Schofield
parametric representation 1> has this property.

4. PARAMETRIC REPRESENTATION OF THE EQUATION OF STATE

One parametrizes the equation of state in terms of two new variables Rand 6,
setting:

M = moRﬂﬁ,
t =R(1-6?%), (249
H = hoR%n(6),
where hg, mg are two normalization constants and ho can be chosen such that
o) =0+0(6°) .

This parametrization also corresponds in terms of the scaling variables x of eq. (20) or
zfrom eg.(21) to set

z=p0/(1-6%% 6>0, (25)
T = mop—l/ﬂ (1 _ 02) a—l/ﬂ, (26)

where p is some other positive constant.
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Then the function h(B) is an odd function of 6 which from Griffith’s analyticity is
regular near 6 = 1, which is x small, and near 6 = 0 which is x large. It vanishes for
6 = 8¢ which corresponds to the coexistence curve H=0, T< T,.

Note that the mapping (25) is not invertible for values of 6 such that Z(8) = O.
The derivative vanishes for 6 = 1/4/(1 — 26) = 1.69. One verifies that this value is
reasonably larger than 6, the largest possible value of 6.

Finally it is useful for later purpose to write more explicitly the relation between
the function F(2) of eg. (22) and the function h(8):

1oy = o~ (1 - 6)" P (2(6)). (27)
Expanding both functions
F(2) = 2+ %23 + g Fyppy 2241, (28)
h(9)/6 = 1+ ha16%, (29
=1
one finds the relations
e

hs = Iv(y—1) + (28 — )% + Fep* (20)

hr= gv(y=1)(v=2)+ (26 - 7)(28~ v+ 1)
+(48 - 1) Fop* + Frp®
From the parametric representation of the equation of state it is then possible to derive

a representation for the singular part of the free energy per unit volume as well as
various universal ratios of amplitudes.

Parametric representation and e-expansion. Up to order €2 the constant m, (or p)
can be chosen in such a way that the function h(6) reduces to:

we) =6(1-2¢) +0 (). (31)

The simple model in which h(8) is approximated by a cubic odd function of 8 is called
the linear parametric model. At order €2 the linear parametric model is exact, but at
order €3 the introduction of a term proportional to 6° becomes necessary 4'®. One
finds:

h(B) = O(1 + hgb? + hst®) + O (54) , (32)
with
2 g2 g 1 1
=_2 & = £ S 33
ha =3 (1 + 12) Che=5 (@ -52- ), 33)
where A is the constant
A= %w’(l/a) - ng = 1.17195361934 ... (34)
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The function h(@) vanishes on the coexistence curve for 6 = 6:

02 = % (1 - %) + 0(e%). (35)

Note that hz and thus 8y are determined only up to order €2 It follows

17
? = = - —?) =
PP =6(y+hs) =2 (1+ 5E+ 1086) 3.1340.13,

because h; is determined only up to order €2

Remark. In the more genera O(N) case, the parametric representation also au-
tomatically generates equations of state with satisfy the required regularity properties,
and thus leads to uniform approximations. However for N > 1 the function h(g) till
has a singularity on the coexistence curve, due to the presence of Goldstone modes in
the ordered phase and has therefore a more complicated form. The nature of this singu-
larity can be obtained from the study of the non-linear o-model. It is not clear whether
a simple polynomial approximation would be useful. For N = 1 instead, one expects
at most an essential singularity on the coexistence curve, due to barrier penetration,
which is much weaker and non-perturbative in the small €- or small g-expansion.

5. THE PERTURBATIVE EXPANSION AT FIXED DIMENSION THREE

We now discuss the calculations based on perturbative expansion at fixed d = 3
dimension. Five loop series for the renormalized effective potential of the ¢ theory
have been first reported in Bagnuls et al. ¥, but the printed tables contain some se-
rious misprints. These have been noticed by Halfkann and Dohm who have published
corrected values 8. We do not consider the case N # 1. Because the perturbative cal-
culations are much more difficult, due to the appearance of two lengths, the correlation
length along the applied field and transverse to it, the series are too short.

5.1 General remarks

The genera framework again is the massive theory renormalized at zero momen-
tum. The correlation functions 'Y of the renormalized field gr = ¢/VZ are fixed by
the normalization conditions (8). Eventually the renormalized coupling constant g has
to be set to its IR fixed point value g*. The mass parameter mis proportiona to the
physical mass, or inverse correlation length, of the high temperature phase. It behaves
for t0T—-Tc - 0+ asmOtY, where vis the correlation length exponent.

From the conditions (8) it follows that the free energy F expressed in terms of the
“renormalized” magnetization ¢, i.e. the expectation value of the renormalized field
¢ = Oprl has a small ¢ expansion of the form (in d dimensions)

1 1,
Flp) = F(0) + §m2<p2 + Zim4 dgpt 4+ 0 ((,06) . (36)

It is important to remember that the field renormalization Zis singular at g*. For
g — g* it behaves like (see aso eq. (9))

Zx (g~ g)"* o (m/A)",
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where the exponent n characterizes the field anomaous dimension. It follows that
¢ O M/mn'2,
It is convenient to introduce the rescaled variable z

z = pmC D2 /5 oc M [mld=2412, (37)
and set
md
Flo) - F(0) = —’;V(z, 9)- (38)
Taking into account the definitions of section (3), as well as the definitions (21),(22)

we conclude that z O Mt~P and that the equation of state is related to the derivative
F of the reduced effective potentia V with respect to z

F(zg) = Z29). (39)
by
H o tH¥F(2),

Ising symmetry implies that F is an odd function of z

1
F(z,9) =z + gza + 3 Fapa(g)2#H (40)
i=2

5.2 The problem of the low temperature phase

To determine the eguation of state in the whole physical range, or universa ratios
of amplitudes, a new problem arises. In this framework it is more difficult to calculate
physical quantities in the ordered phase because the theory is parametrized in terms of
the disordered phase correlation length & =m=% O (T —T,)~V which is singular at T (as
well as al correlation functions normalized as in 8). Let us consider the perturbative
expansion of the scaling equation of state (39). For example at one-loop order for d=3
the function F (z,g) isgiven by :

F(Z,g) =z+ %Zs - glEgz [(1—{—22/2)1/2_ 1— 2,’2/4]
(41)

=z+i3+ 2—516—7;gz5 — s=g2" + O(2%),

where the subtractions, due to the mass and coupling normalizations, are determined
by the conditions (8). This expression is adequate for the description of the disordered
phase, but al terms in the loopwise expansion become singular when t goes to zero for
fixed magnetization. Indeed this corresponds to the limit m - O, at ¢ fixed and thus
Z - o as seen in eg. (21). In this limit one knows from eq. (17) that the equation of
state becomes

H(M,t=0)x M® = F(z) x 25 (42)

In the case of the g-expansion the scaling relations (and thus the limiting be-
haviour (42) are exactly satisfied order by order. Moreover the change to the vari-
able x 0 z VP (more appropriate for the regime t — 0) gives an expression for
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f(x) O F(x B)xPd that is explicitly regular in x= 0 (Griffith's analyticity): the sin-
gular powers of log x induced by the change of variables cancel non trivially at each
order, leaving only regular corrections.

The situation changes when one deals with the perturbation theory in d = 3
dimensions: scaling is not satisfied for generic values of gbut only at g*. Consequently
scaling properties are not satisfied order by order in g. In particular the change to
the Widom function f(x) will introduce singular terms in log x that violate Griffith's
analyticity. An analogous problem arises if one first sums the series at g = g* before
changing to the variable x. In this case the singular contributions (in the form of powers
of x) do not cancel, as a result of unavoidable numerical summation errors.

Several approaches can be used to deal with the problem of continuation to the
ordered phase. A rather powerful method, motivated by the results obtained within
the e-expansion scheme, is based on the parametric representation.

The parametric representation. Order dependent mapping (ODM). The problem
that one faces is the following: to reach the ordered region t < O one must cross the
point z = o . However we know from Griffith's analyticity that F(2)z-%is regular in the
variable z-1/B, This property is naturally satisfied within the parametric representation.
One thus introduces an new variable 6 and an auxiliary function h(6) defined as in
(25),(27) : in this way the exact function h(8) will be regular near 6 = 1 (i.e. z= o )
and up to the coexistence curve. However, the approximate h(6) that one obtains by
summing perturbation theory at fixed dimension, is still not regular. The singular terms
generated by the mapping eg. (25) at 6 = 1 do not cancel exactly due to summation
errors. The last step is to Taylor expand the approximate expression of h(8) around
6= 0 and to truncate the expansion, enforcing in this way regularity. A question then
arises, to which order in 6 should one expand? Since the coefficients of the 6 expansion
are in one to one correspondence with the coefficients of the small z expansion of the
function F (z g*), the maximal power of 8 in h(8), should be equal to the maximal power
of zwhose coefficient can be determined with reasonable accuracy. Indeed athough
the small z expansion of F(z) at each finite loop order in g contains an infinite number
of terms, the evaluation of the coefficients of the higher powers of zis increasingly
difficult. The reasons are twofold:

(i) The number of terms of the series in g required to get an accurate estimate of
F, increases with | (see section (6.1)).

(i) At any finite order in g the function F(z) has spurious singularities in the
complex zplane (see eg. eq. (41), z2 = -2) that dominate the behaviour of the
coefficients F| for | large.

In view of these difficulties one has to ensure the fastest possible convergence of
the small 6 expansion. For this purpose one can use the freedom in the choice of the
arbitrary parameter pin eq. (25) : one determines p by minimizing the last term in the
truncated small 6 expansion, thus increasing the importance of small powers of 6 which
are more accurately calculated. This is nothing but the application to this particular
example of the series summation method based on ODM 19,

This strategy applied to the available data, leads at leading order for h(B) to a
polynomial of degree 5, whose coefficients are given by the relations (30) :

1O) = (1 + ha(p)6° + hs(p)6"]. (43)

For the range of admissible values for Fsthe coefficient hs of 8° given by eq. (30) has
no real zero in p. It has a minimum instead

P =8 = 1 - 26) ()
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Figure 1. The summed coefficient Fs as a function of the Borel-Leroy parameter b for successive
orders k.

Substituting this value of p into expression (43) one obtains the first approximation for
h(6). At next order one looks for a minimum p7 of |h;(p)|. One finds a polynomial
either of degree 5 in 6, when h; has a rea zero, or of degree 7 when it has only a
minimum.
It is not possible to go beyond hg(p) because already Fq is too poorly determined.
Finally amplitude ratios will involve ratios of functions of 6 at6=0andat 8=0
where 8y is the zero of h(0) closest to the origin.

6. NUMERICAL RESULTS

6.1 The small field expansion

The first problem thus is to determine the first coefficients F,,,,; of the small z
expansion of the function F(z) as accurately as possible, at the I.R. fixed point g* .
Exactly the same method as for exponents is used, i.e. Borel-Leroy transformation and
conformal mapping. As one can anticipate the asymptotic regime sets in later when |
increases, and thus the efficiency of the summation correspondingly decreases.

In figure 1 the behaviour of Fsin terms of the Borel-Leroy parameter b is displayed.
Increasing flatness of the curves when kincreases, i.e. increasing insensitivity to the
parameter b, presumably indicates convergence of the method. Table 2 contains the
results of * together with other published estimates of the coefficients of the small z
expansion of F(2).

6.2 Parametric  representation

One then determines by the ODM method the parameter p and the function h(6),
as explained in section (5.2). One obtains successive approximations in the form of
polynomials of increasing degree for h(8). Note that one here has a simple test of the
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Table 2
The effective potential.

g Fs F Fo
g—exp. 28, 0.0176+ 0.0004 | (45+0.3) x 104 | — (3.2 + 0.2) x 10-5
d=3|2370+0.05| 0.01711 + 0.00006 | (4.8+ 0.5) x 10~4| —(7.%5) x 10~5
d=32% 23.73 01727 0010

HT 22| 2372+ 1.49| 0.0205 + 0.0052
HT 20| 2445+ 0.15| .017974 + .00015
HT 2 23.69 .0166 .00055 .00001
MC 24| 233+0.5 | 0.0227+0.0026
MC % | 245z 2 0.027 + 0.002 | 0.00236 + .00040
ERG % 28.9 0.016 43x 107
ERG? | 207+02 | 00173+ 0.0001 | (50+0.2) x 10| —(4 % 2) x 10-5

relevance of the ODM method. Indeed, once h(8) is determined, assuming the values of
the critical exponents y and B, one can recover a function F(z) which has an expansion
to al orders in z. As a result one obtains a prediction for the coefficients Fz+1 which
have not yet been taken into account to determine h(0). The relative difference between
the predicted values and the ones directly calculated gives an idea about the accuracy
of the ODM method. Indeed from the vaues Fs = 0.01711, y= 1.2398, 3 = 0.3256,
one obtains

F=483x10", F=-32x10"% F,=14x10"" ... .

Note that the value for F7 is quite close to the central value one finds by direct series
summation, while the value for Fgis within the errors. This result gives us confidence in
the method. It also shows that the value of Fy obtained by direct summation contains
little new information, it provides only a consistency check. Therefore the simplest
representation of the equation of state, consistent with all data, is given by

h(6)/8 = 1 — 0.76201(36) 67 + 8.04(11) x 107% ¢4, (45)

(errors on the last digits in parentheses) that is obtained from p? = 2.8667 (fixed
according to eq. (44)). This expression of h(8) has a zero at

8 =1.154, (46)

to which corresponds the value of the complex root z of F(z), zo = 2.800 x e M,
The coefficient of 87 in eq. (45) is smaller than 10~3. Note that for the largest value
of 82 which corresponds to 62, the 84 term is still a small correction. Finally the
corresponding values for the €-expansion are hs = —0.72, hs = 0.013. These values are
reasonably consistent, because a small change in hsz can be cancelled to a large extent
by a correlated change in p.

The Widom scaling function f(x), eg. (17), can then easily be obtained numerically
from h(8) and compared with other determinations. The main disagreement with other
predictions comes from the region x — oo, i.e. from the small magnetization region,
where the predictions of the present method should be specialy reliable.
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Table 3
Amplitude ratios.

At/A- ctic— R. R¢
€—exp. (a) 0.524 + 0.010 4.9 1.67
€ —exp. (b) 0.547 £ 0.021 | 470+ 0.10 | 0.0585 + 0.0020 | 1.649 + 0.021
d = 3 fixed (a) | 0.541 + 0.014 | 4.77 + 0.30 | 0.0594 + 0.001 1.7
d = 3fixed (b) | 0.536 + 0.019 | 4.80+ 0.10 | 0.0575 + 0.0020 | 1.670 + 0.019
HTseries 0.523 + 0.009 | 4.95 + 0.15 | 0.0581 + 0.0010 175
binary mixt. 0.56 + 0.02 43+0.3 0.050 + 0.015 175+ 0.30
liqu. — vap. 0.48 -0.53 4.8-5.2 0.047 = 0.010 1.69 £ 0.14
magn. systems | 0.49-0.54 49+05

6.3 Amplitude ratios

Various amplitude ratios can then be derived from h(6) and the values of the
critical exponents determined from longer series. Table 3 contains a comparison of four
amplitude ratios as obtained from RG, lattice calculations and experiments on binary
mixtures, liquid—vapour, uniaxial magnetic systems. Results for €-expansion (a) are
taken from 2 and 16 (direct Padé summation of each corresponding series), while (b)
are the results of X, obtained by first summing h(8) and then computing ratios. The
results d = 3 fixed dimension (a) are taken from 7 and refers to direct summation up
to O(g®) while d = 3 (b) are the results obtained by the method of 1, with the values
of 2. High Temperature results are taken from 2 (R, from ¥). Experimental data
are extracted from 3, to which we refer for more results and references. One notes the
overal consistency of the results obtained by different methods.

7. CONCLUDING REMARKS

Within the framework of renormalized quantum field theory and renormalization
group, the presently available series alow, after proper summation, to determine with
satisfactory accuracy critical exponents for the N-vector model and the complete scaling
equation of state for 3D Ising-like (N = 1) systems. In the latter example additional
technical tools, beyomd Borel summation methods, are required in which the parametric
representation plays a central role. From the equation of state new estimates of some
amplitude ratios have been deduced which seem reasonably consistent with all other
available data

Clearly a similar strategy could be applied to other quantities in a magnetic field,
in the scaling region. Note also that an extension of the e-expansion of the eguation of
state for N = 1 to order £* or even better £°, that does not seem an unrealistic goal,
would significantly improve the e-expansion estimates and would therefore be quite
useful. Finally the present approach could be extended to systems in the universality
class of the (¢?)3 field theory for N # 1, provided expansions of the renormalized
effective potential at high enough order can be generated.
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COLLECTIVE DYNAMICS OF A DOMAIN WALL — AN OUTLINE

H. Arodz

Institute of Physics, Jagellonian University,
Reymonta 4, 30-059 Cracow, Poland

We shall consider domain walls in a relativistic field-theoretica model defined by
the following Lagrangian

2
L= —%n,wa“@a”cb — 3(<I>2 M

2
2 4)\) ’ @
where @ is a single real scalar field, (ny)=diag(-1,1,1,1) is the metric in Minkowski
space-time, and A, M are positive parameters.

Euler-Lagrange equation corresponding to Lagrangian (1) has the particular time-
independent solution X

®(z#) = By tanh (=) ©

2l

which describes a static, planar domain wall stretched aong the x¥* = 0 plane. Here
By = M/(2v/X) denotes one of the two vacuum values of the field ® — the other
one is equa to —®,. The parameter M can be identified with the mass of the scalar
particle related to the field ®. The corresponding Compton length lo =M ~* gives the
physical length scale in the model. Energy density for the planar domain wall (2) is
exponentially localised in a vicinity of the x3 = 0 plane. The transverse width of the
domain wall is of the order 2lo.

The issue is time evolution of a non-planar domain wall. Such domain walls can
be infinite, consider, e.g., locally deformed planar domain wall or a cylindrical domain
wall. They can aso be finite closed, e.g., like a sphere or a torus. We shall restrict our
considerations to a single large, smooth domain wall. Such a domain wall is defined by a
set of conditions which provide Lorentz and reparametrisation invariant formulation of
the heuristic requirement that 12Ry, << 1 at each point of the domain wall, where Ry, R,
denote local main curvature radia in a local rest frame of the considered infinitesimal
piece of the domain wall. In this case it is possible to develop the presented below
perturbative approach to the dynamics of the domain wall. In other cases, e.g. when
lo/R; ~ 1 at certain points of the domain wall, the only practical tool is numerical
analysis.
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Physical idea underlying the expansion in the width is rather simple. The domain
wall is a stable solitonic object. One expects that each piece of the large, smooth domain
wall in the local co-moving reference frame does not differ much from the planar domain
wall. The differences, which are due to curvature of the domain wall, can be calculated
perturbatively.

The tricky point is to find a convenient reference frame co-moving with the domain
wall. From the seminal papers'?, which were devoted to dynamics of vortices but
this does not make an essential difference here, we know that the co-moving reference
frame should be based on a relativistic membrane. In the leading approximation? the
membrane is of Nambu-Goto type, and at each instant of time it coincides with the
surface on which the scalar field ® vanishes. In the following we will call this surface
the core of the domain wall. For instance, in the case of the static domain wall (2)
the core is given by the plane x3 = 0. When calculating corrections to the leading
approximation one can still adhere to this identification of the membrane with the
core, see, e.g., papers 345, The price for this is that the membrane is no longer of the
Nambu-Goto type. Effective action for such membrane contains higher derivatives with
respect to time, and probably is nonlocal 6. The reason for these unpleasant features
is that the points at which the scalar field vanishes do not constitute a physical object
(the physical object is the domain wall itself and not the core), and therefore the core,
being a purely mathematical construct, can have strange from the physical point of
view equation of motion. In papers 78 we have proposed to use a membrane which is
of Nambu-Goto type to al orders. This membrane coincides with the core only at the
initial instant of time.

Our description of the dynamics of the domain wall 78 involves the Nambu-Goto
membrane and certain additional 2+1-dimensional fields defined on the membrane.
They obey nonlinear eguations of motion which are second order partial differential
equations, and they describe time evolution of the domain wall completely. Transverse
profile of the domain wall, that is dependence of the scalar field ® on a variable chang-
ing in the direction perpendicular to the domain wall, is uniquely and explicitly given
once the evolution of the Nambu-Goto membrane and of the 2+1-dimensiona fields
is found. The dependence on the transverse variable is calculated perturbatively, and
one should observe that it is the case of a singular perturbation. Our approach to
constructing the perturbative expansion follows a method used in condensed matter
physics®. Because of the explicit dependence on the transverse variable the dynamics
of the domain wall has been reduced to dynamics of the collective degrees of freedom
given by the Nambu-Goto membrane and the fields on it. In the following we shall
present basic steps of the approach developed in papers .

Step 1. The co-moving coordinate system.

We introduce a surface S co-moving with the domain wall, that is the co-moving mem-
brane. It does not have to coincide with the core, except at the initial instant of time.
The world-volume of S denoted by Y, is parametrised as follows

£ (YM)@) = (r,Y'(u?). ©)

We use the notation (u®)g=012 = (1,0%,0%), where = coincides with the laboratory
frame time x° while ¢, 62 parametrise Sat each instant of time. The index i=
1,2,3 refers to the spatial components of the four-vector. The points of the co-moving
membrane S at the instant 74 are given by (Y?)(r,0%,0%). The coordinate system
(r,0%, 0%, €) co-moving with the domain wall is defined by the formula

gt = Y*(u®) + & n(u®), (4)
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where x* are Cartesian (laboratory frame) coordinates in Minkowski space-time, and
(nk) isanormalised space-like four-vector orthogonal to Y in the covariant sense,

n(ut)Yh(u®) =0, nunf =1,

where Y# = 8Y*/du®. The three four-vectors Y , are tangent to 3 . & is the transverse
variable. Definition (4) implies that & and ua2 are Lorentz scalars. In the co-moving
coordinates the co-moving membrane is described by the condition & = 0. For points
lying on Sthe parameter 7 coincides with the laboratory time x0, but for & # 0 in
genera 7 is not equal to x©°.

The extrinsic curvature coefficients K, and induced metrics g,, on Y are defined
by the following formulas:

Ky = an,ﬁb, Gab = Y,gn,b:

where a, b= 0, 1, 2. The covariant metric tensor in the new coordinates has the following

form G
w O
[Gaﬂ] = l: 0 b 1 J )

wherea, =0, 1,2, 3; o= 3 corresponds to the & coordinate; and
Gab = NocgNap,  Noe = gac — EK e
Thus, Gg; = 1, G, = 0. Straightforward computation gives
V=G = /=g h(§,u°),
where as usual g = det[g,p], G =det[Gqg], and

1 1
€ u?) =1 - €KL + SE(KAK) — KoKY) — SE KKK,

For raising and lowering the latin indices of the extrinsic curvature coefficients we use
the induced metric tensors gab, g 4p.
The inverse metric tensor G is given by the formula

=[5 0]

where
Gab — (N—])acgcd(N_l)db.

N-1 is just the matrix inverse to [N,,]. It has the upper indices by definition.

In general, the coordinates (u2,§) are defined locally, in a vicinity of the world-
volume Y of the membrane. Roughly speaking, the allowed range of the & coordinate is
determined by the smaller of the two main curvature radia of the membrane in a local
rest frame. We assume that this curvature radius is sufficiently large so that on the
outside of the region of validity of the co-moving coordinates there are only exponential
tails of the domain wall, that is that the field @is exponentialy close to one of the two
vacuum solutions.

Step 2. Field equation in the co-moving coordinates.
It is convenient to rescale the field ® and the coordinate €,
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where @and s are dimensionless. We aso extract from the scalar field its component
living on the co-moving membrane and treat it separately from the remaining part of
the scalar field. To this end we write the identity
¢(s,u”) = B(u)h(s) + x(s,u"), (5
where
B(u*) £ ¢(0,u”) (6)

is the component of the scalar field living on the co-moving membrane, and

x £ ¢(s,u%) — B(u®)¢o(s) W)

is the remaining part. The auxiliary, fixed function Wo(s) depends on the variable s
only. It is smooth, concentrated around s= 0, and

%o(0) = 1. )
It follows that
x(0,u®) = 0. (9)
The best choice for Yiy(S) is given by formula®

1
Yole) = cosh?(s)’

Next we derive Euler-Lagrange equations by taking independent variations of B(u®)
and X. The variation dx has to respect condition (9), hence

8x(0,u) = 0.

Because of this condition, variation of the action functional

= 2 3 a
S—M/dsd u v/—gh(s,u%)L

with respect to x gives Euler-Lagrange equation in the regions s < 0 and s> 0. It has
the following form

VTG o B + ) o

300, (Bb -+ X))+ KB+ [T = (B +x)%] =0.

At s= 0 there is no Euler-Lagrange equation corresponding to the variation &y In-
stead, we have the condition (9). Equation (10) should be solved in the both regions
separately, with (9) regarded as a part of boundary conditions for X. To complete the
boundary conditions we also specify the behaviour of X for |§| much larger than the
characteristic length 1o, that is for |s| >> 1: we shall seek a solution such that x is
exponentially close to +1 for s>> 1, while for s << -1 it is exponentially close to — 1.

At this stage of considerations Eq.(10) should not be extrapolated to s= 0. For
example, the I.h.s. of it could have a &(s)-type singularity. It would occur if x was
smooth for s> 0 and for s< 0 but had a spike at s= 0.
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In addition to Eq.(10) we aso have the Euler-Lagrange equation corresponding to
variations of B(u?). This eguation has the following form

375 [ 45 =0, [V=FHG 0Bk + )] o (1

-3 / ds h39w033(3¢0 +Xx)
+ [ ds hago(Bro +x) [L - (Bto + x)%] =0,

Here and in the following we use [ ds as a shorthand for the definite integral [*° ds.
Using equations (10) and (11) one can prove that X does not have the spike at

s= 0. It follows that Eq. (10) is obeyed by X adso a s= 0, and that now Eq.(11) can

be obtained by multiplying Eq.(10) by Wo(S) and integrating over s. Therefore we may

concentrate on solving Eq. (10).

Step 3. Expansion in the width.

First we solve Eq.(10) in the leading approximation obtained by putting /M = 0. The

equation is then reduced to

2020 + 601 - (407 = 0, 12)

where
¢0 = BOyy 41O,

Equation (12) does not contain derivatives with respect to time, in spite of the fact that
it is supposed to approximate the evolution equation (10). This annoying fact is due to
the singular character of the perturbation given in Eq.(10) by the terms proportional
to positive powers of 1/M. We shall see that time evolution is obtained indirectly, from
consistency conditions.

Equation (12) has the following particular, well-known solution

@9 = tanh s. (13)
This solution together with conditions (8), (9) gives
B9 =0, x© =tanhs. (19)

Notice that @) has the same form as the planar domain wall (2) — in this way we
realise the idea that in the co-moving reference frame the domain wall does not differ
much from the planar domain wall.

The solution (13) in the co-moving coordinates does not determine the field @in the
laboratory frame because we do not know yet the position of the co-moving membrane
with respect to the laboratory frame. Equations (10), (11) yield an equation for the
co-moving membrane, otherwise they would not form the complete set of evolution
equations for the field ®. In fact, we shall see that the first order terms in Eq.(10)
imply Nambu-Goto equation for the membrane.

The expansion in the width has the form

a i 1 1 2) a 1 (3) a
x(s,u*) = tanh s + _]\/._TX( s, u®) + WX( (s,u%) + Ve (8,u%) + .oy (15)

1 1 1
B(u") = ;B + 3B () + TE B + (16)



where we have taken into account the zeroth order results (14). The expansion pa
rameter is M and not 1/M 2 because /M in the first power appears in h and G*°
functions after passing to the svariable. In order to obey the condition (9), and to
ensure the proper asymptotics of x at large (091 we assume that for n> 1

XM©,u%) =0, lim x™ =0. (17)

Inserting the perturbative Ansatz (15, 16) in Egs.(10, 11), expanding the l.h.s’s of
them in powers of 1/M, and equating to zero coefficients in front of the powers of /M
we obtain a sequence of linear, inhomogeneous equations for x™ (s, u®), B (u®) with
n1.

In particular, Eq.(10) expanded in the powers of 1/ M gives equations of the type

L™ = o, (18)

where the source term (™ is determined by the lower order terms in x and B, and
s ar 1
1€ 508 +1=30(0)%
Explicit solution of Eq.(18) is given by the formula
X"(8) =201(6) [ dwvn(@)f V(@) = 200(s) [ da (@D @ o)

This solution obeys the boundary conditions (17).

Obviously, we assume that all proportional to positive powers of 1/M terms in
Egs.(10, 11) are small. For this it is not sufficient that the extrinsic curvatures are
smal, that is that loK? < 1. We have aso to assume that the derivatives x@, B®
are not proportional to M. It is not the case, for example, if x and B contain modes
oscillating with a frequency ~ M. They would give positive powers of M upon differ-
entiation with respect to u?. If such oscillating components were present the counting
of powers of /M would no longer be so straightforward as we have assumed. This
assumption excludes radiation modes as well as massive excitations of the domain wall.
Therefore, the approximate solution we obtain gives what we may call the basic curved
domain wall. To obtain more general domain wall solutions one would have to gener-
alize appropriately the approximation scheme. Actualy, the fact that such particular
radiationless, unexcited curved domain wall exists is a prediction coming from the /M
expansion. The expansion yields domain walls of concrete transverse profile — the
dependence on s is explicit in the approximate solution we construct even at the initial
instant of time. We may choose the initial position and velocity of points of the mem-
brane but the dependence of the scalar field on the variable s at the initial time is given
by formulas (19). This unique profile is characteristic for the basic curved domain wall.
Step 4. The consistency conditions.

The first order terms in Eq.(10) give the following equation

LxW = K28,, (20)

where x © is given by the second of formulas (14). )
The most important point in our approach is the observation that operator L has
a zero-mode, that is the normalizable solution

Yo(s) =

cosh? s
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of the homogeneous equation A

Lpg = 0. (21)
Notice that 1y = 8,x(® — this means that the zero-mode Y is related to the trans-
lational invariance of EQ.(12) under s — s + const. The presence of the zero-mode
implies the consistency conditions. For example, let us multiply Eq.(20) by o and in-
tegrate over s. It is easy to see that f 4o Lx" vanishes because of (21), and we obtain
the following condition

Ke / ds ()3, P (s) = 0

which is equivalent to

K¢=0. (22)
Eq.(22) coincides with the well-known Nambu-Goto equation. It determines the motion
of the co-moving membrane, that is the functions Yi(u?), i=1,2,3, once initial data

are fixed. When we know these functions we can caculate the extrinsic curvature
coefficients Kq, and the metric gan. Review of properties of relativistic Nambu-Goto
membranes can be found in, eg., °.
Due to Nambu-Goto equation (22) the r.h.s. of Eq.(20) vanishes and the resulting

homogeneous equation

f,x(l) =0
with the boundary conditions (17) has only the trivial solution

X(l) =0.

Notice that vanishing x(1) does not mean that the first order correction to the total
field @also vanishes — there is the first order contribution equal to BM,/M.. It does
not vanish on the co-moving membrane that is a s= 0.

Analogous reasoning can give nontrivial consistency conditions also for equations
(18) with n> 1. For some n, eg. n = 2 we obtain only the trivial identity 0 = O.

Equation (11) expanded in powers of 1/M gives equations for B (" coinciding
with the consistency conditions. This follows from the fact that both Eq.(11) and the
consistency conditions are obtained by multiplying Eq.(10) by the zero-mode o and
next integrating over s. Euler-Lagrange equation (11) can be regarded as generating
equation for the consistency conditions.

Equations (10), (11) in the first order do not give any restriction on the function
B®, Equation for B® follows from the third order terms in Eq.(11):

1

V=g

This situation is typical for singular perturbation theories of which the 1/M expansion
is an example — higher order equations imply restrictions (the consistency conditions)
for the lower order contributions *°.
Step 5. Initial data.
At this point we have the complete set of equations determining the evolution of the
domain wall in the 1/M expansion. Each of Egs.(10), (11), (22) describes different
aspect of the dynamics of the curved domain wall. Expanded in the positive powers of
1/M Eq.(10) determines dependence of x on s. Because the term By in formula (5)
has explicit dependence on s, we may say that Eq. (10) for x fixes the transverse profile
of the domain wall.

Equation (11) determines the B (u®) functions, which can be regarded as (2+1)-
dimensional scalar fields defined on 3 and having nontrivial nonlinear dynamics. The

2 2
0u(/=35"BY) + (- ~ DEEKLB® 1+ 2 (BO) = (5 — DERKIKS (29
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extrinsic curvature K, of Y acts as an external source for these fields. The fields
B(M can propagate along Y. One may regard this effect as causal propagation of
deformations which are introduced by the extrinsic curvature.

Finally, Nambu-Goto equation (22) for the co-moving membrane determines the
evolution of the shape of the domain wall.

Equation (22) for the co-moving membrane and equations for B(™ obtained from
the consistency conditions are of the evolution type — we have to specify initial data
for them, otherwise their solutions are not unique. Equations (18) for the perturbative
contributions X (") are of different type — in order to ensure uniqueness of their solution
it is sufficient to adopt the boundary conditions (17). The initia data for B(u®) and
Y (u@) follow from initial data for the original field . From such data for @ we know
the initial position and velocity of the core. We assume that at the initial instant
the co-moving membrane and the core have the same position and velocity. Hence,

initial data for the membrane = initia data for the core.
Using formula (5) one can show that then
B™(ry,0",0%) =0, 8,B™(r,0",0%) =0. (24)

In order to find the domain wall solution one should first solve the collective
dynamics, that is to compute evolution of the co-moving membrane and of the B("™
fields. The profile x of the domain wall is found in the next step from formulas (15, 19).
In our perturbative scheme the profile of the domain wall can not be chosen arbitrarily
even at the initial time — it is fixed uniquely once the initial data for the membrane
and for the B field are given. Evolution of the core can be determined afterwards, from
the explicit expression for the scalar field ¢F.

* k%

In paper 8 the perturbative solution has been constructed up to the fourth order.

In paper * second order perturbative solutions for cylindrical and spherical domain
walls have been compared with numerical solutions of the Euler-Lagrange equation.
The results of the comparison are quite encouraging.

In paper 2 analogous approach has been applied to a vortex in the Abelian Higgs
model.

The perturbative approach to dynamics of the domain walls we have sketched can
be generalised to models involving several fields. Also the requirement of relativistic
invariance can be dropped out.
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INTRODUCTION

In the mid-seventies, Batalin, Fradkin and Vilkovisky 2 developed a BRST formula-
tion of an arbitrary Hamiltonian gauge theory with reducible first class constraints and
possible open gauge algebra, nowadays known as BFV-BRST quantizatior®. The for-
mulation made extensive use of Grassmann odd objects and symmetries, which was new
a that time. Most notably are the nilpotent BRST charge Q and the gauge fermion .
The BFV Theorem, which is the subject of this talk, states that the partition function
Z is independent of the choice of (.

The path integral was treated in many respects at a formal level. First of al, the
usual problems with giving precise meaning to the path integral, ordering problems,
etc. Secondly, the considerations didn’t take into account global obstructions. Let us
here just mention a few: A) Assumption of a globally defined gauge choice Y (no Gribov
problems). B) Assumption of a globally defined symplectic potential 9. Whereas the
former types of problems clearly are principle, the latter type of problems are of a more
solvable, but technical nature.

What motivated the present work was a concern about the stability of time lo-
cality. It is a well-known fact that time plays a special role in Hamiltonian theories.
One assumes that all virtual paths in the path integral are parametrized by the same
globa time parameter. It is therefore possible to speak of equal -time Poisson brackets.
Moreover, we assume no interaction between two different times. In other words, the
symplectic two-form w(t) = w(z(t), t) isafunction of the coordinates taken in the very
same time. One says that the phase space Poisson structure is ultra-local in time. In
particular, the symplectic structure does not depend on the past nor the future. Nev-
ertheless, in the standard proof? for the BFV Theorem one performs an infinitesimal
flow generated by a bosonic BRST-type vector field

where p ~ fTdt 6o (t) is a functional. The flow therefore carries information about
the past and the future of the path. In a consistent geometric formulation such flows

* E-mail: bering@nbivms.nbi.dk .
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violates the ultra-local ansatz for the two-form w(t) = w(z(t),t). The BRST variation
(1) is transporting well-defined ultra-local theories into doubtful non-local theories.
Naively, one would have expected that the relevant BRST transformation would map
ultra-local theories in ultra-local theories. Our analysis below shows that the non-
locaity arising in the canonica measure factor, the Pfaffian, remarkably can be recast
into an ultra-local form, which turns out to be the gauge-fixing term in the action. This
solves our origina posed question, and it shows that the formalism is consistent.

However, as a spin-off, we gain further geometric understanding of the gauge fixing
flow in the path phase space. We also find an anti-Lie-bracket, that turns the set of
gauge fermions into an infinite-dimensional algebra. This algebra is interesting in its
own right from a pure mathematical point of view.

A PATH SPACE APPROACH

Our basic philosophy is to consider the collection PT" of al paths as an infinite-
dimensional manifold, i.e. a geometric object that does not depend on the specific choice
of coordinates. For instance, given a volume form, the partition function is an integral
over this manifold weighted with the Boltzmann factor. Let us emphasize that both
the Boltzmann factor and the volume form are scalar objects, that does not depend
on the choice of coordinates. In this picture the BRST transformation (1) is a non-
Hamiltonian (and non-local) vector field on the manifold PI', i.e. it is not a symplectic
or equivalently a canonical transformation. So the symplectic structure is affected by
the BRST vector field (1) and in genera it becomes non-local.

Let us hence consider a wider class of theories than the ultra-local ones. To include
non-local theories, we have to lift the construction from phase space I' to a path phase
space PI, thereby giving room for non-trivial Poisson bracket between different times.
In general, non-local theories are senseless, but we shall see that we can give meaning
to a restricted class of non-local theories.

As advocated above, acting with a BRST type transformation (1) change the
symplectic two-form depending on the gauge-fixing Y. Let us introduce a gauge-fixed
symplectic two-form directly in the path space P = ITsepo,r) I

wy = wy(y) = } /7 /7 dt dt’ dz?(t) wyap(t,t') A d2P(t)

= %LLdﬁ dt’ wprB(t,t’) dzB(tl) A dZA(t)(—1)6A+1 ) ?

In other words, the symplectic two-form wy is modified as an accumulated result of
acting with the BRST type of transformations (1). We shall derive the explicit formula
later. When the gauge fermion is turned off, § = 0, the gauge-fixed symplectic structure
coincide with the original ultra-local symplectic structure. In detail, the ultra-local form
is
w = wly) = g//dt dt' dz? (1) wap(2(),8) 8t — 1) A deB(F) . 3)
T

The inverse wy™® (t, t) gives rise to a gauge-fixed path space Poisson bracket

« -
/ 67‘ ! 6l
6y = (FG, 0 = [ [ddl Fegmu®60)5 550, @

where F, G: PT - @, For generic Y the dementswyas(t, t') are functionas of the path
y . More precisely, we alow for the following dependence: A) It could be a functional
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of the full path y, B) it could be a function of the two path values y(t) and y(t') and
finaly C) it could depend explicitly on the times tand t'. In symbols,

wpap(t,t') = wypan(v,7(t), (), 1, ) . (5

In the same manner, instead of looking at classica observables f:I' - @, let us
consider classical observables F: PIT =@ that are functions on the path space PI'. The
usual ultra-local classical observables F are of the form

FW)=Lﬂﬂwmw or F(y) = f(y(t),t) 6)

for some function f: I x [0, T] — @ and t; € [0,T]. Examples are the BRST-improved
Hamiltonian Hggsr(2(t),t) and the BRST charge Q(z(t),t). The path space versions
read

Hppsr = Hprsr(y) = /dt Hppsr(y(t),t) ,
v

Q=9@)=Lmnww@,
{Q: Q} =0, {Q, HBRST} = 0. (7)

The classical observables of the form (6) are formally the fundamental building blocks
for al classica observables, i.e. a classical observable F in path space is a forma
powerserie of the type (6). As a particular example we allow that the gauge fermion
¥ : PI' = is apowerserie of these building blocks.

AN ANTI-LIE-BRACKET

Before describing explicitly how gauge fermions s act on the path space manifold,
let us analyze the set of gauge fermions in more detail. First of all, it turns out that
we can define a Grassmann-odd bracket structure among the gauge fermions. We have
chosen here to start with this construction to emphasize its fundamental nature. Later
we shall then see how this anti-algebra can be realized in the algebra of vector fields as
BRST-like vector fields. When exponentiating to the corresponding groups we realize
the corresponding BRST flow or — what turn out to be the same — the gauge-fixing
flow.

The Poisson bracket and the BRST charge give rise to an anti-Lie-bracket in the
space C*°(PT) of “classical” observables in the following manner:

(F,G) = §(~1){Q, FG} = {FG,Q}(-1)*"
— —(—1)(€F+1)(£G+l)(G, F) ) (8)

The anti-Lie-bracket is of odd Grassmann parity and it has ghost number +1. It satisfies
the correct symmetry property, the Jacobi identity, but not the Poisson property.’

fA note on supersymmetry. Although we shall not need it in the following let us point out a rela
tionship between a super Poisson bracket and an anti-bracket. Consider a manifold equipped with a
“super-symmetry”, by which we shall simply mean a Grassmann-odd vector field Xsysy. A natural
correspondence between super Poisson bracket and anti-bracket is

Xsusy [{F,G}] = (Xsusv[F), Xsusv[G]) , 9

or
Xsusy [(F,G)] = {Xsusv[F), Xsusv[G]} - (10)
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Group of Gauge Fermions

The space G of gauge fermions ¢ : PI' =€ with ghost number —1 equipped with
this anti-Lie-bracket is an infinite dimensional Lie-algebra. The corresponding group G
is identified with precisely the same space of ghost number -1 functions ¥ : PI" —» @,
so G =G. The group G is endowed with an associative product ¢:Gx G - G,

UyoWy = U+ Uy + 0, {0, Ty}, (11)

and an inversion map 7 : G - G,

\4 v

= — - = - = —¥ g . 12
(¥ 1+ L{0, U} 1+B ¢ (12

Here we have for convenience introduced
b= H{Qy}=n(1+B), B=i{Q¥}=¢-1. (13)

The algebra elements are in general denoted by a lowercase ¥ and the group element
are denoted by uppercase W. They are connected via the bijective exponential map
Exp:G - G

¥ =Exp(y) =¢ e(b), ¢ =Ln(¥)=1¥IB), (14)
where e(and |) are
. 1 ab__eb"'l__g_mbn_l
e(b)—/odoze = - = —nz::ln! , (15)
_h(+B) _ b _ & (=B
(B) = —5— = 3 *;—-—n : (16)
The neutral element of the Lie group is W = 0:
Tol=V¥=00T, Exp(0) =0 . (17)

The exponentia map satisfies the Baker-Campbell-Hausdorff formula

BCH(u, uhs) = Ln(Exp(u) o Exp(uys))
= uth; + iy + Huth, uhy) + Od) ,
Exp(—9) = 7(Exp(¥)) . (18)

This is easiest to prove in an agebra/group representation — a so-caled redlization
that we describe in the next Section.

Group of Reparametrizations

Consider the infinite dimensional Lie group Aut(PI") of invertible “reparametriza-
tions" ¥ o : PT' — PI' . The corresponding infinite dimensional Lie algebra Lie(Aut (PI))

Totation: We shall use the word reparametrization as synonymous with an automorphism, i.e. a
diffeomorphism that starts and ends on the same manifold. Thus a reparametrization in our termi-
nology is a purely geometric notion, that does not depend on the local choice of coordinates, despite
what the name may perhaps indicate. If we want to change local coordinates, we instead speak of
acoordinate transformation. One may say that a reparametrization is an active operation, while a
coordinate transformation is a passive operation.
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is identified with the set of bosonic vector fields X :C® (PI') - C® (PI') equipped with
the usua Lie bracket
(X, Y][F] = X[V[F]] - Y[X[F]] . (19

The exponential map Exp : Lie(Aut(PI')) - Aut(Pl") gives rise to an “action” con-
ventionally denoted by a dot

. Lie(Aut(Pr)) x Pr - Pr. (20)
The definition and main properties are

Xy = (Exp(X))y, Oy=7, X.(Y) = (BCH(X,Y))y . (21

THE GAUGE-FIXING FLOW

We can now construct a Lie algebra homomorphism X : G - Lie(Aut(Pr)) that
takes a gauge fermion s to a bosonic BRST-type vector field X¥ by

Xy X¥= ipXa, [X"I’l’XV"l] = xW2) (22)
The corresponding Lie group homomorphismo =Expo X oLn: G - Aut(Pr) reads

o: ¥ o0y = idpr+ §¥Xq,
Tyy00, = Ty OO0y, ,
orwy = {o9)™ . (23

As a very important consequence we have a gauge-fixing left group action
o : GxPI'» P (24)
directly on the path space:
ow(7) = (ider + i ¥Xa)7y,
,(Y\Il’l oWy)ony. (25)

Yo = ¥o
0o

2
o

~

\IIIO(\I/QO’Y

This is the sought-for geometric gauge-fixing. The gauge-fixing can be understood at
the level of paths as a modification of the individual paths!

Gauge-Fixed Quantities

The gauge-fixed classical observables Fy are defined viathe pull-back* of the gauge-
fixing map:
Fy(7) = (03 F)(v) = Floy(7))
F(y) + 32(y) {Q(7), F(n)}
— e%w(v){ﬂ(w),')p(,y) . (26)

ion

The BRST-improved Hamiltonian H z g5+ and the BRST charge Q are not changed by
the gauge fixing flow, because of (7). The gauge-fixed symplectic two-form and the
symplectic potential are remarkably simple, but clearly non-local:

wy = ogw = w+ id¥ A dQ, (27

Vg = of9 = 9+ ;¥ dQ+ jd[¥ ix, 9] . (28)



THE BFV PATH INTEGRAL

We shall in this section review the BFV Theorem in the path space formulation,
by inspecting the various parts of the path integral:

Zy = /Qvol ehlird—Hansr—{Q3}) (29)

Here we have denoted the volume form by Q,,, = Dz Pf (w..). We have aready argued
that the BRST improved Hamiltonian HB RST is not modified by the gauge fixing flow.
Below we shall analyze the kinetic part and the measure part.

The Kinetic Part

It is handy to introduce a vector field T that calculates the difference between the
total time derivative (along the path) and the explicit time derivative:

._)
d 2 . ot - -
= S5 _Ldt fyA(t)m : C®(PT) — C®(PT) . (30)
Then the kinetic term reads
ird(y) = [dt0a®VA® . ) = [ dt Da@)d() ()

One should only sum over paths in the path integral so that the kinetic term for these
paths is left invariant under the gauge-fixing flow. To achieve this conclusion, the path
should satisfy the following BRST boundary condition

(ixq®)Nlimo + UNizo = (xa®) Nl + QN1 - (32)
One may check that this condition is stabile under the gauge-fixing flow.

The Measure Part

The gauge-fixed volume form can remarkably be rewritten by use of formula (27)

as
1

vol T~
1+B
We thus conclude one of the main points of this talk: The gauge-fixing term in the BFV
action emerge from the change in the measure under the gauge-fixing flow. In fact, we
have realized the gauge-fixing as an interna reparametrization of the path integral:

o;ZQvol = 0 = Qo e—%(ﬂ,w} . (33)

z, = / o} (o exlir?=Hansm)) | (34)

We emphasize that the gauge-fixing term is not introduced by hand in the action, but it
arises as a consequence of the gauge-fixing flow. Thus the path integral cannot depend
on the gauge fermion and we can conclude the BFV Theorem. Here the path space
integration is restricted by the BRST boundary condition (32).
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Four dimensional simplicial gravity has been studied by means of Monte Carlo
simulations for some time! and an extensive numerical documentation of the properties
of the model has been gathered. The main outcome of the studies is that the model
undergoes a discontinuous phase transition? between the elongated and the crumpled
phase when one changes the coupling to curvature. In the crumpled phase there are
singular vertices in the system having orders growing extensively with the volume of
the system®. The Hausdorff dimension of the simplicia manifolds is infinite in this
phase. The elongated phase has a Hausdorff dimension equal to two. This phase
has all properties of a branched-polymer phase such as, for example, the form of the
puncture-puncture  correlator .

We have postulated® that this behaviour is a manifestation of the constrained-
mean-field scenario as realised in the Branched Polymer® (BP) or Balls-in-Boxes model’.
Those models share al the features of 4D simplicia gravity except that they exhibit a
continuous phase transition. Here we show that the transition is discontinuous when
one considers a slightly modified ensemble®, which in fact corresponds more closely to
the one used in the simulations of simplicial gravity.

The partition function of the Branched Polymer model can be mapped onto the
partition function of the Balls-in-Boxes model” :

Z(M,Ny= 3% plar) -plas)d(n+- -+ qu — N) (o)

qiye9M

which describes weighted partitions of N ballsin M boxes. The numbers of balls in two
different boxes are independent of each other. The independence is weakly broken by
the global constraint in the delta function which prevents factorization. The partition
functions of the Branched Polymer and Balls-in-Boxes models are equivalent when one
restricts the minimal number of balls in box to one and sets N = 2M — 2. The number
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of balls q corresponds in terms of the branched polymers to the number of branches
emerging from vertex. The two conditions correspond to the fact that each vertex has
at least one branch and that the total number of branches of a tree—graph is fixed by
the Euler relation.

The Balls-in-Boxes model can be solved”. One is interested in the limit of infinite
number of boxes and fixed density of balls per box : M - o and p=N/M = const.
In this limit the partition function can be expressed in terms of the free energy density
per box f(p) which depends only on the density p :

Z(M,N) = Mf@)+- ©

where the dots are finite size corrections that disappear in the limit of infinite M. By
introducing the integral representation of the Kronecker delta function one finds by the
steepest descent method that

f(p) = pdp)p + K(us(p)) ©)
where K is a generating function given by

K{u) = log i p(g)e ™™ 4
g=1

and p(p) is a solution of the saddle point equation :
p+ K'(u)=0 6

The phase structure of the model depends on the choice of the weights p(q) and through
them on the properties of the generating function K(it). In particular if the p(q) vanish
for al g above a certain value then K(u) is anaytic function for al pand in this case
the saddle point solution holds for al p. The most interesting case is in fact when the
weights are such that the series defining the generating function K() has a finite radius
of convergence. Denote the value of p which corresponds to the radius of convergence
of the series (4) by pe and the value of p at which the solution , of the saddle point
equation hits P, by pg. In general p, (5) need not reach the critical value pg, for finite
p. It does when the derivative K' is finite wheny — p,.. Positivity of the p(q)’s implies
that K is a monotonic function of pand further that . is a monotonic function of p.
When p approaches p, from below W, approaches p¢ from above. When p is larger
than per, W sticks to the critical value pg and the free energy is linear in p :

f(p) = lerf + Ker (6)

where ko = K{jer). The change of regimes p <p (3) top = py (6) corresponds
to the phase transition. To see what happens in the system at the transition it is
convenient to consider the dressed one-box probability. It is defined as a probability
that a particular box contains q balls. One can find T(q) by fixing g in one box and
summing over all possible partitions. This corresponds to summing over al partitions
of the remaining N — q balls distributed in the remaining M — 1 boxes :

7 (q) = p(q) E(A/IZ{M—I:%:&) (7

In the large M limit the saddle point equation gives :

e Kldp(gle 1 for p < po
m(g) = ()

ererp(ge et for  p = por
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The approach of the dressed probability to the limiting form (8) is not uniform. It turns
out that the moments of the distribution (8) are biased. In particular the average :

p for p<pe
(9) = ; qr(g) = { )

por for o> po

does not give p for p > p, as it should. One can easily correct for this by adding an
anomalous term to ttfor finite M in the phase above py :

maa(a) = 7(0) + 3750~ M(p — pur) (10)

The anomalous term represented here by the delta function introduces an additional
peak with the height 1/M at the position which moves proportionaly to M. The peak
vanishes when one sends M to infinity with g fixed. On the other hand, if one calculates
the average first for each finite M and then sends it to infinity one obtains :

(Om=qmulg)=p (11)

We call this additional term the surplus anomaly. In effect, M — 1 boxes keep the
critical form of the distribution and one box takes over the surplus of balls. One can
easily check by performing directly finite size computations that this situation is indeed
realized in the model. In fact a finite size analysis shows some additional effects. For
finite M the peak is smeared and one has to go to sufficiently large M to see the peak
depart from the rest of distribution. The effects are secondary and do not bias the main
conclusion. In figure 1 we show the position of the peak as a function of p and in the
lowest box in figure 3 as a function of M for fixed p. In both cases the dependence is
linear as expected. For large M the height 1/M of the peak is proportiona to the area
under the peak and has an interpretation as the probability that we pick a box with
M (p—p ) bals. The appearance of the surplus anomaly is a condensation similar to
the Bose-Einstein condensation® and Kac-Berlin spherical model®. We call the phase
p < p¢ fluid and p > p ; condensed. The system may enter the condensed phase either
by changing density or by modifying the weights p. For instance for the one parameter
family of weights :

plg=¢*  forg>1 (12)

one has the following phase diagram which is shown in figure 2. The critical line
p = pc(B) where the condensation occurs is given by :

(8)

The fluid phase is below the critical line and the condensed one above. One can change
the phase either varying B for fixed p as in case of branched polymers where p = 2, or
by keeping B and varying the density p. With the crossing of the critical line one can
associate a singularity of the free energy density :

Ap/B-2) for 3>8>2
Opf ~

ApP-? for 8>3

(14)

where Ap = per —p — 0%, and similarly with respect to the change of the parameter
. The singularity determines the order of the transition. The transition in p (and B)
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Figure 1. Position of pesk as the function of p. The line is M (p — pecr). (p(9) = g~ *, 500 boxes)

is continuous. On the critical line the system behaves very specifically as was first
observed in the case of branched polymers®. For instance the susceptibility exponent y
can be tuned in the range 0, 1/2 and the Hausdorff dimension in the range 2, . This
is a new phase which is called marginal’®. In the language of the balls-in-boxes model
the critical line corresponds to a system lying between the fluid and condensed phase.
The condensation is not yet fully developed so the number of balls in the singular box
is not yet a fixed fraction of all balls but fluctuates in an extensive range. In figure 3
we compare the dressed probability distributions in the fluid, margina and condensed
phase. The long tail in the margina case corresponds to the singular box with the
singularity smeared in a wide range whose extension grows with the system size. This
is the main difference with the condensed phase where the tail shrinks to a narrow
peak with a well determined position. It is aso interesting to consider ensembles with
varying density. The simplest candidate is an ensemble with a given chemical potential
coupled to the total number of particles :

Z(M, ) =3 Z(M,N)e VN (15)
N

This can be treated as an open ensemble in contact with a reservoir of balls. One
immediately sees that it leads to a totally decoupled system and the free energy is
exactly

f(w) = K () (16)

This corresponds to M copies of the urn-model!!. For L > p the average number of
balls in urn diverges.

More natural in the context of simplicia gravity is the model where we keep the
number of balls fixed and vary the number of boxe<. Indeed if we assume that box
with q balls correspond to a vertex shared by the q vertices®, then the analog of the
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Figure 2. Phase diagram for Balls-in-Boxes model. (p(q) = g -B)

simplicia gravity partition function would be:

Z(k, Ny =Y Z(M,N)e™ 1
M

It is now more natural to consider curvature r = 1/p instead of density. The partition
function (17) can be rewritten as:

1
Z(k,Ny = N / dreNU AT (18)
N

where f(r) is the free energy per bal and is given by:

rK (. (r)) + pu(r) for r > re
flr) = (19
Ther + Per for r <re

where pu(r) is a solution of the saddle point equation (5) expressed in terms of r rather
then p. The saddle point equation for the integral (18) is:

£+ f(r)=0 (20)

For k > Kk , this equation reduces to kK = K (Hgp(r.)) which has a unique solution for
r.. The value of r, (the centre of the gaussian distribution) is the average curvature in
the limit N - oo. This situation continues as long as K > K.

For K <K the saddle point equation (20) has no solution and therefore the
integrand is not gaussian anymore. It is a monotonic function of r. In particular, for
r <rg it is exponentia exp N(k — K¢ )r and for large N only this exponential part
mattersin the integral (18) and gives [#0~1/N.
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At the critical point K = K¢, the equation (20) is fulfilled by &l r between 0 and
e 8 can be seen from the second line of (19). Therefore r stays undetermined by
the saddle point equation. In this case, to fix the shape of the integrand one has to
consider systems for finite N.

The average curvature [i(Jis shown as a function of k in figure 4. The bold line is
a limiting curve for N = . For K > K , it is the solution of the saddle point equation
(20). It stops at r o and falls to zero.

Apart from the limiting curve we show in the figure curvatures for afew finite values
of N. The results are obtained by an improved version of the recursive technique’. In
the gaussian phase Kk > K  the curves lie close to each other indicating that the finite
size effects are small there. For large k the curves approach asymptotically an upper
kinematic bound which in this case is r = 1 and corresponds to one ball in box. In the
kinematic phase k < K , finite size effects are stronger reflecting the size dependence of
the lower kinematic bound I/N. This is similar to the results of numerical simulations
of simplicial gravity but there the kinematical bound is = **.

In the neighbourhood of the critical point the curves are steepest. This part of
the curves corresponds to the pseudocritical region where the two phases coexist. One
expects a double peak histograms of r : one peak near the maximum of the gaussian
phase and the other near the kinematic limit /N. In figure 5 we show the distributions
of r for two different sizes N. One sees the coexistence of two phases. We tuned the
value of K in such a way as to have comparable heights of both the peaks. The spread
of the range of K where both the peaks are seen simultaneously in the distribution
decreases with the size : 0k ~ /N and reduces to one point for infinite N. The similar
two peak structure has been observed in simplicia gravity for systems with 32000 and
64000 simplices?.

To summarize shortly, the Balls-in-Boxes model describes well basic features of
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Figure 5. Distribution of r near the phase transition for systems with 512 (k = -0.32184) and 1024
balls (k = -0.31910) (B = 5/2)

simplicia gravity simulations such as the appearance of the singular vertices and the
mother universe5 in terms of the surplus anomaly. The phase transition associated with
the appearance of the surplus anomaly is discontinuous in the ensemble with varying
curvature, as is the one observed in the simulations of simplicia gravity. Recently an
argument 14 was given that the bare weights p(q) of vertex orders in simplicial gravity
can be indeed approximated by the form p(g) ~ eXiqP. This completes the mean-
field scenario. An open question, which is currently being studied, is whether one can
somehow modify the integration measure or the action to obtain some nontrivia phase
of higher dimensional gravity like the Liouville phase in two dimensions.

This work was partially supported by the KBN grant 2P03B04412.
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INTRODUCTION

In three dimensions (3D), we have the two interesting topological quantum field
theories of “cohomological” type: SU(2) non-abelian topological gauge theory of flat
connection and 3D version of the (topological) Seiberg-Witten (SW) theory. The for-
mer is a 3D twisted SU(2) pure gauge N = 4 SUSY theory or a 3D version of the
Donaldson-Witten (DW) theory, and by “definition” it describes the Casson invariant,
which appropriately counts the number of flat SU(2) connections! The latter is a 3D
twisted version of abelian N = 4 SUSY theory with a matter hypermultiplet.2 Also
that theory should describe an interesting non-trivial topological invariant of 3D mani-
folds pertaining to SW invariant, which was conjectured to be eguivalent to the Casson
invariant (and thus to the former theory), and also to topological torsion.® The first
conjecture is physically strongly motivated by the fact that the both theories can be
derived from 4D SU(2) pure gauge N = 2 SUSY theory corresponding via twist to
DW theory.# That equivalence would be a 3D counterpart of the equivalence of 4D DW
and SW theories. The latter being a “low-energy version” of the former. In this paper
we present a qualitative physical scenario supporting the conjecture that topological
contents of 3D SW theory is basically equivalent to an abelian version of the Casson
invariant (of an auxiliary space). In turn, the abelian Casson invariant will be shown
to be equivalent to the Alexander “polynomial” of the manifold.> In fact, as follows
from mathematical literature the Alexander invariant is connected to the (non-abelian)
Casson invariant as well as to topological torsion.e

PHYSICAL SCENARIO

Our physical inspiration is coming from an intuitive idea of Taubes and Witter
concerning “superconducting phenomena’ in 4D SW theory. In mathematics, its clas-
sical version gives rise to the, so-caled, “vanishing theorems’.2 Using physica argu-
ments (Higgs mechanism, superconductivity, infrared regime, duality) and a geometric-
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Figure 1. All fields become expelled from the (superconducting) ring of negative scalar curvature.

topological construction (scalar curvature distribution compatible with surgery), we
propose a topological interpretation of 3D SW theory in terms of the abelian Cas-
son invariant. Further algebraic reasoning shows equivalence of that invariant to the
Alexander “polynomia”. The scenario involves several simple steps. Our starting point
is a 3D version (a dimensional compactification) of the original SW theory. Observing
that the scalar curvature R plays the role of a mass-squared parameter for the monopole
field (in the origina 4D case as well as in our 3D one) we can use that observation to
control the theory in low-energy limit. In the generic case of an arbitrary closed con-
nected 3D manifold M3, there are regions M3 of positive scalar curvature, R > 0,
and regions M 3 of negative scalar curvature, R < O (we discard the regions of zero
scalar curvature, R = 0). In fact, we will be able to assume that “amost” the whole
manifold M 3 is of positive scalar curvature. Roughly speaking, we have a 3D manifold
of positive scalar curvature with “bubbles’ of negative curvature in the form of (in
general, knotted) “superconducting” circuitsrings. In M3, the matter is massive, and
(super)electromagnetostatics is a long-range interaction, whereas in M3 we deal with
the Higgs mechanism and the fields become short-range. In other words, due to the
Meissner effect electromagnetic fields are expelled from the superconducting regions
M 2 (see, Fig. 1). In low-energy limit, we obtain pure (Super)electromagnetostatic
fields living only in M2 . In topological sector, due to abelianity of the theory, the
fields could detect the first cohomology of M3 (rather a trivial quantity). But happily,
that is not the case as the theory is ill-defined in original variables, or at least not
reliable because the coupling constant diverges. The trick of Seiberg and Witten to
dualize the variables improves the situation. However, there is some subtlety in the
case of non-simply-connected manifolds. We know from classical electrodynamics that,
for example, the magnetostatic potential lives on the infinite cyclic covering spaceM?
of the original manifold M3, Therefore, we begin to measure the first (co)homology of
M3 (the Alexander invariant), rather than trivial one of M3. Strictly speaking, we
count the number of flat abelian connections (onﬁﬁ), an abelian version of the Casson
invariant, which we next “explicitly calculate” obtaining the Alexander “polynomial”.
What is left to show is a purely geometric-topological relation between the distribution
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Figure 2. Web of mutually related quantum field theories in 3D and 4D.

of the scalar curvature R of M3 and a topological description of M3. It appears that
it is possible to establish a necessary correspondence via surgery.

It is very instructive and suggestive to graphically present a web of interesting mu-
tually related topological field theories in various dimensions (3 and 4 in our case) (see,
Fig. 2, for a “three-dimensiona” illustration): on the left-hand side we have “physical”
theories, and on the right-hand side, the corresponding twisted (topological) ones; at
the top, the dimension D = 4, whereas at the bottom, D = 3; in front, we have primary,
microscopic theories, behind their low-energy limits (effective ones); solid black lines
denote twists; solid black lines with arrows—dimensional reduction/compactification;
a grey line with arrows—renormalization group procedure; other grey lines represent
implicit or suspected connections between theories. The theory of interest in this pa
per could stand somewhere in the place of the box with the question mark. Since
dimensional compactification/reduction and renormalization group procedures are not
commutative, a further low-energy limit we perform should make sense (therefore, some
objects at the bottom of Fig. 2 should be a bit fuzzy).

SUPERCONDUCTIVITY AND DUALITY
There are two equivalent possibilities to reach 3D version of SW theory. Either

we can dimensionally compactify 4D SW theory or we can twist 3D (dimensionally
compactified) abelian N = 4 SUSY theory coupled to monopole field. The “classical”
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action of 4D SW theory, which we could assume as our starting point, looks as follows?
1 v — 1 1
S= [ 'z (GIP*P+ " DuMAD A+ IMI + JRIMP), ()

where F (= dA) is the strength of electromagnetic field, and M is a monopole field. The
monopole field M is initially massless but in curved space the response of that field to
gravitational interactions yields the scalar curvature Rwhich effectively plays the role
of the mass-squared parameter. Upon dimensional compactification on X =S! x Y,
where St is a circle (of radius 1, for simplicity), we have the following decomposition
of the U (1) gauge field

Ay — (¢, 4).

Besides ordinary gauge transformations of A; field, there is a residua gauge transfor-
mation of @field,

¢ é+1, @)
which follows from the formula

A() — AQ - 7;606”0.

Thus, @field assumes values in S rather than in RL.

As we have already mentioned, in generic case, the 3D manifold M3 consists of
the three kinds of regions: (1) M3 with R>0; (2) M2 withR< 0, and (3) M 8
with R= 0. The third kind is margina (lower-dimensional), and we will ignore it. In
M 2, the theory is in the Coulomb phase—effective theory contains only (free) pure
(electro)magnetic long-range interactions—the matter fields are effectively massive and
decouple from the theory in the infrared regime. In M2, the theory is in the Higgs
phase, and there are no long-range interactions at al. In other words (SUSY) (elec-
tro)magnetic interactions are repelled from M2. In solid-state terminology, we have
superconducting probes M2 put in M 3. What makes the analogy even closer and more
suggestive is the fact that the dimension (= 3) is physical and the shape of the probes
is “redlistic’: they are (possibly, knotted) circuitsrings, as will be explained later on.
The difference lies in supersymmetric extension and in our limitation to topological
sector. Thus, in the infrared limit we have only pure SUSY electromagnetic interac-
tions which penetrate M 3. In twisted, topological sector it could naively correspond
to measuring the first cohomology H(M $), not a very exciting invariant.

In 3D the coupling constant e is of positive dimension (dim e=m*?), and therefore
it diverges in the infrared limit. But there is a well-known procedure to rescue the
theory, namely we can pass to dual variables inverting the coupling constant e, making
the theory more convergent. The dualization we propose is not the standard 3D one,
but it is “four-dimensional”. & It means that one of the components of the scalar part
of the supermultiplet is dualized tensoridly, i.e. to a vector, as it were an electrostatic
potential of a 4D theory. It is sensible because we can treat our 3D theory as a time-
independent 4D one since we think in terms of compactification on X(= S x Y). Such
a dualization does “amost nothing” to the variables, the scalar and vector potentials
become simply exchanged

Ai - X

¢ — V.

“Almost nothing” means that athough the dua potentials have the same tensoria
structure as the origina ones, they are multivalued. On a simply-connected manifold
nothing really topologically interesting happens. In general case however, since the dual
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potentials are multivalued functions, they begin to live on an infinite cyclic covering
space of a given 3D manifold. That way, in topological sector, the theory switched from
measuring the first conomology of M3 to measuring the first cohomology of its infinite
cyclic cover/,é/li. In other words, upon twisting, we have an abelian “cohomological”
theory on M3 It should be stressed that the conclusion that our theory lives on a
covering space as a result of the multivaluedness of fields can be true only in topological
sector as only this sector uses “constant” configurations for which the conclusion is
satisfied. Since M3 has a boundary it would be rather difficult, if not impossible,
to explicitly construct a local action for both the supersymmetric and even twisted
version of the theory. But it is not necessary, since we are able to implicitly identify
the theory (the fields are still known explicitly) in topological sector. Namely, it is a
theory of abelian flat connection on M3 . The partition function Z of our theory should
“ordinarily” (without sign, due to abelianity) count the number of (inequivalent) U(1)-
representations of the fundamental group T of M3

Z =#Rep (m (ML) — U(1)). 3

Eqg. (3) defines an abelian analog of the Casson invariant. Our temporary conclusion
says that the partition function of 3D SW theory describes the abelian Casson invariant
Zof M3.

SHAPE OF THE SUPERCONDUCTING PROBES

We have aready suggested that the superconducting probes M* are of the form
of (in general, knotted) circuits/rings. More precisely, they are thicken knots (links).
Mathematicaly, their relation to M3 is the most natural, standard one—via the, so-
caled, surgery procedure— M3 should be considered as a manifold obtained according
to surgery instructions encoded in the knot/link, i.e. via cutting out (thicken) knots
and pasting them back in a different way.

For our purposes we need a more or less obvious statement which, in a sense,
is complementary to the Gromov-Lawson-Schoen-Yau (GLSY) theorem.® The GLSY
theorem concerns, roughly speaking, higher-dimensional situation, and it says that
carefully performing surgeries on a manifold of positive scalar curvature we do not spoil
the positivity property. In our (lower-dimensional) case the GLSY theorem happily fails
in generic case, and we expect something opposite, i.e. knots can introduce regions of
negative scalar curvature. To see it (see, Fig. 3), let us consider a (straight) cylinder
instead of a (curved) thicken knot for a moment. Cutting it vertically with a plane, i.e.
discarding the third dimension, we obtain a circle on the plane. Adding the “fourth”
dimension as a third one we can attach a “pipe” (a dimensionally reduced handle) to the
plane along the circle. After smoothing out, the attaching area has obviously negative
curvature. Cartesian product with the “third” (temporarily discarded) dimension does
not change the sign of the scalar curvature. In reality, a knot is curved rather than
straight but since we are interested in topology we can arrange the curvature of the
attaching area large enough in comparison with the curvature of the knot itself.

CALCULATING THE PARTITION FUNCTION

Finaly, we would like to know what is the relation between Z and some, possibly
known topological invariant of M3. To this end, we will “explicitly calculate’ the
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Figure 3. Scalar curvature compatible with surgery.

number of Rep (7r1 (/\’;fi) — U(l)). First of dl, since U(1) is an abelian group a
non-abelian part of 1 drops out, and effectively we deal with an equivalent but simpler
expression, .

Z = #Rep (1 (M) — U(D)), @

where Hj is an integer-valued first homology group. We claim that Z is the Alexander

“polynomial” A understood as
A = det Ay, (5)

where
zAklal=01 kalzly"'aN7 (6)
2

for o —some homology basis. Eq. (6) represents the homology we are interested in, i.e.
H, (Mi) (a mathematical fact). Now, we should pass to a U(1) representation of (6).

If
o 527r1w1 ,

then for LHS of (6) we have

Z AMC-YI — H exp (ZwiAkiwt) = exp (27”: Z Aklwl) s
[ ] !

where 0 € wy,...,wn < 1, for uniqueness. RHS of Eqg. (6) is now

0 ~— 1 = exp(2mimg), my € Z.
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Figure 4. Partition function as the number of dots.

A new, U(1) version of Eq. (6) is then

Z Aklwl = M. (7)
4

Z is the number of solutions of Eq. (7), i.e. the number of different m,. my are integer-
valued points in a parallelepiped spanned by the “base vectors’ Aygy. One can observe
that the number of m's is equal to the volume of that parallelepiped (see, Fig. 4), which
in turn, is equa to the determinant A of Ay.

CONCLUSIONS

We have found a physical scenario relating 3D SW theory to an abelian version
of the Casson invariant Z of the infinite cyclic covering space M3 of M3 . In physical
language, the space M3 emerges as a complement of superconducting probes. Whereas
in mathematical language, M3 emerges as a complement of a thicken knot used to con-
struct the manifold M* via surgery. In low-energy limit, the both languages match due
to the Higgs mechanism generated by the scalar curvature R. Moreover, the partition
function Z has been shown to be equivalent to the Alexander “polynomial” of M3
which in principle, is related to topologica torsion.®
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INTRODUCTION

From the perspective of the today second string revolution the low energy hadron
physics might seem to be much less exciting area for application of string theory then
it was 25 years ago'. Still experimental and theoretical evidences for string behaviour
of the low energy QCD are strong and compelling. To a good approximation hadrons
can be grouped in linear Regge trajectories with an approximately universal slope and
the Regge phenomenology provides surprisingly good explanation for many low energy
scattering processes?. Also severa theoretical attempts to go beyond the perturbative
QCD: the lattice strong coupling expansion, the large N expansion, the flux tube
picture, or the loop equations, seem to point at some effective QCD string model.

Whatever the final understanding of the QCD string would be it seems that the
correct answer should include a consistent quantum model of 1-dim extended relativistic
system in 4-dim Minkowski space. One can expect in particular that the spectrum of
asymptotic states in such theory should be described by a non-critical free string model.
This provides a physical motivation for analysing free strings in subcritical dimensions.
A consistent free non-critical string is of course far from solution of the problem. For
example, in the case of the Nambu-Goto string which can be constructed beyond the
critical dimension using covariant formulation the real obstacle is related to the violation
of unitarity at the one loop level of the perturbation expansion. Nevertheless, the
classification of free string models can teach us what are the possible starting points for
an interacting theory or at least what are the kinematical requirements such a theory
should satisfy.

The aim of this seminar is to provide a brief review of consistent free string models
in physica dimensions. The presentation is based on the recent results obtained in
Ref.3,4. For the sake of simplicity we shall restrict ourselves to open bosonic strings,
but the general picture of models and their relations is essentialy the same for the
closed bosonic strings and fermionic counterparts of the models considered®.

All but one free string quantum models discussed below can be obtained by the
covariant quantization of one of the two classical string models. One of them is the
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well-known Nambu-Goto string which can be aso reformulated in terms of the Brink,
Di Vecchia, Howe, Polyakov (BDHP) quadratic action. The resulting quantum models
allowed by the old no-ghost theorem®” are briefly described in Section 2. The second
classical string model which we call the massive string is described by the BDHP action
supplemented by the Liouville action (with vanishing cosmological constants) for an
extra dimensionless scalar world-sheet field®. This model contains two more functional
degrees of freedom then the classical Nambu-Goto string. The family of quantum
models obtained by the covariant quantization of the massive string is described in
Section 3. It contains in particular the quantum massive string constructed long time
ago by Chodos and Thorn®,

As it was mentioned above the problem of the critical dimension for the Nambu-
Goto string in the covariant formulation is related to the unitarity of loop amplitudes.
In the unitary light-cone formulation the critical dimension shows up aready in the
free theory which is covariant only for D = 26° The light-cone quantum model can be
however modified by introducing longitudinal excitations in an appropriate way such
that the Poincare covariance is restored. Such construction was recently proposed in
Ref.4 and is briefly described in Section 4. In Section 5 some conclusions are presented.
All free string models discussed in this note are schematically presented on Fig.1.

NAMBU-GOTO STRING

Introducing the world-sheet metric ga» as an extra variable one can reformulate
the classical Nambu-Goto string in terms of the BDHP quadratic action

o
Sjz] = 5 /\/~g dzzg“bﬁaz“abx"nﬂu
M

In the confromal gauge the system is described by the equations of motions
—it b =0

the constraints o o
.9 12 - T
—2—7;(x+:c)—0,ﬂm-0,

and the boundary conditions z'#(r,0) = z'(r,r) = 0.
In the phase space holomorphic variables

1 .
{ef, a5} = ﬁ"w v Adhson} = imnpen

the constraints can be written in the compact form

142
Llczﬁza-—n'ak-fn =0,
-0

and form the algebra of first class constraints
{Lm, Ln} = z(m - n)Ln+m
The covariant quantization consist in representing the commutation relations

[szg] = -—'iﬁ": ) [0!5“04] = mﬂ’""sm,—n
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massive string
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string

0

massive string
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ﬂ=)6m
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25—-D
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non-critical
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1<D<25
h=2D, ¢

critical
massive string
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string

1<D<25

\

classical

quantum

Nambu-Goto
string
1<D<25
a(0) =1

Nambu-Goto
string
D =26
a(0) =1

Figure 1. Classification of non-critical free string models. The number of ”functional”
degrees of freedom varies along the vertica axis. The arrows symbolize the covariant method of
quantization. The quantum models in the dashed box are equivalent to each other. The covariant
classical counterpart of the resulting model with the right number of degrees of freedom is not known.
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in a pseudo-Hilbert space H°. Due to the normal ordering the quantum constraints are
of the second class

[Lm Lm] = (n - m)Ln+m + '-11_2D(n3 - n)(sn,—m

and therefore only half of them can be imposed as conditions for the physical states
Lnlp) =0 , nz0 , (Lo—a(O)f) =0 .

One gets a consistent quantum theory if and only if there are no physical states with
negative norm. The necessary and sufficient conditions for the dimension D of the
target space and for the intercept parameter a(0) are given by the no-ghost theorem
proven long time ago by Goddard and Thorn®, and by Brower?.

The space Hy, O H of physical states in the covariantly quantized Nambu-Goto
string is ghost free if and only if D = 26, and a(0) = 1, or D < 26, and a (0) < 1.

The number of degrees of freedom of the quantum theory depends on the structure
of the zero norm physica states. In the case of D = 26, a(0) = 1 the space Hg of null
physical states is largest possible. In this case the number of degrees of freedom is the
same as in the classical model. This is the only case when the covariant quantization
yields the same result as the quantization in the light-cone gauge®. For D < 26, a(0) <
1 there are no null states and the quantum model contains one "functional” degree
of freedom more then the classica theory. For non-critcal string with the intercept
0 (0) = 1 one has an infinite dimensional subspace of null states, but not large enough
to cancel one "functional” degree of freedom. This situation is schematicaly presented
on Fig.1 where the lower part of the diagram describes models obtained by the covariant
quantization of the Nambu-Goto string.

MASSIVE STRING

The action for the massive string is a simple modification of the BDHP action by
the Liouville action for additional dimensionless world-sheet scalar ¢ with vanishing
cosmological constants:

(83
Slo,p,a] == 5= [ V=52 g G 0" @
M
,H 2 ab
- ZFA[,/—gd z (g 6a<p6bgo+2Rg<p)

The functional above regarded as a two-dimensional conformal field theory action de-
scribes a special case of the induced (Liouville) gravity coupled to the conformal matter
with the central charge ¢ = d. This system has been extensively studied some time
ago'®, both as a conformal field theory input of the Polyakov formulation of interacting
string theory!? (this application being restricted by the so called ¢ = 1 barrier) and as
a 2-dimensinal toy model of dilaton gravity for anaysing black hole physics'2.

The action (1) can be also regarded as a world-sheet action for a relativistic
one dimensional extended object. From this point of view it was first considered by
Marnelius®® in one of the first attempts to clarify the relation between non-critical string
and the Liouville theory. The classica and quantum free string model determined by
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(1) was recently analysed in Ref.3. Because of the properties of its quantum spectrum
we shall cal it the massive string.
In the conformal gauge the massive string is described by the equations of motion

—E g™ =0, -G+ =0 ,

%(i;2+x12) +%(¢2+w12) ﬁlp”_o ,

the constraints

—zx+ﬂ<p<p—2 <p—0 , /dmp R

and the boundary conditions z'#(r,0) = z™(r,7} =0, ¢'(r,0) = ¢'(7,7) = 0. Let us
note that due to the gauge symmetry of the model there are no dynamical degrees of
freedom in the metric sector.

In the phase space holomorphic variables

v 1 v : v
{OZSL,ZO} = %UW ’ {a'#man} = Zmn“ 5m,~n s
1 .
{W(), (PO} = ; ’ {ﬂmmgn} = z'rn‘sm,—n )

the constraints take the form

z O+ S BB+ 2 BikG 4200 = 0, fiy = 0

m»-~oo

and satisfy the Poisson bracket algebra
{Lm, Ly} =i(m —n)Lyym — 4iB(m* ~m) , {Lm,Go} =0

In the classical Nambu-Goto string the first class constraints remove 2 out of the initial
D "functional” degrees of freedom in the x-sector (within BDHP formulation the metric
sector decouples as in the massive string case). In contrast to the Nambu-Goto ( or
BDHP) string the classical constraints are of the second class. In consequence the
classical massive string has D "functional” degrees of freedom rather then D — 1 which
one might expect from the modification of the BDHP action by adding the Liouville
sector with 1 "functional” degree.

The covariant quantization of the system follows the standard lines mentioned in
the previous section. Due to the normal ordering the central extension of the algebra
of constraints gets modified

[LmLm] = (n - m)Ln+m + (D + 1 + 48ﬂ)(n - ”) =M ) [Lny 60} = 0
The subspace of physical states Hpn O H is defined by

Llp) =0, n20; (Lo—aolh) =0 5 (H—gl) =0,

where the classical constraint Bo = O has been replaced by the quantum condition
(Bo — q)|@O= 0 with an arbitrary real parameter q.

The explicit construction of physical states in terms of appropriately modified DDF
operators was given in Ref.3. It leads to the following no-ghost theorem.
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For each real q the space of physical states in the massive string model is ghost free if
and only if one of the following two conditions is satisfied:

24-D
<1 0 < ;
Qg = ) <ﬂ_ 48 )
or
B=0n, ao = an(m) for m=2,3,..; 1<r<m-—1; 1<s<r ;
24-D 1 ~ms)?
where G, = + L an(m) = 1= () —ms)t ~ 1

48 " Bmim+1) am({m + 1)

In the case of a < 1,0 < 8 < #:P there are no null states and the number of
degrees of freedom in the quantum theory is the same as in the classical one. For
0<pB<#=L and ag = 1 there is an infinite dimensional family of null states. Also
for quantum models from the discrete series ag =a,{(m), B =B, the space Hy of null
states is nontrivial. The most interesting quantum model corresponds t0 §= 3, = 252
and ap=ayp (2) = 1. In this case the space Hq is largest possible and one hasD -1
"functional” degrees of freedom in the quantum theory. In order to emphasize this
specia structure we call this model the critical massive string. It coincides with the
guantum model constructed long time ago with the use of the Farlie redization of the
Virasoro agebra by Chodos and Thorn® . All quantum massive string models allowed

by the no-ghost theorem are presented on the upper part of the diagram on Fig.1.

NON-CRITICAL LIGHT-CONE STRING

An explicitly unitary formulation of the perturbation series of the interacting the-
ory requires a formulation of the free string in terms of independent physical degrees of
freedom and their physical time evoultion. The quantization of the Nabu-Goto string in
the light-cone gauge provides such formulation only for the critical dimension D = 26,
and the intercept a(0)=1. Beyond the critical dimension the Poincare algebra develops
anomalous terms and this formulation breaks down®. One can however try to improve
the model by adding longitudina excitation in an appropriate way. Some hints for such
construction can be obtained by analysing the time dependence of physical states of the
covariantly quantized Nambu-Goto string in non-critical dimensions. The non-critical
light-cone string briefly presented below was recently constructed in Ref.4. A similar
construction motivated by the Liouville theory was also analysed by Marnelius in the
context of non-critical Polyakov string®4.

One starts with the choice of a light-cone frame in the flat D-dimensional Minkowski
target space. It consists of two light-like vectors k, k' satisfying k- k' = =1, and an
orthonormal  basis {e;}252 of transverse vectors orthogonal to both k and K. We in-
troduce the operators

Pt=k-P, s =K.z , P=¢.P, s'=¢-2, i=1,.,D-2,
corresponding to the light-cone components of the string total momentum and position
and satisfying the standard commutation relations

[PLa?] = 6% | [PTa7] = —i
For each set of eigenvaluesp™,p = X p'et of the total momentum component operators

we define the Fock space F*(p*,p) of transverse string excitations generated by the
creation operators

[0, o] = m66, (afn)f =d,, m,neZ,
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out of the unique vacuum state Q(p*, p) satisfying
P'Q(o*,p) = '™, D) , PTOW",0) =ptQ0".P) ., Q0 P)=0, m>0.

In order to describe the longitudina string excitations we introduce the Verma module
Vt(b) of the Virasoro algebra

[L;v L:'n] = (n - )Lz+m 1%(”3 - n)‘sm,—n
with the highest wight state
Ly Qr(b) =bQ0) , L:QYb) =0, n>0

For value of the central charge ¢ within the range 1 < ¢ < 25 and for b > 0 the hermicity
properties of the generators:

=1t , neZ ,

determine a positively defined non-degenerate inner product inducing a Hilbert space
structure on V*(b). For b = 0 this inner product acquires null directions and for b < 0
one gets negative norm states in V' (b). The full space of states in the non-critica
light-cone string model is defined as the direct integral of Hilbert spaces

dp,
Ho=[ [ d% 7", p) e V(b
© = foniey To¥] s ®*,p) @ V'(b)

In order to complete the construction one has to introduce a unitary realization
of the Poincare algebra on H,. For that purpose we define the transverse Virasoro

generators
+oo

T _ 1 L =~ .
L,.—g Z FQem t Qpgm ¢

where of = ﬁPl‘,and the dimensionful parameter a related to the conventional
Regge slope o' by a = . The generators of translatlons in the longitudina and

in the transverse dlrectlons are given by the operators Ptand P',i=1,., D -2,
respectively. The generator of trangation in the x™-direction is deflned by

_ [0
P :F:(L5+LE—U/0)

Within the light-cone formulation the x* coordinate is regarded as an evolution pa-
rameter. In consequence P~ plays the role of the Hamiltonian and the Schrédinger

equation reads

. ad

The generators of Lorentz rotations are defined by

M = Pigf — Pigi 443y = (a_na’ o aai)
n>1
i = o
M}~ =3Ptz +z"PY) |
Mlicﬁ = %(.’IiiP_ +P_:Ei) — Pig~ —Z— Z ( ST LE) = (L7, + L*)e ,') )

n)l
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They are all self-adjoint operators. The algebra of P, P', P7,and M"closes to the
Lie algebra of Poincare group if and only if the central charge c of the Virasoro algebra
generating the “longitudinal” Verma module V"(b) and a, entering the definition of the
Hamiltonian of the system take the critical values c=26 — D , a,= 1. Indeed, the only
anomalous terms appear in the commutators:

[, M) = - (2 25) gz 3 ool — ol e
n>0

_ « 1, ., . )
— (Q_Z-tg — 2(1,0) —P—;—i Z 'ﬁ(ﬂlb_na‘; - a’_na;)
n>0

The model contains one free parameter b entering the mass shell condition M2 =
PP - P’= 2 (N+b-1). As it was mentioned above the only restriction on bis
b=0.

CONCLUSIONS

A common feature of al free non-critical string quantum models considered above
and schematically presented on Fig.1 is presence of longitudinal excitations. Indeed all
these models have more degrees of freedom than D — 2 transverse excitations charac-
teristic for the classical Nambu-Goto string and its quantum counterpart in the critical
dimension. On general physical grounds one can expect that the number of longitudinal
degrees of freedom is the same as in each transverse direction. It means in our dlightly
informal terminology that one should expect D — 1 "functional” degrees of freedom.
There are three models with this property: the non-critical light-cone string, the critical
massive string, and the covariantly quantized non-critcal Nambu-Goto string. It turns
out that in spite of different origins al these models are just different descriptions of
the same quantum theory which we call the critica massive string. The proof of this
fact based on the DDF operators technique was recently given in Ref.4. It should be
also stressed that there exists yet another way of constructing this model. It was shown
by explicit calculation of the string propagator that the Polyakov path over bordered
surfaces leads in the range of dimensions 1 < D < 25 to the critical massive string15.

So many equivalent descriptions of the criticall massive string makes it a very
interesting object to study. In particular one can calculate the spin content of the model
using the light-cone description and the Fock space redization of the Verma module
of longitudinal excitations. This readlization opens new possibilities for analysing the
interacting theory. This is in fact the first formulation in which one can construct
and andlyse the joining-splitting interactions of non-critical strings with longitudinal
excitations. Whether or not there exists a consistent interacting theory is still an open
problem. The fact that the old no-go arguments concern only dual model constructions
or strings with only transverse excitations makes this question especialy fascinating.

Let us finally mention very peculiar feature of the critical massive string. It seems
that there is no covariant classical counterpart of the model with the right number of
degrees of freedom. It can be obtained either by anti-anomalous quantization of the
classica massive string or by the anomalous quantization of the Nambu-Goto or BDHP
string. On the other hand the classical counterpart of the light-cone formulation of the
model can be easily find but it is not covariant because of anomalous terms present in
the Poisson bracket algebra of Poincare generators.
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INTRODUCTION

A lot of ideas has appeared recently in theoretical physics due to developments in
what can be called nonperturbative string theory or M-theory *. The basic concept is
that the physically interesting quantum field theories (QFT’s) could be considered as
various vacua of M-theory and the stringy symmetries or dualities may relate spectra
and correlation functions in one QFT with those in another QFT; then typical string
dudlity R "El alows in principle to relate perturbative regime in one model with the
nonperturbative in another.

This genera idea at the moment was put to more solid ground only for the case
of complex backgrounds in string theory (= supersymmetric (SUSY) quantum field
theories). In such theories physica data of the model (masses, couplings, etc) can be
considered as functions on moduli spaces of complex manifolds and the duality symme-
try can be regarded as action of a modular group. Useful information can be extracted
by powerful machienery of complex geometry. Despite some progress achieved along
these lines in the popular scheme of string compactifications on the Calabi-Yau man-
ifolds (see, for example! and references therein), rigorous statements about the net
result of nonperturbative string theory can be made till now only when nontrivial com-
plex geometry can be effectively reduced to the geometry of one-dimensional complex
(= two-dimensiona real) manifolds — complex curves Y. One of the most interesting
examples of exact statements in this field is the Seiberg-Witten anzatz for the Coulomb
phase of N = 2 SUSY Yang-Mills theories in four dimensions? .

*There is no fixed terminology yet in this field — sometimes the term M-theory is applied in more
"narrow” sense — to the theory of membranes, M(atrix) models etc. In this note we will use the term
M-theory in wide sense — identify it with the hypothetical (11-dimensional) nonperturbative "string”
theory.
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In this note | will explain once more how the Seiberg-Witten (SW) anzatz arises
from the brane configurations in M-theory along the lines of® 4. Following the approach
of %6 8 the language of integrable systems will be used for the formulations of the exact
results in N = 2 SUSY four-dimensional gauge theories. | will try to pay attention to
the subtleties of the exact formulation of the results in these terms and demonstrate
how some of them are governed by the Diaconescu-Hanany-Witten-Witten (DHWW)
construction.

SEIBERG-WITTEN ANZATZ: INTEGRABLE SYSTEMS

For the N = 2 SUSY gauge theory the SW anzatz can be formulated in the
following way. The N= 2 SUSY vector multiplet has necessarily (complex) scalars
with the potential V () = Tr[g, 22 whose minima (after factorization over the gauge
group) correspond to the diagonal ([g, @] = 0), constant and (in the theory with
SU(Nc) gauge group) traceless matrices. Their invariants

Ne
det{A — ¢) = Pn, () = 3 sw,—iA* )
k=0

(the total number of algebraically independent ones is rank SU(N¢) = N¢ — 1) param-
eterize the moduli space of the theory. Due to the Higgs effect the off-diagonal part of
the gauge field A becomes massive, since

[f ALlij = (6 — ¢5)AF @)

while the diagona part, as it follows from (2) remains massless, i.e. the gauge group
G = SU(N¢) breaks down to U(1)@%G = y(1)Ne~',

The effective abelian theory is formulated in terms of a finite-dimensional inte-
grable system: the spectra curve Y defined over the genus-dimensional subspace of the
full moduli space, e.g.

1
A (104 =) = 2P0 () 3
for the pure SU (N¢) gauge theory T; and the generating differential
ds = )\@ (4)
w

whose basic property is that its derivatives over Nc— 1 moduli give rise to holomorphic
differentials. The data (3 ,dS) with such properties are exactly the definition of the
integrable system in the sense of 7 (see & and references therein for details). The period
matrix of 3 Tj;(a) as a function of the action variables

a:}gds aD=}€3dS

daP
Ty = 526 (5)
4 aaj

gives the set of coupling constants in the effective abelian U(1)Ne-1 theory while action
variables themselves are identified with the masses of the BPS states M2 ~ |na+map|?
with the (n, m) "electric’ and "magnetic” charges.

TThe genus of the curve (3) is Nc— 1, i.e. exactly equal to the number of independent parameters of
the polynomia Png(A) (1).
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Figure 1. Open strings, stretched between D -branes induce the interaction via non-Abelian gauge
fields Al

SPECTRAL CURVE AS TOPOLOGICALLY NONTRIVIAL PART OF M-
THEORY 5-BRANE WORLD VOLUME

Let us show now that the spectral curve and generating differential can naturally
arise from brane configurations 3.

e First step is to obtain a gauge group SU(N¢) broken down to U(1)Ne-1, The most
elegant way of doing this in string theory is to introduce D-branes into type Il
string theory — the submanifolds in target space where strings can have their ends.
N paralel D-branes would correspond exactly to what we need now since string
strechted between i-th and j-th brane (i,j=1,..., N¢) (see Fig.1) will have a
vector field A i in its spectrum such that mass of this vector field is proportional
to the length of the string, i.e. to the distance between i-th and j-th branes.
This the U (1)N~! massless factor will come from strings having both ends on
the same D-brane while the A'l fields with i # j will acquire "Higgs’ masses (2)
where scalars vev's are us usual proportional to the "transverse” co-ordinate of

the D-brane ¢ ~ —{%T*

e Next step is that from 10-dimensional type Il string theory (A = ||All] is 10-
dimensional gauge field in string picture) one wants to get 4-dimensional one. A
natural way to reduce the number of space-time dimensions is to restrict our-
selves to the effective theory on D-brane world volume. The world volume of the
Dirichlet p-brane is p + 1-dimensional, so naively in order to get 4-dimensional
theory one should consider D3-branes. This scenario is quite possible and real-
ized in another context; however to get the SW anzatz it is better to use another
option, the DHWW brane configuration with the N. parallel D4-branes streched
between two vertical walls (see Fig.2), so that the naive 5-dimensional D4-world-
volume theory is macroscopicaly (in the light sector) 4-dimensional by conven-
tional Kaluza-Klein argument for a system compactified on a circle or put into a
box.

The role of vertical walls should be played by 5-branes 2, this follows from the
B-function considerations. the logariphmic behaivior of the macroscopic coupling
constant can be ensured in the first approximation if corresponding co-ordinate
(x®) has logariphmic behaivior as a function of "transverse” direction, i.e. sat-
isfy two-dimensional Laplace equation. The effective space is two-dimensional if
parallel D-branes are streched between the 5-branes.
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Figure 2. The 4-branes restricted by 5-branes to the finite volume (in horisontal x®-direction) give
rise to macroscopically 4-dimensional theory.

e The obtained picture of 4 and 5 branesin 10 dimensions is of course very rough and
true in (semi)classica approximation. In particular it is naively singular at the
points where 4-branes meet 5-branes. These singularities were resolved by Witten
3 who suggested to put the whole picture into 11-dimensional target space of M-
theory with compact 11-th dimension and to consider D4-branes as M -theory
5-branes compactified to 11-th dimension. Thus the picture in Fig.2 becomes
similiar rather to the surface of "swedish ladder” ¥ and apart of macroscopic
directions X9, ..., x% looks like (non-compact) Riemann surface with rather special
properties (see Fig.3).

o In other words, one gets a 5-brane parameterized by (x 9 x2, x2, x3, x8,x?), which
leaving aside four flat dimensions (x°, xt, x2 x3) along these lines ends up to N¢
cylinders R x S embedded into the target space along, say, (x x° dimensions
(using notation z= x®+ix® for the corresponding complex co-ordinate). Different
cylinders have different positions in the space V& = (x*, x5 x7,x%). Moreover
the cylinders are al glued together (see Fig.3). The "effective” two-dimensional
subspace of V © we will describe it in terms of the complex coordinate A = x*+ix>.

Introducing coordinate w = €* to describe a cylinder, we see that the system of
non-interacting branes (Fig. 1) is given by z-independent equation

Ne

Py.(N) =J[(0~X) =0, ©)

a=1

while their bound state (Fig.3) is described rather by the complex curve 3 (3)

or:
AMecosh z = Py, ()) )
In the weak-coupling limit A - 0 (i.e 5% ~log A - ) one comes back

to disoint branes (6) 8. Thus we finally got a 5-brane of topology R® x ¥,

| am grateful to V.Kazakov for this not quite exact but illuminating comparison.
§Eqs(3), (7) and Fig.3 decribe a hyperelliptic curve — a double covering of a punctured Riemann
sphere,

g _ AN 1\? — P2 () — A%N-

v="(w-z) =P~ ®)
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A= x'+ix’

00
0__ 0

z=x"+ix’

Figure 3. The brane configuration, represented as a result of "blowing up” Fig.2 — the ladder turns
into hyperelliptic Riemann surface being at the same time Nc-fold covering of the horisontal cylinder.

embedded into a subspace R® x S! (spanned by x1,...,x8 x9 of the full target
space. The periodic coordinate is

z° = arg Py,(A) = Im logPNc (A) = z arg(h — Ag) ©)

INTEGRABLE EQUATIONS FROM BRANE PICTURE

The arguments of the previous section show that the nontrivial part of the 5-brane
world-volume looks rather similiar to the spectral curves arising in the exact formulas
of the SW anzatz. The way to justify this proposed in* was based on parallels with
the theory of integrable systems.

The integrable equations in this context arise as reductions on "unvisible’ di-
mensions of the equations of motion (better the "square-root” of the: the BPS-like
conditions) of the world-volume theory. In ° Diaconescu using this idea obtained the
Nahm equations. In 4 it was demonstrated that the simplest way for getting algebraic

equation for the topologicaly nontrivial part of brane configurations may be searched
among the Hitchin systems 1°

The Hitchin system on elliptic curve
¥’ = (z—e1)(z — e2)(z — e3)
, dz
z=p(z) y=2p'(2) dz~ 25— (10)

with p marked points z1, .. .,z, can be defined by ™% (i,j=1,...,N)

804+ (0 - )0 = 3 A8~ 1y
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o that the solution has the form (a;; = ai —a;)
) = s (5 + AV log 0z - wlr)) +
w

ez O(z — 2z, + 12a;;)6'(0)
+ (1= 6 e G Y g z %
v 2 0z ~ 20)0(F2ayy)

The exponential (nonholomorphic) part can be removed by a gauge transformation

(12)

®y(2) = (U1 @U)y5(2) (13)

with Uij = eaif?.
The additional conditions to the matric&Ji(j”) are

Hd
> =0 (14)
a=1

having the clear meaning that the sum of all residues of a function ®; is equa to zero,
and

TeJ® = m, (15)
with m, = const being some parameters ("masses’) of a theory. The spectral curve
equation becomes

P(Xiz) = det (A - (2)) = 24 ﬁ,j MEf)=0 (16)
k=1

where fi(2) = fr(®, y) are some functions (in general with k poles) on the elliptic curve
(10). If, however, J(9 are restricted by

rankJ®@ <! I<N (17

the functions f«(z) will have poles a zi,...,z, of the order not bigger than I. The
generating differential, as usual, should be

dS = Mz (18)

and its residues in the marked points(za, A((z,)) (different i correspond to the choice
of different sheets of the covering surface) are related with the mass parameters (15)
by

N
M =168, Adz = Y res,r;)xz“/\(i)(z)dz = res,, Trddz (19)
i=1 *

It is easy to see that the genera form of the curve (16) coincides with the general curves
proposed in? at least for | = 1, i.e. sourses of rank 1 (for the "rational” case the torus
should be degenerated into a cylinder).

In 4 the Toda-chain spectral curve (3), (7) has been derived from the SU(NJ)
Hitchin system on torus with one marked point p = 1 in the double-scaling limit. Of
course it is possible to write down the Hitchin equations directly on the bare cylinder
with trivial gauge connection

3,LTC(w) = — (e'a°¢an + Y ea¢E_a) §(Poo )+

simple a
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+ (e‘a°¢E_ao+ T ea¢Ea) §(Py) (20)

simple o

where they can be easily solved giving rise to

LTy = U LTC (w)U =

= pH+v} (e_a°¢E_ao + Z ea¢Ea) +v (e_a"d)an + z ea¢E_a> (22)

simple o simple o

GENERATING DIFFERENTIAL

Let us now turn to more subtle point and discuss how the auxiliary spectral Rie-
mann surface is embedded into 11-dimensional target space. Partialy that has been il-
lustrated already above when the explicit formulas relating 11-dimensional co-ordinates
x! with the internal co-ordinates on the surface A or zby A = x* +ix®> and z = x® +ix?
were presented. In this section | will demonstrate that this embedding is in fact gov-
erned by the generating differential and its variations.

Already looking at Fig.3 it is clear that the corresponding Riemann surface is not
compact; it means that the metric should have singularities at "infinities’. Indeed, the

2
metric in the target-space is flat (in case of absense of matter) ds? ~ ¥y (dz') and it
means that the area of the surface is measured by

Qg ~ 82 ASZ+ AN SX (22)

Since the BPS massive spectrum in the theory is determined by the states corresponding
to the 2-branes wrapped over the nontrivial cycles of "internal” complex manifold — in
our case the Seiberg-Witten curve — the BPS masses should be proportiona to the area
of this surface 3. This area is measured by another (holomorphic) two form

Q~EXASZ (23)

which is directly related to the variation of generating differential or to the symplectic
form of the corresponding integrable system.
The variation of generating differential over distinguished subfamily of moduli gives
rise to holomorphic differentials
80,05 ~ duw; (24)

The derivative over moduli (24) is taken after some connection is chosen — for example
under condition that some function is covariantly constant. For the differential (4),
(18) the canonical procedure implies that the covariantly constant function is z=log w
so that

8dS|

yeconst = 0Adz = — Zéai%‘;‘dz = 3" Jaidw; (25)
¢From the point of view of M-theory one considers an effective theory on 5-brane
world-volume with the co-ordinates (x° ..., x% %8, %%). It means that when studying
the 4-dimensional effective theory on "horisontal cylinders’ on Fig.3 one should take
the variation of A which has the sense of vev of some (Higgs) field keeping fixed the
world-volume coordinates x® = Rez and x° = Imz. Physically this corresponds to the
fact that we are taking the variation (24), (25) over the vev's of scalar fields only —
which play the role of physical moduli in the system.
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In principle, this procedure can be correctly defined if one notices that the dif-
ferential dS possesses double zeroes '; and it is the action of g singular vector fields
L(_')z at these points that gives rise to the distinguished subfamily of co-ordinates on
the moduli space. More detailed discussion of the properties of generating differential
is beyond the scope of this note (see the last ref. of & for some details).
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INTRODUCTION

Random Matrix Theory (RMT) has been a useful laboratory for simulating hamil-
tonians of statistical systems with random matrix elements’, due possibly to impurities
scattered around the material. An unphysical yet simplest choice is to assume each of
matrix elements of the hamiltonian M to be independently derived from the gaussian
distribution,

Z= dM e N =M (1)

NxN matrices

to which is associated Wigner's single-banded, semi-circle spectrum. This macroscopic
spectrum is, however, by no means realistic; physical spectra are far more complicated.
Namely they may even have multi-band structures, which in the side of RMT corre-
spond to non-gaussian distributions. Thus, it is only universal quantities insensitive
to a chosen matrix measure that may be justifiably extracted from RMT for physical
systems.

Various quantities concerning microscopic spectral correlation in the bulk of the
spectral band have long been believed universal, as identical results are derived from
non-gaussian ensembles corresponding to classical orthogonal polynomials other than
Hermite?. Here the term ‘microscopic’ refers to that the correlation is measured in the
unit of the mean level spacing, which is of order O(1/N) for ensembles of the type (1).
This conjectured universality of the sine kernel

sinm(X —\)

K,(\ M) = W, 2

“Address after Oct. 1997: Ingtitute for Theoretical Physics, University of Cdifornia, Santa Barbara,
CA 93106, USA.
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which comprises all spectral correlators

21
pw ) = (1T 55600 = 30) = det, .0 ), 0
is proved3 4 for unitary invariant ensembles with generic single-trace potentials e~V (M)

RMT has recently extended its range of applicability toward QCD5. There the
Dirac operator i = v,(i 8, +A4,), having gauge fields as random elements, is regarded
as a random hamiltonian. Schematically, the Euclidean QCD partition function®

Zoep = / (A, d, dupy) =3 =P Bem) vy

= [laa e 1/11)@( YA ""’“(f:;” 70u) ) 4
is transformed by the change of integration variables
arvime=s= (5 W) (®)
into a RMT -
Zraar = /Nmeac(riiﬁiSW) ];_[det ( Wf my ) ©

Here N stands for the size of the Dirac operator i.e. the volume of the spacetime, and
du (W) a measure invariant under

W > UWVH (U,V € UN) for W complex). (7)
Novel features of this RMT in addition to the conventional model (1) are:

+ Presence of the fermion determinant. For small m;, it expels Dirac eigenvalues
of order O( m¢) from the origin.

e Chira structure of the random matrix. Since { M, ys} = 0 each eigenvalue A is
accompanied by its mirror image —A . The Coulomb repulsion between these pairs
prevents them from populating around the origin.

Among the quantities calculable from this type of RMTs, of particular interest are the
distribution and correlation of soft eigenvalues of the Dirac operator as their accumu-
lation is responsible for the spontaneous breaking of the chiral symmetry vig®

£ = [(FY)) = %(0) (8)

Due to the above two features, correlations of soft eigenvalues are expected to deviate
from the universal sine law (2). Verbaarschot and his collaborators® have calculated
correlations of eigenvalues of order A ~O (1/N) from the gaussian ensemble

d,U,(W) = dW e—NEtrW“W’ (9)

appealing to the conjecture of universality. These analytic predictions have been com-
pared first to the numerical data from the simulation of the instanton liquid model’,
and more recently to that of the lattice gauge theory® °. The agreements are impressive.

TFor simplicity, we consider only the topologically trivial sector.
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In this article | shall review the proof of universaity of the microscopic spectral
correlations of the model (6) for m; = 0 and with single-trace potential measures?, in
order to justify partly the use of gaussian ensemble (9) and to corroborate the above
mentioned agreements. Rather than to follow closely the original proof!3 14, | shall
disguise it with the conventional approach of Q, P operators> and with the method
employed in a recently proposed alternative prooflé 17, in a hope that borrowing notions
from quantum mechanics may add the proof some pedagogical flavor. At the end of
the article | shall address a problem associated with multi-criticality.

ORTHOGONAL POLYNOMIAL METHOD

We start from recalling basic technology of random matrices: the orthogona poly-
nomial method. We consider the chiral unitary ensemble (xUE)

- —NtrV(M?) a {0 wt
Zyue /2Nx2Nher$in]i\t{e Idet M7, M= ( W 0 (10)
capturing the global symmetries of Nc=3 QCD4 with N = a massess fundamental
fermions, as well as the unitary ensemble (UE) without chira structure

Zus= [ dMe MUV ot | (11)
N

X N hermite
modeling QCD3 8. We alow non-integer a > —1, for they can be treated on the same
footing as integer cases. Both ensembles allow eigenvalue representations!®
2

o N , _
ZyvE = /0 ,=Hl (dAi Az e'”"("*)) ldgt )\;‘1\ (Ai: eigenvalues of WTw) (12)

2

w IV 2 X
Zuyp = [_ wl:[l Gl }dgug-l (\i: eigenvalues of M) (13)

Inside the integrals, det Ajfl may be replaced (up to an irrelevant constant) with poly-
nomials det P,_;();) orthonormal with respect to the measure d |A[%e~N V.

Sam = [ ANV PLO) Pa() = [ dAgn(3) 9. (14)

Here we have introduced one-particle wave functions of a free fermion (at the n-th
state)
Ya(N) = N2~V V2 P ()). (15)

The fermionic nature comes from the Vandermonde determinant. The wave functions
at first N levels comprise the Dirac sea, i.e. the N-particle ground-state wave function

Tn({A}) = 151(},%th Pn_1(Am). (16)

Using this ground-state wave function, the vacuum expectation value of an unitary
invariant observable is written as

() = [ XN ({X) O UMY, (17)

*Microscopic universality for the gaussian potential plus certain terms which breaks the invariance (7)
is proved in refs.10, 11. See aso ref.12 for a perturbative treatment of a quartic potential.
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Namely, spectral correlators are related to Y, by

r o Wick’s theorem
pN()q, e, AP) = <aI;I] Ntl' 6()\,1 - M)> é l<debt< KN()\ay /\b) (18)
where Ky is the projector to the Dirac sea:
(AN Z P (A)thn (V)
n _ !
_ qN Y WNw -1 (N) = -1 (NP (X )_ (19)

A—-X
Use is made of Christoffel-Dalboux formulain the last line, and ¢ is a constant defined
immediately below.

We note that the orthogonality relation (14) for the XUE case(/;° dX) can absorbed
into the UE case (f°%, d)\) by the change of variables A — /A accompanied by the
redefinition @ = 251 (or & = 2f1) and Po(VX) = Pu(X) (or VA Pp(VA) =
Pn(A)). Thus in the following we need only to consider the UE case, where orthogonal
polynomias have definite parities.

Now let us for a while concentrate on o = 0, where the logarithmic component of
the potential is absent. In this case one may represent the Heisenberg algebra [-%, A] = 1
by matrices Q and P acting on the Hilbert space of orthonormal wave functions®,

A % - (In+1¢n+1 + qy{‘/)n—l = Z Qnm "/)m) (20)

d N .

Iy Py, = —E—V’ i + (linear comb. of Yyt Yp-s, ) =Y Pum ¥, (21)
(Anti-)self adjointness of multiplication and differentiation operators inherit to the
(anti-)symmetry of the representing matrices,

[ Ot = [ 3tn) = Qun = Qs (22)
d d
/d/\ <EX¢TL) wm == /d/\ wn (37\"¢m) = Prm = ~Pn. (23)
Although eg.(21) and the antisymmetry (23) are enough to determine the P matrix as
Pop = 5 V(@ (nSm), (24)

we shall not use this fact except for fixing a integration constant in the sequel.
At this stage we consider the situation when the coefficient g, become single-valued
in the limit n, m =~ N > 1,
Gn ~ Qi1 ™~ q = O(l)a (25)
a crucial assumption which is violated in matrix ensembles with multi-band spectra®®
Then the matrix elements of Q, P for n, m = N + O (1) teke the forms:
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A matrix of the above form of P can aways be written as
Z ax Q*A = =4 (Q)A, (27)
Ic>0

where the A matrix stands for the antisymmetrizer

When o # 0, -2 4% can not be represented on the space of orthogonal polynomials as
|t involves a term proportional to 1A . However one may verifyl” that the operator
EX - ﬁ—L is indeed represented by the same P matrix as in (27). Here # is the
number operator fith, = nay,, and the existence of the signature (-)* preserves the
antisymmetry of P,

Yam1 ((—)ﬁTJ)zn) = - ((*)ﬁ%mﬂ) Yan- (29)

In the next section egs.(26) and (27) are utilized to prove the microscopic universality.

PROOF OF UNIVERSALITY

Here we re-exhibit the asymptotic forms of recursion relations (26), (27) satisfied
by the orthonorma wave functions (a = 0):

A"»bn =q (¢n+1 + 'lpn—l) 3 (30)
L= 2 s ). (@

They are combined to yield unharmonic analogues of lowering and raising operators of
a harmonic oscillator at highly excited levels n > 1:

1 d
(T * ) ¥ = s @)

1 d
(NA(A)dA )wn Y. (@)

The requirement that two processes v, 3™+ Jt, must commute amounts to the sup-
pression of the commutator of the raising and lowering operators in the large-n and N
limit,

A 1 d 1
["q * NA(Y ﬁ] =0(Fp) <L (34)
Thus we are lead to a second-order differential equation for ,,
1 a\ P
[(m‘m) 1= (%) } et ©
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As mentioned in the end of the last section, the only modification for o # 0 case

is the replacement
d d ()«

The resulting equation takes the form

st (i )y (- )1 () oo 0

Let us first take the macroscopic (large-N) limit:

N - o, A: fixed (38)
of (37). Since 1/N plays the role of % in this limit and thus eq.(37) is reduced to
1 1 %
[ﬁmﬂ “1-(3) ] v )

we obtain the WKB solution3 &

$a(N) o cos (N/OA AN A1 - (%)2+ 3121) . (40)

Substituting this solution to (19), we obtain the kernel in the large-N limit:

N A dy A1 — (%)2)
P ! (41)

sin (
K\ N) EA;I_I;H Ky(A\N)

2
p(N) = K(AA) = const AN |1 - (%) . @)
The constant is not fixed within this approach, though it can fixed to be U/mif we use
the explicit form of the P operator (24). The meanings of g and A(A) become clear
a this stage: +2q stand for the edges of the spectrum and A(\) the deviation of the
spectral envelope from Wigner’'s semi-circle.
Now we proceed to take the microscopic limit:

N - o, A > 0,z=NA: fixed. (43)

We have aready assumed the single-valuedness of the recursion coefficients g, , which
is known to be the sufficient condition for A(0) = 1tp(0) > 0. (In other words, we have
assumed the chiral symmetry breaking as an input.) Then eq.(37) is reduced to

1 d (_)na d (—)"a _
[A(0)2 (EZ— + z ) (EE . T) + 1] Yo = 0. (44)

Its solution which is regular at z= 0 is a Bessel function:
P X \/EJu_g—_;)g (A0)z). (45)

S8This process was initiated in the context of stochastic quantization of matrix models?, athough their
Fokker-Planck equation differs from eq.(37). | thank C. F. Kristjansen for remarks on this point.
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Substituting the above solution again into (19), we obtain universal forms of the mi-
croscopic kernels (called the Bessel kernels?)

zl

.1 z
KS(Z,Z') El\}l—grolo NKN(—A—/’N), (46)

XUE: Ki(2,#) = np(O)\/ﬁzJ"“(ZWP(O)Z)J“(QW(O)Z,) —{z 6 z/), )

3
VB Ko(ns) = wpz)(o) V,Z_;Jaﬁ(wp(mzwz_j f”:,(o)"") Rl TN

and microscopic spectral densities ps(2) = K s(z, 2),
XUE: py(2) = (mp(0))° 12 (42 = Jus1Jacr) (27p(0)2), (49)
UE: p,(2) = (lémyz (J(f,r% oy = Jaryacy - Toe1Jas3) (7p(0)2) - (50)

In the above, the integration constants are fixed by requiring lim;. » ps(z) = p(0).
When measured in the unit of mean level spacing 1/p(0), Ks(z Z) dZ contains no free
parameter. After this rescaling, the Bessel kernels (47) and (48) approach the sine
kernel (2) in the limit z, Z - o,z—-Z = O(1) as the repulsive effects due to the
fermion determinant and the chiral structure become negligible.

DISCUSSIONS

In this article | have presented a proof of universality of microscopic correlations for
RMT modeling QCD34 within a single-trace potential class. The spectral correlation
function is shown to be insensitive to the choice of matrix measures as long as the
macroscopic spectrum is supported on a single interval.

Universality of the Bessel kernel is valid even beyond large-N matrix models.
Namely, the zero-dimensional reduction of the SU(Ns) o-model of pions also yields
sum rules® which are identical to the moments of (49). Together with the numerical
agreements mentioned in the introduction, it is very convincing that this wide range of
universality encompasses QCDyg.

On the other hand, one may address a question: whether RMT can describe chiral
symmetric phases of QCD such as Higgs phase or the large N¢ case. In these cases,
accumulation of the soft eigenvalues is not strong enough to form a chiral condensate,
although the theory is still interacting. There is no satisfactory answer to it so far, yet
one may check the existence of universality within RMT. If the microscopic universdity
in the vicinity of the origin is broken for random matrix ensembles with p(0) o< | (i)} =
0, we may not expect to extract informations from RMT. In view of the above, we are
lead to analyze a RMT with a double-well potentia such as

Z = dMe-Ntr(—M2+gM4)’ g= 1
NXN matrices

(51)

whose coupling is tuned so as the macroscopic spectrum p(A) to have a double zero at
A = 02, According to (42) it corresponds to A(A) of the form

AN ~ A2+ 000, (52)
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Then eq.(37) suggests a possible scaling limit:
N - o, A - 0,z= NY3\: fixed. (53)

However, the whole procedure must be reconsidered since the recursion coefficients
On become double-valued in the large-n and N limit. A working hypothesis is to assume
the following asymptotic form®

@ = G+ N7 S + NP0 + 0N, t=N (1= 1), (59)

Then the function A(A) in the limit (53) is modified by a constant term involving f'(0)
and g(0), which are the same order O(N -2/3) as A2 under the limit (53),

AQ) = (=20 + G + Gayy + 3) ~ N2 (29(0) = ()"/(0) + 2%, (89)

The numerical values of f'(0) and g(0) are determined by solving Painlevé Il equation
(the microscopic limit of the Heisenberg algebra [Q, P] = 1) under an appropriate
boundary condition?®, We may also have g run toward g, = 1/4 with

y=N?3(g-g,) : fixed (56)

while retaining the macroscopic spectrum intact. In this case the functions f(t) and
g(t) ought to be evaluated at t = yinstead of t= 0. These numerical values enter
the resulting second order linear differential equation for the wave function 4, (the
counterpart of (44)). Thus the macroscopic spectral density p(A) is not sufficient to
determine the microscopic correlation, but the latter depends upon the way how to
approach the critical point. Microscopic universality holds in a weak sense for these
cases, for Painlevé Il equation is universally derived for a class of the critica potentials.
Details of the analysis will appear elsewhere?®.

| thank M. Praszalowicz and the organizers of Workshop for their hospitality.
Thanks are also due to P. H. Damgaard and G. Akemann for collaboration and dis-
cussions summarized in this article. The work of SMN is supported in part by JSPS
Postdoctoral Fellowships for Research Abroad, and Nishina Memorial Foundation.
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INTRODUCTION

Random matrix models provide an interesting framework for modeling a num-
ber of physical phenomena, with applications ranging from atomic physics to quantum
gravity 12, In recent years, non-hermitian random matrix models have become in-
creasingly important in a number of quantum problems 34 . A variety of methods have
been devised to calculate with random matrix models. Most prominent perhaps are
the Schwinger-Dyson approach 2 and the supersymmetric method®. In the case of
Non-hermitian Random Matrix Models (NHRMM) some of the standard techniques
fail or are awkward.

In this talk we go over several new developments regarding the techniques® 7 for a
large class of non-hermitian matrix models with unitary randomness (complex random
numbers). In particular, we discuss
(a) - A diagrammatic approach based on a 1/N expansion
(b) -A generaization of the addition theorem (R-transformation)

(c) - A conformal transformation on the position of pertinent singularities
(d) - A ‘phase’ analysis using appropriate partition functions
(e) - A number of two-point functions and the issue of universality.

Throughout, we will rely on two standard examples: a non-hermitian Gaussian
random matrix model (Ginibre-Girko ensemble®), and a chira Gaussian random ma-
trix model in the presence of a constant non-hermitian part example will allow for a
comparison of our methods to more conventional ones, the second ensemble will show
the versatility of our approach to new problems with some emphasis on the physics
issues. Further applications will be briefly mentioned.

* Tak presented by MAN at the NATO Workshop “New Developments in Quantum Field Theory”,
June 14-20, 1997, Zakopane, Poland.

New Developments in Quantum Field Theory
Edited by Damgaard and Jurkiewicz, Plenum Press, New Y ork, 1998 297
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Figure 1. Large N “Feynman” rules for “quark” and “gluon” propagators.

DIAGRAMMATIC EXPANSION AND SPONTANEOUS BREAKDOWN
OF HOLOMORPHY

The fundamental problem in random matrix theories is to find the distribution
of eigenvalues in the large N (size of the matrix M) limit. According to standard
arguments, the eigenvalue distribution is easy to reconstruct from the discontinuities
of the Green's function

et 3 ()

where averaging is done over the ensemble of N x N random matrices generated with
probability

1
P(M) = Ze—N“VW). )

To illustrate our diagrammatic arguments let us first consider the well known case of a
random hermitian ensemble with Gaussian distribution.

Hermitian diagrammatics

We use the diagrammatic notation introduced by °, borrowing on the standard
large N diagrammatics for QCD . Consider the partition function

Z =< det(z — H) >= /ddedHe-Ee——’;iTrm e
with a “quark” Lagrangian L
L= Pa(218 — HEY, @

where H is a hermitian random matrix with Gaussian weight (the width of the Gaussian
we set to 1). We will refer to Y as a “quark” and to H as a “gluon”. The “Feynman
graphs’ following from (4) allow only for the flow of “color” (no momentum), since (4)
defines a field-theory in 0 + O dimensions. The names “quarks’, “gluons’, “color” etc.
are used here in a figurative sense, without any connection to QCD. The “quark” and
“gluon” propagators (double line notation) are shown in Fig. 1.

Introducing the irreducible self energy Z, the Green's function reads

1 1

1

In the large N limit the equation for the self energy X follows from resumming
the rainbow diagrams of Fig. 2. All other diagrams (non-planar and “quark” loops)
are subleading in the large N limit. The consistency eguation (“Schwinger-Dyson”
equation of Fig. 3) reads

Z=6. ©)
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Figure 2. Diagrammatic expansion of the Green's function (1) for Gaussian randomness.

oo

Figure 3. Schwinger-Dyson equation.

Equations (5) and (6) give immediately G(z — G) = 1, so the normalizable solution for
the Green's function reads

Ge) = 5~ V=) ™

which, via the discontinuity (cut) leads to Wigner's semicircle for the distribution of
the eigenvalues for hermitian random matrices

v(N) = VIR ®)

27

Non-hermitian diagrammatics

If we were to use non-hermitian matrices in the resolvent (1), then configuration
by configuration, the resolvent displays poles that are scattered around z= 0 in the
complex z-plane. In the large N limit, the poles accumulate in general on finite surfaces
(for unitary matrices on circles), over which the resolvent is no longer holomorphic. The
(spontaneous) breaking of holomorphic symmetry follows from the large N limit. As a
result dG/dz # 0 on the nonholomorphic surface, with a finite eigenvalue distribution.
In this section we will set up the diagrammatic rules for investigating non-hermitian
random matrix models. In addition to the “quarks’ we introduce “conjugate quarks’,
defined by the 0 + O dimensional Lagrangian

Lo =Pz~ My + §(z ~ M)p. ©)

For hermitian matrices, “quarks’  and “conjugate-quarks’ ¢ decouple in the “ther-
modynamica” limit (N — ). Their respective resolvents follow from (9) and do
not ‘talk’ to each other. They are holomorphic (anti-holomorphic) functions modulo
cuts on the real axis. For non-hermitian matrices, this is not the case in the large N
limit. The spontaneous breaking of holomorphic symmetry in the large N limit may
be probed in the z-plane by adding to (9)

Lp = A\¢ + o) (10)
in the limit A - 0. The combination L, + L will be used below as the non-hermitian

analog of the Lagrangian (4).
From (9,10) we define the matrix-valued resolvent through

5 Gu G -M A -t
g=(9§3 g;;)=<(zx Z—M*)> (1)



b q q a b g @ b q q @ b q g a
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Figure 4. All “gluonic” amplitudes for complex Gaussian matrices.

where the limit N - o is understood before A — 0. The “quark” spectral density
follows from Gauss law 13,

v(z,2) = %02 G(z,2) = ;IN@; Tty Gyq (12)
which is the distribution of eigenvalues of M. For hermitian M, (12) is valued on the
real axis. As A - 0, the block-structure decouples, and we are left with the original
resolvent. For z - +i0, the latter is just a measurement of the real eigenvalue distri-
bution, as shown before in the case of Gaussian hermitian ensemble. For non-hermitian
M, asA - O, the block structure does not decouple, leading to a nonholomorphic re-
solvent for certain two-dimensional domains on the z-plane. Holomorphic separability
of (9) is spontaneously broken in the large N limit. For more technical details we refer
to the original work 7. Similar construction has been proposed recently in 2.

Examples

Consider first the Ginibre-Girko ensemble, i.e. the case of complex matrices with
the measure

N
— _ t -
<. o>= /[dM] exp [ = 7_Q)tr(./‘\/l/’\/l TReMM)] . (13)
The “gluon” propagators read

(MapMia) = (14)

zl~

corresponding to hermitian (v = 1), anti-hermitian (= = —1) or general complex (r = 0)
matrix theory.

From (9,10) we note that there are two kinds of “quark” propagators (L/z for
“quarks’ @ and 1/z for “conjugate-quarks’ ¢, where both can be incoming and outgo-
ing). The relevant “gluonic” amplitudes correspond now to Fig. 4a-4d, where the (c,d)
contribution corresponds to twisting the lines with a “penalty factor” 7.

The equation for the one particle irreducible (1PI) self-energy follows from Figs. 4—

5 in the form
O Sy _ 1 G Yz T 1
(23 m)“zv“”(g@ Gu ) \1 7
-1
1 2= A—-L T 1
“N“N(A—zg 2—E4> °<1 T>' (15)
Here the trace is meant component-wise (block per block), and the argument of the
trace is the dressed propagator. The operation o isnot a matrix multiplication, but a

simple multiplication between the entries in the corresponding positions. Here try is
short for the trace on the N x N block-matrices.
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Figure 5. Self-energy equation for non-hermitian matrices.

Each of the entries has a diagrammatical interpretation, in analogy to the hermitian
case. For example, the equality of the upper left corners of the matrices in (15) is
represented diagrammatically in Fig. 5. The first graph on the r.h.s. in this figure
does not influence the “quark-quark” interaction - it corresponds to the double line
with a twist, hence non-planar, and therefore subleading. However, this twist could be
compensated by the twisted part of the propagator coming from the second correlator
(14), thereby explaining the factor 7 in the upper left corner of (15). Other entries in
(15) follow from Fig. 4 by inspection.

The “quark” one-point function is now

G(z,2) = %trN Gog = (2 — y)/det. (16)

It follows that ¥, = X5, with

det By = 7(Z — T4) (17)
det -3y =7(2 = %y) (18)
det-22 =22——/\, (19)

where det = (z—31)(Z —Y4) — (A—=3, )% Substituting r =3, —Ain the last relation
in (19) yields the equation
((z—ZDE-Z4) —r)(r+A) =r. (20)

For A = 0, the solution with r = 0 is holomorphic while that with r # 0 is nonholo-
morphic. In the holomorphic case, Z; (z— % ;) = 7., and the resolvent is simply

L FEE
JiEVECE

where the upper sign corresponds to the solution with the pertinent asymptotics. In
the nonholomorphic case, G(z, z) =2 - ,, with

G(z) (21)

- Z—-TZ
G(z,%) = i (22)
in agreement with®>. The boundary between the holomorphic and nonholomorphic
solution follows from the condition >, = 0 imposed for the nonholomorphic solution,
here this is eguivaent to |G(z, 2)P = |G(2)P = 1, that is

12 y2

T+n? - (23

which is an ellipse in the complex plane. Inside (23) the solution is nonholomorphic
and outside it is holomorphic. The case investigated by Ginibre® follows for = = 0. It
is pedagogica to compare our method of solving this problem to the one coming from
interpreting the Ginibre ensemble as a two-matrix (H ~ H; + iH,) model.

As a second example, we consider the Chiral Random Matrix model, which got
recently some attention as a schematic model for spontaneous breakdown of the chiral
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symmetry. Here we consider for simplicity the Gaussian version of such model in the
presence of a non-hermitian part, “chemical potential” 1, as suggested by Stephanov®.
The non-hermitian character comes from the property of Dirac matrices in Euclidean
space. The form of the determinant stems from the constant mode sector of the massless
and chiral Dirac operator at finite chemical potential 4. The corresponding partition
function reads

Z =< det(z — py — M) > (24)

X 0 -1 0 H
'y=1’70=(1 0) and M=(H1\ 0)' (25)

The only novel features come from the “chiral character” of the matrix M, i.e. the
fact that it anticommutes with the ys; =diag(ly, —1y). Due to this fact, the “gluon”
propagator D inherits the block structure which in the tensor notation (see Fig. 1)
reads

where

1
D= “]\7(%@% +7-®74) (26)

with y. = (In *Vs5)/2 and the bare “quark” propagator 1/z gets modified to (zuy)™
As a result, the 1Pl self-energy equations in the planar approximation are given by

-1
21 22 __]- Z—,LA’Y—Zl /\—22 D D
(23 m)‘ﬁ“” =%, z4m-5) °\D D @7)

g

where D is the “gluon” propagator (26), and }; are diagonal 2N x 2N matrices. In-
verting in (27) with respect to the “quark-conjugate quark” indices gives, after some
elementary algebra, two kinds of solutions:

(i) A nonholomorphic solution (2, =% 3 #0) (“quark-quark” resolvent)

1wy
292 — i

1 z
G(2,2) = —=try gqq=§—-zy

N (28)

where z=x + iy, a result first derived in ° using different arguments.
(i) For =, =%, = 0 we recover the holomorphic solution %% , 5 ,(2) = G(2)1,
>, =ZI, with G(2) fulfilling the cubic Pastur-like equation

G¥(2) ~ 22G%(2) + (22 + p? + 1)G(2) ~ z = 0. (29)

Note that in the case of this example the standard techniques of multi-matrix
models do not apply.

ADDITION LAWS

The concept of addition law for hermitian ensembles was introduced in the seminal
work by Voiculescu's. In brief, Voiculescu proposed the additive transformation (R
transformation), which linearizes the convolution of non-commutative matrices, alike
the logarithm of the Fourier transformation for the convolution of arbitrary functions.
This method is an important shortcut to obtain the equations for the Green's functions
for a sum of matrices, starting from the knowledge of the Green’s functions of individual
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ensembles of matrices. This formalism was reinterpreted diagrammatically by Zee',
who introduced the concept of Blue's function. Let us consider the problem of finding
the Green's function of a sum of two independent (freel®) random matrices M; and
M,, provided we know the Green's functions of each of them separately. First, we note
that the 1Pl self-energy Y can be always expressed as a function of G itself and not
of zas usualy done in the textbooks. For the Gaussian randomness,  ,(G) = G (see
(6)). Second, we note that the graphs contributing to the self-energy > 1,,(G) split into
two classes, belonging to Y ,(G) and Y,(G), due to the independence of probabilities
P(M;) and P(M,) and large N (planar) limit. Therefore

T142(G) = Ly(G) + T1(Q). (30)

Note that such a formula is not true if the energies are expressed as functions of z.
Voiculescu R transformation is nothing but R(u) = >[G(u)]. The addition (30) reads,
for an arbitrary complex u, Ry (u) = Ry(u) + R,(u). The R operation forms and
abelian group. The Blue's function, introduced by Zeel?, is simply

B(G) =3 (G) +G™. (31)

Therefore, using the identity G(z) = (z — ¥ )™, we see that the Blue's function is the
functional inverse of the Green's function

B[G(z)] = z (32)
and the addition law for Blue's functions reads
1
Biy2(2) = Bi(2) + Ba(2) — . (33

The agorithm of addition is now surprisingly simple: Knowing G, and G ,, we find (32)
B: and B,. Then we find the sum B, ., using (33), and finally, get the answer G . »,
by reapplying (32). Note that the method treats on equa footing the Gaussian and
non-Gaussian ensembles, provided that the measures P, and P, are independent (free).

The naive extension of this algorithm fails completely for the non-hermitian ma-
trices. It is not a priori puzzling - the underlying mathematical reason for (33) is the
holomorphy of the hermitian Green’s function, not fulfilled for the case of NHRMM,
as demonstrated in the previous section. However, since we managed to extend the
diagrammatical analysis to the NHRMM, it is still possible to generalize the addition
formula using the paralel diagrammatic reasoning like in the hermitian case. The
generalization amounts to consider the matrix-valued Green's function (11). The gen-
eralized Blue's function &7 is now a matrix valued function of a 2 x 2 matrix variable
defined by

Z

z A
B(g)=2=<)\ _). (34)
where A will be eventualy set to zero. This is equivalent to the definition in terms of
the self-energy matrix
B@) =x+¢™" (35)

where Y isa 2 x 2 self energy matrix expressed as a function of a matrix valued Green's
function. The same diagrammatic reasoning as before leads to the addition formula for
the self-energies and consequently for the addition law for generalized Blue's functions

Z=B(G) + B(G) - g7". (36)

The power of the addition law for NHRMM stems from the fact that it treats Gaussian
and non-Gaussian randomness on the same footing 8.
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Example

Let us consider for simplicity complex random Gaussian matrices (- = 0), which
we rewrite as the sum H, +iH,, with H,, H, hermitian. The generalized Blue's function
for hermitian H, follows explicitly from

2(1) E(l) . 11 N
1) — e —
E()=(2§‘) s ) =9°( 1 1)‘9 (37)
a matrix analog of (6). The generalized Blue's function for anti-hermitian iH, follows
from
@ _ A -1 1
Y@ =¢o ( 1 -1 ) (38)

where the entries reflect the antihermicity (set + = -1 in (15)). It is a straightforward
exercise to check that the matrix equation (36) with the generalized Blue's functions
B, and B, corresponding to (37) and (38), reproduces the two solutions indicated in
(22) and (21) respectively, as well as the equation for the boundary (here the circle)
separating them on the z plane.

CONFORMAL MAPPINGS

The existence of the nonholomorphic and as well holomorphic domains in the case
of two solutions of NHRMM provides a powerful way to evaluate the supports for
the level densities of NHRMM. The envelopes of these supports (supports form two-
dimensiona islands) can be derived very generally using a conformal transformation
that maps the cuts of the hermitian ensemble onto the boundaries of its non-hermitian
analog.

Let us consider the case where a Gaussian random and hermitian matrix H is
added to an arbitrary matrix M. The addition law says

Ryym(u) = Ry(u) + Ry (u) = v+ Ry (u). (39)

where we have used explicitly that for Gaussian Ry (u) = u. Now, if we were to note
that in the holomorphic domain the R transformation for the Gaussian anti-hermitian
ensemble is R, (u) = —u, we read*

Rigym(u) = Rig(u) + Ry (u) = —u+ Bpr(u). (40)
These two eguations yield
Birrm(v) = Brim(u) — 2u (42)
where we have used the relation B(u) = R(u) + 1/u. Substituting u —» G 4,y (2) we
can rewrite (41) as
Bigim[Guinm(2)] = 2 = 2Gp4n(2) . (42)
Let w be a point in the complex plane for which Gin+m(W) = G 4w (2). Then
w=2z—~2Ggu(2). (43)
Equation (43) provides a conformal transformation mapping the holomorphic domain
of the ensemble H + M (i.e. the complex plane z minus cuts) onto the holomorphic

domains of the ensemble iH + M, i.e. the complex plane w minus the “islands’, defining
in this way the support of the eigenvalues.

*Note that anti-hermitian Gaussian nullifies in the holomorphic domain the hermitian Gaussian in the
sense of the group property of additive transformation R, i.ee Ry + Ry = 0.
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Examples

Consider the case of “summing” two Hermitian random Gaussian ensembles, i.e.
consider the Hamiltonian H = Hy + gH,, where g is some arbitrary coupling. The
sum constitutes of course the Gaussian ensemble, and the spectrum follows from the
properties of the R function Ry, gn(z) =(1+ g?)z or equivalently, Green's function

6(2) = szl — VP — AL+ 9] (42

i.e. the support of the eigenvalues forms the interval (cut) I = [—2+/T 4 g2, +2v/1 + g2).
According to (43), we can map the interval | onto the boundary delimiting the holo-
morphic domain of the non-hermitian ensemble H=H, + iyH,, (9 - iy), tha

IS
o 7l VA ) (45)

with z=t+ i0and tin |. Equation (45) spans an ellipsis with axes 2/y/1+ g% and
29%//T+ g% For g2 = 1 the dlipsis is just the Ginibre's circle.

A similar construction and an identical mapping (43) gives the support of the
eigenvalues in the case of a schematic chiral Dirac operator with chemical potential. Let
us first consider the case when p = i[J, i.e. the case when the ensemble is hermitian. In
this case, the resulting Green’s function is known to fulfill the so-called Pastur equation
(random Gaussian plus deterministic hermitian Hamiltonian E, here with N/2 levels O
and N/2 levels -[J)

1 1
=Z—G(z)—6+z—G(z)+e (46)

G(z)

encountered in many areas of physics'®. This is exactly equation (29) with the formal
replacement p2 - —02. At a particular value of the deterministic parameter O = 1,
the single cut supporting the spectrum of the hermitian ensemble splits into two-arc
support, manifesting therefore a structural change in the spectral properties, hence a
“phase transition”. The spectral properties of the non-hermitian model, with chemical
potentia p, follow from the mapping (43), but with Gy, replaced by an appropriate
branch of the cubic Pastur equation (46). In particular, at the value 2 = 1 the
spectrum demonstrates the structural change - an island splits into two disconnected
mirror islands (see Fig.6).

TWO-POINT FUNCTIONS

To probe the character of the correlations between the eigenvalues of non-hermitian
random metrices, either on their holomorphic or nonholomorphic supports, it is rele-
vant to investigate two-point functions. For example, a measure of the breaking of
holomorphic symmetry in the eigenvalue distribution is given by the connected two-
point function or correlator

2

e (47)

z—M

where the zand z content of the averaging is probed simultaneously. The correlation
function (47) will be shown to diverge precisely on the nonholomorphic support of the

N%Gy(2, 7) = (|tr
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Figure 6. Conformal mappings for the case of Ginibre-Girko ensemble with 7= 0.5 (upper),
non-hermitian chiral ensemble with chemical potentid p2 = 0.8 (middle) and p> = 1.2 (lower). The
shaded regions represent the holomorphic domains.

fo

fi fa
% — gf1f2 ® gg;gz [f2f3i9203
o g3

g2

Figure 7. Two-point kernel with f, g = q.§.

eigenvalue distribution, indicating an accumulation in the eigenvalue density. In the
conventional language of “quarks’ and “gluons’ , (47) is just the correlation function
between “quarks’ and their “conjugates’. A divergence in (47) in the z-plane reflects
large fluctuations between the eigenvalues of the non-hermitian operators on finite z-
supports, hence their “condensation”.

It was shown in2° and 2! that for hermitian matrices (with Z — w) the fluctuations
in connected and smoothened two-point functions satisfy the general lore of macroscopic
universality. This means that al smoothened correlation functions are universal and
could be classified by the support of the spectral densities, independently of the specifics
of the random ensemble and genera in the topological expansion (see?? for a recent
discussion).

In the case of NHRMM the generalized two-point correlator reads’

N2Go(z,w) = —8,0, logdet(l — G, @ GIT) . (48)

Here the logarithm is understood as a power series expansion. Equation (48) is valid for
Gaussian ensembles and, in the general case, up to factorizable corrections in the sense
of . The operator 6, ® GIT s a tensor product of 2 x 2 matrices (see Fig. 7). The
kernel T includes the details of the “gluonic” interactions, depending on the particular
measure. The tensor structure reflects the nonholomorphic solutions. The choice of
“isospin” in the e.g. lower fermion line is done by choosing the appropriate derivative
Ow for the “quark” and 8z for the “conjugate-quark”.

For the holomorphic solutions of NHRMM, the structure is simpler, since the
Green’'s functions are holomorphic in this case.
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Examples

In the case of the Ginibre Girko ensemble, the two-point correlator in the holo-
morphic domain reads simply

C(z,2) = —8,8;In[1 — G(2)G(2)]. (49)

Indeed, in the holomorphic domain instead of the matrix valued G we use G(z) given
by (21), and the kernel T reduces to the “quark-conjugate quark” coupling equal to 1
(upper-right corner of the last matrix in (15)). Note that the correlator (49) diverges
on the line

1-|GR)P =0 (50)

therefore the ellipse (23), confirming our statement.

For the nonholomorphic domain, the calculation is a bit more involved, due to the
explicit matrix structure of G and I'. The explicit form of the matrix-valued resolvent
is

_ 1 Z—-Tz g,
g_1—7'2< gz z—7'2> (51)

with g2 = |2]2(1 — 7)2 — 7(z + 2)2 — (1 — 7%)%. One recognizes (22) as the upper left
corner of (51). The explicit form of the kernel is

I' = diag(r, 1,1,7) (52)

which corresponds to all possible contributions from four graphs on Fig. 4. After some
algebra, the determinant of 4 by 4 matrix (1 — G, ® GIT') turns out to be equal to
|z - W|2, giving the correlator

1
N2Goy(2,w) = R (53)
In the non-hermitian chiral case the correlator in the outside (holomorphic) region is
calculated using the same arguments as above. The only minor technical complication
stems from the chiral (block) nature of the Green's functions. We skip the details
published elsewhere * 15, showing only the final result. The determinant of 1—g, ®GIT
gives
(D—p?) =2 -G

D? (54)

where the holomorphic G is the appropriate branch of (29) and D = |(z — G )/GJ?.
The zero of the determinant in (48) occurs for (D —p?) = |z —GJ? that is

|z = GP(L—|GP) — *lG)P =0 (55)

as quoted in15, This is exactly the equation of the boundary separating the holomorphic
and nonholomorphic solutions, obtained in examples before either as 3, = 0 or as a
result of conformal mapping.

In the hermitian case u= 0 (and 3 = w), the determinant in (54) is simply
(1 — G2(2G2(w)) (chiral) as opposed to (1 — G(2)G(w)) (non-chira). As a result, for
w =zand u=0, (54) is

N?G(z,2) = 2~ 42 (56)
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which coincides with (5.5) in 23,

Note that the form of (56) signals two kinds of microscopic universalities. The
1/N expansion breaks down at z= +2 (endpoints of spectra) and z= 0 (“Goldstone”
pole due to the “chiral” nature of the ensemble).

The divergence at z= +2 points at the edge universal behavior of the spectral
function (Airy oscillations) 24, the divergence a z = 0 signals the chiral microscopic
universality . Unfolding the spectra at these points allows to get the explicit universal
kernels characterizing the fore mentioned universalities. In light of these remarks, it is
tempting to speculate 7, that the divergences of the generalized correlators signal the
onset some new types of microscopic universalities present in the NHRMM.

Note also that the relations (50) and (54) show that the two-point correlator de-
pends solely on the one-point holomorphic Green's function, extending the macroscopic
universality argument to NHRMM as well. What this means geometrically is an open
question.

Before closing this example let us present for completeness the result for the chiral
correlator in the nonholomorphic domain. The calculation is a bit tedious, due to the
fact that in the nonholomorphic region “quarks’ may turn into “conjugate-quarks’ and
vice-versa, with all “quark” species interacting with themselves, and species appear in
chiral copies. Nevertheless, the final result for the determinant is remarkably simple:

det(1—G(2) ® ¢7(w)T) = |z—w;2|z+w|2(“2“("2‘*’2)%“”2))2"”292 (57)

(where y =Imz v = Im w), suggesting perhaps the possibility of further technica
developments in the case of NHRMM.

PARTITION FUNCTIONS

We show now that the information carried by the one- and two-point functions
is sufficient to specify the “thermodynamical” potential to order O (UN) in the entire
z-plane modulo isolated singularities, as we now discuss. Similar ideas were used in
different context in 26, 27. 28,

Let Zybe the partition function in the presence of an external parameter z In
the 1/N approximation, the diagrammatic contributions to the partition function Zy
read

1
log Zy = NEy+ Ey + 0(7\/_) (58)

where Eq is the contribution of the “quark” or “conjugate quark” loop in the planar
approximation, and E;is contribution of the “quark-quark” loop, and so on, in the
same approximation, We will restrict our attention to non-hermitian matrices with
unitary randomness, in which case the non-planar corrections to E, are of order 1/N?2.
Hence, E,is determined by the one-point function and E; by the two-point functions.
For z such that (58) is real, continuous and nondecreasing function of the extensive
parameters29, log Z, /N may be identified with the “pressure” of the random matrix
model. As a result, the isolated singularities in the “pressure” are just the “phase’
boundaries provided that the expansion is uniform. Below we give examples where the
“phase” boundary is either mean-field-driven or fluctuation-driven. We have to distin-
guish two cases. holomorphic partition functions (“unguenched”) and nonholomorphic
partition functions, where the complex phases of the determinants are neglected.
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Holomorphic Z

We consider the partition function
Zw = (det(z — M) = ([ dydipee-200) (59)

In contrast to the one- and two-point correlators discussed above, the determinant in
(59) is not singular in the z-plane configuration by configuration. Hence, (59) isa priori
holomorphic in z(minus isolated singularities).

The one- and two-point functions on their holomorphic support may be obtained
from log Z,, by differentiation with respect to z. Therefore, from (58)

By = /Zdz' G(2') + const (60)
or equivalently
Ey=2G — /dG 2(G) + const (61)

after integrating by part. Note that z(G) = B(G) is just the Blue's function'” of
G. The constant in Eis fixed by the asymptotic behavior of (59), that is Zy ~ zN.
The planar contribution to E,in (58) follows from the “quark-quark” wheel (two-point
correlator). The final result for Z is

Zy=e"- ({aa1-go gm0} " +0 (7)) (62

Note that due to the power —1/2, the fluctuations have “bosonic” character, and are
dwarfed by the “quark” contribution as (1 : N) 3° . Both E, and E; are simple func-
tions of the resolvent on a specific branch, as expected from generalized macroscopic
universality.

We note that the partition function Z through (62) exhibits an essential singular-
ity in 1/N as expected from thermodynamical arguments. Assuming that the expansion
for log Zy /N is uniform, then log Z /N follows from (62) using the holomorphic resol-
vent G(2) for large z. The small zregion follows by analytical continuation. However,
since G(z) is multi-valued (already the simple case of the Ginibre-Girko ensemble yields
two branches for the resolvent in (21)), the analytical continuation is ambiguous. The
ambiguity may be removed by identifying log |Zy |/N with some generalized “pressure”
and taking G(2) so that log |Zy|/N is maximum. As a result, V = log Z /N is
piece-wise analytic in leading order in /N with “cusps’ at

F(z,4) = Vid(z,y) ~ V¥ (z,9) = 0, (63)
following the transition from branch i to branch j of G.
The character of the transition in the 1/N approximation can be highlighted by

noting that for any finite N, the partition function (59) is a complex polynomia in z
of degree N with random coefficients. In large N,

1 1 _ .
Vn = Nlog |Zn] = 5 / dv d% o(v,7) log |z — v]®. (64)
To leading order, the distribution of singularities along the “cusps’ (63) is

o(2,2) = 510, 5(F (2,7) 6
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which is normalized to 1 in the z-plane. Redefining the density of singularities by unit
length along the curve F(z 2) = 0, we may rewrite (65) as

] 1 U o
0(2,2)|peg = E;IGZF' = EIG() - G(])l' (66)

For ¢ #0, the integrand in (64) is singular at z = v which results into different forms
for Vy, hence a cusp. For ¢ = 0, that is 0,F = 0, Vy is differentiable. For physical
Vy (real and monotonically increasing), the points ¢ = 0 are multi-critical points. At
these points al n-point (n = 2) functions diverge. This observation aso holds for Ising
models with complex external parameters®®. Assuming macroscopic universality 20
for al n-points (n = 2), we conclude that d,F = 0 means a branching point for the
resolvents, hence 3,G = « or B“(G) = 07 . For hermitian matrices, these conditions
coincide with the end-points of the eigenvalue distributions'”+ 32.

Examples

To illustrate the above concepts, consider again first the Ginibre-Girko ensemble.
The resolvent in the holomorphic region satisfies (21), so
1
z=7G+ ek (67)
The integration (61) in Egis straightforward, and after fixing the asymptotic behavior
we obtain

Iy = G NeEN® ((1 —GX)r) T+ 0O (%)) . (68)

Here G is the solution of (67). The pre-exponent in (68) follows from (62) with the
matrix G replaced by Gand ' = 7, as seen in the “quark-quark” component of the
vertex matrix in (15). Using (67) we observe that the pre-exponent diverges at two
points in the z-plane, z2 = 4r. At these points there is a “phase” change as we now
show.

Given (68), the generalized “pressure’ in leading order is

Vi= "%log (G:Gy) + g(Gi + éi) +0 (%) ’ ©)

V= define two intersecting surfaces valued in the z-plane, for two branches G:of the
solutions to (67). The parametric equation for the intersecting curve is
Flz,z2)=V, - V_=0. (70)

As indicated above, Vyis piece-wise differentiable. Note that F = O on the cut along
the rea axis, -2y/7< z < +2/7, and from (66) the density of singularities per unit

length is
1vA4r — 22
oz D)lpm = 25 (71)

Along F, the density of singularities is semi-circle. The density (71) vanishes at the end-
points z = +2+/7. This is easily seen to be the same as 9,G = «, or dB(G)/dG = 0
with B(G) = 7G+1/G. As noted above the term in bracket in Eq. (68) vanishes at these
points, with a diverging “quark-quark” contribution. The transition is fluctuation-
driven. These points may again signal the onset of scaling regions with possible uni-
versal microscopic behavior for non-hermitian random matrix models. This issue will
be pursued elsewhere. At these points the 1/N expansion we have used breaks down.
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Let us move now to the chira non-hermitian ensemble. Elementary integration
for this case leads to

Zyew =" (DD +wP - -0} T ro(5)), (@
but now D = (z— G)?/G?, and

z—G

Ey(z,¢) = G? +log

(73)

with the appropriate branch of holomorphic G solution to (29).

Note that for z= 0 and G2= -1 — u2, the pre-exponent in (72) diverges. It
also diverges at z= z,which are the zeros of (66) for the present case (two zeros
for small pand four zeros for large p), see Fig. 8. Again, a these points, the 1/N
expansion breaks down marking the onset of scaling regions and the possibility of
microscopic universality. The z = 0 divergence is just the notorious “Goldstone” mode
in chiral models, illustrating the noncommutativity of N — o and z —» 0. The rest
of the arguments follow easily from the preceding example, in agreement with the
“thermodynamics” discussed in® . The analytical results for the nature and location
of singularities of this example were confirmed by an extensive numerical analysis of
Y ang-L ee zeroes (up to 500 digits accuracy) in®.

Nonholomorphic Z

The above andysis for the holomorphic thermodynamical potential may aso be
extended to nonholomorphic partition functions of the type

Zylz, 2] = (det |z — MJ?) = < / dzpdwd¢dase-¥<z-M>w-Z<f—M'>¢> L (14

Note the important “quenching” of the phase of the determinant in comparison to the
holomorphic case (59). As a consequence, the two-point correlators diverge rather on
the one-dimensional boundary separating the phases (when approaching the boundary
from the holomorphic domain) then at discrete points.
Similar reasoning as before leads to the explicit expression
1

Zulz =ePo - ({det(l—g ®G" -T)|det(1~G ® G° - r)|}"1+o(ﬁ)) (75)

where Eycomes from the solutions of
_ 9Ey(2 %)

0Fy(z, 2)
"o (79)

Note that again the contributions from the two-wheel diagrams are of the form1/+/det
and hence “bosonic” in character. The result could be easily guessed without perform-
ing the calculations: there are two contributions from the “quark-conjugate-quark”
wheels (correlators) (square of the 1/+v/det in first term in the curly bracket) one con-
tribution from the “quark-quark” wheel and one contribution from the “conjugate-
guark-conjugate-quark” wheel (represented together as a second (modulus) term in the
curly bracket).

Again, the partition function Zy has an essentia singularity in 1N, but log Zn/N
does not. For any finite N, the latter diverges for

det(1—g®G -T)=0 (77)
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Figure 8. Critical lines (77) and critical points (78) for Ginibre-Girko ensemble with = = 0.1 (left)
and non-hermitian chiral ensemble with small (u2= 0.1, middle) and large (uZ: 0.6, right) value of
chemical potential. The solid lines and the symbols represent the manifold on which the 1/ N
expansion breaks down and signal the location of possible microscopic universal behavior for
NHRMM.

which defines the line of singularities, and for
det(l-¢g®G"-T) =0 (78)

defining the set of discrete points, encountered in the case of the holomorphic partition
function.

Examples

For the Ginibre-Girko example, the line of singularities (77) reads
1-]Gf’=0. (79)

The line of singularities (79) reproduces in this case the €ellipse (23). The éllipse includes
the points of the “phase” change (see (68)),

1-7G%2) =0 (80)

i.e. the focal points 22 =47, corresponding to (78), connected by the interval (70), i. e.
F=0.

In the case of the chiral non-hermitian random model the condition (77) reads s

DD - ) ~ |z - GIY| =0 (81)

with D = |(z — G)/G| %, therefore exactly the condition (55). This line represents the
boundary between the holomorphic and nonholomorphic solutions. The set of discrete
multi-critical points, corresponding to (78) is given by the condition

DD+ ) = (z = G)H =0 (82)

but with D = [(z — G)/G]2, in agreement with (72). Note the appearance of the
modulus and the flip in the sign of pwhen comparing the last two formulae. The
explicit solution of (82) consists of two or four points, (depending on the value of
K). These points are Airy-type end-point singularities, with z= 0 being a distinct
multi-critical point reflecting the chiral nature of the ensemble.

Figure 8 shows the critical lines and critical points corresponding to the condi-
tions (77,78) for Ginibre-Girko and non-hermitian chiral ensembles. The end-points
singularities are denoted by “NATO stars’, and the chiral singularity — by “Zakopane
sun”.

The fact that the critical line in Fig. 8 b,c surrounds the multi-critical points of the
unguenched partition function, explains the failure of quenched lattice calculations with
finite baryonic potential. The nature of the chira restoration is masked by unphysical
fluctuations caused by neglecting the phase of the determinant. The critical line (81)
exactly reproduces the shoreline along the islands of “mixed-condensate”, in agreement
with the replica method®.
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CONCLUSIONS

Most of the results presented here have aready appeared in a number of pa
pers 8715 and we refer the reader for further details. In our presentation, we tried to
highlight the various relations between the hermitian and nonhermitian ensembles of
random matrices, thereby enhancing the universality of some of the concepts. In par-
ticular, we described several ways for deriving the distribution of eigenvalues and their
supports in the nonhermitian case either diagrammatically, or through the concepts
of generalized Blue's functions and conformal mappings. We aso indicated a number
of approaches for the evaluation of smoothened (wide) correlators. The two canonical
examples we have used throughout for illustration, allow us to see clearly when the
standard methods work and when they do not. In the latter case, we have provided for
the new dternatives.

In processing some of the examples, we have speculated on the possibility of a
new type of macroscopic universality for NHRMM, as well as the onset of new forms of
microscopic universality at pertinent critical points of the two-point correlators. This
last issue we suspect, is of great interest to new developments in the context of “weak”
non-hermiticity in random matrix models®®, and related applications®™ . We hope to
return to it in the future.
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INTRODUCTION

We describe an approach to understanding exponential decay of correlation func-
tions in asymptotically free theories. This approach is systematic; it does not start
from any conjectured mechanism or picture. We begin by studying

o the metric on the space of configurations and

o the behavior of the potential-energy function on this space.

We begin by describing how these ideas fit in the framework of QCD, as discussed
earlier 1. We then consider the 1 + 1-dimensional O(2) and O(3) nonlinear sigma models
and show that no gap exists in the former at weak coupling. In the O(3) model a new
kind of strong/weak-coupling duality is realized. We then briefly outline our proposals
for understanding the spectrum.

THE YANG-MILLS METRIC

In the last few decades, there have been many serious attempts to understand
QCD wave functionals on orbit space by isolating a fundamental region (the interior of
the Gribov horizon)2. Instead we examine this space using “automorphic functions”,
i.e. gauge-invariant wave functionals® 3 . An interesting approach along similar lines
for 2 + 1-dimensiona gauge theories is that of reference*.

The Hamiltonian of the D + 1-dimensional SU(N) Yang-Mills theory in Ay = 0
(temporal) gauge
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The allowed wave functionals W satisfy the condition that if A and B are physically
equivalent (same up to gauge transformations of C-S number zero) W[A] = W [B].

This will be reformulated as a particle on a certain infinite-dimensional curved
space on which there is a height function, namely the potential energy. We are interested
ultimately in how geodesic motion (strong couping) is influenced by this height function
(potential topography).

The lattice discussion will be used here to introduce the Yang-Mills metric. A
more heuristic motivation following Feynman5 was used in reference’.

Consider a lattice gauge theory with D space and 1 time dimension. Label discrete
points in Euclidean space-time by x and t, respectively. Let {U(t)} denote the set of
lattice gauge fields (in the fundamental representation of SU(N)) on links pointing in
space directions at a particular time. Split the action S into a space-time plaquette
term S;; and a space-space plaguette term Sy, i.e. S= Sg; + S, Where

S = — ;Eifgmw(m, W+ DI, S =- ;Zi—%aw(tm ,
where

RUUBL{UG+1D} = ztr[U 2, oz + 1, )Ui(z + 1, ) oz, )] + cc.

and

HUBN = 32 erlUilz, )Uj(z + 3, Ui + 5, 1) Us(z, )] + cc. .

z,1<j

Now let's try to integrate out the links pointing in time direction, Uy(xt). As a first
approximation to doing this, we can just solve their equation of motion. This says that
RUUMY, {UE + 1)}}? is minimized with respect to these degrees of freedom. If we
integrate them out explicitly the result is a product of a Bessel functions. Near the
maximum of this product it has the form exp — % ps[{U (%)}, {U(t + 1)}].,, wherer is the
absolute (not local) minimum

PHU®), U+ D} = min RUUE), (U¢+ 1))

The quantity p{{U{£)}, {U(t + 1)}] can be shown to be a metric on the space {U(t)}
modulo gauge transformations. Thus the kinetic term in the action by itself describes
Brownian mation in this space.

In the continuum. the space of connections U is defined to contain only those
gauge fields which are Lebesgue measurable, and square-integrablel. No distinction is
made between gauge fields which are the same almost everywhere (U is a Hilbert space).
Gauge transformatlons are SU(N) vaued functions g(x) which are differentiable and
for whichig™ 6g O U. Any element of Uis mapped into another element of U by such
a gauge transformation.

The equivalence classes must actually be made larger in order to obtain a metric
space M. Two vectors in U with representatives A and B will be said to be gauge-
equivalent if there is a sequence of gauge transformations g, , g, such that

B = 1i71Ln Afr

in the usual metric of the Hilbert space U.
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Let o and B be two physical configurations, with A a representative of a and B a
representative of B. The distance function > is defined by

pla, B = i:,‘f{\/ ; [, d% tr [AMa) - B (2)]7} .

This is just the continuum version of the lattice metric defined above. The functionp[-, -]
was shown to give a complete metric space on equivalence classes of gauge connections
Mp .

There is a local metric on the space of connections. This turns out to be essentially
that discussed some time ago”:8. The Laplacian actually contains several terms not
found by these authors!:9. The geodesics of the space can be proved to be those
conjectured by Babelon and Viallet 8 . With the metric tensor defined properly, there
are no non-generic points as had been claimed (the orbit space is complete). We believe
the problem some people found with non-generic points is related to the fact that they
worked with connections in Sobolev space rather than those inU in which case there
is no longer completenss using the metric p[-, .

The square of the infinitesmal distance in orbit space Mp due to a small displace-
ment 3Ain U is

D N2-1 D N2_%

=[] s L[ &P T 31 Csar wrn 4503 AL0)

j=1 a=l k=1 b=1

where the metric tensor is
1
oo wt) = 4 19a08”(@ = 1) = (D; Pz Didas 6”@ ~ y)

and where in the Green's function 7?1—,1;., the principle value projects out the zero modes
of D2 Reducible connections!® are a set of measure zero.

This metric tensor has zero eigenvalues; the dimension of the coordinate space U
is larger than the dimension of the orbit space. One must either gauge fix (and deal
with the Gribov problem by prescribing a fundamental domain) or develop methods for
Riemannian geometry for metric tensors with zero modes. We follow the latter path.
The Laplacian was first found by Schwinger on the basis of relativistic invariance and
further discussed by Gawedzki ©. It was constructed in reference! using a theory of
tensors applicable when the dimension of coordinate space is greater than the dimension
of the manifold. It is

A¥[a] = -8y (GY Y8y ¥lal) + (82G2)GY Yoy ¥(o] ,

where capital Roman letters denote “indices’ X = (x,j, a) and 9x = M_g(T)‘
The Yang-Mills Hamiltonian is

e? R 1
A+ L[ dPr ot Fy(e)?,
H 2A+ 2 +/M :1:462 r Fie(z)

where R denotes the ultraviolet divergent scalar curvature.

STRUCTURE OF THE YANG-MILLS POTENTIAL ENERGY - RIVER
VALLEYS AND GLUONS

The metric properties of the manifold Mp of configurations determine the spec-

trum of the kinetic term of the Hamiltonian. To understand the spectrum at weak
coupling, the potential or magnetic energy must be examined.
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A natural starting point is to try make a relief map of magnetic energy on My ;
in other words to investigate the magnetic topography ! .

Suppose that the manifold of physical space is very large. Make a rescaling of the
coordinates and the connection A 0 U by a rea factor s:

Aj(z) — sA;(sz) .

A gauge-transformed connection Ah will transform the same way under a rescaling,
provided h(x) is redefined by

h{z) ~—> h(sz) .

The distance of the point of orbit space a from an equivalence class of pure gauges,ay,
transforms as

plo, ag] — sz—zgp[a, aq) .

Let A U be a particular configuration of finite potential energy, for which the
magnetic field Fjk(x) decays rapidly to zero for x outside some finite bounded region,
which will be called the domain of the magnetic field. By changing the size of the do-
main and the magnitude of the magnetic field, the distance from some given pure gauge
can be made arbitrarily small (except when regularization effects become important)
or large (except when volume effects become important).

The potential energy

Vo] = [ a1t Fhy(e)
transforms as
Ule] — s*~PUlq]
and so for D > 2
U~ p”z%—% .

For 2 < D < 4 the exponent is negative. Thus it is possible to have arbitrarily
large U for arbitrarily small p.
For Abelian gauge theories, other rescalings can be considered;

Aj(z) — 5¢Aj(sx) s

where @is any real number. By choosing ¢ satisfying 2212 < ¢ < %it is always
possible to make the potential energy arbitrarily small for small s, no matter what the
dimension. The domain can be made large, while the field strength is made small; a
quantum wave functional ®[a] whose amplitude is largest near this configuration is a
long-wavelength photon. This quantum state must be orthogonal to the vacuum Wy[a]
because at least one of the two wave functionals is zero at any point in orbit space. This
is why non-compact electrodynamics has no mass gap in any dimension. Our anaysis
seems to indicate that the same is true for Yang-Mills theory for dimension between
2+1 and 4+1.

Figure 1. illustrates the situation. Orbit space contains regions, which we call
river valleysin which the potential energy vanishes in the thermodynamic limit. The
configurations in the river valleys are not pure-gauge configurations ay. The river
valleys are preserved under scale transformations and are therefore finite-dimensional.
In perturbation theory only the region near o is explored. Perturbative gluons are
oscillations aong straight line extrapolations of these curves.
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Figure 1. The topography of the Yang-Mills theory in four space-time dimensions. The dashed
arrows represent directions of decreasing potential energy along scale transformations. The radius p
is the distance from the zero potential configuration a. The solid curves (river valleys) are where
the potential energy vanishes in the thermodynamic limit (only a finite subset is depicted).

OUR STRATEGY

In the light of the above discussion, how could the spectrum of QCD possibly

contain anything other that massless particles?
Answer: The regions of small potential energy could have large electric (kinetic) energy
by the uncertainty principle. The zero-point energy of the modes transverse to the river
valleys must be added to the potential. In this way, the first excited state could have a
finite gap above the ground state. There are examples of quantum-mechanical systems,
including models motivated by Yang-Mills theory!!, for which this is true2.

We should view the position along each river valley as a collective coordinate. We
then integrate out all degrees of freedom except this coordinate. The resulting quantum-
mechanical Hamiltonian will have eigenstates which correspond to the eigenstates of
the field-theory Hamiltonian with zero total momentum. To insure consistency of
the collective-coordinate approximation, we will must consider only small fluctuations
around river valleys.

THE O(n) NONLINEAR SIGMA MODEL

A great dea is known about the 1 + 1-dimensional sigma models. The phase
trangition in the O(2) model is well understood 3. By virtue of its integrability 4 the
S-matrix ® and spectrum ®of the O (3) model are aso known. Unfortunately neither
these methods nor the 1/n-expansion 7 extend to gauge theories in higher dimensions.

This model will first be considered in D + 1 dimensions. Later we will specidize
to D = 1. The field s(x) (we are fixing time) with x on a D -dimensional lattice is a
real n-tuple withsT(x)s(x) = 1. The Hamiltonian is

L ST s(z)s(z) .

=& T -
H= 5 ;L(m) L(x) 2o 22,

The fields slie in equivalence classes:
v = {Rs; R € O(n)}.

The definition of these equivalence classes isn't yet obviously right. Unlike the case
of Yang-Mills theory, the equivalence class contains physicaly different configurations.
We will worry about this issue later.
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A natural metric on equivalence classes ), ¢ withs €4, f€ ¢ is®

plo, gl = inf 3[Rf(x) - s(@)]"[Rf(z) - s(a)] .

ReO(n) 7

In the continuum this goes over to (up to factors of the lattice spacing)

PSP = inf [ %2 [Rf(2) - s@)]"[7f (@) = s(a)] &
=V -trvMTM ,

where Vis now the volume of the space manifold and
Mjk = /dD.'l) fj(z)sk(:c) .

However, we no longer strictly have a metric without making certain restrictions on
alowed spin configurations. Without such restrictions, different configurations are
separated by a distance zero. This is a minor difficulty and will not trouble us.

THE SIGMA-MODEL RIVER VALLEYS

Let's denote the “pure gauge” configuration containg constant s(x) by %o,
Consider now the following problem for D = 1. For fixed p[t, 1] minimize the
the potential energy

U(’L/))r-/(;L de s'(z)*, s€.

subject to Neumann boundary conditions s'(0) = s'(L) = 0.Let's parametrize s(X)
using angles 61(x),..., p-1(z), by s1(z) = sind;(z)... sin 1 (z), ..., 8, = cos by (z), in
the standard way.

The solution for the minima of U{y) for fixed p = p[¢, 4] (distance from the
origin=pure gauge) is similar to that of a pendulum. We find that up to global rotations
R there are minima labeled by an integer N=1, 2, ...

INK

01{z) = Loy(z, k) = £2sin™" k sn( 7

E—K),

Oa(z) =+ = bpa(z) =0,

where 0 < k< 1 is the modulus of the eliptic function sn(u) and K = K (k) = sn™(1)
is the usual complete elliptic integral. The river valleys are nicely parametrized by the
modulus k as shown in figure 2.

We find that
2 _ | 2L(1
p(k}) ’{ 2L

where E = E(K = Jfy dn®(u)du is another standard elliptic integral. This function
rises smoothly from O to L as k goes from O to k*, then falls off to zero again as
k - 1. In fact, on the lattice the k = 1 solution is unphysical, because this solution
has discontinuities in the continuum. Actually k< k,ax =1 because of the regulator.
A configuration along a river valley is maximaly far from the origin at k= k*.

-E), 0<k<k 082
% , k*SkJSl ’ (2)
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N=1
N=2

Figure 2. The river valleys for the O(n) sigma model. The potential energy is nearly constant along
the solid curves. As before, a straight line extrapolation along tangent vectors at the origin gives the
spin wave approximation.

The potential energy function is

_ 3NK
7

For fixed volume L this diverges at k= 1, but, as mentioned earlier, this divergence is
regularized by a lattice (or some other ultraviolet cut-off).

In the infinite volume limit for k < k*, the potential is a constant; but the one-
dimensional domain over which this is so has an infinite length (=L). If we view k as a
collective variable, and ignore fluctuations in other degrees of freedom the gap is O (}).

We note that the river valleys are not straight lines in configuration space. Their
tangent vectors at k are

U(k)

[E—(1-kYK] .

Oay(z, k)  2sn(u)dn(u) — Z{u)en(u)

ﬂN(x7k) = 5k = 1_ k2 ’

where u = 2NKx/L — K and Z(u) is the Jacobi zeta function. The inner product of
Bn and its derivative with respect to kis not zero; this means that the river valleys are
curved. The tangent vector does not have unit length in our collective coordinates. It

is convenient to define the unit tangent vector Bu (z, k) = Bu(x, k)/v/ & B (y, k)2 dy.

COLLECTIVE COORDINATES

Up to now we've ignored the fact that a system with global symmetry has states
which transform as some representation of that symmetry (For Yang-Mills theories, we
have no such problem). For example if n= 2 our river valleys are not one-dimensional,
but two-dimensional surfaces parametrized by 68, as well as k: 8(x) =0, x oy (x, K. In
fact the river valleys of the O(n) sigma model are redly n— 1-dimensional manifolds.
However this consideration is irrelevant if we are asking for only certain information.
The degree of freedom corresponding to 6, is the very longest wavelength Goldstone
mode. We can remove this mode if we are interested in mass spectra only and don’t
care about degeneracies of our states. For example, this can be done in the O(3) model
by adding a term — [dzdt $s%/(1 — s3), where Vis the space-time volume. Such a
term is of no consequence in the thermodynamic limit but clearly keeps the river valleys
one-dimensional, rather than three-dimensional manifolds. This won't matter as long
as we aren't interested in the transformation properties or non-accidental degeneracies
of our states.
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Figure 3. A depiction of the collective coordinate representation. The degree of freedom k(t)
parametrizes the river valley, while the w; (t)'s parametrize normal displacements

The collective-coordinate representation!® of 6,(x) is

81(z,t) = an(z, k() + > wa()Tx (2, k(1)) ,
a=1
where we have now taken the range of k(t) to be —kmas < k(t) < kmer and an(z, —k) =
—0n (% k). The family of functionsTyx (X, k) satisfy

L L ~
/0 TS (2, k)T (z, k) dz = 6% , /0 TS (2, k) Bn (e, k) do =0,

and T°'(0) = T*'(L) = 0.

Physically, the collective coordinate k is the parameter aong the Nth river valley,
while the w,(x)'s are coordinates of dispacements normal to the valley at the point
described by k.

In order to proceed further, it is necessary to compute the Jacobian |J|| of the
transformation to the collective coordinate system. The details of this computation
will be presented elsewhere. The answer turns out to be

t SO O]
JII = k)2 dx — o | ———T"(z,k)dz .
W= ) Pk de = Yo [ =251k do

NO GAP FOR THE O(2) SGMA MODEL
The behavior of the O(2) sigma model at weak coupling is generally regarded as

obvious 13. From our perspective however, this model is nearly as hard to understand
as dl the others.
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The functional measure on 6, = 8 is fairly simple. The fact that it is compact is
responsible for vortices which are transitions between river valleys We will ignore these
transitions for the following reason. A vortex can be regarded as a process through
which a configuration evolves in time; the initial and final configurations are in the same
equivalence class. Thus it is a loop in the metric space. The length of this loop can
be computed and diverges in the thermodynamic limit. In the spirit of our approach,
which is to consider only small fluctuations near river valleys, vortices can therefore be
ignored. The details of this elementary calculation will be presented elsewhere.

The only nontrivia factor in the measure is the Jacobian to collective coordinates.
The path integra

. L 1 2 2
Z = /Dﬁ(a:,t) exp—-f dt/o dz ™ (8:0° + 3,0°)
can be expanded to quadratic order in w,:

2~ [ DRODuOTL IO, wn(@)) exp—5- [ ael( [ Bt o]

+ 52 + 3 waQ™ (k) wy + source terms for w,}
a b

where the matrix Q(k) is the projection of the operator —di:; onto the subspace of nor-
malizable functions satisfying Neumann boundary conditions and which are orthogonal
to Bn. In other words
L dT*(z) dT°(x)
b _‘ i Sl
Q (k)_/0 A s

The source term can be shown to be unimportant in the limit of infinite time evolution.
Only the first term in |J|| should be included to one loop. This factor cancels out
if a change of variable is made from k(t) to the arc-length parameter y(t) defined by

d L
&%:‘//o Oz, k)2 d .

We will write k(t) as k(y(t)) henceforth. For small k, y = p =kv/L.

The zero-point-energy contribution fromthew s is simply half the sum of eigen-
frequencies. The square of any one of these eigenfrequencies is an eigenvalue of Q( k(y)).
After integrating out these modes, we are left with

Z= /Dy(t) exp -/ dt { %Z—if + %tn/ﬂ(k(’y(t))) - %tn/ﬂ(()) ].

Computing the eigenvalues of Q(k) is done in the following way. The operator

2

wk) = (L~ 1B >< Bnl) (=) (1 = |y >< B

on the Hilbert space on [0, L] with Neumann boundary conditions has the same eigen-
values as Q (k). Here we use standard Dirac bra-ket notation for Hilbert space vectors.
The eigenvalue problem for this operator is straightforward (we only present a quick
and dirty derivation of the answer here).
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Let G (M) be the inverse of — d2/dx? — A on the Hilbert space. The operator G(\)
isn't regular, since it has poles if A = n?m2/L2, but G(A) sin A is regular. Consider
G(A)snA| Gy >. If this is is orthogonal to |8y >, it must be an eigenvector of w(k)
with eigenvalue A. By doing the analysis more carefully one can show that al the
eigenvectors are of this form. The condition that A be an eigenvalue of Q(k) is therefore
sin A < By |G(N)[Bn>=00r

L L—z ~ ~
/0 dz / dy cos Az cos Ay By (z)Bn(y) = 0.
o

This function can be computed numerically, the zeros can be found, and the sum of the
square roots obtained. A graph of the potential versus k (not y) has vanishing slope
at the origin and rises significantly only for k= k*. One can therefore conclude that
the gap to the first excited state is of order 1/L.

Even without doing a very explicit calculation one can see that gap is impossible
by a simple scaling argument. Each eigenvalue is directly proportional to 1/L2 and
the sum of square roots of eigenvalues is finite (after making the subtraction a k= 0.
Therefore, this sum must have the form

S /() = T7())

The only way any nontrivial y dependence could emerge in the thermodynamic limit
is if there is a term in f(k) proportional to 1/k2, for small k. But then the result at
large L would be

3 /Ao = 5,

where C is a constant for y< v/Z.. But this is a Calogero potential which has a
continuous spectrum (there is no harmonic oscillator term).

THE O(3) CASE AND THE LAME EQUATION

The O(3) model has two angles 8; =0and 6, = @ .Let us consider the lattice
path integral

z=(01 f ’;//22 o, 1) sin . )| (TT [ iz,

X exp—). %{;{[1 - cos{f(z,t + a) — 0(z,1))] + [1 — cos(0(z + a,t) — 8(z,1))]

z,t

sin? O(z,t+a) + 0(z,t)

+5i : (1 - cos(@(z, t +a) — $(z,1))]

0(z + a,t) + 0(z,t)
2
Here x and t are discrete, namely integers times the lattice spacing a (which is as-

sumed to be much smaller than L/N). To calculate the zero-point energy of the fluc-
tuations to one loop, the quantities sin® (8(x + a, t) + B(x, 1))/2 in the action can be

+sin?

1 = cos(p(z + a,1) — ¢(z,t))]} . ®
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replaced by sin2a . Similarly the measure factor [1,,sin |[#(z,t)| can be replaced by
[Tosin jay(z, k()] Notice that sin?oyvanishes at z; = E-HE = 1., N. This
means that Neumann boundary conditions d,¢= O arise at these points; furthermore
@can be discontinuous at x;. The degrees of freedom in the field ¢do not communi-
cate with one another across the line x = x;j. This breaking of the part of the action
depending on @into independent pieces in strips separated by the x; is an artifact of
the one-loop approximation. At higher loops, we can no longer assume the coefficients
of the @lattice derivatives vanish at these points.

As in the O(2) case, vortex configurations of the 6 field are of no importance at
weak coupling. The contribution the fluctuations of this field give when integrated out
is the same as before.

Consider next the integration over ¢. If y << L (i.e. |k| << 1), then the coefficient
of the glattice derivatives, namely sina (%, k(t)) is small over most of spacetime for
small k and large over most of spacetime for large k. This function is essentially a
slowly-varying inverse coupling constant for ¢. We therefore expect @-field vortices to
be important, and we cannot treat the integral as a Gaussian in ¢. However, let us come
back to this point a little later and see what happens if the Gaussian approximation is
used for the @integration.

If we assume that k(t) is slowly varying and ignore its time derivatives, we can
absorb the measure factor [Mxt sin oy (X, k()] into Dg(x, t), by defining ® = @sin oy
and take the continuum limit, obtaining

L
Z = /Do(x,t)/m>(x,t)exp—/ dt/o dx%ﬁ{atauazaz

2 2 2
+ [0,@° +sin® ay (azsina,v) 1}
—/Dﬁzt/’D@ztexp /dt/ dz—@ﬁz—i—aﬁz (4
2 72 2
+ @ (-2 + 24]}{2]{ k?sn®(u) — NLQK (1+4%%)) 8],

supplemented by Neumann boundary conditions 0@ =0 at x= 0, L and Dirichlet
boundary conditions @ = 0 at the points x; .

After making the transformation from 6 to k, wy, wo,... and integrating out both
the w,'s and ® gives

Z= / Dy(t) exp — / dt [ %{2 + %tm/ﬂ(k) - %tm/Q(O)
+ 2J§Ktnfﬁ(k) + {1+ 4k?) — —l\gﬁtr,/ﬁ(o) +1] (5)

where Q is defined as before and L is the Lamé operator

2
L(ky= —% +m(m + 1)k*sn?(u) ,

where m= 2 in our case.

The eigenvalue problem LA(u) = AA (u) is caled the Lamé equation and was first
solved in some generality by Hermite (see the book by Whittaker and Watson'?).

A rough argument shows that the Gaussian approximation for ¢@does not yield
a gap between the ground state and the first excited state. Large eigenvalues of the
Lamé operator are well approximated by the eigenvalues of the Schrédinger operator
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with zero potential. The fourth term in the exponent of (5) is then an ultraviolet-
divergent expression of the form

AL
S(A Lk = A \/n2+f(k)+o
n——l
where A is a constant and f(k) is some function with no x-dependence. The reason the
mode sum is cut off at AL is because that is the number of degrees of freedom in the
problem (for example, on a lattice, where A is the inverse lattice spacing). For large
AL, the sum becomes an integral which can be evaluated to be

Af(k)?
2L

-1 AL .1 AL 1
= [sinh~! Rk—)+ smh(2s1nhlm]+o(z).

For large L al that remains is S(A, L, k) = A—AZ which has no k-dependence.

S(A,L k) =

STRONG-WEAK COUPLING DUALITY

Let us now look once again at (3). We will make a Gaussian approximation for 6,
which we know to be justified, but not ¢ (we can differentiate between 6 and @ using
the arguments in section 6). In order to find the effective action for y, we need to find
the contribution to the potential which is the free energy of the @field with 8 set equal
toay, i.e

W) = - lim log?p(v)

k]
Tooo

where T is the time duration,
= [T [, 46 03(z, 7))
x oxp = (o)L - cos((a,t + 1) ~ (e, ) ©
4 11— con(da-+1,0) o6z, )]}

and

Blz,v) = ——Sln Zan(s, k(7)) = sn(u, k(7)) dn’(u, k(7)),

2k(7)*
€y
plays the role of inverse coupling constant.

What is very striking is that no matter how small the coupling e, may be, the
effective coupling in the “@sector” is large for v = k*vL << /L. This is a kind of
strong-coupling/weak-coupling duality. It tells us that to study W(y) at weak coupling,
we need a strong-coupling expansion. If there is a minimum of W(y) for finite v,
compactness effects, i.e. vortices are responsible. How can this be reconciled with the
philosophy of our approximation, namely that only configurations close to the river
valeys may be considered? The answer is that, unlike the case of the O(2) sigma
model, vortices are short paths in configuration space, whose lengths are not divergent.
This point will be discussed in a later publication.

We have not yet proved the existence of a gap from the ground state to the first
excited state, but it seems clear how the proof should go. First, the strong-coupling
expansion will yield the potential W(y) (we have already found this). Then it must be
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checked that the gap does not disappear as L — . If this is so, the spatia correlation
functions must automatically fall off exponentialy; for if the wave function is locaized
at smal k, the effective coupling of the @-field must be strong. This is an important
check of Lorentz invariance. Finally the dependence of the gap on e, must be checked
for consistency with asymptotic freedom.
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PAST THE HIGHEST-WEIGHT, AND WHAT YOU CAN FIND THERE

A.M. Semikhatov

Lebedev Physics Ingtitute, Moscow 117924, Russia

INTRODUCTION

In this talk, | discuss how the structure of modules over the N = 2 superconformal
agebra in two dimensions can be described in a simpler way in terms of modules over
the affine algebra s¢ (2). The key statements have been proved int:2, but | will be much
less formal in my discussion. To advertise the main result,
the N = 2 and affine-sl(2) representations theories are “ essentially equivalent” .
Before giving this a more precise meaning, let us see whether this comes as a news:

— on the one hand, the two algebras £1(2) and N = 2) appear to have very little in
common, since one is a rank-2 (bosonic) affine Lie algebra, while the other is a rank-3
superalgebra that is not an affine Lie algebra;

— on the other hand, the appearance of the two agebras in CFT is often ‘correlated’,
they ‘share’ parafermionic theories, etc.

The equivalence can be shown in the following general setting:

1.0ne considers an arbitrary complex level k O C\ {-2} on the s¢ (2) side.

2.0n the N = 2 side, one considers the ‘standard’ representation category, which
includes the Verma modules, the (unitary and non-unitary) irreducible representa-
tions, etc., aong with their images under the spectral flow (twists).

3. Modulo the spectral flow transform, this N = 2 category is equivalent to the category
of s£(2) representations of the type that has not been considered before — the so-
called RELAXED highest-weight-type representations (and_their twists).

4. On the other hand, the standard highest-weight-type s€ (2) representations turn
out to be related to a narrower category of (twisted) TOPOLOGICAL N = 2 Verma
modul es.

_Thus, the objects that are quite standard on the N = 2 side can be described in
the s¢(2) terms by introducing a new type of modules, while only a subclass of N =2
representations corresponds to the usual s¢ (2) representations. Of a crucia importance
is, therefore, the distinction between two different types of ‘Verma modules over each
algebra; for the N = 2 algebra, this distinction is masked (due to an effect that we are
going to discuss), which has resulted in some confusion in the literature as regards the
structure and properties of N = 2 modules. From the s€ (2) point of view, the distinction
is much easier to see, and it can roughly be summarized by saying that in the relaxed
Verma modules, [ one goes past the highest-weight vector. |
We now describe this in more detail.
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s6(2) HIGHEST-WEIGHT REPRESENTATIONS

Let us begin with the sb (2) algebra. We fix the level k# —2. Recal what one
does when constructing a highest-weight-type module. The generators are broken into,
roughly, two ‘halves’, one of which are declared annihilation operators with respect to
a highest-weight vector, while the others create states, except for the ‘Cartan’ genera-
tor(s), whose eigenvalues simply ‘label’ the highest-weight vectors:

T30 15 kY sgizy = I3 1 B soeny = I3 15 KDty = 00 0 130 KD ey = 13 KD gy » ()
where j, k O C.. In the Verma module, by definition, there are no relations among
the states produced by the creation operators from the highest-weight vector. The
structure of s¢(2) Verma modules is conveniently encoded in the extremal diagram

0 Qioioio gt
o Jt
o Jt

~

L]
. @
The states shown in the diagram are extremal in the sense that they have boundary
values of the (charge, level) bigrading; &l of the other states of the module should be
thought of as lying in the interior of the angle in the diagram. Finding a submodule in
the Verma module can be (somewhat more schematically) represented as

——_
®

Whenever one considers quotients of Verma modules, the extremal diagrams become
‘smaller’, as some of the states are eliminated from the module. All of such extremal
diagrams, therefore, satisfy the following criterion:

Any straight line going through any state intersects the boundary on at least one end, |
which is formalized as follows: for any state [XUfrom the module,

VneZ, INeN: (ethee (JH¥|X)=0 or (J)V|X)=0) (4)

However, this criterion also selects the so-caled twisted modules. As regards twisted
Verma modules, their extremal diagrams are ‘rotations of the above, e.g.:

or /
©)

In more formal terms, a twisted Verma module 9,4, is freely generated by J;“e_l, J_g
and JZ_, from atwisted highest-weight vector |j, k; 8Lz defined by the conditions

T30 17, K3 0)saa) = I31 13,53 0) oy = 5.1 15,55 0) ey = 0,
(U8 + 50) 13.K; ) sz = 3 15, ks Dy -

The mapping that underlies the construction of twisted modules is known as the spectral
flow transform*

Up: Jf e Ty, Jre Jdo g, JOs J)+ £06,,, 0€Z. ]

(©)

The characteristic feature of extrema diagrams of Y (2) Verma modules is the
existence of an ‘angle’ that corresponds to the highest-weight vector. In a somewhat
different context, this angle will reappear in the topological N = 2 Verma modules.
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N=2ALGEBRA AND REPRESENTATIONS

The N = 2 superconformal algebra contains two fermionic currents, Q and G, in
addition to the Virasoro generators L and the U(1) current H. The commutation
relations read as

[LmiLn] = (m—n)Lomin, My Hn] = S$mémino,

(£m;Ga] = (M —1)Gmin, M, Gal = Gimin,

(Lo, Qn] = ~n@min, [(Hm, Q] = —Qmin, m,neZ. (8
L Ha] = —nHppn+ %(m2 +MYoming

{Gm, Qu}

The element C is central; in representations, we will not distinguish between C and its
eigenvalue ¢ O €, which it will be convenient to parametrize as ¢ = 3%2 witht 0 C\ {0}.

We now consider two types of ‘Verma modules over the N = 2 algebra, which we
call the massive and the topological ones; the former are commonly considered as ‘the’
N = 2 Verma modules, while the latter are precisely those N = 2 modules that are in a
good correspondence with the s£(2) Verma modules from the previous section.

2Lmin = 2nHmin + $(M2 +M)Sinp,

Massive N = 2 modules

A massive Verma module Uy e, is freely generated by the generators L-m, H-m,
Gom m ON, and Q.. m O No (with N= 1,2,...and Ny =0, 1, 2, ...) from amassive
highest-weight vector |4, ¢, %) satisfying the following set of highest-weight conditions:

Qzl Ih, l, t) = gZO Ih: E: t) = ['21 ’h’v f, t) = %21 |h7 ¢, t) =0,
Holh,£,8:0) = hih, 6,8y,  Lolht,8) = Clh,0,1). ©)

The extremal diagram of a massive Verma module reads

[h28) ¢ 20, o
6o \\%—1

(10)

It has the shape of a parabola for the simple reason that, having acted on the highest-
weight vector with, say, Qq, applying the same operator once again gives identical
zero, and ‘the best one can do’ to construct a state with the extremal (charge, level)
bigrading is to act with the Q_; mode, etc.

Now, in contrast to what we had with the s£i(2) Verma modules, there can be two
different types of Verma submodules in L e;. In the language of extremal diagrams,
these look like (with the discrete parabolas replaced by the smooth ones for simplicity)

(11
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In the first case, we have a massive Verma submodule, all of the states on its extremal
diagram (as well as those on the extremal diagram of the module itself) satisfying the
annihilation conditions

Q_gtmt1 R Gpim = L1 © Hpn =0, me N (12)
for some 6 (which ranges over the integers, from —co in the left bottom end to +o in

the right end of the parabold). In the other case, on the contrary, there is a distinguished
state, marked with a e, that satisfies the annihilation conditions

Q—Q»Hn ~ gQ-Hn ~ £m+1 Hpa =0, meNy (13)

for someg '0Z. Such states will be referred to as (twisted) topological highest-weight
vectors, and in the above context, as topological singular vectors (the 8 = O case being
to the ‘untwisted’ one). We now define these module systematically.

Topological N = 2 modules

A twisted topological Verma module is generated from a twisted topological highest-
weight vector subjected to annihilation conditions (13), with the Cartan generators
chosen to have the following eigenvalues:

(Ho + 50) |1, 1, 8)iop

(Lo + 07‘[0 + %(02 + 9)) Ih,, t; 9>ﬁ0P

The extremal diagram of a topologica Verma module reads (in the 6 = 0 case for
simplicity, with |h, thiep = |h, & 0)top)

(15)

A characteristic feature of this extremal diagram is the existence of a ‘cusp’, i.e. a state
that satisfies stronger highest-weight conditions than the other states in the diagram.
As a result, the extremal diagram is narrower than that of a massive Verma mod-
ule. When taking quotients, the extremal diagrams may only become smaller, which
alows us to formulate a criterion that automatically singles out the topological highest-
weight-type modules (the corresponding O-category °). For any n OZ., by the ‘massive’
parabola going through a state | X), we understand the set of states

Dy QalX)=0, Guum. . Ga20a11X)=0, M,NeN. (16
Then, a module belongs to the twisted ‘topological’ O-category if, for any state,
| any massive parabola intersects extremal diagram of the module on at least one end, |
which, again, means simply that the states (16) become zero in at least one branch.

The massive N = 2 Verma modules do not satisfy this criterion. However, in the

massive case as well, one can formulate a criterion that does not alow the modules to
become too wide: for any element X[

Vne Z, either ...Qn2Qn19n|X)=0 or ...G_4 261G, |X)=0. (17)

We now address the problem of finding theEZ(Z) counterpart of all these constructions.
We first map the generators and then investigate the representations.

i

TR )
0. mp (14)

|h t)iap

\? -1
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FROM N=2TO s8(2)
An operator construction

We now use an operator construction allowing us to build the s2(2) currents out of
the N = 2 generators and a free scalar with the operator product @(z)¢ (w) =—In(z-w).
As a necessary preparation, we ‘pack’ the modes of the N = 2 generators into the corre-
sponding fields, 7(z) = Tnez Ln2™""2, G(2) = Tpez Gnz™" 7%, Q(2) = Lnez Quz ™",
and H(z) = Tpez Hnz~™ L, and similarly with the s¢(2) currents. We also define vertex
operators ¢ = e? and ¢* = e~%. Then, for c # 3,

Jr=0y, T =556y, =gk H+5508 (18)
are the s€(2) generators of level k = 25.%.
Relating the representations

The behaviour of representations under operator constructions of this sort can be
quite complicated.” In our case, we take a topological Verma module Vy,; and tensor
it with the module = of the free scalar. The latter module is defined as & = @pnezHn,
where H, is a Verma module with the highest-weight vector |n), such that

¢m|n>¢:07m217 1/"771[”)4):07 m2n+1, ¢:n|n>¢:0:m2—n+2, (19)

and ¢o|n)y = —nln}s. We then have the following Theorem?, in which we also refer to
a free scalar with signature —1, whose modes commute with the s€(2) generators (18):

I~ = /21 - 9¢). (20)

The modes I; generate a Heisenberg algebra. Then the module H7 is defined as a
Verma module over this Heisenberg algebra with the highest-weight vector defined by
I7lg)™=0,n21, and Iy |g)~ = qlg)~. Now,

Theorem 1

1. There is an isomorphism of§2(2) representations

=y - 21
Ve ®E % MM thi-20 ® ,H\/;(hw) (21)

where on the LHS theEZ(Z) algebra acts by the generators (18), while on the RHS
it acts on DJT_%M_Z;,, as on a twisted Verma module,

2. A singular vector exists in Vy; if and only if a singular vector exists in one (hence,
in all) of the modules M _p,, 5,9, 6 € Z. Whenever this is the case, moreover,
the submodules associated with the singular vectors, in their own turn, satisfy an
equation of the same type as (21).

The statement regarding singular vectors appeared, in a rudimentary form, in®. The
theorem means that, as regards the existence and the structure of submodules, the

« At the Conference, M. Halpern told me that such a mapping had been known to M. Peskin et al.,
but | could not find the reference.

" Recall, for instance, how thes# (2) Verma modules are rearranged under the Wakimoto bosonization3
— Wakimoto modules more or less ‘interpolate’ between Verma and contragredient Verma modules.

333



topological N equivalent’ to.?ew(Z) Verma modules. Twisted topological
Verma submodu simultaneously with s£(2) Verma submodule®:

T

A common feature of Q(Z) and topological N = 2 Verma modules is that al of them
are generated from a state that satisfies stronger annihilation conditions than the other
states in the extremal diagram. What is somewhat unusual about this correspondence,
though, is the fact that on the s£(2) side such a ‘cusp’ state satisfies the same annihi-
lation conditions as the highest-weight state of the module, whereas on the N = 2 side
it satisfies twisted topological highest-weight conditions. Such, however, is the struc-
ture of the N = 2 algebra; ignoring this fact may mislead one to consider a submodule
in a topologica Verma module as generated from the top-level state in the extremal
diagram of the submodule, in which case one could incorrectly conclude that one is
dealing with a massive Verma submodule (which, as we saw in (16), is not the case).

Thus, to the well-known 5£(2) singular vectors |MFF(r, s, k))*, r,s € N, given
by the construction of 6, there correspond the so-called topological singular vectors”®
|E(r,s,t))%, t = k + 2, v which satisfy the twisted topological highest-weight conditions
(13) with @ = Fr respectively. Topologica singular vectors occur in the topological
Vermamodule V,  whenever h = h*(r, s,t), r,s € N, where

h=(r,s,t) = = — 5, ht(r s t)=-"L+s5-1 (22)

The explicit construction for N = 2 singular vectors can be found in" 8,

The idea regarding the correspondence between submodules can be developed in
the direction of category theory. Very roughly, a category is a collection of objects, some
of which may be related by morphisms. Taking the objects to be all the topological N =
2 Verma modules, the morphisms would have to be the usual N = 2-homomorphisms.
However, two Verma modules are related by a morphism only if one of the modules
can be embedded into the other. We have just seen that such embeddings — i.e., the
occurrence of submodules — is *synchronized’ between the topological Verma modules
over N = 2 and the sf(2) Verma modules. In fact, there also exists a mapping (a
functor) in the inverse direction, and one eventualy concludes that the category TOP
of topological N = 2 Verma modules is equivalent to the category VER of s8(2) Verma
modules. To be more precise, the appearance of the twist (the spectral flow transform)
results in that this equivalence takes place only after one effectively factorizes over the
spectral flows on either N = 2 and s¢(2) sides, see! for a rigorous statement. Anyway,
an immediate consequence of this equivalence is that

Embedding diagrams of Verma modules are identical on the N =2 and 5?1(2) sides,
where we are so far restricted to topological Verma modules on the N = 2 side. Since

the 5?(2) embedding diagrams are well-known, this spares us. the job of deriving them
in a less friendly environment of the N = 2 algebra.

tin particular, the = and H modules in (21) are redly ‘auxiliary’, since nothing can Ilappen there
that would violate the correspondence between submodules in topological N = 2 and s£(2) Verma
modules.
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Where do the massive N =2 modules go?

Having seen that the topological N = 2 modules are in a ‘good’ correspondence
with s£(2) modules, we may recall from (11) that this involves only a ‘small’ part of
N = 2 Verma modules, whereas the massive N = 2 modules (the ‘wide’ ones) seem to
have nowhere to go in the 52(2) picture, since all of the capacities of the 52 (2) Verma
modules are aready used up to maintain the correspondence with the topological (the
‘narrow’) N = 2 Verma modules.

RELAXED 22(2) VERMA MODULES

Solving the above problem requires introducing anew class of s¢(2) modules. These
have a characteristic property that their extremal diagrams have no ‘cusps’, which will
be crucia for relating them to the massive N = 2 Verma modules (whose extremal
diagrams have no cusps either). The recipe is to relax the annihilation conditions
imposed on the highest-weight vector$:

Ja— ' 3£(2)
For 8 OZ, the twisted relaxed Verma module R 4.6 IS generated from the state
|7, A, k;é)sm) that satisfies the annihilation conditions
J§9+1 7, Ay s 9),5(2) = ng 7, A, k§9)sz(2) =JS op1 1A K ‘9)3[(2) =0 (23)

by a free action of the operatorsJ;fo_l, JZ -1y anng_l, and by the action of operators
Ji and J=, subject to the constraint

(T26d3 + (K + 20 — £0)) 15, A, 53 O) gz = A 13, A, £36) g - (24)
In addition, the highest-weight state |7, A, k; 8) .4, satisfies
(Jg + %0) |Ji A7 k; 9)32{2) =j |.77 A; k;9>sé(2) . (25)

Then, we can act on the highest-weight vector with both J3* and J;, thereby
producing new states

(J:ﬂ)—" |J, A?":;e)se(z) , n<0,

™ 26
('];—) ']7A7 k;e)sl(z) 3 n>0, (26)

|ja Aw k’ 9'”}3[(2) = {
with [, A, k3810 o2y = 19, A K3 8) 49y As a result, the extremal diagram opens up to
the straight angle; in the case of 8 = 0 it thus becomes
I I I R
* et P Pt—— @t > P —— PG & * & (27)
where al of the other states from the module correspond to points below the line. The
* gtate is the above |7, A, k; 8 = 0) ). We also define |7, A, kIm) 00 = 13, Ay 5 017) 5y,
then the norms of these extremal states are given by
. 2 A+ 206+~ +1), ng -1
— =0 ’ - [}
[ A Fim) | = { (A — 26— i(i + 1)), n>1.

Thus, as we move either right or left along the extremal diagram, the norm becomes
negative eventually. The negative-norm states can be factored away if it happens
that the norm of one of the extremal states is exactly zero. This is the case whenever
A =Aun(p, j) = p(p+1)+2pj, p € Z; then the factors in (28) become (1+i+p)(2j+p-i)
and (p —i) (1 + i + 2j+p) respectively. The corresponding zero-norm state

(28)

§Yet the crossing out operation looked nicer in my transparencies.
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(JOH')“p l_?, Ach(pvj)7k>s£(2) , P -1
(JJ')’H'I i]: Ach(paj)7k)ge(2) ) p 2 O

then satisfies the Verma highest-weight conditions for p < -1 and the twisted Verma
highest-weight conditions with the twist parameter 8 = 1 for p = 1. Thus, it is a
singular vector, which can be quotiened away along with a tail of negative-norm states.
For historical reasons1’. 1, states (29) are called charged singular vectors.

Theorem 1 is now extended to a similar statement about the isomorphism of 5¢(2)
representations:

|C(p7js k))al?(2) = { (29)

Upet ®E m g R thep20 ®H T (30)
where on the LHS the 5£(2) algebra acts by generators (18), while on the RHS it acts
naturaly on m_%hﬂ’,,z;n_ﬂ as on a twisted relaxed Verma module (as follows from the
notations, its parameters are j = ~%h, A =1tf and k=t- 2). As in Theorem 1,
the singular vectors appear in U, ,+ and m_%h’tg’t_g;g simultaneously, and, in addition,
the same relation (30) holds for the corresponding submodules, which can be either
massive/relaxed or topological/usua-Verma:

(for the topological/usual-Verma submodules, Eq. (21) holds instead of (30)). As a
consequence, | embedding diagrams of massive N = 2 Verma modules are isomorphic
to embedding diagrams of relaxed s€(2) Verma modules,

seel0 for the classification of the embedding diagrams.

MASSIVE AND RELAXED VERMA MODULES IN BOSONIC STRING

According to the above equivalence statements, it is inessential in many respects
whether one analyses N = 2 Verma modules or relaxed s£(2) Verma modules. In this
section, we show how the above constructions (extremal states, massive Verma modules,
etc.) arise naturally in the bosonic string. In the noncritical bosonic string, one has
the N = 2 algebra redlized as in'5 1. Applying the mapping described in the previous
section, one recovers the corresponding realization of s£(2) currents found in5.

Let us describe in more detail the N = 2 version of this construction. One starts
with a matter theory represented by the energy-momentum tensor T with central
charge 13 — 6/t — 6t and tensors it with the bc ghosts and a (free) Liouville scalar.
The resulting N = 2 generators read as

T = T —tdpdp — (1 +1)8%p — dbc — 2b8c, H =20p+bc, G=0,

Q = —2bBcc — 2tpdpc + 40pBc + 2Tc + (2 — 2t)BPpc+ (1 — 2)d%c. (31)

where the Liouville OPE is chosen in a non-canonical normalization 0¢(2) dp(w) =
—1/2t)1/(z — w)2. The representation space is then constructed as described in the
next subsection.
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Constructing the representation

Each matter primary |A)n of dimension A can be dressed into N = 2 primaries
either as
1L_h_ 8

By A — L2 —2h -1+ h%),¢; a>* = |0)gn & \e%(—rrz)w) ® |A), 3?2

or by replacing h — f—— hin the last formula (which does not change the £, eigenvalue).

Here,

bOb...07 % |0y, 6<-2,

0)en = {10) s » =-1, (33)

cdc... ¢ [D)gy , >0,
are ghost vacua in different pictures'®. Each of the states (32) satisfies the twisted
massive highest-weight conditions with the twist parameter 6. Further, in the tensor
product of the matter Verma module with the ghosts (and the Liouville), each of the
states (32) comes together with an infinite number of extrema states obtained by
tensoring the same matter primary with ghost vacua in different pictures:

L_h_¢ h__8

lo)gn ® [#H 409 @A), and o) @[ HED) @A), acZ.(34)
We thus see that in this readlization,
| choosing the ghost picture corresponds to traveling over the extremal diagram. |
The *bosonization’ (31) has the following effect: twisted topological highest-weight
conditions (13) are satisfied whenever the dimension of a state (32) vanishes:
Ihaoxt; 9)* = |h,t; 0)mp‘ (35)

We will thus cal |h, 0, t; 6 [ the pseudomassive (highest-weight) states.

The generalized DDK prescription is that there be a twisted topological primary
state among the extremal states (34). This is a condition on how the parameters in the
tensor product of matter and Liouville are related: the matter dimension should be

A(h,t) = %(2~2h—t+h2t). (36)
Then extremal states (34) become
ID(h, 8,0, 0)) = a)en ® ¥ F 4DV Q| A(R, 1)), = |b + 2y, Loallasthlott) )

As a runs over the integers, the D(h, t, 8, a) states fill out an extremal diagram:

m
o — —00 (37)

The states in the upper curve are freely generated from +co. The state at a = 6
is the twisted topological highest-weight state |h, t; 6-)ip, with a twisted topological
Verma submodule being generated from it. We also have another extrema diagram
D'(h, t, 8,0) = D(Z=h,t,8,a).

Whenever |D(h, t, 8, o)) admits a singular vector for some ag # 6, each of the
states [D(h, t, 8,a )}, a # 6, admits a massive singular vector, while M(h,t,8, ) admits
a topological singular vector. Then the states in the D- and D'-diagrams are given by

D(h™(r,5,1),2,6,0)) = |a)gn ® e THE) @ AL (1))
ID(h*(ry s+ 1,8),6,0,0) = [a)gn ® eI @ A (B),

with hE(r, s, t) defined in (22). We see that the |E(r, 1, t)) Ttopological singular vectors
cannot be constructed out of the matter ones. In fact, the topological N = 2 singular

>1,
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vectors evaluate in terms of the Virasoro algebra as follows:

Et(r,1,t) Et(r,s+1,t) E~(r,s,t)
r>1 rns>1 rs>1
l \ / (38)
Virasoro highest-weight state Virasoro singular vector (r, s|Ar,S)

Acting with the screening current

Whenever one uses an operator construction (‘bosonization’), leading to some ad-
ditional effects (e.g., vanishings) in representations (Eq. (35) in our case), one should
expect the appearance of a screening current (cf., for instance,19). We, indeed, have a
fermionic screening current of the form?20. 21

F = bee“’ \Illz y (39)

where W, , is the ‘12 operator in the matter (Virasoro) sector. The W, , operator has
two components that can be distinguished by picking out the following terms from the
fusion relations:

U * (AR, )y ~ |A(R £ 1,1)),, . (40)

Here, the highest-weight states may be understood to be those in Verma modules
over the Virasoro algebra. Using this, we now can construct the following action of
the screening F on the pseudomassive modules over the N = 2 algebra (we omit the
integral which makes the screening charge out of the current) :

L |D(h+1,t,8,a—1)), a>0+1,
F*:|D(h,t,0,a)) — ) (42)
0, otherwise

(which of the extremal states do, and which do not, vanish under the action of the
screening, follows from a simple analysis of operator products). Then,

F~:  |D(h(rs,8),,6,0)) = |[D(h(r,s+1,8),8,60,0— 1)), ,
a>0+1.
Ft . |D(h+(r,s+ 1,1), ¢, 0,a)> - |D(h+(r,s,t),t,9,a— 1)>
(42)
Next, we observe that the identity
|D(™(r,5,1),1,01,0)) = |D(b*(r, 5+ 1, ), 1,6,,0)), Ve, (43)

holds if and only if either s=0,r +8, = 8,, ort = =% For generic t, we can use the
s= 0 case in order to connect the two series of mappings (42) together. Omitting the
t parameter, we label the extremal diagrams spanned out by the|D(h*(r,s,t),t,6,a))
states by the corresponding h* (r, s) and the value of 0 that gives the position of the
topological point. We then have the following mappings of modules with the extremal
diagrams (37)

pr b2y pe b )r+8 - P F-
h=(r,0).8 b (r1),0 h-(r,2),0 (44)

This sequence applies to pseudomassive modules, i.e., those in which the Virasoro
part is taken to be Verma modules. We now investigate whether it is possible to go over
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from (44) to a similar sequence for quotient modules. According to (38), the massive
N = 2 singular vectors would be factored away in al of the terms starting with and
after H{r, 1) as soon as the Virasoro singular vectors are factored away. This allows one
to define the F ~mappings between the irreducible representations. The same is true
for the modules before and including h*(r, 2). In the middle term h(r, 1), however,
there is no submodule to factor over in the corresponding Virasoro Verma module. Yet,
taking the composition F~o F * allows us to make (44) into the exact sequence

& DOt (n3,0),5,0+ 1)) = iD(h+12t)t0+r)> B

JD(h (r,1,1),t, 9)) |D(h (r,2,1),1,8) ) = (45)

where the bars denote that the Virasoro singular vectors are declared to vanish (i.e.,
irreducible representations are taken in the matter sector in (32), (34), and similar
formulae). It may be observed that this exact sequence is parallel to an exact sequence
between representation of the quantum group sl(2|1)q (for g not a root of unity in
accordance with the above choice of generic t), which is not a coincidence?. The sl(2[1)q
embeddings are also performed by ‘charged’ singular vectors, with a due analogue of
the F~ o F * composition in the center. The sl(2|1) quantum group has long been
suspected to govern the 32(2) fusion rules 2, however the presently observed symmetry
isonly osp(1[2)q.
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INTRODUCTION

The nature of the dimensionality of (euclidean) space-time in the ensemble of
manifolds appearing in quantum gravity has recently attracted much attentionl-7. On
a smooth, amost flat (meaning without curvature singularities of any sort) manifold,
all reasonable definitions of dimensionality will agree. However the ensemble of mani-
folds appearing in the path integral in quantum gravity contains many members which
are neither smooth nor flat (in fact one expects the completely smooth and flat ones
to have measure zero); various definitions of dimension can then lead to different nu-
merical values because they probe different aspects of the global geometry. In this
talk | considered the spectral dimension in models of two-dimensional quantum gravity
coupled to conformal matter with central charge ¢ > 1. Another talk at this work-
shop concentrated on the Hausdorff dimension in various cases® ; as we shal see, in the
branched polymer phase (which is neither smooth nor flat) these two dimensions are
not the same.

Two-dimensional quantum gravity is defined in the canonica ensemble (CE) by
the partition function

(V) = /Dg5 (/ 26 /5 - v) exp (—Soy19)) (1)

where the functional integral runs over all physicaly inequivalent metrics g with the
volume (area in 2d) constrained by the delta-function to be V. S¢[g] is the effective
action obtained for the metric after integrating out al matter fields (which we assume
are conformal). Expectation values of reparametrization invariant quantities in the CE

*Presented at the Workshop by J.F.Wheater

New Developments in Quantum Field Theory
Edited by Damgaard and Jurkiewicz, Plenum Press, New York, 1998 341



are given by

Oop = E(_lv')— /Dg ()6 (/dzg\/g - V) exp (—Sesslg]) - (2)

The grand canonical ensemble (or GCE) partition function is given by

Z(p) = /000 e "V Z(V)dV. (3)

Often it is more convenient to calculate in the discretized formulation, as we do here;
in this case the integral over metrics is replaced by a sum over triangulations (or dual
graphs) and the volume V becomes the number of vertices N of the triangulation®-1*.

Some properties of this model are well understood, in particular for the c< 1
case, through matrix model calculations and the KPZ results. In this case the universe
is locally two-dimensional in the norma mathematical sense. On the other hand for
c> 1 there is an accumulation of evidence (much, but not all, of it numerical) that the
space-time structure collapses to something that is locally less than two-dimensional;
this is the branched polymer (BP) phase.

The Hausdorff dimension, dy,, of the BP phase can be computed analytically!? (see
also Ambjgrn8 ) and it is found that d, = 2. The spectral dimension, ds, is defined by
the behaviour of the diffusion equation. In the discretized formulation a random walker
sets out on a graph G from a point i at time t = 0. Let the probability that he is back
at i after t steps (each of which consists of a move from one vertex to a neighbouring
vertex) be Pg(i; t) then dgis defined by

N
Pn(t) = <N“ > Palis t)> ~ td% (4)
é CE

i=1

provided that 0 << t << N1/2 for some exponent A so that discretization and finite
size effects are avoided. The corresponding continuum quantity —the coincidence limit
of the heat kernel —is in fact reparametrization invariant!®. On the basis of extensive
numerical simulations at different values of ¢, Ambjern, Jurkiewicz and Watabiki’
conjectured that dg = 2 for ¢ < 1 and that d,, = 2ds for al c (at least in unitary
models). It is interesting to ask whether this is consistent with the large ¢ phase being
BP. If it were consistent then we should find that ds = 1 for the BP phase.

CALCULATION OF ds FOR BRANCHED POLYMERS

To caculate ds for a pure BP ensemble it is much easier to work in the GCE
where the sum over al polymers is straightforward than in the CE where the fixed
N constraint makes the sum much more difficult. We therefore need to establish a
relationship between GCE quantities and ds which is more naturaly defined in the
CE. To explain this it is simplest to make the following ansatz for Py (t)

1 a t
PN(t) = :,v -+ t—_ds/2 exp (m) . (5
This has the property that at very large t, when the walker can be anywhere on the finite

sized system, the probabililty of finding him at a given point is simply N~ whereas
for t<< N2 we get the power law behaviour t™9s/2. We should emphasize that this
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ansatz is not necessary and we make it for pedagogical convenience; a derivation that
does not depend on it is given in Jonsson and Wheater 14 which contains the full proofs
of al the results given here. From (5) compute the generating function

- kod 1 1 a
_ t ~
PN(y)";—OyPN(t)—Nl_y-l-(l—y—{—N—A)l—ds/?' (6)

In the GCE the natural quantity to compute is
Plzy) =D 2" 4 Py(t) (7)
g t=0

where the sum runs over all graphs G in the ensemble, Ng is the number of points in
G and Pg(t) is the return probability on G. P is related to the CE quantity Py (y)
through

Plzy) =Y 2N Z(N)Puly). (8)
N
We expect that for large N the CE partition function behaves as
Z(N) ~ N2 N (9)

where z, is a constant and yg, < % Substituting (6) into (8) and dropping the pole
term (which can always be computed exactly and therefore removed) to get P'(z,y) we
find

P(z,y) ~ (1 - zi)ﬁé (_11_“_1{_ (10)

0 _viA
20

where the prefactor exponent {3 is given by
d
ﬂ=1—%tr+A(§—1) (11)

and @ (v) is analytic for v = 0 with @ (0) = O(1). If we can compute the gap exponent
A and the prefactor exponent  we can deduce ds.

We will work with the simplest generic rooted branched polymer ensemble. A
polymer is made by recursively stitching together two other polymers (its constituents)
as shown in fig.1; the elementary polymer is a single link. If we let N5 be the number
of external legs excluding the root then

Na = Np + Ng (12)

and the number of polymers with N external legs satisfies the recursion

N-1
Qv =) OuOn-m, u=1 (19)
M=1

It is well known that this is solved by the Catalan numbers which for large N have the
asymptotic behaviour .
4
Qn ~ — (14
NUN

2

from which we deduce that z = 1 and the well known result that Yeer = 3.
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Figure 1. The fusing of polymers B and C to make alarger polymer A. The open circle is the root
and the filled circle is the first vertex.

Now we want to compute the return probability for walks starting at the root (for
BPs this is sufficiently general and we do not need to sum over all starting points).
First let P2 () be the probability that the walker returns to the root for the first time

after t steps, then Pa (t), the probability that after t steps the walker is at the root, is
made up of walks which are returning for the first, second, third etc time so we have

Pa(t) = 6o+ PY@®) + Y PA@PA(t)+...+ Y. J[Patt)+.... (15
ti14ta=t b1+t Hin=t i=1

This is a convolution so for the corresponding generating function we find
oc
Biy) = Yy Pi()
t=0
=1+ P+ (Br#) +. ..
1

= TR (19

The factor y!/2 is chosen because all returning walks on BPs have even t.

Next we relate the first return probability on A to that on its constituents B and
C. A typica walk leaves the root and then goes out and back many times from the first
vertex along B and C until finally returning to the root. Taking all these walks into
account we get

2
Pi0) = 30+ (3) (P-4 Pt -2)
+(3) T e + i) (B + Pl
t14-ta=t—2
1 n+l n
s (5) > TR +Pae)) +-. 17

f1Focbla=t=2 i=1
Then calculating the generating function we find

R =g+ (3) B0+ R + (5) (Ph+ PR+

cot (%)Ml (Pi(y) + BL(m)" + ...

3 y
83— (Piy) + Piw))’

(18)
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Introducing a new quantity ha (y) defined by

) = 1= (1~ PL) (19

(despite appearances this is analytic at y= 1) we find that the return probability
generating function in the GCE is given by

Py) Ti- Z ha( y) (20
with the recurrence relation
_ 1+ he{y) + he(y)
M) = T =) () + ho®) (21)

and for the elementary polymer hy(y) = 1.

First we have to show that P(z, y) has a simple pole at y = 1 which we can remove.
To do this it is sufficient to note that hg are non-decreasing functions and then to show
that the sum in (20) is finite a y = 1. The recurrence (21) becomes

ha(1) =14 hp(1) + he(1) (22)
with the initial condition for the elementary polymer h,(1) = 1; but

Np = Np + Ng (23)
so
ha(l) = 2N, — 1.
Now N .
2B N73z
;2NB—1“§:2N—1 (25

is finite at 2z = z, so P(z,y) doesindeed have a ssimple pole. We remove it by computing
~ d
Qz,y) = % (1 -9)Qzy))
= 3y 2th( ) 29)

BeB dy

which does not have a pole a y = 1, Q has the same analytic structure as P’ and in
principal dg can be determined from it. We proceed by computing the Taylor series
of § about y = 1; to show the technique we will compute the leading term in detail.
From the recurrence (21) we find, differentiating once and setting y = 1, that

HY(z) = Z P!

=ZzNE+N°{h§3(1)+h’C(1) + (1+ ha(1) + ho(1)(hn(1) + he(1) }. (27)
B,C

The first two terms on the r.h.s. of (27) reproduce the I.h.s. but with a factor of the
GCE partition function. Rearranging we find

VI—2ZzHY(z) =2) 22N 1)) 2" +2 (E ZVe(2Ng — 1))
B C

B

+2y M (2Ng - 1)y 2" (28)
B C
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All the terms on the r.h.s. of (28) are calculable and we find that the leading behaviour
(subleading terms correspond in the CE to pieces suppressed by inverse powers of N
and vanish in the thermodynamic limit) asz 1 2., is

HO () ~ %(1 — 4, (29)
Now
0 * S0e 1) = HO
(22—62 - 1) (2, 1) = HY(2) (30)
SO integrating twice we get
~ 1
O(z,1) ~ -3 log(1 — 4z). (31)

By iterating this kind of calculation we can show that
Z Ng H a*ha(y ~ Am2em) (] - gg)3 P K (32)
i=1 dy"* y=1

where Amma--m) s a constant4. This is enough to find the leading behaviour of

a\" ~
(5&) Q(za y)
It isin fact possible to find out enough about the coefficients Alrin2im) to be able to
argue that the Taylor series for @ is Borel summable at y = 1.

From (31) we deduce that the prefactor exponent is 3 = 0 and from (33) that the
gap exponent is A = 3. It follows that ds = £.

~ (1—4z)73m, (33)

y=1

DISCUSSION

This is a very interesting result. Firstly it shows that the conjecture that dn = 2ds
is false (it is aso now known to be false for the non-unitary c = —2 theory®). However
comparison with the data’ shows that the ¢ = 5 results are in very good agreement
with dg = f;— Taken together with the excellent agreement with 7, = % and dj, = 2
which is also seen a ¢ = 5 the evidence that the large c phase is BP is overwhelming.

The calculation presented here shows that ds = 3 for the simplest example of
a generic branched polymer ensemble. By tracing the origin of the gap exponent A
it is straightforward to see that the same structure will emerge for any other generic
ensemble. However for the non-generic branched polymer ensembles which can be
produced by allowing vertices of arbitrary order and weighting them in particular ways'®
it is possible to generate different values of v, and we expect that these ensembles will
have ds # 4.

There is a close connection between our calculation and the spectral dimension on
percolation clustersl”. These authors originally conjectured that the spectral dimension
on percolation clusters at criticality isg independent of the embedding dimension D.
High precision numerical calculations have long since shown that this is not correct for
finite D (see Havlin18 for a review). However for infinite D this result is believed to
be exact and there are a number of scaling arguments and approximate calculations
for it (see for example Leyvraz!®). The BP ensemble is similar to the set of (bond)
percolation clusters on a Cayley tree with the constraint that the bond from the root
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to the first vertex is occupied. The difference is that the percolation clusters in genera
have vertices of order two as well; the ensemble can be rewritten as the BP ensemble
with a sort of renormalized link'*. Because of our interest in quantum gravity we
defined dgin terms of probabilities averaged over al clusters of size N rather than
in terms of a particular “typical” cluster. The calculation picks out the leading non-
analyticity as y —» 1 after taking the thermodynamic limit and therefore shows that in
the thermodynamic limit a finite proportion of the Ty clusters of size N have dg = %
Clusters with dg smaller than % are present in the ensemble but the number of such
clusters is suppressed by a power of N relative to Ty and so the probability that they
appear as an infinite percolation cluster is zero. It is in fact possible to rule out the
appearance of clusters with ds larger than §- so this calculation amounts to an exact
calculation of dg = £ for atypical cluster a criticality 4.

In some circumstances there is an extra scaling relation between A and ds. On a
fixed graph we have a transfer matrix T and

N oo
Py(y) = %Z Z (Tt)ii (34

i=1 t=0
letting T =1 — D where D is the (lattice) diffusion operator we get
N-1
1 1 1 1
PN(y)_N1~y+N;1—y+y/\j (39

where Aj are the eigenvalues of D and we have separated the zero eigenvalue (note that
it is a genera theorem that 0 < A; < 1). In the large N limit the non-pole part can be
turned into an integra

AN-1
5 p(p) dp
Puly) = / e
~(y) . T—vtun (36)
Assuming that the density of states p(u) ~ u#*~'we find that
By(y) ~ (yh +1—y)**! (37)

ie d = dg and the behaviour at y = 1 is cut off by the lowest eigenvalue so we expect
A ~ N72. If the eigenvalues are non-degenerate it follows that ¢ ~ (N2 and
50 p ~ utA~! and hence that d, = 2/A. This relation is obeyed both for the linear
polymer (for which it is easy to show that A = 2 and which of course has ds= 1) and
for the generic branched polymer. It should fail if there are degenerate eigenvalues —
in this context the jth and kth eigenvalues are degenerate if limy—oo{A; — Ak)/Aj = 0.
So the extra scaling relation should not hold for systems which have some symmetry
(eg rotational) which is restored at large distance scales but it probably does hold for
objects like percolation clusters which do not.

It is interesting to ask whether these calculations can be extended to other systems,
for example the pure gravity case. Unfortunately the method depends very much
upon the branching nature of the BPS to obtain the recursion relation (21) between
return probabilities on a polymer and those on its constituents. The graphs for pure
gravity do not have this property so some other device will be needed to do the lattice
calculation; of course in that case other techniques such as those of Liouville gravity
are also available. There is however one potential simplification. It is tempting to
suppose that ds= 2 (as it appears to be for the ¢ = — 2 model®); in this case the
prefactor exponent (11) becomes simply 1 — 7. Running this backwards we see that
if a caculation of the prefactor exponent were to give 1 — 75 then it would not be
necessary to compute the gap exponent in order to deduce that dg = 2.
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SOLVING THE BAXTER EQUATION IN HIGH ENERGY QCD

J. Wosiek

Ingtitute of Physics
Jagellonian University
Reymonta 4

30-059 Cracow, Poland

INTRODUCTION

Quantitative description of the reggeization of QCD till remains a challenge for
the Leading Logarithmic scheme and its extensions 12, In the first approximation the
problem naturally separates into sectors with fixed number n of the reggeized gluons
propagating in the t channel. The lowest nontrivial case, n = 2, was solved in the classi-
cal papers by Balitskii, Kuraev, Fadin and Lipatov? who derived the simple expression
for the intercept of the hard pomeron. Further progress for arbitrary nwas achieved by
Lipatov, Faddeev and Korchemsky #:5:¢ who have established exact equivalence with
the one dimensional chain of n noncompact spins. Leading high energy behaviour of
QCD amplitudes is given by the highest eigenvalue of the corresponding Heisenberg
hamiltonian of n spins with nearest neighbour interaction. Moreover, by identifying
enough constants of motion they were able to prove that this system is solvable for
arbitrary n. The success of this, rather mathematical, approach was confirmed by
rederiving the Lipatov et al. result in the n = 2 case®”. However, the adopted proce-
dure requires an analytic continuation from the integer values of the relevant conformal
weight h (see later) because only for integer h they were able to diagondize the two
spin hamiltonian. The n= 3 case, which gives the lowest contribution to the odderon
exchange, was also studied by Faddeev and Korchemsky, and Korchemskye'7 . Again,
the spectrum of the system for integer h can be found for any finite h = m. However,
the general expression for arbitrary mis not known, and consequently the analytical
continuation to h = 1/2 is not available *.

We have developed 89, together with R. A. Janik, a new approach which a) works
for arbitrary values of the conformal weight h, providing explicitly above continuation,
and b) gives, for the first time, the analytic solution of the n = 3 case for arbitrary h and
gz - For n = 2 our method reproduces again the BFKL result clarifying the problem of
boundary conditions for arbitrary h. In this talk | will discuss some details of our n= 2
calculation emphasizing genera features of this approach which are directly applicable
to higher n cases. The results for n = 3 will be shortly summarized.

*The lowest state of the n = 3 hamiltonian is believed to occur at h = 1/2.
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Edited by Damgaard and Jurkiewicz, Plenum Press, New York, 1998 349



We rely on the formalism developped in Refs* 567 and follow the conventions
and notation of Refs®”.

THE POMERON CHANNEL
The Formalism

The intercept of the Pomeron trajectory is given by

ap(0) =1+ 22 (ez(h) +&(h), &)

where [h and &; are respectively the largest eigenvalues of the n = 2 reggeon hamiltonian
and its antiholomorphic counterpart & 7. This system is equivalent to the misleadingly
simple set of the two noncompact spins which for higher n generalizes to the one
dimensional chain with nearest-neighbour interactions. Applying Bethe Ansatz to the
latter one obtains in the n = 2 case

Q=) _ @)Y _
= (Qz( y Qz(i)) b @

where Q2(A) satisfies the following Baxter Equation
BE(\ @)@ = (A + QoA+ 1) + (A= 9°Q2(A —9) = (22" + ¢2)Q2(A) =0,  (3)

g2 is the eigenvalue of the square of the total spin of the system ¢z.. It commutes with
the hamiltonian and its spectrum is known from the symmetry considerations

g2 = h(1 = h), h=%(1+m)——il/, mée€ Z,vER. 4

In order to solve the Baxter Equation (3) the following integral representation is cus-
tomarily used, K(z,\) =z (z- 1)

Qa(N) = /C K(, A)Q(z)zi%. ®)

Eq. (3) is equivaent to the simple hypergeometric equation for the transform Q(z)
HE(z,0)Q = |21 - = — | Q(2) = 0 ©
Z,q2 = dzz dz qz2 =Y

provided the boundary term, which can be read off from the identity

BEO,e)@ () = [ HB(, B

2(1 = 2)[K' (%, )Q(2) - K (2, M)Q' (2252, )

vanishes. The prime denotes the derivative over zand Zsaryendy are the start- and
end-points of the contour C.

For arbitrary value of the conforma weight h, however, the singularity structure
of the hypergeometric functions together with the nontrivial monodromy of the kernel
K (z, A\) precludes existence of the contour such that the boundary contributions cancel.
Nevertheless, for integer h = m, the solution regular at z= 0 does not have a cut and
consequently the simple contour encircling both z=0and z= 1 points guarantees
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vanishing of the boundary terms. This observation was exploited in Refsé7 |eading
to the elegant solution of the n = 2 problem for integer conformal weight. The BFKL
formula resulted after the analytic continuation in hto h = 1/2. However, the case
of noninteger h requires further insight. In particular the boundary conditions for
Q2(A) are not fully understood. For integer h, again, they can be deduced from the
polynomial Bethe ansatz and are consistent with the above choice of the integration
contour in Eq.(5). For arbitrary h, they are not available. It would be very instructive
to investigate the so called functional Bethe ansatz in this connection.

The Method

We will present here a different approach . Instead of Eq.(5) we use the double
contour representation (c.f. Fig.1) considered in Refl0,

Q) = [ - DPIQ) ©

) . dz
o WOV 1 iA=1 aindl
* Jo,? (z =" Qulz)

expecting that additional of the second solution freedom would alleviate the problem
of the choice of the contour.

mid
gttt zend z

Zmid Z%1ar Jend

C Cy

Figure 1. Integration contours used in Eq.(9). Start z#2', middle z™'¢, and end z°"¢ points
coincide but they lie on the different sheets of the Riemann surface of the integrands.

We begin with the general solutions of Eq.(6) and then show how the initial free-
dom is restricted which leads to the unique solution. To this end we write the two
fundamental sets of two, linearly independent solutions of Eq.(6)

@(2) = (w(2), ua(2)),
7(z) = (vi(2), v2(2)), (10)

around z=0and z= 1 respectively.
u(z) = Fi(h,1-h,1;2) = i fud™ = F(2),
up(2) = —1 fIn(2)F(2) + 15?2), (11)
with G(2) regular at z=0
G{z) =¢ 2 gn2", (12)
where F(a, b, ¢; 2) is the hypergeometric function, f, = A®™(1 — k) /n!?,

Gn = [l2¢(n+1) —¢(n+h) —p(n+ 1 — k)], ¥(z) denotes the digamma function
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and ¢ = sin(mth)/mt. The series in Egs.(11) are convergent in the unit circle K, around
z= 0. Similarly one can construct the #(z) solutions in the unit circle K; around z= 1.
In fact, because of the symmetry of Eq.(6)under the transformationz — 1~ z, g, — ¢o,
we take

n{z) =i (1 — 2), v2(2) = —iug(l — 2). (13)

Usually only one basis is sufficient. However for higher n one can construct the bases
only in the form of the series convergent in Ko or K1, and hence we will need both
bases to integrate Eq.(9).

Since any solution is a linear combination of the fundamental solutions, we have
in general

Q1(2) = auy(2) + bua(z)
= A d(z) = A-Q0(2),

Qui(z) = cui(z) + duq(2) (14)
= B i(z) = B - Qi(z),

with an obvious vector notation. The transition matrix Q is defined by
©(z) = Q(z), (15)

and provides the analytic continuation of our solutions Q(z) between Ky and K. It
plays an important role for higher n and its direct calculation for n > 2 is rather
nontrivial. For the hypergeometric equation, and for the special choice of both bases,
Egs.(11,13), Q is very simple. Due to the identity 1

F(z) = — gLog(l - z}F(1 — 2) + G(1 — 2), (16)
Log(z) = |z| + iArg(z), |Arg(2)} < 7, 17)

(2 = iu;(1-2), and (13) implies

01
9:(10>. (18)

Next, we introduce the monodromy matrix My, which describes the behaviour of the

@®

g stort
N zend

Figure 2. Closed contour used to define the monodromy matrix, Eq. (19). zsta't = z°"¢, however
they belong to the different sheets of the Riemann surface.

basis % in the vicinity of the branch point z= 0 (see Fig.2).
Wzond) = Muil(zpiar)y Ma={ o+, ° (19)
end ° start)s w 9 # 1 ’

and symmetricaly (zstart = 1/2 — i€, Zena = 1/2 + i€) for the v basis. It is easy to see
that M, = M.
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We are now ready to write the condition for the cancellation of the boundary
contributions in Eq.(9). With the choice of the contours C; and C,; as shown in Fig.1,
and with the apropriate choice of the branch of the kerne K(z A) (see below) the
boundary contributions cancel if

ATMI -+ BTM” =0, (20)
where the combined monodromy matrices ™ for the corresponding contours read

Mp = QMO = MY, My =QM;'Q7 - M, (21)

In terms of the coefficients, condition (20) reads simply
a=c, b=d. (22)

Hence the original freedom of four coefficients in Egs.(14) was reduced to the two free
parameters. In fact the energy of the system, Eq. (2), is insensitive to the absolute
normalization, hence only the ratio

p=alb, (23)

remains relevant. This variable parametrizes all possible boundary conditions which
are consistent with the cancellation of the end-point contributions in the sum (9). The
role of remaining freedom is better seen when the explicit result for [ is derived.
Before integrating Eq.(9) consistent choice of the branches of the kernel K(z,A) and of
Q«k(2), K =1, Il; must be made, as explained below.

Details of the Analytic Structure

Genera solutions Qk(2), K =1, Il; of the hypergeometric equation (6) have a
nontrivial monodromy a z= 0,1 and co. Therefore one has to supplement the generic
formulas (11,13) with the chioce of cuts and corresponding branches of the multivalued
functions Qk (2), as well as the kernel K(z, A). We define

(2} = F(2),

uj(z) = —i fllog(z) F(2) +iG(z), (24)
uj!(z) = —i flog(2)F(2) +iG(2), |zl <1,

for the @ basis, and
n(z) = 1F(1 - 2),
vh(z) = — Aog(1 — 2)F(1 — 2) + G(1 — 2), (25)
vil(2) = — fllog(1 — 2)F(1 —2) +G{1—2), |1—z| <1,

for the v basis. Different branches of uxz) and v2(2), labelled by the superscript

K =1, Il; are chosen on the two contours C; and Cii respectively. They are realized
by the different choice of the branch of the logarithm according to the definitions

Log(s),  Im(z) >
log(z) = { ng(j) + 27rz, Im(z) < 0 (26)
nos(2) = { 7087 ~H T 20 @)

TReduced to the middle point zp.
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where Log(z) denotes the main branch of the logarithm, cf.(17). With the above choice
of branches identity (16) implies

((2),u3(2)) = (F(2),iF(1 = 2)) = (v3(2), u1(2)), (29)
on the lower (Im(z) < 0) half of the contour C,, and
(w1(2), ui'(2)) = (F(2),iF(1 - 2)) = (v} (=), v1(2)), (29)

on the upper haf of C,,. Therefore the transition matrix Q (18) provides required
analytic continuation between the two bases aong the central sections the contours
Ck. In paticular at the respective middle points z}, = 1/2 —ie and 2zl = 1/2 + 4¢
relation (15) holds provided corresponding branchesuf (z) and v, K =1, II; are
used. Explicit expressions for the transforms Qg read

auy(z) + bul(z), ifz € C’igo),
avl(z) +bvi(2), ifzeCY,

cuy(z) +dull(z), if z€CY,
i (2) + dvi(2), ifzeCH,

Qi(z) = {

Qufz) = { (30)

Where the relations (22) have not yet been used. € and C$’ denote the unit circles
around z=0and z= 1 which compose contours Ck .

Our conventions define the following analytic structure of the transforms Qg (z)
Consider the complex z plane with the two cuts [Arg(z)| < tand JArg(1 — z)| < 1. On
that plane the "main” branch of the fundamental solution (F(z), iF(1 — z)) is defined.
At the points z= 1/2 and z= 3/2, where the contours Cy cross these cuts, Qk (2) are
continuous due to the appropriate choice of log's and llog's in Egs.(24,25). In another
words, our contours lie on the different Riemann sheets, which coincide with the the
"main” sheet for lower (upper) part of Ci(C;,) and then, at z= 1/2 and z= 3/2, they
join smoothly to another (different for different contours) sheets guaranteeing continuity
of Qk (2). It follows from EQgs.(28,29) that, with the choice of the coefficients as in
Eqg. (30), Qk (2) are continuous aong the contours C at the respective middle points
2%, K =1, 1l. Other choices of branches are also possible, however the continuity of
the solutions along the contours must be assured, by appropriate adjustment of the
coefficients in expansions (30).

Finally we discuss the choice of the apropriate branch of the kernel K(z A). As
mentioned above the Baxter Equation (3) is equivalent to the differential equation (6)
provided the boundary term present in the identity (8) vanishes. This term contains the
end point values of the kernel and of the transform Q(z) together with their derivatives.
Moreover, in the two-contour case, the end point contributions from both contours add.
By the suitable choice of the branch of the kernel K(z A) we can decouple its end-point
values from the boundary term thus simplyfing the analysis. We choose

K;(z,A) = exp[(—i) — 1)log(z) + (aX — L)log(z — 1)], if z € C; (3D
Ki1(z, ) = exp [(—iA — Dllog(2) + (iA — 1)log(z — 1)}, if z € Cr (32)

With this definition the end-point values of the kernel, and its derivative, are the same
for both contours, i.e.

K (2starts XY = Ki(2Zena, A) = Ki11(2start, A) = Ki11(2ena, A), (33)
K;(Zstart» /\) = K}(zend, )‘) = K}I(zstart, /\) = K}I(zemh )\)7 (34)
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With this choice the vanishing of the boundary term is equivalent to the condition

Qr(z) + Qu(z)|2en, = 0,
Q%) + Qpr(2)fieme, = 0. (35)

These conditions are satisfied if the algebraic relations (20) among coefficients a, b, ¢, d
are fulfilled.

The Integrals

Analytic calculation of the functionQ,(|) isnot avaiable for arbitrary 1. However
a A =i, needed in Eq.(2), the kernel  K(z, A) simplifies, and in the consequence the
integrals can be readily performed. For illustration we will calculate explicitly Q(i).
Substituting Eqgs.(30) with (22) and K,(z,1) = K(z,4) = (1—z)~2into (9) one obtains

o (b1 + avl)K (36)

N i 1
Q:(t) = oo (auy + buz) K + /C
e 11
+/CI(3)(au1 + b K + /Cw(lwl + avg ) K. (37)

where the measure dz2i is understood. Since contours C; and C;; run in the opposite
directions, integrals of the single valued solutionsu,and v,  cancell out giving

Qa() = b /C oK +a [ ]~k (39)
The differences of two branches are simple, cf. Egs.(24,25)

Q@) =i 4 [ PO Ty fzz)z ~a{ /c WFO-25 " f’_zz)?, (39)

Thefirst integral vanishes since theintegrand is analytic inside C(O),whilethesecond
is given by the residue at z= 1 resulting in the final expression

Q2(8) = 2iasin(rh) fi, (40)
with fi = h{1 — h). Similar steps at | = —i give
Q2(—i) = —2bsin(wh) fi. (41)

Calculation of the derivatives of the Q(A ) is more tedious but proceeds analogously.
We obtain

Qa(i) = ~2asin(wh)(1 + g1) — 2mi(b + asin(wh)) fy, (42)
Qo(—1) = 2n(a + bsin(rh)) fi + 2ibsin(zh)(1 + g1), (43)

where g1 = f1(24(2) — (1 +h) — ¢(2 - h)).
Results in the Pomeron Channel
Substitutining results (40-43) into (2) gives after some algebra

ea(h) = 49(1) — 29(h) — 2(1 ~ )
~So= o) (44
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with p given by Eq.(23).
It is instructive to compare this expression with the original hamiltonian of the
two spins ’

Hy = 4(1) — 2(—J12) — 20(1 + Jua). (45)
where the eigenvalues of j,, are equal to —h cf. Eq.(4). It is now evident that the

choice
r = 41, (46)

gives the correct spectrum of energies. We emphasize, however, that the additional
information was required to fix the remaining freedom. This is different in the n=3
case (see below). It is important to note that the above choice is independent of h
which a priori is not guaranteed.

Substituting Eq.(44), with (46), in Eq.(l), and setting h= % = 1/2, we reproduce

the BFKL formula
asN

T

ap(0) =1+ 4Log2. (47)

This was also obtained in Ref.” after analytic continuation of their result from integer
values of h. The difference between both approaches is best seen by comparing Eq. (44)
with Eq.(6.31) of Ref.7. It follows from the form of the hamiltonian, Eq.(45), that the
complete holomorphic eigenenergy [ (h) is singular also at positive integer h. This is
true for our result, Eq.(44), while that of Ref.” is finite, In fact their approach gives
only the real part of O, . Thisis sufficient to reproduce the intercept (1), however does
not give the correct analytic structure in the individual holomorphic sectors.

We emphasize that above calculation was organized from the point of view of the
generalization to higher number of reggeized gluons. Such elements as the analytic
structure of the solutions, series expansions of both bases, the transition matrix, choice
of the branches and integration term by term, are the same when solution of higher
hamiltonians is attempted.

THE ODDERON CHANNEL, N=3

For n = 3 we have carried out this procedure explicitly8 . The complete set of
linearly independent solutions of the corresponding third order differential equation was
constructed. The transition matrix between the @ and. & bases was also obtained. Since
in this case there is no simple identity connecting linearly independent solutions, the Q
matrix is nontrivial. Remarkably it turns out that the condition for cancellation of the
end-point contributions in the double integral representation determines uniquely the
final solution of the Baxter equation. Existing arbitrariness in both transform Qi/11(z)
is irrelevant. Consequently we have obtained the holomorphic (and antiholomorphic)
energies as the anaytic function of the two relevant parameters h and ¢z . The new
variable g3 is the eigenvalue of the second, commuting with hamiltonian, observable §s-
Our formula reproduces exactly known values of [ (h, g3) in the polynomial case. It
also agrees with the asymptotic calculations of Korchemsky 2 performed in the limit
h - ®, q3/h3=const., see Fig.3.

The spectrum of §3 is not known spite of many interesting attempts
have therefore mapped numerically the analytic structure of [z (1/2,q3) in the complex
gsplane. It turns out he holomorphic energy has a series of poles at imaginary 0z
T .The intercept of the odderon trajectory is smaller than one for almost all values

5, 13, 14, 15. We

tour definition of qs is the same as in Ref.”
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Figure 3. Comparison of the exact result for the three regeon energy (solid line) with the
asymptotic formula (dashed line) of Ref.12.

of gz including al g; O R. However in the vicinities of the poles it can be arbitrarily
large. Therefore any further conclusion about the numerical value of the a,(0) depends
crucialy on the spectrum of dj.
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