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1 Intertemporal Trade and the Current Account Balance

, One fundamental way open and closed economies differ is that an open economy
é can borrow resources from the rest of the world or lend them abroad. With the

aid of loans from foreigners, an economy with a temporary income shortfall can
avoid a sharp contraction of consumpuon and investment. Similarly, a country with
ample savings can lend and participate in productive investment projects overseas.
Resource exchanges across time are called intertemporal trade.

Much of the macroeconomic action in an open economy is connected with its
mtertemporal trade, which is measured by the current account of the balance of
payments. The purpose of this chapter is to illustrate the basic economic prin-
cx;TcTThat govern intertemporal trade patterns: when are countries foreign bor-
3 rowers, when do they lend abroad, what role do government policies play, and
¢ what are the welfare implications of international capital-market integration? In the
‘ process, we take a first look at the key factors behind aggregate consumption and

investment behavior and at the determination of world interest rates. We assume

throughout that onlrx one good exists on each date, the better to focus attention
: on aggregate international resource flows without introducing considerations re-
‘ lated to changing intratemporal prices. A large part of international economics is,
of course, concerned with relative domestic and international prices. As several
later chapters illustrate, however, the macroeconomic roles these prices play are
understood most easily if one starts off by abstracting from the complications they

create.

’ 1.1 A Small Two-Period Endowment Economy

You probably are familiar with the standard two-period microeconomic model of
saving, due to Irving Fisher (1930). We begin by adapting Fisher's model to the
case of a small open economy that consumes a single good and lasts for two
periods, labeled 1 and 2. Although the model may seem simple, it is a useful
building block for the more realistic models developed later. Qur main goal in this
section is to describe how a country can gain from rearranging the timing of its
consumptlon through international borrowing and lending.

P
K L1.1; The Consumer’s Problem

An individual { max1mxzes lifetime utility, whxch depends on period consump-
tion levels, denoted ¢!

U{:u(c§)+ﬂu(cg).? 0<B <1 h
& In this equation 8 is a ﬁxed preference parameter, called the subjective discount

or time-preference fac or, “that medSures the mdmdual s impatience to consume.
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Intertemporal Trade and the Current Account Baliance

As usual, we assume that the period utility function u(c’) is strictly increasing in

wnxumptmn and strictly concave: u’(¢') > 0 and u’(chy < O ! ‘
TV d”n?i't""hc individual§ output and r the real interest rate for borrowing or

lcndmé in the world Lil_PLl:L market on date 1. Then consumption must be chosen

subject to the lifetime budget constrglvpt

S N . . Syt i

) K ’ i .- o
R TR g ) Lt @)
" I+r l+r ‘

Thls u)nstmmt rutmts the present value of consumption spending to equal the
present value of output. Output is perishable and thus cannot be stored for later’
consumption. 2 .

We assume, as we shall until we introduce uncertainty about future income in
Chapter 2, that the consumer bases decisions on perfect foresight of the future. This
is an extreme assumption, but a natural one to make whenever the complexities
introduced by uncertainty are of secondary relevance to the problem being stud-
ied. Perfect foresight ensures that a model’s predictions are driven by its intrinsic
logic rather than by ad hoc and arbitrary assumption; about how people form ex-
pectations. Unless the focus is on the economic effects of a particular expectational
assumption per se, the deterministic models of this book therefore assume perfect
foresight.”

To solve the P:Q}?l?,,!ﬂ ~of maximizing eq. (1) subject to eq. (2), use the latter
to substitute for ¢, in the former, so that the individual’s optimization problem

reduces to

. o . : Mo
max a(c)) + Bul(b + )y — ) + ¥l ¢ .7
(“ . ‘
. . . . “\ o f
The first-order condition for this problem is :
i 4
, 7
1 Untid further notice. we abso assume that /

hm ' (¢ = oo,
ot
The purpose of this assumption is to ensure that individuals always desire at least a little consumption
in every period. so that we don’t have to add formal constraints of the form ¢ > 0 to the uulity
maximization problems considered later.

Whenever we refer to the subjective time-preference rate in this book, we will mean the parameter §
such that A = 1/(1 + &), thatis, § = (1 — B)/B.
2. Ata positive rate of interest r, nobody would want to store output in any case. In section 1.2 we will
see how this intertemporal allocation problem changes when output can be invested, that is, embodied
in capital to be used in producing future output.
3. Even under the perfect foresight assumption we may sometimes loosely refer to an individual’s
“expectation” or (worse) “expected value™ of a variable. You should understand that in a nonstochastic
environment, these expectations are held with subjective certainty. Only when there is real uncertainty,
as in later chapters, are expected values averages over nondegenerate probability distributions.

u (cl) = (1 +r)/3u (cz).

1.1 A Small Two-Period Endowment Economy

o 3)

which is called an intertemporal Euler equation.* This Euler equation, which will
a utility maximum, the con-

recur in many guises, has a simp
sumer cannot gain from feasible shifts of Lonsumptlon between purlodx A one-

> mlcrprpmuon

unit reduutlon in hrst pcnod Lonsumptlon for example, lowers Upby (e L) The

(2) thus states that at an optxmum these two qudntmes are equal

An alternative and important interpretation of eq. (3) that translates it into lan-
guage more closely resembling that of static price theory is suggested by writing
it as

ﬁu’(cé)‘_ 1

(4)

w'(c)) T+,

The left-hand side is the consumer’s marginal rate of substitution of present (date

1) for tuturc (datc 2) u)nsumpuon while thc 1l

first-order condition (3) [or (4)] with thc mtertunporal budget constraint (2). An
important special case is the one in which g = 1/(1 + r), so that the subjective
discount factor equals the market discount fdctor In this case the Euler equation

becomes u'(¢ l) =y ((2) which implies that tlu, consumer desires a flat lifetime
consumption path o= 12 Budget constraint (2) then implies that consumption in
both pertods is ¢, whcre

ORI NEES
2+r

Equilibrium of the Small Open Economy

We assume that all individuals in the economy are identical and that population size
is 1. This assumption allows us to drop the individual superscript i and to identify
per capita quantity variables with national aggregate quantities, which we denote
by uppercase, nonsuperscripted letters. Thus, it C stands for aggregate consump-
tion and Y for aggregate output, the assumption of a homogeneous population of
size 1 implies that ¢ = C and y' = ¥ for all individuals /. Our assumed demo-
graphics simplify the notation by making the representative individual’s first-order
conditions describe aggregate dynamic behavior. The Euler equation (3), to take

4. The Swiss mathematician Leonhard Euler (1707-1783) served at one time as the court mathemati-
cian to Catherine the Great of Russia. The dynamic equation bearing his name arose originally in the
problem of finding the so-called brachistochrone, which is the least-time path in a vertical plane for an
object pulled by gravity between two specitied points.

and side is the price of future |

N



Intertemporal Trade and the Current Account Balance

People get married all the time. Similarly, people may take vacation trips only at
infrequent intervals, but this is not the case in the aggregate. (Seasonality can be
important in either of these examples, but such etfects are easily dealt with.)

5. Fundamentally, a very general intertemporally nonadditive utility function
would yield few concrete behavioral predictions. If consumptions on different
dates are substitutes, one gets dramatically different results from the case in which
they are complements. Because maximal generality would lead to an unfalsifi-
able macroeconomic theory with little empirical content, macroeconomists have
found it more fruitful to begin with a tractable basic setup like eq. (9), which
has very sharp predictions. The basic setup can then be amended in parsimo-
nious and testable ways if its implications seem counterintuitive or counterfac-
tual.

6. In any event, while empirical research has raised interesting questions about the
simplest time-additive preference model, it does not yet clearly point to a superior
nonadditive alternative.

1.2 ,; The Role of Investment

Historically, one of the main reasons countries have borrowed abroad is to finance
productive investments that would have been hard to finance out of domestic sav-
ings alone. In the nineteenth century, the railroad companies that helped open up
the Americas drew on European capital to pay laborers and obtain rails, rolling
stock, and other inputs. To take a more recent example, Norway borrowed exten-
sively in world capital markets to develop its North Sea oil resources in the 1970s
after world o1l prices shot up.

So far we have focused on consumption smoothing in our study of the current
account, identifying the current account with national saving. In general, however,
the current account equalq saving minus investment, And because, in reality, i
vestment usually is much more volatile than saving, to ignore investment is to miss
much of the action.

\ Adding Inves;ment to the Mode!

Let’s modily our earlier model economy to allow for investment. We now assume

that output is produced using capital, which, in tumn, can be accumulalcd through
mvcstment The production function for new output in either period is

(Y = F(K). (10)
As uxual production is strictly increasing in capital but subject to diminishing

marginal productivity: F'(K) > 0 and F"(K) < 0. Furthermore, output cannot be

1.2 The Role of Investment

produced without capital: F(0) = 0. We will think of the representative consume
as having the additional role of producer with direct access to this technology.®

A unit of capital is created from a unit of the consumption good. This process i
revcrslble so that a unit of t,dplld] after having been used to produce output, cal
be “eaten.” You may find these assumptions unrealistic, but they help us sideste;
some technical issues that aren’t really central here. One key simplification due t
our assumptions is that tklirelativc price of capital goods in terms of consumptio!

forelgn assela B,+1 and the stock of domcsnc capllal K. 10

How is capital investment reflected in 1 the date 1 current account? The stock o
capital K/ accumulated through the end of period 1 is the sum of preexisting cap

ital X, and new investment during period ¢, J, (we ignore depreciation of capital):
K!#IZKI_’“IP\ (11

Nothing restricts investment to be nonnegative, so eq. (11) allows people to eat par
of their capital.
Next, the change in total domestic wealth, national saving, is

B+ Ky —(Bi+ K=Y, +rB —C _”GI-f\

Finally, rearranging terms in this equation and substituting (11) shows that th
current account surplus is

CAl=B - B =Y +nB —-C -G — 1. (12
A very useful way to interpret the preceding current account identity is to labe
national saving as S -

Si=Y+nB —C — Gy (13

9. As we discuss in later chapters, it is reasonable to think of labor as being an additional productiol
input alongside capttal. A productton function of the form (10) still is valid as long as labor is supplic
mp I P! P! £ pp
inelastically by the individual producer. We assume

Iim F'(K)=o00
Kol

to ensure a positive capital stock.

10. It is simplest to suppose that all domestic capital is owned by domestic residents. The statemen
that total domestic wealth equals B + K is true even when foreigners own part of the domestic capita
stock, however, because domestic capital owned by foreigners is subtracted in calculating ner foreigt
assets B. As long as perfect toresight holds, so that the ex post returns to assets are equal, the ownershij
of the domestic capital stock is irrelevant. The ownership pattern is not irrelevant, us we see later, wher
unexpected shocks can occur.
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to relabeling 1ah_&mpnvate sector’s endowment ¥ as output net of government con-
\umptxon Y -G

How do government consumption decisions affect the current account? A nat-
uml benchmark once again is the case in which ﬂ = l/(l r), and output is con-
santatY, =Y, =Y. Absentgovemmem consumption, private consumption would
be constant in this case at C = Y with the current account balanced. Suppose,
howuu that (;; = () while (;2 = () Now the private sector will want to borrow

against ity mlanvdy hlgl seumd perlod after-tax income to shift part of the bur-

den of the temporary taxes to the future. The coumry ‘therefore will run a deficit in

period 1 and a surplus in period 2.

Ecm:?—C—m

*1.1.7%

p—

chlucing Y with ¥ — G in eq. (5) implies that in the preceding example

[+ =Go+¥l_ o (140G

€= 257 T 2%

Government consumption in period 1 lowers private consumption, but by an
amount smaller than (11 The reason is that the government consumption is tem-
porary: Tl“dirwops 10 z¢10 in period 2. Thus the current account equation presented
“zarlier in this subsection (recall that B; = 0 here) implies that

- G
_ o

2+

i

S

In u)mmxt suppose that G, =Gy = G Then consumption is constant at ¢ =

Y — G in hoth periods, and the current account is balanced dlways Government

umsump(n)n affects the current account here only to the extent that it tilts the path

of private net income.

A Digtession on Intertemporal Preferences
Equation (1) assumes the representative individual’s preferences are captured by a
very particular lifetime utility function rather than an unrestricted function Uy =
U(Cy, C2). Ineq. (1) consumption levels for different dates enter additively; more-
over, the pcrmd utility function «(C) is constant over time. th consumpm)n
oceurring over T rather than Just two penods the natural Ecncrdluauon of utility

tumuon (1)is __

Ll—}:ﬂ"‘ (). )

=1 :
e i i o A

Preferences that can be represented by an additive lifetime utility function are
called intertemporally additive preferences. The key property implied by intertem-
poral addiiivity is that the marginal rate of substitution between consumption on
any two dates 1 and s [equal to g27u’(Cy)/u'(C,) for the preferences described
by eq. (9)} is independent of consumption on any third date. This property is re-

1.1 A Small Two-Penod Endowment kconomy

strictive (provided T > 2, of course). It rules out certain kinds of intertemporal
consumption dependencies, such as complementarity between total consumption
levels in different periods. Such dependencies are at the heart of recent models of
habit persistence in aggregate consumption.®

Although we will discuss particular alternative assumptions on tastes at several
points in the book, the assumption of intertemporally additive preferences with an
unvarying period utility function will torm the backbone of our formal analysis.

There are several reasons for this choice:

}. It is true that some types of goods, such as refrigerators and automobiles, are
durable goods typically consumed over many periods rather than just one. This
type of consumption linkage, however, is fundamentally technological. By defin-
ing utility over the flow of services from durables, and by imputing their rental
cost, one can easily incorporate such goods within the umbrella of intertemporally
addiuve preferences. (We show this in Chapter 2.)

2. For some types of goods, consumption at one point in time clearly does influ-
ence one's utility from consuming in closely neighboring periods. After eating a
large meal, one is less inclined to want another an hour later. The time intervals of
aggregation we look at in macroeconomic data, however, typically are measured in
months, quarters, or years, periods over which many types of intertemporal depen-
dencies fade.

3. Admittedly, even over long periods, habit persistence can be important. Drug
addiction is an extreme example; watching television is a closely related one. In
macrocconomics, however, one should think of preferences as being detined over
consumption variables that really represent aggregate spending on a wide array of
different goods. While we may have some intuition about the persistence effects
of consuming certain items, it is harder to see obvious and quantitatively signifi-
cant channels through which the rorality of consumption has long-lived persistence
effects.

4. One can think of some types of goods that most individuals would prefer to
consume only once, such as marriage services. But even though consumption of
such services is lumpy for an individual, it is relatively smooth in the aggregate.

8. If G() is any monotonically increasing function, then the utility function

,
G [Zﬂ"’lu((‘,)J
1=1

naturally represents the same preferences as Uy does, e, a monotonically increasing transforma-
tion of the lifetime utility function does not affect the consumer’s underlying preference order-
ing over different consumption paths. Intertemporally additive preferences take the general form
G ]'ml('.) + oo up (C )| (with period untity functions possibly distinet). They also go by the name
strongly tertemporally separable preterences. For further discussion of their implications, see Deaton
and Mucllbauer (1980. ch. 5.3y,
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with the principle of « -omparative advantage from international trade theory, which
states that countries tend to import those commodmes whose autarky prices are
high uunpd‘re—crwnh world prices and export those whose autarkxpg;gg;_ are ¢
paratively 1 low

difterentials lhd[ explains the gains from trade shown in Figure 1.1.

A rise in present output or a fall in future output lowe the autarky real interest”
L0 piaehag

Jate: euher event would Taise desired mt the prev1 autarky mterest rate
but since the residents 6F @ closed e o}xomy annot save more“m the
;gg;;gtite wnthout lendmg “abroad, r* must fa 1 until people ‘are content to consume
thexr fiew endowment. Similarly, greater Eanence (arise in B) lowers r rk. By ‘modi-
fying Flgul’e 1.1, you can check that when r* is below the world interest rate r, the

country runs a ﬁrst period current account surplus followed by a deﬁc1t but still

gains from Lradc

Tt may come as a surprise that the existence of gains from intertemporal trade
does not depend on the sign of the country s initial current account balance. The
reason is simple, however. What progllges gains is the chance to trade with some-

one different from oneself. Indeed, the gr

in, The only case of no gain is the one
Gﬁ: )

“This reasoning also explam% how changes in world interest rates affect a coun-
try’s welfare. In Figure 1. 1 the economy reaps trade gains by borrowing mmally
bc:(_dusc its dumrky interest rate is above the world rate, r. Notice, however, that,
were the world interest rate even lower, the economy’s welfare after trade would
be higher than in Figure 1.1. The basic reason for this welfare gain is that a fall in
{he world interest rate accentuates the difference between the home country and the
rest of the world, increasing the gains from trade. A small rise in the world inter-
est rate (one that doesn't reverse the intertemporal trade pattern) therefore harms a
first- period borrower but benefits a first-period lender.

T

} Temporary versus Permanent Output Changes

A suggestive interpretation of the preceding ideas leads to a succinct description of
how alternative paths for output affect the current account.

The natura! benchmark for considering the effects of changmg output is the case
p = 1/(1 + r). The reason is that, in this case, eq. (7) becomes

1 +r
1+ rr’

u'(Ya)
WYy

which implies that the sole factor responsible for any difference between the world
and autarky mlercst rate‘ m a changmg output le level

7. For a detailed discussion, see Dixit and Norman (1980).

H

It is the opportunity to explont these prctrade international price

erence, the grquggv_tl_lg_
hich, coincidentally, it happens that_

WL

1.1

[ LR MRS 1 YYU L LU s e

Imagine an economy that initially expects its output to be constant over time.
The economy will plan on a balanced current account. But s‘hpposc Yy rises. If
Y2 does not change, the economy’s autarky interest rate will fall below the world
_interest rate: a date 1 current account surplus will result as people smooth lhelr
consumption by lending some of their temporarily high output to lorelgners I

» Yy rises by the same dmounl as Y,, however, the autarky interest rate does not
_change, and there 15 no_ currem auount imbalance. Alternatively, consumption
automatically remains constant through time if people simply consume their higher
output in both periods.

One way to interpret these results is as follows: permanent changes in output do
not affect the current account when g = 1/(1 + r), whereas temporary changes do,

v temporary increases causing surpluses and temporary declines producing deficits deficits.

Likewise, a change in futurc expected output a affects the sign o o the current account

e e draiycte

in the same qullliilva manner as an opposite movement in current output. We will
generalize this reasoning to a many-period setting in the next chapter.

6 Adding Government Consumption

So far we have not discussed the role of a government. Government consumption
is, however, easy to introduce.

Suppose government consumption per capita, G, enters the utility function ad-
dmvely giving period 1 uulny the form u(C) + v(G). This case is, admitiedly, a
simple one, but it suffices for the issues on which we focus. For now, it is casiest
to suppose that the government simply appropriates G, in taxes from the private
sector for r = 1, 2. This policy implies a balanced government budget each period
(we will look at government deficits in Chapter 3). The representative private indi-

_,Vl‘;‘l{‘{l_‘ lifetime budget constraint is thus

Yo — G

Ci+
1 +r

=Y -G+

1+r ®
Government spending also enters the date r current account identity, which is
now

CA =By — Bi=Y +nrB ~C -G,

The new feature here is that both government and private copsumption are_sub-
tracted from national income to compute the current account. (Plainly we must
account for all domestic expenditure—public as well as private—to reckon how
much a country as a whole is saving.)

Since G is beyond the private sector’s control we can follow the same steps
as in section 1.1.1 to conclude that the Euler equation (3) remains valid. In-
deed, introducing government consumption as we have done here is equivalent
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Ao
r 0
\ . .
‘erlgwéconsumption. C, a0
o 4
-y 3
- ; « Budget line,
(V+r );Y‘
oY, /02 =Y, ~ (1+1)(C, — Yy)
Yz
C,
Yy Y14
Y, 82 2C, Period 1
W—J consumption, C,
-CA,
o 3 1
Figure 1.1

Consumption over ime and the current account

attainable indifference curve. The first- -period current account balance (a deficit in
Figure 1.1) 1s slmply the horizontal dlslance between the date 1 output and con-
sumption paints. s As an exercise, the reader should show how to read from the
figure’ s Vertical axis the second-period current-account balance.

Economic policymakers often express concern about national current account
deficits or surpluses. Our simple model makes the very important point that an un-
balanced current account is not ncve@xanly a bad thing. In Figure 1.1, for example,
the country cluarly does better running an unt anced current account in both pe-
riods than it would if forced to set C; = Y; and Cy = Y3 (the autarky point A).
Intertemporal trade makes possible a less jagged time profile of consumption. The,

uuhty gdm hctween points A and C illustrates the gencml and classic msx;:hl that

countries gain from trade.
TSR

[N S

Application: Consumption Smoothing in the Second Millennium B.C.

An early anecdote concerning the consumption-smoothing behavior underlying
this chapter’s model comes from the story of Joseph in the Book of Genesis. Schol-
ars of the biblical period place the episode somewhere around 1800 B.C.

The Pharaoh of Egypt summoned Joseph, then an imprisoned slave, to interpret
two dreams. In the first, seven plump cattle were followed and devoured by seven

1.1 A Small Two-Period Endowment Economy

lean, starving cattle. In the second, seven full ears of corn were caten by seven thin
ears. After hearing these dreams, Joseph prophesied that Egypt would enjoy seven
years of prosperity, followed by seven of famine. He recommended a consumption-
smoothing strategy to provide for the years of famine, under which Pharaoh would
appropriate and store a fifth of the grain produced during the years of plenty (Gen-
ests 41:33-36). According to the Bible, Pharaoh embraced this plan, made Joseph
his prime minister, and thereby enabled Joseph to save Egypt from starvation.
Why did Joseph recommend storing the grain (a form of domestic investment
yielding a rate of return of zero before depreciation) rather than lending it abroad at
a positive rate of interest? Cuneiform records of the period place the interest rate on
loans of grain in Babylonia in a range of 20 to 33 percent per year and show clear
evidence of international credit transactions within Asia Minor (Heichelheim 1958,
pp. 134-135). At such high interest rates Egypt could have earned a handsome
return on its savings. It scems likely, however, that, under the military and political
conditions of the second millennium B.C., Egypt would have found it difficult 1o
compel foreign countries to repay a large loan, particularly during a domestic
famine. Thus storing the grain at home was a much safer course. The model in this
chapter assumes, of course, that international loan contracts are always respected,
but we have not yet examined mechanisms that ensure compliance with their terms.
We will study the question in Chapter 6. .

Autarky Interest Rates and the Intertemporal Trade Pattern

Diagrams like Figure 1.1 can illuminate the main factors causing some countries to
run initial current account deficits while others run surpluses. The key concept we
need f()r this analysis is the autarky real interest rute, that is, the interest rate that
1 y barred from mternatlonal ‘borrowing and lending.

Were the cu)nomy restricted to consume at the autarky point A in Figure 1.1, the
only real interest rate consistent with the Euler eq. (?) would be the autarky interest
rate r*. dehnc.d byeq. (4) wuh oulputs replacing cons i

R
ﬁu(m Lo -
(Y e J

L. NPPRRIOREPRPEES

u)nsumptmn

Figure 1.1 shows that when themiky pnceyls below_the world rela-
llve pnce of future consumption—which is equivalent to{s* being above r)-future
umption

comumpuon is relduvely cheap in the home economy and present ¢
rc]auve]y expcnslve Thus the home economy will “import™ present consumption
from abroad in the first penod (by runmng a current account dehcxt) and “export”

e e

future” consumption late

i
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minus sign—the net increase in foreign asset holdings—equals the current account
;Ll ..,i; bl % vy dhiaiurdeivisnt i

Despite this accounting equivalence, there is an important reason for focusing
on the foreign asset accumulation view of the current account. It plainly shows

that the current account represents trade over time, whereas the net exports view
draws attention to factors determining gross exports and imports within a single
time period. Those factors are far more than unimportant details, as we shall see in
suhlx‘&?ggr‘ﬁ“clmplcrs. but to stress them at the outset would only obscure the basic
principles of intertemporal trade.

To clarify the concept of the current account, let By be the value of the ccon-
omy's net foreign assets at the end of a period 1. The current account balance over
period ¢ is defined as CA, = Byy1 — By In general, the date ¢ current account for a
country with no capital accumulation or government spendi;l‘éﬂi’;m“w T

CA1=Bz+l“B!=@~g’v Vm ©
S SRy

where r, B; is interest earned on foreign assets acquired previously. (This conven-
tion makes r; the one-period interest rate that prevailed on date £ ~ 1.)

N 1.1.3.2> Gross National Product and Gross Domestic Product_

R NU——

Equation (6) shows that a country’s current account (or net export surplus) is the

ditference between its total income and its consumption. The ‘national'iri’come of

an economy is also called its gross national product (GNP) and is measured as

oF interest and dividend earnings on the economy’s net foreign assets, which are
: ,__,_._,_.Mw_',.",‘m,‘,,,.‘_,,«_gﬂ PEDTRST 2 S R S e
viewed as domestic capital ope) abroad.® (In line with the definition of net
exports given earlier, a country’s earnings on its foreign assets are considered part
of its national product despite the fact that this product is generated abroad.) In
terms of our formal model, GNP over any period f is ¥, + r B, as just indicated.
The first component of national product, output produced within a country’s ge-
ographical borders. is called gross domestic product (GDP). In the present model

6. Strictly speaking. national income equals national product plus net unrequited transfer payments
trom abroad (including items like reparations payments and workers’ remittances to family members

in other countries). Workers' remittances, which represent a payment for exported labor services, are
services, We will treat them as such in section 1.5. In practice, however, national income accountants
usually don't treat remittances as payments for service exports. The term y“&{oss" lr}__G__N reflects
iy failure 1o account for_depreciation of capital—a factor absent from our theor .

B R ot T S S o S S ¢ g
depreciation occurs, net national product (NNP) measures national income 1653 deprecmnomﬁmpmcal
economists prefer to work with GNP rather than NNP data, especially in international comparisons,
by domestic tax laws. Reported depreciation figures therefore are quite unreliable and can ditfer widely
from country to country. For the United States, a ballpark estimate of annual depreciation would be

not truly unrequited and are completely analogous to asset earnings, which are payments for capital

; om. al model. When
hecause actual national account estimates of depreciation are accounting measures heavily influenced
around 10 percent of GNP.

Table 1.1
GNP versus GDP for Selected Countries, 1990 (dollars per capita)

Country GDP GNP Percent Difference
Australia 17,327 17,000 —-19
Brazil 2,753 2,680 =27
Canada 21,515 20,470 —4.9
Saudi Arabia 5,429 7,050 299
Singapore 11,533 11,160 -3.2
United Arab Emirates 17,669 19,860 12.4
United States 21.569 21,790 1.0

Source: World Wank, World Development Repore 1992

GDP is Y,. Typically the difference between national and domestic product is a
rather small number, but for some countries, those which have amassed large
stocks of foreign wealth or incurred substantial foreign debts, the difference can
be significant. Table 1.1 shows several of these cases.

int in the

e
1.1.3.3 / The qurent Account and the Budget Constrs

Our formulation of budget constraint (2) tacitly assumed that B, = 0, making
CA| =Y — C) on the formal model’s date 1 (but not in general). By writing con-
straint (2) as a strict equality, we have also assumed that the economy ends period 2
holding no uncollected claims on foreigners. (That is, B3 = 0. Obviously foreign-
ers do not wish to expire holding uncollected claims on the home country either!)
Thus,

CA;y

Yao4rBy—Co=Y,+r(Y1 —C)) —C3

il

(Y1 = C))=—By=—-CA,,

where the third equality in this chain follows from the economy’s intertemporal
budget constraint, eq. (2). Over any str tm
g:ggr_)trx} cumulative current account balance is yth’e chénge in its net foreign assets,
but in our two-period model with zero initial and terminal assets, C"Al + CAQ;
P — el St AL T S T
mombines the representative individual’s indifference curves with the
intertemporal budget constraint (2), graphed as

h of time, as over a single period, a

C=r—-0+r(C -1,

It provides a diagrammatic derivation of the small economy’s equilibrium and the
implied trajectory of its current account. (The figure makes no special assump-
tion about the relation between 8 and 1 +r.) mg_gcgghomx’% optimal consump:
*Fipn choicg ‘ij.’-z:&i)_oint C, where the budget constraint is tangent to the highest
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one instance, will also govern the motion of aggregute consumption under our con-
vention,

We must keep in mind, however, that our notational shortcut, while innocuous
in this chapter, is not appropriate in every setting. In later chapters we reintro-
duce individually superscripted lowercase quantity variables whenever consumer
heterogeneity and the distinction between per capita and total quantities are im-
portant,

Since the only price in the model is the real interest rate r, and this is exoge-
nously given to the small economy by the world capital market, national aggregate
‘quantities are equilibrium quantities. That is, the small economy can czirry out any
intertemporal exchange of consumption it desires at the given world interest rate
r, subject only to its budget constraint. For example, if the such.cuvc and market
Jmoum factors ar¢ the same, eq. (5), written with C in place of ¢! and Y in place
of v', describes aggregate equilibrium consumption.

The idea of a representative national consumer, though a common device
in modern macroeconomic modeling, may seem implausible. There are, how-
ever, three good reasons for taking the representative-consumer case as a start-
ing point. First, several useful insights into the macroeconomy do not depend
“on a detailed consideration of household differences. An instance is the pre-
diction that moncy-supply changes are neutral in the long run. Second, there
are important cases where one can rigorously justify using the representative-
agent model to describe aggregate behavior.? Finally, many models in inter-
national macroeconomics are interesting precisely because lhéywaésume differ-
ences between rcsrdents of different countries. Sometimes the simplest way to

‘Cross-country differences is to downplay differences within coun-

focus on these cros

tries.

We have seen [in eq. (5)) that when 8 = 1/(1 + r), the time path of aggregate
consumption is flat. This prediction of the mode! captures the idea that, other things
the same, coumrics‘will”wish to smooth their consumption. When the subjective
time-preference rate and the market interest rate differ, the motivation to smooth
consumption is modified by an incentive to filt the consumption path. Suppose, for
example, that 8 > 1/(1 4 r) but C; = C,. In this case the world capital market of-
fers the country a rate of return that more than compensates it for the postponement
of a lmlc more wnsumptron Accordmg to the Euler equanon 3), u/(Cl) should
exceed W'(C7) in Lqumbnurn that is, individuals in the economy maximize utility
by arranging for consumption to rise between dates 1 and 2. The effects of a rise in

S. One does not need to assume literally that all individuals are identical to conclude that aggregate
consumption will behave as if chosen by a single maximizing agent. Under well-defined but rather strin-
gent preterence assumptions, individual behavior can be aggregated exactly, as discussed by Deaton and
Muelibauer (1980, ch. 6). We defer a formal discussion of aggregation until Chapter S. For a perspective
on ways in which the representative-agent paradigm can be misleading, however, see Kirman (1992).

L1 A Small Two-Penod Endowment Economy

r on inttial consumption and on saving are rather intricate. We postpone discussing
them until later in the chapter.

"y l.c . International Borrowing and Lcndm;,,, the Current Account, and the Gains
from 'ﬁ'ade

Let’s look first at how intertemporal trade allows the economy to allocate its con-
X sumption over time.

(1131 Defining the Current Account

Bu.dusc lnlcrnatlonal borrowing and lending are poxslble there is Do reason for

an) open Lu)nomy S um\umptmn to he closely tied 1o its current oulpul Provided
all Toans are rcp.ud with interest, the ¢ economy'’s m(crtcmpoml hudku constraint
(2) is respected. In the special case B = 1/(1 + r), consumption is flat at the level
C,=C=Cin eq. (5), but output need not be. If, for example, ¥, < V>, the coun-
try borrows C — ¥ from foreigners on date 1, repaying (! + r)(C — Y)) on date 2.
Whenever date 2 consumption equals output on that date less the interest and prin-
cipal on prior horrowmg——thdt s, Co =Y, — (1 + r)(C1 — Y))—the economy’s
intertemporal_ vaus]y holds true.

A country’s current account balance over a penod is the change in the value
of its net claims on the rest of the world—!hc change in ns nc! torey&‘n a . For
example, in our initial simple model without caprtal accumulauon a country’s first-
period current account is simply national saving. (In section 1.2 we will see that in

general a country’s current account is national saving less domestic investment.)
The current account balance is said to be in surplus 1f pmmve, so that the economy

as a whole is Ic.ndl g and in deficit lt negative, so that_the €co omy 1S
ing.

Our definition of a country’s current account balance as the increase in its net
claims on foreigners may puzzle you if you are used to thinking of the current
account as a country's net exports of goods and services (where “service” exports
include the services of domestic capital operating abroad, as measured by interest
and dividend payments on those assets). Remember, however, that a country with

ositive net £xports must be acquiring foreign assets of equal value because 1[
is selling more 1o torer;,ners than 1( is bu mv from them; and a country wi wrth
e A

"um to ﬁnance 1[9 dehcn w1th

negauve n(,l CXPOFIS lTl

Balance of- paxmenls stdustlcs record a country s net sales of aqsets o

foreigners undu its capital account balance. Becausc a ngmem 1\ recerved from

foreigners for any good or service a Lounlry cxports every posmvc item of its net

exports is associated with an equal-value negaiive item in its capital account—

namely, the associated payment from abroad, which'is a foreign asset acquired.
Thus, as a pure matter of accounting, the net export surplus and the capital account
surplus sum identically to zero, Hence, the capital account surplus preceded by a
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Figure 1.2
Norway s saving-investment balance, 1973-94. (Source: OECD)

Then eq. (12) states that in an economy with investment,

LCA =8 -1, (14)

}

N‘monal Sde&, m cxcess ot domesuc Capltdl formation ﬂows into net foreign asset
accumulation. o

The saving-investment identity (14) discloses that the current account is funda-
mentally an intertemporal phenomenon. Simple as it 1s, the identity CA =S — 1/
is vital for analyzing how economic policies and disturbances change the current
account. Will a protective tariff, often imposed to improve the current account, suc-
ceed in its aim? The answer cannot be determined from partial-equilibrium reason-
ing, but ultimately depends instead on how the tariff affects saving and investment.

Figure 1.2 returns to the Norwegian case mentioned at the start of this sec-
tion, graphing recent data on saving, investment, and the current account. In the
mid-1970s, the Norwegian current account registered huge deficits, touching —14
percent of GDP in 1977. In an accounting sense, higher energy-sector investment
is “responsible” for much of the deficit, although saving simultaneously fell in
the mid-1970s, possibly in anticipation of higher future oil revenues. Subsequent
surpluses through 1985, reflecting higher saving and lower investment, enabled
Norway to repay much of the debt incurred in the 1970s.

The Norwegian data illustrate an important point. The saving-investment iden-
til) is a vital dnalyticdl tool, but because CA, S, and [/ are joinlly delcrmincd

{lz:K}—l\wu()—Kw—

1.2 The Role of Investment

lmdln;> to identify a specitic ex post investment or saving shift as the “cause” of 4

¢ rrf,nl account chan nge. Our model with investment will show how various exoge-
nous shocks can slmull‘mc()usly affect all three variables in the saving-investment
identity.

Bud;,et (onstraml und Indmdual Mammuatmn

To derive the intertemporal budget constraint analogous to eq. (8) when there is
both government spending and investment, we simply add the asset-accumulation
identities for periods t and 2. For period 1, current account eq. (12) gives

Bz :ﬂ)/] - (Vl e (l'|‘ - I|

(recall that B = 0). For period 2, eq. (12) gives

—B?—Yv—}-rBﬂwCﬁ—(;z—lv

(recall that By = 0). Solve this equation for B, and substitute the result into the

equation that precedes it Onc [hcreby arrives at the intertemporal budget constraint

Ci+h+—=Y,-G + (15)

l+r l+

. Now it is the present value ()t u)nsumpnon plus investment that is limited by the

Cr+ I Yz—-—Gz f

p[gscnl value of output.

Ilm:—::n;mny with investment, a representative individual maximizes Uy =
u(C) + Bu(C2) subject to eq. (15), where eq. (10) replaces Y with F(K) and ¢q.
(11) is used 1o replace £ with the change in K. To simplify turther, observe that
people will never wish to carry capital past the terminal period 2. Thus. mpll.ll Ka
accurnulated in period 1 vull be consumed at the end of period 2 and K will be”

7e10, nnplylimzvllml

Using eq. (15) to eliminate C; from U, therefore transforms the individual’s prob-
lem to
b

max u(Cy) = .
max (&) 4

-
¥

-
+Bul(l+r) [F(KI)—(I—(;1—I|]+F(lx+K1)~Gg+ll+K1}.(16)

(K is given by history and is not subject to choice on date 1.) The two correspond-
ing tirst-order conditions are the Euler equation (3) and

F(Kz)—-r (7

]
H
A

where we huvc used the identity K> = Ky + /).
An extra unit of output invested on date 1 can be fully consumed, together with
its mdrémal wntnbunon 1o output, F (Kw) on date 7 Equation (17) says that



Box 1.1
Nominal versus Real Current Accounts

Intertemporal Trade and the Current Account Balance

Our use in Figure 1.2 of data from official national income and product accounts
raises an important measurement problem that you should recognize as you read this
book. Unfortunately, the problem is easier to understand than to cure, so in most cases
we reluctantly continue to rely on the official data.

Ideally. the current account should measure the change in an economy’s net real
claims on foreigners. In practice, however, government statistical agencies measure
the current account and GDP by adding up the values of transactions measured in
nominal terms, that is, in units of domestic money. This practice poses no concep-
tual hazards when money has a stable value in terms of real output, but, for reasons
we will understand better after learning about monetary economics in Chapters 8-10,
real-world economies are almost always afflicted by at least some price-level infla-
tion. a tendency for the money prices of all goods and services to rise over time. Such
inflation would not be a problem if all international borrowing and lending involved
the exchange of output-indexed bonds, as our theoretical model assumes. But most
bonds traded between countries have returns and face values that are contracted in
terms of currencies, implying that inflation can affect their real values.

A hypothetical example illustrates the problem. Suppose United States GDP is $7
trillion dollars and the U.S. net foreign debt is $700 billion. Suppose also that all
international debts are linked to dollars, that the interest rate on dollar loans is 10
percent per year, and that U.S. GDP equals the sum of consumption, investment, and
government spending. Under these assumptions the U.S. Department of Commerce
would report the current account balance as the nominal interest outflow on net for-
eign assets, or (0.1) x ($700 billion) = $70 billion. So measured, the current account
deficitis 1 percent of GDP.

Suppose, however, that all dollar prices are rising at 5 percent per year. Over the
course of the year, the U.S. external debt declines in real value by (0.05) x ($700
billion) = $35 billion as a result of this inflation. Thus the dollar value of the change
in U.S. real net foreign assets is not $70 billion, but $70 billion —$35 billion = $35
billion. This smaller number divided by GDP, equal to 0.5 percent, shows the change
in the economy's real net foreign assets as a fraction of real output. Naive use of
nominal official numbers makes the deficit look twice as large relative to GDP as it
really is!

While it was easy to measure the current account correctly in our example, doing
s0 in practice is much harder. International financial transactions are denominated in
many currencies. Changes in currency exchange rates as well as in national money
price levels therefore enter into the real current account, but, because the currency
composition of a country’s net foreign debt is difficult to monitor, accurate correction
is problematic. Many internationally held assets, such as stocks, long-term bonds, and
real estate, can fluctuate sharply in value. Accounting for these price changes involves
similar problems.

Caveat emptor. Unless otherwise stated, the ratios of the current account to output
that you encounter in this book are the rough approximations one gleans from official
national accounts. The same is true of related wealth flows, such as saving-to-output
ratios.

N

'1.2.3

N

1.4 1n¢ Kole of Investment

pcriod 1 investment_should continue to the point at which its marginal zeturn.is
the same as that on a foreign loan. A critical feature of eq. (17) is its lmpllcatl()n

that the desired capnal stock 1s mdependem of domestic consumption preferences
Other things equal, wouldn’t a less patient country, one with a lower value of £.
wish to invest less? Not necessarily, if it has access to perfect international capital

. markets. A country that can borrow abroad at the interest rate r never wishes to

pass up investment opportunities that offer a net rate of return above r.
Several key assumptions underpin the separation of investment from consump-
tion decistons in this economy. hrst the economy is smal[ The saving decisions

of its residents don’t change the interest rate at whxch mvestmem projects can be
tinanced in the world capital market. Second the economy produces and con-
sumes a single tradable good. When the ¢ emnomy produces nontraded 50()ds as
in some of Chapter 4’s models, consumption shifts can affect investment. Third.
capnal markets are free of imperfections that might act to limit borrowing. We
shall See later (in Chapter 6) that when factors such as default risk restrict ac-
cess to international borrowing, national saving can influence domestic invest-
ment.!!

In the present setup, investment is independent of government consumption as
well. In particular, government consumption does not crowd out investment 1n a
small open economy facing a perfect world capital market.

_.;Production Possibilities and Equilibrium

Let’s assume temporartly that government consumption is zero in both periods.
Then Figure 1.3
ment. To the information in Figure 1.1, Figure 1.3 adds an intertemporal produc-

shows how the current account is determined when there is invest-

tion possibilities frontier (PPF) s‘howing the technological possibilities available
in autarky for transtorming period | Lonsumptlon into period 2 consumpuon The
PPF is described by the equatlon

L — [

, Cz:F[K,+F(K1)—cl]+K,+F(K,)—C.j (18)

What does this equation imply about the PPF’s position and shape? If the econ-
omy chose the lowest possible investment level on date 1 by eating all its inherited
capital immediately (setting J; = —K}), it would enjoy the highest date 1 con-
sumption available in autarky, C, = K| + F(K)). In this case date 2 consumption

11. Once we allow for uncertainty, as in Chapters 2 and 5, restrictions on the tradability of certain
assets also can upset the separation of investment from consumption. We have not yet introduced labor
as an explicit factor of production, but if the supply of labor influences the marginal product of capital,
the separation can also fail when consumption and labor effort enter the period utility function in a
nonadditive manner.

Even if consumption shifts don’t alter investment, the converse proposition need not be true! As
budget constraint (15) shows, investment enters the consumer’s budget constraint in equilibrium, so
in general factors that shift domestic investment can affect national saving too.

N
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Investment und the current account

would be at its lowest possible level, ¢z = F(0) + 0 = 0. The resulting point is
the PPE's horizontal intercept in Figure 1.3. At the other extreme, the ccono 1y
could invest all output on date 1 and eat no inherited capital K. This decision
wouldset Cy =0, I = F(Ky), K=K+ F(K)),and C2 = F [KI + F(Kl)] +
K| + F(K), the last being the highest date 2 consumption available in autarky.
The PPF's vertical intercept in Figure 1.3 shows the allocation just described. In
between, the PPF's slope is obtained from (18) by differentiation:

ac —“[ + F'(K2)). C ? )

Capital’s dlmxmshm;, mar&,mdl productivity makes the PPF strictly concave, as

shown.'?

Point A in Figure 1.3 is the autarky equilibrium. There, the PPF is tangent to
the highest indifference curve the economy can reach without trade. The common
slupc of the two curves at A is —(l + r") where r*, as earlier, is the autarkz
i

b

real interest rate. All three >c]osed economy equnlnbnum conditions hold at point

A. First, producér maximization: investment decisions are efticient, given r* [that

12. To test your understanding, show that the second derivative dsz/d( f= F'(Ky) <0.
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1.2 The Role of Investment

and investment sum ln ou[pul in b()lh pgnods You can see that mar kcts Llwr at
A by ohsgrvmz_ that in autarky K3 equals the distance between ') and Y + K|
tllong> lhc hun/unml axis, S0 that ¢y + /) = Yy, whereas eq. (18) can be written as
Cl——Y2+K2——-Y’7—[‘V

In Figure 1.3, the economy faces a world interest rate, r, lower than the autarky
rate r* implied by the dual tangency at point A. Thus, at A, the mdrgmal domestic
investment prO_jLLl offers a rate of return above the world u)\t 0! borrowmg The

npponumly 1o trade across periods with f()l{,lénLr\ lcls domum residents gain by
mvulm&morg and 1 producing at point B, through whuh the economy’s new budget
line passes. Producuon atB maxnmxzes the present value of domestic output (net of
investment) by placing the economy on the hlghest feasxblc budget line at world
prices. Consuming at point C gives lheAecogxggA)y“ the highest utility level it can

The horizontal distance between points A and B is the extra investment gener-
ated by openmb the economy to the world c.apltal market. The horizontal distance
between poinis A and "€ shows the extra ﬁrst penod consumption that trade s si-
multancouslx all ows “Since total first- pmod resources Yy + K| thLn t Lhdll&,Ld
the sum of these two horizontal distances—the distance from B to C—is the first-

period current account deficit.

The utility curve through point C lies above the one through point A. The dis-
tance between them measures the t,ams from trade. In Figure 1.1, trade gains were
enurely due 1o smoothing the time pdth of consumpuon In Figure 1.3 there is an
additional source of gain, the change in the economy’s production point from A

" Had the world interest rate r been above r* rather than below it, the country
would have run a first-period current account surplus but still cnjoyed gains from
intertemporal trade, as in the pure endowment case studied earlier.

The Model with Government Consumption

In section 1.2.3 we assumed away government consumption. Now we reinstate it
in our gruphudl analysis.

A glance at egs. (15) (for the individual’s intertemporal budget constraint) and
(18) (for the PPF) shows how changes in government Lon\umpnon aftect the
graphs of these two relations between Cx and Cy: both are shifted Qulually down-
ward by the amount of ‘the increase in G and horizontally leftward by the amount
of the increase in Gy.

In understanding the difference that government consumption can make, it helps
intuition to begin with an economy in which government consumption is always

zero and the current account is in balance, so that consumption and production are



{ntertemporal Trade and the Current Account Balance

Period 2 consumption, C,

Shifted budget line,
Co=Yy =l +(140)(Y, =}, — G,-Cy)

rd

Y, + K,

Y, + Ky —Gy Y+ Ky
Period 1 consumption, C,

Figure 1.4
Government consumption and the current account

at point A in Figure 1.4. Compare this economy with an otherwise identical one
in which 61 > 0 while G, remains at zero. In the second economy, bothm the
PPF and thc budget constraint have shifted to the left by an amount G, and the
cconomy s producuon point is B 1mply1ng the same investment level as at A, 13
Notice, however, that as long as consumption is a normal good on both’ dates,

consumers will not wish to consume at B, for this choice would imply Aqmg”‘rlgbg%ch

C,. Instead, they respond to a lower lifetime income level by reducing consumption
on both dates and Lhoosmg consumptlon point C, which is southeast of of B on the.
new budget constraint. T

We conclude from Figure 1.4 that, other things equal, an economy with dispro-
portionately high period 1 govemmc;{t coﬁsumption will have a current account
deficit in that period. When government consumpnon is expccted to occur on the
tu te 2 ms{g‘;d the current account will be i in suxylus on date 1. Both predic- -
tions are cxplamed by individuals’ efforts to spread the burden of hlgher taxes over

both perlods of life through borrowmg or lending abroad

13. It may seem odd at first glance that in autarky a rise in G, alone reduces the maximal output
available for pnva(c consumption on date 2 as well as on date 1. Recall, however, that when private
consumption is zero on date 1, investment is lower by G in autarky, so the maximal date 2 consumption
available to the autarkic economy isonly F(K1 + Y1 -G+ K1+ Y, — G.

-

LD

1. A TWO-KCEION worid cconomy

13 A No-Region World Economy

Until now we have focused on a country too small to affect the world interest
rate. In this section we show how the world interest rate is determined and how
economic events in large regions are transmitted abroad.

A Global Endowment Economy

Letus start by abstracting from investment again and m\ununb a world of two re-
gions or wunmu. called Home and Foreign, that receive exogenously determined
ulddwmcn(s on ddu.s ! and 2. The two economies have parallel structures, but
symbols pcrl‘umng to Foren;,n alone are marked by asterisks. We also omit gov-
ernment spending, which operates precisely as a reduction in output in our model.

Equilibrium in the global output market requires equal supply and demand on
ecachdater = 1,72,

Y+ Y =C +Cr

Equivalently, subtracting world consumption from both sides in this equation im-
plies world saving must be zero fort =1, 2,

S+ 8 =0

Since there is so far no investment in the model, this equilibrium condition is the
same as CA; + CA] = 0. We can simplify further by recalling that when there are
only two markets, output today and output in the future, we need only check that
one of them clears to venfy general equilibrium (Walras’s law). Thus the world
cconomy is in equilibriumyif

S+ S5 =0. (19)

Figure 1.5 shows how the equilibrium world interest rate is determined for given
present and future endowments. In this case a country’s date 1 saving depends only
on the interest rate it faces. Curve S8S shows how Home saving depends on r and
curve 8*S* does the same for Foreign. We will probe more deeply into the shapes
of the saving schedules in a moment, but for now we ask you to accept them as
drawn in Figure 1.5.

In Figure 1.5, the equilibrium world interest rate makes Home’s lending, mea-
sured by the length of segment AB, equal to Foreign’s borrowing, measured by
the length of B*A*. The equilibrium world interest rate r must lie between the two
autarky rates:

rtar<r*
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Interest rate, r Interest rate, r
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Home saving, S Foreign saving, S*

Figure 1.5
Globul exchange equilibrium

In Home., the rise in the interest rate from its autarky level encourages saving, lead-
ing le“;v)osmve Home saving of AB. Home’s first-period current account surplus
also equals AB. Foreign's situation is the reverse of Home's, and it runs a eurrent
account deficit of B*A*. (Because Home and Foreign face the same world interest
rate, we do not mark it with an asterisk.) The intertemporal trade pattern naturally
conforms to the comparative advantage principle.

It is easy to see in Figure 1.5 how changes in exogenous vanablez_glter the world
interest rate and international capital flows. A ceteris paribus increase in Homc s
date 1T outpar, as we know, leads the _country to raise its savmg ata glven rate of
interest. As a result, S8 shifts to the nght Plainly, the new equxhbnum calls for
a lower world interest rate, hxgmome lending on date T, an Tgh?ar Fol'elgn
Sorrowxﬁ“‘“Olher things equal, higher date 2 output in Home shifts SS leftward,
. Chdngcs in Foreign’s intertemporal endowment pattern work
smnlurly but through a shift of the Foreign saving schedule §*8*.

“An lmpormm normative issue concerns the mlemdtlondl distribution of the ben-
efits of economic growth. Is a country helped or hurt by an increase in trading
pdl’(ntr\ gn}Gth rates? To be concrete, suppose Home's date 2 output ¥ rises,
so that S8 shifts leftward and the world interest rate rises. Because Foreign finds

that the terms on Wthh it must borrow have worsened Forelgn is actua I! worse

off Home, conversely, benefits from a higher interest rate for the same reason: the
terms on which it lends to Foreign have improved. Thus, alongsxde he primary.
gain due to future higher output, Home enjoyﬁ_fl jecondary gain due to the mduced
\ch;hgglh”th:intenemporal relative price it faces.

ening those of Forclbn Whl(,h 15 1mpomng present consumption (through a ddte

I deficit). In general, a country’s terms of trade are defined as the price of its ex-
ports in terms of its unpf)rts Here I + r is the price of present consumption in
terms of future consumption, that is, the price of a date 1 surplus country’s export
good in terms of its import good. As in static trade theory, a country derives a pos-
itive welfare benefit when its terms of trade improve and a negative one when they
worsen.

It may seem reasonable to suppose that if Home's date 1 output ¥y rises Home
must benetit. In this case, however, the last pdragraph $ reasoning works in reverse.
Because the world interest rate falls, Home’ s terms of trade worsen and counteract

: the primary benetfit to Home of h1gher date 1 output. (Part of Home's benefit is
exp()rled abroad, and Foreign's welfare u11dmb15uously rises.) Indeed, the terms-

i yof-trade effect can be so big that higher date 1 output for Home actually worsens its
lot This paradoxxcal outcome has been dubbed lliSﬂrlJnQ growth by Bhagw.m
(1958)

Application: War and the Current Account

Nothing in human experience is more terrible than the misery and destruction
caused by wars. Their high costs notwithstanding, wars do offer a benefit for em-
pirical economists. Because wars have drastic consequences for the economies
involved, usually are known in advance to be temporary, and, arguably, are exoge-
nous, they provide excellent “natural experiments™ for testing economic theories,

Wartime data can have drawbacks as well. During wars, market modes of allo-
cation may be supplemented or replaced by Lentral CLOHOI‘I]IC planning. Because
price controls and rationing are common, data on’ pnu,s “and quantities become
hard 1o umrpru in terms of market models. Matters are even worse when it comes
10 Testing open- eu)nomy models, as wars inevitably bring tighter government con-
trol over capital movements and trade. Sometimes the normal data collecting and
processing activities of statistical agencies are disrupted.

One way to reduce some of these problems is to focus on data from before the
1930s, when governments decisively turned away from laissez-faire in attempts to
shield their cconomies trom the worldwide Great Depression, Although pre-1930s
data can be of uneven quality compared with modern-day numbers, they have been
surprisingly useful in evaluating modern theories. We illustrate the use of historical
data by looking briefly at the effects on both bystanders and participants of some
early twentieth-century wars.

Sweden did not directly participate in World War 1, while Japan took part
only peripherally. Current-account data for the war’s 191418 span are available
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Figure 1.6
Current accounts of Japan and Sweden, 1861-1942

for both countries. What does our model predict about the effect of a foreign
war on nonbelligerents? Return to Figure 1.5, interpreting “Home” as tk.xe w.ar-
ring portion of the world. For inhabitants of Home the war represents a situation
in which the output available for private consumption has exogenously l?ecome
much lower in the present than in the future. In response, Home lowers its sav-
ing at every interest rate, causing SS to shift to the left. Home's current z.iccount
surplus falls (and may become a deficit), and the world interest rate rises. In
Foreign, the region still at peace, the rise in the world interest rate causes a
rise in saving and an improved current account balance (perhaps even a sur-
plus). '

Figure 1.6, which graphs current account data for Japan and Sweden., is con-
sistent with the prediction that nonparticipants should run surpluses dtm‘ng large
foreign wars. In both countries there is an abrupt shift from secular deficit towa'rd
a massive surplus reaching 10 percent of national product. The huge surpluses dis-
appear once the war is over. .

What is the evidence that belligerents do wish to borrow abroad? Foreign financ-
ing of wars has a long history; over the centuries, it has helped shape the institu-
tions and instruments of international finance. From the late seventeenth century
through the end of the Napoleonic Wars, lenders in several other continental coun-
tries underwrote Britain’s military operations abroad. As far back as the first half
of the fourteenth century, Edward 11l of England invaded France with the help of

1.3 A Two-Region World Economy

Table 1.2

Jupan’s Gross Saving and Investiment During the Russo-Japanese War (fraction of GDP)

Year Saving/GDP Investment/GDP
1903 0.131 0.136

1904 0.074 0.120

1905 0.058 0.168

1906 0.153 0.164

loans from Italian bankers. Edward’s poor results in France and subsequent refusal
to honor his foreign debts illustrate a potential problem for tests of the hypothesis
that wars worsen the current account. Even though a country at war may wish to
borrow, why should lenders respond when a country’s ability to repay may be im-
paired even in the event of victory? The prospect that borrowers default can limit
international capital flows, as we discuss in greater detail in Chapter 6. But inter-
government credits often arc extended in wartime, and private lenders may stay in
the game, too, if the interest rates offered them are high enough to compensate for
the risk of loss.

Japan’s 1904-1905 conflict with Russia offers a classic example of large-scale
borrowing to finance a war. In February 1904, tensions over Russia’s military pres-
ence in Manchuria and its growing influence in Korea erupted into open hostilities.
Public opinion on the whole favored Japan, but Russia’s superiority in manpower
and other resources led more sober commentators to predict that the great power
would beat its upstart challenger in the long run. These predictions quickly faded
as Japan’s naval prowess led to a string of victories that helped lay bare the fragility
of tsarist Russia’s social, political, and economic fabric.

The Russian surrender of Port Arthur in January 1905 decisively gave Japan the
upper hand. Over the war’s course Japan’s government borrowed tens of millions
of pounds sterling in London, New York, and Berlin. In 1904, Japan had to pay
an interest rate of around 7% percent per year on its borrowing, but by 1905, with
the war’s ultimate outcome no longer in doubt, lenders were charging Japan only
around 51 percent. The Japanese neutralized Russia’s naval forces in June 1905,
and pcacc~ was concluded the following Scptember.

The Russo-Japanese War offers an unusually good testing ground for the mode]
we have developed: it caused no disruption of global financial markets and there
was a fair amount of certainty as to the eventual winner. Figure 1.6 shows that
Japan’s current account moved sharply into deficit during the war, with foreign
borrowing topping 10 percent of GDP in 1905. Also consistent with our model,
national saving dropped sharply in the years 1904 and 1905, as shown in Table 1.2.

=
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Saving and the Interest Rate

We now justify the shapes of the saving schedules drawn in Figure 1.5. This rea-
soning requires an understanding of the complex ways a change in the interest rate
affects the lifetime consumption allocation.

’/,\

1.3.2.1} The Elasticity of Intertemporal Substitution

~ J

The key concept elucidating the effects of interest rates on consumption and saving
is the elasucny of mtcrtcmpoml substitution, which measures the se nsitivity of the
intertemporal consumption allocation to an |nt¢yest rate change. -

To see the role of intertiemporal substitutability in determining the demands for
consumption on different dates, take natural logarithins of the across-date first-
order condition (4) and compute the total differential

u”" (Cy) u” (Cay . .
4 = Cy - dCz
dlog(l +r) PRt \ W (Co)
" C u"(C )
= Md logCy — —g,——-—z—dlong. (20)
u' (Ch) u' (C2)
Define the inverse of the elasticity of marginal utility by
t
s u'(C) @n
jolC)= Oy

\\T’hé parameter defined in eq. (21) is called the elasticity of interiemporal substitu-

tion. When o 1s constant, eq. (20) becomes

.

i -,
Fdlog (%) =odlog(l +r).
- !

Intuitively. a gently curving period utility function (a high o) implies a sensitive
relative consumption response to an interest-rate change.
The class of period utility functions characterized by a constant elasticity of

intertemporal substitution 1s

u(C) = ¢ | , o> 0. 22)

1L
We refer to this class of utility functions as the isoelastic class. For o = 1, the right-
hand side of eq. (22) is replaced by its limit, log(C)."

4. We really have to write the isoelastic utility function as

!/1
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1.3.2.2 The Shape of the Saving Schedule

To determine the dute | consumption response 10 an interest-rate change, use
Home's intertemporal budget constraint, Ca = (1 + r)(¥; — Cy) + Ya, to eliminate
'€, from its Euler equation, 1/(Cy) = (1 + r)Bu'(Ca). (We are assuming 8 = 0.)
The result 1s

W(C) = +rpu' [(1+1)Y) = C)+ 1]
Implicitly differentiating with respect to r gives

dCy ButCy) + BU + rud (Cany) - Cy)
dr WO+ AU+ )

(23)

Let’s assume for simplicity that «(C) is isoelastic with constant intertemporal
substitution elasticity o. We can then divide the numerator and denominator of the
last equation by w'(C2)/Cy and, using definition (21) and the Euler equation (3),
cxpress the dcnvauvc as

dCy (Y1~ Cy) —oCa/(1 +7)
ar 1+V‘+((1/(|)

(24)

The numerator shnw> llml a rise in r has an ambiguous effect on Home's date
! g;)ﬁsump(’i‘(_)p The negative term proportional to ¢ represents substitution away
from date | consumption that is entirely due to the rise in its relative price. But
there is a second term, ¥y — €, that captures the terms-of-trade effect on welfare
of the interest rate change. If Home is a first-period borrower, € > Y, the rise in
the interest rate is a terms-of-trade deterioration that makes it poorer. As eq. (24)
shows, this effect reinforees the pure relative-price effect in depressing Cy. Butas r
rises and Home switches from borrower to lender, the terms-of-trade effect reverses
direction and begins to have a positive influence on Cy. For high enough interest
rates, Cy could even become an increasing function of r. If Y| — C; > 0, we can be
sure that dCy/dr < O only if r is not too far from the Home autarky rate.

Since date | output is given at ¥y, these results translate directly into conclusions
about the response of saving 8. which equals ¥) — €. The result is a saving
schedule S8 such as the one in Figure 1.5, (Of course, the same principles govern
an analysis of Foreign, from which the shape of $*S* follows.)

Il we want it to converge to logarithmic as o — 1. To see convergence, we now can use L'Hospital’s
rule. Ay 0 — 1, the numerator and denominator of the function both approach 0. Therefore, we can
dlﬁl.rcnlld(L bolh with respect to o and get the answer by taking the limit of the derivatives’ ratio,
C' lob((‘) s o — |,

Subtracting the constant 1/(1 — {% } from the period utility function does not alter economic behavior:
the utility function in ¢q. (22) has exactly the same implications as the alternative function. To avoid
burdening the notation, we will always write the isoelastic class as in eq. (22), leaving it implicit that
one must subtract the appropriate constant to derive the o = | case.
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The possibility of a “perverse” saving response to the interest rate means thaf the
world economy could have multiple equilibria, some of them unstable. Provided
the response of total world saving to a rise in r is positive, however, tk}e worfd mar‘
ket for savings will be stable (in the Walrasian sense), and the model's predictions
still will be intuitively sensible. Introducing investment, as we do lfxter, reduces the
likelihood of unstable equilibria. Further analysis of stability is left for tfxc c}?apter
appcndix. Our diagrammatic analysis assumes a unique stable world equilibrium.

1- 2.3 The Substitution, Income, and Wealth Effects

A closer look at the consumption behavior implied by isoelastic utility leads to a
more detailed understanding of how an interest rate change affects consu.mpuo.n:

Consider maximizing lifetime utility (1) subject to (2) when the pcnod.uuhly
function is isoelastic. Since w'(C) = C~'/7 now, Eﬂul/enr equcfion 3 1fnph¢$ the
dynamic consumption equation C,"I/” = (1 +r)BC, Raising both sides to the
power —o yields

25)

Ca=(1+n)?p°Cy. (25)

Using the budget constraint, we find that consumption in period 1 is

c N R (Y, + L) | (26)
a l+(l+r)”’lﬁ" L+r/)

Thle consumptxon function reflects three distinct ways in which a change in the
interest rate affects the 1nd1v1dual

e v i AL e

f\ Substitution ejfect A nse m the interest rate makes savmg more att.racnve
- and there‘by induces pcople to r ce consumpnon today Altematwe]y, "a rise

e

in ris a rise in the price of pr prcscm "Consumption in terms of future consump-
tion; other things the same, it should cause substitution toward future consump-
Liun. .

2. Wncome effect. A rise in the interest rate also allows higher consumption in the
t value of hfeume resourccs This exganslon of the feasxblc

fulure gwen the Qre

tively willing to substitute consumpuon between pcnods When f;r < '1 the income
effect wins out. When o = 1 (the log case), the fraction of life income spent
omsumptn doesn’t depend on the inter
f?\ Wcafth effect, Thc pre\;lous two effects refer - to the 1ract10n of lifetime in-
come devoted to present consumption. The wealth effect, however, comes from
the change in lifetime income caused by an interest rate chdnge A rise m r low-

(:26) \:\;}:en > 1 the substitation eﬁ%ct dommates because consumers arc rcla-
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Yy = A‘F(K) <
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ers lifetime income Yy + Y, /(1 + r) (measured in date ! consumption units) and
thus remerces the m!erest rate’s substitution effect in lowering present consump-
tion and raising savm&

As we have seen, the conflict among substitution, income, and wealth effects
can be resolved in cxlher direction: theory offers no definite predlcuon about how
a change in interest rates will change consumption and saving. Section 1.3.4 will
examine the mtcrplay of these three effects in detail, for general preferences. A
key conclusion of the analysis is that the income and wealth etfects identified in

this subsection add up to the rerms- of- trade ej_‘fe(t discussed in section 1.3.2.2's
analysis of saving.

Investment, Saving, and the Metzler Diagram

We now introduce investment into the two- country model. Saving and investment
can differ for an individual country that participates in the world capital market.
In equxhbnum however, the world interest rate equates global saving to global

1ii~\fcsiment That equality underlies our adaptation of a classic diagram invented

by Metzler (1960), updated 10 incorporate intertemporally maximizing decision
makers.

(1.3.3.1 Setup of the Model

Figure 1.7 graphs first-period saving and investment for Home and Foreign. Be-
cause we wish to study changes in investment productivity, let us now write the
‘Home and Foreign production functions as

Y= ATF KT,

where A and A* are exogenously varying productivity coefficients. Home's in-
vestment curve (labcled II) traces out the analog of eq. (17), A, F'(K; + ) =r
(where we remind you that Ky is predetermined). Still markmg Foreign symbols
with asterisks, we write the corresponding equation for Foreign, which defines its
investment curve (I*I*), as A F *’(K + I ) = r. Because production functions are
increasing but strictly concave, both lnves(mcnt curves slope downward.

Saving behavior appears somewhat trickier to summarize than in the endowment
mode! of section 1.3.1. The reason is that investment now enters a country's bud-
get constraint [recall eq. (15)], so interest rate effects on Investment affect savmg
directly. To explore the saving schedules §S and S*S* we proceed as in the pure
endowment case. Use Home s mtcrtempordl budget constraint, which now is C; =
(1 +r)[AF(Ky) ~C = I;J + AF(K) + 1) + Ky + Iy [in analogy with the
maximand (16)], to ehmmate C; from its Euler equation, u’(C|) = (1 + r)pu’(Cy).
(We are assuming B) = 0.) The result is

W(Cy) = (I +r)ﬂu'{(l +OAMFKD = C = [+ A F(Ky + 1) + Ky + 1, }
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Interest rate, 1

Interest rate, r

Foreign saving, S"

Home saving, S .
Foreign investment, |

Home investment, |
Figure 1.7
Global intertemporal equilibrium with investment
Implicitly differentiating with respect to r gives
d¢,
dr
al
ﬂu (C2) + B+ nu(CH A F(K) - Cy — I+ [A2F'(Kl + 1) - "] #}
(Cy) + B+ ru(C)

s

where dh/dr represents the (negative) date ! investment response 10 a rise in
ro It wc assume that saving decisions are based on profit-maximizing output and
mvcstment levels, as is natural, then the equality of the marginal product of capital
and r, A F’ (K, + Iy) = r, implies that the last derivative is precisely the same as
eq. (2?) in section 1.3.2.2, but with ¥y — C replaced by the date 1 current account
for an investment economy with B; =0, A} F(K1) — Cy — 1. For isoelastic utility,

we have the analog of eq. (24),

dac, (" ~Cy—1)—0aCa/(1 +71)
dr L+ r+(C2/CY)

which means that, given current account balances, the slopes of the saving sched-
ules are the same as for pure endowment economies!

How can this be? The answer turns on a result from microeconomics that is use-
ful at several points in this book. the envelope theorem.'” The first-order condition
for investment ensures that a small deviation from the optimum doesn’t alter the

15. For a description, see Simon and Blume (1994, p. 453).

.
i)
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present value of national output, evaluated at the world interest rate. When we com-
'pulc the consumer’s optimal fc>pnnw to a small interest rate change, it therefore
doesn’t matter whether production is being adjusted optimally: at the margin, the
investment adjustment d/; /dr has no eftect on net lifetime resources, and hence no
effect on the u)nsumplmn response.

Now consider the equilibrium ln‘h;:urc 1.7. 1t Home and Foreign could not
trade, each would have its own autarky interest rate equating country saving and
investment. In Figure 1.7, Home's autarky rate, r*, is below Foreign’s, r**

What is the equilibrium with intertemporal trade? Equilibrium requires

i+ ¥ =Ci+Cr+ 0L+ 1]

(still omitting government spending). An alternative expression of this equilibrium
condition uses eq. (13):

Si+ST=h+1).

The world as a whole is a closed economy, so it is in equilibrium when desired sav-
mg and investment are equal. Because CA | = 8 — [, however [recall eq. (14)],
the cqulllhnum world interest rate also ensures the mutual consistency of desired
current accounts:

CA +CAL =0.

The equilibrium occurs at a world interest rate r above r* but below r**, as
indicated by the equal lengths of segments AB and B*A*. Home has a_current
duounl surplus in period 1, and Foreign has a deficit, in line with comparative
advantage. The equilibrium resource allocation is Pareto optimal, or efficient in the
sense that there is no way to make everyone in the world economy better off. (This
was also true in the pure endowment case, of course.) Since both countries face the
same world interest rate, their intertemporal optimality conditions (4) imply equal
marginal rates of substitution of present for future consumption. The international
allocation of capital also is efficient, in the sense that capital’s date 2 marginal
product is the same everywhere: A2 F'(K2) = A;F*’(KZ*) =r.

" 1.3.3.2 kNonseparation of Investment from Saving

Having derived a Metzler diagram, we are ready for applications. Consider first
an increase in Home’s impatience, represented by a fall in the parameter B. In
Flgure 1.7 thm change would shift Home's saving schedule to the left, raising the
equilibrium world interest rate and reducing Home's date ! lending to Foreign.
Notice that investment falls everywhere as a result, Unlike in the small country
case, a shift in a l‘ubc country’s consixmpuon preferences can aftect investment
by moving the world interest rate. In the present example, saving and investment
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move in the same dircction (down) in Home but in opposite directions (saving up,

investment down) in Foreign.,

T333 Fffects of Productxvxty S hifts.

In section 1.3.1 we asked how exogenous outpul shocks affect the global equilib-

exog.nous ()ulpul chdngu not warmmmg chdnge\ in mvcstmenl (Shifts in Ay and
AY plainly aré of This “Character because K| can't be adjusted retroactively!) Thus
shifts in productivity affect SS and S*S* precisely as the corresponding output

shifts in section 1.3.1 did.
g
The investment schedules, however, also shift when capital’s future producuvuy

changes. At a constant interest rate, the (horizontal) shift in I due to a rise in A2
comes from differentiating the condition AF(Ky+1)=r:

d | F'(K)
dA:| AFTKD T \

r constant

A rise in AS has u pamllcl effect on l*l*

in the cndowment model, Home saving increases at every interest rate Thus SS in

Figure 1.7 shifts to the right, pushing the world interest rate down, as before. What |
is new is the response of investment, which rises in both countries. Home’s date 1

current account surplus rises, as does Foreign’s deficit.
Next think about a rise in Az, which makes Home's capnal ‘more_productive
i B
in the second penod In Figure 1.8, which assumes zero current accounts ini-
tially, Home's™ investment schedule shifts to the right. At the same time, Home's
saving schedule shifts to the left because future output is higher while first-

period output is ‘unchanged. The world interest rate is undmbxguously hxgher

Since Foreign's curves haven’t shifted, its saving is hlghcr and its investment
er. The result is a current account surplus for Foreign and a deficit for

In h&,urc 1.8 the ratio of Home to Foreign investment is higher as a result
of A rising. but since the level of Foreign investment is lower, it isn 't obvi-
ous that Home investment actually rises. Perhaps surprisingly, i it is theoreucally
possible for Home investment to fall because of the higher world interest rate.
Predictions as to what mlght occur in practice therefore must rest on empiri-

caT estimates of preference ‘parameters and producuon funcugns The next ap- ‘
pllcauon illustrates the underlying reasoning by considering the related quesnon‘
of how total world investment responds to a change in expected future produc-

tivity.

B '\‘Q ;
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Interest rate, r Interest rate, r
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Foreign saving, S*
Foreign investment, |*

Home saving, S
Home investment, |

Figure 1.8
A rise in future Home productivity

Application: Investment Productivity and World Real Interest Rates in the 1980s

In the early 1980s world real interest rates suddenly rose to historically high levels,
sparking a lively debate over the possible causes. Figure 1.9 shows a measure of
global real interest rates since 1960.'®

An influential paper by Blanchard and Summers (1984) identified antjcipated
future investment profitability as a prime explanatory factor. In support of their
view, they offered econometric equations for the main industrial countries showing
that investment in 1983 and early 1984 was higher than one would have predicted
on the basis of factors other than the expected future productivity of capital.

Subsequent empirical work by Barro and Sala-i-Martin (1990) showed that a
stock-market price proxy for expected investment profitability had a positive effect
on both world investment and the world real interest rate. This evidence, suggesting
that a rise in expected investment profitability could indeed have caused the world-
wide increase in investment and interest rates observed in 198384, lent retroactive
support to the Blanchard-Summers thesis.

The issue is easily explored in our global equilibrium model. Since the main
points do not depend on differences between Home and Foreign, it is simplest to
assume that the two countries are completely identical. In this case, one can think

16. The daFa shown are GDP-weighted averages of ten OECD countries’ annual average real interest
rates. 'Rcal interest rates are defined as nominal long-term government bond rates less actual consumer-
price index inflation over the following year.
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Figure 1.9
World ex post real interest rates, 1960-92

of the world as a single closed economy populated by a single representative agent
and producing output according to the single production function Y = AK*, o < 1.
Consider now the effects of an increase in the date 2 productivity parameter Az that
characterizes Home and Foreign industry alike. Figure 1.10 supplies an alternative
way to picture global equilibrium. It shows that the productivity disturbance rai

world invcslmenl demand, which we continue to denote by [y + I, at every in-
!cresl rate. We also know, however, that a nse in future producuvuy lowcrs world
saving, Sz + $3, at every interest rate. The move from e equ1hbnum Ato equxllbn m %

B in the hgure'a;)"pears to have an ambnguous effect on world investment.
" To reach a more definite answer, we compare the vertical distances by which the |
two curves shift. A proof that the world saving schedule shifts further upward than
the world mvestment schedule is also a proof that world Investment must fall.

As a first step we compute the shift in the investment curve. For the produc-
tion function we have assumed, the optimal second-period capital stock is K7 =
(Aze/r)'717®  ag end-of-chapter exercise 3 asks you to show. As a result, the

world investment schedule is defined by
I+ 1 = (Asa/r)/ ) — Ky,

The vertical shift induced by a rise dA; in A is the change in r, dr. consistent with
d(I + Iy = 0. Since world investment clearly remains constant if r rises precisely
in proportion to Aa,

dA ,.
2 - rAs,

drIIJrI‘ constant — T R

where a “*hat” denotes a small percentage change.

Interest rate, r

.
+S,

World saving, S + S*
World investment, | + |*

Figure 1.10
A rise in world investment productivity

To compare this shift with that of the world saving schedule, let’s assume tem-
poranly that Home and Foreign residents share the logarithmic lifetime utility
tunction Uy = log Cy + Blog C;. End-of-chapter exercise 3 implies that date 1
world saving can be expressed as

ﬁ
+8

Differentiate this schedule with respect to r and A,, imposing d(S; + §7) =0. The

envelope theorem permits omission of the induced changes in K>, so the result of
differentiation is

-1 [F(K; 5) .
{(JdA ArF(K) + K ]

S+ 5=

! )
L AVFK) 4 —— [Kz_,(,_i‘zﬂf;bﬁ
1+ 8 1+r

T y - ey

T+ L+r 7 (1 +r)?

= Ar —
1+ 8 -

-1 {AzF(Kz)A A:F(K2)+K2d
1 +7r (1+r)2 r

=d(S1+5))=0
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The solution for dr is

A2F(K3) i

dr{S+5‘ constant — (r+ r)m 2

I
+
2

AT (E)TE AT ()T

>

= Ar>rA;= d"|I+I‘ constant -

Thus, as Figure 1.10 shows, world investment really is lower at the new equilib-
rium B than at A,

The preceding result obviously flows from assuming logarithmic preferences,
which imply an intertemporal substitution elasticity o = 1. How would the out-
come in Figure 1.10 be affected by making o smaller? Making o smaller would
only make it more likely that rises in future investment productivity push world in-
vestment down. The factor driving the seemingly perverse result of the log-utility
case is a wealth effect: people want to spread the increase in period 2 income over
both periods of life, so they reduce period 1 saving, pushing the real interest rate
so high that investment actually falls. Butif ¢ < 1, the desire for smooth consump-
tion is even stronger than in the log case. Thus the interest rate rises and investment
falls even more sharply.

We conclude that while an increase in expected investment profitability can in
principle explain a simultaneous rise in real interest rates and current mvestment
as Blanchard and Summers (1984) argued, this di-
viduals have relatively high intertemporal substitution elasticities. Economists dxs—

“agree about the likely value of o, but while there are many estimates below 0.5,

few are much higher than 1. We are left with a puzzle. Without positing a rise in
expected investment profitability, it is hard to explain the comovement of invest-
ment and real interest rates in 1983-84. But if the consensus range of estimates for
o is correct, this change probably should have lowered, not raised, world invest-
ment.

Can the simultaneous rise in investment and real interest rates be explained if
both current capltal ;;roducnvxty and future profitability rose togethgr" Under that
scenario, the fall in saving is reduced, but so is the accompanymg rise in the interest

Iate. This would only leave a greater portion of the sharp increase in real interest

rates unexplained.

The empirical record would seem to bear out our theoretical skepticism of the
view that expected future productivity growth caused the high real interest rates of
the early 1980s. World investment actually turned out to be lower on average after
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1983. The fact that furure investment (as opposed to current investment) dropped
suggests that, ex post, productivity did not rise. We will look at the real interest
rate puzzle again from the angle of saving at the end of the chapter. L]

*1.3.4 Real Interest Rates and Consumption in Detail

This section examines the substitution, income, and wealth effects of section
1.3.2.3 in greater detai]. As a notational convenience, we define the market dis-
count factor

1

Tl 4

as the price of future consumption in terms of present consumption. We simplify
by holding G| = G, = 0 and assuming exogenous output on both dates.

1.3.4.1 The Expenditure Function and Hicksian Demands

The easiest way to understand substitution, income, and wealth effects is to use the
expenditure function, denoted by E (R, Uy). It gives the minimal lifetime expendi-
ture, measured in date 1 output, that enables a consumer to attain utility level U,
when the price of future consumption is R. In Chapter 4 we will use the expendi-
ture function to construct price indexes.!”

We will need one main result on expenditure functions. Define the Hicksian
consumption demands as the consumption levels a consumer chooses on the two
dates when lifetime utility is U;. We write the Hicksian demands as C}‘(R. U)) and
C3 (R, U)). The result we need states that the partial derivative of the expenditure

function with respect to R is the Hicksian demand for date 2 consumption:'®

CHR. U =ER (R, Uy). 27)

This result and the budget constraint imply that C{’(R,Ul)zE(R,UI)
—RER(R, Uy).

17. Dixit and Norman (1980) provide the classic treatise on the use of expenditure functions in static
international trade theory.

18. The Hicksian demands sausfy C}(R, U)) + RC}(R.Uy) = E(R, Uy). Differentiating partially
with respect to R gives us

acy acy
3R R

I

These pdl‘lld] dcnvanves are taken with the utility level U/ held constant. But along a fixed utility curve,

the ratio —ﬂj /# is just minus the marginal rate of substitution of C}' for C¥, which equals —R. The
equality Eg = C} follows. (This is another example of the envelope lhcorem )
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1.3.4.2 Income and Wealth Effects

The income and wealth effects of a change in R reflect its impact on lifetime
utility, U;. The expenditure function yields a slick derivation of this impact. The
equilibrium lifetime utility level of a maximizing representative individual is given

implicitly by

E(R, U =Y+ RYa.

Totally differentiating with respect to R gives us

ErdR + EydU) = Y2dR,

which, using eq. (27), can be solved to yield the income-cum-wealth effect

Eud—Ul=Yz—C5’(R.U|)=Y2—C2‘ (28)
dR

This equation formalizes the basic intuition about terms-of-trade effects men-
tioned in section 1.3.1. When Y; > C,, a country is repaying past debts incurred
through a current account deficit on date 1. A rise in the price of future consump-
tion, R, is a fall in the interest rate, r, and an improvement in the country’s terms
of intertemporal trade. Thus a rise in R has a positive welfare effect in this case,
but a negative effect when the country is an importer of future consumption.

1.3.4.3 Substitution Effect and Slutsky Decomposition

Hicksian demand functions are useful for a decomposition of interest-rate effects
because their price derivatives show the pure substitution effects of price changes,
that is, the effects of price changes after one controls for income and wealth ef-
fects by holding the utility level constant. In this chapter, however, we have fo-
cused on Marshallian demand functions that depend on wealth rather than utility.
Detine wealth on date 1. W), as the present value of the consumer’s lifetime earn-

ings:
Wi =Y+ RYa.
Then eq. (26), for example, implies the Marshallian demand function for date 1
consumption,
W, Yy + RY,
Cl(R, W) =

1+ff"R]"” = l+ﬂ”R]‘a‘

which expresses date | consumption demand as a function of the interest rate and

wealth.
As we now show, the total derivative dCy/dR of this Marshallian demand 1s
the sum of a Hicksian substitution effect, an income effect, and a wealth effect.

E
i
i

+1
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The proof relies on an important identity linking Marshallian and Hicksian de-
mands: the Marshallian consumption level, given the minimum lifetime expendi-
ture needed to reach utility Uy, equals its Hicksian counterpart, given U itself.
Thus, tor date 1 consumption,

Ci[R.E(R U] =C(R U (29)

With the machinery we have now developed, it is simple to show how substitu-
tion, income, and wealth effects together determine the response of consumption
and saving to interest-rate changes. Partially differentiate identity (29) with respect
to R (holding U; constant) and use eq. (27). The result is the famous Slutsky de-
composition of partial price effects,

ICIR. W) dCP(R.UY) 6C1 .
3R R aw, &

(30)

The two terms on the right-hand side of this equation are, respectively, the substi-
tution effect and the income effect.

The interest-rate effect analyzed in section 1.3.2.3 was, however, the toral
derivative of € with respect to R. The total derivative is, using eq. (30) and the
wealth effect dW,/dR = Y3,

dC (R, Wl)_(')Cl(R, W) 9C(R, W) dW,

dR JdR oW, dR
(’iCl“(R,U|) AC (R, W)
= Yy — Cy). 31
v + W, (Ya—Cy) (31)

This equation shows that the total eftect of the interest rate on present consump-
tion is the sum of the pure substitution effect and a term that subtracts the income
trom the wealth effect. Looking again at eq. (28), we see that the latter difference
is none other than the consumption effect of a change in wealth equivalent to the
intertemporal terms-of-trade effect. Together, the income and wealth effects push
toward a rise in consumption on both dates and a fall in saving for a country whose
terms of intertemporal trade improve, and the opposite effects for one whose terms
of intertemporal trade worsen.

1.3.4.4 The Isoclastic Intertemporally Additive Case

All the results in this subsection have been derived without reference to a specific
utility function: we have not even assumed intertemporal additivity. When the life-
time utility function is additive and the period utility functions are isoelastic [recall
eq. (22)], closed-form solutions for the Hicksian demands can be derived. For ex-
ample, it is a good homework problem to show that the Hicksian demand function
for date 1 consumption is
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P
I - (-I;) U,
o A

C(R Uy = l—_+ﬂ”Rl“°

You can also show that decomposition (31) takes the form

dCy BR77

TR ° e
dR 1+ 7R

Here. the first term on the right is the pure substitution effect and the second is
the difference between the wealth and income effects. Applying the Euler equation
(25) to this expression transforms the derivative into

1
Y, - Cy).
+ 1+ﬂ"R'—”( 2= Cy)

dc, BTR™ 1

=(0~1 )+
ak =~ T TR TR R

Y,.

This version makes apparent that the sign of o — 1 determines whether the substitu-
tion or income effect is stronger. You can verify that the last equation is equivalent
to eq. (24) derived in section 1.3.2.2.

1.4 Taxation of Foreign Borrowing and Lending

Governments sometimes restrict international borrowing and lending by taxing
them. In this section we look at the taxation of international capital flows in a two-
country world and produce a possible nationalistic rationale for taxation.

Government intervention in the international loan market potentially can raise
national welfare while reducing that of trading partners and pushing the world
economy as a whole to an inefficient resource allocation. The mechanism is the one
at work in the classic “optimal tariff” argument in trade theory: through taxation, a
government can exploit any collective monopoly power the country has to improve
its intertemporal terms of trade and, thereby, to raise national welfare.

For simplicity we return to the pure endowment case with logarithmic utility,
which is the subject of a detailed end-of-chapter exercise. Suppose initially that
Home is a command economy in which the government chooses € and C;. Both
Home and Foreign are large enough to influence world prices, but individual For-
eign actors continue to be competitive price takers. There is therefore a supply

schedule for Foreign savings,

B 1 .
Yr — Y,
1+p ' A+ +n"?

SHry=Y; = Chir) =

Home's government sees matters differently from competitive individuals. Tt
knows that changes in its consumption choices affect the world interest rate and
. o .. ._

that the world interest rate is determined by the equilibrium condition ¥y + ¥} =

1.4 Taxation of Foreign Borrowing and Lending

Ci + C{(r). By combining this condition with the Foreign saving schedule,
Home's government can calculate how the world interest rate rises as C) rises,

*
Y]

l+r= .
(L+ B9 = C) + By}

Putting this equation and the Home budget constraint, C; = Y3 ~ (1 +r)(C) - Y)),
together, we get the trade-off between present and future consumption as perceived
by Home’s government,

¥

Gr=h+ ; S
(1 + ) (¥ = C)) + B*Y]

Y1 = Cy). (32)

This trade-off describes, of course, the Foreign offer curve of trade theory.

Figure 1.11 illustrates Home’s position in the case r* > r**, The heavier straight
line passing through the endowment point A has slope —(1 + r'), where r* is
the equilibrium world interest rate that would prevail were both governments to
follow laissez-faire principles and allow free trade. The curve TT passing through
A is the graph of eq. (32); it shows the consumption possibilities open to Home
when Foreign residents are price takers while Home’s government sets domestic
consumption taking into account its influence on the world interest rate.

The key feature to notice about Figure 1.11 is that part of TT lies strictly outside
the laissez-faire budget line. How can we be sure this is the case?

Diftferentiation of eq. (32) shows that the slope of TT at A is
dc, Yy

== ()
dCl Cy=Y, ﬁyl

[recall eq. (7), which parallels the second equality in this expression). The inter-
pretation of this derivative is intuitive. At their autarky consumption allocation,
Foreign residents are willing to lend or borrow a small amount at their autarky
interest rate, r**, which we know is below the laissez-faire equilibrium rate, rt.
Since Home's laissez-faire consumption choice at B certainly remains feasible
when Home's government internalizes the country’s market power, point B lies on
TT, and that locus therefore has the shape shown in Figure 1.11.

Point B is not the preferred consumption point of a Home planner bent on maxi-
mizing national welfare. The planner would instead pick point C, which is feasible
and yields higher national utility.

In a decentralized economy, the Home government can use a tax on foreign bor-
rowing to induce price-taking residents to choose point C on their own. Notice first
that if C is to be chosen by price-taking individuals, the slope of their indifference
curves at C must equal —(1 + r* + 7). where 7 is the tax an individual pays the
government for each unit of output borrowed from abroad and r” is the equilibrium
world interest rate when the tax is in place.
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Home period 2 consumption, C,

Slope = —(1 + %)

Slope = —(1 + r**)

Yo P
Laissez-faire budget line,
slope = —(1 + 1)
Y, Home period 1 consumption, C,
Figure 1.11

The optimal tax on foreign borrowing

We can read r* off of Figure 1.11 by noting that the economy’s trade must
be intertemporally balanced at the world rate of interest, that is, ¥2 — Cr=(1+
rONC, — Y)). (We are assuming here that the government rebates tax proceeds to
its citizens in the form of lump-sum transfer payments.) Because points A and
C both are feasible given the borrowing tax, this budget constraint implies lha~t.
—(1 4+ r7) must equal the slope of the segment AC. Therefore, the ()ptimu>l tariff
7 is simply the wedge between the slope of AC and the slope of the indifference
curve passing through cr o

Methods other than taxation can similarly enable the government to maxumize
Home's welfare. Most simply, the government could impose a quota to limit resi-
dents’ borrowing to the amount corresponding to point C in Figure 1.11.

Observe that government policy drives the world interest rate below its laissez-
faire level: r¥ < rt. Thus the Home government's exercise of monopoly power
drives down the interest rate Foreign earns on its loans to Home: Home's intertem-
poral terms of trade improve. Correspondingly, Foreign is impoverished. Home's

; 3 e rA Av oo
19. As a test of understanding, reproduce the argument in the text for the case 7 < r%%, and show that
the optimal policy is i tax on foreign lending.
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advantage comes from appropriating some of Foreign’s potential gains from trade.
Home’s borrowing tax thus is a beggar-thy-neighbor policy, one that benefits a
country at its trading partners’ expense. Although Home also forgoes some trade
gains, this loss is more than offset by the better borrowing terms its tax artificially
creates.

Finally, Home’s policy, by reducing the volume of intertemporal trade, moves
the world as a whole away from an efticient, or Pareto-optimal, resource allocation.
Because of this global inefticiency, Foreign's government could, in principle, bribe
Home’s not to impose the tax, while still leaving its own residents better off than
under the tax.

Alternatively, Forcign's government, which we have assumed passively to fol-
low a laissez-faire policy, could retaliate by imposing a tax on international lend-
ing. How would the world economy fare if the two governments ended up having a
trade war? Alternatively, could they reach a negotiated solution that avoids such a
confrontation? These possibilitics are at the heart of everyday conflicts over trade
and macroeconomic policies, an areu we revisit in Chapter 9.

Notice that a small country, one whose output and consumption are dwarfed
by forcign output, has no scope to mfluence the trade-off schedule (32): it faces
the rest-of-world gross interest rate Y;'/8*Y " no matter what it does. For a small
country there is thus no terms-of-trade gain to offset the tax’s distorting effect on
trade. As a result, a small country’s optimal tax on foreign borrowing is zero.

1.5

International Labor Movements

A central assumption in most models of international trade and finance is that labor
is much less mobile internationally than either commodities or capital. Language
and cultural barriers, tamily and ethnic ties, and political barriers all work to make
international migration difficult. And, with only a few major exceptions such as
Australia, Canada, and the United States, industrial countries have experienced
low levels of immigration over the past twenty years. Table 1.3’s figures for 1974—
87 illustrate the magnitudes of industrial countries’ recent net inflows of foreign
workers.

For developing countries and countries of the former Soviet bloc, however, out-
ward migration of workers is substantial. Even in more developed countries like
Greece, where workers® remittances from abroad were 3 percent of GDP in 1992,
international labor mobility has important economic consequences. Up until World
War 1, footloose labor flowed in massive waves from Europe to former Euro-
pean colonies in North America and Oceania (again see Table 1.3), as well as
to Latin America. As recently as 1950-73, Germany and Switzerland let in nu-
merous “guest workers” from Mediterranean countries, while France welcomed
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Table £.3

Industrial Country Net Immigration (average per year, as a pereent of Jabor foree)

Country 18701913 1914-49 1950-73 1974-87
Austrabia 0.96 0.74 2.00 114
Belgium 0.18 0.16 0.34 ~0.02
Canada 1.08 0.1 1.35 0.50
France 0.11 -0.03 0.75 0.1
Germany —0.48 —0.08 1.12 0.26
lraly —{.64 —0.25 —0.41 0.17
Japan n.a. 0.02 -0.01 -0.02
Netherlands -0.18 -0.03 0.04 —0.02
Norway -1.63 —-0.33 0.00 0.30
Sweden —0.92 0.06 0.38 0.28
Switzerland 0.07 —0.15 1.15 0.00
United Kingdom —0.97 -0.24 -0.10 0.00
United States 1.38 0.35 0.47 0.51

Source: Maddison (1991) and OECD, Labor Force Statistics. The figures were calculated by dividing
Maddison’s average net immigration series by labor force membership as of 1890, 1929, 1960, and
19% 1.

immigrants from its former African colonies. These experiences justify a close ex-
amination of the causes and etfects of international labor movements.

Though immigration usually is a much more emotion-charged issue than cap-
ital mobility is. tabor mobility can yield similar efficiency benefits by equalizing
marginal products of labor across countries.Z0 To illustrate this point we develop a
two-period small-country model in which there is no international borrowing or
lending (perhaps the result of prohibitive barriers to international capital move-
ments). International emigration and immigration are, however, completely free.
How should we think about the gains from trade in such a world?

Capital, Labor, and the Production Function: A Digression

Since an analysis of labor flows must account for the impact of labor on output, we
now make explicit that produced output is a function of capital and labor inputs,

Y = IF(K,L). (33)

The production function F(K. L) shows constant returns to scale in the two
factors; that is, for any number &, F(EK EL) =EF(K, L). Some properties of
constant-returns (also known as linear homogeneous) production functions figure

20. With internationally identical production technologies, labor and capital marginal products could
be equalized even without factor mobility across borders. This factor-price equahization can oceur in
multigood model with free and costless trade, along the lines of the classic Heckscher-Ohlin model (see
Dixit and Norman, 1980). All empirical evidence suggests that even when capital 1s somewhat mobile,
equalization of real wages applhies, if at all. only to the very long run.
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prominently 1 the present model and in later chapters. We digress briefly to remind
you of them.

First, output equals the sum of factor marginal products multiplied by factor
mnputs:

Y=FK . Ly=Fg(K.L)K + Fi (K., L)L. (34)

Second, the marginal products of capital and labor depend only on the capital-labor
ratio, k = K /1. Because F(K, Ly = LF(K/L. 1),

Fr(K.L)= f"tky. (35)

where f(k) = F(K/L, 1) 1s the “intensive” or per-worker production function.”!
From these two results we derive a third,

FiL(K. Ly= fiky — flikok. (36)
A Two-Period, Small-Country Model

Now we can get on with the model. On date 2 (the model’s second period), the

home economy’s output 1s
Yo=F(K> L),

where K> is the cupital that domestic residents accumulate during period 1. For
simplicity, we assume that output on date 1, ¥y, is exogenous, and that the starting
capital stock, Ay, 1s zero. Thus production takes place only on date 2.

Our small country faces a given world wage rate, w, at which it can export or
import labor services on date 2. The representative resident has an inelastically
supplied labor endowment of L™ on date 2, but the economy employs a total
of L labor units, where L> can be greater or less than L™ as a result of trade
in labor services.’* There is no government consumption. Because neither
international borrowing nor lending is possible, the representative home-country
individual maximizes Uy = u(Cy) + Bu(Cy) subject to the constraints

20 Totdly ditterennate the equation FEAN L1 £ F K, Ly wath respect to £ and evaluate the result
ald = 1themnphicaton s (K Ly = Fy(K IR + Fi (K L)L, aspecial case of Euler's theorem on
homogeneous funcuons. To derive the second result mentioned in the text, observe that

F(K *',AK' Ly- F(K. L)

Fath Ly frn
AR D AN
Fik AKY L. 1) — Fk
= dim k+(AaKy/ L) H,\']):/"(k).
AK -0 (AK)/L

220 It L" > L, one can think of the representative individual as working abroad part-time or, equiva-
lently, of some domestic workers emigrating to work abroad.
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C) =Y - Ky,
Cy=Lyf(Ka/L2) —wily = L") + Ka.

The first of these constraints is sel{-explanatory; it differs from the first-period
constraint under capital mobility in that borrowing from abroad can’t be used to
supplement first-period resources.>? The second constraint states that date 2 con-
sumption equals domestic product (a function of the economy’s total employment),
less the net wage payments on imported labor services, less investment (where we
remind you that, as explained in section 1.2.2, I = —K3).

Using the two constraints to eliminate C; and C; from the utility function, we
can write the representative individual’s problem as
mix u(Yy — K2) + Bu L2 f(K2/Ly) — w(Ly — L") + K2].

5

First-order conditions with respect to K2 and L; are
W'(C) = Bl + f k)’ (C2), (37
w = f(ka) = f'(ka)kz, (38)

where we have defined k; = K,/L3 as the capital-labor ratio in production during
period 2. The first of these equations is the Euler equation when the domestic real
interest rate equals the marginal product of capital [recall eq. (35)]. The second
states that under free international labor mobility, the marginal product of labor
[recall eq. (36)] must equal the world wage rate.

Notice that ey. (38) ties down &, = K2/L7 as a function of the world wage rate,
S0 we can write the production capital-labor ratio as a function A (), with k'(w) =
—1/ktw) f"k(u] » 0. By implication, the domestic interest rate also is a tunc-
tion of w alone: it is given by r(w) = f/k(w)], so that r'(ur) = f"[k(u) k' (w) =
—1/k(u) < 0. The model's negatively sloped functional relation between r and w
is called the fuctor-price frontier. A rise in the world wage raises the optimal cap-
ital intensity of production, lowering the domestic marginal product of capital. As
long as w doesn’t change, however, neither & nor r can change, no matter what else
in the economy does change (other than the production function itself). Given w,
net labor exports adjust to ensure that k& and r remain constant.

Pattern of Trade and Gains from Trade
Figure 1.12 illustrates the economy’s equilibrium in a way that parallels our ear-
lier discussion of capital mobility. The concave locus is the autarky PPF, which

describes the home economy’s intertemporal production (and consumption) trade-
off when the labor used in second-period production is restricted to the domestic

23, To ensure that the nonnegativity constraint on capital doesn’t bind, the appropriate condition on the
production function is now img .y Fx (K, L) = oo.
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Period 2 consumption, C,

-~ GDP line

F(Y, LMY+ Y,

—.— GNP line

-

WLH el

Y

Period 1 consumption, C,

Figure 1.12
Trade in labor services

endowment, L". The autarky PPF is described by
Cr=F(Yy - CL L")y 1y - O

Its slope is (minus) |+ Fgx (K>, L"), its horizontal intercept is at C; = ¥;, and
its vertical intercept is at Ca = F(Y,. L") + Y. Point A is the economy’s autarky
equihbrium.

The straight line tangent to the autarky PPF at B is the representative domestic
resident’s intertemporal budget constraint when there is trade in labor services. It
is described by the equation

Cr=[1+4+r(w))(Y, — Cp) + wlh,

and its hnearity is due to the constancy of r(w), given w. We call this line the GNP
line because it equates second-period consumption plus investment to domestic
output plus net factor payments from abroad. Point B is generated by an investment
level at which the marginal product of capital is r (w) when employment L equals
LY.

The economy does not have to consume and produce at point B, however. By im-
porting labor services trom abroad |and doing enough extra investment to maintain
S'(k2) = r(w)). residents can move consumption up and to the left along the GNP
line from B; by exporting labor services (and investing less) they can move down
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and to the right. Because K> can’t be less than zero (and by assumption there is
no foreign borrowing), C2 can never be less than w L. At this lowest point on the
GNP line, the country consumes all its first-period output, has a domestic product
of zero in the second period, and exports all its labor services abroad to generate a
GNP of wl".

In Figure 1.12 the economy’s preferred consumption point is C. At C, the econ-
omy is investing more than it would at B. To hold the marginal product of capital
at r(). the economy imports labor services from abroad, raising L> above L".

Also passing through point B on the autarky PPF is the GDP line, which shows
how the sum of second-period GDP and K2 changes with first-period consumption
decisions. (Remember that K2 is eaten after date 2 production.) Recalling eq. (34)
and noting that Ly = Ka/k(u), we see that the GDP line is described by

Yo+ Ko= F(K> Loy + K> =1 +r(w)]K; + wls

u
=1+ ')+~"](Y —Cy).
[ riu) o 1 1)

-

The GDP line passes through point B because there, net labor imports are zero and
GDP = GNP. The GDP linc is steeper than the GNP line, however. As investment
rises. so does immigration, and net payments to foreigners place a wedge between
GDP and GNP, Thus GDP exceeds GNP above B but is less thun GNP below B.

At the autarky point A in Figure .12, the marginal product of capital is less than
riw). The factor-price frontier therefore implies that the autarky wage rate, w*,
is greater than the world wage, w. It is straightforward to show that any country
with w* > w will recruit foreign workers abroad, as in Figure 1.12. Countries
with w* < will export labor instead. The autarky wage depends on a number
of factors. For example, an increase in a country’s labor endowment, LY, lowers
its autarky wage rate and raises its net exports of labor. Countries that save more in
the first period will tend to have higher autarky wages and higher net immigration.

The usual gains from trade are apparent in the figure: the GNP line lies above
the autarky PPE except at B, where it is tangent. This result is based. however, on
a representative-agent setup in which international labor-market integration has no
distributional effects. When the real wage falls as a result of trade, for example, the
representative agent gains more in his role as a capitalist than he loses in his role as
a laborer.

Even in an economy of heterogenous individuals, everyone can gain from trade
provided lump-sum side payments are made to redistribute its benefits. Such side
payments are rarely made in reality, so some economic groupings are likely to
lose from international labor movements. These losses explain the fierce opposition
immigration usually arouses in practice. We will return to immigration again in
Chapter 7.

1.5 International Labor Movements
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Global current account patterns, [969-94

Application: Energy Prices, Global Saving, and Real Interest Rates

To conclude this chapter we revisit—not for the last time—the vexing question of
explaining the wide swings in real interest rates of recent decades. An earlier appli-
'cutmn gave reasons to doubt the hypothesis that increases in actual or anticipated
investment productivity were the primary factor behind the sharp rise in real inter-
estrates in the early 1980s. A glance at Figure 1.9 shows that while real interest
rates have been high since the 1980s in comparison with the 1960s, they were un-
Auxuully fow from 1974 10 1979, We can get clues about the key tactors moving real
m(ajrest rates by looking at thetr behavior, not just in the early 1980s, but over the
entire pertod starting in the early 1970s.

A striking feature of Figure 1.9 is the sharpness with which rates decline in
the early 1970s. The major shock to the world economy in that period was the
decision by the world oil cartel, the Organization of Petroleum Exporting Countries
(OPEC), to quadruple the dollar price of oil. Figure 1.13 shows the immediate
impact of this event on the current accounts of three major country groups, the fuel
exporters, other developing countries, and the industrial countries. The industrial
countries ran a small and temporary deficit, the nonfuel developing countries ran
a larger (relative to their GDPs) and more persistent deficit, and the fuel-exporting
group moved to a massive surplus.
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The major beneficiaries of the oil shock included countries like Kuwait and
Saudi Arabia, which were unable to raise their spending quickly in line with the
mussive increase in their wealth, This inability explains the fuel exporters’ current
account surplus, and also suggests an explanation for the initial decline in real
interest rates. OPEC's price hike, by worsening the rest of the world’s terms of
trade, caused a transfer of current income from its customers to itself. It caused
4 similar transfer of Jifetime wealth. Since the OPEC countries s 4 group had
a lower marginal propensity to spend out of wealth, their consumption rose by
tess than the fall in non-OPEC consumption. As a result, the world saving curve
pictured in Figure 1.10 shifted to the right. To the extent that the oil price Increase
discouraged investment outside OPEC, the investment curve shifted to the lett.
Both shifts helped push the world interest rate down 2

The fuel exporters” external surplus shot up again in 1979 when a second OPEC
shock followed the Iranian revolution. They were able to raise their spending more
rapidly this time. As Figure 1.13 shows, fuel exporters as a group had a roughly
balanced current account by 1981, the year real interest rates rose above their levels
of the 1960s.

The conclusive disappearance of the OPEC surplus is not the only new trend that
begins in 1981, Also, the industrial cconomies go into a protracted current account
deficit (much of which is accounted for by the United States). The coincidence of
these events with the rise in real interest rates is intriguing, and suggests that a look
at the saving trends underlying the current account patterns could throw light on
the real interest rate mystery.

Table 1.4 suggests that differences and shifts in countries’ saving patterns might
go a long way toward explaining the broad swings in world real interest rates.
Saving rates in the industrial world declined substantially between the 1970s and
1980s. Furthermore, the saving rate of the fuel-exporting group, initially much
higher than that of the rest of the world, dropped precipitously between the same
two decades. Finally, other developing countries, which are smaller actors in the
world capital market than the industrial group, register only a minor rise in saving
in the carly 1980s followed by a bigger increase later on. In terms of Figure 1.10,
a4 leftward shift of the world saving schedule in the early 1980s would help ex-
plain the simultancous reduction in global saving and high real interest rates of
the decade. The exceptionally high saving rate of the fuel-exporting group during
the 1970s helps explain why unusually low real interest rates followed the first oil
shock. Other factors to be discussed later in this book, notably shifts in monetary
policies, were at work, too, particularly in determining the ycar-to-year interest-

24. This effect on the intertemporal rade terms of income redistribution between economies with
ditferent intertemporal spending patterns is an example of the classical transfer problem of trade theory,
which we revisit in detail in Chapter 4. Sachs (1981) reviews international adjustment to the oil shocks
of the 1970s.

>3 TA - dtabihty and the Marshall-Lerner Condition

Table 1.4
Gross Saving as a Percent of GDP (period average)

Country Group 1973 80 1981-87 1ORE-94
Industrial 235 2
! 235 20.9
Fuel exporting 42.0 20.2 197
Nonfuel developing 224 :"‘; L?z

— <00

Source: International Monetary Fund, World Economic Quilook, October 1995.

rate m()lvcmcn[s in Figure 1.9. One must always be cautious in interpreting simple
anclulmns, and we do not mean the analysis here as anything more than sugges-
tive. Nevertheless, long-term movements correspond surprisingly well to a story
based on inter-country and intertemporal variation in the supply of savings. )

What are the underlying causes of the seeular decline in world saving shown in
Table 1.47 That is 4 topic we will examine in considerable detail in Chapter 3.

Appendix 1A Stability and the Marshall-Lerner Condition

A marketis stable in the Walrasian sense if a small increase in the price of the good traded
Fh‘crp CALSES eXCen supply while a small decrease causes excess demand. This sim lc‘d -
nition ol.slabi!ily is obviously inapplicable to a general-equilibrium, multimLirlec[ Eonw;!'
the meaning of stability and its significance are the subject of a large literature, see Arro\&"
un‘d Hahn (‘l()7l). In the two-country model of section 1.3, however, where 01'1l>y a single
‘pncci—th‘c mnterest rate—needs to be determined, the simple Walrasian stability con;JiliL:)n
15 cgsliy mnterpreted in a general-equilibrium setting. That condition, as we show here, is
equivalent to an elasticity inequali é v hi n static | i Sy
halent b an elus C“nﬁili“:?ﬁmy with a long history in static international trade theory,

\&?lllvsanx'nllg and investment written as functions of the world interest rate, the global
equilibrium condition is ‘

Silr) + STtry = 1i(ry + I} (r).

.I he condition defining Walrasian stability in the market for world savings is that a small rise
in r should lead 1o an excess supply of savings:

Sy + STy - iy = 1) > 0. (39)

To relate this inequality o the Marshall-Lerner elasticity condition, let’s assume for the
moment that Home is an importer of first-period consumption and an exporter of second-
pcn.od consumption. (Home has a current account deficit, followed by a surplus An equi-
lthrluxn with zero current accounts always is stable.) Home's imports are dcnole(i -by qu =
Ci+ 5L ~Yy=11 -8 >0, itsexports by EX2 = Yo — 3 — I > 0. The condition of“lia—lj
anced trade™ in this model, that the value of imports equal that of exports, is

25. For a detatled discussion of stability conditions in international trade, see R. Jones (1961)
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1 .
M, = EX,,
A+

where trade-flow values are in units of date ! consumption. This condition always ho.lds
because it is nothing more than a rearrangement of Home's intertemporal budget constraint.
For Foreign, /M3 = C3 + 17 — Y5 > 0 and EX{=Y~Cy =17 =57 - Il'"> 0‘.‘ )

Foreign's intertemporal budget constraint implies its current account s St~ =
IM?/(1 + r). We theretore can express stability condition (39) s

I
d (—w—) TMIr) — IM,(r)} > . (40)
dr b+ “
To express this inequality in terms of import elasticities, detine
(L+r)IM(r) ‘_(l+r)IM2"(r)

T M Mo
(The elasticity ¢ is defined to be positive when a rise in r reduces Home’s date 1 cur-
rent account deticit.) Since the initial interest rate is an equilibrium rate such that /M) =
IM?/(1 + 1), eq. (30) can be rewritten as
(+¢7 > “4n

The Walrasian stability condition holds if and only if the sum of the Home and Forf:?gn
price elasticities of import demand exceeds 1. International trade theorists call condition
(41) the Marshall-Lerner condition. When Home happens to be the exporter of date 1 con-
sumption, rather than the importer, (41) still characterizes the Walras-stable case, but with
import elasticities defined so that Home’s and Foreign’s roles are interchanged.

Exercises

1. Welfure and the terms of trade. Let the representative individual in a small open
economy maximize U(C|, C2) subject to Cy + Ca/( +r) =Yy + Y2/(1 +r), where
Y| and Y3 are fixed.
(a) Show that the intertemporal Euler equation takes the form JUC,, C)/9C, =
(1 4+ ralCy, C2)/9C.
{b) Use the Euler condition together with the (differentiated) budget constraint to
compute the total derivative

du(Cy. Cy) _ AU(Cy. C) ¥y -

ch.
dar ac; !

(¢) Explain why the answer in b implies that a country benefits from a rise in the
world interest rate if and only if its terms of intertemporal trade improve.

(d) Let Wy =Y, + Ya/(1 +r) (that is, W, is lifetime wealth in units of date 1 con-
sumption). Show that a small percentage gross interest rate increase of F =dr/(1 + 1)
has the same effect on lifetime utility as a lifetime wealth change of dW, =r(Y) —
).

Exercises

Logarithmic case of the two-country endowment model. Consider the pure endow-
ment model, in which equilibrium holds when § + §} = 0. Home's utility function
is

Uy =logCy + BlogCy. (42)

Foreign has an analogous log utility function, with its consumption levels and time-
preterence factor distinguished by asterisks. Governments consume no resources.

(a) Home receives perishable endowments ¥} and Y in the two periods. Show that
the Home dute 1 consumption function is a function of r,

1 ¥s
Ciy= e )
Hr |+;¢<' l+r>

[This equation shows a general property of logarithmic preferences that we will use
many times in this book: expenditure shares on the available goods are constants that
correspond to the relative weights on the logarithmic summands in U}. Thus spending
on date 1 consumption, Cy, is a4 fraction 1/(1 + f) of lifetime income (measured
in date 1 consumption units), and spending on date 2 consumption, Ca/(1 + r),
is a fraction /(1 + #) of litetime income. This property follows from the unitary
intertemporal substitution elasticity.}

(b) Show that Home saving is

B 1
s =Y -C = Y, — Ys.
1(r) | 1r) Y I Gspaen’?

(¢) Compute the equilibrium world interest rate.
(d) Check that it lies between the autarky rates £ and r**.

(e) Confirm that the country with an autarky interest rate below r will run a current
account surplus on date 1 while the one with an autarky rate above r will run a deficit.

(1) How does an increase in Foreign's rate of output growth aftect Home’s weltare?
Observe that a rise in the ratio Y7 /Y raises the equilibrium world interest rate. Then
show that the derivative of U with respect to r is

au, B r—rt

I N NI T R
What is your conclusion?
Adding invesiment 1o the lust exercise. Assume date 2 Home output is a strictly
concave function of the capital stock in place multiplied by a productivity parameter,
Yy = A2KY
(e < 1), with a parallel production function in Foreign. (Date 1 outputs are exoge-
nous because they depend on inherited capital stocks.)

(a) Investment is determined so that the marginal product of capital equals r. Show
that this equality implies



adA\T @
/](I‘):]\’z*l{’[z(";*> - Ky

(¢) Derive Home's date 1 consumption function, and show it can be written as

14 L4 r
(d) Using /= — K7 and the results of parts a—c, explain why
1 (I —w) (ut)"“7 =
’ = e K+ Y+ ——— | = A .
Citn 1+ 8 { L 1 +r r 2

and conclude that the equation for S8 is the upward-sloping curve

1 (1 — ) (u)ﬁ'ﬁ x;
. — ¥ - ——m +Y + —{ - A .
Sitry=Y, 5B [KI 1 1+ r ’ 2

Problem on o = 0. The individual has an isoelastic period utility tunction and exoge-
nous endowments. This exercise considers the limit as o — 0.

(1) Show that the Euler equation (25) approaches Cz = (1, so that a flat consumption
path is chosen irrespective of the market interest rate r.

(b) Derive the consumption function for this case,

. I +r 1
= (?;7) ne (zT;) 2

Show that C> = €| using this consumption function and the current account identity.
(¢) Calculate that
dCy Yy — Y2

ar T2+t

What is your interpretation?

() Does zero intertemporal substitutability necessarily imply a literally constant
consumption path, as in parts a—c, under all possible preference assumptions? [Hint:
Suppose litetime utility is

! - —1/o
Uy = e <C1| Vo 4 glocyV )
- led

Show that as @ — (), we approach C; = SCy, which corresponds to the consumption
pattern chosen under the Leontief utility function Uy = min {8C), Ca}}

Endowment shifts and world interest rares. In the two country endowment mode! of
borrowing and lending, show algebraically that a rise in Yy or ¥ lowers r, whereas a
rise in Yy or Y7 raises r.

Future productivity shocks when current accounts are initially unbalanced. Let
Home have the production function ¥ = AF(K), and Foreign the function Y* =
ATF*(K™). on each of two dates. Let the corresponding lifetime utility functions of
restdents be Uy = w(Cy) + Bu(Cr) and Ul =u(C]) + Bu(CF), where u(-) is isoelas-
tic. On date 1 the countries may borrow (lend) at the world interest rate r, determined
by Si+ 87 =11 + I]. A Walras-stable world market with a single equilibrium is
assumed.

(a) Suppose date 2 Home investment productivity, Az, rises slightly. If Home has a
date | surplus on current account and Foreign a date 1 deficit before the productivity
rise, how doces the change atfect date | current accounts?

(b) Do the same exercise for a rise in A3 (Foreign's date 2 productivity), still assum-
ing Home has a positive current account on date 1. Is the effect on Home's current
account simply a mirror image of the answer to part a?

Interest rates and saving with exponential period urilitv. A country’s representative
individual has the exponential period utility tunction

u(C)=—yexp(=C/y)

(y > 0) and maximizes U1 = u(Cy) + Bu(Ca) subject to
i+ RC:=Y + RY2 =W,

[where B = 1/(1 + r)].

(a) Solve for Cy as a function of Cy, R, and B using the consumer’s intertemporal
Euler equation.

(b) What is the optimal level of Cy, given Wy, R, and B?

(¢) By ditterentiating this consumption function C, (including differentiation of Wy)
with respect to R, show that

ac C Y
: L St —L [1—logs/R)].

dR ~ 1R 1+

R
+
=

(d) Calculate the inverse elasticity of marginal uulity, —u’(C)/Cu”(C), for the ex-
ponenual utihity function. [Itis a function o (C) of consumption, rather than being a
constant. ]

(e} Show that the derivative dC'y /d R calcutated in part ¢ above can be expressed as

d(‘l_(’((‘:)(vz C» + Y
dR ~ I +R 1+R  1+R

Interpret the three additive terms that make up this derivative.

The optimal borrowing 1ux. Rewurn to section 1.5's model of the optimal tax on
foreign borrowing, but assume a general utility function U(Cy. Ca).
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o

(a) Show that the optimal ad valorem borrowing tax |such that (1 + 1) (rl +ri)is
the gross interest rdle domestic residents face when the world rate 1s 1 4 7] is given
by t = 1/({" ). where ¢* is the elasticity with respect 1o 1+ r of Foreign’s
d;'.mund for imports of date 2 consumption. (The elasticity £ is detined formally in
the chapter appendix.)

(b) Explain why £* — 1 > 0 at the world interest rate associated with the optimal tax.

. £ !
RN W7 -

pR—

Dynamics of Small Open Economies

The last chapter’s two-period model illuminates the basic economics of interna-
tional borrowing and lending. Despite its important lessons, it misses many impor-
tant issues that cannot easily be condensed within a two-period horizon. What are
the limits on a growing country’s foreign debt? What if capital-stock changes must
take place over sevéral time periods, or if consumption includes durable goods?
How do expected movements in future short-term interest rates affect the current
account? Perhaps most importantly, the theories we have developed so far cannot
;Tm:wlully be adapted 1o real-world data without extending them 0 a multi-

period environment.

T most of the chup(cr we will simplity by assuming not only that there are
many tme periods, but that there is no detinite end to time. This abstraction may
seem extreme: after all, cosmologists have developed theories predicting that the
universe as we know it will end in 60 to 70 billion years! That grim prophecy
notwithstanding, there are two defenses for an infinite-horizon assumption. First,
there is genuine uncertainty about the terminal date. The relevant cosmological
theories yield only approximations, and theories. after all, are revised in light of
ongoing scientific discovery. Second, other things being the same, the behavior of
an infinite-horizon economy will differ only trivially from that of a finite-horizon
om when the terminal date is very distant.

Tcis qunc another matter 1o assume, as we do in this chapter, that individuals live
torever. Once again, two defenses are offered. First, uncertainty about length of
life can act much like an infinite horizon in blurring one’s terminal planning date,
Scu)nd ‘when pu)ple care about their offspring. who, in turn, care about theirs, an
Lummnv of finite-Tived individuals may behave just like one peopled by immortals.
C hap(gr 3 explores this possibility rigorously.

In this chapter we focus on the case of a small open economy inhabited by a rep-
ruu\l.xmc nnlnullml wnh an intinite horizon. The economy is small in the sense
orld interest rates as exogenous. Abstracting from global

lhdl l[ B ces the palh o' W
gcmml qull|lhllul]] L(\n\ldtldll()n\ makes sense here, since they are not important

tor many questions and would annecessarily complicate the analysis. Besides, for
the vast majority of countries in the world, the small-country assumption is the
right one. There are really only a few economies large enough that their unilateral
actions have a first-order impact on world interest rates. However, in studytng the
small-country case, one does have to be on guard against scenarios that strain the
pamdlgm For exampk if a small country’s Gross Domestic Product were perpet-
ually to grow ﬁmcr than world GDP. the country would eventually become large!
St 11I.1rly if the u)umr) 15a hl):,h saver with ever- EI‘()WIHE net forcxg,n assets, the as-
\umpnon mvay\ faces a fixed world interest rate mdy again become slmmcd
We will alert the reader on occasions where such issues arise, though we defer full

general equilibrium analysis of the particular class of models considered here until
we take up global growth in Chapter 7.



The tirst part of the chapter looks at perfect foresight models. Later, we show
how the same insights extend to explicitly stochastic models, which are more ap-
propriate for testing and empirical implementation of the modeling approach.

.1

A Small Economy with Many Periods

In this section we revisit the last chapter’s analysis of the small open economy, but
in a many-period setting. This extension allows some first results on how well our

models match the complicated dynamics in actual macroeconomic data.

Finite Horizons

As an initial step we extend the model of section 1.1 by assuming that the econ-
omy starts on date 7 but ends on date 1 + 7', where T can be any number greater
than zero. Ultimately, we hope to understand the infinite-horizon case by taking
the limit of the T -period economy as 7 — 00. As in the last chapter, we will nor-
malize population size to 1, so that we can think of individual quantity choices as
economy-wide aggregates.

Generalizing the time-separable utility function to a T-period setting is simple:
the representative individual maximizes

+T \

Up = u(C)) + BulCr 1) + BudCri) + . 4ﬁsmgﬂ)_2:w”uqy ()

As for the individual's budget constraint, let's simplify by assuming that the

world interest rate r is constant over time. This assumption allows us o focus

initially on the role of produumty ﬂuuu‘monx Output on any date s is determmed
by the pmduumn function Y = AF(K), where F(K) has the same properties as
in Chapter 1. Again, the economy starts out on date 1 with predelcrmmcd stocks of
capital 'K, dnd net foreign assets 8y, both accumulated on prior dates.

To derive the T- period budget constraint, we proceed by an iterative argument
hased on the one-period current account identity {Chapter 1, eq. (12)). The current
account identity (assuming a constant interest rate) states that

CA,:B,H—B,:Y,+rB,——C,—G,—l, (2)
for any date 7,where [, = K1 — K. Rearranging terms, we have
(1'{"’)BIZCr‘*’G/‘*/:—YI‘*"BrH' 3)

Forward this identity by one period and divide both sides of the result by 1 +r.
This step yields

Cooi+ G+ Ly — Y Biy2

B = ,
1 +r 14+r

which we use to eliminate B, fromeq. (3):

A A S A e SR S

) Crit + G+ Ly = Yig n B2

O+nB=C+G +1 -V + .
tr 1+r

We can repeat the foregoing process to eliminate B,;;/(1 + r) here. Forward eq.
(3) by two periods and divide both sides of the result by (1 + r)*. This operation
gives the equation
By _Clv42+(l‘l'2+ll+2‘ylf2 BH}

L+ r (1 4r? (I +r?

which we use to substitute tor Byya/(1 + r) in the equation preceding it.
By now our iterative substitution method is clear. Repeating it, we successively

elimimate B, 3, B, 4, und so on. This sequence of steps leads to the constraint we

seek: . ;
(+T N 1ONT X "
— (Co+ 1)+ —— ) /By /)

;(l+r> _ ) <]+r)’\\::_i]/l ‘ ‘

BT e | al =
«(l+r)B,+Z< ) Yy = G 1 AR BN

s=t s , ) e f
- . e i

To find the consump(ion/inveslmcm plan maximizing U, in eq. (1) subject to
eq. (4), we first use the current account identity, written as

Byyy— By=rB,+ A,F(K,) = C, = (Key) = K)) = G,

g

to substitute for the consump[inn levels ineq. (1). Thus, U, is expressed as
. e = . P

+7 " .
=3 B u[(+ 1B, - Bost + AF(K,) = (Koyt — K) = Gy
s={ N . v »)’

One finds necessary first-order conditions for our problem by maximizing U, with
respect to B,y and K, 1. (Supplement A 1o this chapter outlines some alternative

but equivalent solution procedures that sometimes are used in this book.) For every
‘permd § >1,two conditions must hold:

D u'(C = +r)pu (Cm)' , %)
AF K =r. | (6)
We thC alreddy met these conditions: they are the consumption Euler equation
and the equality between the marginal product of capital and the world interest rate.
They correspond to eqs. (3) and (17) from our two-period model in Chapter 1.
As in the two-period case, we simplify by observing that the terminal condition

()

must always hold for a maximizing individual: lenders will not permit the individ-
ual to die wnh unpdld debts (that is, with B,+r+1 < 0), nor can it be optimal for




the individual to leave the scene with unused resources (that is, with B4 (> 0).
(Since the cconomy is assumed 1o end after T periods, there are no descendants
around 1o inherit a positive B,741.) As a result, the economy's unique optimal
u)nsumpuon pdlh satisties eq. (5) and eq. (4) with By 741 =0,

t+7 1 s—1 +T 1 s . .
}:(———) a7+l>—<v+n3r+§:( ) Y -7~ ®
s=1 I+r s=t tr . ™~

where all investment and output levels are determined by eq. (6), given initial
capital K,. )

One Tmportant example assumes A == 1/(1 + r). The consumption Euler equa-
tion shows that optimal consumption must be constant in this special case. You can
caleulate that the maximum constant consumption level satistying eq. (8) 1 is!

] r
L= - Y
< {1*(l+rfu*“}<l+’) N

N

hY

1yl s- 0
....... -G, — . 9
sl +r If,+2(l+’> (Y, — Gy~ 1) )

vy =

N

We will not linger over such complicated-looking consumption functions, which
often arise in finite-horizon models, because by moving directly to the infinite-
horizon case we can reduce their complexity and make them easier to interpret.
For example, letting 7 — ~c in eq. (9), we obtain the simpler equation

st
o= —— 4y 1x,+Z<-f—> (Y, — G, — 1) |. (10)
L+ — \
With this consumption function, the private sector consumes the annuity value
of its total discounted wealth net of government xpendmg and investment. The
idea is assoctated with the * ‘permanent. munm _hypothesis™ advanced and tested
by Fricdman (1957).2 o

8 . 3 T
1 1o doing this caleulation, use the fact that for any number £, the sum I + § + E7 + ..+ E =
(1 &1 Y01 = ). (To verify the formula, multiply both sides by 1 — &)

> [he annuity value of wealth is the amount that can be consumed while leaving weakth constant. It
we detine date ¢ wealth, W,, to be the term in square brackets on the right-hand side of ey, (10), then

that equation reads

N r
¢ W,

Consumption on date 1 is theretore equal to the interest on end-of-period £ — | wealth, W, /(1 + 7). as
a result, W, remains constant over time. As an alternative motivation, notice that eq (5yin Supplcmuu
A to this chapter shows tat W, = (1 + FI{W, — C;). From this equation, only (', = rW, /A + ) is
consistent with an unchanging wealth level

- An Infinite-Horizon Modt:!

It is not always convenient to solve infinite-horizon optimization problems, as we
Just have, by tirst solving a finite-hortzon problem and then seeing what happens
when the horizon becomes very distant. fn most cases it is simpler to solve the
infinite-horizon problem directly: this subsection describes how to do so.

Our interest m solving infinite-horizon problems goes beyond mere conve-

nience, though. For one thing, we would like to know how the relevant C()ns‘tmims‘

and preferences look when there is no fixed end to time, Does the absence of a
definite end point for economic activity raise any new possibilities? For example,
can debts be rolled over perpetually without ever being repaid?

The utility function we use is the obvious generalization of eq. (1):

~ .
U, = /Ii{]; [14((',) + Bu(Ciyy) + ﬂzu((‘,,.g) + ] = Zﬂ" "(Cy). ! (1n
Rt

The only new question that arises concerning this function is a mathematical one.
The limt in eq. (1) need not exist tor all feasible consumption paths, possibly
mmplying that there is no feasible consumption path that cannot be improved on.
While we shall see such a case shortly, the possibility that the individual’s maxi-
mization problem has no solution will not trouble us in practice. One generally can
avoid the issue by assuming that the period utility function #(C) is bounded from
above: this type of boundedness can assure the existence of @ solution because it
implies U, cannot be arbitrarily large. Restricting oneself to bounded-from-above
utility functions would, however, be inconvenient. Many of our simplest algebraic
examples are based on 1« (C) = log(C'), which lucks an upper bound, as do all other
members of the isoelastic LLL\S with o > 1. Fortunately, it will turn out that jn most.
standard apphcations a utility maximum exists even without bounded period utility.

Let's therefore assume an optimum exists and look at necessary conditions for
maximizing U, in ¢q. (11). As in the finite-horizon case, we substitute for the
consmn‘pthi;)n levels ineq. (11) using the current account identity and obtain the
same maximand as carlier, but with 7" = oo:

By

e
Ui=Y B 7wl +1)B, = Beot + A, F(K )~ (Ky oy — Koy — Gy].

R
Maximization with respect to B,y and K, once again yields egs. (5) and (6),
which must hold now, as in the finite-horizon case.

As betore, we need to combine these necessary first-order conditions with the
intertemporal budget constraint to determine the optimal consumption level for
each date. But what form does (hu budget constraint now take? For the case of an
economy lasting only 7 periods, in which the mterlcmpoml budget constraint was

eq. (4), we know that eq. (7), B, 7+ = 0. always holds. For the 7" period case,
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there was thus no harm in assuming that the consumer maximized subject to eq.

().

Your first guess might be that the proper way to generalize this reasoning is t0

assume 1iM7T oo Biy 7141 = 0 always must hold. But that guess would be wrong!

The easiest way to see this is to imagine an economy with a constant and exoge-

nous output level ¥ and no government spending, in which 8 = 1/(1 + r). Recall

1 (S8)'s llnp]ILdllt)n that in this case, optimal consumption must be constant at

come level €. As a result, the current account identity implies that the Lconomy S

net foreign assets follow

VB ro=4nB g+ ¥ - C

=0 +n[0+rBara+ ¥ -Cl+Y-C

:...—':(l+r)IFHB, Z(l*{'f) )_, )
s=0

I—a+n™ o
A4 - e (V= 0)

! S EnTE ,
=B+ (B +Y-C)| ————|. (12)

’
The last equation implies that, unless C =rB; + Y. limyome Bryr4a = 400
(for consumption below initial income) or —00 {for_consumption 4 abave_initial.
income). Even if the individual consumes exactly initial income forever, so that
B,y .1 = B, forall T, foreign assets will not obey limy_,~c BH“; = () unless it
accidentally huppens that initial net foreign assets are zero. So the naive “limits”

version of condition (7) doesn’t appear useful in characterizing optimal plans.

The right condition comes from inspecting cq (4) and noting that the terminal
condition leading to eq. (8) is actually (1 +r)” "B, +1+1 = 0 (which holds if, and
only if, B, 41 = 0). Taking this term’s limit yields

T
1
lim (——-—-——> Biir+1 =0. 13
I+r

T

Condition (13) is called the transversality condition. It implies that tho :clovanl
infinite-horizon budget constraint is the limit as T — o0 of eq. (8), which is the
sume as lhe 1xmu ot eq. (4 (4) wnth eq. (13) 1myosed

i( : >A (<, +I)——(1+r)B,+Z<

51
) (ys_’Gs)- (14)
1 +r “—
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3{) 1ca“) using up exactly the resources_

2.1 A Small Economy with Many Periods

Why is eq. (13) the condilion we seek? Think about how eq. (4) behaves as T
gets very large. ﬁ"rﬁir_.mﬂ ry"T B, 741 <0, the present value of what the
economy is consummg and mvestmg exceeds the present value of its output by
an amount thai NEver CONVErges to z zero. The economy is continually borrowing to

meet the interest payments on its foreign debt rather than transferring real resources
to its creditors by rcduuné C+1belowY —G. Asa resull its debt grows at
1hc r.m. S of interest ( (at teast), which is why limy_ o (1 +r)” B,H“ is strictly
nq\‘mvc But toreigners will never allow such u Ponzi scheme at their expense: that
would amount {5 providing dnmhu economy with free resources. und they would
prefer o consume thosc resources (hgm\glvu (For this reason, the requirement
Iun, NV EAT If, P 0is Calied the no- Ponzi- gmm‘ umdlm

" In the opposm case, iM7 L oo(l + 7)~7 Biirer > 0 (a strict inequality), the

BF‘?SC“_L value of the resourEes the” home economy uses never converges up to the

qunled giftto forexgners PLnnly they u)uld raise lhcnr lltuxmc utility by consummg
a little more. Ummllmr_,oo(l +r) "B 741 =0is the economy, asymptot-
s budget constraint allows, no more and no
less. Thus, for the present problem, Londmom 13), (”) (5), and (6) are necessary

and sufficient for optimality. [Implicitly we are still assuming nonbinding nonnega-

tlvuy constraints on € and K. The nonnegativity constraints imply that a country’s
foreign debt must be bounded from above by the market value of a claim to its
entire future net output, that is, by Y75 (1 4+ r) " 0-0(Y, — G, — [,).]*

Before going on we mention an existence problem analogous to the one caused
by positing, as in eq. (11), that utility accrues over infinitely many time periods.
Because of the lack of a definite end to time, the budget constraint (14) may not
be well defined. For example, one can easily devise model economies with nega-
tve real interest rates. (Can you write one down?) In such models neither side of
eq. (14) has meaning. If you think about it for a few minutes, you will see the eco-
nomics of this mathematical oddity: in a world with negative interest rates, debts
shrink over time even when no payments to creditors ever are made, so people do

3 I the 19208, Boston swindler Charles Ponzi duped investors by offering high returns that he was
able to pay. for 4 ume, using money provided by new clients. Once the flow of new money dried up,
however, Ponzi could no longer meet his obligations and his fraud was exposed.

4. Toavoid misunderstanding. we reiterate the reasoning we have followed to conclude that transversal-
ity condition (13) can be imposed on the individual's maximization from the start. (We followed parallel
lopu inimposing 8,1, = 0 on finite-horizon problems ) The no-Ponzi- -game condition imy_, o (1 +
77 B,, r 1 > 0 is the true constraint on the consumer, who is certainly trec not to consume all life-
time resources if he wishes. The transversality condition lim7 (! + r)" 7B, , 7., , = 0 states that it
cannot be optimal 1 do so (provided the marginal utility of consumption is positive). The transversality
condition thus Is not a constraint, but since it must hold for (vmu_x]ly) all the problems we consider,
nothing 1s lost by imposing it from the start and thereby assuming that intertemporal budget equality
(14) has to hold. Appendix 2B and Supplement A to this chapter develop alternative motivations for the
transversality condition. In the rare cases when it need not hold, we will warn you.
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not face meaningful budget constraints.’ A somewhat more plausible situation in
which eq. (14) is problematic arises when r is positive but output grows at a net rate

above r. In such cases, the pres
As (‘h'upvlcr 7 will show, we need not worry about this troublesome possibility in
representative agent economies with subjective discounting of the future and in-
vestment, but the issue may arise in economies with overlapping generations such
s those discussed in the next chapter. We return to the topic there. For the balance
of this chapter, we assume that the interest rate is positive and all economic vari-
ables whose present values we need to compute grow at net rates strictly below the

rate of mterest.

Application: When Is a Country Bankrupt?

Both government policymakers and private actors in world capital markets spend
a good deal of time analyzing the “sustainability” of indebted countries’ current-
account deficits. Their purpose is to detect situations in which countries might
become bankrupt. that is, unable to pay off foreign obligations at their face values.
In such a situation, constraint (14) would not hold with foreign debts valued at par.

Assessing the possibility of national bankruptey is a very subjective matter. In
reality. it is hard to forecast future national outputs, and, perhaps more importantly,
there may be limits to the share of GDP that a country is willing to devote to re-
paying foreign creditors. (We look at the latter issue in great detail in Chapter 6.)
Notwithstanding the large subjective element involved, assessments of creditwor-
thiness are made all the time and motivate both the course of economic policy and
the decisions of private internationul investors. It has happened repeatedly, most
recently in the decade starting in 1982, that groups of countries are cut off from
world capital markets because potential creditors perceive them to be bad risks. It
is therefore useful to know whether current account data otfer any rough-and-ready
indicators of national bankruptcey.

A useful framework for thinking about this question is provided by rearranging
constraint (14) to read

’x_.‘ ] sl e
—(1+r)B = Y, — Cs — Iy — Gy).
S B L(Hr) Y, = C, B

"""" y =
" Detine the quantity 7B, =Y, — €y — I, — G, as the economy’s trade balance.
_The trade balance is the net amount of output the economy transfers to foreigners

—————

1 o . : .
5 teach period. The preceding constraint states simply that the present value of an

. ' g : A
- A ALt |

LS )

5. For this reason, we would not expect the transversality condition (13) 10 hold in a model with a zero
or negative interest rate. A famous example in which the condition fails to hold is Ramsey’s (1928)
famous model of optimal economic growth, which assumes no discounting of the future (8 = 1) and
thus has a 7ero long-run rate ot terest.

Value of the economy’s resources is unbounded!

~ " initial debt {o the

2.1 A Small Economy with Many Periods

Current account (percent of GDP)
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Figure 2.1 - ‘
Current accounts of Australia and Canada, 18611994 h
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., economy’s resource transfers to foreigners must equal the value of the economy’s
m. Thus the intertemporal budget constraint holds if, and only if,

u)umrypayx off any initial foreign debt through sufticiently lurgc future surplusc;

in its balance of trade. - o ' :

lfigurc 2.1, which shows the current accounts of’ Australia and Canada over the
gnnrc historical span for which data are available, illustrates why this way of look-
ing at national solvency is helpful. Policymakers often view persistently large cur-
r?m account deficits as a portent of future borrowing problems. Both Australia and
C ur.ladu have run persistent and, at times, immense deficits, especially during their
periods of settlement and development prior to World War 1. But both countries’
strong tendency to run deficits has remained pronounced in the postwar period.
Between 1950 and 1994, Australia’s current account was in deficit in all but four
years, while Canada’s was in deficit in all but five. And even these postwar deficits
have been substantial, as Figure 2.1 makes apparent. l
Does it follow that Australia and Canada are about to go broke? On the con-
tmry they have been able to finance their external borrowing with remarkably little
difficulty. Figure 2.2 shows clearly why Canada’s credit has remained good: even
though the country has run currenr account deficits, its trade balance has registered
§ubs(unlia] surpluses over 1976-93. The reasons for Australia’s continuing cred-
itworthiness are less obvious from Figure 2.2, which shows that, despite a 1993
debt-GDP ratio of 54 percent, the country has had persistent trade deficits since
1976. Perhaps Australia’s creditors, reassured by recent economic reforms expect
trade surpluses to emerge in the relatively close future. ’
‘ Indeed, an economy with growing output can run perpetual current account
“ deficits and sull maintain a constant ratio of foreign debt to both output and wealth.
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Trade balance (percent of GDP)
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Figure 2.2 ) .
Trade balances of Australia and Canada, 1976-94. (Source: QOECD)

Suppose that Y, = (1 + g) Y. where g > 0 llxheclutputgf()\fth rate, and that %}e
‘economy maintains a steady debt-output ratio B,/ Y5, so that ‘BH[ = (1 + g)B;.
The current account identity implies a steady imbulgngvcgf

‘ B,y — By = g B, =rB, + T8,

“Whitch shows that
T8, —tr—g)B, B
Y, - Ys Yo/(r — &)

The first equality above shows that to maintain a constant debt-GDP ratio, the
country need pay out only the excess of the interest rate over the growth rate. The

secon OWS | cess:
equal to the ratio of debt to the worl .
entire future GDP. Thus, the ratio —(r — g)B/Y. p\:usu,rpp;}bgkgﬁ}ggﬁgﬁfgmgn

cqm?ﬁ?ﬁms that the necessary trade balance surplus is a fraction of GDP
ti ' arket value of a claim to the economy’s

JEBTTMPOSET D the_economy. The higher this burden, the greater the likelihood

that t eﬁgbt is unsustainable, in the sense that the debtor country finds itself unable
or unwilling 6 répay.® o

Table 2.1 reports values of this measure for a sample of economies. For r we use
a real interest rate of 8 percent per year.” For g we use estimates based on average

6. Foran interesting and related attempt to construct an index number measuring nguonul solvency, see
Cohen (1985). Notice that we assume r > g. in line with the assumption made earlier on p. 66.

7. Since the real world is stochastic, practical application of our debt burden measure r‘cqglres address-
of what interest rate should be used in discounting a country’s tuture output.
ate, since the country's future growth rate g is highly
bly a better approximation, and this tends to be much

ing the subtle question ‘
Clearly, a riskless real interest rate 1s mappropn
uncertain. The rate of return on equities is probal

69

2.0 A Smalt Economy with Many Periods

Table 2.1
Real External Debt Burdens of Selected Countries, 1970-91 (percent of GDP per year)

Country 1970 1983 1991
Argentina 0.5 29 39
Australia 1.7 1.3 24
Brant 0.0 1.3 0.8
Canada 1.2 1.6 1.6
Chile 1.7 1.5 31
Hungary 0.0 23 3.8
Mexico 0.1 31 1.5
Nigeri 0.1 1.1 4.8
Thaland 0.0 (L0 0.2

Source: Authors” calculations based on data from World Bank, World Development Report, various
insues.

output growth for each individual country. The average growth rate of real GDP
over 1970-91 enters the calculation of the 1991 debt burden; to calculate the 1970
and 1983 burdens, we use average GDP growth rates over 1970-80 and 1980-91,
respectively. According to our measure, external debt burdens vary widely across
countries. The 1991 burdens were greatest for slow-growing Argentina and highly
indebted Nigeria (its debt-GDP ratio exceeded 100 percent), and smallest for fast-
growing Thailand. Note also that the demands of foreign debt service generally
tend to be relatively small. In many cases the trade surplus needed to service the
1991 debt amounts to less than 2 percent of GDP, and it is far lower than that
figure in rapidly growing economies. Thus, even though some of these countries
had sizable ratios of debt to GDP in the early 1990s (Mexico's ratio was 36 percent,
Thailand’s 38 percent, for example), it would be hard to describe these levels as
unsustainable based purely on ability-to-pay criteria.

As mentioned earlier, a decade-long international lending slowdown started in
1982 its greatest effect was in Latin America. Table 2.1 generally does show a
sharp rise in debt burdens for the countries in this region between 1970 and 1983,
notably in Mexico, where the debt crisis began. But while Mexico’s 1983 burden
1s significant, those of countries like Brazil and Chile seem too moderate to have
pushed these countries into crisis too. Two factors not evident from the table are
part of the explanation. First, short-term real interest rates increased sharply in the
1980s. If investors expected these rates 1o be sustained, such expectations could
have sharply increased estimated debt burdens. Second, by preventing countries
from borrowing against expected future growth, a cutoff of lending can, itself,
heighten the pain of servicing existing debts. That is, a foreign debt crisis can have
self-fulfilling elements.

higher: thus our choice of 8 percent for these developing country claims. We defer a rigorous discussion
of how to price a claim on a country’s future output until Chapter 5.
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Still, Canada’s immunity to the post-1982 debt crisis and Alfstraliu's anndanc‘e
of a crisis in the early 1990s suggest that additional. factors mﬂue'nced‘ mtfrr'na‘—
tional lenders when they decided to reduce their lendlng to. deyelépxnghc(?un 01;3:_.
In particular, lenders feared that the political andllegal institutions tn lh'ovshc cdebt
tries would be too weak to ensure compliance w1t?1 even r.nodcrzucly g .erect o
obligations. As we have already noted, Chapter 6 will examine how the prosp

. o ) -
national default affects international credit markets.

2.1.3 Consumption Functions: Some Leading Examples

i ans derived in secti 2leads to
The characterization of optimal consumption plans derived in section 2.1.2 lea
a number of useful examples.
1 nt
1. As a first case, return to the economy for which g = 1/(! +r), _tbe govzernmt_:l‘)éw
uses no resources, and output is exogenous and constant at Y. Equation (12) Cdl.'l
used to show that the only solution for consumption satisfying the Euler equations

(5) and the transversality condition is
‘;C,:EZTB,*‘)_/

“Economic actors choose a constant consumption leYcl equal to the ccolnomy sxe-
come, which, in the absence of variation in output, is als'o coqstant OYLF tln;]e. o
could, alternatively, have derived this Consump(i?n func%xon directly tron:l t ;ﬂ:;n
ler equation and the intertemporal budget constraint. We illustrate how to do

our second, more complex, example. o

2. Retain the assumption 8 = 1/(1 + r), which imPIies that consumption i$ fon:
stant at some level C, but allow fo{ !ime—varying {nvestme_nt. governn’lTnk:u;or;[
sumption, and output. To solve for C. substitute it Into the intertempora g

constraint (14),

s o l Rt 4 .
5~ (! (@ = — ] (Y= Gy).
Z(l+r) <C+1.;>—(1+r>3,+2(1+r>

s=t

=1

Solving for C, we obtain

o0 1 st
C s Yy = G = I)
C—__C[Zm (1+r)B,+Z<]+r) (Y5 s 5

s=t

This is the same as eq. (10). . 1
3. Suppose the period utility function is isoelastic, u(C)=C /(1 —1/o).
Euler equation (5) takes the form

(15)
Cit =(1+1n)78°C,.

— SR IBAN LAUNUILY WU IVIAIY FETI0g8

Use itto eliminate C, 4y, Cpya. ... from budget constraint (14). Under the assump-
tion that (} + r)? 'A% < I, so that consumption grows at a net rate below r ac-
cording to eq. (15), the result is the consumption function

G+nB+ 2 () 0= G- 1y
¢ =
’ Z:’:l [(l +I‘)"‘|ﬂn]-"'

Defining 9 =1 — (1 + r)" A7, we rewrite this as

r+ > P
Co=—— (4B + e Y. -G, ~ 1)1 16)
1 l +r ! ; , 4 r A K} ¥ (
Given r, consumption is a decreasing function of 8. Notice that when the ex-
pression (1 +r)° ! 87 is above 1. the denominator of the expression preceding eq.
(16) is 4 nonconvergent series and the consumption function is not defined. This
nonsensical mathematical outcome reflects a possibility mentioned earlier, that no
utility maximum exists.?

It is easy to check using eq. () that, regardless of the wtility function, a small
country’s consumption grows forever when f > 1/(1 4+ r) and shrinks forever
when # < 1/(1 + r). The fixed discrepancy between 8 and 1/(1 + r) 1ilts the de-
sired consumption path, upward if the consumer is patient enough that 8 > 1/(1 +
r). downward in the opposite case. Only when it happens that 8 = /(I +ryisa
constant, steady-state consumption path optimal. (A steady state for a variable is a
level that will be maintained indefinitely unless there is some external shock to the
system determining the variable.) Note that if somehow the time-preference fac-
tor f# could be made to depend on consumption, this type of knife-edge behavior
would be avoided. Supplement B to this chapter shows one way of achieving this
result. [n the next chapter you will see that a small economy populated by diverse
overlapping generations can have steady state for aggregate per capita consump-
tion even when all individuals share a constant time-preference factor 8 different
from /(1 + r).

The possibility that there is no steady state when (1 4+ r)8 # 1 is more than
a mere curiosity. It shows that some of the very-long-run implications of the
infinitely-lived, representative-agent, small-country model must be interpreted

8. Why? The intertemporal budget constraint could not be satisfied in any usual sense were C to grow
at 4 gross rate of 1 + r or more—the present value of consumption would be infinite. But optimality
requires consumption to grow at the gross rate (1 + r)7B% > 1 + r. Thus the best the consumer can do
Is to get the consumption growth rate as close 10 1 4 7 ay possible, without ever actually reaching 1 + 7.
That 15 a muximuzation problem with no solution, since it is always possible to do a little better! It is
easy to check that, because # is assumed 1o be strictly less than 1, (1 + )7 7187 = | can happen only
when o > | (The assumption that consumption grows more slowly than 1 + r is consistent with our
AssUMpLoOn on p. 66 restricting the net growth rates of real quantities 1o values below r.)
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with caution. Another case in which the small-country model strains believability
is that of trend domestic output or productivity growth at a rate exceeding the rest
of the world’s. For example, with trend growth in its endowment and (1 + nNg=1,
the country will wish to maintain perfectly constant consumption by borrowing
against future output gains. But with consumption constant and output growing,
the ratio of consumption to output must eventually go to zero! We explore the
implications of trend productivity growth for long-run debt-GDP ratios in appen-
dix 2A.

Dynamic Consistency in Intertemporal Choice

A question that arises once an economy exists longer than two periods is whether
consumers, having made consumption plans for all future periods on the initial date
¢, will find it optimal to abide by those original plans as the future actually unfolds.

On date 1 the consumer maximizes U, subject to the intertemporal budget con-
straint, given B,. In solving his date 1 problem of maximizing U,, the consumer
chooses an optimal initial consumption level, C;, and, via the Euler equation (5),
optimal consumption levels for dates r + 1,1+ 2, and so on. On date r + 1, he

maximizes
~
} : s—(+1 ~
Ul+l = ﬁ\ + }u((,\').
st )

given a new lifetime budget constraint with starting assets B;y1 = (1 +r)B, + Y, —
¢, = G, — I,. But do the values of Crpr, Cry2, and so on, chosen on date 7 solve
the date 1 + | maximization problem? If so, we say the consumer’s initial optimal
plan has the property of dynamic consistency.

For a two-period problem, consumption in the second—and final—period is
determined entirely by the intertemporal budget constraint: preferences have no
role. Thus the second-period consumption level planned in the first period must
be implemented. There 1s no possibility of dynamic inconsistency.

With more than two periods, the answer requires more work, but not much
more. Since €, has already been implemented in accordance with the date 1 opti-
mal plan, the date 1 + 1 starting asset stock By, inherited from date ¢ is exactly
the one the consumer originally intended to bequeath. Under the original opti-
mal plan, consumptions from date ¢ + | forward satisfy the Euler equation (5)
and the date 1 + 1 intertemporal budget constraint. The consumption plan max-
imizing U, follows the same Euler equation and must satisfy the same bud-
get constraint, so it cannot differ from the continuation of the plan that maxi-
mized U,.

In a famous article, Strotz (1956) claimed to have shown that certain intertempo-
ral utility functions could give rise to dynamically inconsistent plans. For example,

suppose an individual maximizes

2.1 A Small Economy with Many Periods

N
Uy =1+ ym(C,) + Z B u(C,),

s=141

where y = (), on every date 1. Such a consumer places an especially high weight on
lerrcm enjoyment. From the standpoint of date r, the marginal rate of substitution
of date r + | tordate s > 1 + 1 consumption is ﬂ""”"’lu’(C‘)/u/(C,H). At a con-
stant interest rate the consumer will optimally equate the ]atier o (14 r)y~W-i=1,
On date 1 + 1, Strotz argues, a consumer with these preferences will maximize

>
Uy =1+ y)u(Cry ) + Z B,

s=r+2

and will reckon the marginal rate of substitution of date 1 + 1 for date s > ¢ +1
consumption to be 87" 'W/(C,)/(1 + Y3 (Crp1). If the consumer equates rhis
rate to (1 +r)""% P hig optimal consumption plan will be different from th;c
one desired on date 1.

_ Economists have debated whether Strotz’s examples pose a deep problem for
Intertemporal choice theory, or instead are only a sophisticated rendering of the
mundane observation that people’s plans change if their preferences aren't stable
ovcr_ time.® Strotz’s critics argue that what a consumer with stable preferences
muxxmi.zcs on date r + 1 is not U4, but U, itself, subject to the new budget
constraint and the addirional constraint that C, is historically given. In terms of
the earlier example, the individual would maximize

w
(I + )y + Z B u(Cyy

EES S|

on date 1 + 1, with C; the historical date 1 consumption level. If we look at the
problem this way, it is apparent immediately that lifetime consumption plans can
never be dynamically inconsistent. This observation is true even if U, is of the
general form U(C,, C, 4y, .. ).

. As we have shown, the time-additive utility function that we assumed in eq. (1)
l.\‘nol subject to the Strotz phenomenon. Thus it makes no difference whether you
think of the consumer as maximizing U, on date t + 1, or as maximizing U
on date 1 + 1 given the historical value of C;. We have adopted the former inlcri
prcluti(m in this book, not because we disagree with Strotz’s critics, but because
it alllows more compact notation while making no substantive difference to the
results,

9. Deuton (1992) espouses the latter view
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22 Dynamics of the Current Account

This section derives and analyzes a neat and testable characterization of the cg{gt?nt
account based on the distinction between current flows and ﬁapitahzed valuei_})f

. N gy
future output, government spending, investment, and interest rates.

A Fundamental Current Account Fquation

For a constant interest rate r, define the permanent level of variable X on date r by

s=f

L N ! "X

é(lﬁ'r) XI:;(1+'f) '

so that — s

- r x 1 XW’X E a7
X’El+rZ<1+r> ‘i

A vurizrabvlc“’s ;crmancnt level is its annuity value at the prevailing interest rate, that
is, the hypothetical constant level of the variable with the same present value as the
variable itself. .

Let's assume initially that 8 = 1/(1 4 r). Substitute the consumption function
(10) for that case into the current account identity, eq. (2), and make use of defini-
tion (17). The result is a fundamental equation for the current account,

CA, =By — B, = (Y, = ¥)) = (I, = I}) = (G, = G\). (18)

This simple equation yields a number of vital predictions. Output above its per-
manent level contributes to a higher current account surplus because of consump-

tion Smoothing Rather than raising consumption point for point when output rises ,

‘temporarily above its long-run discounted average, individuals choose to accumuy- t
late interest-yielding foreign assets as a way of smoothing consumption over future I

riods.
peSnmllarly people use foreign borrowing to cushion their consumption -in ,t'h‘c
face of unusually high investment needs. Rather than financing ext'raordma.n?y
pmfitlzvxty.)“ldeub'pf;a;hnities entirely out of domestic savings, countries wish to avoid
sharp temporary drops in consumption by Klv)orrorwing foreign savings.
Finally, abnormaily high government spending needs have the same effect asap-
normally low output. A higher current account deficit enables people to mlmm{ze
such a sﬂock-';“'{‘xul’ipacl‘in any given period by spreading that impact over the entire

10. In its simplest form the characterization comes from Sachs (1982).

-

4.2 Dynamics of the Current Account

future. Chapter 1's application to the current-account implications of wars provides
some good examples of this eftect.

Even though eq. (18) assumes perfect foresight about the future, it is often
used to understand the current account’s response 1o one-time, unanticipated events
that jolt the economy to a new perfect-foresight path. For example, suppose that
itially Y, /., and G are expected to be constant through time, so that CA = 0.

~Suddenly and unexpectedly. people learn that the new perfect foresight path for

output is oiie Wlong which ohtput Talls over time. Equation (18) implics that the

current account will immediately move from balance to a surplus.'!

A model thai assumes perfect foresight except for initial shocks should leave you
somewhat uneasy. In reality the future is always uncertain. Wouldn't it be better
to introduce uncertainty explicitly and model its effects on individual decisions?
Emphatically, the answer is yes. In section 2.3, however, we develéﬁ dnnexEch”nly
stochastic model of international borrowing and lending in which the effects of
random shocks are exactly as described in the last paragraph. Thus there is nothing
seriously wrong about the perfect foresight cum initial shocks mode of analysis,
provided we accept one restriction: countries must trade only riskless bonds, as
they do here, and not assets with payotfs indexed to uncertain events. Chapter 5
will go more deeply into the ramitfications of uncertainty when countries trade a
richer menu of assets.

What replaces eq. (18) when 88 # 1/(1 4 r)? The question is readily answered
when utility is 1soelastic and consumption is given by eq. (16). Here, as well as in
several other places in the book, it is convenient to employ the construct:

~ st
W,E(l—fr)ﬁ,+;<—]j]_—;) (Ye = I, — G,). (19)
Note that as we have defined 1, W, 113 beginning-of-period-1 measure of “wealth”
that includes financial assets accumulated through period 1 — 1 as well as current
and future expected income as of date 1. (Use ot W, rather than our usual end-of-
period asset-stock notation allows us o express certain formulas more simply.)

By logic similar to that leading to eq. (18), eq. (16) then implies

- _ . 9 .
CAi=Y,~Y)—-,—-1)—(G, -G, — ——W, (20)
I+r

where, we remind you, =1 — (1 + r)? 87,

11. A word of caution about applying eq. (18): be sure to remember that the paths of output and
investment are not generally independent. Investment behavior can be inferred from eq. (6). The country
will be 1ncreasing 1ts capital stock in periods s such that Ay, > A, and running capital down in the
oppostie case. Equation (18) thus shows that when A4 s unusually high the current account for date s
is in greater deficit both because current tnvestment is expected to be unusually productive and because
output is expected to rise.
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Dynamics of Small Open Economies

Box 2.1
Jupan's 1923 Earthquake

[

At 11:58 a.M. on September 1, 1923, Japan sutfered one of recorded history’s most
devastating carthquakes. Damage was spread over 6,000 square miles. A large part of
Tokyo was destroyed: most of Yokohama, the principal port, was reduced to rubble.
More than 150,000 peaple were killed or injured. Property destroyed by the quake
and the tires, attershocks, and tdal waves that followed it was valued at more than a
third of Japan’s 1922 GDP.

Japan’s carthquihke is the example par excellence of an exogenous economic shock
whose effects are widely understood to be temporary. OQutput growth slowed, recon-
sruction needs stimulated mvestment, and government disaster relief swetled pub-
lic expenditures—but only for a time. Equations (18) and (20 alike predict sharply
higher current account deficits in 1923 and 1924.

That prediction is borne out. The current account deficit rose from 1.2 percent of
GDP in 1922 10 3.6 percent in 1923 and 4.4 percent in 1924, betore falling back to

1.6 percent in 1925,

The new feature in eq. (20) is the presence of a consumption-tilt factor, ¥,
when 8 # 1/(1 + r). This generalization of (18) shows that the current account is
driven by two distinct motives, the pure smoothing motive [just as in the case f =
1/(1 + r}] and a tilting motive related to any discrepancy between the subjective
discount factor f and the world market discount factor 1/(1 + r). For # > O (the
cotibtry is rélatively impatient) the current account is reduced, but it is raised for
? < 0 (the country is relatively patient). o '

Effects of Variable Interest Rates

Real interest rutes are rarely constant for very long. Variation in real interest rates,
particularly when anticipated, can have economic effects that the fixed-rate model
we've been using obviously can’t encompass. An extended model that incorporates
changing interest rates brings the economy’s intertemporal prices to center stage.

Let o4 denote the real interest rate the market offers for loans between periods
s and s + 1. Define R, as the market discount factor for date s consumption on
date ¢ < s, that is, as the relative price of date s consumption in terms of date 7
consumption. Only if intertemporal prices obey

R, = oo 21
" H:\‘:rul(l+r")

are arbitrage possibilities ruled out. Here, R, is interpreted as I, Ry 41 = 1/(1 +

root)s Repya=1/(1 4+ r) (1 4+ rep2), and so on. If the interest rate happens to be

constant at r, R, = 1/(1 +r)* 1 as before.

1

Z.2 Dynamics ol the L urrent Account

The individual's accumulation of net foreign claims between periods s and s + |
1S
B\'I“B\:Ys*"r‘\B\‘-C.\"("\"]s- (22)

Retracing the steps leading to budget constraint (14), which assumed a constant
interest rate, we now derive the date 1 budget constraint

~ ~
S RACH L) =) B+ ) R(Yy = Gy (23)
vt Nl
The derivation of this constraint assumes that the generalized transversality condi-
tion

lim R iy7Biyry1 =0
e

always holds.

Let’s follow our usual methed of eliminating consumption from the lifetime util-
ity function U, via the current account identity. Also, express output as a function
of capital using the production function. The first-order conditions for the individ-
ual’s problem are the (by now) familiar:

W (Coy= (1 +ro DB (Coyn). (24)

A Fi(Ken) =rog

Given an isoelastic period utility function with «'(C) = C™'/°

(24) implies C, = R, 7B C, for s = 1. Together with eq. (23), this evolution
of consumption implies the optimal consumption level

. Euler equation

B A YN RY ~ 1 = Gy
C = - i 7 | .
Z.\:/ Rl,\ [R,“\ /’-3(7(.\ n]

You will recognize eq. (25) as a close cousin of eq. (16), which assumed a

constant interest rate.'? Rather than exploring its full range of implications, we
concentrate on generalizing the fundamental equation of the current account, eq.
(20).

With variable interest rates, the permanent level of a variable is found by solving

Y . [2.%)
STRLX =) RiX,
=t

s={

so that

12, The fannily resemblance is easy to spot if you took at the unnumbered equation directly preceding
eq. (16)
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X, = Z;\—j Ri X

war Ris
By the Euler equation, the gross growth rate of consumption between dates ¢ and
5. Ci/Cy. equals R, 787~ Define I', to be the discount-rate-weighted average

of consumption growth rates between date ¢ and later dates:
I: B L"’ R, s [Rl N ﬂﬂ(& 'll]
)= : .
Z.\Zz R
By substituting eq. (25) into the current account identity (22) (for s =), we learn
(after a fair bit of algebraic manipulation) that'?

CA = (r = F)B + (Y, = ¥) = (I = 1) = (G, = G))
IV AW S
SN (B V-1 =G (26)

I

This generalized fundamental equation has a new and important implication that
was masked by eq. (20)'s assumption of a constant interest rate. If the economy 1s
a net foreign claimant and the world interest rate currently being carned exceeds
its permanent level, the current account surplus is unusually high as people save to
smooth into the future their unusually high asset income. Matters are reversed if
the economy is a net foreign debtor.

Notice the form consumption tilting takes. In the current account equation we
have derived. the annuity value r; B, + Y, — I, - G, is the consumption of a hy-
pothetical consumer for whom intertemporal substitution is intolerable (o = 0).!4
Consumption is always constant through time for this consumer, but for nonpalho-
logical consumers with ¢ > 0, consumption can, on average, be growing (F,>1)
or shrinking (I'; < 1) over time, depending on the time path of interest rates in
relation to . Consumption tilting adds to the current account the product of a con-
sumption growth coefticient and the consumption of a 0 = 0 individual.

13. There is only one tricky part of the derivation. As a preliminary step. make sure you see why

~
Z Ry ore=1

s=r41

(The left-hand side is the discounted stream of payotfs from one unit of output invested and rolled over
in perpetuity, while the right-hand side is the price of that asset.) Now use the preceding fact to verify
the chain of equalities:

~~0 oo

1+ r red e Resre 300, Rers ;
TR = = = TR =
L\ =/ Ry L\:l Ry Zﬂ:l R,

This hint should be enough to guide you to the following equation without (oo much trouble.
14. To see why, set o = 0 in eq. (25) and use the final result in the last footnote.

2.3/ A Stochastic Current Account Model

LY A DTOUTIISLIC U UTTUHL 230Ut iviouc

23.1

utlhlz,

Thus far we have looked at perfect-foresight economies, but it is time now to think
more carefully about the inherent uncertainties that always underlie consumption
and investment decisions. People plainly do not foresee pcrfeclly the random eco-
nomic events that can dﬁu(ﬁlﬂgﬁ‘t‘ﬁlure ‘wage mwme or [hc _payoffs on invest-
ments Decisions mddy must be based on informed EULSSCS about what is likely
to hdppen later on; as new information comes in, people revise previous plans.
Madeling this process should lead to more realistic empirical predictions about the
short-run behavior of economic aggregates. In this section we discuss a particularly
simple way of introducing uncertainty that leads to a mode! very similar in spirit to
the ones we have been studying.

The main difference uncertainty makes here is that individuals can now be sur-
prised by unexpected events, not just in a hypothetical initial period, but repeat-
cdly. While we previously endowed individualy with perfect foresight concerning
their future consumption possibilitics, in a stochas ic ¢ v n only make the
‘weaker assumption that individuals have rational expectations. A rdnona] expecta-
tion is a mathematical conditional expectation based on an accurate model of the
economy'’s structure and on all the information about current _economic_variables
that the individual has available. Rational expcctduons of future events need not be
correct, but rational forecasts ar biased, and rational forecast errors are uncor-

related with the information on which the forecast was condmoned RED

Uncertainty and Consumption in a2 Small Infinite-Horizon Economy

We now allow future levels of output, investment, and government consumption
al} to be random variables. In this setting, individuals can only choose contingency
plans for futurc consumption, rather than definite future consumption levels. Future.
consumptions therefore are random variables. We assume that the represent;mve
individual, faced with this uncertainty, maximizes the expecled value of llfeume )

———— B

o0

Ur=E Y B 'u(C)
- y=f

The opcm[or E, {1} is a mathematical conditional expectation—a p probability-

weighted average of p()\\lblL outcomes, in which probabilities are condmone‘ on

all information available 1o the decision maker up to and including date .

15. The classic original reference on rational expectations is Muth (1961). Lucas (1976) discusses
implications of the rational expectations hypothesis in macroeconomics.
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A riskless bond is still the only internationally traded asset in this model.'® For
simplicity we assume that the world interest rate is constant at 7, so that the same
current account identity (2) as in ih'eivécnziinkty model holds for each period. In
this stochastic setting, the same itefative argument that led to the certainty model’s
intertemporal budget constraint (14) leads to the apparently identical equation

-~ l N =1 o !
e Ci+ 1)y =1 B —
Z(l+r‘> W= +r>,+;<l+">

v

K

I
(Y, - Gy

Now there is a subtle difference, however. The preceding equation involves random
variables, and its derivation requires that Ponzi game outcomes in which debt
grows at the rate of interest never oceur, regardless of what shocks hit the economy.
This restriction means that the random intertemporal budget constraint must be
piidihanste Bkt et

obeyed with probability one. -
"“The current account identity (2) can be used as in the certainty case to elimi-
nate consumption levels from U,, turning the consumer’s problem into the uncon-
strained maximization of
G
U,:E, Zﬂ\ JIA [(l +V)BA\ “B.H—l +Y_‘ ‘Gx"l.\'] ) (27)
s i
with respect to the sequence of contingency plans for net foreign asset holdings.
The first-order condition with respect to an unconditional change in By is

\

:',{u'((,‘»,.)}::(l +r)ﬂE,{u/(C,\,|)},; E (28)

‘which implies for date s = 1 that

u'(Cr) = (1 +r)BE {“f(CrH)} . i 29
This stochastic Euler equation generalizes the deterministic equation (5).
The Linear-Quadratic “Permanent Income” 'M’(‘)del

A variant of this model that has been extensively applied in the empirical literature
is the linear-quadratic utility model in which the period utility function is

16. Enlarging the menu of traded assets 1o include assets with risky payoffs has important consequences
for the model’s dynamics. We study this question at length in Chapter 5, and in Chapter 6 consider
theoretical reasons why the bonds-only economy of this chapter may be a reasonable approximation for
cmpirical purposes. Our assumption of expected-utility maximization also recerves further discussion
i Chapter 5,

17. We continue to assume that there are nonnegativity constraints on consumption and capital stocks
which are nonbinding with probability one. The consumption assumption implies that a country will
never letits toreign debt get so farge that an adverse output shock allows it to remain solvent (with
probability onet only by setting € < 0. Under mild restrictions on output growth, this precautionary
behavior implies that the transversality condition on foreign assets will hold with probability one.

%1

2.3 A Stochastic Current Account Model

5

Ci a0 (30)
- . N . *

With quadratic utility. one can actually solve for the optimal level of consumption
in much the same manner as in the perfect-foresight case. In_order to cqnstgg_ih

w(Cy=C — do

2

consumption 0 Tollow a trendfess™Tong-run path, we specify that (1 +r)g =1,
although this restriction could easily be reluxed.

Notice first that the marginal utiliiy of con.sL;nplion, u(C) =1~ ayC, is linear
in C. Substituting this murgimﬂ urlyilirly into the Euler equation (29). we obtain
Hall’s (1978) famous result

EICI+I=CI;) 3h

Moo
that is, consumption follows a random walk.'*

We ¢an use the random-walk Euler 'cm‘l:niion to derive a reduced form for the
level of consumption as a tunction of current and expected future values of output,
government spending, and investment. The intertemporal budget constraint holds
with probability one, so it plainly holds in expectation:

. ~x l A—-f (2 ¥ l N1
K, Z(m) (C.+ 1)} =E, (1+")B’+Z(l+r) (Y, =Gy
ya=1

A=

In the case of quadratic utility, the Euler equation (28) implies that for any’s > !‘{
BC =B = EC 2= =BGy = (. Substituting ¢ for E,C, in the -
expected-value budget constraint and rearranging ytelds

> 1 s >~ 1 y—t "
o ¢, =E ] y ) a1 !
Z,(w,) = Ei{( +,)1,+Z;<wl+,_> (=Gt

"he solution for ¢

is simply an expected-value rendition of the permanent income

c«)n;umplion function (10):

, ~ 1 s--1
C,:-————]+r (|+I’)B(+Z<]+r) E Yy~ Gy = I} . (32)

s=t

With quadratic utility, consumption is determined according to the certainty
equivalence principle. People make decisions under uncertainty by acting as if
future stochastic variables were sure to turn out equal to their conditional means.

Certainty equivalence is rarely a rational basis for decisions. It is appropriate here
e . . Sy . . . . g
becduse the special quadratic utility function in eq. (30) makes the marginal utility

18, More precisely, consumption follows w martingale, meaning that the expected value of Coyq con-
ditional on @/ avatlablé& information (not just the history of consumption) is C,. Hall (1978) found that
UTS et capita consamiption dita did follow an approximate random walk. But that stock-market prices
added significantly to the predictive power of past consumption for tuture consumption.
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of consumption linear in C, eliminating all moments of ¥ — G ~ I higher than the
first from the consumption function (32).

Note that the derivation of eq. (32) did not exclude the level of C becoming
negative, or C growing so large that the marginal utility of consumption, #(C) =
I — ayC, becomes negative. These problems could be confronted explicitly, but the
neat linearity of the certainty equivalence framework would then be lost. For these
reasons, the consumption function (32) is best viewed as an approximation that
captures the spirit of consumption-smoothing hypotheses like Friedman’s (1957).
Again, as we warned in our perfect-foresight analysis, this highly tractable model
gives useful insights about the effect of short- to medium-run fluctuations, but its

long-run implications must be interpreted with caution.
Output Shocks, Consumption, and the Current Account

As a simple application of the lincar-quadratic model, forget temporarily about

government consumption and investment and suppose that output Y follows the

exogenous stochastic process
R . STy

/Y,,,l—)_’q’py(Y,—);)—#—e,H. (33)

“WHETE €, is a serially unu\rreld‘ed disturbance, E;e,4) =0, and 0 < p < 1.
Because E;ey =0 for Alls > (by the law of iterated conditional expectations)
the preceding stochastic difference equation for output implies

? EfY, =V =p (Y= 1), ) (34)

“as you can check by iterated forward substitutions.?® Note that when G =1 =0,
eq. (32) can be written

e E 1 \'" _
([—rBI+y+]+rZ<l+r) hl{ys"y}'

=1

The approximation view of eq. (32) raises two questions. First, what ensures that wealth does not
rundomly walk arbitrarily far from the approximation point? Second, given the absence of a natural
expected steady state for wealth, around which wealth level is an approximation to be taken? One
answer comes from precautionary saving theory (see section 2.3.6). Clarida (1990) proposes a general-
equilibrium model of borrowing and lending by a continuum of stochastic endowment economies, each
subject (o a nonnegativity constraint on consumption and a condition precluding bankruptcy with prob-
ability one. If there s no aggregate uncertainty, the model predicts that at a constant world interest
rate below the rate of time preference, the equilibrium distribution of foreign assets among coun-
tries s described by an invariant (or steady-state) distribution, (An invariant distribution is one that
perpetuates itselt once reached. see Stokey and Lucas, 1989, p. 21.) Clanida’s result, while special,
suggests that an approximation like the one behind the permanent income hypothesis is justfiable
in 4 general-equilibrium setting. Other justitications could be based on an underlying overlapping
generations structure (see Chapter 3) or an endogenous time preference rate (see Supplement B to this
chapter).

20. Our shock specification assumed that E;_ (¢, = 0 for any 5. The law of iterated conditional expecta-
tions assures us that forr < s, E, {Fﬂ ,,m} = E,¢; = 0 also. With rational expectations, what you expect
today to expect tomorrow must he the same as what you expect today'

2.3 A Stochastic Current Account Model

Substituting in for E, {Y‘ - )_} here using eq. (34) yields:

rY, —¥)
Co=rB +V + . 35)
L+r—op
This simple example yields a “Keynesian™ consumption function in the sense
that higher current_output ¥, raises consumption C; less than dollar for dollar
(except in the \petld] case p =1, in which they rise by the same amount). Why

Under stochastic process (33), output can be written as

1
Y, =V + Z /)1 e, (36)
A ~

so that shocks' effects dccuy geometrically over time provided p < 1 (they are
permanent only if p = 1).2' As a result, unexpected shifts in current output cause
smaller unexpected shifts in permanent output, so that consumption-smoothing
makes consumption respond less than fully to output shocks.

To see implications for the current account, write the consumption function (35)
in terms of the unexpected shock to output, the innovation e, :

~ r -
Com=rB+ 7+ —Ly, =Ty — e,
l+r—p l+r—p
Substituting this formula into the current account identity CA, =rB, + Y, — C,
gives
CA —p( il )(y Py —2f 37
' 1+7r—p LA 1 +7r—p €. 37)

An unexpected positive shock to output (¢, > 0) causes an unexpected rise.in
the gurrent account su irplus when the Shock is temporary (p < 1), because people
smoolh expected ¢ consumpuon mtertcmporally through asset accumulation. A per-
manent shock (o = l) "has no current account effect because consumpuon remains
level ()n expectation) if people sxmp]y adjust consumptxon by the full innovation
log‘gtgui As we suggested in section 2.2.1, these effects are the same as in a

“perfect-foresight” mode! that permits initial unexpected changes. The latter in-

terpretation corresponds to the dynamic impulse-response profile of the present
stochastic model.

Equation (37) shows that the current account also has a predictable component
coming from the previous period’s expected future output profile. On date ¢ — 1,

21. To derive eq. (36), use the lug operator L (defined so that LX, = X,_; for any variable X) to write
eq. (33) (lagged by one periodyas (1 — pL)(Y; — ¥} = ¢,. s solutionis ¥, — ¥ = (1 — pL)"'e,, which
15 the same as eq. (36). (Supplement C to this chapter reviews the properties of lag operators.) Equation
(39) is derived the same way.
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people expected the deviation between date ¢ output and its “permanent” level to
be

. r G l s—t
E Y, — - Y,
o ! l+r;<l+r> '

| - _
- )< uwﬂ--) Y, - Y).
L+r—0p

Absent the shock €,. which leads to a revision of expectations on date 1, the preced-
ing ditference would equal the date ¢ current account, just as in the deterministic
current account equation ( 18) from section 2.2.1.

Now suppose that, rather than following eq. (33), output follows

YIH“‘YI‘:/)(YI_ I~])+('l+l (38)

with 0 < p < 1. This process makes output a nonstationary random variable,

!
Y, =Y, | + Z U (39)
(g e

There is only one difference between eqgs. (36) and (39), but it is critical. The first
equation has ¥ on its right side, the second ¥, . This difference means that under
eq. (38), an output surprise €, raises Yoo by (1 + pleg, Y2 by (1 +p + pz)e,. and
so on [whereas under eq. (33) the corresponding increases are only pe;, ple, ..
Because eq. (38). makes all future output levels rise by more than ¢, permanent
output fluctuates rmore than current output (except in the special case p =0, in
which thetr fluctuations are the same). Consumption smoothing now implies that
an unexpected inCrease i outpul Causes an even greater increase in consumption.
As a result, a positive output innovation now implies a current account deficit, in
sharp contrast to what eq. (37) tor the stationary case prcdicts.22

Application: Deaton’s Paradox

Deaton (1992) points out that in United States data, the hypothesis that output
growrh s positively serially correlated is difficult to reject statistically. If so, then
it is a puzzle why consumption does not move more dramatically in response to
output changes than it does. Put difterently, given that output appears to be mean
reverting in growth rates rather than levels, as in eq. (38), it1s a puzzle that standard
Keynesian consumption functions match the data at all!

22, Exercise 4 at the end of the chapter asks you to verify these claims.
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There are several potential answers to “Deaton’s paradox.” One is that the
present model is partial equilibrium and treats the interest rate as exogenous. Even
a small country’s output is likely to be positively correlated with world productiv-
ity, in which case world interest rates can rise along with home output, damping the
consumption response. Perhaps the most likely explanation is simply that it is very
hard to discriminate empirically between the processes of eqs. (33) and (38) using
the relatively short sample of postwar time series data. Thus output shocks may
indeed dampen over time, but at such a slow rate that it is difficult to distinguish
the true stauonary process from a nonstationary one such as eq. (38).

Unfortunately, for p near | even tiny ditferences in estimates can imply very big
differences in the predicted consumption effect of output shocks. We have already
seen that if eq. (33) holds and p = 1, eq. (35) predicts that output and consumption
will move one for one. If instead p is very close to 1, say p = 0.96, and r = 0.04,
thenr/(1 +r — p) =0.04/(1 +0.04 — 0.96) = 0.5, and the consumption response
is halved! Intuitively, at a real interest rate of r = 0.04, output fificen years hence
has a weight equal to more than half that of current output in permanent output.
Thus the consumption response can be quite sensitive to the rate at which output
shocks die out. .

234

 Investment

Suppose output is given by the production function ¥, = A, F(K,), where the pro-
duclivily parameter A, is now a random variable. Since investment is [y = K| =
K,, the Constrained expected utility function that the representative domestic indi-
vidual now maximizes, eq. (27), can be written as

o )

o ’ -
. U’ :E/ Zﬂ\ I\“ [(l +r)B\ - B.\H +A\F(K3) - (K‘\+] - K;) - G;]

Vit

The first-order condition with respect 1o B, is still the bond Euler equation
(29). Ditterentiating with respect to K, | yields '

W(CH=E {1+ A1 FI(K )] Bu'(Crip)
To interpret this condition, note that «'(C,) is nonrandom on date ¢ so that
dividing it into both sides above gives )

‘ y (e
L=E {1+ A F (K D) ﬂl,;“”_‘)}
1

. I | BCH D ,
=E {1+ A F(K D) E {f,‘,,,,,{:,‘_ , + Cov, {A,“F (KiaD),

Bu'(Cri1)
u'(Cy) '

u'(Cy)
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where Cov, {-, -} denotes the conditional covariance.?? By using eq. (29) we reduce
this expression 1o

u (CrH)

40)
TW(C)

E, {AHII (KHI)} =r — Cov, /\Hlf' (Kii1).
after imposing (1 +r)g = 1.

This equation differs from the certainty-equivalence version of eq. (6) only be-
cause of the covariance term on its right-hand side. We have assumed that all
domestic capital is held by domestic residents, so the covariance is likely to be
negative: when capital is unexpectedly producuve (A;+1 is above its conditional
mean), domestlc consumptxon will be unusually ‘high and jts marginal utility un-
expccted]y low [u (C,+1) below its conditional mean] As a _result the exggcte
margmdl product of capxtal on the lcft-hand sxde of cq (40) must be hxghcr than

' model lnluntlvcly‘Lﬁ’c rlsl\mcs«, of capital dlscouragcs mvcstmcnl

We will say more about investment under uncertainty in Chapter 5. For now we
will simply ignore the covariance in eq. (40), assuming that investment is deter-
mined dccordm&, to the u,rl‘unty cquwdlcncc principle. Implicitly, we are treating
the covariance term as a constant. Thus our discussion of investment in the rest
of this section captures only part (but probably the main part) of how productivity
shocks affect the current account. Empirically, changes in the covariance in eq. (40)
are likely to be small compared to changes in the expected productivity of capital
or in the real interest rate.

Suppose that the stochastic process governing productivity shocks is

Ay — A=p(Ar— A) + e (41)

where 0 < p < 1 and €, is a serially uncorrelated shock with B¢, = 0. thn
p > 0, positive productivity shocks not only raise the expected path of future out-
put dxrectly but they also induce investment (by raising the anucxpatcd return 1o
domestic capnal) thereby raxsmg expected future output even further.

An unant1c1pated productlvxty mcrease on date (e, > 0) aﬁects the date ¢ cur-
rent account via two channels, acqummg eq. (32) holdmst 1t ralses investment,
lcndmg to worsen the current account as domestic resxdents borrow abroad to fi-
n‘;n'cc;ddltlona] capital accumulauon. Second thc producuvny lncrease affects
sd\;'fng The magnitude of 0 mﬁuz_n(.cs whether date f saving T ses, o and, if so so by

23 The covariance between X and Y, Cov{X, ¥}, is defined as E{(X - EX)(Y — EY)} =E{XY} -
EA{X}E{(Y) (The number Cov{X, X} = Var{ X1} s called the variance of X. Conditional variances and
covariances are detined in the same way, but with conditional in place of unconditional expectations
operators.) In deriving the covariance in the immediately preceding equation, we made use of the fact
that for any constant ag, Coviag + X, Y} = Cov {X. Y}
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more or less than investment. With reasonable generality, the more persistent pro-
duclivity shocks are, the loweris CA, =8, — /,.

If p’=T, the current accounl must fall. Why? The capital stock takes a penod to
adjust to its new, higher level, so cxpcucd tulurc output rl\L,\ by more than current
oulput on date 1. At the same time, current mvcstmenl 1scs but exgg%cd tuture
investment doesn’ tchangc Saving theretore falls, while investment rises, 2

On the other hdlld,i(,{)ﬂlh sufficiently far below 1, future output rises by less

than current output, even taking account of any increases in future capital. Since,
in addition, lhc present | discounted value of current and expected future investment
rises on date 1, saving rises; see eq. (32). Saving may rise by even more than in-

_vestment..In the cxtrcme case p = 0, there is no investment response at all because

_a surprise ddtc lprQ;.mquny increase. dch notimply ¢ [hd[ | productivity is expected

lo be any higher on date 7 + 1. The e p = 0 case thus s just like the case of exoge-
‘nous output, The country runs a hlbhu’ current account surplux on date 1 to spread
over time the benefits of ity temporarily higher output. For four different dcgrccs of
pcrslslcncc (p =10,0.25,0.75, and 1), Figure 2.3 3 shows the current account’s dy—
namic response to an unexpected 1 percent rlsc in productivity on date 1 = 0. (The

examples assume that r = 0.05 and that ¥ = AK®4, )2

Application: The Relative Impact of Productivity Shocks on Investment and the
Current Account

Empirically, productivity shocks for most countries appear to be very highly cor-
related over time and indeed, it 1s not easy to reject the hypo(hcsns that p = l in
 that in | [hlS case pos-

spcuhcduon (41). As we thdJusl shown, our mod eng ¢
itive productivity shocks cause investment to rise and the current account surplus to

fall Moreover, because saving also falls the current account effect is l‘irger in ab—
solutc value than the investment effect. How does this prediction fare empmcally?

‘Glick and Rogott (1995) test this hypothesis using annual time series data on
productivity shocks, investment, and the current account for the “Group of Seven”

24, Why does initial saving fall, or, equivalently, why does consumption initially rise more than | output
when p = 17 Assume a pre-shock steady state with A Z A TF the economy did no additional mvestmg
in rcsponsé 10 the permanent produmvny rise, it would be able to raise its consumption permanently
by exactly the injtial change in nu!pu! Saving would not change in this hypothetical case. Since prof-
ituble investment raises the economy’s intertemporal consumption possibilities, however, an even higher
constant u)nsumplu)n path actually is feasible. So saving must t.xll For a small shock this further con-
TAMHption incredse iy second order, by the envelope theorem,

25. Notice that of p = Q or 1 the current account returns (o its priog level immediately after date ¢
absent further unexpeucd pmducuvuy Shocks. For'intermediate p values, the Current 4ccouint moves
oy chaxcr surplux on date 7 + 1 as a resultof ¢, 7> 0. (See Figure 2.3.) Output on date 7 ¥ 1 exceeds
its permanent” kvclhymurc unJ investinent (which is lower than if the shock hadn’t occurred) is bclow
its permanent level by more; see ey, (42) below. The dynamics of the current account are quite different
when capital installation is costly, as in section 2.5.2. See, for example, Baxter and Crucini (1995).
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Change in current account
(percent of initial GDP)

p=0.75

p=1
-2
a | | I [ L | 1 ! ] ]
0 1 2 3 4 5 6 7 8 9
Figure 2.3

Dynamic current-account response to a | percent productivity increase

(G-7) countries (the United States, Japan, Germany, France, ltaly, the United King-
dom. and Canada). Their analysis allows for partial adjustment in investment (see
section 2.5.2), but this does pot alter the model’s basic prediction about the rela-
tive size of the current-account and investment responses to permanent productivity
shocks.

Glick and Rogoff derive and estimate equations of the form

Al =ap + a DA} + @ AAY +azl, -y,
ACA, =by + [)1A/\: + /)zAA:v + b3l .y,

where A™ is a shock to global productivity and A“ is the country- specific (id-
msyncram) wmpomnt of productlvuy shocks; the lagged / terms arise from costs,
of adjustment in investment. The distinction between global and country-specific
productivity shocks is essential for any sensible empirical implementation of the
model. Qur theoretical analysis has implicitly treated all productivity shocks as
affecting only the small country in question, but in reality there is likely to be a
common component 1o such shocks across countries.

Why is the local-global distinction so important? If a shock hits all countries in
the world symmetrically, the current account effect will be much smaller (under
some conditions zero) than if it hits just the one small country. If all countries try
to dissave at once, the main effect will be for global interest rates to rise. There
are a number of approaches for trying to decompose shocks into local and global
components. In the results reported here, global productivity shocks are simply a

JUROU RV S Y UHUR VI

T S ARS——
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2.3 A Stochastic Current Account Model

Table 2.2
Pooled Time-Series Regressions for the G-7 Countries, 1961-90

Dependent Variable ajy az a3

Al 0.35 0.53 —0.10
(0.03) (0.06) (0.04)
b L by v .

ACA 0.17 oM 0.04

(0.03) (0.02) (0.03)

Standard errors m parentheses. Regressions include a time trend.
Source: Glick and Rogoft (1995).

GNP-weighted average of total productivity shocks for each of the seven countries,
dnd Lounlry specific shocks are formed taking the difference between the total
pmducnvn(y shock hllllné each country and the global shock.

Assuming A (but not necessarily A%) follows a random walk (a hypothesis the
data do not reject), thcn the model predu.ls “that ay > 0,b) < 0 and |b1| > ay. The
model also predicts that a3 > 0 and by = 0: global shocks raise investment in all
countries leaving the world current account pattern unchanged. The econometric
results, rcpom.d in Table 2.2, use labor- productivity measures to proxy total pro-

ductivity A.

" The data do not reject the hypothesis by = 0, that is, that global productivity
shocks do not affect current accounts. The same finding emerges from virtually all
the individual-c u)unlry regressions, and it appears to be robust to various changes
in specification. As predicted by the model, aj, which measures the impact of
country-specific productivity shocks on investment, is positive, and by, which mea-
sures the impact of country- spu.mn producllvny shocks on the currem account, is

negative. However, the estimated absolute value of b is cons ‘stemly smaller than
the estimate of ;. Results tor the individual-country spcuhwuons are generally

similar to the poolcd cross-country regressions shown in Table 2.2.
Why does investment respond much more shdrply to produclmty shocks than

is the same as the one .\ugbcsud carlier for the Deaton pamdox. Even if the true
process AL = pA,_| + ¢, has p only slightly less than 1, the current account effect
of a country-specitic productivity change can be greatly muted. For p = 0.96 (in
annual data), Glick and Rogoff show that theoretically, a; can be more than eight
times as large as |h|[ Thus the fact that current accounts dppear less sensitive
than invéstment to Lountry specific productivity shocks is not necessarily evidence
against integrated G-7 markets for borrowing and lending. ]
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* 2.3:5 A Test of the Stochastic Small-Country Current Account Model

The certainty equivalence consumption function (32) implies that an equation fully
parallel 1o eq. (18) governs the current account in a stochastic setting, with the
present discounted sums in the deterministic equation simply replaced by their
conditional expected values. Thus, eq. (18) is replaced by

CA =By — B = (Y~ E V) — (I, - E1) — (G, — EG)) (42)
where. for any variable X, '

- roxe ! vt \
E’XI:.l+r‘Z_,7(l+r> EX,. .

Several econometric studies have tested implications of stochastic current ac-
count models like the one in eq. (42). Here we describe an approach, suggested by
Campbell’s (1987) work on saving, that makes full use of the model’s structure to
derive testable hypotheses.”®
Define net output Z as output less government consumption and investment,

Z=Y -G -1

This definition gives eq. (42) the simple form CA, = Z, — E,Z,. Campbell’s ap-
proach starts by rearranging the terms in eq. (42) as

o ] 51
CA, = — Z (IT?) E,AZ,, (43)

s=1+1

where AZ, = Z, — 7, 1. Equation (43) shows that the current account is in deficit
when the present discounted value of future net output changes is positive, and it is
in surplus in the opposite case. Put briefly, the current account deficit is a predictor
of future increases in net output.”’

How might we test eq. (43)7 Ideally we would posit a model allowing us to
estimate the right-hand side of eq. (43), and then compare its prediction to actual
current account data.

Even to get started, however, we need some proxy for the expected values eq.
(43) contains. Current and lagged net output changes are useful in predicting future
net output changes (as our discussion of Deaton’s paradox has suggested), but
consumers plainly have more information than that available. One way to capture

26. The extension of Campbell’s methodology to the current account is due to Sheffrin and Woo (1990),
Ouo (1992, and Ghosh (1995). Ghosh and Ostry (1995) apply the test to a swmnple of developing
countries. (Exercise 5 at the end of the chapter describes an alternative way to do the test.} The same
methodology is applied w0 stock prices by Campbell and Shitler (1987). For a survey of other empirical
tests of consumption-smoothing current account theories, see Obstfeld and Rogott (1995b).

27. You are asked 1o derive eq. (43) in exercise 6 at the end of the chapter.

i e et
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the additional information of consumers is to have them base forecasts on the
current and lagged current account n addition to current and lagged net output
changes. Indeed, under the null hypothesis of eq. (43), the current account itself
should incorporate all of consumers’ information on future net output changes.

These constderations lead us to assume that consumers’ torecasts of AZ; for
s > 1 are based on the first-order vector autoregressive (VAR) model

AZ 3 AZ, . €,
ol ZENR' 2% > Ll e (44)
CA; Vor ¥ | [ CA €2y
where e and € are errors with conditional means of zero and where AZ and
CA are now expressed as deviations from unconditional means. (At the cost of

additional complexity, a higher-order VAR could be analyzed.) Itis easy to forecast
future output changes using eq. (44). In analogy with the one-vanable case,

E AZg| _[¥u Vi 'Maz,
"L CcaA, Va1 ¥ CA §
Premultiplication by the 1 x 2 vector [ 1 0] yields E;AZ,:

s -
EAZ, =1 ()][11/11 V/I:J [A/,]
Yn Yo cA,

To calculate the right-hand side of eq. (43), substitute this formula. If we de-
fine W to be the matrix [V/,j], the result is our model’s prediction of the current
account, C A, Let Ebe the 2 x 2 identity matrix. Then8

—_ 1 1 -1 -
CA =11 ()|<~m~w> (1 - *,7,\1,) H"
1 +r 1 +r | LCA,

AZ,j}

it

[®ar Peal L'/\:
This is the predicted current account that we compare to actual data.

The comparison is very easy. The variable C A, is included in the date ¢ infor-
mation set upon which consumers base date ¢ consumption. Furthermore, current
account equation (43) equates C A, to the same vanable that equation (45) is sup-
posed to be estimating. Thus, if our model and forecasting equation are valid, CA,
should equal C' A, up to the sumpling error in the econometrician’s estimate of VAR

28. The following tormula is derived by summing the matrix geometric series

\ ~ 1 ]
77*\11 o W\—I
(l+r )‘X,:(l+r>

via the matrix anatog of the same formula that applies in the scalar case.
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(44). To evaluate the model, we therefore test the hypothesis that [ &5z, ca =
{0 1]ineq. (45), sothat CA, = (/‘7\,.29

Figures 2.4 through 2.8 graph both CA, and CA, for Belgium, Canada, Den-
mark. Sweden, and the United Kingdom. For each of these industrial countries, the
VAR (44} is estimated with annual data, and an annual real interest rate of r = (.04
is used to form the | x 2 matrix [ @57 Pcealin (45).3 The VAR characterizing
the Belgian data, tfor example, is

[Az,] _ [ 0.20 4).()()} [AZ, 1} N {e,,}
Lca 1003 083 JLCA en |’

Given how rudimentary the model is, there is no surprise in its failure to track
current accounts exactly. (In Belgium's case, for example, the model yields the
estimate | @Ay &5(-A }=[-0.26 0.54|and a formal test rejects the 10, 1] null
hypothesis.) The empirical implementation ignored the distinction between global
and country-specific shocks. Also contradicting the model’s basis, the tour Euro-
pean countries under study limited residents’ access to world capital markets over
much of the sample period. The model fares especially poorly in United Kingdom
data (Figure 2.8): the near random-walk followed by U.K. net output implies httle
variability in ("7\,. yet C A, is very variable.

29, Perhaps surprisingly, the restriction CA, = ("?x, must hold even when the assumed torecasung
e (44) represents only part ol the information consumers use o predict future net ouput. We have
already noted the reason. Under the null hypothesis, —CA; represents the consumer’s best forecast of
the present discounted value of future net output changes no matter what other information he has. To
see this formally, let J, denote the full date r information set of consumers, which contains past and
current realizations of AZ and CA. and possibly more. Under the theory, eg. (43) can he written

~ | v ‘
Ch = 1;{ 3 (r—,;) Az\u,}.
ver il v :

where E{ 3 ) s an expectation conditional oninformation set J,. Notice, however, that if we apply
conditional expectations with respect to AZy and (A, on both sides of this equation, the resultis

. N Y
L (] H) A/\liLhAZ,,('A,]

verry b |

BLOCAIAZ, CAY = CA = B { b ‘

X PN
:7":‘“}73("7:) AZ‘iAZ,.(m}.

where the last equality follows from the law of iterated conditional expectations. It conditional expecta-
tions are_tinear projections on past information, however, the tast term in this string of cqualities simply
equals €A, the conditional expectation based on the VAR in eq. (44).

30, Duta are drawn from International Mouetary Fund, fnternational Financial Statistics, Data sample
periods for the five countries are 1954-90 (Belgium), 1952-90 (Canada), 1951-90 (Denmark, Sweden).,
and 194990 (United Kingdom).
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1985 Belgian francs per capita
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Figure 2.4
Belgium: Actual and predicted current accounts

1985 Canadian doilars per capita
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Figure 2.5
Canada: Actual and predicted current accounts

What is surpnising, in view of the model’s many simplifying assumptions, is
the visual evidence in Figures 2.4 through 2.7, Graphically, the model does quite
well in capturing shifts in the current accounts of Belgium, Canada, Denmark, and,
especially, Sweden. This success suggests that, in the case of industrial countries
experiencing short-run fluctuations in net output, current-account models based on

consumption smoothing can have significant explanatory power. !

31, Campbell’s (1987) oniginal application of the preceding test was to financial saving in the United
States. In analogy with the arguments we have made, the permanent income theory of consumption
nnplies that total tinancial saving i Grinas) the present value of future changes m lubor income. The
apen-cconomy test explored in s section tocuses on changes in 4 narrower asset category »r-l'nreign
assets—and. correspondingly, involves expected future changes in a broader income measure. Direct
comparison of the results of our tests with Campbell’s results therefore is difficult. (However, for the
version of the permanent-income model that he tested, Campbell reached conclusions very similar to
those we reached concerning the consumption-smoothing current-aecount model.)
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1985 kroner per capita
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Figure 2.6
Denmark: Actual and predicted current accounts

1985 kronor per capita
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Figure 2.7
Sweden: Actual and predicted current accounts

Precautlonary Savmg,

y

The permanent i income consumption for formula (32) Qverstates 4 COUDLry’s CONSUINP- -
2 that depends on the varigbility )

tion 1f 1nd1v1dual~. engage in precautionary .

of future net oulput and not _]US[ expected value
bt

utility function, u”’(C), Wthh equals 7€ro for quadratic utility. To see how the
third derivative matters, look at the stochastic Euler equation (29). If uW(C) >0,
marginal utility «'(C) is a convex function of C. By . Jensen’s inequality, a rise
m unun‘umy about erlod t+1 mgome that causes Cr4 tO be more varmble
s By {u L (( (4 )} In order tor the Euler condition to continue ho]dm;;. (',

“must fall. That 1s, the consumer will respond to mcrcascd mu)mc. unu,rtdmty by

.0 2 O IAMIL CULTCHL ACLOUNL IVIDUCT

1985 pounds sterling per capita
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Figure 2.8
United Kingdom: Actual and predicted current accounts

saving more. For many commonly used utility functions such as 1soelasuc utility,

///

(€) >0, lmplyuub a positive motive for precautionary savmg
We have already ‘observed (on p. 82) that consumption could become negative
under a certainty-equivalence theory of consumption. If negative consumption lev-
el> are ruled out (as they would be with isoelastic period utility, for example), con-
sumers with low wealth will be reluctant to borrow even in the face of temporarily
low income. Borrowing might leave them vulnerable to further negative income
shocks that force them to consume nothing in order to respect the intertemporal
budget comlmmt with probdblluy one. Instead, consumers will wish to accumu-
late a buffer of assets to be run down in case of negative income shocks. Greater

uncertainty will increase the propensity o acquire such a buffer.
Thus precautionary behavior may dominate consumption behavior at low wealth
leve

. becoming less nmlmrt.mt as wealth n\cx Fvcn 1( consumers have constant

discount rates equal to the interest rate r, their u)nsumpuon and Wealth will tend
to rise over time (but at a declining rate) if wealth mitially is low. In this respect,
the predictions of models with precautionary saving are similar to those of models
with endogenous rates of time preference such as the one in Supplement B to this
chapter.

32. For isoelastic utility, u'(C) = CY7 5o
s ! Y mtan 2
u ((}——(I+— et 5,

(o8 o

Leland (1968), Zeldes (1989b), Caballero (1991), and Deaton (1992) discuss the theory of precaution-
ary saving. United States evidence on its importance is presented by Carroll (1992) and Gourinchas and
Parker (1995).
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Having shown how to extend our analysis to incorporate uncertainty, we will
revert to the perfect-foresight case for the remainder of the chapter.

24.1

-~

‘onsumer Durables and the Current Account

A signiticant portion of measured consumption spending reflects purchases of con-
sumer durables—long-lived items such as furniture, autos, televisions, and home
computers. As we noted in Chapter 1, if all durables were rented 1n perfect rental
markets, the durable-nondurable distinction would be unimportant. Empirically,
however, consumer purchases of durable items are substantial, In the United States,
for example, 18.1 percent of 1994 consumption spending was devoted to durables
(including clothing and shoes). In this section we present a modified consump-
tion theory and explore how consumer durables change our view of the current

account. ™
A Simple Model with Consumer Durables

Let C, stand in this section for the individual’s consumption of nondurables on
date s, and let D, be the stock of durable goods the consumer owns as date s ends.
A stock of durables yields its owner a proportional service flow each period it is
owned. The representative consumer in a small country has perfect foresight and

maximizes
~

Ur=y_ B [ylog G+ (1 = y)log D], (46)
=1

subject to an intertemporal budget constraint. Notice our convention that durables
begin to yield services in the same period they are first purchased.

Let p be the price of durable goods in terms of nondurable consumption; we
assume that p is determined in the world market and taken as given by the small
country. Assuming that bonds are indexed to nondurables consumption and that the
durables stock depreciates at rate 8, the period-to-period finance constraint of the

consumer is

B\+l - By =r.B, + VY~ va - I’\ID\ - (1 _8)[).\~l] - (K.\+l - K,) - Gy,

13, For a closed-economy model with durables, sce Mankiw (1987a). Burda and Gertach (1992) con-
duct an empirical study of durables in U.S. international trade flows.

34, In contrast, our assumption on producer durables (i.c., capitah) has been that the service flow

commences i period after the capital is “purchased” with forgone consumption. A purallel treatment of

consumer durables would not alter our main points. It is because durables, unlike capital, begin to yield
services (and to depreciate) in the sume period they are acquired that we Libel durables accumulated
through periodd s as £, rather than De .
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where p,[ D, — (1 —8)D,.1] is the cost of durable goods purchases in period s.
After using the tinance constraint to eliminate C, from ¢q. (46) and the production
function ¥, = F(K,) to eliminate Y,, we can derive first-order conditions for the
individual’s maximization problem by differentiating with respect to B, K, and D.

The necessary conditions include the usual condition that equates the marginal
product of capital to r, 4 and

Co,v =01+, DAC,,

/Dy 1 — &
N SN 720T)

C, D, Coiy

The first of these conditions looks just like the usual consumption Euler equation
when the clasticity of intertemporal substitution is 1. It holds here for nondurables
consumption because the pertod utility function is additive in nondurables and
durables. The second of the preceding conditions is new. This intertemporal Euler
equation emphasizes that the purchase of a durable item is partly an investment.
For the path of durables to be optimal, the marginal utility cost of acquiring a
durable must equal its immediate service yield plus the discounted marginal utility
of the revenue from selling what is left of the durable next period.

A usetul perspective on the solution comes from combining the two Euler con-
ditions into one by eliminating Cy .y

FPT T Py B (47)

The variable ¢, above is the implicit date s rental price, or user cost, of the durable
good. Given a resale murket with no transaction costs, user cost equals the net
expense of buying the durable in one period. using it in the same period, and
selling it the next. Equation (47) states that, at an optimum, the marginal rate of
substitution of nondurables consumption for the services of durables equals the
user cost of durables in terms of nondurables consumption.

To derive solutions for expenditure levels, we must write down the intertemporal
budget constraint corresponding (o the tinance constraint we used earlier. There
are several ways to represent the intertemporal constraint: one that is particularly

useful iy
Y ] Ny
Z( ) (Cy +t,D)
A\l +r
89 l s
=(1+nB+0=-8pD, ,+;(m) Yy — G, — 1), (48)

where we have simplified by assuming a constant interest rate. This constraint
states that the present value of expenditures—the sum of nondurables purchases
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plus the implicit rental cost of the durables held—equals initial financial assets
(including durables) plus the present value of net output.

Combining (47) and (48) and assuming g = 1/(1 +r) (as in the permanent
income theory), one can solve for the consumption of nondurables as

r ~ 1 st )
C/:-‘——*-y (1+r)B,+(l*8)l7,D,,|+\Z;(—l +_r> (y\‘(l.\‘_[\) ‘(49)

}+r

while consumption of durables services is

(l y)’ , ’X/( l )\l .
Dy = (LB + (0 =8p D+ e (Y, —G, = 1)l
i [,(l¥,) [ Pl ; T+ ¥

Let's assume for simplicity that p, and hence the user cost ¢, also are constant.
Then ¢ and D, always move in proportion, and the consumer smooths the paths of
both. By smoothing D, the consumer smooths the service flow of durable services.
Note that the consumer does not smooth the path of expenditures p[{D; — (1 ~
8)D,. 1] on durables. In the special case where r and p are both fixed and where
durables do not deteriorate (§ = 0), the consumer makes all planned durable goods
purchases in one lump sum in the first period, and, absent shocks, makes no further
purchases thereafter. In a linear-quadratic variant of this same simple case where
income is stochastic, the level of durable goods holdings follows a random walk
(as does nondurable goods consumption). Expenditures on durable goods, however,
are sertally uncorrelated.

Implications for the Current Account

To see how durables can affect the current account, we continue to take the world
price of durable goods, p. as constant. With p constant, eq. (47) implies that, for

alls > 1,

1 I - C,
e ( tr < ”) (50)
rt8 y I)

Let Z =Y ~ G — [ again, The current account in period 1 can be written

G (I =G

CA/ =By — B =rB+7Z,—— + —ptD,— (1 =8)D,_y]).
i4

Use eq. (49) 1o substitute for the first occurrence of C, in this equation and get

r fe &) 1 s—1t
CA, =17, — —— Z.
! ! l+r;(l+r> *
1 —y)C
e U —epD + LS b v - 5)pD,,
L+ r Yy

Equation (50) allows us to get rid of C, in this expression, so that we can combine
the last four additive terms. What results is a modified version of the fundamental
current account equation (18),

CA =Y, = V)=, = 1) = (G, = G) + (t — p)AD,. (51)

When the demand for durables changes, consumers spend p to purchase them
outright rather than renting their services period-by-period at cost . Equation (51)
shows that, aside from this factor, the current account is determined exactly as it
would be in an economy with no durables. As the depreciation rate for durables, §,
approaches 1, ¢ approaches p {see eq. (47)), and the final term disappears. Quali-
tatively, when durable goods are an important component of demand, the current
account may become more variable, since agents tend to lump their purchases of
durable goods. Of course, 1f durable goods could be rented instead of purchased,

this issue would disappear.

2.5 Firms, the Labor Market, and Investment

So far in this book we have usually thought of producers as self-employed “yeo-
man farmers”™ who invest with the goul of maximizing their lifetime consumption
opportunities. That paradigm has allowed us to cut quickly to many key results. We
have asked the reader to accept on faith (and by analogy with Chapter 1) that the
results would be exactly the same as if we had explicitly allowed for markets in
capital and labor.

It is now time, however, to introduce those markets and to verify the claimed par-
allels. In taking this step, we are motivated by more than a desire to check a special
case of the second welfare theorem of economics. Vital topics in macroeconomics,
such as lubor xupply and the thcory of inves"tmem require one to think about the
\;:Il pmvn vcry hclptul n dgvdnpmg our economic intuitton about economies
with more than one industry. Finally, we will have to abandon the yeoman farmer
paradigm if we want to study economies where individuals are asymmetrically
mwcd wuh tactors and pmducuw opportunities. In this case, market-driven re-
allounon ()f mm ors among meloycrx is a prerequisite for productive efficiency.
Funhermorc changes in the economy will generally have redistributive effects that
are best understood through an examination of how factor prices change.

This section will illustrate a number of advantages of analyzing the economy in
terms of its capital and labor markets. Other advantages are illustrated in succeed-

ing chapters. Our discussion will draw heavily on the results about homogeneous
production functions reviewed in section 1.5.1. We do not introduce uncertainty
explicitly into the theoretical development, but instead assume pertect foresight ex-
cept for initial shocks.
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Financial Wealth and Human Wealth

We now assume that output is given by the aggregate p production function Y=
AF(K, L), where L is the amount of labor cmp]oyed and F(K, L) 1s homoge-
neous of dcgrec one. We also assume initially that the representative individual's
labor supply is constant at a level which we also denote by (a nonsuperscripted) L.

Undcr the assumption that thcre 1S NO mlemauonal labor mobility, the fixed domes-
tic supply of ot ]ubor mﬂ(&vthe Aggrq,atc production function the same as the one we
have been analynng in reprcsen[auve yeoman tdrmer economies.

leen our assumpon of ¢ Constant returns, we can think of output as being pro-

duced by a sm;_.,lc, representative “domestic firm that behaves competitively and is

owned entirely by domestic resnhdents _The firm hires labor at wage w and makes in-

vestment decisions, producing output accordmg to the dggregatc producuon func-;

tion. Anyone can buy a share of the firm’s future profits in the stock market. Our
convention is to denote the date 1 price of a claim to the firm's entire future profits
(starting on date 1 + 1) by V.,

We could, alternatively, imagine an economy organized so that firms rent capital
from consumers who directly own it and make investment decisions on their own.
It is a good exercise to convince yourself that all the results we will derive in this
section would carry through in that alternative setup.

2511 The Consumer’s Problem

Let Let x4 be the share of ‘the domesuc firm owned by the representative consumer
at the end of date s And d, the dividends the firm issues on date 5. The individual
enters a pcnod holding foreign assets and shares purchdscd the penod before. He

i

receives interest and dividends on those ‘assets, may earn capital gains or los

shares, earns labor income, and consumes. Savings are divided between increases

in foreign assets and in the value of shares to be carried into the next period. The
consumer thus solves the problem of maximizing Uy, given in eq. (11), subject to
the finance constraints ‘
Bow1 — By + Vixy 1 — Vioixy = r By + dix;

+ (Vs = Vi Dxs +ws L — G — G, (52)

where we have assumed all taxes to be personal rather than corporate. (We also
assume a constant interest rate, although nothing depends on this assumption.)

Following our usual modus operandi, we substitute for consumption in lifetime
utility and maximize

O
=3B wu [+ 1By = By = Vi(xost = x5) + doxy + wil = Gy

y=t

R

[V

L. 3 INIGA, UL LLAUAUL IYIG AL, S s

Differentiation with respect to B,y and x| gives the familiar Euler equation (5)
plus the new first-order condition

V“ (Cy) = (Vi +dr+l)ﬁ“ (Cs+1). ‘

Comparmé, this with eq. (5). we see that under perfect foresight, consumers will be
indifferent on the margin between foreign assets and shares provided the gross rate
of return on shares equals the gross real interest rate:

dey1 + Y,
| 4=t okl (53)
Vs
We can use this equality to reformulate the individual's budget constraint in a
useful way. Let Q4 denote the value of the individual’s financial wealth at the

end of period s, the sum of foreign assets and domestic shares:
O = B+ Verean
; ¥

Eqﬁuallon >(5‘3)_ which always holds in the future along a perfect-foresight path,
implies

doxs + (Vs — Vi_Dxs = r Vs x5 (54)
when lagged a period. We thus can write the constraints (52) for s > 1 as

( Ovri = Qs =r Qs+ wel = C, s~ Gs.

Thxs version of the budget constrdmt holds only in the absence of unexpected
shocks that might force an ex post departure from the arbitrage condition (53).
It therefore does not apply on the Initial date 1, since we are allowing for the

1
1

\

possibility that an unanticipated shock occurs between 7 — 1 and 7.
lor the initial date s = r, we must use eq. (52),

.
B
d

(.)I+I"(l+r)Bl+dIXI+V1X1+U)IL CI_

Applym;: to eq. (52) the forward iteration argument that we have already used
several times yields the individual intertemporal budget constraint

o0 l §s—1
C
§<l+r) !

1 st
—(l+r)Br+th/+VrX:"‘Z( r) (wsL — Gy). (55)

s=t

The constraint limits the present value of consumption to beginning-of-period fi-
nanudl wealth’ p]us the prcsem valuc of after-tax labor income. In writing eq. (55)
“we have imposed the individual's lransvcrsahly condmon
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I

1
hm [ — OQre741 =0,
'I‘l-m<l—+—r) Cir+T+1

which can be justified by the same argument that led to eq. (13).
\2.5.1.2 * The Stock Market Value of the Firm
We have now developed the individual Euler equations and budget constraint. To
compare equilibrium outcomes with those we found for the yeoman farmer econ-
omy, we must take a detailed look at the behavior of asset prices and firms, and
then combine what we learn with the consumer’s demand tunctions.
Equation (53) implies that, on date r,

- ! 5 o
iy Vigr e 7 e 3 e e
= + 1 ; L

l+r 1+r
Since the corresponding expression for the following date holds, it also is true that

d!+l dr+2 VH—Z

v: -
"Tar 4?2 (1 4r)2

Continuing in this way, we find that

m 1 s -4
Vi= Y (]+r> dy (56)

s=r41

E&Yiq,chd_.ﬂvEf,’,’}di“?‘},", ruling out self-fulfilling speculative asset-price bubbles,

T i
[ 1 Y
() o )
S e

holds lruc We slmply assume condition (57), deferring extended discussion until

appendix 2B. Given this assumption, eq. (56) shows that a ﬁrm s market value op l

date 1 is the present discounted value of the dxvndendﬂ‘lt will pay shareholders over
the future, starting on date ¢ + 1. For thns reason, we will sometimes call V, the

firm's ex di wdund nmrkcl value on dalc t

2.5.1.3 . FirmﬂB‘e’lnlva\(bi‘Q‘l_;

The dividends a firm pays out in a period are its current profits, equal to earnings,
Y wsL\, lcss mve%tment expcndltures 36 Thus, eq. (56) implies

35. The expression “ex dividend™ signifies that the share price V; is paid by a buyer on date r only after
the firm has issued its dividend for the period.

36. Nothing in the model precludes negative dividends. If the unrealism of this possibility bothers you,
you may assume that the firm borrows to cover any excess of investment over earnings. Exercise (the
Modigliani-Miller theorem): Show that allowing firms to borrow and lend does not affect any of the
results that follow.

[AVA]

LoV UHEINS, UIC LAOOF VERTRCL, (U THYOSUHT T

L. Ak A
i and -
& "n ol s
~ ] st ,"""{\ ''''''''' ™
Vo= 3 <]—;7> [AVF(K, L) = wily = (Koo~ K] (58)

The firm makes current hiring and investment decisions to maximize the present
value of current and future dmdends equal to di + V,. gnven K,

~
]

v !
di+V, =Y (~ﬁ> [AVF (K, Lo = wily = (Kypi = K]
—\1l+r

(Notice that the preceding infimite sum starts at s = ¢ instead of s =r + 1.) By
differentiating the last expression, we find that the firm’s maximizing first-order
conditions for capital and labor are the familiar

] AFx(Ko L) =r |

fors > r, and, for s > 1, the equality of the wage and the marginal product of labor,

AsFL(K, Ly) = ws.

Agdm Ldplldl can be dd)uxled only after a perl()d SO an unexpcued date ¢ shouk

adjusted lmmcdmlcly SO lhc labor first-order condmon holds cxaclly even in lhe
itial post-shock penod r.

Since the marginal product of capital will equal the interest rate (for s > ), in-
vestment in the present economy is the same as in the yeoman farmer economy.
What about consumption? We have already verified that eq. (5) holds, so con-
sumption will be exactly the same if consumers face the same budget constraint
In ¢ equnhbrlum To see that they do, use the definitiond, = ¥; — w, L, — I, i 1mpose
the cqmllbnum conditions that

X =1, Ly=1L

on all dates s, and use eq. (58) to substitute for V; in eq. (55). The result is eq. (14),
the same constraint the yeoman farmer faced.

2.5.1.4 Intertemporal Budget Constraints in Terms of Financial
“and Human Wealth ‘

An alternative rcprcscntalion of the equilibrium inlcnemporal budget constraint

AP(K L) = Afk K + AI, L = rK + uvL (see section 1.5). 3 Usmg this informa-

tton, you can show “that eq. (58) for V, 1mphes

37. The results of section 1.5 also show that w 1s determined by r and A.
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0 | s—1t
V, = Z <l +r> [rK = (Kp1 — K0

It

o0 s—1
) (_'7> [0+ K, = Kepi] = Koo (59)

l +r,
vt 4]

Thus the maximizing firm’s ex dividend market value equals the capital in place
for deuumn next period. A consequence is that, in equilibrium, Q= B+K:
the economy’s end-of-period financial wealth is the sum of its net foreign assets

and capital.

These results and eq. (54) reduce the representative individual budget constraint

(55) w0

5 1 5t
Z( ) (“—_-[(1+r)B,+(l+r)Kl]+
1 +r

vzt

o l s—t
Z (A_w> (w,L — Gy)
I +r

s=1

s—t
=1 +rQ + Z ( ) (il — G,) (60)

=1

in equilibrium, provided the ex post rate of return to capital between periodé ! - 1
and ¢ was r.°% Constraint (60) distinguishes between two sources of lifetime in-
come, financial wealth and human wealth, the latter defined as the present value of
after-tax labor income. The distinction will have important ramifications in several
subsequent chapters. '
Constraint (60) also leads to an alternative representation of the consumption

function. For example, if 8 = 1/(1 4 r), consumption is

, ~ 1 §-1
- — — (wyL — Gy). (61)
/ rQ'+l+r;(l+r) $

It is a stochastic version of this consumption function, rather than eq. (32), that
most closed-economy tests of the permanent income hypothesis examine.
Equation (61) leads, in turn, to an alternative version of the fundamental current
account equation, eq. (18), which assumes 1 +r is fixed and equal to 1/8. In
deriving it we relax the assumption that labor supply ts constant. Recall from
eq. (14) of Chapter 1 that the current account CA equals national saving, S, less
investment, /. Since S, =r Q; + w; L, — G, — C;, eq. (61) shows that the current

account is

CA/ = [U’lLt - (wl )] - (G, — 61) -1

38, More generally, date ¢ capital income r K, would be replaced by Y, — w, L in eq. (60} to allow for
initial surprises.
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where tildes denote “permanent”™ values. Permanent investment and the terms in-
volving capital’s present and future output shares drop out. Adding investment to
both sides gives an equivalent equation,

S, = [u',l,, - (UTI,,)} (G, -G,

which is the suving function typically assumed in closed-economy tests of the
permanent income hypothesis, such as Campbell (1987). As before, these simple
expressions can be modified when the world interest rate is variable.

; Investment When Capital Is Costly to Install: Tobin’s ¢

Until now, our treatment of investment has assumed that capital will be adjusted

in a single pcrmd up to the point where its marginal product equals the interest
r:ilc_. Thus firms always plan to maintain a capital stock such that AFx =r in
mry period. This simple modeling device, while perhaps not too misleading when
TIEM;N);EX«J is fairly long, seems strained even for annual data. In reality capital

cannot be installed, or dismantled and moved into a different line of work, without
incurring frictional costs And lhese “costs arn are Iyplcally hlgher the more dramatic
is the capital-stock change considered: management becomes spread more thinly,

there is greater disruption to current production, and so on.
The last section’s conclusion that a firm's value is precisely equal to the capital
it owns need not be true when there are costs to moving capital among alternative

uses. In a more ruhxtl(. model in which capital is costly 1o move, we would d expect
a tdvorablc shock to an mdustry s fortunes to raise the market value of ~capital
located there, perhaps for some time, because new capital cannot 1mmed1alely rush

in to drive capital’s marginal product back down to r.

““The Tobin s g model of mveslmenl explicitly accounts for the adjustment costs
borne whcn a firm changes the amount of ca& ital it 18 usmg This modification
alters not “only investment behavior, but also the response of the current account

even to permanent shifts in factor productivity. We can appreciate these points
better by working through a particular example of the ¢ model.?”

T
2.5.2.1 The Model

Once again, firms maximize the present value of current and future profits. Now,
however, a fi

rofit flow is not given simply by

39. The model gets its name from Tobin's (1969) suggestion that investment is a positive function of
a varmble 4 which he defined as the ratio of the market value of _capital (o the capital’s replacement
Cost. ﬁlc model 15 based on Ldplldl adjustment costs that are m(emdl to the firm. An alternative model
assumes a (wo-sector economy producing nontraded capital bood\ and traded consumption poods, such
that adjustment costs appear at the level of the economy because of 4 concave aggregate production
possibilities frontier. Obstfeld and Stockman (1985, section 4.2) analyze a model in this class, The
basic idea of modeling investment adjustment costs for the economy as a whole was introduced into
macroeconomics by Foley and Sidrauski (1970) (who built on earlier work in growth theory).
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L

Tm particular assumption we make is that, to change the capital stock by the the
amount K, | — K, = [ between dates s and s + 1, the firm must pay a deadwexghl
installation cost of xl /2K, over and above the actual cost /s of purchasmg the
Dew ¢ capnal | goods, As a result, the firm's output net of mlmcn[ costs is only
Y AF(K.L)— xI*/2K. Other lhmp being the same, the more rapidly the firm
deusts its stock of Ldpl[dl the lower its output | 15,

The \pcum cost tunumn we have chosen shows an increasing marginal cost
of investment (or symmemcally, disinvestment). Thls axsumpuon captures the
observation that a LNe ace of change requires a greater than propom(mal rise in
installation costs. These costs depend njatlvely on the amount of capital alreadx
in place. A larger manufacturing gsgapl}spment can gp_smgg&png’_gﬂlygg}\nﬂuﬂ)g of new

capital at lower cost.
The sum of the firm’s present and discounted future protits on date £ is thus,

\ ~ P P ;
atd, +V, = Z ( ] +;> [A,ﬂk‘. Ly - Eu,,./k.\-) — L, - 1\}: \ (62)
which [hl, hrm maximizes, for a given K,, subject to

? K\H -

the hrm s maxnmxzauon problem is based on the La&grangmn cxpressxon

) ~ l Nyt . X
L= Z ( 1 + r> {A,f’([(h L)~ —2—(1.\'2/’(.\‘) —wslLy — I

y=f

—Ys (KA-H - Ky - ].v)

(You'll see in a moment why we’ve labeled the Lagrange multiplier ¢q. ¥ Differ-
entiate with respect to labor, investment, and capital. Since labor can be be adjusted
W the condition . AFL(K L) =w sull descnbes lhe ﬁrm s demand for
labor, given the capital in use. '

However, the tirm may no longer plan to maintain the capital it uses at the point
where AFg (K.L)=r.The dd_]U\lanl cost of pushing the capital stock toward
that Tevel acts as a brake that slows the optimal pace of adjustment. This braking
effect is reflected in the first-order conditions for investment and capital. The first-
ordcr condmon tor mvestment is dL,/ ‘Is =0, which lmplles
-2 -1+ q, = 0. . oy ,“./ “ Ty o :"[; ; h

I\.\ i
- law

]
|
i

i
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P

Because gs has an interpretation as the shadow price of capital in place | at the end
ot s, this u)ndmon states that the shadow price of capital equals the margmdl cost
of investment (mcludmg ‘installation costs), l + x(l /K ). The condition can be
rcwnm.n as a version of the Investment cquatmn pn\m.d by Tobin (1969),

1, ot KK (63)

Equail(in (63) shows that investmen is positive only when the shadow price g of
installed capital exceeds |, the price rof new, uninstalled capital.

The first-order condition for capital is 8L,/3 K, = 0, equivalent to

. A 1 F K L)) + 40U /K 02+ gy

This condition is an investment Euler equation. It states that, at an optimum for the
firm, thc dalc s shadow price of an extra unit of capxtal is the dlscounied sum of

4@l

)hsf

wnlll not bumm from r,usm;: its mstdllcd L’dpl a'"‘lbz))ve plan y a unit on dale \idl
nmrynal | cost g = I+ xU,/K,)], enjoying a hlEhcr m;zrglrblal*girog_”g and lower
ln\ulmuu costs [A\ U Fe (Koo LoD + (/22U 1/ Ky 4 1)%] on date s + 1, and
lhgn dmnvestmé the above-plan unit of capital at the end of +ra[_t‘owr“eapma net
marginal revenue of g, 11 =1 + x (/.1 /Ko D).

vaidgd bubbles in the shadow price of capital are ruled out, so that limy_, o,
(1 +r) Tg 7 =0 (see appendix 2B for details), the usual iterative substitu[idn
argument hcrc applied to eq. (64), lead‘s to T

A\

4

6

- B o
4 = Z (]+I_> [A.\HFK(Kﬁl.LxH)-’r g(IHl/KHl)z].

s=t+1

'} (65)
b

N ampm—————
The shadow pnce of mslalled capnal equals its dlscoumed streamn of future marginal
produus plus the discounted stream of its marginal contribution I ction
in future Cdpl(d] lnsmllanon costs.
~ e il

( éSZZm‘JAPha d

Diagram

A

We can gam more insighl imo the investment dynamics eqs (6”4) and (64) represent
temporarily that the producuvxty coefticient A is constant, that the economvw:
labor force L is constant, and that the wage contmually adju%ts in the background
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to ensure that the firm wishes to employ exactly L workers every period. The last
assumption means we can analyze the economy’s equilibrium in terms of its repre- 2
sentative firm. Equatlon (63) implies that the change in the capital stock between 1

/tjle beginnings of periods 1 + 1 and ¢ is
gr — 1 y ~
K,H—K,:(!—’ )K,,g (66) ' I
X . s
while this equation and ch,(M) imply that the change in ¢ between the same two .- \ /4
) S ) C

Capital shadow price, gq

ablcs Whth once they are simultaneously re reached, both remain constant L through
nme. I:Mons (66) and (67) show that ¢ = l (so that Ldpl[d] 1s Lonstam in the
steady state) and that K satisties A FK(K L) = r. Only in the steady state does the
marginal product of capital necessarily equal 7, as in the investment model with no
installation costs.”
" The simplest way to analyze the dynamic system described by egs. (66) and (67)
is to study their linear approximations near the steady-state point, K = K.g=¢*

periods 1s A Ul YT Py K <
A T At i L G o« : AK =0
j R [' g — 1 1 2 . i"'m - {'
'\gq,.[—vq,:rq, -~/\I'K]'K1 |+A~X—— L —-5;(1/,.1—1) s OGN 'R
The economy’s steady state is defined by [evels ¢ and K of the endogenous vari- 1 l :

X1

Capital stock, K

Figure 2.9
Dynamics of the ¢ investment model

The ¢ Kimate linear system is
¢ approximate linear system is The schedule ldbeled Ag = 0 shows points at which Tobin’s g is stationary. By

1nspeumg the cquauon for this schedule implied by eq. (69),

K
KHI_Kr:*(fh“l)- (68) i
* AR Fex(R. L) o )
O=|r— "2y — 1) — AFk (K, LYK — K).
AK Fyx (K, L) - - X
iyl — G = r————;— (g — 1) — AFk (K, LYK, — K). (69)

you can see that it has the negative slope

Figure 2.9 represents the dynamics of this system. The schedule labeled AKX =0
shows polnts in the pldnL at Whth the (dplldl sl()ckwi»s smuonary Equation (68)
hows that lhls schedule, yy‘vgn by K(q - I)/X =0, ig_h horl/unm! atg =g =1
Forg > 1 the Ldpl[dl stock is nslhg, as indicated by the small arrows pamlld Lo the

horizontal axis; and The capltal stock is falling when g < 1.43

dy. AFxk(K, L)

= - = <0
dK |pg=0 r— AKFxx(K. L)/ x

(because Fyp < 0). }~or g above the Ag = 0 schedule, eq. (69) shows that g must
be ris ms, as indicated by the small VCI’[lLdl arrows in the figure. Symmemc reason—
Iﬂbju\[thS the xmdl] arTows pomlmb downward below the Aq = 0 schedule. h

41. In a model with trend productivity or labor-force growth, steady-state ¢ can differ from 1 and the

steady-state marginal product of capital can ditfer from r.

42, Let G(X,, X2) be a differentiable function of two variables. ts linear approximation in the neigh-
borhood of X{ = X1, X2 = X2 is G(Xy. X2) % G(X1, X2) + Gx, (X0, X)Xy ~ X1) + Gy (X1, X2)
(X> — X3). In the next equation, we present linear approximations for the functions describing AK, 4
and Ag +1. both of which depend on the two variables K, and g,.

43. Of course, the AK = 0 schedule looks the same even if we do not work with the linear approxima-
tion to eq. {66). Thus the representation of this schedule in Figure 2.9 1s globally, and not just locally.
vahd.

This. descnptlon means that the »me a a. unigue ME;‘!&D denoted SS that _con-
verges to the steady state. Specifically, for any starting capital stock K,, there 1s
one and (mly one valug of g, that places the firm on the stable ad_]ustment path SS.
Only on S8 does the equation excluding bubbles in g, eq. (65), hold. As a result,
SS'is the path 4 and K will follow for an optimizing firm. The unstable paths in
Figure 2.9 are paths that satisfy the necessary conditions for optimality, but, be-
Lause they contain bubbles, are not really optimal. The reason bubble paths appear
T the figure is that the Aq 0 schedule is derived from eq. (67), and that equation
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does not incorporate the bubble-excluding condition limy .~ (1 + r)""'qHT =0
that we imposed in deriving eq. (65).

How can we see that paths other than 88 are suboptimal bubble paths? Paths
starting in Figure 2.9's northeast quadrant, say, call for both ¢ and K o rise forever
at accelerating rates, Tlearly, the ever-increasing capital stock ig supported entirely

by self-fulfilling expectations of a rising shadow price, notwithstanding the objec-

tive fact that the capital’s marginal product is declining over time. never to recover.
N
In the southwest quadrant, ¢ and K are ld”ll’ll:, ever more quickly. In facl both

variables would have to turn negative in finite time—an economic impossibility—

to continue satisfying egs. (66) and (67). None of these unstable paths maximizes

the firm’s discounted profits, as appendix B rigorously shows.

" In contrast. the dynanms lmplled by the saddle path SS are intuitive. If the firm
starts with a capxlal 1 stock below K, for example. the marginal product of its cagxtal
in place exceeds the interest rate. Attempting to raise its capital all the way to K

in an instant is ruled out by the high adjuslment costs so rapid an 1gvgsgmcm;;gb;c
would entail. ln\l&,dd the capital stock rises gradually toward its steady-state level.
et s e I

But the > high (relative w0 r) marginal product of capital in place will be reflected

in a hlE (relative 1o 1) value of ¢, as well as in an expectation that g will fall in
the future as the capital stock expands. As q falls toward I _along S8,

initially high,"declines to zero.

Figure 2.10 illustrates lhesc dynamus in the case of a permanent unanticipated
risc in the nmuut rate from r to r'. The interest rate enters only into the Ag =0
locus, and it shilts to the left, as shown. The new steady-state cé;iltdl stock. 15
K’, which is below K because the required rate of return on Cdplldl has nscn

Correspondingly, the saddle path shifts leftward to §'S". The capital stock is
predetermined variable that cannot change in the short run. On the other hand the
shadow price of capital is free to adjust immediately. Thus the rise in r causes the
initial ethbn to shift from point A to point B on the new saddle path. At point

B, however, capllal S margmal roduct is too low dl’ld 4 < l the firm disinvests
e

until reachmg 1ts new long -run posmon,_pomt C.

te. Flbllru 2 11 shows the lmpllcd ad|ustmem pdlh Suppoxc thln on ddte

T=0 pu)i)lé suddenly learn the interest rate will rise from r to r" on date T in the
future. We can find the resulting equilibrium path by working backward from date
I A lu,v observation undcrln,s the solun()n Since no further change in the interest

rate is cxpcc[ed to ou.ur alter date T, the economy must be on the new ;
S'S’ by that dae.

Tet us first dl\posg of Ihc posslblllty that the firm simply ignores information
i steady state until date 7. If this were the
I;mleproduct of capital would remain at r through date 7 and

about thc future : ¢

cqunllbrxum the 1
eq. (69) could be \.m\hul ondate T — 1 only qu7

mvcs[mem, ;

S ddlg(gwthf

= 1 were expected. But g would

@

ok st
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Capital shadow price, q

AK =0

. AQ=0
: New aq=0
L o .
K* K Capital stock, K
Figure 2.10

An uncxpected permanent rise in the iterest rate

have o ld“ between dates T — 1 and T to place the tirm on §'S’. The counterfactual
scenario therefore contradicts the assumption that the rise in r is annupatcd H
This contradiction 1mplles that the economy actually moves away From ifs ini-
tial position prior 10 date T, Since its motion before date T has to conform to egs.
(66) and (67) (with the original value of r in the latter), the economy must travel
along an unstable puth of the predisturbance system up to date 7. 1 7'. Thus the initial
response o the news of a future i increase in the interest rate is a drop in ca[;l?a‘lo
shadow price t0 ¢q in Figure 2.11. followed by a gradual process of dlsmvestment
lhat allows the firm to smooth the reducu m ns capltal stock over time. Af-
equals qT on S S7 That
shddow pnce is redched precmely when the cxpected interes -rate Jump oceurs,
Subsequently, ¢ rises bac,k 0 1as K = K7 is approached. The blgger is T———-thc
longer in advance the hrm lorucu the rise in r——the smdllcr the mmal rall ing.

2.5.2.3 Marginal and Average q

We now tackle an important question that may have occurred to you already: what
is the relationship between ¢, which is the firm’s internal shadow price of capital,
and the stock-market value of a unit of the firm's capital, given by V/K. When

44, One can also show that the original nonlinear eq. (67) wouldn't be satisfied, but the argument is a
bit more intricate.
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Capital shadow price, g

=0

New AqQ=0

K K Capital stock, K

Figure 2.11
A toreseen permanent rise in the interest rate

there are no capital-installation costs, ¢ = 1 and V = K, so the market value of
a unit of the firm's capital, V/K, trivially equals ¢ = 1. As we now show, the
property ¢ = V /K also holds in the more general adjustment-cost model.

The proof is relatively painless and is valid for arbitrary paths of the exoge-
nous variables. Multiply eq. (64) for date s =1 by K, and usc the capital-

accumulation identity K, 2 — Ky = 14 to write
g Ky

A1 Fr(Kppy Ly D) Ky + (X/2)(1,2+1/Kr+l) ~ i1l + g1 Key2
= 1 +r '

Since ¢y =+ x U1 /Koy ) [thisis eq. (63) for s = ¢ + | rearranged],

ArirF(Kepr, Ly DK — (X/z)(l,2+l/l(t+l) ~lipr + g1 K2
1+4r ’

G K1 =

Because the production function is linear homogeneous, the (by now) familiar
forward iteration on the variable ¢; K+ above, combined with Euler’s theorem
and a no-bubbles condition on that variable, shows that

oG ] x—t X
qIKI+l = Z <1 +’_> [A\F(K\v Lv) - E(IYZ/K\) - w,\’L\ - I\:| = Vr-(70)

s=i+1
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2.5 Firms, the Labor Market, and Investment

recall eq. (62). Thus ¢, = Vi/ K,y (or, as it often is put, “marginal” ¢ equals
“average” ¢).
This resultis illuminating for two reasons. First, it implies that eq. (64), rewritten

ds

;o= At Fx (Ko Loy ) *(X/z)(lul/l\,ul)l - ‘[ul/KHI)+(11'H(K1+2/K1+1)‘llr
41 '

can be identified with the asset-market equilibrium condition equating the rate of
return on a unit of the firm’s capital to r. (The numerator on the right-hand side of
this equation equals dividends paid out per unit of date ¢ + | capital plus capital
gains. These gains are computed recognizing that an owner of K, units of capital
at the end of date ¢ automatically owns K, ,2/K;, | units once date 1 + ] investment
is complete. )*©

A second inference from the equality of marginal and average ¢ concerns the
consumption function. The individual's intertemporal budget constraint can now
be expressed as

> l e
Z( ) Co=[(+ B+ (1 + g, K]
1 +r

s=t
N ] s~
+Z<ﬁ‘:) (Uf',\Lv'G.\) (71)

s={

if perfect foresight holds between dates 1 — 1 and 1. {The derivation follows upon
using eqs. (53), (55), and (70).] Equation (71) differs from eq. (60) only because
investment adjustment costs can make the price of capttal ¢ differ from 1.

2.5.2.4 Investment and Current Account Dynamics

One dramatic difference between the ¢ model and our earlier investment model
without installation costs is in the current account’s response to a permanent in-
crease in factor productivity.

Assume, for simplicity, that 8 = 1/(1 + r). Then it is straightforward to show
that eq. (18) stitl holds. That is,

CA =Y, =Y — (U, — 1)~ (G, — G,

with Y interpreted as output net of capital-installation costs.

45. Hayashi (1982) established the equality of marginal and average ¢ under the following assump-
tions: the firm is a price taker, the production function is linear homogeneous in K and L, and the
installation-cost function is linear homogeneous in K and /. (Note that Hayashi's conditions all hold
in the example in the text.) Applications of the ¢ model in open-economy contexts include Blanchard
(1983) and Matsuyama (1987).

46. The reason is that the firm is financing its investment out of the potential earnings of existing
shareholders, rather than selling additional shares.
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Suppose that in period ¢ the productivity coefficient in the production function
rises unexpectedly and permanently from its previously constant level A toa higher
level A’. For illustration, let labor supply and government spending be constant. In
either of the investment models we have studied, a current account deficit emerges
in period 1 as consumption rises above income in anticipation of permanently
higher future output and as investment shoots up.

When there are no costs of adjusting the capital stock to its optimal long-run
level, however, the capital stock needs only period 1 to reach the steady-state K at
which A Fg (K. L) = r. Thus, from period ¢ + 1 on, output and investment are at
their permanent levels, and there is no further current account imbalance. (Recall
Figure 2.3.)

With capital installation costs, however, the permanent rise in A causes a
current-account deficit that converges to zero only in the long run. These dynam-
ics follow immediately from the gradual adjustment of the capital stock to its new
steady state. Because the capital stock no longer adjusts in a single period, the
deficit is drawn out over the entire future. Capital is rising and investment falling,
both at decreasing rates. Output net of installation costs is rising also, but at a de-
creasing rate, and therefore saving is rising to zero over time. The combination
of gradually rising saving and gradually declining investment implies a current

account deticit that converges to zero only in the long run.
Endogenous Labor Supply

This section has drawn a distinction between financial and human wealth. The dis-
tinction is important, in part, because it helps us understand how economic events
impinge on the distribution of income when the representative-agent paradigm is
not appropriate. In addition, financial and human wealth are determined in very
ditferent ways and pose different levels of income risk for their owners: distinet
subticlds of economics study in detail how these different forms of wealth are gen-
erated. By endogenizing the supply of labor as it depends on the real wage, we
now take a first step in understanding an economy’s level of human wealth. Future
chapters will probe that important guestion more deeply insofar as it is important
for understanding international macroeconomics. Here, our main concern is to un-
derstand how an endogenous supply of Jabor can change our previous conclusions
about current-account hehavior.

Suppose the individual is endowed with L hours of time each period, and
chooses how to divide that time between work, L, and leisure, I — L. The in-
dividual's lifetime utility depends positively on consumption and leisure,

U= B 'u(C L~ Ly,

vl

J—
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e

and the individual maximizes it subject to*’

~ 1 st &0 1 St
C =l L G
S RS (L R

8= S=f

As you can verify on your own, the consumption Euler equation still holds with
1'(C) replaced by the partial derivative u¢(C. L—L):

uACo L= Ly=U4rnBuc(Coor. L — Lo (72)

In addition, on every date s, the allocation of ume between work and leisure satis-
fies the standard cquation of the marginal utility of leisure to the wage’s marginal
consumption value,

wj ((Co L =Ly =uc(Cy, L= L. (73)
To draw out some implications of an endogenous labor supply for the current

account, it is convenient to specialize to the isoelastic period utility function

- - -1
WC. L —1)= [(”(L——Lﬂ’y} "

1 - /o

Under this utility function, eq. (73) can be solved explicitly to show how leisure
depends on consumption and the real wage:

l_
Y.
yw

L—L=

This expression, when combined with our assumed isoelastic utility function and
Euler equation (72), imphies the dynamic consumption equation

w, (f-yMo- 1)
T e
Wyt

Compare this with eq. (15), in which leisure did not interact with consumption in
the period utility function. Unless o = 1, in which case consumption and leisure
enter utility separably (because utility is logarithmic), the rate of consumption
growth depends on the rate of real wage growth, something that was not true
before.

An important implication of a labor-leisure trade-off is that, even when 8 =
1/(1 + r), a flat consumption path may no longer be optimal. For example, if
o < 1 and real wages are growing over time, the path of consumption will have
an upward tilt when g = 1/(1 + r). With internationally immobile labor, this case

47. The obvious constraints Ly < L, for all s, are handled in the same way as the nonnegativity
constraint on consumption.
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might be relevant for an economy in which output is given by ¥ = AF(K, L) and
productivity A is secularly increasing.

Another important feature of this type of economy is that investment can no
longer be decoupled from consumption behavior in general. Changes in consump-
tion typically will change the marginal utility of leisure and thus alter the amount
of labor residents wish to supply at every wage. As a result, the marginal product
of capital will change. with investment effects that depend on the technology for
installing capital.

We have presented the preceding example merely to indicate that realistic ex-
tensions of the consumption-smoothing mode! explored in this chapter can change
some of its basic predictions. Further analysis is deferred, however, until Chapter 4,
where we will see how to fit models with several goods into the basic framework

of this chapter.

Appendix 2A  Trend Productivity Growth, Saving, and Investment:
A Detailed Example

2A.1

We have already emphasized the knife-edge Jong-run behavior ot the tixed discount rate,
infinitely-lived representative agent model. In this appendix we explore this issue further
by looking at the small-country model’s implications for long-run debt-GDP ratios in the
presence of trend productivity growth. The example is interesting because it highlights the
large debt-GDP ratios implied by the model for fast-growing developing countries. We warn
you in advance that this example strains the small-country paradigm-—which is precisely

what 1t s intended to do.
Deriving the Steady-State Debt-Output Ratio

A model with trend productivity growth provides an important application of the fixed real
interest rate version of the fundamental equation for the current account, eq. (20).
Suppose the production function is
Y = AF(K)= AK"
(o < 1), where the productivity coefficient A grows so that

o

Ay =0+ 0l 9A,

and 0 - g = r. In a steady state with growth the marginal product of capital, AF'(K) =
@ AK" ', always equals . Thus the capital stock is K = A/ und investment s

i (IA\ 170} -ad
=Koy — K= -2 .

r

Because output is

a

1/C—a) a/(l-a)
Y= AKY = A (‘ﬂ) ) :A‘/“’“‘”G) :
r r
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investment can be expressed as

[/e - u) w/h-a)
aAN a [\ , ag
/:<W ) g:/(-) A""I'”)g:(—“l>y
r r \r r

Output und imvestment therefore hoth grow at the net rate g. Assume that government spend-
ing is always a constant fraction, ¢ < 1 — tag/r), of output. Output net of investment and

government spending for dates s > 1 is

Yol — Go= (1 + ¢ '<‘_u}“*6>v,_

Equation (20) gives the optimal current account,

CA =Y, — 1, -G d i I SR v
B AV E T A il

g+ wy
=-Vh - (l - c) Ye. 74)
r—y r

[In denving the second equality we used eq. (19).] This balance is decreasing in the growth
rite g. A higher growth rate causes higher investment and lower saving.

What does this optimal current account deticit imply for the economy’s ratio of for-
eign assets or debt to output? Notice that, by eq. (74) together with the definition C A4, =
By = B,

Bow {“ *”"ﬂ"} By 1+g—0+07° ([ ag
Yo [BEG Y, U+ g)r — g) r‘*C)

(75)

for s > 1 [we have made the substitution # = 1 — (1 + r)? 87]. This relationship is a linear
difference equation in B, /Y, the ratio of net foreign assets to output. The equation wil] be
our main tool in a diagrammatic analysis of the dynamics of foreign assets. (Supplement C
to this chapter explains how to solve linear difference equations algebraically.)

Figure 2,12 superimposes a graph of the linear eq. (75) on a diagram indicating the 45"
line. Equation (75) has a slope of (1 4 r)78° /(1 + g). We saw earlier that (1 + r)° '8
must be below 1, and thus (1 + r)? 87 below | + r, for the consumer’s problem to have a
well-defined maximum. Let’s temporarily add the stronger assumption that (1 4 )7 8% <
I + g, which guarantees that the slope of eq. (75) is less than | and that its vertical-axis
intereept is negative, as shown in the figure. (Recall that ¢ < r, by assumption.)

Starting from the date 1 asset-output ratio B,/ Y, indicated on the horizontal axis, we find
the date ¢ + | ratio, B, /Y, 1. as the point on the vertical axis directly to the left of point
A oneq. (75). Using the 45 hine (point B), we reflect 8,/ Y, | onto the horizontal axis so
that we can visualize 1ts position relative to the previous period’s ratio, 8,/ Y. Continuing in
this way, we can plot 8,,2/ Y, 12, 8,43/ Y 43, ete., on the horizontal axis.

The intersection of the two schedules at point C defines an asset-output ratio B/Y that,
absent some exogenous shock, would be maintained indefinitely if ever attained. Point C
therefore is a steady state.

To derive an algebraic expression for the steady state, just set By y/Ysi1 = By/ Y, =
B/Y ineq. (75) and solve:

P |l — ¢ — (ag/r)
Y = LS /) (76)

r—g
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B/Y
459
B A
B/Y B/ Vi 1 / BIY
: ' Bi1/Yiue B/Y,

Eq. (75)

Figure 2.12 )
Dynanics of a small economy’s debt-output ratio

Because ag/r = I/Y under perfect foresight, the long-run ratio of foreign debt to output
equals 1/(1 + r) times the ratio to current output of the entire present value of current and
future output net of government spending and investment:

X g\ Y, — G, — ],
’L-Z<f”) Y= G = Iy =
(1 +nY, =\l +r (r—g)Y:
I Sl L VAR vy
r—g

The root cause of this tinding is easy to understand. Since the gross rate of private
consumption growth, (1 + r)? g7, 1s constant and below the constant gross rate of output
growth, | + g, the private consumption-output ratio must approach zero asymptotically.
(This is the price the economy pays for cashing in on future growth early on.) But eq. (16)
implies that, because Y — G —~ [ grows at rate g,

C r+ 0 B 1 +r Y—G—I):I [B Y—G—[:]
A Bl AR SR (AR | [P P J ) R A
+r{“+r))’+(r*x)( y vy T =gy

on any date. As a consequence, C/Y — O implies that B/Y — —(Y =G = 1)/{r - P
We now see why the limiting debt-output ratio is independent of the taste parameters g and
o (although the current account and. hence, the rate of approach to the steady state, are not).

4%. Because Y grows at rate g, this convergence does not imply that B — —(¥ =1 —= G)/(r — g)-
That is. C itself need not converge to zero.

2A.2

PN LICHU 1 IUUULUYILY UTUWUL DU VIR, GUM BHYLIUINIL L 11 Lrataliv s Laitpis

In Figure 2.12 the asset-output ratio initially is above B/ Y. and thereafter fulls monoton-
ically toward the steady state. Asset-output ratios below BJY, however, are not consistent
with the intertemporal budget constraint, Below B/ Y, the interest and principal on debt,
—(1 + r)B, exceed the present value of current and future net output. Thus consumption
would have to be negative, which is inteasible. Point C is srable in the sense that the econ-
omy converges toward it starting from any feasible initial position.

If (1 +r)”8% > 1 + g, steady-state net foreign assets are still negative and given by eq.
(76). But the steady state is unstable. Starting from any point to the right of the steady
state (the only debt levels for which the economy is solvent), the ratio of foreign assets
to output would shoot oft toward infinity (straining the small-country assumption). If it
so happens that (1 + r)° % =1 + g, eq. (75) boils down to By;) = (1 + g)B,, and the
cconomy maintains its initial asset-output ratio torever. Because we wish to compare the
model’s predictions with the experience of countries that have accumulated debt to finance
development, we focus henceforth on the stable case (1 + )77 < 1 +¢.

What size debt-output ratio does eq. (76) imply in the stable case? Suppose the world
real interest rate r is 8 percent per year, g is S percent per year, o = 0.4, and ¢ = 0.3
Then B/Y = —15. What is the steady-state trade surplus? In the long run, CA = AB =
£ B (because the economy is malntaining a constant ratio of net foreign assets to output);
thus, the long-run trade surplus is 78 = CA —rB = —(r — g)B. As a consequence, the
economy's steady-state trade balunce surplus each period must amount to —(r -~ B/Y =
45 percent of GDP!

Some Important Qualifications

Such large debt levels and debt burdens are never observed in practice: economies that must
borrow at market interest rates rarely have debts much bigger than a single year's GDP. What
explains our mode!’s unrealistic prediction? The answer is fourfold:

1. Although it may not be obvious, our partial equilibrium model assumes that the small
economy grows forever at a rate exceeding the world rate. To see this, suppose that all
of the many countries in the world economy look exactly like the small economy, except
for diverse net foreign asset stocks and a different shared growth rate, ¢*. Since the small
cconomy is a negligible actor in the global economy, we can calculate the world interest
rate as if the rest of the world were a closed economy. For a closed economy, however, the
current account and net foreign assets B both are zero, so, by eq. (16),

7 I+
C=y-G-1=""2 [W,_L -G /)}
r—g*

when Y, G, and 7 all grow at rate ¢*. Solving for the equilibrium world interest rate, we tind
thaty + g* =1 — (1 +r)7B7 + g* =0, 0r,

B (1 +g‘)]/n
A .

Because 1 + g > (1 + r)7 8%, g must exceed g*. If, for example, we take f = 0.96 and
o =1, then the assumption of a world real interest rate r of 8 percent per year implies,
according to eq. (77), that the world outside our small economy is growing at rate g* =
(0.96) x (1.08) — 1 = 3.68 percent per year. Economists believe, however, that fast-growing
developing economies eventually converge to the growth rates of industrialized economies.
(We take a closer look at the theory and evidence on convergence in Chapter 7.) If g does

L4r an
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not converge to g*, then in the long run the country will become very large relative to the
rest of the world and the assumption of « fixed interest rate is no longer tenable.

2. 1f g does converge down to g*, the economy’s long-run debt level will be lower. Conver-
gence in growth rates thus implies that the economy is likely 1o near a constant debt-output
ratio long betore that ratio gets too large. To see why, let’s continue to assume interna-
tionally uniform preferences and look more closely at the dynamic implications of inter-
national growth disparities. Use eq. (76) and the fact that the world growth rate, g*, satisties

14+ g% = (1 + )77 Isee eq. (77)] to write difference equation (75} as

B if_<l+g’> B, B
Yoo )'W

e J\r Y

This version of eq. (75) implies that a fraction

1+g* g4

I+ 1+

of the distance between the current asset-output ratio and B/Y is eliminated each period.
For example, in an economy that has converged to the world level (so that g = &), none
of the distance is eliminated: the existing asset-output ratio, whatever its level, is the long-
run ratio too. In the last paragraph’s example with g = 0.05, ¢* = 0.0368, and the time
period equal to a year, a developing economy starting from zero foreign debt would travel
only 1.26 percent of the distance to the steady-state debt-output level each year if g did
not converge 1o g*. At that rate, it would take the economy 55 years to get halfway to the
steady state. A domestic growth rate g converging downward to g* over ime would extend
this half-life dramatically. Given the slow approach to a steady state, g would very likely
near g*, allowing the debt-output ratio to stabilize, before too much debt had been built
up.

3 ven these considerations leave the theoretical implication that fust-growing developing
cconomies have toreign debts larger than those we observe. ¥ A third tactor explaining the
small size of observed debt-output ratios, one we have alluded 1o on several occasions, is
the limited scope for writing enforceable international financial contracts. The problem is
especially severe tor poorer countries with little collateral to ofter and httle to lose from
sanctions in the event of default.

4. We have been pushing the assumption of infinitely lived decision makers very hard in
a setting where it: empirical application could be particularly misleading. Individuals with
finite lives wouldn't be able to borrow against the economy’s immense but distant future
output. Cutting oft that possibility sharply reduces the long-run ratio of debt to output.

An important moral of the analysis is that a small-country model can be misleading for
analyzing long-run trends in current accounts. General equilibrium considerations that may
be secondary for analyzing short- to medium-run fuctuations may become important when
examining the very long run.

49, Blanchard's (19583) simulation analysis of Brazil illustrates the magnitudes one would obtain.

JTITI .
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Figure 2.13
South Sea Company shares, January 1719 to January 1722

Appendix 2B Speculative Asset Price Bubbles, Ponzi Games, and Transversality
Conditions

The saddle-point stability property of the ¢ investment model (section 2.5.2) is typical of
macroeconomic models in which agents price assets on the basis of perfect foresight or, in a
stochastic setting, rational expectations of future events. In our discussion of firm behavior,
we argued that neither explosive stock-market prices nor explosive shadow prices of cupilui
Mithe cconomic sense. More speciftcally, in cq. (57) we assumied that the present value of a
frm’s stock-market price on a future date must converge to zero as the future date becomes
more and more distant. In other words, the firm's market value cannot rise at a rate equal to

or ;xl?ovc. the rate of interest. Stmilarly, in deriving eq. (65) we claimed that a firm cannot hc:
maxtmizing profits i 1t s following a plan in which the shadow price of its installed capital,
4. Tises atarate above or equal to the rate of interest. This sort of phenomenon would reflect
a speculative bubble driven by self-fulfilling price expectations. ™

‘ Wbal guarantee is there that a market economy won't generate the speculative price
?rcnncs we have assumed away? Figure 2.13 shows the price of South Sea Company shares
in London during u celebrated eighteenth-century episode of explosive asset-price behavior,

the so-called South Sea bubble ! Isn't it possible in theory, as some argue was the casé
during the South Sea bubble, for expectations of future price increases to become self-

validating as investors bid prices ever higher in the expectation of growing capital gains?

7 The short answer is that some fairly compelling arguments rule out speculative bubbles

in the class of infinite-horizon models studied in this chapter. This appendix presents those

arguments and shows how they are related to the transversality requirements for optimality

50. Rcc.al] our assumption on p, 66 that economic quantity variables grow at rates below r and thus
have finite present values »

S'I. The South Seat bubble and other historical cases of financial-market turbulence are discussed by
Kindleberger (1978) and Garber (1990). The data in Figure 2.13 are tsken from Neal (1990).
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at the level of individual decision makers. However, the appendix to Chapter 3 shows that
there are alternative models in which speculative bubbles can arise. Ultimately, therefore,
one must appeal to empirical as well as theoretical arguments to rule out bubbles entirely.*

Ruling Out Asset-Price Bubbles

Let V, be the date 1 price of an asset that yields the dividend d; 4y on date + + 1. The
consumption Euler equation for this asset, which must hold provided the consumer can
increase or decrease holdings of the asset by a small amount, is

Viu'(Cr) = Bldrpy + Ve D' (Cri).

As always, this equation states that an optimizing consumer cannot gain by lowering hold-
ings of the asset by a unit on date 1, consuming the proceeds, Vu'(C,), forgoing the con-
sumption allowed by the dividend, worth Bd,;¢'(C;41) in terms of date ¢ utility, and then
lowering consumption on date t + 1 to repurchase the asset ex dividend at a date 7 cost of
BV (Crin).

Consider what happens when we iterate this Euler equation forward into time. By succes-
sive substitutions into the last term on the right-hand side below, we deduce that

V' (C) = Bt (Cia ) + BV (Cri)

= /"llnlu/(('lu) + /’5211/+2”/(C172) +ﬁlvnl“(((vl¢1"

and so on. The intuitive interpretation of these iterated Euler equations is that, along an
optimal path, an individual cannot gain by transforming a unit of the asset into consumption
at time £, reducing consumption by the amount of the dividends forgone over the next 7
periods, and then repurchasing the unit of the asset at the end of period 7 + T Taking the
limit as 7 — oo yields:

R
W(Cy= Y BT+ tim BT (Crr) Vier (%)
s=14+1 T
We have assumed our consumer to be in a position to reduce holdings of the asset on date
r and to reverse that reduction on date ¢ + 7, where T is a finite number. Let us now make
the slightly stronger assumption that the consumer is in a position to reduce holdings of the
asset permanently on date ¢.°* If the consumer reduces his subsequent consumption by the
forgone dividend flow, his utility loss is

4
L B (Cody.

sz ]

$2. For alternative theoretical models in which bubbles can be excluded, see the discussion of real asset
pricing in Obstfetd and Rogoff (1983) and Tirole (1982). A capsule summary of the literature is given
by O'Connell and Zeldes (1992).

53. Only rarely does this assumption fail in economic models. Its failure is rare because most assets can
be held in negative quantities: an individual can issue a liability ottering the same stream of dividends
as a positive position in the asset. Thus, even if the individual's holdings of the asset are falling toward
zero. 4 unit reduction in holdings stll is always feasible. A leading case in which a reduction in asset
holdings is not always feasible involves holdings of money, which can never fall below zero. We discuss
monetary 1ssues further in Chapters 8-10.
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Suppose, however, that the werm imy L 874’ (Cyy 7IVisr ineq. (78) is strictly positive
Then the current utility gain from consuming the proceeds of the asset sale, V,u'(C,).
strictly greater than the toss in utility due 1o torgone dividends. So when the limit in eq. (7
is positive, all consumers will try 1o reduce their holdings of the asset, and their collecti:
efforts will drive its price down to the present value of dividends,

~ ; ~
- a'(Cy) >, Ly
V, = E P = } e
' \;lq|ﬂ “/‘(")‘ \:1.)<l+r> -

where the second equality comes from iterating Euler equation (5). Thus the price path v
were looking at cannot be an equilibrium: the equilibrium price path is characterized by

hm B0 C L Ve, =0,
T~

Sincc .u'((’,) >0, and, by eq. (5). B/ (Cror) =1 (CH(1 +r)~7 . the preceding conditic
is equivalent to the no-bubbles condition imposed in eq. (57),

dim (L +r) Ty =0,
Toen

Before concluding, it is worth noting that this condition, which rules out equilibriu
bubbles, bewrs w family resemblance to the transversality condition we have imposed o
individual asset holdings. (For this reason, the no-bubbles condition otten is itself referre
toas a trunsversality condition.) This resemblance is no coincidence, since both follow tro
the exclusion of Ponzi schemes. ™ Prior 1o imposing the transversality condition on tot
u;;c(.\ for this cconomy, one would write the individual's intertemporal budget constrats
(35) as

~
1

-t T
o ]
E <l’+',) (\+Il““ <l‘;’j’) (Bivrvi+ Vierxnra)

vt - r

U I R
=1 +rB +dx, +Vix, + }: <7—) (L — G,).

—\l+r
In a hypothetical situation where limy L (1 +r)" "V, 7 > 0, any individual would be abl
to ‘incrcusc the present value of consumption above that of lifetime resources simply b
gomng short and maintaining forever a constant negative value of the asset holding 1. Bu
Whmy o0+ ) TV 00 no one would wish o hold the counterpart /m.vi/i\'u”posili«n
in xandetinitely for the reason we have seen: the price of the position equals the presen
value of its payouts only if one Hquidates the position in finite time. Indeed, everyon
would wish to maintain a negative x because all agents are identical and to hold a portfolic
such that limy L~ (14 )1y, X et 2 0018 to pass up or, even worse, be the victim o
a profitable Ponzi scheme. Viewed from this alternative perspective, it is again clear tha
bubble puths cannot be equitibrium. As noted earlier, however, we will revisit the topic o
bubbles for a different class of economies in the next chapter.

54. The case in which this limit is negative is excluded by the free disposability of the asset.

55. For additionat discussion of this point, see Supplement A to this chapter.
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2B.2 Ruling Out Bubbles in the g Model
The argument that disposes of divergent paths for the shadow price of capital parallels the
one just given for asset prices.

Forward iteration of eq. (64) leads to
qr =
o 1 s -t X N ) i T v
Z (T;—r) [AMII’VK(KHI-LH—!)+5(1.\+1/K\9l’ +11111:U Ty 9T
s=t 4]
Suppose that the limit term on the right-hand side is positive. In this case,
~ 1 Nt ) X ) s
4 > Z (T+;> A1 Fr(Kspr Lepr) + -2'(1.\+1//\\+1) .
s=i+ 1

where the right-hand side is the stream of earnings that a marginal unit of capital perma-
nently in place will generate for the firm. But, by eq. (63), 4 equals | + x(I;/K;), which
is the value to the firm of dismantling the marginal unit of capital and selling it on the mar-
ket. Thus the strict inequality shown here says that the firm cannot be optimizing. Its capf(ul
stock is too high, since discounted profits can be raised by a permanent reduction in capital
(which certainly is feasible, given that installed capital is exploding: see Figure 2.9). A sym-
metric argument rules out the possibility that limr o (1 +7)" rq,+r < 0. The conclusion
is that limy L~ (1 + 1) ’Tq,+7 = (), as claimed in section 2.5.2.

Exercises

1. Current account sustainability and the intertemporal budget constraint. Suppose that
a country has negative net foreign assets and adopts a poticy of running a trade
halance surplus sufficient 1o repay a constant small traction of the interest due each
period. It rolls over the remaining interest. That is, suppose it sets its trade balance
according to the rule T'By = —£r B, £ > 0.

(a) Using the current account identity and the definition of the trade balance, show
that under this policy, net foreign assets follow the equation

By =1+ ~£)r]B,.

(b) Show directly that the intertemporal budget constramt is satisfied for any £ > 0.
[Hint: Show why

(e ) l vt 0 l st
i = — B, =—(1+r)B.
Z(l+r> e Z(;+,> & (enf

=t y=t

Note that even if £ is very small, so that trade balance surpluses are very small, debt
repayments grow over time as By grows more negative.

(¢) Have you now proved that current account sustainability requires onl){ that coun-
tries pay an arbitrarily small constant fraction of interest owed each period, rolling
over the remaining debt and interest? [Hint: Consider the case of an endowment econ-
omy with G = / = 0 and constant output ¥. How big can B get before the country
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owes all its tuture output to creditors? Will this bound be violated it £ is not large
enough? If so, how can the intertemporal budget constraint have held in part b?}

IS

Uncertain lifetimes and infinite horizons. One way to motivate an infinite individual
planning horizon is to assume that lives, while finite in length, have an uncertain
terminal date. In this case, the terminal period 1 + 7° of section 2.1.1 becomes a
random vanable. Let E; U, denote the individual’s expecred utility over all possible
lengths of hife, that is, the weighted average over different life spans with weights
equal to survival probabilities. Assume that individuals maximize expected utility.
(a) In any given period, an individual lives on 1o the next period with probability
@ < 1 but dies with probability 1 — ¢ after consuming. In the following period, the
individual faces the sume probabilities of survival and death. Show that expected
utility 1s the weighted average

1+ 7

e
EU=)Y o -9 |3 B uc)

7=0 s=1

(b) Notice that one’s consumption conditional on reaching date s, C,, cannot be a
function of one’s eventual longevity, since the ultimate date of death is unknown
when date s consumption occurs. Rewrite E, U, by collecting all the terms involving
u{C). then collecting all those involving u(C, 1), and so on. Show the result implies

N
EU =) (0B u(C.).

3=t

The uncertain lifetime thus gives the consumer a utility function with an infinite
horizon and a subjective discount factor that equals the product of the “pure” time-
preference factor and the survival probability for each date. (For more on this model,
including the implications in generul equilibrium, see Yaari, 1965, which is the origi-
nal reference; Blunchard, 1985; and Frenkel and Razin, 1992.)

3. Anaother form of Hall's random walk. Show that it consumption has a conditional log-

normal distribution and «(C) is 1soelastic, then the natural logarithm of consumption
follows a random walk with constant drift when (I + r)8 = 1.

4. Details on Deaton’s paradox. Consider the linear-quadratic stochastic consumption

model, in which (1 + 1) =1 and G = I = 0 on all dates.

(a) Use the current account identity together with consumption equation (32) in the
text to show that the change in consumption is the present value of changes in ex-
pected tuture output levels,

r x 1 s—{r+1)
Crp1—Cr = Eiv1 —E)Y,.
tt1 ' 1 +r Z[(I+r> (1+1 )Y,

s=I+

In this equation, for any variable X,, (E, 4| — E;) X, denotes the amount by which
expectations of X, are revised as a result of information that arrives between dates
t and r + 1. (Here, the change in consumption automatically equals the unexpected
change or innovation in consumption, due to Hall's random walk result.)
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A

6.

9.

(b) Suppose output follows a nonstationary stochastic process like eq. (38) in the
text,

Vi =Yi=pYo =Y 1)+ €4

where 0 < p < 1. Show that for s > 1,

| —p* !

[
€41 = T €.

-+
) 1

(E gy —EpYy=(+p+ .. + p'
(¢) Conclude that for the permanent-income consumption equation (32), the con-
sumption innovation on date  + 1 1s

1 +r 1 +r

Coot —Cr= ————€4) (Yep1 — EYr)
l+r—p P

I+r-
Because p > 0, consumption innovations now are more variable than output innova-
tions when individuals desire smooth consumption.

(d) Compute the current account response 1o output innovations in this case. Verify
the claim at the end of section 2.3.3.

An alternative form of the Campbell (1987) saving test. Show that eq. (43) in the
text holds if and only if the variable C A,y — AZ, 4 — (1 + r)CA, is statistically
uncorrelated with date ¢ (or earlier) variables.

Derivation of eq. (43). Equation (42) in the text implies that CA, = Z; — E,i,, where
Z s netoutput, ¥ — G - 1. Show that an equivalent equation is eq. (43),

(o 9 I st
CA, = — Z (ﬁ7) E,AZ,.

st

[Hint: Define the lead operator, L~ L by L “VE, X, = E, X, for any variable X, and
use the methodology described in Supplement C to this chapter, noting that E,Z, =
P - kD Tz
Unstable debi-output rasios and transversality. In the unstable case of the model of a
small country’s debt-output ratio (appendix 2A), why is the transversality condition
not violated as B/Y — 00?

The business cycle and the current account. In the simplest static Keynesian models
of undergraduate macroeconomics texts, higher current income Y may be associated
with a current account deficit as imports mY rise. Thus the current account can
be countereycelical. In actual industriai-country data, current accounts do tend to be
countercyclical (see, for example, Baxter 1995). Early critics of the intertemporal
approach to the current account (e.g., models such as those in this chapter) argued
that a major empirical flaw of the approach is its inability to yield countercyclical
current accounts. Are they right?

A simplified ¢ model. Suppose that a firm facing a market interest rate 1 +r has a
production function given by ¥, = A, F(K,), where A is a productivity parameter
and we treat £oas fixed. The firm's objective function is 10 maximize the present
discounted value of profits. However, the firm faces adjustment costs to changing its
capital stock. Specitically, it must pay x 12/2 in adjustment costs in any period where
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itmvests (or disinvests) at rate 7 (-~ 7). {Note: In contrast to the text formulation, we
are not normalizing adjustment costs by K .| Thus the firm maximizes

~ IJ
S N AR T

s=f
subject to the usual capital accumulation equation
Kioi =K, + 1.

Denote by ¢, the Lagrange multiplier for the capital accumulation equation in
period 1. so that the first-order conditions for the firm’s maximization problem come
from solving

2

x/

o
. (5 —1) e
rIIl;XE (T4ry W VAFK) — 1 — — g5 (K1) - K- 1)

A=
(a) Differentiate the firm’s objective function with respect to I; and K, to find the
first-order conditions characterizing efficient investment.
(b) Show that the first-order conditions imply the following system in ¢ and K:

-1
Kiyi - K = (’h““‘

X

. L
Givr — 4 =rg; — A F (I\,+q’ _>
X

(€) Assume that the productivity parameter is constant at A, and draw the phase
diagram of the system with ¢ on the vertical axis and K on the horizontal axis. Find
the steady state. Does it depend on adjustment costs?

(d) Using your graph, show what happens when there is an unanticipated permanent
rise in A o A" Show the new steady state and the transition to the new steady state.

(ey Now suppose that the system is initially in a steady state corresponding the pro-
ductivity level A, but the firm learns (by surprise) on date ¢ that A will rise perma-
nently 1o A" at some future date 7. (Perhaps the firm learns that it will be able to
use a new invention that aids productivity but not until the patent expires at time 7T.)
Show, using your K, ¢ graph. what huppens at time 1 and thereafter.

(f) In the model of the text, we showed that marginal ¢ equals average ¢. Is that true
in this formulation?
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From the representative-ugent models of the preceding chapter, one might infer
that fast-growing countries tend to have lower saving rates and larger current-
account deficits than slow-growing countries. Clearly this 15 not always true in
praclicé. Over the period 1983-92 for example, Japan's annual GDP growth av-
eraged nearly 4 percent while that of the United States averaged only 2.7 per-
cent. Yet Japan's saving rate was more than twice that of the United States, and
it ran immense current account surpluses while the United States ran deficits.
Although there are several stories that might reconcile the representative-agent
model with these facts, it is worthwhile considering alternative theoretical ap-
proaches.

The most important alternative approach is based on the overlapping genera-
tions model, tirst introduced by Allais (1947) and Samuclson (195%). Consistent
with the celebrated analysis of lite cycle saving due to Modigliani and Brumberg
(1954, 19809, the overlapping generations model allows for heterogeneity across
young and old consumers. It implies that demographic trends and the generational
incidence of taxes can be u?ﬁ)&hnlduummdnts of national saving and the current

An overlapping generations framework suggests, for example, that the large
government budget deficits of the 1980s and the concomitant increases in old-age
entitlement programs may have contributed to the United States’ low saving rate
and high current account deficits. Japan’s high saving rate and large current account
surpluses, on the other hand, may have been due partly to the saving behavior
of a relatively young labor force. It so, Japan's external surpluses may well drop
dramatically or even turn to deficits as the large cohort of current workers begins
to retire en masse carly in the twenty-first century. These explanations plainly
are simplistic, but they suggest important factors that are entirely absent from the
representative-individual framework of Chapter 2.

The chapter starts with a discussion of government budget deficits and debt,
which can have important effects in overlapping generations models, as Diamond
(1965) first showed. It then looks at how growth and demographic trends influence
the current account in those models.

As in the last chapter, we are able to bring out many of the main ideas in
the context of a small-country model, though we also consider a two-country
model of global equilibrium. In addition to the most basic overlapping genera-
tions model with two-period hives, we study another vanant, based on work by
Blanchard (1985) and Weil (1989a), in which agents have potentially unbounded
lifetimes. We also explore how the strength and nature of intergenerational link-
ages affects the answers overlapping generations models give compared with those
of representative-agent models.
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Government Budget Policy in the Absence of Overlapping Generations

The first step in a more detailed examination of national saving behavior 1\ to dis-
tinguish between its two components, private saving and government suvlng: Al-
thourh this distinction is important in general, as we shall see, there are prominent
.\pcc;ul cases in which it is irrelevant for understanding national saving. The hasic‘
model underlying Chapters | and 2, which assumes a single representative type of
pational individual, provides one such case; those chapters didn’t worry about pub-
lic deficit finance. To set the stage for an analysis of government saving in models
with richer demographic structures, we first show why government b budget deficits
are neutral in the representative-agent setting of the first two chapters,

As in those Lhdpters we assumne that poputation size is constant and normalized
to 1, so that the quantity variables entering the representative individual's utility
function and budget constraint correspond to economy-wide totals. Starting with
the simplest two-period case, we consider in turn the intertemporal budget con-

straints of individuals and of the government.

If initial private bond holdings are zero, the individual’s constraint is derived in
the same way as eq. (15) in Chapter 1. Now, however, we want 1o relax the assump-
tion that the government’s budget is balunced in every period. In lhl.”]f{‘,‘ff”“],,l1

budget u)ns[mmt taxes, T, , which are lump-sum in nature, thus appear in place ()f

’ government spending, _(;

H

Cr+ 12 . Yo — T
(l+ll+_l+r 1T+r
The corresponding constraint for the government (assuming a zero initial govern-
ment debt) is

G B 2)
G+ ———=T) + — 2
Ty P4 r

which limits the present alue of the government’s consumption to the present
value of its revenues.
" "Substituting eq. (2) into eq. (1) yields

Ca+ 12 Y, — G

; DR VO 2T
Co+hot T 0t .

uals wnll make the same consumpuon deusxons that they would were lhc govem—
ment’s hudbcl ‘balanced each pcn()d Since unbaldnced government budgets leave
puuh and mvestmcm schcdulcs (cxprcsxcd as wnumnx of r)un-
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3.1 Government Budget Policy in the Absence of Overlapping Generations

This neutrality of the timing of lump-sum taxes, given government spending
levels, shnuld be no surprise. Every dollar of taxes postponed today must be paid

“With interest lomorrow _by the exact same group of _taxpayers alive today. Thus
all that matters for lhc consumption Choxces of these identical 1nd1v1dual€ is the

J— .
present value of bovemmenl spendmg, as in Chaptcrs | and 2
government dchut say, unnot affect consumer choices,

As a result a

“Observe that even though a Lhange in the ummg ot taxes changes government
saving, the national saving schedule doesn’t change. Private saving is
iV¥Y~T—C(
| S ——

whereas government saving is the public budget surplus,

s=T-G\

National saving, the sum of private and government saving, thus is 5" + % =

S=Y~-C-G las in eq. (13) of Chapter 1, which, however, allows for nonzero
ml(ml net formyl d\\t,l\} As we have Jusl seen, C ls the same, glvcn . Thus

offsets any Lhdnbc n bovcrnmcnt saving. It thc Eovcrnmem lowers taxes by dT
on date 1 .md lhgrdorc ra

v e TS,

wuh()ut dl lurbmb lhc Opllmdl gonsumptnon plan it is follo

The assertion that government budget imbalances arc 1rrelevanl to resource al-
location is callcd _the Ricardian equ:valeme of debt dnd [axes In sections 3.2
and 3.7, we shail examine a number of theoretical frameworks in which Ricardian
cquivalence fails. Even within the contines of the present model, however, a num-
ber of very strong assumptions underpin the Ricardian result. It may fail to hold

i individuals can’t borrow at the same interest rate as the government (or, in the

1. The reader may have noticed that we didn't use the small-country assumption to show that the timing
of taxes s irelevant. Indeed, no small-country assumption is needed. Provided national saving and
investment schedules do not change—and they do not in this case—equilibria are not altered.

Size does matter for a separate issue, the effects of a change in the timing of government consump-
ton For a large economy, though not for a neghigibly small economy facing a given r, the individual
values of the government spending levels Gy and G, and not just the present value, do affect the
equilibrium. A small economy can perfectly offset government spending changes through international
borrowing or lendiny it the present value of government spending doesn't change. But the world econ-
omy as i whole cannot offset government spending changes through borrowing and lending. Thus a
shft i government spending toward the present, even one causing no change in the present value of
world government spending at the initial world interest rate, will raise the world interest rate.

2. Although the English economist David Ricardo (1772-1823) reviewed theoretical arguments for

equivalence i his Principles of Political Economy and Taxation (1817), he did not believe the result
applied in practice and warned against the dangers of high public debt levels. He feared, in particular,
that Tubor and capital might nugrate abroad o avoid the taxes needed 10 service national debt. See
Ricardo (1951, pp. 247-249).
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extreme, if their borrowing is capped).” And Ricardian equivalence generally fails
when taxes are distorting. In this case, changcs in the time path of tuxes have real
effects by changing the severity of tax distortions in different periods. Our current
assumption that individuals have finite lives is quite inessential, however: Ricar-
dian equivalence holds in the infinite-horizon model of Chapter 2 provided Ponzi
schemes are ruled out.

To see why, write the asset-accumulation identity for a private individual as

B =B =Y +rB T -C =1, (3)

ril
where B! stands for individual holdings of financial assets other than capital at the
end of period 1 - 1. Notice that eq. (3) is the same as eg. (12) of Chapter I, except
for two changes: net private assets, B appear in place of the overall cconomy’s
net foreign assets, B, and taxes appear in place of government spending. The same
argument that led to lifetime budget constraint (14) of Chapter 2 shows that, under

a4 constant interest rate r, S GIEE R LA
SR P

R et : -
) =Ty @

S B

N l Y
— C I,y =11 B"+
2;<1+-r) (Cot+ 1) = +r) Z(

s=t

A similar argument, based on the government asset-accumulation identity

II(‘H“ —T,+!‘, 7—(1, e (5)
leads to the government's intertemporal budget constraint (under a constant interest
rate), D PN -
N IR R SR
o ] v s =1 - ) v SE
o G,=U 4B+ (——) Ts. bR T (0)
L(l+ ) Y 1+ ! S -a,m?

where B denotes the government's net financial assets at the end of period 1 — 1.
(The government's assets can include claims on or debts to both domestic residents
and foreigners.) As in the two-period case, the present discounted value of gov-
ernment consumption equals the present discounted value of government revenues
(including any net asset income). (The government’s initial net asset position on
date 1, By, may be negative, of course, in which case the government has a debt.)

Notice that B;, the net foreign asset stock of the economy as a whole, is the sum
of private assets and government assets, .

B=B"+B" . (7

since the government's net debt vis-a-vis its own citizens cancels out when the
private and public sectors are consolidated.

3. For further discussion, see Hayashi (1987) and Yotsuzuka (1987).

R L LT T T LT T e Rt R

Once again, the vahdlty of Ricardian equivalence for thls economy can be seen
hy nuryn;, the mdnv:dual and Eovernmonl budget u)nslr‘uvms eqgs. (4) and (6), and

dpplymg eq. (7):

o I yof %‘
Z(TI’Z) ((\+/\>:u+r>n,+&<l

s=t y=I

+r

st
) Y, -Gy, (8)
. ¥
Constraint (8), which is exactly constraint (14) of Chapter 2, has two important
llllpllLdll()l’l\ First (as before), the nmc path of taxes does not atfect md1v1dual

u)nsumplmn or mvcslmcm dcmdnds prre d d\ tunulons ot thc mterest rate.

Thus’ mere rwrmnt,cmcm of the tin tlime path of lump sum taxes can 1 change the

world economy's equilibrium. Suumd since private individuals Yul]y internalize
fha-disbic :

their government’s bu lbg( wn\u.nm it doesn’t matter how d lL‘PIt\Ll)l‘llch agent

o oS

;nmu sector and povern-

e e A
econamy's el foreig avsels ate divided Bétw

me nl leyn Ihc path of gwgrnmgm \pgndm):,, a tmnstcr ()t torann assets trom a
LOUII(I’)’ s pnvalc sector 1o its government, say, wou]d causc lax cuts Just sufhcxem

to lcavc 1hc prucnl valuc of prnalc disposable income unchané

o S

3.2 Government Budget Deficits in an Overlapping Generations Model

This section introduces a model that breaks the link between the h

izon of private
lndnv:dualx and that ()f the government. The modification creates a channel fhrough\
which iump sum tax p()llcy can alter the economy’ s equilibrium. Furthermore, the, :
model's predictions about the determinants of private saving are quite different

from those of representative-agent models.
A Small Endowment Economy

Consider first a small open endowment economy in which each generation of in-
dividuals lives for two periods, and a new generation is born each period. For
conveniencee, we normalize population so that cach generation consists of exactly
one person. A person born on date 7 is assumed to have the utility function

Uler-din)=loe (o J)+ Blog (V) - )

In thns equalnon ¢ dcnolcs consumption during youth of someone born on date ¢
and ¢}, , denotes thc consumption of the same person while old in penod r+ 1
For slmphuly we have assumed that the uullly function is Iogarlthmlc though
none of the main results that follow depends on this assumption.* We assume

4. Indeed. since we tix the foreign interest rate throughout the next few sections, it would be sufficient
for most of our results to assume that I/ ( A ”]) 1s homothetic in first- and second-period consumption
(so that the optimal ratio ¢ /L dep::nds only on the interest rate). With homothetic preferences

and an unchanging interest rdte thc consumer always spends a constant fraction | — s of lifetime
wealth on first-period consumption. For the two-period logarithmic utility function, this fraction I —5 =
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perfect foresight, although many of the results would have analogs in an explicitly
stochastic setting.

Much more complicated overlapping generations models, involving longer life
spans, alternative utility functions, and more complicated demographic evolution,
are used in both theoretical and applied work. (Indeed, Samuelson’s original con-
tribution assumed three periods of hife.) The particular case we scrutinize here is a
natural one to build on, and it is rich enough to illustrate effects that also are present
in more ¢laborate models.

Let 1,7 denote net lump-sum taxes paid by an individual who is young on date ¢
and 7 | the individual’s net lump-sum tax hill when old. (Negative values repre-
sent net transfer receipts.) This notation allows for the possibility that the govern-
ment nmpoxu ditferential tdxa'li;;ﬂrplgly(‘)r;twﬁvc young and old wnhm the same penod
(Thus. unlike in a represcmduve “individual model. t, is not ncc;ssanly equa] to

1;” even though both taxes apply to the same date.) Ruling out inheritances for the

time being. the individual’s budget constraint is

(.“ ‘,O _ TO
-\+,*'LL=\-“_T["+;M' v (10)
I +r L+r

~

where the interest rate 7 s given by the world capital market and assumed to be

u)n\lunt

The individual's pr()blcm is the same one solved in the two-period model of
Chaplcr 1. denmmng eq. ©) subject to eq. (10) yields the intertemporal Euler
equation, - T

Feo = +rger. (1)

1= !

f vgry mdlvndual s C()nsumpuon path over the two periods of life is upward ulun&,
lt 1 +r exuccds l/ﬂ dnd downward ulung in the opposite case. Together, Euler
cquanon (1 I) and hud;_,u constraint (10) 1mp|y the consumpuon demands:

DR S 7 e
1 ! V”, —'[” i 77
¢ = (1 +ﬁ) -+ LII_F—H—‘I' . ! (12)
r oL
B vy Yk T Eh
r+l—(l+r)<m yl_rr+1—+r'_ . (13

/01 & ). Forisoclastic period utility,

i
Tl g

(Recall section 1.3.2.3.) We choose log utility for ease of exposition and the reader should have no
trouble generalizing the results.

R LINVCHTIINCHT DUURTL LZCHCIS 11l Wvernapping Ucneratons ivioaes

Although the individual’s problem is the same as in previous chapters, there
|s no lonl,gr a smglc representative individual. Instead, two different individuals
Soexist on c‘mh d.uc Thus, 1o study the ecconomy’s uggregare buh.xvmr we have to
add up over the two generations alive each period. Aggregate consumption C, in

period ¢ is the sum of consumption by the young and consumption by the old:

‘fw(,—( 4—(”] (14)

(‘urdul attention to the government’s murtcmpmal budget constraint is critical
in what follows. The constraint is no different from the one that dpleLS in the
—_—

representative-agent economy, but it recognizes now that different demographic

groups may face different tax rates. Let (7 denote aggregate government consump-
tion (not government consumption in per capita terms, which equals G/2). The in-
crease 1n government assets between the ends of dates 1 and ¢ — 1 1s the difference

between government net revenues (mcludxmv publu asset mcomc) and government
consumption. Thus,

TR + B =G (15)

(Notice that now b‘“ dcnotcs aggregate, not per capita, government assets. This
distinction was not important in the representative-agent model.) Coupled with a
prohubition on Ponzi games, constraint (15) leads, in the usual way, to the govern-
ment's intertemporal budget constraint,

X 1 st NG 1 s—t
- 8 Y O
;(Tﬁ) G, = (1 +r)B +;<——l+r) (r) + ). (16)
This equation is exactly the same as eq. (6), of course, because aggregate taxes 7
equal t¥ + 05

To understand the implications of eqgs. (12) and (13) for the economy’s overall
equnhbnum itis helpful to spend 4 moment on [ht, special case in whxch vy

] > and G In this Case, each xouﬁg
individual is identical with the young of prior. generauons and the consumption

., and G, are constant over time at y¥, y0, 1

of the economy’s reEresemauve young and old residents is constant period after.
pertod at the levels ¢¥ and ¢© xmphLd by egs. (1'7) dnd (H) Add1n5 we find that
aggregate consumpuon dl\O is constant at

1 1 + ) O __ L0 oL .
B BN ACR LN Rt 5 T
1+ 8 . L +r ao

Because government spending and (age-specific) tax levels are constant through
time, the government’s budget constraint (16) reduces to

5. As we shall see later, however. the overlapping generations model encompasses equilibria in which
government Ponzi games are possible.
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(:~rb’“+r +r .

whuc we omit the subscript on B because it must be constant over time if spend-
ing and taxes arc. Using this constraint to eliminate 7° from the preceding expres-
e

sion for aggregate consumption yields

. . ‘ . et R
14+ (1 +n)p v v —G—rr¥+rB¢ RO RN
= L Y e ) . ey b T e A

1+ 8 1 +r

Notice that we do not requnrc th sumption that (1 +r)B = 110 achieve stable

aggregate consumption. as we did in the models of Chapters 1 and 2. Even though
every individual's consumption may rise or fall over his life ¢ycle. he dies off after
two pumd\ of Tife, and his place is taken by an identical member of the generation
lnllnwmb hl\ “Fheretore the cross-sectional profile of consumption in the economy
remains constant. An implication is that a small open cconomy s consumption will
reach a steady state even when (1 + )8 # 1, in sharp contrast to the case in which
Al Tadividuals share the same hife span. Also in sharp contrast to the models of the
last two chapters is the feature that aggregate consumption can depend not only |
on government spending, but also on tax policy '(rcpres‘emcd by the presence of ¢
™V in th JEETLEAIL wn\umpuon cquam)n) and on the lhc lcvel ot éovcrnmgm

not hold

LR e——

auounl bxlanu’ Thc current account is the Lhange m “the eumomy ] total nct
foruyl d\sus In an economy without 1nvestmem alt of an economy’s ner assets

are glmms on tmu"ncr\——cldlms ot domcstlc (,n[mes on olher domuuc entities nel
oul By eq. (7. 2 u)umry s total net assets are the sum of private and government

a.\\c(\. Thus,
CA =B — B = I’,!”H + B;;l - (B; + B,() .
= (B - B+ (B = B an

This equation says that the current account is the sum of net s‘xvmb by the private

sector, S, =B’ - B/ and net saving by the government, S =B/ BE. Of
R A re

course, 1he Current account here is still also given by CA, =rB +Y - C -G,

as usual, but it is often instructive to view the problem from the perspective of eq.

(17).
For a given government budget policy, how is aggregate private savmg deter-
mined? The economy’s private financial assets at the €nd ol pcrmd ! equal the v

savings of the pcrmd 1 young (because the old consume all their wealth and there-

fore hold no assets at thc penod s end). The young of period ¢ start out with no

assets. so their sdvmg 1s

137 3.2 Government Budget Deticits in an Overlapping Generations Model
{ o
o o /o, % t C
- 0
YA f yo§
ST =Bl (18)

T hg old of pertod 1 simply duumula(c the assets B/ they accumulated in youth (or
repdy youthful debts if B? is negative), 6
S'=-8",=-8/ 19)

1 )

As a result, total net private saving,

A

ST=S'+S8’ =8/, ~ B/ 20)

model, the cconomy’s net hncq,n assets at the cnd of ermd r Lqu.nl the \dVlIlj:,\ m"

oung. plus lhc. government’s assets at th end of the pcnod

B’*"’BHI-"BHI_S +IHI . 2n

In the special case ﬂ (T+ry=1, individual umsumptmn pronh,s are ﬂdt Isee

eqs. (12) and (13)], and the Solution for saving by the’ young generation Mmplmex

¢ ' "“~‘*‘~““ ® »*r”af’ - f’“ ol da e
¥ ¥ Y v vﬂ OiCﬁ T ’w;uw; AN s

' =y Yo ¥

S =y -1 —¢ = (Tﬁ) [(_‘, - n ) - (x,H - T[+l)] B, 22)

Consolidating eq. (22) and eq. (19), which describes the saving of the old, we see
that wotal private saving on date £, 57, is

>

»_ v ¢ p
§ == =8 =5 = (T ) A 07 =) - A G - ) e

where, for any variable X, AX, = X, — X,_1.” Equation (23) emphasizes that
aggregate private saving depends on how the economy’s age-earnings profile is

changing over time, an interpretation we shall return to later on in section 3.3.2,

/The Timing of Taxes: An Example

In overlapping generations models, the timing of taxes can have significant im-
plications for aggregate consumption, the economy'’s net foreign assets, and the

6. The old consume att of their disposable income, including the interest on their earlier savings, but
that interest is part of their income. Their saving thus is $)' =S | + 3 — 1, — ¢/, By the intertempo-
ral budget constraint,

KO L S R N R
O S e L A 1 SOUTE ANNESRON ESP | IS A
The conclusion is that 8;' = -S|

7. This detinition means, for example, that
R4 Yy LY ¥ ¥
A()A*rt)"r‘r'r/7(7"71771\71)'

that 1s, the change in the disposable income of 4 young person between dates ¢ — 1 and 1.

e
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mlergcnemuondl welfare distribution. To understand the economic forces at work,
- S LIRS

we consider a slmplc illustrative example in which the government issues debt to
finance a one-time transfer payment, divided equal]y between the Lurrenl young
and old, In the representative-agent model of the fast two chaplers a bond-financed
i R L s
lrdnstur would have no ettut on u)nsumpm)n the cconomy s net foruyl asset po-
nucxpalc thc h_hhcr tuture tdxes
sfer to cover thosc

Q\lppmc tlml m period 1 =0, the 1¢_government lowers the per capita taxes paid
byt hulh thg ynunb and the ()ld hy (1/2 financing its higher budl_,u deticit in period
0 by scllmn bonds worth d lo each of the currenl young. That is. the current tax

, but lhc govcrnmcnt s net end of'pcnod assets BY dt_clme to Bi —d
that the tax burden due to tuture mtuest paymems
on the ddded debt rd, is spln evenly between young dnd old genuduons That

D
is, for
7 Frd)2). re\punvely I'hl\ pollcy always has the govcrnmenl changing the
et taxes of u)riiémpnrMu)us generations by identical amounts, thus offering a
close parallel to our earlier treatment of bond financing in the representative agent
case.

H-.rc however, unllke in the representatlvc agent model, aggregate consumpuon

rises in the short run n and falls i in the Iong run. Let variables with primes ( ") denote

the Fumomy S pdlh after the Tiscal pollucx we have described are implemented.
The period O old obviously consume their entire windfall transfer, so

, d
V=S S

<o

; - . £ o ~
The young of period 0 receive the same windfall d /2. but, for two reasons, do

not consume it all at once. First, they want to spread the consumption benefits of

thur windfall over both pcn()ds of their lives. Suond the net benefit to them is
not quite as largg as that to the date 0 old; the young wnH face addcd taxes rd/2
in their old age. Thus by c,q (12), the consumption chan&,t. for the period 0 young

o d 1 1 \d
A=+ - Vo= + —(— 5. (25)
T+ t+r)2 T+p\1+r/)2

% Under the scheme in the text, the government never pays off the prinupal on the added debt [al-
though, as you can confirm, the intertemporal budget constraint (16) is still satistied it it already held
hefore the udded period O deficit]. The short-term effects would be qualitatively simifar if the govern-
ment were to pay off the new debt in full in period 1. By period 3, however, the economy would return
to its original path.

- N
& LA
i . . ¢
< . e
¥ 25 )
A i % » [ IR e

/2y and the clrrent tax bill of the old falls 1« to
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gate consumption is unambiguously lower trom period 2 on.
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Adding egs. (24) and (25), we see that aggregate date 0 consumption Cg rises, but

b
e
1 d 56
I+ +n]2 ( )5
n « . B N ~ At oea \) ( 2 3,7
an amount less than «. AR f r \’ B
b LS

G e =1+

What happcn\ in following periods? Now we use eq. (13). The period 1 old, who
were young in period 0, still have higher consumption, equal to

o7 U r d ,U d
R R + (1 e e e = Y D s
A= ,)I{ﬁ<] |+r)2 “ <1+ﬂ)2. @

The period | young generation, and all generations born afterward, are the losers,
of course. For all these generations, lifetime income changes by

. ) 2
w(H' )(£>:, s VEAY
1 +r 2 1 +r 2

As a result, their consumption while young falls to

YR ! 2r+ 72\ (d
cra s )\ B ) (28)

and their consumption while old falls to

= (g (2 :
;=G I+ p - 4 3) (29)

Po— N

Combining egs. (27) and (28) (the latter for r = 1), we see that aggregate pertod |
consumption changes by

O Y/ i Y ] - + 1
ot ey o) = (Ifﬁ) - (];r"b) I’+,’ (%) (30

which has an ambiguous sign.” As addition of egs. (28) and (29) confirms, aggre-
10 R

9. The ambiguity necessarily remains tor more general homothetic preterences. Follow the same steps
as i the text, replacing 1/¢1 + Ay by 1 - s and /(1 + #) by 5. The condition for first-period consump-
1non to rise is

5
s 2r +r-

e .
Py t 4+ r

where | — 5 is the share of lifetime wealth devoted to first-period (youth) consumption.

10, In the special case S(1 + r) = 1, steady-state aggregate consumption falls by rd. More generally,
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The changed government budget deficit has real effects in this example beoduse
lhc transfer and tax policies that au()mpany it shift income d!ﬂ()nE }_,gncmuons
(u.,n:.r.umnx living at time 0 receive a net positive tra
gcngmlmn\) and raise their consumption _accordingly. The The redumn\ ()t the future

it don’t affect date 0 aggr%alg consumption f tor ;
the simple reason that those generauo s haven 't yet been born! Ricardian equiv- :

Akncc Tarls URder The “overlapping generallons demographlu. we_have assumed
because gwcrnmcnl bormwmg can shift (.urrunt taxes from today’s population to
unrcltxtud mdnvnduals who will be born ,:,LLQ&

W Tan solve for the path of the current account in the preceding example ei-
ther by summing government and private savings as in eq. (17) or by subtracting
aggregate expenditure from GNP, ¥, + r B, — C; ~ G,. Since output and govern-
ment spending are constant throughout (there is no investment), the latter approach
is slightly simpler. Note that in period 0, net foreign assets are given, so the only
element of the current account identity to change is consumption. Therefore, the

generations hurt by the budget defi

period O current account change is simply

(31)

[ SRR

1
[‘+ l+ﬂ)l+ il

by eq. (26). As we have already seen, the fur-right-hand-side term is less than
J in absolute value because the period 0 young save more. To find the period 1
current account change, we note that the rise in net foreign assets entering period
I is equal simply to the change in the period 0 current account. Therefore, to find
CA = CAj, we must add the interest on CA{; — C Ag to the period | change in

CA,—CAy=~ [ T (cy + "1Y))]

L(H]SUHIPII()D.

CAy = CA =71 (CAy = CAg) = [! + ] = (] + ] )] -

Use of egs. (31) and (30) yields

() (d)
1+

CA| = CA =

s no dmnuc for datés ¢ > | because all generations lmné, on dates £ > | bear the
debt burden equally. Thus the current account temporarily worsens, returning to its

original path after tv\g)’pcr;g_)d\.

when there is a consumption-tilting ettect, it falls by

[ Br 2 h st d
[ .
1+ f L +r 2
11 In section 3.7.1 we will look into a guestion that may have occurred to you, ni imely, what happens
when current generations, who presumably beget the generations that follow, care about their weltare?

h
[N, 9]

MTha current account thus remains nc&anve n pcrl()d 1. Tt is easy to check that there

o

S

4
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Nonetheless, the period 0 tiscal deficit has permanent effects. The consumption
equations tor those born in or after period 1, eqs. (28) and (29), show that consump-

tion is lower in both periods of life for all future generations. Thc higher current.
account deficits for dates 0 and 1 unply that increased government mdebtedng
has rcduucd the net foreign asset position of the economy. ngbher consumplxon by

those ahvc in pm()d 0 thus is financed through the dccumulduon of a foreign debt
that future generations must service,

In our example we assumed an initiai government deficit and a spectfic, arbitrary
rule for splitting the resulting government interest burden between the young and
the old. However, murbummuunal rcdlsmhuuon\ can alter the economy’s con-
_sumption, saving, and net tnruyl .nsct\ even when no public budget imbalance
is involved. C()Il\ldu‘ for example, a one-time tax- financed [ransfu from young
to old, On the dute the transfer (unexputedly) is mdde 1he young, who smooth
LO[\ N

mption, do not reduce it by as much as the old increase theirs. Thus 1here is
no government hudbct dLh(.I[ bu

elhdess runs a (.UITCHK account

_deficit. Conversely, one can caslly think up fisca pulluu that involve deficits yet

have no non-Ricardian real effects. (For an example see Box 3.1, which discusses
“generational accounting™ as an alternative to the conventionally measured govern-
ment deficit.)

The general point is that it makes no sense to ask about the impact of fiscal
changes, whether they entuil L_ovemmcm debt issue or not, without carefully speci-

fying how the associated future tax changes aftect the bud},e! constraints of current

and future generations.
et s oS

Evidence on Ricardian Equivalence

Does the availuable empirical evidence support or refute the Ricardian view of tax
policy? As often in economics, the data are ditficult to interpret without ambiguity.
History contains few, if any, Ricardian experiments in which taxes are changed in-
dependently of other events that might simultaneously influence consumption and
saving. Moreover, many of the tests one might conduct require strong maintained
assumptions about the nature of the aggregate consumption function, interest-rate
and income expectations, and other features of the economic environment. Such
assumptions are necessary because the econometrician cannot know all the coin-
cidental influences on consumption that ideally should be controlled to isolate the
pure effects of government deficits and debts.

Bernheim (1987) offers a catalog of the econometric difficulties along with a
vigorous critigue of the empirical work supporting Ricardian equivalence. Barro's
(1989) alternative discussion finds more empirical support for equivalence. A par-
ticularly striking piece of contrary evidence is Wilcox'’s (1989) discovery that,
in monthly 1965-85 United States data, changes in social security benefits are
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Box 3.1
Generational Accounting

Generational accounting is a coavenient methodology for summarizing how tax
changes alter the intertemporal budget constraints facing different generations. The
basic insight of the approach is that the government’s intertemporal budget constraint
can be expressed in terms of the present-value net lifetime tax burdens that enter
individual budget constraints.

In the context of our overlapping generations model with two-period litetimes, ob-
serve that the government’s intertemporal budget constraint, eq. (16), can be rewritten

us

}, ] Ayt e 1 Rt TU I
—) G- +nBi=1+ e o4

é(lﬂ»r) s m (LB ! ; 1+ * 1 +r

All we have done above is to regroup the government's tax receipts according to the
generation that pays them, not the date on which the taxes are paid. The term

18]
T
s+l
L

L +r
is called the generational account for the generation born on date 5. 1t is the same
present value 6f net lifetime taxes determining the genération’s intertemporal con-
sumption possibilities. Thus the government’s budget constraint equates the present
value of government spending, net of initial government assets, to the present value of
the generational accounts. (The generational account of a generation that has already
been borm 1 & mply the current present value of its remaining net tax labilities.)*
The generational accounting perspective emphasizes that, for a given path of gov-
ernment spending, a reduction in one generation’s account can only be achieved
through expanding other generations’ accounts in a way that respects the govern-
ment's intertemporal budget constraint.
"The generational accounting perspective also shows how misleading the govern-
ment deficit can be as an indicator of intergenerational redistributions. Take the ex-
ample of an unfunded, pay-as-you-go social security scheme, which lowers the net
taxes of the old while raising those of the young by an equal amount, thus avoid-
ing the need for government borrowing on any date. Despite the complete absence
of any government deficit, the introduction of social security has effects analogous
to those of the public-sector borrowing analyzed in section 3.2.3. The generational
account of the current old falls, but that of every younger generation rises. As a
result, the consumption of the current old is enhanced, but that of subsequent gen-
erations is diminished. Furthermore, future generations, having less after-tax income
in youth but expecting social security payments in old age, lower their saving. Even
though there has been no government deficit, the economy’s net foreign assets de-
chne,
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Box 3.1 (continued)

An alternative fiscal policy that lowers each 1) (s > 1) by a unit while simultane-
ously raising the corresponding 7/, by | + r units does not change any generation's
account and thus does not affect any generation's consumption. Nor do national sav-
ing or the country’s net foreign asset stock change on any date. (Why?) The policy
does, however, increase the government fiscal deficit by | on date r (while leaving the
deticit unchanged for dates after r). Although perhaps unrealistic, this fiscal policy
package provides an example of a deticit that has no resource-allocation effects, the
overlapping-generations structure of the population notwithstanding. In reality, gov-
ernment deficits normally do transter at least some income from future generations to
those currently alive.

Advocates of generational accounting argue that conventionally measured fiscal
deticits are essentially meaningless, as gauges either of macroeconomic policy or of
the intergenerational faimess of government policy. In their view, conventional deficit
measures should effectively be banished from policy debate and replaced by genera-
ttonal accounts. Given the importance of old-age entitlement programs (for example,
social security) in the industrialized world, it is certainly true that conventional gov-
ernment debt-burden measures miss a major part of the action in fiscal policy. On the
other hand, there are some practical obstacles to making a wholesale switch to newer,
theoretically sounder measures of fiscal policy. For one thing, generational accounts
are typically very sensitive to the interest rate chosen to discount future government
taxes and transfers, and they require heroie projections on the future growth of na-
uonal productivity. This sensitivity raises the concern that politicians would have too
much freedom in making fiscal projections, rendering them essentially meaningless.
Nevertheless, generational accounts are clearly a useful tool for thinking about fiscal
policy, both for policymakers and for researchers interested in the effects of budget
deficits.”

* For a discusston of generational accounting, see Auerbach, Gokhale, and Kotlikoff (1991).
Calvo and Obstfeld (1988) show how the government in a closed overlapping generations econ-

Only can vary generabonal acconts »o as to attain socially preferred equilibrium paths for
generauonal consumption tevels and the capital stock.

" Conventional, cash-flow-based deticit measures can be relevant when individuals are borrow-
ing constrained (see the application on p. 146) or when taxes are distorting (Bohn, 1992).

strongly positively correlated with contemporaneous changes in aggregate con-
sumption expenditures. Except in the unlikely case that increases in benefits co-
incide with cuts in future government spending, the pattern Wilcox tinds is hard to
rationahze if consumers currently alive internalize the future taxes needed to pay
for higher social security benefits,'?

12, Since the increases in social security benefits are always announced more than a month in advance
of their payment, Wilcox's tinding that the (anticipated) payments themselves seem to atfect consump-
tion goes against the spirit of forward-looking consumption theories. However, some social security
recipients are liquidity constrained and, as Deaton (1992, p. 162) suggests, some may not keep informed
about tuture changes in their benefits.
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Difficulties of interpretation notwithstanding, both time-series and cross-section
data indicate a generally positive correlation between consumption and measures
of government deficits; sce Bernheim (1987). The government deticit captures the
intergenerational impact of tax policy imperfectly, as we saw in the discussion
of generational accounting. Nonetheless, the regularity Bernheinm reports suggests
that current accounts might be negatively related to government deficits, as in our
overlapping generations model, rather than being completely unrelated as Ricar-
diun equivalence implies. The next application takes the question to data from

mdustrial countries.

Application: Do Government Budget Deficits Cause Current Account Deficits?

Overlapping generations models suggest that in realistic cases, government budget
deticits will induce current account deficits by redistributing i;&}lﬁ‘é from future
0 present generations. Is any such tendency apparent in data from those countries
with the easiest access to international capital markets?

An unsophisticated but transparent way to organize the data is simply as a cross-
section regression of the current account surplus (expressed as a percent of GDP)
on the general government surplus (similarly expressed). For a sample of 19 OECD
countries. a regression with each country’s data averaged over the 1981-86 period
yields a positive and statistically significant coefficient:

CAJY = =355+0.78(T - G)/Y, R =0.24.
(4.006) (0.33)

Figure 3.1 shows the data underlying this regression.'?

The 1981-86 period seems to be somewhat atypical, however. Similur regres-
sions over other five-year spans after 1970 yield insignificant slope estimates. One
should not attach too much weight to the regressions because they omit impor-
tant variables that potentially atfect current accounts. Further, as we have seen,
conventionally measured deticits may not capture adequately the intergenerational
trunsfers that feed into saving and the current account.

A different approach is to look for drastic shifts in tax policy that may approx-
imate the Ricardian experiment of a ceteris paribus tax cut. There are two reason-
ably good recent examples among major industrial countries, the United States tax
cuts of the early 1980s and the large government transfer program from the west-
ern to the eastern parts of reunified Germany starting in 1990. Figure 3.2 shows
that in both cases, the fiscal shift widened the government budget and current ac-

I3 The countries included are Australia, Austria, Belgium, Canada, Denmark. Finland, France, Ger-
many, Greece, Ireland. ltaly, Japan, the Netherlands, Norway, Portugal, Spain, Sweden, the United
Kingdom, und the United States.
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Figure 3.1

Current accounts and fiscal surpluses of industrial countries, 1981-86
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Figure 3.2
Government and foreign borrowing: United States and Germany

count deficits simultaneously. Interpretation of the German data is complicated by
their coverage of reunitied Germany after 1990, but of only western Germany up to
the end of 1990. One robust implication of the Ricardian proposition, however, is
that western Germans should have increased their saving after 1990 in the face of
mounting evidence that the huge deficit-financed transfers to the east would con-
tinue for some time. Private saving in the west did not appear to increase, however.
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Application: Overlapping Generations and Econometric Tests
of the Euler Equation

Despite their ditferences, the overlapping generations model and the infinite-
horizon representative-consumer model share a common prediction: an individ-
ual’s lifetime consumption path satisties the consumption Euler equation. Using
the more general utlity function U (¢, ¢}, ) = u(e]) + puley ) and allowing
for a variable real interest rate, we would write the individual Euler equation that

tipures in the overlapping generations model as
s /
w'e]) =1+ rpnfu’ ().

As we have seen, however, the two models can lead to very different descriptions
of the economy’s aggregate consumption despite containing similar-looking indi-
vidual Euler equations.

These differences also affect attempts to test empirically whether actual indi-
vidual consumption levels and asset returns are jointly generated according to the

stochastic Euler equation
u'(¢)) = pE, {(1 + r1+l)u/(<'r+l)} .

in which the notation suggests that the real interest rate to be carned on date ¢
investments may be uncertain.'® Econometric tests of Euler equations using ag-
gregate per capita United States consumption data for ¢ have tended to reject it '3

But such tests involve potential aggregation problems that are fatal for reliable
statistical inference. If the economy indeed has an overlapping generations struc-
ture, a major problem is that aggregate consumption is being carried out by differ-
ent groups of people on ditferent dates. In this case we wouldn't necessarily expect
aggregate consumption on a particular date to be related in any special way to ag-
gregate consumption on other dates. For example, the consumption of the young
cn date t + 1 need bear no particular relationship to that of the old on date 1, even
though the Euler equation does link the consumption of the date 1 young to that of
the date 1 + 1 old (who are the same, one-period older, people).

14. The stochastic Euler equation of Chapter 2 assumed a known, riskless real interest rate. The Euler
equation tn this application, which encompasses assets with random returns, will be rigorously derived
and analyzed in Chapter 5.

15. See. for example, Mankiw, Rotemberg. and Summers (1985). These tests are based on the idea
that the ex post forecast error (1 + 7,4 yu'(¢41) — ' (c;) must be statistically uncorrelated with any
information the consumer knows as of date 1. Given a specitic parametric class of utility functions w(c)
and dada on s suthciently large number of economic variables from the consamer’s date ¢ information
sel, one can estimate the parameters of u(c), form estimated forecast errors, and test whether the
latter are uncorrelated with lagged information. Obviously the test is based on important maintained
hypotheses about the form of the utility function.
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Tests on micro-level data can in principle avoid this aggregation problem, but
have led to ambiguous results. In one important paper, Zeldes (1989a) presents
evidence that a sigmficant fraction of the U.S. families tracked by the ume-
series/cross-section Panel Study on Income Dynamics (PSID) behave as if they
are unable to borrow as much as they would like. Since the PSID covers food
consumption only, interpretation of Zeldes’ results requires strong maintained as-
sumptions, such as the separability in preferences of food consumption and other
forms of consumption. A study of the British Fanuly Expenditure Survey by At-
tanasio and Weber (1993) presents results more favorable to the Euler equation for
the average consumption of the age cohort born in the decade 193040, Attanasio
and Weber (1995) hkewise tind that data trom the U.S. 1980-90 Consumer Expen-
diture Survey do not contradict the validity of a generalized Euler equation at the
houschold level.

Many of the problems that prevent individuals and countries from borrowing
as much as they would like in international markets (see Chapter 6) also limit to
some degree houscholds’ borrowing even from lenders of the same nationality.
Casual observation suggests that borrowing constraints do affect many households,
especially those with low incomes and little collateralizable wealth.'® Thus Euler
equations are unlikely to hold exactly for all individuals. This departure from the
theory does not imply, however, that it yields a poor approximation in practice,
or that the basic insight that consumers look forward in planning consumption is
anything less than an important and even central feature of the macroecconomy. =

3.3 Output Fluctuations, Demographics, and the Life Cycle

The overlapping generations approach captures the essence of the life-cycle theory
of consumption and saving introduced by Modigliani and Brumberg (1954). Ac-
cording to that view, individuals or families with finite horizons arrange their sav-
ing SO s Lo maintain a more or less constant consumption level through youth, mid-
dle zige, and retirement. Despite a similar spirtt in assuming forward-looking con-
sumers, the life-cycle account should be distinguished from Friedman's (1957) per-
manent income theory, as set out in Chapter 2. The permanent-income consumer
effectively lives forever, and an economy peopled by a representative permanent-
income consumer yields very different predictions about aggregate saving than one
peopled by overlapping generations of life-cycle consumers. We have already seen
one difference in our discussion of Ricardian equivalence. The overlapping genera-
tions model also makes distinet predictions about the responsg of aggregate saving

16. See Jappelli and Pagano (1989) tor a discussion of international evidence. Guiso, Jappelli, and
Terlizzese (1992) for a detailed look at the case of laly.
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1o output changes, and these provide a potentially powerful empirical basis tor dis-
tinguishing between the permanent-income and life-cycle theories.

Effects of Transitory Output Movements

In the intinite-horizon representative consumer model of Chapter 2, a temporary
unanticipated rise in output led to a smaller, but permanent, increase in the path of
aggregate cunsumptioh. Overlapping generations models tell a different story, as
the simiple economy developed in the last section illustrates.

Suppose that on date + = 0 the per capita endowments of the young and old alike
rise temporarily and unexpectedly by an amount dy, returning to their initial paths
on date 7 = 1. The path of the government budget is unaffected, as is the path
of saving for all generations born on or after date 1. Nor does the shock change
the saving of the date 0 old, who simply consume all of their additional income.
Therefore, to track the current account effect of the shock. we need only look at
the path of saving for the period 0 young. Equation (12) implies that the date 0
young will save the portion /(1 + B) of their additional income dy, in order to

_smooth u)nsumpm)n As a result, there is an equal rise in the period O external

\urplus Then, at date 1. the tormcrly y()ung spend the entire principal plus interest.

The current account deficit for period 1 is higher by an amount exactly equal to the
extra principal consumed.

v Summuarizing (in the notation of section 3.2.3), we see that the temporary sur-
prise increase dy in date O endowments shifts the date 0 and | current accounts
by

(‘/\1) - C/\()
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but leaves the current account unchanged for dates 1 > 2. The current account tem-

porarily improves, as in the infinite-horizon repr sentative um\umcr ‘model, but .
s, umcehn;, the prcvnou pt,nod s gain in net torcx&,n as-

then, in contrast, it wor
_sets. Although the very ‘short-run effects of the shock are broadly similar in the two
modd.s, the effects in subsequent periods are not. In the overlapping generations
model, temporary income shocks have no long-run effects. '

Trend Output Growth and Saving

An overlapping generations model’s predictions about how long-term output
chunges aftect the current account also generally differ from those of the infinite-
horizon consumer model. These predictions are intimately connected with trends
in the size and age structure of the population.
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We have been abstracting from demographic change by assuming that each
generation—hence, the aggregate population—is of constant size. Let us continue
to do so initially in order to focus on the pure effects of output growth in our stmple
modet economy.

Equation (23), which is based on our logarithmic example with g(1 +r) =1,
captures these etfects. We rewrite it here for convenience:

. g Y > ﬂ 3 g ¢ «
s= - = -5 = () (00— ) - a b - wley

It is sometimes argued that countries with rapid trend growth in per capita in-
comes (Jupan is an example) will also have high saving rates, and, if other things

are equal, larger current account surpluses. This outcome does not oceur in the

infinite-horizon representative-consumer model, where higher expected future in-
come reduces the need for current saving. Equauon (23) shows, however, that

o e

higher pcr capita outpul growth will raise aggregate private s’avmg if the growth

m the output young people produce rises more than the growth in that of old
oplc Why? The basic reason is that one’s saving when young depends pos-
itively on contemporancous earnings and negatively on old-age earnings. Total
private saving equals the saving of this period’s young less that of last period’s

_young. Thus total saving rises whenever the saving of this period’s young rises

relutive to that of last period’s young; and, in the present logarithmic model,
this occurs when carnings while young rises more than earnings while old. We
can see this connection clearly by rearranging the terms in eq. (23) so that it
reads

e R R R (A R A

[+ p

-+ 48/ B (+8)S)_, /8

To understand more fully the two competing effects of growth on a country’s
saving and current account, we turn to a special case of the overlapping-generations
model with two-period lives.

In intercountry or intertemporal comparisons of saving behavior, the level of a
country’s saving is not a very informative variable: it is much easier to interpret
variations in the saving rate, that is, the fraction of GNP that is saved. For the same
reason, we focus below on how changes in the percentage rate of GDP growth
affect saving.

Take government taxes and spending to be zero for simplicity, and assume that,

over any individual’s lifetime, earnings growth is given by

YW= +eoy),
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where the possibly negative number e (we assume e > —1) is the growth rate of
an individual's lifetime earnings. On the other hand, let g denote the (nonnegative)
growth rate of a young person’s endowment across generations,

Y=+ 0y

Since ¥, and v, stand in a constant ratio to cach other (given by | +¢€), g
is also the growth rate of an old person’s endowment and of aggregate output,
Y, = v + ¥ To visualize what is going on, observe that all generations have
|dcnm.xlly sloped age-carnings profiles, while the starting point tor the profiles of
SUCCESSIVE generations grows at rate g.

Given the preceding data about the ¢conomy, eq. (23) shows that the private
saving rate (relative to total GDP) is

s B ( ey )
Y, 1+B\24et+g/)

In this simple model, saving will be positive or negative depending on whether
carnings fall (¢ < 0) or rise (¢ > 0) over an individual’s life cycle. A rise in e causes
every individual's saving while young 1o, fall. What is the vetﬁﬁiﬁ.(fﬂ_ig??r%me sav-
ing? Assummb (red xsucally) [hdl the growt.h rate g of total output is positive, thc
share in output of youthful saving (dissaving) must be greater tha thdn thc share ofw_Ld

dissaving (saving). Thus, a rise in lifetime eammgq growth, e, Whth lowers saving

by the young and mlses saving by the old, | lowers aggregate private saving:

desy /Yo B [ 22+ g) }
- 5 | < 0.
dt' [+ 1L 2+e+g)r

Consider next the effects of a rise in the aggregate output growth rate, g. The

change in the saving rate is

WSy /Yo B [ 240 ]

d 14 AR +e+g)?

the sign of which depends on that of e. If ¢ < O (the case we would need to get a

positive aggregate saving rate), a rise in g, unlike a rise in ¢, raises the aggregate
private saving rate. The reason: young people save a positive amoum and when
income growth : accclcrdtes the scale of their savmg in GDP rises compdred to that
“of dis ang by ‘the old. RgC/;féing the signs, the same re: onmg shows why a rise
in g would lower the aggregate prwatz. sa\m ¢ Xvere e positive.

" A rise in expected aggregate output growt
here when the young are net savers because the growth ‘accrues to a succession
of different genera(ions No single decision maker’s budget constraint incorporates
ali the future benefits of growth. Higher growth i influences the overall saving rate

: thc, wealth accumulaled byiyounb vers relative

through a scale effect that r:

raises the aggregate saving rate
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to the wealth decumulated by the old This effect explains the contrast with the
rcprcscntduvc individual model of a&greg‘nc saving.

It is easy to imagine more complicated scenarios than the one just analyzed, in
which aggregate productivity growth affects the young and old uniformly. To know
how faster income growth will affect saving and the current account, we must know
the shape of the expected age-carnings profile and the precise phase of the life cycle
at which the fuster income growth is concentrated. The dependence of aggregate
saving on life-cycle factors obviously leads to a much richer range of possyi‘bilhics

1der, for example, an economy in

than the simple rc,prucnmnw agent model. C

ions have lhrLc pumd hu spans- —encompassing youth, middle age,

.mdwuldm ge—and in wlmh carmings increase through middle age but then fall off
age. Thus saving iy concentrated in middle age, with the old dissaving and
] Productivity growth that primarily

affects middie- a&,cd workers leads 10 a >harpcr peuk in the age-earnings profile,

bolrowm ),

the you/n;: s.wmz, lie or, perh:

ramng the saving of the middle-aged and lowermb that of the young and the old,
while, on baldncc tending 10 owé ghc dégrc&alc pnvate saving rate unless the
young are bmrowm r- Lonxtmmcd Produuxvny growth concentrated on the young

could, in contrast, raise or low:.r the overall saving rate. The latter outcome is
particularly likely if the young have a relatively high propensity to consume that
is due, for example, to the cost of rearing children.'”

A Demographic Change

So far we have abstracted from demographic factors by holding both population
and its composition between young and old constant. The life-cycle perspective
on saving suggests, however, that demographic changes and trends have important
effects on aggregate saving rates and hence on current accounts. Nothing in what
follows requires that A(1 + r) = 1, so, until further notice, we drop'tha!‘ dssump—
tion.

As an illustration, suppose that the young generation born at the start of date

1 has Ny members and that N, can change over time. Now it is useful to make a

notational distinction between aggregate and individual saving flows, and we use a
lowercase letter to signify the latter. Let s¥ therefore denote the saving of a typical
member of a young generation. To focus on the pure etfects of population growth,
we assume that s¥ and the per capita endowments y¥ and y° of the young and old
are constant through time. If ¥, is total date + GDP, then egs. (19) and (20) show
that the aggregate phvate saving rate is

sr _ (N, - N,,,l).s"r nsY
Yo TN N T (L)Y 4oy

' (33)

17. Tobin (1967) explores some of the possibilities through simulation analysis.

B

*
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where N, = (1 + )N, ;. so that » is the growth rate of generations and also of
total population, N, + N,_1. To see the eftect of higher population growth on the
saving rate, differentiate the last expression and note that if s* is posttive,

d(s"/7) sY (0 +v0)
dn [(l +nyyY + '\V(,]Z

Provided the young save a \mclly po\mvc amount, higher populution growth raises

a u)untry < private saving rate by increasing the pr()pomon of young savers relative
to old dissavers. This scale_effect is analogous to the onL whuchy pmducnvny

> 0.

aving.

Once agam more elaborate demographic considerations can alter this simple
story. For example, saving sometimes is found to be positively correlated with

labor-force_growth but_not with population growth, because hl;,h(,r population

Erowth may rdl, nden
munbgr\ umc from labor outside the home into home child

the proportion of dependent children and divert some fa
re.

Application: How Are Saving and Growth Related?

Our theoretical model has shown that the growth rates of output and population can
untry’s aggregate saving rate. We have noted theoretical

be positively related 10 ¢
“Conditions under which the refationship could be negative, but these probubly are
not typical. As an empirical matter, productivity gains are reflected disproportion-
ately in the earnings of prime-age workers, and young workers who might wish to
borrow are discouraged to some extent by high loan rates or outright credit limits.
Thus B}gtlsiblc versions of the life-cycle model predict a definite positive associa-
tion between saving and growth, .,

Modigliani (1970) provided some early confirmation of this basic prediction.
Let ¢ be the net rate of total output growth, defined by (I +2) = (1 + 1 )1+ 8).
wh s the | populdtmn growth rate and g the per Cdp.ld output ;,rbwth mte Using
19 1 36 developing and developed countries, Modigliani found

data from the 1950
the following significant cross-sectional regression relationship between average
private saving rates, §*/Y, and average rates of total output growth, z:

'Y =45+ 1.42z.
(1.3) (0.25)

(Standard errors appear in parentheses.) According to this equation, a | percent rise
in output growth is associated with a 1.42 percent increase in the aggregate saving
rate.

This relationship between saving and growth is apparently confirmed by more
recent data. Table 3.1 shows decade-by-decade changes in average total output
growth and private saving rates for the seven largest industrial countries. Between
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Table 3.1
Growth and Saving in the Seven Largest Industrial Countries, 1960-87

Period GNP Growth Rute Net Private Saving Rate
196070 4.9 123
1971 K0} 33 11
1981-87 2.6 9.1

Sowurce: Guiso, Jappellt, and Terhizzese (1992) Growth rates are a simple average of period average
growth rates for Canada, France, Raly, West Germany, Japan, the United Kingdom, and the United
States, expressed 1 percent per year, Saving rates are a simple average of period average ratios of
mtlaten-adjusted net privite saving o net nationad product, expressed i percent.

the 1960s and 1980s, the ratio of the fall in the average private saving rate fo
the fall in the average growth rate is 3.2/2.3 = 1.39, virtually the same ratio as
Modigliani's regression would predict. We note also that, generally speaking, av-
erage government budget surpluses—public saving—also fell steadily over the pe-
riod covered in Table 3.1.'% To the extent that consumers are even partially “Ricar-
dian,” their saving fell less than it would have in the absence of growing govern-
ment deticits, Thus, the private savings reduction in the table could understate the
true impact of growth.

Figure 3.3 shows data for a sample of 100 individual countries in the Penn World
Table, Mark 5.5, constructed by Robert Summers and Alan Heston.'? A scatter plot
of average total output growth data tor 1970-90 against 1990 gross national saving
rates out of GDP shows a positive relationship. The line plotted in Figure 3.3 comes
trom the cross-section regression equation for the 100-country sample,

$/Y =793 + 099z, R =0.03.
(1.90) (0.47)

This equation is not significantly different trom Modigliani’s (1970) and likewise
shows a positive and statistically signiticant saving-growth relationship.

That relationship is not, however, a robust one. The R? of the last equation
is very low, indicating substantial unexplained intercountry vanation in saving
rates. When the dependent variable is average 1970-90 saving (in analogy with
Modigliani’s study) rather than 1990 saving, the slope coefficient becomes in-
significant and slightly negative. Furthermore, the data underlying the last regres-
sion are, in many cases, quite undependable, a fact Summers and Heston recognize
by assigning a letter grade to each country’s data quality. When countries with data
of quality below C— are excluded (leaving us with a sample of only 65 countries),
the coefticient on 2 again becomes insigniticant and slightly negative.

18, Sce Table 3.2 on p. 173 below.
9. An earlier version of the Penn World Table is described by Summers and Heston (1991).
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Figure 3.3
Saving and growth, 1970-90

There is another problem in interpreting the evidence. Many countries impose
restrictions on private international borrowing and lending, effectively limiting the
size of the current account, In this circumstance, private saving and investment may
be closely correlated. 1f so, might regressions like the one we have reported here
simply be reflections of the joint determination of investment and output growth
rates”? Indeed, in Chapter 7 we will examine models with imperfect capital mobility
in which domestic saving is a key determinant of investment and growth.

On balance, the econometric evidence suggests that the life-cycle “growth rate
effect” on the composition of aggregate saving does play a role, particularly in
industrial-country data. But the “pure” life-cycle theory, as exposited in the last
section, is unable to explain fully the intercountry and intertemporal variation in

saving rates. Several types of evidence point to this conclusion:

1. Life-cycle consumption smoothing is unable to explain the totality of wealth
held in the United States, the United Kingdom, and other countries. Direct evi-
dence indicates that, contrary to the pure life-cycle model in which retired people
consume all of their wealth before death, a significant proportion of the old ei-
ther continue accumulating into old age or run their wealth down very slowly. This
finding can be rationalized in part by a desire to leave bequests to loved ones, to
beloved institutions, or to worthy charities. Another rationale is uncertainty over
the date of death: some individuals guard against the possibility of living “too long™
by holding substantial wealth well into old age.20 The fraction of aggregate sav-

20. In principle, people could insure against that contingency by annuitizing their weal[h. t.hereby
carning a higher return while alive in return for giving up ownership rights upon death. (This is whal
happens in the Blanchard, 1985, model, see exercise 3 at the chapter’s end.) In reality, however, annuity

b1
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ing explicable in terms of life cycle factors is difficult to estimate precisely, and
seemingly reasonable estimates can diverge dramatically. The exchange between
Modigliani (1988) and Kotlikott (1988) illustrates the range of uncertainty that
has prevailed. Recent estimates by Gale and Scholz (1994) suggest 51 percent of
net wealth accumulation in the United States represents intended transfers and be-
quests,

2. One can attempt o calculate the component of national wealth due to life-
cycle consumption smoothing by estimating individual cohorts” lifetime consump-
tion and earnings profiles. Data from the limited set of countries for which such
estimates are teasible suggest that consumption growth closely parallels income
growth early in working life, whereas systematic saving for retirement begins not
too long before retirement. Public pension programs may contribute to the phe-
nomenon. In any case, if this saving dynamic prevails at the household level,
one might not observe astrong positive association between aggregate saving and
growth, depending on the age-incidence of productivity gains.

3. Carroll and Summers (1991) have used consumption data disaggregated by age
10 question the basic premise of the life-cycle hypothesis, that saving decisions
depend on lifetime resources. In eftect, they compare the per capita consumption of
the young and the old on a given date, showing that the ratio ¢ /¢}” does not appear
to be systematically higher in fast-growing economies than in slow-growing ones.
On the assumiption that growth differentials have been steady and predictable, the
young in high-growth economies should have relatively greater lifetime resources,
compared to their parents, than those in low-growth economies.”! Our failure to
observe a corresponding relative consumption difference would seem to contradict
the forward-looking spirit of the life-cycle idea. although explicit allowance for the
stochastic properties of output growth can change this assessment.

4. Bosworth, Burtless, and Sabelhaus (1991) study household survey data on
saving in the United States, Canada, and Japan. These data allow them to track
changes over time in the saving rates of particular age groups. They conclude that,
for all three countries, recent aggregate saving changes are the result of parallel
changes in the propensity to save by all age groups. They find little in their data to
support the idea that the slowdown in industrial-country growth shown in Table 3.1
has reduced saving rates by altering the relative weight of different age groups
in determining aggregate savings. Rather, they suggest, slower growth can lower
the saving of all groups in society if individuals seek to maintain “target” ratios

markets are not perfect, in part because of an adverse selection problem: those most likely to buy private
annuities are also those with private information that their longevity is above average.

21. Trend growth differences between countries could lead to different bequest behavior, but this would
be unlikely to reverse the preceding argument.
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of wealth to income—a type of behavior that does not emerge from the relatively
simple consumption models we have concentrated on thus far.

The foregoing evidence shows that the simplest life-cycle models offer an in-
complete picture of observed saving behavior. Additional factors must be consid-
ered 1o explain saving rates, one of which certainly is precautionary saving in the
face of uncertainty.” Nonetheless, the general life-cycle approach of analyzing
aggregate saving data in terms of the individual decisions of separate and heteroge-
neous houschold groupings has proved powerful and successful. By sticking with
the pure life-cycle model for now, we will be able to explore some further implica-

tions of the general approuch in a relatively trunsparent theoretical setting. Later in

this chapter we shall see how these implications stand up when our basic lite-cycle '~

model is extended in a number of different ways. " .

34

Investment and Growth

By adding production and investment we achieve a complete paralle! with the
representative-agent production economies introduced in Chapter 2. The predic-
tions about current account behavior often are quite ditferent, however. To avoid
issues of policy-induced intergenerational redistribution, we assume in this seetion
that there is no government. We simplify further by ignoring any installation costs
for capital equipment. Thus a unit of date ¢ consumption can be converted into a

unit of canital on date 1 + t, and capital can be fully consumed.
Firms and Factors of Production

In the representative-consumer model of Chapter 2. it did not matter whether we
thought of production as being carried out by firms or by individual self-employed
investor/producers. But the intrinsic heterogeneity in asset holdings assumed by the
overlapping generations model forees us to distinguish carctully between labor and
capital income.

Competitive domestic tirms combine capital and labor to produce output accord-

ing to the Cobb-Douglas production function
Y, = AF (K, L) =AK L™ (34)

where A, is a total factor-productivity shift. As usual, firm size is indeterminate
under constant returns, so we can think of production as being carried out by a
single representative firm. Capital does not depreciate, and so the capital stock
follows K, = K, + I;, where /, is investment during period 1.

22 See, tor example, Caballero (1991). Carrofl (1992), Hubbard, Skinner, and Zeldes (1994), and
Gourinchas and Parker (1995). All these studies point to the potential importance of precautionary
saving in exptaining several of the empirical shortcomings of the simplest life-cycle models.
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3.4 Investment and Growth

As in section 2.5.1, the firm hires workers up to the point where the marginal
product of labor equals the wage, and it invests to the point where the marginal
product of capital equals the world interest rate. We hold the real interest rate tixed
at 7 in the present small-country model. As an additional simplification, we abstract
from the labor-supply decision and assume that each individual inelastically sup-
plies I unit of labor when young and none when old. (We thus view the young as
prime-age workers, the old as retired workers.) The labor force on date 1 1s there-
fore L, = N,, where, as before, N, is the size of the cohort born on date 1. The
assumption of an exogenous supply of lubor means that the capital stock and in-
vestment, as in Chapter | and most of Chapter 2, are determined independently of
the cconomy’s consumption side. Finally, assume that the number of young and
hence the total population grow at rate n :

Ny =(l+mN, . (35)

For the Cobb-Douglas production function in eq. (34), the perfect-foresight
capital-labor ratio and the wage are given by

r:A:l“K(K,.L,):(XA,k;' ]‘ (36)
u, = A F (K L) = (1 —a)AKY, 37

where &, denotes the capital-fubor ratio I\',/L,f” As a result, the cconomy's total
demand for capital tukes the form

Kiro Aj N = Lik(r. A = Nk(r, A,

where k(r, A;) 1s given tmphicidy by eq. (36). The perfect-foresight capital stock is

) A 1/1—u
Kir A, Ni)y = Nokir, /\,):N,(a ’) . (38)
p, 3
and the corresponding real wage is
o/t
we = (I — aYAk(r, A = (1 -a)A,(aA'> R (39)

Saving, Investment, and Total Output Growth in Steady State

Although investment is determined independently of saving in this small, open
economy, supply shifts such as productivity shocks or changes in labor-force
growth (as well as changes in the world interest rate) can cause the two variables
to move simultaneously. As preparation for our next application on the empirical

23 Recull the demonstration in section 1.5 that with constant returns in production the marginal
products of capital and labor depend on K and /. only through the capital-labor ratio & = K /L. Notice
that 1t 7 varied with tme, then oy (30) would be rp = a Ak} ', where ry is the interest rate on loans
between dates 1 L and 1. This refationship follows from eq. (24) of Chapter 2 . ‘
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correlation between long-run saving and investment rates, we explore this point in
detail. It is easiest to make our main points through a comparison of steady states.

How does total output growth affect saving and the current account in an invest-
ment economy”? In contrast to an endowment economy, the saving of the young has
two components, net foreign assets and the capital that will be used in production
next period. (As in section 2.5.1, it makes no difference whether we view savers as
purchasing claims on firms’ profits or, alternatively, physical capital that they lease
1o tirms at a competitive rental equal to the world interest rate.) Recall this section’s
assumption that there is no government, hence no government assets or debt. Then
the net foreign assets of the young at the end of a period. 1, are also the net foreign
assets of the economy as a whole, and the aggregate saving of the young therefore

satisties
SY =B+ Ko =800+ K0 (40)

The validity of this equation does not require that domestic firms be owned entirely
by home residents: foreign claims on domestic firms are subtracted from B,
which measures ner claims on foreigners.

Assume for now that the productivity parameter, A, is constant. In this case,
aggregate output growth is driven entirely by domestic labor-force growth, and itis
natural 10 look for a steady state in which the ratios of all aggregate variables to the
labor force, L, are constant. Notice that perfectly anticipated labor-force growth
does not affect the wage, according to eq. (39). The economy can borrow abroad
to finance the capital-labor ratio k at which the marginal product of capital equals
r: and that equality ties down w as well in a perfect-foresight equilibrium. Because
the productivity parameter, A, is constant, the wage and lifetime income of each
generation are constant as well. From eq. (38) the capital stock grows at the sume
rate, », as the labor force, so the capital-labor ratio is constant at the steady-state
level k.

With individual saving by the young constant (because r and w which determine
lifetime income are constant) the aggregate savings of the young grow at rate n.
Dividing both sides of eq. (40) by the date t labor force yields

sV = (U4 m)(hy oy + k) “4n

where 5} is the saving of a typical young person and b, = B,/ N,. Since, as we have
already argued, s¥ is constant at §¥ in a steady state, and k is constant at &, eq. (41)
implies that b is constant as well in a steady state, at

42)

In the pure endowment cases of sections 3.2 and 3.3, an economy’s stock of net
foreign assets was determined entirely by the saving of the young, being positive
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it the young were savers and negative if they were borrowers. Now, however, an
economy’'s net foreign assets equal the savings of the young less the capital stock
required for efficient domestic production in the following period.

Equation (42) implies that, in a steady state with per capita net foreign assets
constant but population and labor force growing, the economy must be running a
perpetual current account surplus or deficit depending on whether b is, respectively,
positive or negative. Since net foreign assets or debts grow at the same rate n as
does the labor force and output, such a steady state poses no solvency problem.

Let’s return to the question with which we started this subsection, the effect
of output growth shifts on saving and the current account. The home country’s
agpregate per capita saving rate in a steady state is

Y )
,Ls_'._+ S - (lj_'.l ) Y+ ( : 0.
N, + N, 24+ n 24n

Thus, when the young save a positive amount (as they must in the present model,

since they have no old-age income source other than their savings), a rise in the
population growth rate, 1, will raise saving through the same mechanism we dis-
cussed in section 3.3.3: higher population growth raises the number of young
savers relative to old dissavers, raising aggregate saving per capita.>*

_ Investment in the steady state equals the flow of new capital needed to keep k at
k in the face of labor-force growth. This requirement means that K,y = (1 +n)K,;
alternatively, investment per capita is

Ko — K, (1 +'1)"L
No4+N 2+n

A rise in n raises not only steady-state saving, but also steady-state investment
per capita.®® In summary, increases in labor-force growth will cause saving and
investment per capita to move together in the long run.

If the productivity parameter A rises at a constant positive rate through time, say

A= (1+g) "4, (43)

the capital-labor ratio will no longer be constant in a steady state, per eq. (38).2°
But a steady state can still be constructed by scaling all key variables by output.
The Cobb-Douglas production function of ¢q. (34) and eq. (38) imply the simple

24 The derivative with respect to n of steady-state aggregate per capita saving is (8 — §9)/(2 4 n)? >
011 the old had some labor income and A were sufticiently low relative to 1/(1 + r), the young could
be net borrowers. If we view the “young” of the mode! as prime-age workers, this case is implausible.

25, The derivative with respect to n of investment per capita is (n" + 4n + 2)/1/(2 + n):' > 0.

26, The growth parumeter g will turn out to be the growth rate of young workers® incomes and thus
corresponds 1o the growth rate g in the endowment model of section 3.3.2. Since the old supply no
labor and thus have no labor income. ¢ = —1 in the present model.
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steady-state relation

— ¥
K «

Y " r

(which will also hold out of steady state, given the assumed absence of adjustment ¥
costs, provided investors make no forecasting mistakes).2” Again invoking eq. (38). i

we therefore see that the steady-state share of investment in current output 18

3
N NeoaAl YK K o
g AALLAEREN [ =g g (44)

r

1
L y
N,/\,’ N

Notice that n and g affect the steady state in symmetrical fashion; a rise in either
obviously raises investment. The same statements apply to steady-state saving.
With logarithmic utility, eq. (9). the consumption plan of a date 1 young person is

wy o (L +r)Buy @5)

14 Investment and Growth

Y S0+ +m(+g)

B A —a) o
v

The steady-state current account balance follows from eqs. (44) and (46) as the
asset flow needed to keep this ratio constant,

A I n+ g+ ) —
Sl D = (n g —.
= & 8 y

The economy may be either debtor or creditor in the steady state: more impatient
countries (low ) tend to have bigger debt-output ratios, and (with log uulity) the
debt-output ratio falls as the world interest rate 7 rises. Notice that the growth rate
& doesn’t even enter the formula for per capita saving of the young. The produc-
tivity growth implied by ¢ > 0 accrues 1o successive generations and thus has no
influence on any generation’s saving out of output. In the present model, we there-
fore do not observe the very Jarge debt-output ratios implied by the representative-
consumer model of appendix 2A.

(‘;:I-Fﬁ‘ Gl = 1+ p

As a consequence, a typical date 1 young person saves the amount

Y
3,

~ o
w, Bw, Bl —a)A, (a)m
1+8 148 1+ B r '

where we have used the solution for the wage in eq. (39) and the assumption of
zero earnings in old age. From this last equation, the production function, the fact

= uy -

that sp’ = —s_ |, and eq. (38), the aggregate saving rate out of GDP is
Nis) + Nious) :'.E: pa-a [, 1 } 46)
Y, Y 1+ 8 (I +m(1 +g)

Clearly net saving rises when n or ¢ rises, for now-familiar life-cycle reasons.

The net stock of foreign assets, measured as a fraction of output, is B/ Yier =
(N;s) /Yy = (Keg1/ Yep D). by condition (40). Observe that in the steady state,
NpsY /Yoo =B —a) /i + )l + n)(1 + £): the share of the current young's
saving in the following period’s GDP is the marginal propensity to save times
labor’s GDP share, scaled down by the gross output growth rate (1 +n)(1 + g).
Thus, the steady-state ratio of beginning-of-period foreign assets to GDP is

27. Substitution of eq. (38) for K, in the production function yields the usetul intermediate result that

ol 1
il o “ “
Y, = NoA, .
4

This equation clearly shows that ¥y .y = (1 + n)(1 + g)Y, in the steady state we are considering.

Application: Feldstein and Horioka’s Saving-Investment Puzzle

In a closed economy, national saving equals domestic investment, and the cur-
rent account is always zero. Furthermore, any observed increase in national saving
will automatically be accompanied by an equal rise in domestic investment. This
prediction contrasts strongly with the behavior we expect when capital is interna-
tonally mobile. Under capital mobility, saving and investment can diverge, even
over protracted periods, as countries with opportunities to gain from intertemporal
trade run unbalanced current accounts.

In a well-known paper, Feldstein and Horioka (1980) claimed that, even among
industrial countries, capital mobility is sutficiently limited that changes in national
saving rates ultimately change domestic investment rates by the same amount. As
evidence, they reported cross-sectional regressions of gross domestic investment
rate averages (//Y) on gross national saving rate averages (S/Y). For a sample
of 16 OECD countries over 1960-74, Feldstein and Horioka found the following
least-squares regression result:

1/Y =0.04 +089S8/Y, RI=0091.

(0.02) (0.07)

Over the 1960-74 period, capital was not as mobile internationally as it is today.
Figure 3.4, however, shows the cross-sectional saving-investment association in the
OECD sample over the decade 1982-91, with Luxembourg, which is an outlier,
and developing Turkey both omitted. The estimation result for this 22-country
sample is
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Industrial-country saving and investment rates, 1982-91

1Y =0.09 +0.625/7, R2=0.69.
(0.02) (0.09)

This equation shows a weakening, but still very significant, po:s’itivc usso'ciution,

Feldstein and Horioka argued that if capital indeed were highly mobile among
industrial countries, slope coefticients like this one should be much smallc'r than
1. as a country's savings would then be free to seek out the most productive .m—
vestment opportunities worldwide. 1f one accepts this argument..thCﬁc regressxon
results pose a puzzle. They contradict other evidence that capital 1s qun(te mé—
bile within the developed world, notably, the remarkable clmcnc.\.‘x of lhc.t interest
rates that comparable assets offer despite being located in different industrial coun-
rries.” o .

Our models advise a skeptical approach to Feldstein and Horioka's mlerprela.llon
of their results. Even when domestic investment is determined ivdcpe'ndemly of the
economy’s consumption side, a number of common factors might mmuhuncogsly
influence countries’ saving and investment rates. Furthermore, there u.re pluysxb}e
cases (the case of endogenous factor-market conditions. is one) in which ShlflS. in
national saving behavior could exert a direct influence on il.wcslmc‘:nl b): alten_ng
fuctor-market conditions. There are many potential explanations of the Feldstein-
Horioka results. Here are some that have been suggested:

1. Governments sometimes adjust fiscal or monetary policies o avoid large and
protracted current-account imbalances. The evidence on this current account tar-

1 Is is stly anecdot and there are prominent instances
geting hypothesis is mostly anecdotal, however, an are |

2%, For surveys of this evidence, see Obstfeld (1986, 1995).
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{for example, the United States in the early 1980s) in which macroeconomic poli-
cies have instead instigated major external imbalances.

2. Developed countries may be sufficiently well endowed with capital to be near

steady states for their external debt or asset levels. In this situation the intertem-
poral budget constraint of the economy would imply that long averages of saving-
investment differences are small. Developing countries, which presumably could
realize greater gains from intertemporal trade through borrowing for investment
purposes, are likely to be more distant from a stationary distribution of foreign
debt. This interpretation seems borne out by cross-sectional results for develop-
ing countries prior o 1982, a year that initiated a near-decade-long reduction in
developing-country access to the industrial world’s savings. For pre-1982 devel-
oping countries, the cross-sectional saving-investment association is much looser
than for the OECD sample.

3. If corporations, like some individuals, have limited access to markets for fi-
nance, then investment may respond positively to higher corporate saving (in the
form of retained earnings), even when international capital markets are as well inte-
grated as domestic markets. Corporate saving typically is a substantial component
of total saving, so it seems plausible that shifts in corporate saving might induce a
strong saving-investment relationship in the data. Although there is some evidence
in favor of this hypothesis, an account of how corporate saving and investment are
related need not have strong implications for the relationship between total private
saving and investment. For example, the household sector ultimately owns much of
the corporate sector; households therefore may pierce the “corporate veil” and nul-
lify the eftect of corporate saving shifts on total saving through their own offsetting
saving decisions.?” Moreover, to the extent that the investing firms are owned by
foreigners, their decision to retain earnings increases foreign rather than domestic
saving, other things equal.

4. In the lite-cycle theory of consumption, sustained demographic and productiv-
ity changes that increase a country's long-term investment rate also may increase
its saving rate. Equations (44) and (46) show a case in which higher trend growth
In total output causes long-run saving and investment to rise in tandem. Alan Tay-
lor (1994) revisits the Feldstein-Horioka equation, controlling for (a) measures of
domestic relative prices, (b) the age structure of the population, and (c) the inter-
action of the age structure with the growth rate of domestic output. He finds that
for a number of country samples the cross-sectional saving-investment association
disappears.

As we discussed earlier, there is reason to question whether saving and growth
are related through the life cycle or some other mechanism. Thus, despite Taylor’s

29. The mechamsm is entirely analogous to the one underlying the Ricardian equivalence proposition.
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(1994) findings, controversy over the Feldstein-Horioka puzzle is likely to con-
tinue. In all likelihood, no single one of the mechanisms we have outlined fully
explains the behavior of every industrial country. [

3.5 Aggregate and Intergenerational Gains from Trade

In this section we revisit a central result of Chapter 1 on the gains from in-
tertemporal trade. We saw in Chapter 1 that, the greater the difference between
a representative-consumer cconomy's autarky interest rate and the world interest
rate, the more it gains {rom opening its capital market to international borrowing
and lending. Here we show that this result can be extended to overlapping gener-
ations economies, but with an important qualification. Opening the capital market
can have divergent welfare impacts across the current young and old, and across
those currently alive and those to be born in the future. Absent side payments to re-
distribute domestic income, everyone may not gain from integration into the world
capital market. The winners gain more than the losers lose, however, so Chapter 1's
result on trade gains reemerges, in the sense that feasible side payments can make
everyone in the economy better off after trade. As before, the aggregate gains from
trade are greater when the difference between the initial autarky interest rate and
the world rate 1s greater.m

Consider a small economy, initially in autarky, that carries out a permanent
opening of its capital market at the start of period 1.'' We continue to assume
that generations work only when young, and retain the logarithmic utility function
in eqg. (9). With this utility function, and maintaining the simplifying assumption
that there is initially no government economic activity. the consumption choices of
young and old individuals are described by eq. (45). To simplity we assume there
is no trend productivity or labor-force growth. The economy’s initial position is a
steady state with a constant real wage and interest rate.

A useful starting assumption is that the world interest rate r > 0 differs only
marginally from the domestic autarky interest rate, r*. In this case the aggregate
gains the economy reaps {rom opening up to trade are of sccond-order importance,

30. There 1s another important qualification to the presumption that there are positive aggregate gains
from trade: the world interest rate must be above the rate of total output growth. (See exercise 2 at
the end of the chapter for a counterexample.) The issue does not arise in this section because we
assume a positive interest rate and zero growth. Appendix 3A discusses anomalies that arise when
the economy’s scale grows at a proportional rate in excess of the real interest rate. The appendix also
discusses evidence suggesting that this case is empirically irrelevant.

31, For similar welfare analyses. see Fried (1980), Persson (1985), Fried and Howitt (1988), and Ruftin
and Yoon (1993}, Eaton (1988) and Matsuyama (1988) develop related models with nonreproducible
factors of production (such as land).

B 2 o e

but, as we now show, the associated redistribution etfects are of first-order impor-
tance.

Consider first the impact of a small interest rate change—an increase, say—on
those young on dates 7 (the initial date of opening) and after. (This group comprises
all of the economy’s current and prospective residents other than the date 1 old.)
Substituting the consumption plans in eq. (45) into the utility function (9), we find
that

U=+ pYlogiu) + Blog(l +r)
(apart from an irrelevant additive constant). Differentiation yields

dU [ )
WLy,
l+r

dr w

dr

where dr refers to the infinitesimal rise of 7* up to the world rate, r. The interest-
rate rise increases the rate of return required on domestic investment and so lowers
the capital-labor rato 1n production; hence, the wage falls. How large is its fall?
Because the interest-rate rise is infinitesimal and the initial factor allocation was
optimal (given autarky factor prices), the envelope theorem tells us that the gain
to capital 1s simply K'dr, which must correspond to labor’s loss of — Kdr = Ldw.

Thus dw/dr = ~K /L = —k,* and we therefore can write the preceding lifetime

utility change as

v -0+ 8 B B —pr

Wl Loy P @)
r w I+ 1 +r I +r

[We have used the fact that, in the initial autarky equilibrium, & = Bw/(1 + B), the
per-person saving of the young. ]

Equation (47) implies that the current young and every generation that follows
them suffer a utlity loss as a result of opening to trade. To transform the young's
utility loss into its first-period income equivalent, we divide the first equality in
eq. (47) by the mitial marginal utility of first-period income, 3U /3¢ = 1/c¥ =
(1 4+ B)/w, to infer that the first-period income loss of a young person amounts
to

Bwdr kdr —rkdr

—kdr + P i = e
O+ Hd+r) TP T

The intuition behind this result is simple: each person born on or after date ¢ loses
dw = —kdr in first-period wage income but gains kdr in second-period capital in-
come, this pattern of loss and gain having a net present value of —kdr + kdr/(1 +

32. You may recall that the relation dw/d f f ici
B 1/dr = —k follows from the efficient factor-price fronti, a
we derived in section 1.5.2, ’ price fronter (hat
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ry = —rkdr/(1 + r). On date ¢, the combined present discounted value of the per
capita income losses to the young and all future generations is

‘ +( : )2+ = —kdr
+<l+r L +r '

Someone must gain from the opening to world markets. The only domestic
residents we have not considered are those who are already old in period 7, when
opening occurs. They carn the higher, postintegration return on the saving they did
in period + — 1: their per capita income gain is exactly kdr, the opposite of the
present discounted value lost by all other agents in the economy. The govcrnment
would ensure that no one was hurt by the opening to world markets if it levied a
tax of kdr on each of the period ¢ old and, starting with the period 1 young, gave
each newly born generation a per capita transfer payment of rkdr/(1 +7r).

A rise in the domestic interest rate due to integration with world markets bene-
fits owners of capital and, because the wage and the return to capital are inversely
related, harms owners of labor. Because these opposite effects are equal in the
present example, and because generations born on date ¢ or after are labor owners
early in life and capital owners late in life, the interest-rate rise hurts those genera-
tions while benefiting the date ¢ old. If the world interest rate is marginally below
the autarky rate, of course, the redistribution of income works in the opposite di‘rec-
tion. The current old are hurt, but the current young and all subsequent generations

—rkdr
(1 +r)

vain.
: In the preceding example, the net societal gains from opening to trade are of
second-order importance because the world interest rate differs only marginally
from the autarky interest rate. When the world interest rate exceeds the autarky rate
by a tinite amount, however, capital’s gains outweigh labor’s losses. In this ca.s‘ft‘ an
appropriate government tax-and-transfer scheme can make everyone better off.
Similar reasoning applies in analyzing how world interest-rate changes affect
economies already open to trade. In that case, the saving of each young pcrson,‘
Buw/(l + B). is equal to kK + b, the sum of the economy’s per-worker stocks of
capital and net foreign assets. As a result, eq. (47) becomes

_ —Bk
d_(i_—_ (l+ﬂ)k+ B _ B 4 B .
dr w l+r k+b 1+r

The lifetime income change for each newly born young generation is now

k + b)dr
—kdr + ST
1+r
so, if b is sufficiently positive, all generations can gain from a positive dr. The
gain to the economy as a whole is (1 + rybdr/r. equal to the present value of
income effects less wealth effects on the aggregate economy's intertemporal budget

tuy
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constraint.*® This is a loss if b < 0. The key determinant of the welfare effect is
how the interest-rate change alters the gap between the world interest rate and the
economy’s domestic autarky rate. When b is positive, for example, the domestic
autarky interest rate is below the world rate. Thus a rise in the world rate enhances
the economy’s guins from trade by expanding the relevant set of feasible aggregate
consumption levels,

3.6

3.6.1

Public Debt and the World Interest Rate

Up to now this chapter has focused on the case of a small economy facing an
exogenous world mterest rate. The small country paradigm can be very useful,
but, as we saw in Chapter I, there are important practical applications for which
it 1s inadequate. The discussion in section 3.2 showed how lump-sum tax policy
can affect saving in a small economy populated by overlapping generations. Now
we explore how large economies’ tax policies affect the world economy. In the
process, we shall see how the world interest rate and capital stock are determined
in an overlapping generations model].

A Two-Country Global-Equilibrium Model

There are two countries, Home and Foreign. Since our main points do not de-
pend on differences between the two countries, we shall impose a great deal of
symmetry, assuming that the two countries have access to identical Cobb-Douglas
production technologies and that residents have identical logarithmic preferences,
given by eq. (9).

Once again, everyone lives for two periods, supplying 1 unit of labor in youth but
none 1n old age. Foreign counterparts of Home variables are marked with asterisks.
In Home (Foreign), the young generation born on date 1 has N, (N}) members. The
levels of the two young populations may differ, but we assume that their net growth
rates are both n [as in eq. (35)].

Since we think of the young generation as consisting of prime-age workers, it is
an empirically reasonable simplification to assume that all taxes fall on the young.
(We abstract from social security programs that result in transfers to the old.) Under
log utility, a typical Home resident’s savings in youth are

Y

5 = A (w,—17). (48)
1+ 8

There is a corresponding saving function for young Foreign residents.

33. On the income and wealth eftects of interest-rate changes, see section 1.3,

34, For models related to the one taken up next, see Buiter (1981, 1989), Persson (1985), Eaton (1988),
and Frenkel and Razin (1992).
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A country's wage is the domestic equilibrium marginal product of labor accord-
ing to eq. (37). Abstracting from trend productivity growth and normalizing A = 1,
this equation can be written as

wy = (1 — a)k;. (49)

A parallel relationship determines w;.

With Home and Foreign linked by an integrated world capital market, invest-
ment will equate the date ¢ marginal products of capital in both countries to the
interest rate on loans between dates ¢ — 1 and 1, so that

u/\‘:' l:ak:u I:rlzu(klw)u—l' (50)

where k% = k = k* is the common capital-labor ratio across the two economies
with identical production technologies. [Equation (50) holds continuously in this
model if there are no unexpected shocks.]

Equilibrium Dynamics and Steady State

We are now in a position to characterize world equilibrium. For stmplicity we
assume away government economic activity, an assumption we relax in the next
subsection when we examine the effects of government debt. In the absence of
government debt, global equilibrium requires that saving by the world’s young
must equal the total world supply of capital available for production the following
period. On any date ¢, therefore,

Ko+ Koy = Nost 4+ NPsE™. (51)
Since labor is immobile internationally, market clearing also requires
L, =Ny, Ly =N/
Equations (48) and (49) allow us to write equilibrium saving by a young Home
resident as

y B —ao
5, =
! 1+ 8

with a corresponding saving function for Foreign’s young. (Remember: we've as-
sumed temporarily that ¥ and t¥* are zero.) With this substitution, the world

k",

capital-market equilibrium condition (51) becomes

Bl —a)
1+ B

Dividing both sides by the world labor force N; + N;" and noting that

K+ K = (N + NJY (.

Kipy+ K7 =(1+n) Kipr + Kt‘+l

— ~ =(1 +n)kw N
Ni+ N; Nesi+ N7y ak
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Figure 3.5
Stability of the world capital-labor ratio

we get a very simple ditference equation in the world capital-labor ratio:

Y __ﬂ(l_a)

= - W Y
T Tema e = YED: (52)

Figure 3.5 shows the adjustment path for the world capital ratio, starting from
an inttial positive fevel &Y. As you can see, the world economy always converges
to & unique positive steady-state capital ratio, &, which is found by setting kY =
kY = k¥ in eq. (52) and solving

|
l;w — [ ﬁ(l —«a) T
d+m+8) ’
There is a second steady state with a zero capital stock, but it is unstable. The
steady-state marginal product of capital is

t_x(l +nm)(1 + 8)
Bl —ay

(X(/:'w)uil =F =

(53)

Deficits, Debt, and Crowding Out

One vitally important question the present framework can address is the global
effect of government deficits and debts.

Assume that the Home government, starting from a zero net asset position,
issues as a gift to the current old a positive quantity of claims on itself. In addition,
Home's government taxes the current and all future young generations so as to
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hold constant at the positive level d the ratio ~B8°/N, of government debt to the
labor force. (Recall our assumption, stated at the start of section 3.6.1, that the
young pay all the taxes.) In the present setting (which assumes zero government
consumption), the government finance constraint corresponding to eq. (5) is

By = +r)B + N1\,

where 1Y is the tax per unit of labor. Note that we must allow r, to vary here since
the interest rate is endogenous. Dividing both sides of the above equation by Ny,
we observe that constancy of —B/N at d requires that

. —B¢ N, - N, (I+r)d—1)
d=—" — (G 4r)y—d- gy =t L
Ny ! Nty Nigr ! 1+n

Solving for the taxes a young worker must pay to maintain — B/ N at d, we find

Y
i

) =y - md. (54)

Substitute this expression for taxes into eq. (48). The saving of the Home young
now will be
v B

s, = ey [u', — (r; — n)c_l].

The saving function of the Foreign young, who are not taxed, is unchanged. Use of
eqs. (49) and (50) to eliminate w; and r, in the preceding equation results in

—1 -
sf:4_ﬁ_{(1~a)@ﬁy’—[a(ﬂﬁ“ ~n]a}. (55)
T+ 8
The introduction of government debt changes the world asset market-clearing
condition in a fundamental way. Now young savers must acquire the Home govern-
ment debt, — B, |, in addition to the world capital stock. The condition for world

capital-market equilibrium is therefore changed from eq. (51) 10

Kion+ K2 =By =N+ NsT™

t+1

Use eq. (55) together with the unchanged saving function of the Foreign young to
eliminate the per-worker saving levels. Then divide the result by the world labor
force Ny + N/ to obtain

w Bl =) = x[ak) ! = n]d]
A A +m(+B)

—xa.=_‘-l/(k,w.(}).

where
— N’
TN+ NS

is the home country’s share of the world labor force (and population).
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Steady-state ettect of public debt

Figure 3.6 shows the dynamics of world capital after the introduction of the
public debt by Home's government. The stable steady-state capital ratio, k%, is
lower than in the absence of the debt. By reducing the saving of the domestic
young and diverting world saving into paper assets, higher Home government debt
reduces steady-state capital intensity in Home and in Foreign, thereby raising the
world interest rate. It is not hard to see that the dynamics of adjustment involve a
rise in the world interest rate and an immediate fall in world investment. When a
large country runs a fiscal deficit and capital markets are internationally integrated,
capital accumulation is crowded oot abroad as well as at home. Notice i_QVFigurc 3.6
that there s again a second steady state at the lower capital ratio &, but it is
unstable and we ignore it.

Dynamic Inefficiency and Welfare

In an overlapping generations model, government debt not only affects the divi-
sion of the economic pie across generations, it can affect the size of the pie by
changing the capital stock. A full analysis of the welfare impact of higher pub-
lic debt, however, is somewhat subtle. With n > 0, we confront the possibility
that the steady-state world interest rate r = a(k™)y*~1 which is determined en-
dogenously in global equilibrium, may lie at or below the growth rate n of total
output. The possibility can be seen from eq. (53) just by making « sufficiently
small.

The consequence of having r < n initially follows from eq. (54). In that case, a
small rise in d not only benefits the current old, but also appears to allow a low-
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ering of taxes on future generations of Home young! Indeed, one can go further
and show that all generations, in Foreign as well as in Home, can benefit! There
is clearly something very wrong here, a free lunch. The problem is due to a phe-
nomenon known as dynamic inefficiency. The behavior of dynamically inefficient
cconomies wreaks havoe with much of our intuition about the laws of econom-
ics. Because dynamic ineffictency appears to be more a theoretical than a prac-
tical problem, however, we postpone a detailed discussion until appendix 3A.3
There we also extend our analysis to allow for steady-state productivity growth
at rate g, leading to the generalized condition for dynamic inefticiency 1 +r <
(I +mt +g).

So, assume that the economy is dynamically efficient; that is, the world interest
rate exceeds the growth rate of the economy. In that case, the fully anticipated
introduction of a (small) public debt d in Home, as in the last subsection, confers
the primary benefit of a transfer on the initial Home old, but imposes the primary
cost of higher taxes on all successor generations.

The accompanying rise in the world interest rate entails secondary welfare ef-
fects, however. (“Secondary” does not necessarily mean small here!) Home gains
in the aggregate if it is initially a net foreign creditor, and Foreign, correspond-
ingly, loses. In case Home initially is a net foreign debtor, Foreign benefits in the
aggregate from the intertemporal terms-of-trade change.

These secondary gains and losses at the country level need not accrue uniformly
to different generations. Generally, a country as a whole gains, for example, only in
the sense that its government could use lump-sum transfers to make all generations
better off.

How are individual Home and Foreign generations affected by the rise in the
world interest rate? Since the initial old in both countries receive asset income only
(and in positive amounts), they necessarily gain from the interest rate increase. In
both countries, the initial young (and all future generations) suffer lower wages
because of the factor-price-frontier effect discussed in section 3.5. As explained
there, this wage loss in the first period of life can be more than offset by higher
interest earnings later if the savings of the young exceed domestic capital needs by
a sufficient amount. Thus in at least one country, and possibly in both, the initial
young and all future generations must lose absolutely. If the Foreign government
itself holds net claims on the private sector (that is, has a negative debt), the Foreign
young, whose transfers rise when the interest rate rises, are more likely to be
better off.

35. In the mode! of Chapter 2, we always assumed that interest rates exceeded growth rates. Was that
assumption wrong? No. We reiterate a promise we made in the last chapter: in Chapter 7 we will prove
that dynamic inefficiency cannot arise for the representative-consumer model.
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Table 3.2

Government Saving in the Main Industrial Countries

Country 1960 1970s 1980s
Canada 3.6 27 -1.6

France N 36 1.3

West Germany 6.2 39 2.0

Ttaly 2.1 —5.6 -6.7

Japan 6.2 48 4.6

United Kingdom RE 2.6 0.1

United States 2.0 0.4 -2.1

Source: Shater, Elmeskov, and Tease (1992). Government budget surpluses are expressed as a percent
of GNP,

Application: Government Debt and World Interest Rates since 1970

The government budget surpluses that the largest industrial countries tended to run
in the 1960s have declined steadily since then and, in some cases, have given way
to large and persistent deficits. Table 3.2 shows the decade-by-decade evolution of
public-sector balunces for the seven largest industrial countries. Our overlapping
generations model suggests that these fiscal shifts are likely to have reduced total
world saving and to have pushed world real interest rates upward.

In the application on global saving and interest rates at the end of Chapter 1, we
noted that gross world saving has declined since the 1970s. We can now see part
of the reason: a fall in government saving that non-Ricardian households failed to
offset fully through a rise in their own saving. Indeed, for reasons that still are not
fully understood, gross private saving has declined somewhat. ¢

The overlapping generations model implies that, even in the absence of contin-
ving government deficits, higher public debt levels can reduce private saving and
crowd capital out of private portfolios, thus raising interest rates. Figure 3.7 pro-
vides direct evidence of that mechanism in post-1970 data. The first series plotted
in the figure is the ratio of world public debt to world GDP, computed as a GDP-
weighted average of 15 industrial countries’ public debt-GDP ratios. The second
series 1s a measure of the world real interest rate, based on data from the same
15 countries. Clearly, the two series are highly correlated. While changing public-
debt levels cannot explain all recent movements in world real interest rates, they
certainly appear to be an important part of the story. u

36. Table 3.1 reported the behavior of net private saving in the largest industrial countries. But recall
that the capital depreciation estimates underlying net saving figures can be quite unreliable.
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3.7 Integrating the Overlapping Generations and

Representative-Consumer Models

Though similar in some respects, the overlapping generations model ‘and t'he
representative-consumer, infinite-horizon mode!l of aggregate consumption give
fundamentally different answers to some key questions. D()f:s a temporary out-
put shock leave per capita domestic consumption unchanged in the long run? Cax;
higher trend output growth raise private saving and the current ac.count bulzipcc..
Does the economy reach a steady state in per capita consumption when indi-
viduals’ time-preference rate differs from the world interest rate? Can .changes
in the timing of lump-sum taxes have real effects? To all of Ihcfe questions the
overlapping generations model answers yes while the reprc.scntulw'c»ugcnl model
answers no. These are fundamental differences. Which approach is more nearly
right? ‘
This section tries to unify the two approaches within more general frameworks
that serve to highlight similarities as well as differences. We Ltons'ider two alterna-
tive unifying frameworks. The first introduces a bequest m(?[lVF 'mto the overlap-
ping generations model. A bequest motive can arise wher} xndlv:dgals care about
future generations” welfare, not just their own consumption, but it may also be
motivated by considerations other than kindheartedness, as we shall see.' T\he' sec-
ond framework we look at is based on a model that incorporates both 1nt.1n|tcly—
lived consumers and overlapping generations. That framework yields a straightfor-
ward synthesis of the representative-agent and overlapping generations approaches.
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While purely theoretical exercises such as these cannot, in themselves, determine
the empirical validity of a particular aggregate consumption theory, they can help
to isolate key, and perhaps testable, assumptions behind competing visions of the
economy.

Intergenerational Altruism and Bequests

The overlapping generations model we have been studying assumes that each
generation is completely seltish, with no regard for the welfare of future gener-
ations. This assumption is not very realistic: future generations are the offspring
of individuals currently alive, and few people seem completely inditferent about
therr children’s wellare. This simple observation has far-reaching implications. In-
deed, an economy of finite-lived individuals who care about their children may, in
some respects, mimic the behavior ot an economy peopled by infinite-lived indi-
viduals.

To sec the role of intergenerational altruismy most simply, let’s think about an en-
dowment economy peopled by “nonoverlapping” generations, each ot which lives
only one period but cares about the welfare of its immediate descendant. In this
setting, we will refer to the succession of individuals making up a family line as a
dynasty. We also assume that the economy is inhabited by a single representative
dynasty, whose consumption corresponds to aggregate consumption,

The date 1 member of the representative dynasty (who lives only during period
1), maximizes the utility function

U, =u(C)y + BU, .. (56)

where 0 < g < 1. The notation means that an individual alive during period ¢
derives utility from two sources: his own consumption, C;, and the welfare of a
child whose utility will be U, ;1. The utility function (56) therefore implies that
cach agent shows altruism toward his child. Notice that reproduction here takes the
form of parthenogenesis. More realistic models based on marriage (which implies
cconomic not to mention genetic mixing) will be taken up later on.

The individual alive on date 1 has the lifetime budget constraint
+ryH +Y =T, =C + H oy, 57
where Y, — 7, is the date 1 generation’s after-tax income and H, 11 is the bequest the
date t dynasty member makes to his immediate successor. According to eq. (57),
the dynasty's date  resources include the principal and interest on the bequest that
the date ¢ individual’s own parent left.

A realistic constraint on the individual's maximization problem is

HIH > 0. (58)
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People can receive neither inter vivos gifts nor bequests frorr-\ Fu}borﬁ children.
Furthermore, the legal system exempts children from responsibility for parental
debts. Y’ o '

For the moment, we will assume constraint (58) holds as a strict inequality,
and focus on the case where optimal bequests are always positive. In that cgse,
we think about an individual’s optimal consumption problem as follows. Flrsl,
perform iterated forward substitutions for Hryy, Heyo, ete. in cq.‘ (57) to derive
the dynasty’s intertemporal budget constraint

¥ - s
i( : \ ’("‘=(1+r)Hl+f:<llr> (y.\"_T\)v (59)

l+r/ y={

y=1

in which we have ruled out the possibility that bequests grow at or above the
rate of interest.* This is the same constraint that the representative infinitely-lived

consumer faced in Chapter 2.
Next, lead eq. (56) by a period to obtain

Uyr = u(Cry) + UL

After using this to eliminate Uy from eq. (56), we have

Us = u(Cy) + fu(Crp) + B2Uis2

Repeated forward substitutions of this kind transform eq. (56) into

U, = Z B 'u(Cy) + tim. B,

y=/

Provided lim, .o, 8 U, =0, adate s individual acts so as to maximize

U= B 'u(Cy) (60)

s =t

subject to eq. (59).3% The objective function (60) is the same one maximized by a

single infinite-horizon decision maker.

37. Later we will touch briefly on the implications of resource transfers from children to parents.

38. Thus we require lim, .o (1 + r)~6-0 H, = 0. The next footnote suggests that, while this condi-
;u)ﬁ is correct when the lifetime objective function is eq. (60) below, it might fail in other cases.
pointed out by Gale (1983). To take

it condition leading 1o eq. (60) is not innocuous, as
e e oader a y N pose that the date 1 member has the

his example, consider a dynasty whose members are misers: sup)
alternative hifetime utility function

Y
Uy = Xﬂ"'u((ﬁ) + 4 »li.n)uﬂ" "Heyt,
s=1

utility weight u is attached to the limiting value of the subjectively

according to which a positive 4 of the ‘
. ch cases the dynasty generally won’t consume all its lifetime resources.

discounted future bequest. In su  cas y Y
Leading the preceding lifetime objective a period yields
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Thus, aside from the tact that intergenerational transfers can never be negative
[recall constraint (58), which we have temporarily set aside], the present overlap-
ping generations model based on egs. (56) and (59) leads to the same predictions
about consumption as the single representative-agent model.*? Even though each
individual cares directly only about his immediate descendant, this is enough to
hink him to !l future generations!

Plainly, Ricardian equivalence can prevail in the overlapping generations model
with bequests even though each individual is mortal. This point was first made in
an insightful paper by Barro (1974). Suppose that initially parents wish to leave
strictly positive bequests to their children. In this situation, parents will vary their
bequests to undo any (suthiciently small) government attempt to transfer income
across generations. For example, a bond-financed transter payment to the current
generation, coupled with higher taxes on the next generation, leads the current
generation to increase its bequest by the amount of the transfer. On balance, no
intergenerational redistribution occurs, the reason being that the dynasty’s budget
constraint (59) is not altered.*!

In certain cases, however, the nonnegativity constraints will bind, implying be-
havior different from what we saw in Chapter 2. Suppose, for example, that output
1s growing rapidly. The individual alive on date r, knowing that his descendants
will be fur better off than he, would like to consume future dynasty income by bor-
rowing today and leaving the resulting debt to his child, who in turn will bequeath
debt to his, ad infinitum. Negative bequests of this sort are, however, impossible:
the best the date ¢ dynasty member can do is to consume Y, — 7; and leave the
bequest H, 4 = 0.

This case of a growing economy with binding nonnegativity constraints on be-
quests is one in which Ricardian equivalence does nor hold. By making bond-
finunced payments to the current generation and requiring its descendants to repay

~
Uier = Z B “'“u((“)+/LII1’nl,‘J‘ Y.

s=i+1

from which it is readily verified that the alternate solution for U, satisfies eq. (56). Notice that now
Hm, ong B0, = plimy oo B ' Moy 1. which may be strictly positive. Thus it is not true that eq.
(56) automatically leads to eq. (60). The recursion in eq. (56) is consistent with eq. (60); because the
constant g is arbitrary, however, eq. (56) is, strictly speaking, also consistent with a vast multiplicity
of other intertemporal objective functions. While this indeterminacy matters for predicting the level of
consumption, it has hitle bearing on other issues, e.g., Ricardian equivalence.

40. Observe that there can never be intergenerational conflict about consumption, despite the existence
of a different decision maker at each date. Intergenerational conflict would imply a problem of dynamic
inconsistency in intertemporal preferences. As we saw in Chapter 2, however, the preference scheme of
eq. (60) isn’t subject to dynamic inconsistency.

41, Interestingly, a stmular argument shows that Ricardian equivalence could hold without bequests if
altruistic children make positive gifts to their parents. A formal demonstration requires a model in which
children and parents coexist over some time interval; see, for example, Drazen (1978).
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the loan, the government can do what private individuals would like to do, but can-

not: pass on debt to future generations.
Further Theoretical Problems with Ricardian Equivalence

Barro’s (1974) demonstration that Ricardian equivalence can hold in an economy
populated by a succession of finite-lived individuals is remarkable. The observation
of substantial intentional bequests and inter vivos parent-to-child gifts in industrial-
ized cconomies has lent added force to the theoretical argument. But that argument
is hased on a counterfactual account of dynastic propagation, on special assump-
tions about utility functions, and on a to-narrow view of how parcots provide for
their oftspring. The exumples that follow illustrate what can happen when these

assumptions are relaxed.
3.7.2.1 lmplications of Sexual Reproduction

New human beings (generally) result from a pooling of genes by people with
different purents. Once we combine this tact of life with the assumption that people
care about the utility of their offspring, a troubling implication arises: virtually
every change in taxes, even in distorting taxes, may become neutral! Recall, for
example, the tax on foreign borrowing anulyzed in Chapter 1. With intermarriage
between different family groups, the consumption-distorting eftect of this tux may
disappear.

How is this possible? Bernheim and Bagwell (1988) first explained the mecha-
nism, In an economy with sexual reproduction and altruism toward offspring, all
the private budget constraints in the economy can become interlinked. For exam-
ple. A may not care about B directly, but if A and B share a common descendant,
C. about whom they both care, then government income redistributions from A to
B can become less costly for A than they otherwise would be. The reason 1s that
such transters are likely to benetit C and thus to generate wility for A In fact, it
i entirely possible that government infragencrational redistribution from A to B is
neutral, just like inrergenerational redistribution between A and C or B and C. Let
the government tax A by T and hand the proceeds to B. I, in response, A reduces
his beguest to C by 7, and B increases his own bequest to C by 7, then the original
consumption allocation is restored.

This basic mechanism can render even usually distorting redistributive taxes
neutral. Loosely speaking, if any individual A looks far enough into the future, it
becomes increasingly likely that he and any other individual B will have a common
descendant whose utility will affect theirs even if they care directly only about
their immediate children. Because the proceeds of any tax thus are perceived as
2 benetit for one's future descendants, individuals cease to view the tux as a private

COst.
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Bcrnhcnn and Bagwell (1988) argue that the absurdity of this conclusion in-
.vuhdulc.s the premises from which it follows, notably the assumption of unseltish
intergencrational altruism vital to the Barro result.**

3.7.2.2  Intrafamily Exchange

Barro (1974) noted that Ricardian equivalence might fail if bequests are not moti-
vulcq solely by altruism, but instead represent a payment for some service offspring
pmvllc-lc (for example, housing services, nursing care, or just attention). Bernheimc
Shlc.lrcr. and Summers (1985) develop a model along these lines and marshall sup:
pur_tmg evidence. The basic idea is flustrated by a simple three-period example in
which the parent lives on dates 0 and | while the child lives on dates 1 and 2
The parent’s concave utility function is U'(¢y, ay) and the child’s is U“(c;, a)

where ¢y (Mattention™) is the level of a service that children can provide to p;hxrcmsT
on date L. To make the sharpest contrast with the altruistic model, we make thé
t.wo coldhearted assumptions that (a) the parent doesn't care about his child’s wel-
tare at all, and (b) more attention, while raising the parent’s utility, does not raise
the child’s. Assumption (a) is built into the parental utility function we have a‘s‘—
sumed; adding altruism toward the child wouldn't change the sist of our anal

Assumption (b) can be summuarized as ) } =

wr

day duy

<0.

Finally, we suppose (¢) that 89U /da, < O unless a; = 0, in which case U /da) =
0. Asfumption (c) implies that it is painless for the child to provide the first uni; of
attention, but not subsequent units.

.Oh.scrvc first that if the parent doesn’t bribe the child in some way, the child
will provide no attention [assumption (b)]. But the parent would, in gcne’ral, like to

- “consume™ some of both the model's goods, consumption and filial attention. The

parent can do so by purchasing attention from the child through a date | gift or
through a bequest placed in an irrevocable trust fund until date 2.** The child. in
turn, is happy to provide some attention if compensated {assumption (¢)]. Beca;ne
ol these initial gains from trade, we observe a positive resource flow from parent ‘to
child.

. Figure ?8 illustrates the intrafamily equilibrium under the temporary simplify-
mg assumption that the interest rate, r, is zero. The horizontal axis in the figure has
lc.ng(h equal 10 total family resources, v+ y*. The vertical axis measures amounts
of attention, a). The parent’s consumption, ¢, is measured horizontally stanin;:z

42, Laitner (1991) shows that when indiv m. ther: F r weatlth, rathe an matin
ndividuals 1 arry others of similar weatl 1 g

j ! £ 8 . rather tha

randomly, the extreme Be 11hc1m~BagwclI nculra]ity results may not hold. ]

43, An irrevocable trust fund wo i
) ! uld prevent the selfish parent fro i is
after attention had been provided. P " TENSEng on the promised bequest
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Parent Child inditference curve
indifference

c;rve /

—

*‘________ yp+yc—-—————'{

Figure 3.8 ) ) ‘
Non-Ricardian equivalence with contingent bequests

from the left-hand origin, and the child's is measured horimnlulb./vslurting from
the right-hand origin. At point A, where the parent and child m.dxticvrcnc'c cjurvcs
are tangent to a line passing through the income endowment [lmm.t v ..gaunx from
trade are tully exploited.** Notice that the parent’s consumption is strictly below
his endowment »". . ‘ A
Notwithstanding the positive trunster from parent to child, Ricardian equiva-
lence does not hold. Suppose that on date | the government makes d payment d
to the parent and raises the child’s future taxes by d. This policy shifts the equi-
librium to point B in Figure 3.8, The Ricardian parental respmllsc would lcuvc‘bolh
family members’ consumption levels intact. But this oulconp is not what the hgure‘
shows. Al point B, the parent is enjoying more consumption and more uttentl({ll.
the child has lower consumption. Thus the government policy has been successful

in redistributing income between the generations.

3.7.2.3 Investment in Human Capital

A large share of (altruistic) parental expenditure on children takes the form of ed-
ucational expenses, which may be viewed as investment in human capital. Drazen
(1978) showed how this factor could invalidate Ricardian equivalence unless there

is a perfect market for human capital.

44. The tangent line's slope is the equilibrium “price” of consumption in terms of attention.

-

N
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Suppose an altruistic two-period-lived parent has optimally divided second-
period resources between his own consumption, investment in his child’s human
capital, and a bequest. Suppose also that the child cannot borrow to finance fully
his own education. Then it may well happen that the return to further investment
in the child's human capital exceeds the interest rate r, but that no resources are
avatlable to exploit this excess return. (In that case, bequests are zero: the child
benetits more from extra education than from financial assets that earn only r.)

If the government pays the parent a transfer d, imposing a tax of d(1 + r) on
the child next period, the parent normally will increase his own consumption as
well as his investment in the child’s education, in such a way that parent and
child are both better off. The reason is that the transfer actually has expanded
the family’s intertemporal budget constraint by mitigating the negative effect of
personal borrowing constraints on the child’s lifetime income.

The larger point raised by models like Drazen’s concerns the definition of sav-
ing. Like most of the literature on life-cycle saving, we have used a narrow defini-
tion in which saving refers to the accumulation of financial assets. Human capital
accumulation is also a form of saving, however: just like investment in physical
capital, investment in human capital expands the stock of a long-lived factor of
production and thus is another way people can provide for the future. A complete
picture of the household’s (and nation’s) intertemporal allocation process must ac-
count for human-capital investments.*> We will return to the subject of human
capital later in this book, in Chapter 7.

Infinitely Lived Overlapping Generations

An ualternative way 1o integrate the overlapping generations and representative-
consumer models is to follow Philippe Weil (1989a), who assumes an economy
of distinct infinitely lived dynasties that come into being on different dates.*® To
highlight the main distinctions between the present model and the overlapping
generations model with two-period lives, we abstract from investment and focus
on the small country case. (We examine a global equilibrium version of the model
in Chapter 7.)

Imagine again an economy with a single consumption good facing a given world
interest rate r. An individual born on date v (the individual’s “vintage”) lives for-
ever and, on any date f, maximizes

45. For an attempt to adjust national saving rates accordingly, see Shafer, Elmeskov, and Tease (1992).

46. Weil’s model builds on the Blanchard (1985) uncertain-horizons framework, which itself builds on
Yaari (1965). The Blanchard model yields results similar to those of Weil's but is slightly more intricate
(see exercise 3 at the end of the chapter). For related alternative approaches, see Frenkel and Razin
t1992) and Matsuyuma (1987), who assume constant populations and uncertain lifetimes, as well as
Buiter t 198K, 1989) and Abel (1989).
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o
U= B log(e)), (61)
A=
the sume lifetime objective studied in Chapter 2's representative-consumer model.
Now, however, the number of individuals in the economy, N,, grows atrate n <r,
N, = (1 + n)N, . Itis convenient 10 assume that there is a date r = 0 on which the
economy starts, and that Ny = 1.

As before, we could interpret eq. (61) as the objective function of an immortal dy-
nasty consisting of successive agents with one-period lives. In that case, positive dy-
nastic wealth would be transmitted between generations in the form of bequests. As
we shall see, however, Ricardian equivalence fails to hold in this model-—providing
another example in which the timing of nondistorting taxes matters despite an im-
portant role for bequests in accounting for the economy’s financial wealth.

The budget constraint for individual v at time £ > v is

o l st >0
2 V= (1 bt E
<l +r> o= (

y=i y=t

1 51

— 1), 62
T r) (ys § (62)
where we index individual bond holdings, b*?, like consumption, to vintage as well
as calendar time. A central assumption of the model is that

b =0, 63)

Since newly born individuals aren’t linked by altruism to individuals of earlier
vintage, they are born owning no financial wealth. They are, however, born owning
the present discounted value of after-tax endowment income, which we refer to as

human wealth. ¥

Maximization of eq. (61) subject to eq. (62) leads to the individual consumption

tunction

’ . oo 1 s—r
== | (L4 b +Z( ) (s = 10 | - (64)

— 14r
which follows from Chapter 2’s eq. (16) upon setting o = 1.

As in the mode! with overlapping two-period lives, we are interested in the be-
havior of aggregate consumption. To calculate its value, we must sum the consump-
tions of all vintages born since f = 0. Vintage v = 0, born at £ = 0, has No=1
members. Total population on date 7 =1 is Ny; of this population, Ny — Ny =

47. A question that naturally arises is. where do new individuals come from? They could be poor im-

migrants. Alternatively, dynasties, following a practice like primogeniture, could feel selective altrutsm
and leave bequests only to some children.
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I+ 11)2— 1 = n are of vintage v = 1. Similarly, vintage v = 2 contains N — N} =
(1 +n) - (1 + n) = n(l + n) members. Continuing with this reasoning, we see
that any vintage v > O is n(1 + n)"" ! strong. The economy’s aggregate per capita
consumption on date 1 therefore is

_ e+l + n)(‘,2 + -+ n(l+ n)"]C;

“= A +ny ' (63)

which is simply total consumption divided by the total population N, = (1 + n)'.
(Our notation for aggregate per capita variables simply drops the vintage super-
seript.)

The preceding linear aggregation procedure can be applied to any other variable.
Aggregatmg the individual consumption functions (64) shows that aggregate per
capita consumption is related in a simple way to aggregate per capita financial and
human wealth:

(o6}
o l 51
c=(1=p) (1 +nrb + Z (m) (s ~ 1) . (66)

s=I
Similarly, the equation governing individual asset accumulation,
I
by =+ 0k +y —1 — ),

can be aggreggted up into an equation of aggregate private asset accumulation. To
accomplish this aggregation, apply the weighting in eq. (65) to both sides of the last
equation. The result is

[

rl) p. 1
b +nb;H + -+ n(l —#—n)"'b,H

(I +n)y

=(+rb+v—1—c,

where the right-hand variables all are per capita aggregates with respect to the date 7
population.*® The left-hand side can similarly be expressed in per capita aggregate
terms once we remember that the missing term bfjfi =0 [by eq. (63)]: a newly
born generation has no financial wealth. Thus we can express the left-hand side of

the preceding equation as

bP.U p,l i =10 »
u +n)[ b+ +n(l +n) by +nd +n)’b:’ll+l:l

RS :(l+n)bf+l.

Combining this expression with the immediately preceding one yields the result we
are after:

I‘t:id“;ll':;: ;ncludcs 28 ;/hichdis the average per capita value on date 1 of the net financial assets private
als carry over from date 1 — 1. In other words, bf" equals total assets acc 1 1
£ — 1 divided by the following period’s population. ' + accumuluied diring period
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A+rbl+y—1—¢
l +n ’

67"

By using eq. (66) to eliminate ¢, from eq. (67), we obtain a single difference
equation that completely characterizes private asset accumulation:

(68)

s
v — (] — oo f 1 -
b :[(1+r)ﬂ-|bp+ o u— ﬂ)z"=’<’+’) s =)
AR R ! 1+n

Specitic predictions about private asset accumulation will follow from assumptions
concerning the time paths of output and taxes.

Dynamics and Steady State

With the help of some simplifying assumptions, we develop a diagram that helps in
visualizing the dynamics implied by eq. (68). Consider first the case in which there
is no government economic activity. Thus, t = 0 on all dates, and, since there are
no government assets or debt, the net assets of the private sector as a whole also
are the country’s net foreign assets, b* = b. We also assume that v is constant at y,
thereby excluding, at least for now, trend productivity growth.

In this special case, the dynamic equilibrium condition (68) simplifies to

_[a+np (+np-17._
b’“_[ 1+n }b”{ r(1+n) ])’ ()

The dynamic behavior implied by eq. (69) is shown in Figure 3.9.

Starting from any initial net foreign asset stock bg, the economy converges to a
steady state in which the per capita aggregate stock of net foreign assets is b. Thus
the steady state is dynamically stable. Existence and stability of the steady state
follow trom the assumption made in drawing Figure 3.9 that (1 + r)g/(1 +n) < 1,
so that the slope of eq. (69) is less than that of the 45" line. Recall that the product
(1 + r)f determines the “ult” of an individual’s consumption path. If (1 +r)f >
1, for example, each infinitely-lived individual is accumulating financial assets
over time. (Because v is constant at y, consumption and wealth can grow over
time only if financial assets do.) But if (1 + r)8 < 1 + n, new individuals with
no inherited financial assets are entering the economy sufficiently quickly that
per capita aggregate foreign assets can reach a stable steady state.*¥ That steady
state involves a positive level of foreign assets, of course, since the assumption

49. It (1 4+ r)B > (1 + n), existing consumers are accumulating assets at such a rapid chip that per
capita aggregate assets are always rising despite population growth. The “steady state” that the diagram
implies i this case is an illusion, since it occurs at a net foreign debt so turge that consumption would
have o be negative! [Sec eq. (701.] Any initial foreign asset level consistent with positive consumption
thus implies that b — o over time.

,,,,, ey T e e serpprerag S aareanAOn WM AR PASOIN UG TU S VLTINS YIS

Foreign assets

45°
-
(1+1)p
: : Slope = 1+n
(+np -1 v g .
(1+n) \ ' . !
/ b b, by Foreign assets

Figure 3.9
Steady state with infimitely-lived overlapping generations

(I +r)f > 1 implies that there are no individuals with negative financial asset
holdings. This is the case illustrated in Figure 3.9.

Suppose, however, that (1 + r)8 < 1, so that all consumers dissave over their
lifetimes. This assumption would make the vertical intercept of eq. (69) negative in
Figure 3.9, shifting the intersection of the two schedules to the diagram’s southwest
quadrant. This is the case in which b < 0, so that the economy is a steady-state
debtor. Stability is now assured if the population growth rate n is nonnegative.

Setting b, = b,y = b in ey (69), we find the steady-state foreign asset level to
be

el (I+rp -1
I+m—(14+rp

Look at the fraction in square brackets on the right-hand side of eq. (70). The

existence/stability condition (1 + 1) > (1 4 r)f determines the sign of the denom-

inator, while the consumption-tilt factor, (1 + r)f — 1, determines the sign of the
numerator.

m

N e

The preceding solution for b leads immediately to a solution for steady-state per
capita consumption, ¢. Since there is no government, b* = b and the private finance
constraint (67) coincides with the overall current-account constraint

(L +r)b + v, — ¢

h/H:
Il +n

In a steady state with y, = v and b, .y = b, = b, ¢, must be constant at
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c=(r—mb+ V. an

Let us continue to assume that the world economy is dynamically etficient
(which means, in the present context, that r > n). Then a positive (negative) net
foreign asset level implies that steady-state consumption is above (below) output.’?

We stress that in interpreting these results, it is important to remember that
the economy under study here is small, and its small size is what allows one to
treat the world interest rate as being independent of the country’s rate of time
preference or population growth rate. If this were a closed global economy, as
in the version of the model we develop in Chapter 7, the interest rate would be

determined endogenously and would, in general, rise when # rises or £ falls.
QOutput Changes and Productivity Growth

As a first application of the model, consider an unanticipated permanent rise in
the per capita output endowment, from y to ¥". In Figure 3.10 we show the case
(1 +7r)8 <1, implying a steady state at point A with b < 0.5 The increase of ¥
to ¥’ shifts down the intercept of eq. (69), lowering b to b’ at point B. [The same
conclusion follows from eq. (70).] On the assumption that the economy was at A
before the favorable surprise, it will converge gradually to B atterward. Why do
long-run foreign assets become even more negative? When (1 + )8 < I, individ-
uals are impatient to consume; higher human wealth allows them to borrow more
early in lite. Substitution of eq. (70) into eq. (71) shows that ¢ rises even though b
falls.>?

Turn next to the case of a rransitorv rise in output. Specifically, assume the
cconomy is initially in a steady state with per capita output v and foreign assets
b when output rises unexpectedly to 3 > ¥ for one period only. That is, starting on
date 1, output follows the new path:

(72)

oy =10,
vy =4
) 5

(s > ).

50. It may seem paradoxical that, in the dynamically ineffictent case (r < n), eq. (71) implies the
economy permanently consumes more than its per capita income despite a foreign debt. But, when n >
r. new, debt-free consumers are entering the economy so rapidly that their high imtal consumption—
the factor generating the steady-state debt—outweighs the low consumption of their debt-burdened
elders. Obviously, each individual will eventually have to lower consumption below v to remain within
his intertemporal budget constraint.

51. As an exercise, the reader should work through the case (1 +r)8 > 1.

52. The result of the substitution is

a4+l ~ By

p; e e

:[’(T:n)~(l+r)ﬂ]r'

Because the denominator is positive (the existence/stability condition) and 8 < 1, dc/dy > 0.
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Figure 3.10
An unexpected permanent rise m output

Let's tuckle this exercise algebraically. Since initial foreign assets b, = b, eq.
(68) (with b” still equal to b and all taxes still zero) implies that per capita foreign
assets at the start of date 1 + 1 are

< _ . S | \~r_.
{(]+r)ﬂJ» y (1 B8) [.\ +Z‘\:r+](1,r,> .\J
b+

Il +n 1 +n

[)IQI':

:{LLJ:L_’[‘}‘,+{“+"W_I}ﬁu P _

I +n ril 4+ n) I +n
L +n

where the fast equality follows most easily from eq. (69) and the definition of a
steady state. Thus the economy has a current account surplus on date 7: consumers
at time ¢ save a fraction f of any transitory output rise, and per capita foreign
assets at the start of period 1 + 1 equal the implied rise in total foreign assets
divided by the new, n percent higher population. Starting on date ¢ + 1, however,
output is back at its original level, and so the original transition equation (69),
which has the steady state b, applies once again. Since by, > b, net foreign assets
fall monotonically back to their starting level. Thus a temporary output shock has
a transitory effect but no long-run effect, just as in the overlapping-generations
model with two-period lives (section 3.3.1).
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The model can also be used to study trend productivity growth. In our discussion
of productivity growth in models with two-period lives (especially section 3.3.2),
we saw that the saving effect of higher productivity growth depends on the distri-
bution of the resulting earnings gains across groups at different stages of the life
cycle. Here we make the very simple assumption that per capita output v grows at
the constant rate g,

Vw1 =1+ g,

where (1 4+ n)(1 4+ g) < 1 4 r. The per capita aggregate consumption function (66)
(again with 6" = b and taxes zero) yields

1 +r
(‘I:(l—ﬁ)[(l+r)hl+< >,Vr}
r—8

in this case. Substitution of this equation into eq. (67) (for the case with no govern-
ment) leads to the following generalization of eq. (69):

(1+r)p (I+np—0U0+g)
by = p Eo TS
! [ 1+n ] ’+[ (T+nm)r—g) }y'

To convert this equation to stationary form (since v, is growing), we divide both
sides by y, 4+ to obtain

'b_'_[ (1 +r)p ]’l [(l+r)/3—(l+g)] 73)
+mU+g v LO+mU+0r -]

M+

where we have made use of the fact that y, 1y = (1 + g)y,. Note that the condi-
tion for the economy to have positive net foreign assets is now (1 +r) > 1+g,
since each cohort can borrow against growing output. This difference equation can
be graphed analogously to eq. (69) in Figure 3.9, but with the ratio of net foreign
assets to output in place of per capita aggregate net foreign assets. One can eas-
ily show that a rise in the growth rate g always lowers the economy'’s long-run net
foreign-asset-to-output ratio. Intuitively, faster output growth encourages all gener-
ations to save less. In section 3.3.2 we found that productivity growth that accrues
disproportionately toward the end of individual life cycles tends to lower aggregate
saving. Here we find the same result because of the assumption that ever-greater
output gains are always expected to occur later in life.

3.7.6 Overlapping Generations and Representative-Agent Models:
A Synthesis

Having outlined the basics of Weil's (1989a) overlapping generations model,
we are now ready to deliver the synthesis with the representative-agent model
promised at the start of this section. We consider two questions, the response to
temporary output shocks and the effects of government debt issue.
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Foreign assets
45¢

Siope = 1/(1 + n)
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l’_(; -y) Foreign assets
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Figure 3.11
A transitory rise in output

3.7.6.1 Temporary Output Shocks

In the last subsection we studied an economy in a steady state with constant output
¥ whose residents suddenly learn, at the start of date 1, that output will follow eq.
(72) rather than remaining constant. We saw that by +1 rose above its initial level, b,
by the amount B(¥" — ¥)/(1 + n) because each household in the economy on date
1 wished to save a fraction B of its temporary income increase. For dates s > ¢,
eq. (69) again governed the economy’s dynamics. To simplify our discussion we
assume that (1 + r)8 = 1, so that b = 0 and difference equation (69) becomes

which is graphed in Figure 3.11.

The graph reinforces a point made earlier: the transitory endowment shock,
which inttally shifts the economy to point A, has effects that damp out over time.
With (1 + r)f = 1, consumers already on the scene permanently increase their
foreign asset holdings and permanently raise consumption by the interest on those
additional foreign assets. Over time, however, new individuals are born, and per
capita consumption returns to its original level. As the population growth rate, n,
falls, the rate of convergence slows. In the limit of zero population growth (n = 0),
b no longer converges to b = 0. The equation of motion for net foreign assets
becomes b, ;| = b;; there is no tendency at all for foreign assets to revert to a well-
defined long-run level. In Figure 3.11, as n — 0, the flatter schedule overlaps the
45" line, and all foreign asset changes become permanent.
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In this example the initial per capita consumption increase is (1 — B)(¥' — ¥)
regardless of the value of n. The population growth rate affects only the speed
of convergence to the steady state, which is lower the smaller n is. As a result,
for realistic values of n, the short- 10 medium-term prediction of this overlapping
generations model will be very close to that of the representative-consumer model
of Chapter 2. It is primarily the long-run implications of trunsitory output changes
that differ.

3.7.6.2 Government Deficits and Debt

The Ricardian equivalence of debt and taxes fails in the present model with positive
population growth n. By understanding why it fails, and secing how it is reestab-
lished in the limit as # — 0, we can sharpen our appreciation of how economies in-
habited by overlapping generations are related to representative-agent economies.

To study government deficits and debt, we reintroduce taxes und the distinction
between private and national net asset holdings. Let’s assume that the government
levies a uniform tax, 7,, on every person alive on date 7. The government finance
constraint, eq. (5). is transformed into aggregate per capita terms through division
by the date r + 1 population. The result is

po (1+ flbj; + 1 - g

= 74
1+1 | +n ( )

where we now use g to denote government consumption per capita (and not, as
carlier in this chapter, the output growth rate).

Suppose that, initially, 5% = 0 at the start of period 1 when the government de-
cides to lower h® 10 —d by giving every individual currently alive a claim on the
government paying rd each period, starting in period r. The government then main-

tains the per capita public debt level at o forever by the appropriate combination of

new borrowing and uniform taxes on all of those alive. What we will show 1s that
Ricardian cquivalence breaks down for this experiment: the initial gift of debt has
4 positive consumption effect when n > 0, despite the fact that the gift is financed
by additional future taxes of equal present value.

Equation (74) shows that, to maintain $% = —d, per capita taxes in each period
s >t must be set at

T, =(r —n)d + g,. (75)

Equation (75) implies that for an individual who receives the government gift, the
present value of taxes to be paid in period r and after is

[ ¥ ] R .} l Nt _ o0 ] A=t
S(ih) =) e (i) w

RE s=1 y={
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Since, now, b = b — h% = b + d, the per capita consumption function (66) be-

COIMES
- o 1\ (t+r)r—n)-
co=(1-p) “*”“"*‘”*;(H,-) (O = &) = ——————d
o -
nd o 1 o
=(-p |- by + — N8
B) Fryl b+ - +§<]+r) (v — &y)

Notice that per capita consumption depends, as in Chapter 2's representative-
consumer model, on the per capita national stock of ner foreign assets, b, as well
as on the present value of per capita output net of per capita government spending.
In the present setting, however, consumption also depends on the government debt,
d. Only as n — 0 does government debt become irrelevant.

Government debt is net wealth in this model, even though individuals live for-
ever, because some fraction of the taxes that service the debt will fall on new
entrants to the economy who are not linked by ties of altruism to existing con-
sumers. Only when n = 0, so that new individuals are never born, does Ricardian
equivalence apply.

Appendix 3A Dynamic Inefficiency

Section 3.6.4 noted that in the general equilibrium of an overlapping generations model, the
steady-state interest rate, 7. can be below the growth rate of total output. This appendix ex-
plores some important (and surprising) consequences of that dynamically inefficient case >
The discussion that follows assumes two-period lives, but similar results hold in the model
with immortal overlapping generations (see Weil, 1989a).

Pareto Inefficiency

To allow our results to incorporate the possibility of steady-state productivity growth, we
work with the general hinear-homogencous production tunction

Y=FK EL), (76)

where Eis a parameter that captures the level of labor-enhancing productivity. We assume
that £ grows at rate g:

Eqi=0+gE,
which implies that “efticiency labor,” E'L, grows at rate (1 + n)(1 + g) :

Erprlipi =0 +mEl + )L, =1 +2)E L,

53 A complete theoretical treatment of condittons under which dynamic inefficiency can arise is in
Cass (1972).
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where
l+z=(+nl+g).

For the Cobb-Douglas production function we have been using, lhinking of prodlu(c‘ti‘\;i)ly as
labor-enhancing amounts to no more than a sleight of hand. Simply define £ = A / and
write the production function Y = AK®L'"% as Y = K“(EL)'"“. For more general 'pr'o—
duction functions, as will become apparent in Chapter 7 on growth, modeling productivity
as labor-enhancing is necessary to ensure the existence of a steady state.

If we now detine k* = K/EL and y* = ¥/EL, we can write the constant-returns-to-scale
production function (76) in intensive (per efficiency labor unit) form as

V= F(K/EL. Vy= fik").

We now ask the following question (as did Phelps, 1961, and, in the overlapping genera-
tions model, Diamond. 1965): what steady-state capital stock is consistent with the maxlmalll
steady-state leve! of consumption per person? It is simplest to treat the world economy as if
it were a single closed economy. ’

The first step in finding the answer is to write the economy’s capital-accumulation equa-

tion as
Koo — K, =F(K,,E.L)-C,,

where C denotes total (not per capita) consumption by both young and old. Transf()rrr} Fhis
equation into intensive form by invoking the equilibrium condition L = N and dividing
through by £,, 1N, the result is
ko= Ii’l_j?f(,lfj)_—:.i R

r+1 'tz

where ¢ = C,/E,N,. In a steady state, kl"‘+l =k} = k®. Therefore, the last equation shows

o . : 1 Vi Y P “E
that the steady-state ratio of total consumption to the productivity-adjusted labor force, ¢*,
is related to k" by

& = fRY) — k. an
The intuition is easy. In a steady state, consumption per labor efficiency unit gquals output
per labor efficiency unit less the investment, zk¥, needed to maintain k* steady in the face of
a growing effective labor input. . o

Step two in finding maximal per capita consumption is to observe that maximizing ¢" is
the same as maximizing consumption per member of the population. Why? The growth of
both E and N is exogenous, so by finding a steady state with maximal c* = C/EN, we also
find the steady state that maximizes total consumption, given population. )

Finally, differentiate eq. (77) to find that the optimal capital ratio is defined by

4 L0 e k" =F =1z
dk

(78)

Equation (78) is called the golden rule of capital accumulation. Itﬂ slatgs lhat slclady-
state consumption per head is maximized when the marginal product gr capital 1s Pro?lscly
equal to the economy's growth rate. In dynamically inefficient economies, those withF < z,
people are saving too much. A lower capital-stock ratio reduces output per head. But when
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r <z, this cost is less than the output saved by maintaining a lower ratio of capital to
adjusted labor forever.

This feature of the steady-state allocation actually implies Pareto inefficiency. Suppose
the economy is taken over by an all-powerful economic planner who orders everyone to re-
duce saving,. This reduction obviously results in a lower steady-state capital stock and higher
potential steady-state consumption for everyone. Even in the transition to the new steady
state, however, everyone can enjoy higher lifetime consumption: after all, total consumption
15 higher on every date than in the original steady state. It follows that, when the economy is
dynamically inefficient, it is feasible to make everyone better off. Notice that this argument
fails if, initially, f'(k") =7 > 2. A planner could raise steady-state consumption, but only
at the cost of forcing earlier generations to sacrifice utility by consuming less.

A complete proot that the immortal-representative-consumer economies of Chapter 2
aren’t subject to dynamic inefticiency must await Chapter 7. But the essential idea is easy
to grasp. Since aggregate and individual consumption basically coincide in Chapter 2, con-
sumers, despite their selfishness, never forgo a costless opportunity to expand aggregate
intertemporal consumption possibilities. Individuals in an overlapping generations economy,
similarly, do not care directly about aggregate consumption possibilities. Absent altruism
(and, perhaps, even in its presence), however, there is no longer any assurance that aggre-
gate consumption inefficiencies will be avoided.> To achieve a Pareto improvement, the
hypothetical economic planner must allocate resources in a way that the unaided market
cannot.

One way for the government of a dynamically inefficient economy to achieve a Pareto
improvement is to issue and maintain a steady-state level of government debt, as in sec-
tion 3.6.3. We observed in section 3.6.4 that, in the dynamically inefficient case, this scheme
never requires that taxes be levied. Further, as Figure 3.6 suggests, the scheme lowers the
steady-state capital stock: less capital is accumulated because part of the saving of the young
now flows into government paper. In a dynamically inefficient economy, debt issue leads to
an efticiency gain.

Ponzi Games and Bubbles

Many other anomalies arise in dynamically inefficient economies. These include Ponzi
games and asset-price bubbles, both of which can be ruled out when r > z. To make the
main points, it is easiest to think about a closed economy in which, initially, r < z. We con-
sider “small” Ponzi games and bubbles, such that it is a reasonable approximation to assume
that the interest rate remains fixed.

3A.2.1 Ponzi Games

Suppose that on date 1 = 0 the government makes a debt-financed transfer D to current gen-
erations and subsequently rolls over both principal and interest on that debt. If we simplify
by assuming that this is the only reason for debt issuance, then the government’s assets, B,
will thereatter tollow

B =—(1+r)D.

4. Interestingly, dynamic inetticiency can arise in economies whose decision-making units are dy-
nasties that consist of overlupping generations with altruistic feelings toward grandchildren as well as
children. See Ray (1987). This is another instance in which intergenerational altruism is insufficient to
replicate the allocation produced by infinitely-lived individuals.
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The economy’s growth rate, at z, is higher than r, however. It follows that the ratio of D
to output must go to zero asymptotically. And this consequence occurs without the govern-
ment ever needing to levy taxes. Because the economy’s growth rate is so high, the govern-
ment can, in effect, run a Ponzi game: enough new, richer people are continually entering
the economy that initual debt holders can be tully paid oft using the growing savings that
younger people willingly provide to the government at interest rute r. Il r were greater than
2. the new demand for government debt would be insufticient to keep up with the growth of
debt, and the Ponzi scheme would sooner or later collapse. (A noncollapsing Ponzi scheme
would plainly be inconsistent with a fixed interest rate.)

3A.2.2 Bubbles in Asset Prices

Assets without intrinsic value may trade at strictly positive prices m o dynamically inefhi-
crent ceononty. Bubbles are analogous to Ponzi games: they are supported as equilibria only
by the continuous arrivil of enough new agents that intrinsically worthless assets can be sold
at a price that yields the previous owners a rate of return equal to r.

To 1llustrate, suppose the government issues a fixed supply 1 of a paper asset that yields
no dividend. Provided the price of the asset, p, rises at the rate of interest,

Py

P

=14r

people will willingly hold it in place of foreign assets that pay r. Further, the total amount
the young have to pay to buy the outstanding stock of the asset each period, p, D, will grow
more slowly than the supply of savings (which grows at rate 7). Thus the young will always
be able to afford the entire supply of the paper asset. Indeed, any price path that rises at
rate 1 + r is an equilibrium path provided the asset’s initial price pg is not so high that poD
exceeds the savings of the period 0 young. This is a case in which price is posiuve and rising
only because all generations believe that it should be.’® (If, in contrast, r is greater than z,
there is a tinite time 1, tor any py > 0, at which p, D overtakes the maximum feasible savings
of the young. Thus bubbles are not possible when r > z.)

Notice that there can be bubbles on useful as well as useless assets in the dynamically
inefticient case. For example, there is no reason interest-bearing government debt must trade
at any particular price: a self-validating price bubble could raise the debt’s current price
while adding a capital-gains term to the interest component of its total return.

Dynamic Inefficiency in Practice

How serious a concern is dynamic inefficiency in practice? We could try to compare growth
rates with interest rates, but it isn't obvious which of many possible interest rates to use, or
how to control for nisk.

An alternative approach is to observe that r > z is equivalent to

rK K
e
Y
Thus eq. (78) implies that a steady state is dynamically inefficient if and only if the share of
profits in output is less than that of investment. A dynamically efficient economy does not

55. Tirole (1985) explores this type of bubble.
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invest more than 100 percent of its protits simply to maintain a constant ratio of capital to
effective labor.

This criterion is readily generalized to the stochastic case. International evidence mar-
shaled by Abel, Mankiw, Summers, and Zeckhauser (1989) suggests that dynamic ineffi-
ciency is not a problem in practice. For the United States, France, Germany, Italy, Japan,
and Canada, gross profits exceeded investment by a wide margin in every year from 1960 to
1984,

I. Saving and growth in a three generation model. Consider a pure endowment economy
tacing u given world interest rate r = Q. Residents” litetimes last three periods, and
on any date three distinet generations of equal size (normalized to 1) coexist. The
young cannot borrow at atl, and must save a positive amount or consume their income,
v¥. The middle-aged are endowed with ¥M and can borrow or save. Finally, the
old have the endowment »* and either run down prior savings or repay what they
owe betore death. Everyone has the same lifetime utility function, U(c", c™, %) =
log ¢¥ + log ™ + log ¢ (so B = 1 here).

(a) Suppose vM = (1 + e)vY and y* =0, where e > 0. Calculate the saving of all three
generations as functions of ¥¥ and e.

(b) Let the growth rate of total output be g > 0, where ¥’ | = (1 + g)y;. What is the
aggregate saving rate out of total output ¥,?

(¢) Suppose ¢ rises. What is the effect on the saving rate? How does your answer
change when the young can borrow against future eamnings”’

(d) Suppose that the young can borrow and their endowment grows according to
v = (1 + )y However y© = 0 and ¥ remain constant over time. How does the
date 1 saving rate depend on g? Do the same exercise assuming it is the endowment of
the middle aged that grows at rate g while those of the young and old stay constant.

2. Dynamic inefficiency and trade. Consider an overlapping-generations economy (as in
section 3.5) that is open to trade. Now, however, the world interest rate r lies below
the population growth rate #, which is positive

() Suppose that the world interest rate r equals the autarky rate, r*. Show that a small
permanent rise in the world interest rate that occurs on date ¢ benefits not only the date
1 old, but also the young on dates 1.t + 1,1 + 2, and so on. What is the intuition for
this result? [Hint: The capital-labor ratio now satisfies k = Bw /(1 + B)(1 +n). |

(b) Suppose n > r* > r. Show that opening to trade makes everyone in the economy
worse off. Interpret this result in terms of the second-best principle of trade theory
(we are removing one distortion, trade barriers, while leaving dynamic inefficiency
uncorrected).

3. Government debt in the Blunchard (1985) model. Exercise 2 of Chapter 2 provided
an example in which the expected utility function for a consumer with a constant
(age-independent) probability 1 — ¢ of dying at the end of each period has the form
E U = Y (@B 'utc,). The present exercise embeds that consumer in a general-
equilibrium overlapping generations model. We assume a small open economy that
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faces a given world interest rate r on riskless loans. There is no capital accumulation,
SO Output is €X0genous,

(a) Suppose that at the start of every period 7 a new generation of size | is born,
where a generation consists of a continuum of ex ante identical individuals who die or
survive independently of one another. A fraction 1 — ¢ of those born in period  dies
off at the end of period 1, a fraction | — ¢ of the survivors from period ¢ dies off at
the end of r + 1, and so on. (The idea is that even though there is survival uncertainty
at the level of the individual. there is no uncertainty at the aggregate level because of
the law of large numbers.) Show that total population size in the economy at the start
of uny period is 1/(1 - ¢).

(b) Suppose a competitive “insurance” industry sells annuity contracts that pay a
domestic saver a gross interest rate of (1 + r)/¢ as long as he lives, but that become
null and void when he dies. Insurance companies also lend to individuals, charging
them the gross rate (1 + r)/¢. Show that if the insurance industry holds all of domestic
residents’ gross assets and finances all of their gross borrowing, itself earning or
paying the world interest rate r on riskless loans, then it must break even with zero
profits.

(¢) Since we assume there is no bequest motive, individuals will use any wealth they
accumulate to purchase annuities rather than earning the lower market return r. (As
in the Weil model, people are born with zero financial wealth.) Domestic borrowers
cannot borrow from anyone at a lower rate. [If they could. they would have a pure
arbitrage opportunity to borrow at the low rate and buy annuities paying the higher rate
(1 4 r- ¢)/yw. Since nothing prevents them from dying in debt, they simply would
reap the interest difference until death, and thus would have an incentive to borrow
unlimited amounts.] Argue that under this circumstance, an individual of vintage v
taces the date 1 budget constraint

i < ¢ ).s “t e @ st
=] = ( ) AEDD ( ) oy =1
1+ gt 1+r

s=1
(where the notation parallels that in section 3.7.3).

1 +r
)

(d) For u(c?) = log(c?). calculate aggregate total private consumption as a function
of aggregate nct private foreign assets Bf, aggregate output ¥,, and aggregate taxes 7.
(Aggregate consumption C, here is just the weighted sum of ¢/ fromv =1 tov = —o0,
with the weight on ¢!’ equal to the number of vintage v individuals still alive; similarly
for other aggregates.) Show that Bf follows the (usual) difference equation

Bl =(+nNB+Y, -1 ~C,

and explain why it holds. (Remember that the economy’s net foreign assets at the
beginning of period 1 + 1 equals the savings of all those alive in period ¢, even those
who died at the end of t.)

(¢) Assume that ¥ and T are constants. Show that By obeys the difference equation

t+rp-1

](Y—T),
I+r—¢

Bl =B +r)B,”+‘p[

Can you show the dynamics it implies in a diagram analogous to Figure 3.9?
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(f) Aggregate government assets follow BY | = (1 + r)B;' + T, — G, (the govern-
ment never dies and thus borrow and lends at the interest rate r). Suppose G is
constant at zero but that the government maintains a steady state debt of D = — B¢
through 4 unitorm tax of t = r D(! - @) on everyone alive. How do changes in D af-
fect the economy’s steady state net foreign assets? How do they affect its steady state
consumption?

Public debt and the intertemporal terms of trade. In the global-cquilibrium model
of section 3.6, can the initial young and future generations ever benefit when the
government introduces a steady state public debt financed entrely by taxes on the
young?

Debt and deficits in the Weil (1989a) model. Suppose the public debt follows an arbi-
trary (non-Ponzi) path in Weil's overlapping generations model. Show that aggregate

per capita consumption satisties
st
1+r
) ( ; )"(d(\+l“d.\)

> ()
+ {1 +r)b, + ( ) (vs — &)
e Tt

so that current and future deficits as well as the current debt level affect consumption.
Explain this result intuitively. [Hint: Analyze a representative vintage’s generational
account. |

n > 1
= =B+ -4
a=0-p (+r)r'+z<]+r

=1

Tax smoothing and deficits a la Barro (1979). Consider a small, open representative-
consumer economy with an infinite-horizon (on the lines of Chapter 2). The subjec-
tive time preference factor satisties = 1/(1 + 7). Suppose that the output of the
economy is not Y, but ¥, — a’l‘,z/?., where T, represents taxes. Assume the gov-
ernment maximizes the lifetime utlity of the representative individual, but (exoge-
nously) must spend G, < Y, in resources per period on projects that yield no benefits.
Will the govemment be indifferent as to the path of taxes that finance its expendi-
tures? Will it ever run fiscal deficits or surpluses? Can you discern any rule by which
the government should set taxes?
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The Real Exchange Rate and the Terms of Trade

The tirst three chapters of this book focused on models with a single commodity on
every date, thereby assuming implicitly that the relative prices of different goods
and services never change. Of course that strong assumption, while useful in high-
lighting some important features of intertemporal trade and fiscal policy, is flatly
contradicted by the data. Both relative costs of living in different countries and
the relative prices of countries’ exports and imports often display dramatic short-
term and long-term shifts. Not surprisingly, therefore, international relative prices
Egvc long been at the heart of open-economy analysis. This chapter shows how the
models we have explored can be extended to encompass changing intratemporal
relative prices. The chapter’s main goals are three: to explain the determinants of
relative murnulmnal price movements, to show how such price movements affect
economlc activity, and to provide a basis forJudgng when it is safe to abstract from
mlrdlempo

Actual economies produce and consume tens of thousands of commodities and

price changes as we did in Chapters 1 through 3.

servic

s, many ¢ of which have prices that differ from country to country because of

ﬂi)an&other trade ba.mer»} realmuc model that 1n<,0rporatcd

focus on the relanve pnces of a small set of aggregate output groups. Thxs chapter
concentrates on two relative prices in particular: the rauo of national price levels—

the real exchange rate—and the relative price of exports in terms of 1mports—_th_e

terms of trade. Both of these relative prices play central roles, as we shall see, inan

open economy’s adjustment to economic shocks.

It will prove easiest to incorporate relative prices in steps. The first step is to
abstract from changes in the terms of trade but allow for real exchange rate changes
that result from the existence of nontraded goods _boods that are so costly to ship
that they do not enter international trade. We then study the causes and etfects
of terms-of-trade changes while abstracting from the existence of nontradables.

The ¢hipter concludes by integrating the real exchange rate and the terms of trade

within a single model.

We emphasize that the theoretical analysis of this chapter focuses entirely on
the relative prices of different goods or consumption baskets, not on money prices.
Thus, for example, one can think of the prices here as describing the cost of apples
in terms of oranges or perhaps a broad-based consumption basket, but not the cost
of apples in terms of dollars or yen. Implicitly, we are assuming that there are
na n nomlnal ngdmes and no feedback from the monetary to the real side of the
cconomy “We will introduce money in Chapter 8 and the possibility of nominal
nigidities in Chapters 9 and 10. Because short-run nominal rigidities appear to
be important in practice, the models here are probably best suited to capturing

medium- to long-run movements in the real exchange rate and terms of trade, rather

than very short-term fluctuations.
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4.1

International Price Levels and the Real Exchange Rate

Given some hxcd numeraire, a country’s price level is defined as the domestic pur-
—
chase price, i “ferms of the numeraire, of a well-defined basket of Lommodmes

Price Tevel indexes can differ according to both the bas et used to define them

and the item used as a numeraire. For most of the models in this book, the ret-
erence basket usually represents a bundle of “typical” consumer purchases, with
a weighting scheme that can be rigorously rationalized in terms of an underlying
utility maximization problem. (Section 4.4 shows how.) As for the numeraire, it
u)u]d be a currency such as “dollars™ (in_which case we would rdcr “to the i mdex
d Indeed, there are no nomi-

s a nominal price index) but it could also be
nal prices in any of the theoretical models in the first seven chapters of this book.
Throughout the theoretical analyses in this chapter, we typically use a trad

as the numeraire.

The real exchange rate belween two counmes is the rel uve cos ‘
mon reference basket of goods where the baskets’ <costs in the two countries are
compared after conversion into a common numeraire. For two countries 1 and 2

with price levels P, and P, (measured In some common numeraire), we say, that

country 1 experiences a real | uppreciation, and country 2 a real depreciation, when

P/ Py rises. The lhcory of purchasing power parity (PPP) pruilcts thdl real ex-
fd;;;:: rates shnuld cqual I or at least have a tendency to return qunddy to 1 when
that l()ng run ratio is disturbed for some reason. Sometimes this version of PPP is
mllud absolute PPP. Relative PPP is the weaker statement that changes i

price Iu/cls always are cqual or, at Jeast, Icnd to equalny over suthucntly l()né

periods. L

Unfortunately, the measures of consumer prices published by national statisti-

1 nauonal

cal agencies are of little use in constructing measures of absolute PPP, because
they are typically reported as indexes relative to a base year (say, 1995 = 100).
Thus they only measure the rate of change of the price level from the base year,
not its absolute level. For this reason, they can only be used to measure relative
PPP, or, equivalently, changes in real exchange rates. (Another failing of standard

1. It you have studied international finance before, you may be used to seeing (absolute) PPP between
two countries | and 2 written as

Po= LT

where Py is country s price level in terms of its national currency, P} is country 2's price level in its
own currency, and £ is the nominal exchange rate, defined as the price of country 2 currency In terms
ol country | currency. Since £ = £ I’: is country 2's price level in termy of country 1's currency, the
famibar formulation of PPPas Py = & !’,‘ is equivalent to the definition in the text, P = P> (where the
chosen numeraire is country | xurrcmy) Similarly, the text’s definition of the real exchange rate as
Py/ P2 is equivalent to the perhaps more familiar expression P/EPS.
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Relative price level (U.S = 100)
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Figure 4.1
Reul per capita incomes and price levels, 1992, (Source: Penn World Table)

published CPIs is that they typically involve somewhat different baskets of com-
modities across countries, though their constructions usually are similar enough
that comparisons of changes are still useful.)

The best evidence we have on absolute PPP comes from the Penn World Table
(PWT), the culmination of a sequence of studies, starting with Gilbert and Kravis
(1954), and dcscribcd more rcccmly by Summcrs und Heston (1991) The PWT

Agg_t_ggnlﬁt]g;\l\cl.\» !(‘n‘ a l.ybc mxrnplc ut LL)UH[rl‘(..f.:ThL VU‘llLdl axis of Flgure 4.1 sh()w.\

1992 PWT price levels for countries with data quality above a specified cutoff. As
you can see, there is an enormous range of national price levels, with the highest
and lowest differing by a factor of about 20!

Having such dollar price indexes for comparable baskets of goods can be very
useful in comparing countries’ real incomes. Consider, for example, a Japanese
worker whose yen income is equal to that of an American worker when yen are
converted to dollars at the prevailing nominal exchange rate. The Japanese worker
has lower real income, because the price of the comparison basket (again converted
to dollars) is higher in Japan than in the United States.

Annual per capita 1992 real incomes are plotted along the horizontal axis of
Figure 4.1. The clear pmmve association bctweer} p{lce levels dnd incomes implies

that international comparisons of dollar nmbmes tend to ovcrsla!e (the still-large)

differences in real incomes. Later in this Lhdpler we say more about the positive

relation between national incomes and price levels.
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Why do national price levels differ? The basic building block of the absolute
PPP theory is the law of one price, which states that, absentvndtural or 50vemmem~
impul.w trade barriers, a u)mmodlty should sell for the same price eve.rywhcrc
mrmc\ dre measured in a common numeraxrc) The muhamsm supposcdly
enforcing the law of one pnce 18 arbntrdge If such armdge were pervasive, not
only would ;STJ bars sell for the same | price in Tokyo and Miami, so would golf
lessons. A large body of empirical evidence shows, however, that the law of one
price fails dramatically in practice, even for products that commonly enter inter-
national trade.? The reasons include transport costs, official trade barriers, and

noncompetitive market structures.>

Transport costs are so high for some commodities that they become nontraded
goods. Many personal services are nontradable because of the high cost of travel
compared to the value of the service provided. Thus haircuts are a nontraded
good, open-heart surgery a tradable good. The high cost of transporting some

commodities—for example, housing —makes them nontraded as well. For modern
industrial economies, the share of services and construction in GDP tends to be
around 60 percent. But the role of nontradability is surely more important than even
that figure indicates, because the retail prices of virtually all goods reflect some
nontradable production inputs. As Kravis and Lipsey (1983, p. 5) putiit:

Indeed, jtis ngt gasy 1o think of a tradable good that reaches its final purchaser withol without the

addition of nontradable services such as dlslnbuuon and local Lranspon This subs ually
widens the possible gap for differences in national price levels.

As we shall see in this chapter, nontraded goods have important implications for

our thinking on a whole range of questions in international macroeconomics.

@.2\

T ho. Pruc of Nontradtd Goods

bile Capital

Our first task is to understand the factors that influence the prices of nontraded
goods. The problem has many facets: we begin by focusing on an extreme case in
“Wwhich economies produce and consume only two goods, a composite traded good
that can be shipped between countries free of taxes or transport costs, and a com-
p()silc nontraded good S0 coslly to s‘hip that it never leaves the coumry in which

2. See Froot and Rogoft (1995) for a survey of the empirical evidence on PPP.

3. Federal Reserve Chairman Alan Greenspan has argued that transport costs are dfopping because
GNP is effectively getting lighter. For example, goods once produced with steel now use aluminum, and
information-intensive goods such as computer software (that weigh virtually nothing) are becoming a
greater and greater share of total output. Therefore, the importance of nontraded goods is becoming ever
smaller; see Greenspan (1989). That view notwithstanding, there is considerable evidence that transport
costs still play a significant role in determining trade patterns.

FaAYRS
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Box 4.1
Empirical Evidence on the Law of One Price

Turiffs, nontaritf trade barriers, and no{umdcd inputs can drive a substantial wedge
‘etween the pmu across countries of seemingly homogeneous goods Consider, for
example. McDonald™s “Big Mac¢™ hambirgers. Many of the components of Big Macs,
such as frozen beef patties, cooking oil, and special sauce can be traded, but many
cannot, including restaurant space and labor inputs. As a result of nontraded inputs
and other factors such as differences in value-added taxes and the degree of local
competition, cross-country price disparities can be large. The following table, drawn
from the annual Economist magazine survey of Big Mac prices, illustrates the point
dramatically.

Country Price of Big Mac (in dollars)
China 1.08
Germany 348
Japan +4.65
Russia 1.62
Switzerland 5.20

United States 2,32

Source: Economist, Apnl 15, 1998,

A number of studies have shown that price differentials can be surprisingly large
even for heavily traded goods. lsard (1977) finds large deviations from the law of
one price tor a broad group of manufactures including glass and paper products,
apparel, and chemicals. Giovannini (1988) finds substantial price differences between
the United States and Japan even for standardized commodity manufactures such as
nuts, bolts, and screws. Part of the explanation for these results is the one otfered
by Kravis and Lipsey cited earlier. Even a seemmgly highly traded ;_,ood, such as
a banana at the supermarket, comes bundied with a “large component of nontraded

nputs: focal lr.unpnrl.mnn xupcrmarku space, check-out clerks, and so on.

e " i aotmint

a shifting one that depends on market conditions and government policigs. More-
over, relative price changes occur within the commodity groups generally classified
as traded and nontraded. In section 4.5 we will develop a model that accounts
for these real-world complexities, but the simple traded-nontraded dichotomy we
adopt at the outset is‘ a useful vehiclc for dcveloping some bu%ic intuilion

uonally and betwccn scuors ot an euonomﬁy and in which labor is free to mxgrate

between sectors of an economy but not between coumnéjfjflwl&s the model is best

thought of as a portrayal of Iung run relative- price determination. An important

_implication of this long-run model is th 9
p ong-r lel is that, for a small country, the relative price f

‘tradables and nontrdddbles is independent of consumer demand patterns (assum-
ing, as we shall, that the cconomy actually produces traded as well as s nontraded
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goods). This fact allows us to defer to later sections our consideration of the de-

mand stde. R AT

The Relative Price of Nontraded and Traded Goods

In an _economy with exogenoqs_pl}tgut\sqpp'lyi‘es, the relative price of nontraded

Y= A F(K,, L)),

tradabley ¢ um

and traded goods would be determined by the interaction of supply and demand.

As usual, increases in the relative supp]y'df nomradeds‘ would drive down their..

relative price, and increases in the relative demdnd for nontradeds would drive
lhdl price upward. Endouenous suppl)' responses. however, tcnd to ddmpcn the

price effects of economic disturbances: the mlgralmn of labor .md (.dpl[‘l] into
eads to a

for example,

nnmmduU»mduulmn following an increase_ in demand,
\m.xllur ICrease mn th pm.c of nontraded E(mds lhdll the one that oceurs whux

are n\Mmuuully .md (.aplml can be frcdy mlponcd or gxporlcd supply is
so elastic that demand shifts do not affect the relative price of nontraded goods
at all!

Consider a small economy that produces two composite goods. tradables and

nontradables. ()ulpuls are_given hy constant-returns production functions of thc

cupiml nd ldborcmployt,d - ;

- tr frF

YN_A G(Kn. L), N ovne s oado (1)

%

where subscript 1 denotes the traded sector, subscript N the nontraded sector, and

the A's are productivity shifters. Labor is internationally immobile but can migrate
mxtanuneously buwccn sectors within the economy. Labor mobility insures that
workers earn “earn the same wabc w in either séctor, where the numeraire is the traded
good (We wxll use tradables as the numeraire until further notice.)

The total domestic labor supply is fixed at L = Ly + Ly. There is, however,
no uonomJy V‘Vl‘dt Tesource constraint for capital (.omMQgrat;lc 1o _the ldbor con-

straint. Because (dplldl 18 mlemduonally moblle resources can ulwuvs be bor-

rowed de‘OAd and turncd nto domestxc capltal "As usual, it does not matter whether

‘we model Ldplldl as bemg accumulated by individuals and allocated through a

rental market, or as being accumulated by firms for their own use.

Assume that one unit of tradables can be trunsformed into a unit of capital at
7ero u)s[ Thc rcvcrse lranstormatlon is, slmlldrly‘ assumed to be costless. Nt)n-
med into uipnal however. Onty” fraduble’ gx)ds are

usable for (,dpl[dl formation. (Thls is an inessential but helptul slmphfymg assump-

tion.) Consistent ‘with the timing assumption maintained in the first three chapters,

we assume that capital (whether owned by firms or rented) must be put | in place a

purmd bdorc it is actually used. And, as before, capital can be used for producuon
dnd lhcn consumed (as a tmddble) at the end of lhe same penod

R~

3

!
|

T ‘,"’ J

S

N4

“in the nontradable sector. (As usual,

4.2 The Price of Nontraded Goods with Mobile Capital

interest rate in terms of tradables, then, under perfect foresight, 7 must also be the
marginal product of capital in the traded-goods sector. At the same time, r must

be the value, measured in tradables, of capital’s marginal product in the nontraded-

goods sector,”

To establish these equalities formally, consider the maximization problem\ of
rcprcscnmnw firms producing traded and nontraded goods. Let p be the relatlve
price of m;nlr;idahlu in terms of hlgs A\sumLE (for xlmpllcuy) a constant
“world interest rate, firms’ pre\uu value profits measured in units of tradables are

- e RS
e Ky
1

AT

~ 1 s
Z(i{,) [A,'\I“(K,.\.[q.\)"uv‘\[,].\—AKIA‘H] ';!
vt

i

in the traduble sector and
A Al

SN Y
L (W,) [P AN G Ky L) = il = AKns1]
N ] +I" §

AK:,.\%VI = Kl,.\+l - Kl,xv i =T,N. There
is no depreciation.) As you can easily show, the firms’ first-order conditions for

profit maximization equate marginal value products of labor and capital to the cur-

rent w%&.md real Tnterest rate, rcxpecnvely L.et us define the capital-labor ratios
K,/L, and ky = K/Ly, and
1)y and vy =

in traded and nontraded goods production as &y =
express outputs per employed worker as ye = A f (k) = A F (k
Anglky) = ANG (ky. 1). Referring back to the discussion in section 1.5.1, we can
write firms first-order conditions for capital and labor, respectively, as

At 'ty =r Cper - @
and

Afk) = flhok ) =w Lk 3)
in the tradable sector, and as

pAng' k) = @)
and

pAs [tk = & (kky] = w s)

in the nontradable sector.

4. The rate 7 corresponds to the own-rate of interest on tradables, as defined, for example, by Bliss
(1975). That ix, someone who horrows (lends) a unit of tradables on the world capital market makes
(receives) repayment of 1+ r units of tradables next period. Alternatively, 1/¢1 + r) is the price of
tradables delivered next period in terms of tradables available today. Under the present assumptions, r
is, additionally, the rental rate (or user cost) of capital, measured in traded goods.
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We stress that if unanticipated shocks to productivity can occur, eq. (2) or (4)
can fail to hold ex eX_pOst, because we've assumed that capltal must be mstalled a
_period ahead of its us_Jn contrast, eqs. (3) and (5) always hold €X post as wel]

as ex ante, because hrms can adjuxt labor forces and workers can move betwecn

Jobs mstdnt‘mcousl For n()w we w1ll as\ume lha[ undntlupalgd shocks cannol '

We can now proceed to the main result of this subsection: given the interest rate

r presented by the world capital market, Lq\ (2)—(5) are enough to fully determine
the relative price of nontradables, P An 1m‘fﬁ|cauo

government expenditure pattcrns) has no role in determining p in the present long-

run, perfect-foresight setting.

Mechanically speaking, this last result follows from the observation that eqgs.
(2)—(5) constitute four independent equations in the four unknowns ky, w, ky, and
p. But an alternate chain of reasoning better conveys the intuition. Notice first
that eq. (2) makes the capital-labor rano m tradables, k, a function kT(r Ap) of r
and AT we Can write ki(r Ay = fT(r/Ay), where dky(r, Ay)/dr =
‘l/Av,f”[kl(r, Ap)] < 0. Substituting ky(r, Ay) for k; In eq. (3) makes w a function
wi(r, Ay) of r and Ay:

| w<r A= A flker AD) = rka( AL ©)

s o e s

‘actor- prtce frontter relatlonshlp ﬁrs( discussed in section 1.5.2, deﬁnes a

Th

mdu.stg. &u,'(r. Afl)/()r = ~k(r, Ay) < 0.5 Fmally, eqs. 4) And (5), thc ldller wnh
the factor-price frontier w(r, A;) from eq. (6) substituted for w, jointly determine
ky and p. Figure 4.2 is a graphical display of the solution, which can be denoted
(kn(r. A, An), pr. Ay, Ay)). The schedule labeled MPK graphs eq. (4). It slopes
upward because a rise in the price of nontradables raises the marginal value product
of capital and, given r, the optimal capital intensity of production. The schedule
labeled MPL can be written as

N [g(kN) - g/(kN)kN] =w(r, Ap),

which follows from eq. (5) MPL has a negatlvc slope because, glven r and

[g(kN) - g (kN)kN] The Ence P must therefore fall to keep Tabor’s margmalA

value product equal to its level w(r A ) in tt the tradeq | seetor.
A perhaps obvious but nevertheless 1mponant implication of our analysis is that
absolute PPP may well hold between two countries even when both produce a

5. Section 1.5.2 analyzed a model with international labor mobility in which the world wage, w, was
given. The factor-price frontier relation for that model therefore was written as r = r(w). Now it is the
world interest rate that is given, so we write the factor-price frontier as a2 mapping from the interest rate
to the domestic wage. This function is, of course, just the inverse of the one defined in Chapter 1.

s that demand (inchuding
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Relative price of
nontradables, p

MPL MPK

PlLALAY

k(r.A; A Capital-labor ratio '
in nontradables, k,,

Figure 4.2
Determination of the price of nontradables -
PP Ly A A A

nontradable good. If the two couum/es' have identical production functions and
Ldplld] m perfectly ‘mobile, lhelf nommdables will have the same price in terms

oft s. While the assumpuon of identical lechnologxes may not seem very
plausible as a short-run-assumption, there is a stronger case to be made that it holds
in the long run. (We return to the issue of productivity convergence in Chapter 7.)

There is a caveat, theoretically if not practically important, to our results. The
optimal employment conditions we have used to derive the preceding results need
not hold in both sectors unless borh goods actually are being produced. If the
economy produces only nontraded goods, the world interest rate alone no longer
determines the wage via the factor-price frontier for tradables. Thus p and w, whlle
sull functionally dependent upon r, also depend on demand considerations. When
we invoke the preceding results subsequently, we implicitly continue to assume an
cconomy that produces both types of good.

Is this implicit assumption strong? Because they cannot be imported, nontraded
goods are always produced (provided the marginal utility of nontraded consump-
tion grows without bound as consumption goes to zero). But in theory a country
can consume traded goods even if it produces none. Kuwait, once its oil reserves
have been exhausted, may produce little in the way of tradables. Nonetheless, the
wealth it is accumulating through its oil exports will finance tradables consumption
long after the last drop of oil has been pumped. While a logical possibility, this type
of case is very unusual, and we will ignore it.

* Price Effects of Anticipated Productivity and Interest Rate Shifts

An important application of Figure 4.2 is to show the effects of anticipated pro-
(Eﬁﬁv,,i,ty shifts (that is, productivity shifts that are anticipated in  — 1 when agents
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the rise in An. As a result, ks unchanged but’ p falls by the same percemage 44444 !
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choose the capital stock for production in period 7). Consider first a rise in Ay
which measures total factor produuwl[y in the traded-goods sector. The variable |
Ay enters qurt, 4.2 only lhrou3>h its effect on w, whnch rises because thc rise |

in A, and the attendant rise in k, both push up the marginal pmduu of Idb()l’ in

TradablesAccordingly, lhc ‘MPL schedule shifts upward along the original MPK,
giving hlghcr cquxllbnum values of p and kN ;
What dhoul a ipated rise in lOIdl otal factor productivity in nontraded goods,
7 The MF L schedules both shift downward in exact propomon 1o k

the percemdse rise in AN—-so that the mdrynal value produus of capital and labor
remain con: ant

We summarize these results on productivity algebraically. Recalling eq. (34) of
Chapter | and egs. (2)—(5), we derive the zero-profit conditions

A fk)y =rke+w, pAwghy) = rky +w, (7

which hold as long as no unexpected shocks occur. Taking natural logs of the first
of these equalities and ditferentiating (remembering to hold r constant) yields
d/\, rk,  dk, rky  dk, w dw

do e e -, v
A, Ak kT Ak ke A SfU) w

where we have made use of the first-order (.()ndmon for mvulmgm in the lradcd
goods sector, eq. (2). Leta “hat” dbOVL a vanablc dcnot_ d‘\nld“ pereentage chan&g,.

or l(wamhmu derivative: X =dlogX =dX/X for any variable X restricted to

assume pnsm»c values. Let 4y =
of the income Lcncm[cd in the fraded and “nontraded Eoodx scuors rcspcuxvcly

wil. /Y, and Hin = wLN/[))N be labor’s share

Then the last equation reduces to

.\

;\] :/l”l‘l\'.\‘: (x) v
Similarly, log-differentiation of the zero-profit condition for nontradables, making
use of eq. (4), gives

n+ ;\N = Nt

Substituting w = /A\,/;L” from eq. (8) here yields

3

p="NA A )

“along a [y)rérfect—t‘orcsighl path.

Provided the inequality j4,n/p0 = 1 holds, faster productivity growth in trad-

ables than in nontradables will push the | price of nontradables upward over time.

Because the rate of increase in p “depends on wage growth, the effect is greater the
more Tabor-intensive are nontradables relative to tradables.
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A similar argument shows how i rise in the world interest rate affects p. Let
iy =rKy /Y, =1~y be capital’s share of the income generated in the traded
goods sector, and jiyy = rKy/pYy =1 — jyn be capital’s share in the nontraded
sector. Log-differentiating the equalities in eq. (7) holding A, Ay constant, we find

1 .

. ! .
P=-— {ftgun ~ Ha)) = — (fy, — N T
Hia 11

Provided nontradables are relatively labor intensive (the assumption g n/ftyyr > 1

again), a rise in the interest rate lowers their relative price by lowering the wage.
This result is a converse to the famous St()lper-Samuelson theorem, whxch states
that a chdnbe in relative product prices benefits the factor used intensively in the

mdustry lhdl expands Here, instead, an increase in capital’s reward raises the

relative prlu of the product that uses capital intensively. But the underlying logic
is the same as in the Stolper-Samuelson analysis.

T

Application: Sectoral Productivity Differentials and the Relative Prices of
Nontradables in Industrial Countries

If the theory we have been discussing is a reasonable description of the long run,
we would expect to sec a rising trend in national ratios of nontradables to tradables

rices. Empirically, nontraded goods tends to be at least as labor-intensive as traded
goods, so the condition u, /g > 1 holds in practice. Furthermore, w_ggcuvxty

growth in nontradables historically has been lower than in tradables.

One reason for relatively low productivity growth in the nontradables sector
is its substantial overlap wnh services, which are mhcrent]y less susceptible t0

standardization and mu,han'

s or agriculture. This is
not to say that there cannot be subxtanual technical advance in services. To use
an example from Baumol and Bowen (1966), the hourly output of a string quartet
has changed dramatically since Haydn's day. Through modern audiovisual and
communications technology, the music that once entertained at most a roomful
of listeners (hence the name “chamber music™) now can be brought instantly to
millions worldwide. This remarkable progress notwithstanding, the etficiency gains
in manufactures and agriculture have been even more impressive.

The *
very clearly in the dats, as time-serigs evidence for industrial countries shows;

see Figure 4.3. Across industrial countries, there is also a positive cross-sectional

umol-Bowen effect” of a nsing relative price of services comes through

relation between long-run tradables-nontradables productivity-growth differentials

6. Sec Stolper and Samuclson (1941) and Dixit and Norman (1980).
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Price indax of services relative to GDP deflator
(1985 = 100)
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Figure 4.3
The relatve price of services

and long-run rates of increase in p. Figure 4.4 shows that relation and furthermore

confirms that productivity growth in tradable goods has indeed been higher than in

nontradables.” "

4.23

Productivity Differences and Real Exchange Rates:

The Harrod-Balassa-Samuelson Effect

A country’s price level is increasing in the prices of both tradubles. and nontrad-
ables. Thus 1nlcrn2ﬂ166&f bfoﬁﬁcnvuty dmerenaes can have unpllcalmn\ for relative
ﬁn!crndm)nm price levels, that is, for real exchange rates. Bdld\\d (1964), Samuel-
son (1964), and, earlier, Harrod (1933) used this obsnggggzﬂt() explain the inter-
‘national pattern of deviations from PPP. The Harrod-Balassa-Samuelson effect is
'ai*tgﬁ‘dé'ﬁé'y' for countries wifﬁﬁﬁi’éﬁéf bféauctivity in tradables compared with non-
tradables to have higher price levels.3

7. For econometric studies, see Asea and Mendoza (1994) and De Gregorio, Giovannini, and Wolf
(1994), from which Figure 4.4 is drawn. (For the figure, services other than transportation services,
along with construction, electricity, gas, and water, are classified as nontradable.) Baumol (1993) dis-
cusses disaggregated time-series data on service prices for several countries.

8. The basic idea was known to David Ricardo.
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Figure 4.4
Ditferential productivity growth and the price of nontradables. (Sowrce: De Gregorio, Giovannini, and
Wolt, 1994)

To illustrate the Harrod-Balassa-Samuelson effect, let us assume that traded
goods are a composite with a uniform price in each of two coumnes Home and
Foreign. Nontraded goods have possibly distinct Home and Foreign prices in terms
of trddablcs denoted P and p*. For illustrative purposes, we assume a particular v
functional form to describe how the price level, or cost of livi ing

prices of lmdcd and nontraded g,oods (Formal derivation of such cost-of- -living

indexes from utility functions is deferred until section 4.4.1.1. Suffice it to say for
now that the results we derive next hold for any well-behaved price index.) We
assume that the price level is a geometric average, with weights y and 1 — y, of
the prices of ll‘dddhl(,\ and nontradables, Since we take tradables as théy*ryu;;ncralre
with a common price of 1 in both countries, the Home and Foreign price indexes

are
P=(1yp'7r =plr, Pt =) (pH' Y =(pH'Y

Thus the Home-to-Foreign price level ratio is

P _(p -y
Pt—- pt :

We see that in the present model, Home's real exchange rate against Foreign de-

pends only on the internal relative prices of nontraded goods.
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By log-differentiating this ratio and using eq. (9), one can see how relative
productivity shifts cause real exchange rates to changmum-
plicity, let both countries” sectoral outputs be proportional to the same functions
F(K,. L)y and G(Kx. Ly), but with possibly different factor productivities. Then

PP =0 —p(-p=0 —y)[#l: (4, - &7) - (AN—A:)] /

If we assume again the plausible condition g /per = 1, it follows that Home
will experience real appreciation (a rise in its relative price level) if its productivity-
growth advantage in tradables exceeds its productivity-growth, advantage in non-

We remind you of an important feature of this result: it_holds regardless ¢ of
any a ptions about the model’s demand side and, in_particular, is_robust to

mternatxonal differences in consumption lastes

We argued earlicr that the scope for productivity gain is more limited in non-
tradables thun in tradables. If so, then rich countries should have become nch
m.unlv lhrough high pr()duulvny n [rdddhles Although they are ulso hl\ely to thC

tends to hc lg s pmnounced Thls e Mnmg Teads 10 a fix‘xﬁguhj‘[;‘rcdlgtlt)n of. ths:
Hdrmd-Bdes
per capita income. Referring back to Figure 4.1 on p. 201, we see that 1992 Penn

World Tuble data are indeed consistent with this prediction.

that price levels tend to rise with country

-Samuelson proposition,

Application: Productivity Growth and Real Exchange Rates

Rupid manufacturing productivity growth in Japan has contributed to a secular
real appreciation of the yen that began with postwar reconstruction. Figure 4.5
shows Japan's Penn World Table price level divided by an (unweighted) average
of PWT price levels in other major industrial countries. The largely relentless
process depicted has better than doubled Japan's price level relative to that of other
countries since 1950. An imporntant part of the story is v;‘caichfup." World War 11
left Japan's economy in ruins, and productivity growth there was bound to exceed
that in the United States for some time afterward as Japan’s economy returned to
its prewar growth path. (We revisit this question in Chapter 7.)

There is more to the story, however. Total factor productivity is difficult to mea-
sure, but simpler measures of labor pmduclivily' (calculated as output per hour
worked) indicate that by the 1990s, Japan had pulled significantly ahead of the
United States in several manufacturing sectors. A study by the McKinsey Global
Institute (1993) showed that Japan's 1990 labor productivity was 16 percent higher
than America’s in autos, 24 percent higher in auto parts, 19 pereent higher in
metalworking, 45 percent higher in steel, and 15 percent higher in consumer elec-

§
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Figure 4.5
Reul exchange rates tor Jupan and the United States, 1950-92. (Source: Penn World Table)

tronics, but fower in computers, food, beer, and soap and detergent. In contrast, the
sketchy data available suggest that the United States remains far more productive
than Japan in services. In the light of its relatively high productivity in traded goods
and low productivity in nontraded goods, Japan's sky-high price level comes as no
surprise.

()nc caveat i\' that luhur~productivity differences in manufacturing exaggerate

)&r‘rcipo‘nd

in our modd Ruall that Japdn s savmb rate is muLh higher thdn that of the Jr{ned »

puts u)n\mn( .md [hgrdm(, raises measured oulput pcr hour workcd The resulung
bias is likely to be greater for relatively cupital-intensive tradables than for nontrad-
eds. Nonetheless, data that attempt to control for capital inputs (as in Figure 4.4)

“still show Japan huvm;b onc ()t Ihc hlzzhe\t ralcs of Increase in traded- relative to
nontraded-goods producuon cthcncncy

The flip side of productivity “catch-up” ) 1
has b  been a secul: in the Umtcd States pric vel relauve to those ofmdus—

trial trading panncrs Flbure 4.5 shows the secular real depreciation for the United

States, one that has driven its relative price level to half its 1950 value. Again, mere
catch-up is only part of the story. International differences i

in government regula-
tions, trade policies, and market structure Also seem 1o be relevant. As “Table 4.1
shows, even as late as 197993, manutucturing labor productivity growth abroad
often outstripped that in the United States. Many of the countries shown have had
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Table 4.1

Average Annual Labor Productivity Growth in Manufacturing, 1979-93

Country Productivity Growth (percent per year)

Belgium 4.3

Canada 1.7

Denmark 1.5

France 28

Germany 1.9

Ttaly 4.1

Japan 38

Netherlands 2.6

Norway 23

Sweden 32

United Kingdom 4.1

United States 2.5

Source: Dean and Sherwood (1994). Data for Italy cover 1979-92 only.

rapid productivity growth in services, too, but as Figure 4.4 suggests, in most of

them productivity growth has been more sharply biased toward tradables than in

the United States.” .
*4.2.4 More Factors, More Goods, and International Capital Immobility

We have derived the Harrod-Balassa-Samuelson result from a very special model
that assumnes, among other things, two productive factors, perfect capital mobility,
and no possibility for changes in the relative prices of different traded goods (and
hence in the terms of trade). This restrictive structure has permitted us to make
strong inferences without assumptions concerning the economy’s demand side.
Interestingly, several of these inferences receive empirical support. Yet for many
countries, particularly the poorer ones underlying Figure 4.1, international capital
mobility remains severely restricted, and sharp terms-of-trade movements are a
way of life. Further, there certainly exist productive factors other than labor and
capital-—for example, land, livestock, inventories of finished goods, and the skills
and knowledge that make up part of human capital. The reader should find it
reassuring, therefore, to know that even without supplementary assumptions on
consumer demand, the basic Harrod-Balassa-Samuelson prediction is much more
general than our special model makes it seem. So is the result on which it is based,
that the relative price of nontradables is determined independently of demand. We
sketch two generalizations, leaving the detailed analysis to you.

9. Froot and Rogoff (1995, section 3) survey the econometric literature relating relative productivity
trends to real exchange rates.

[

v,

+..  The Pnice ol Nontraded Goods with Mobhie Capitad

1. MORE Factors.  Suppose there is a third factor of production——call it skilled
labor, S—that is used to produce tradables and nontradables. It is easy to see that
the arguments of section 4.2.1, which allowed us to derive the wage, and hence
p. from r and the production functions, no longer go through. Let w, denote the
wage of unskilled labor, L, and w, the wage of skilled labor. Then the factor-
price relationship in tradables is no longer a two-dimensional frontier linking r and
w,, but a more complicated three-dimensional surfuce involving all three factor
rewards. In general, demand conditions therefore play a role in determining p,
w,, and w,. We can derive a Harrod-Balassa-Samuelson result without invoking
demuand restrictions, however, if we recognize there is typically a multiplicity of
individual tradable goods. Suppose two traded goods labeled 1 and 2 are produced
domestically out of capital, unskilled labor, and skilled labor. Both traded-goods
industries show constant returns to scale and share a common rate of total factor
productivity change, A,. Choose tradable ] as numeraire, with p the price of the
nontraded good and p, the price of the second tradable, both prices expressed in
terms of tradable 1. Let p, be given by world markets, as is r. Log-differentiating
the zero-profit conditions corresponding to eq. (7) for the two traded goods, and
remembering that pr = 7 = (), we obtain a system of two linear equations in @, and
Wy, which can be solved to determine the rate of increase in these factor rewards
and hence, from the zero-profit condition for nontradables, p. Although the answer
depends on factor intensities in all three industries in a rather complicated way,
a very definite prediction results from assuming that both traded-goods industries
have the same share of capital income in output, uyy, but different shares for skilled
and vunskilled tabor. In this special case, the tradables zero-protit conditions give

- ~ AI
Wy = Wy = — 5
I — jix,

and so, by the nontradables zero-profit condttion,

Ln M ~ -
le /sN)A'l“AN~

i) = Ny paniy — "A‘N = (
1~ ik

As before, it is hikely that (pu.y + tsn)/(1 — r) = 1, so we get the Harrod-
Balassa-Samuelson result [cf. eq. 9110

2. INTERNATIONALLY IMMOBILE CaPITAL.  Without capital mobility, we can no
longer take r as given by the outside world. But, once again, the existence of sev-

eral distinct tradable goods with prices determined in world markets can pin down

10. The preceding result is based on the kind of reasoning leading to the famous factor-price equal-
ization idea of trade theory (see Dixit and Norman, 1980, and Ethier, 1984, both of whom entertain
the possibility of some international factor mobility). The generalization in the next paragraph is based
on similar arguments. Factor prices aren’t necessarily being imternationally equalized in the models
under discussion because we are allowing international differences in the production technologies for
tradables.
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all factor prices. For example, assume there are two tradables (with 4 common rate
of productivity growth) and two factors, capital and labor. Except in degenerate
cases, zero-profit conditions for the tradable goods uniquely determine domestic
factor prices. Both factor prices rise at the rate of technical advance in the tradable
goods sector, Apnsothat p= A, — Ay

There are, of course, other theories that predict lower price levels in poorer
countries but depend on assumptions about demand. Not all of these require inter-
national productivity difterences. Kravis and Lipsey (1983) and Bhagwati (1984)
propose a model with two internationally immobile factors. In their model, poor
countries are abundantly endowed with Tabor relative to capital, while rich coun-
tries are in the opposite situation. I consumption tastes are the same in rich and
poor countries and tactor endowments so dissimilar that they specialize in different
tradubles, then wages will be relatively lower in poor countries, as will the prices
of the relatively labor-intensive nontradable goods. '

The Kravis-Lipsey-Bhagwati effect is, no doubt, part of the story underlying
Figure 4.1. Productivity differences and some degree of capital mobility are es-
sential, however, to explain why wage differences between rich and poor countries

. . Y
seem so much greater than differences in the return to capital.'?

4.3

Consumption and Production in the Long Run

The last section led us to conclude that in the long run, the refative price of nontrad-
ables is independent of the economy’s demand side under a range of assumptions.
Nonetheless, the mix of output that an economy produces does depend on demand.
In this section we explain this dependence and explore some implications for a
prominent political concern, the seculur shrinkage in manufacturing employment
that many industrial countries, including the United States, have been experiencing
in recent decades. Throughout this section we focus on steady-state results.

How Demand Determines Output

We first develop a vseful diagram for visualizing how demand determines the
economy’s mix of tradable and nontradable production in the long run.

To simplify the derivations, we assume that individual preferences over con-
sumption within a period are homothetic. This assumption implies that a person’s
desired ratio between tradable and nontradable consumption depends only on the

11, Why do we need similarity in tastes? If poor countries were disproportionately fond of non-
tradubles, these preferences could raise wages enough o offset the effect of the international factor-
proportion disparity

12. The data on the tatter point are tragmentary. See, for example, Harberger (1980).

4.3 Consumption and Production in the Long Run

relative price of nontradables, p, and not on his spending level.!* We also assume
that the economy 1s in a steady state with national consumption spending equal to
income and thus with a constant level Q of national financial wealth measured in
tradable goods.'* In analogy to the analysis in section 2.5.1,

Q=B+ K, +Ky=B+K.

We assume a constant labor force, L, and, for the moment, abstract from produc-
tivity trends and government consumption.

A simple diagram illustrates how consumption patterns determine production in
the long run, We cannot use the standard autarky production possibilities frontier
(PPE)Y tor this purpose, because capital is free to enter or exit the economy so
as 1o hold marginal value products of capital at the given world interest rate, r.
Instead. we introduce a diagram, Figure 4.6, analogous to one with which we
studied international migration in section 1.5.3.

As we saw in section 4.2.1, the world interest rate r determines the capital-labor
ratios, k (r) and Ay (r), the wage w(r), and the relative price p(r) of nontradables
in terms of tradables. (The notation here suppresses the dependence of ky, ky, w,
and p on the constant values of Ay and Ay.) The steeper of the two negatively
stoped schedules in Figure 4.6 is the GDP line, defined as the locus of efficient
long-run output combinations, gtven the availability of capital flows. You can think
of the GDP line as the PPF that applies when profit-maximizing internationa! cap-
ital movements are allowed. The GDP line is constructed from the zero-profit con-
ditions in traded and nontraded goods, the equations in (7), written as

Ye=rKi+wl;=[rkir) + wir)] Ly,

pYn=rKe+uwly= {rkN(r) + u,v(r)] (L - 1:1)_

12 As one example of homothetic preferences, suppose the period utility function is of the form
WO Cy)y =G (('f(‘i ¥ ) for some strictly concave and increasing tunction G (). Optimal consump-

uon demands satisty

oy )y e
DaaCn (G ((,(N ) ISVISS T

dwgic, T )'(i’(('i/(‘,«

50 the destred consumption ratio depends only upon p.

14, Implicit m our assumption that the economy's consumption profile is flat is the condition that
residents’ subjective discount factor g satisties = 1/(1 + r). See section 4.4 for a general discussion
of the consumption time protile in models with traded and nontraded goods. As in previous chapters,
B denotes the economy’s net foreign assets and K the domestic capital stock. Recall that through
international borrowing, a rise in X', say. can be financed by an equal fall in B without any change
in total financial wealth Q. This factis central to the analysis of this section.
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Production, consumption
of tradables

Income expansion path

-rB
. GNP line
GDP line (slope = -p)
;N = CN Production, consumption
of nontradabies
Figure 4.6

Long-run GDP and GNP

(Overbars denote equilibrium values associated with a steady state in consump-
tion.) Use the second of these equations to solve for L1 and substitute to eliminate
L, from the first. The algebraic description of the GDP line results:'?

v [rk,(r_) + w(r)

Lrka(r) + wir)

:I pPOYs+ [rkir) + wn)] L. (10)

Notice that the (absolute value) slope of the GDP line is strictly above p if, as
we have been assuming, nontraded goods are relatively labor-intensive [k (r) >
kn(r)]. A reduction in nontradables output raises tradables output by more than p
(the marginal rate of transformation in an autarky equilibrium) because additional
capital must be borrowed from abroad if the economy is to expand its capital-
intensive traded sector with no rise in the rental-to-wage ratio.'®

The flatter, negatively sloped line in Figure 4.6, the GNP line, shows the econ-
omy's steady-state budget constraint, that is, the locus of best feasible steady-state

5. In the standard Heckscher-Ohlin model of trade theory, with two outputs and two factors in fixed
economy-wide supply, it is the need to vary production techniques as the economy varies its output mix
that is responsible for diminishing returns. Thus the lack of international factor mobility gives the PPF
its concave shape in that familiar model.

16. Trade theorists will recognize the GDP line as the Rybczynski line. On Rybezynski's theorem, see
Dixit and Norman (1980).
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consumptions of tradables and nontradables, C, and Cy. Since the economy has
been assumed stationary with unchanging financial wealth, steady-state consump-
tion expenditure equals GNP, that is, wage income plus the return on financial
(nonhuman) wealth [as in eq. (61) of Chapter 2]:

(_‘,+p(r)C_'N:u'(r)L+rQ. (1)

Solving this constraint for C; yields the GNP line, which has slope —p(r).

The last ingredient in Figure 4.6 is the upward-sloping income expunsion path
for the relative price p(r). This is the steady-state Engel curve, which shows de-
sired consumption of the two goods at various income levels when saving is zero
and p = p(r). |By definition, the representative consumer’s inditference curves
have slope — p(r) where they intersect the income expansion path.] The path is a
straight line through the origin because of the assumption of homothetic demand.!’

The diagram is read as follows. Consumers are simultaneously on their income
expansion path and on their budget line, the GNP line. The intersection of the
two, shown at C, therefore determines the steady-state consumptions Cy and Cy.
Domestic supply and demand for nontradeds must be equal, so Yy=Cy Asa
result, however, the economy’s actual output mix, which the GDP line describes,
is vertically above point C, at point A. Notice that ¥; > Cy in the figure, implying
a positive balance of trade. (Once the economy has reached a given steady state, its
subsequent investment is zero, given that there is neither growth nor depreciation.
Since steady-state saving is zero, the current account also is zero.)

To produce at A given its total financial wealth Q. the economy must borrow
capital from abroad, creating a GDP-GNP gap equal to the flow of interest pay-
ments to foreigners. We can read this gap off of the tradables axis in Figure 4.6.
The vertical distance between the GDP and GNP lines, which equals Yy — Cr, must
also equal the steady-state interest on foreign debt [since ¥, is given by eq. (10) and
C, is given by eq. (11)].1¥ Thus, for example, if steady-state foreign assets, B, are
negative, as at potnt A, then Y, exceeds Cy by the positive quantity —r B.

At point B in Figure 4.6 the GDP and GNP lines cross, giving a point at which
GDP and GNP are equal. Were the income expansion path to pass through point B

17. 1f the period utility function is u(Cy, Cy), the income expansion path for p is the locus of Cy and
Cy that sausfy the static consumption optimality condition given in footnote 13,

3u(Cy, Cu)/dCx

Bu(Cy. Cu)/aC,

Homothetic preferences, by their detinition, make the ratio Cy/Cy dependent on p only, so that as in-
come changes the proportional consumption mix does not. This feature implies linear income expansion
paths that pass through the origin, as in Figure 4.6,

18 Remembering that ¥y, = € and invoking, yet again, the nontraded goods zero-profit condition, we
see that
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on the GNP line instead of point C, the economy could produce the desired steady-
state consumption bundle without borrowing abroad at all. With Q=Kand B=0,
the economy’s factor supplies would equal factor demands, which depend on the
production techniques implied by r and w(r) and consumption demands.'?

As consumption demands move down from B along the GNP line, the economy
sends capital abroad, which brings GDP below GNP. Moves down along the GNP
line shrink the capital-intensive traded sector and expand the labor-intensive non-
traded sector. If capital did not migrate abroad in response, full employment of
the capital stock could be maintained only if both sectors adopted production tech-
nigues that combined more capital with cach unit of lubor. But this course of action
would push the marginal value product of capital below r, creating powertful in-
centives for overseas investment. Similarly, moves of desired consumption upward
along the GNP line cause capital inflows from abroad. These head off incipient
excess demand tor capital and excess supply of labor.

Let us consider two comparative steady-state exercises with the model. A rise
in nationa! financial wealth, dQ. causes a parallel upward shift in the GNP line
{of size rd Q) while leaving the GDP line and the income expansion path in place.
Consumption of both goods rises along the income expansion path, and produc-
tion of tradables falls. But to produce more nontradables and fewer tradables at
unchanged factor prices, the economy must reduce its total capital stock by send-
ing some capital abroad. The GDP-GNP gap in Figure 4.6 therctore falls by more
than rd (;).

As a second application, we can look at the long-run effects of government
spending patterns. Compare the steady state of the economy in Figure 4.6 with that
of an economy in which the government spends G, on tradables, paying the bill
through equal lump-sum taxes on residents. Compared with Figure 4.6, the GNP
line, now viewed as the after-tax private-sector budget constraint, is shifted down-
ward by the amount G,. Private consumption of both goods falls and domestic
production of tradables expands with the help of a capital inflow. The GDP-GNP
gap rises. It the government spending fell on nontradables rather than tradables,

i,oC {rk,(r) +wir)

rhatry + Wr)} P ¥ 4 [rkry +w(n) ] L= [wn L+ rQ — ptr€y]

rhutr) + w(r)

] p(r)?N +rke(ryl — rQ

rhn(ry = rkiry] 1 7
A kn + Ly +rk L -
rkatr) + w(r)y J [f ey (r)} v e

l:rkN(r) ~rki(r)
r
b
L

:rl\'N(r)liN +IA.(r)i,, - I'er(k — Q): —rAB.

19. To test your understanding, make sure you see why the autarky PPF—the set of efficient ouput
combinations given L and K = Q—Tlies strictly within the GNP line except for a tangency at point B.

o
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however, we would tind a ditferent result. Compared with Figure 4.6, nontradables
output would expand at the expense of tradables output, and capital would flow
abroad.

Productivity Trends and the Size of the Traded Goods Sector

Figure 4.4 showed that productivity tends to grow more rapidly in tradables than in
nontradables; we have seen how this fact helps explain the rising prices of services
like schooling and medical care. There is another fuct that many observers tie to the
faster growth of productivity in traded goods: employment in the manufacturing
sectors of many developed countries, sectors that produce largely tradable output,
has been declining over time. In 1950 nonservice, nonagricultural production ac-
counted for 33.3 percent of total employment in the United States and 46.5 percent
in the United Kingdom; by 1987 the corresponding percentages had dropped to
20.6 and 29.8.°"

The cconomic argument often made to rationalize this decline seems plausible at
tirst glance. With fewer workers able to produce a higher volume of manufactures,
some will have to switch jobs to satisfy the economy’s higher demand for nonman-
ufactures as national income grows. But is this reasoning correct? It does not take
account of the tact that the demand for manufactures may rise if their relative price
falls, nor does it account for any general-equilibrium eftects of the relative price
change on the marginal value product ot capital in the labor-intensive nonmanu-
facturing sector.

To analyze the relationship between productivity change and manufacturing em-
ployment, we wrn to our long-run model. For simplicity, we consider a change
of A, percent in traded goods productivity assuming constant productivity in non-
tradables (A, = 0). Our goul is to determine the sign of Ly, the percent change
in steady-state employment in nontradables, (Since the aggregate labor supply is
fixed, a flow of labor into nontradables must, of course, imply a flow out of manu-
facturing.)

Let us write the production function for nontradables in the special Cobb-
Douglas form

Yo = ANKSLY = Ak Ly

The Cobb-Douglas form implies that the factor shares we defined in section 4.2.2,
Mn =rKy/pYyand gy = wly/pYy, are constant at @ and | — «, rcspectively‘21

20). The numbers come from Maddison (1991, pp. 248-249). They actually apply to an employment
category he labels “industry,” which includes the (largely nontradable) construction sector.

'@ under perfect foresight, so

21. For example, eq. (4) implies r = pa Ay (Ln/Kn)
rKy  pada (La/Ka'U Ky aAGKIL T
MgN = o = = =q.

Y pYe Yn
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LLog-ditferentiating the production function, we find that Ly satisties
LN = )}N b alzN;
that is, higher nontraded output requires a proportionally higher labor input (in or
out of u steady state) except to the extent that the capital intensity of nontradables
production rises. Since domestic demand and supply are equal in nontradables, the
last equation implies
Ly=Cx— aky. (12)
To determine the sign of LN from eq. (12), we must calculate C‘N and i’N. We
tackle these jobs one at a time.

1. CALCULATING Cy.  On the consumption side, we have seen that total steady-
state expenditure is determined by eq. (11); but what determines its division be-
tween tradables and nontradables? To answer this question, we assume that in each
period, the representative agent maximizes a constant-elasticity-of-substitution
(CES) function

et ‘AN h |
[yr«('l“ + (1 —p)aC.” } R ye(0, 1), >0, (13)

given total expenditure measured in traded goods,
Z=C + pCh (14)
Maximizing the function (13) subject to constraint (14) yields

_ycf__. = p—f" (15)
(I =y

showing that consumption preferences are homothetic (relative demand depends
only on relative price) and that # (a constant) is the elasticity of substitution be-
tween tradables and nontradables. [As 6 approaches 1, function (13) becomes pro-
portional to the Cobb-Douglas function, cY C,iﬁy.]z2 Combining eq. (15) with eq.

22 The elasticity of substitution in consumption can be defined as

To see why the consumption index (13) is Cobb-Douglas for § = 1, note that the logarithm of formula
(13) can be written as

e o
gloglyfCy” +(1—p)eC,
L

6 -1

the numerator and denominator of which both approach 0 as # — 1. So we may invoke L'Hospital’s
rule to examine instead the limit of the derivative (with respect to 8) ratio, which turns out to be:
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(14), we obtain the demand functions for tradables and nontradables,

yZ -z
C = [ Cn= ! 2 1-6° 16
y+u—-y)p y+(l—y)p
Let us define units of nontradables so that p = 1 initially. Then log-differentiation
of the second equation in (16) gives

6N:2—[y9+(1—y)]ﬁ. (17

I other things are equal. a rise in spending measured in traded goods raises the
demand for nontradables in proportion. Given Z, however, a rise in the price of
nontradables reduces demand, through both a direct substitution effect and a re-
duction in the real purchasing power of 2.2}
_ Equation (11) implies that the change in the log of steady-state expenditure,
Z=wl +rQ,is
wl, R v

= ) = Y, W,

wl +rQ
where v is the share of labor income in total GNP at the initial steady state.
(Remember: we are assuming Q is constant across steady states.) Equation (8) now
implies the steady-state expenditure change:

)

To compute j in eq. (17), we invoke eq. (9) with A, = 0, which has the form

R l -« -
pP= Ay
Hyr

given the Cobb-Douglas production function for nontradables. Substituting this
cquation and the one preceding it into eq. (17), which holds even when consump-
tion is not in a steady state, we finally have expressed the change in steady-state
nontradables consumption in terms of the single exogenous change, Ar:

Aq

M

Co={v - —a)[yo+ (1 —p)])

2. CALCULATING IGN. A glance back at eq. (12) shows that we are halfway home.
All that remains is to calculate ky, which is easy compared with the ground already

ylogCr+ (1 —yylogCy — ylogy — (1 = y)log(l — y).

(To crungh this, you will have to use the calculus formula da*/dx = a* loga.) Since this positive
quamlnvt‘y is the limit of the log of formula (13) as ¢ — 1, the limit of (13) itself is proportional to
CYC {with proportionality constant 1/yY (1 — )], as claimed.

23. We return to the last etfect in the next section when we derive the price index associated with the
consumption index {13).
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covered! Log-differentiation of eq. (4) under our example’s production-technology

assumption yields
. N | —a -
(1 —aYhks=p = Aq,
1

where the second equality again follows from eq. (9).

With reduced-form expressions for both C and ky in hand at last, we use eq.
(12) to derive the solution for L that we seek:

L = w(lva)[y() +(l-y)]—a}l~iil—. (18)
in

Observe that the sign of Ly is ambiguous. It depends on the sum of the three
terms in the braces in eq. (18). The first term, ¥, (labor’s share of GNP), captures
the effect mentioned on page 221: as wages rise, incomes rise and people demand
more nontradables. But there are two additional effects, both of which pull tabor
into tradables. First, the rise in the relative price of nontradables implied by eq.
(9) reduces the demand for them at a given spending level. Second, the same rise
in price raises the capital-intensity of nontradables production {recall eq. (4)}, also
pushing labor into tradables. (We saw this effect in discussing Figure 4.2.)

Which effects are likely to dominate in reality? If 6 were equal to 1 (the case of
a Cobb-Douglas consumption index), eq. (18) would simply be
- A,

L= — 1) —.

i
Now i, labor’s share in GNP, is always below 1 unless a country has negative
tinancial wealth, that is, foreign debts exceeding its capital stock. Thus a unit elas-
ticity of consumption substitution very likely implies that employment in nontrad-
ables falls (and therefore employment in tradables rises) as a result of an increase
in tradables productivity. (1f L is negative, L, must be positive.)

This result could be reversed for 8 very low, implying little substitutability in
consumption between tradables and nontradables. It would also be mitigated by
a large foreign debt (which raises ¥, ), by restrictions on capital inflows that pre-
vent the capital-intensity of nontradables production from rising as p rises, or by
a lower elasticity of substitution in nontradables production between capital and
labor.* Overall, however, one must conclude that differential productivity gains

24. Our Cobb-Douglas production function for nontradables makes the elasticity of substiwtion in
producuon, detined as

dlogky
dlogtur/ry’

equal to 1.
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Figure 4.7
Employment in manufacturing

in manufacturing do not necessarily explain observed declines in manufacturing
employment in countries like the United States and United Kingdom. The popular
explanation that the decline is due to increased productivity in manufacturing is not
compelhng.

Recent international data confirm this message, showing that steadily declining
manufacturing employment is not a universal phenomenon. Figure 4.7 shows the
evolution of manutucturing employment (as a percent of total employment, for
1958-91) 10 tive industrial countries. True, a declining trend is very pronounced
for the United Kingdom over the entire period, tor Canada and the United States
since the mid-1960s, and tor Germany trom the early 1970s to the early 1980s.
Germany’s manufacturing employment share levels off in the mid-1980s, however,
and Japan’s has been roughly level since the mid-1970s. Considering that Japan
has had exceptionally high productivity growth in manufacturing relative to ser-
vices, its experience is especially hard to square with productivity-based theories
of manufacturing employment decline.

4.4 Consumption Dynamics, the Price Level, and the Real Interest Rate

In the last section we assumed a stationary consumption level equal to national in-
come. While steady-state consumption analysis provides useful intuition about the
etfects of demand on production and capital flows, it does not allow us to ana-
lyze the effects of anticipated future economic events. In this section, we therefore
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extend to a multicommodity setting the dynamic consumption analysis that we pur-
sued in the first three chapters.

A lesson of those chapters is that a major driving force behind international
borrowing and lending is the individual’s desire to smooth consumption in the
face of output fluctuations. In the aggregate, however, it is simply infeasible for a
country to smooth its consumption of nontraded goods, which cannot be imported
or exported. In this section, we will explore various mechanisms that can clear
the market for nontradables, including endogenous real-interest-rate changes that
may temper individuals’ desire for smooth consumption paths. The interactions
involved are complex, and we will have to extend our conceptual framework in
order to understand them.

We shall assume, as in Chapter 2, that the economy is inhabited by an infinitely-
lived representative resident, whose demands and asset holdings we identity with
aggregate national counterparts. Why do we return to that assumption, having pre-
sented so much evidence against it already? The same simplicity that renders the
framework of Chapter 2 empirically inaccurate for some purposes makes it a good
vehicle for highlighting some subtle theoretical concepts whose applicability is
much more general. Much of the remaining analysis of this chapter can be read
as applying at the individual level. The results could be aggregated over heteroge-
neous individuals, as in Chapter 3. Other ingredients of our analysis, including the
budget constraints we derive, apply at the aggregate level regardless of intertempo-
ral preferences or demographics. On all of these grounds, the material that follows
is a necessary component of more complex and realistic theories.

The Consumer’s Problem

We tirst look at the problem of individual intertemporal optimization when total
consumption spending includes nontradables as well as tradables.

Rather than tackling the consumer’s problem head-on, we simplify it in ways
that will make its solution comparable to the ones derived in the single-good mod-
els of Chapter 2. As is often the case, the cost of ultimate simplicity is some up-
front investment in conceptual equipment. That investment will have a handsome
payoff throughout the balance of this book.

4.4.1.1 The Consumption-Based Price Index

Since we are working with a representative-consumer economy, we identify in-
dividual variables with national aggregates from the outset, and we therefore use
uppercase letters to denote them. The representative consumer maximizes a life-
time utility function of the special form

)
Ui=Y B 'u(Cy, (19)

y=t¢

A

[N

[
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where C = Q (C,. Cy) is a linear-homogenous tunction of Cy and Cy. The function
C is interpreted as an index of total consumption, which we shall sometimes call
real consumption.

We specialize the form of the period utility function in eq. (19), rather than
working with a general concave function u (Cy, Cy), so that we can introduce the
consumption-based price index that was alluded to in section 4.2.3. A price index
can be expressed in any unit of measurement; we choose our current numeraire,
tradable goods. We are interested in the price index because it will tell us how
much real consumption C the consumer derives from a given expenditure of trad-
ables.

DerINITION  The consumption-based price index P is the minimum expenditure
Z=C, + pCysuchthat C = Q(C,. Cu) =1, given p.

So defined, the consumption-based price index measures the least expenditure
of tradables that buys a unit of the consumption index, on which period utility
depends. Of course, P is an increasing function of p.

To make the discussion less abstract, we assume the specific CES consumption
index already encountered in eq. (13):

14
N B . ! vu;'! | AT
(:Q((,.(N)z[yﬂ(.’ +(1-y)ﬂC,T] , y €(0.1), 6> 0.
What is the price index P under this assumption? The equations in (16) shows the
demands that maximize ¢ given spending, Z. The highest value of the index C,
given Z, thus is found by substituting those demands into the last expression:

t
!

0o

- - ] _ - A
[_wli_m] P BV AES ST
y+ 0 —y)ptt y+(l—y)p“9_]

TU—

4

Since P is defined as the minimum expenditure such that C = 1,

NI
Y+ —ypt’

b1 o H_E_l g-1

a ! - y)P

} +Q—pp| LT y)l,,,l
y+(l—y)p ]

—

from which the solution

] r 20)

P:[y+(IAy)p'"

follows. "

25. Observe that, because C = Q(Cy, Cy) is linear-homogeneous, P is simply E(p, C}/C = E(p, 1),
where E(p, C) s the expenditure function detined in section 1.3.4. The statement that C is the highest
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Observe that Z/ P is the ratio of spending, measured in units of tradables, to the
minimum price, in tradables, of a single unit of the consumption index. Thus Z/P
equals the level of the total real consumption index C that an optimizing consumer

enjoys:
z

C=~—. (21
P )

As promised, the price index P translates consumption spending measured in trad-
ables into real consumption, C. For example, after the relative price of nontrad-
ables, p. rises, a given expenditure of tradables obviously yields less reul consump-
tion and utility; eq. (20) tells us exactly how much less.

Formula (20) may appear messy. In truth, it leads to enormous simplifications.
Equality (21) lets us write the complicated demand functions in eq. (16) as

1 — 8
C,:y(;) C. CN=<1-y>(§) c. 22)

The preceding formulas simply state that the demand for a good is proportional to
real consumption, with a proportionality coefficient that is an isoelastic function
of the ratio of the good's price (in terms of the numeraire) to the price index
(calculated in the same numeraire). We shall encounter these convenient demand
functions again at several points in this book.

To handle the Cobb-Douglas case (6 = 1), observe that the price index [eq. (20)]

converges to
P=yplr=pr

as # — 1.6 (We now have formal justification for the formula used in sec-
tion 4.2.3.)

4.4.1.2 Reformulating the Consumer’s Problem

The formulas in eq. (22) solve the consumer’s intratemporal maximization prob-
lem, given the real consumption level, C. We now show how to reformulate the
consumer’s infertemporal allocation problem in terms of the one variable C alone
rather than two separate variables, Cr and Cx. Notice that this retformulation does

consumption-index level one can reach by spending E(p. C) worth of tradables (given p) is just a
statement of the inverse relationship between the expenditure function and the indirect utility function
(Inxit und Norman, 1980, p. 60).

26. You can establish this, as in similar cases we’ve looked at, by taking logs and invoking L'Hospital’s
rule as # —» 1. (Compare footnote 22.) Notice that if the starting point is one at which p = 1. then eq.
(20) unplies P = (1 — y)p as in section 4.2.3, even for 6 # 1.

4.4 Consumption Dynamics, the Price Level, and the Real Interest Rate

not require the tunction C = Q(Cy, Cy) to have the CES form we’ve assumed: any
lincar-homogencous function will do.

To recast the intertemporal problem, we need only rewrite the lifetime budget
constraint in terms of C. The obvious extension of the perfect-foresight constraint
(60) of Chapter 2, derived in a single-good setting in section 2.5.1.4, likewise
forces the present value of consumption expenditure to equal the sum of financial
and human wealth:

ey 1 vt ~ 1 st
Z’(T:;) ((l,\+l)\(N,\):(l+V)QI+Z<—l+r) (wyL, — Gy).

s= se=1

(23)

Here, G denotes total government spending on tradables and nontradables, which
is assumed to equal tax payments. Tradables are the numeraire in eq. (23), and
the (constant, by assumption) own-interest rate on tradables, r, must be used to
discount future tradables flows. When written in terms of € using egs. (14) and
(21), eq. (23) boils down to

et 1 vt N 1 (s
— PCy =1 ) — —G).
Z(l+,.) s = +’>£r+z<,+r> (wyLy = Gy) (24)

v =t Nl

The consumer’s intertemporal problem is to maximize ¢q. (19) with respect to
{C, 12, subject to eq. (24).7

4.4.1.3 The Real-Consumption Euler Equation and the
Real Consumption-Based Interest Rate

The consumer’s financial asset-accumulation identity, written as
Q\ [ S Q\ = r(_)\ + “HIq - G.\ - P\C.\v

can be used to substitute for Cs in eq. (19), yielding

> 1 ) — Q [« — G
Ul:Zﬂ\ l“[( +r)Q, (.\P+l+u’.\1.\ \}.

s =

Necessary conditions for intertemporal optimality come from differentiating with
respect o Oy, & 2 10 The resulting intertemporal Euler condition on total real
consumption is

27. Itias simplest to think of foreign assets as being indexed to tradables, so that B bonds are a claim
10 r B tradables per penod in perpetuity. Different schemes for bond indexation yield identical results
harming unanticipated shocks, because, under perfect foresight, all assets must yield equal real returns
however measured. We will use a slightly ditferent scheme for indexing bonds in section 4.5.
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e :
u( )—(1+)ﬂ +l)‘

Py Py
An illuminating way to look at this last Euler equation is to rewrite it in terms of

the consumption-based real interest rate, defined by

B (l+r)P
s+l = Ps+l

1 +r (25)
The interest rate ry | is the own rate of interest on the consumption index C; that
is. o toan of one unit of C on date s is worth 1 4+ r{, | units on date s + 1. 28 In the
present model, r¢ differs from r whenever peoplc expect changes in the relative
price of nontradables and, hence, in the overall price level, P. With the definition
of r', the Euler equation becomes
Lo (1 +rk
uW'(Cy) = —P———ﬂu "(Cor)=(1+ry ) Bu'(Csyr) (26)
s+1

The only difference between eq. (26) and the entirely analogous equation (24) in

Chapter 2 is that consumption now is explicitly an index, and the relevant interest

rate is the own-rate on that index.”®
4.4.1.4 Optimal Consumption

The analogy with the results of Chapter 2 goes much deeper and leads to very
similar predictions about optimal individual consumption behavior. To see why, let
us start by rewriting constraint (24) in terms of the consumption-based real interest
rate.

Observe that eq. (24) is an equality between two quantities measured in terms of
date 1 traded goods. We can express the constraint in terms of date ¢ real consump-
tion by dividing both sides by P,. The left-hand side becomes

i(*l‘" QST o 2 M Pis2 }[ P, :IC;
1 +r I L~ (1+nk (1+r)Pa I+ Py

vund

Z ﬂv‘m(l +r))

y=I

(where the s = f summand is simply C,). The right-hand side becomes

2%. One unit of date 5 real consumption buys P; units of date s tradables and (1 + r) Py units of date
s + 1 tradables, which are worth {1 +r)Ps/Ps1 =1+ r;;, units of date s + | real consumption. Note
that 1/(} + ’frl) has the dimensions of units of Cs per unit of Cy4;. Thus it is the price of future real
consumption in terms of present real consumption.

29. With a variable own interest rate on tradables, the Euler equation is the same once r in eq. (25) is
replaced by r, 1, the rate on loans of tradables between periods s and s + 1.
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A+rnQ > 1 YUP (u Ly — Gy
- QI+Z s (wy L s)
P, T +r PP,

=

Z u'\L.\ - G.\)/I)\
B nk:\-ul(l+r:~)'

N=I

In analogy with eq. (21) in Chapter 2, let the date r market discount factor for date
s real consumption be

R, !
[ T A
I”[xflvl(l * l )
with R; = 1. This discount factor is the price of date s real consumption in terms
of date 1 real consumption. By combining our preceding manipulations of the two
sides of eq. (24), we express that budget constraint in the famihar form

(1 +r)Q > \L‘—G\.
ZR ”(" + Y R 27

vt Y=t

This rendition of eq. (24) shows that the present value of lifetime real consumption,
discounted at the real interest rate, equals the present real-consumption value of
financial plus human wealth.

Euler equation (26) and budget constraint (27) lead to an optimal consumption
function very similar to those derived in previous chapters. For concreteness, let us
again assume the isoelastic period utility function in eq. (22) of Chapter !, which
implies a constant intertemporal substitution elasticity, . Then eq. (26) implies

that Cg = (R') "7 B7"1(, (as in section 2.2.2). Optimal consumption is

Ui oy g wly Gy
’ +>_.A:l Rl,s Py

Cc, =" (28)
D SR R

Given this total consumption level C;, demands for the two individual consumer

goods are given by intratemporal maximization, as in ¢q. (22). Had we gencralized
eq. (61) of Chapter 2 to the case of variable interest rates (as you are invited to do
now), we would have obtained this same consumption function in the isoelastic-
utility case, with quantity variables and real interest rates in terms of the single
output good rather than a consumption index.

Equation (28) exhibits the usual substitution, income, and wealth effects of
changes in real interest rates. We must be cautious in interpreting these at the ag-
gregate level, however, because changes in real interest rates due to changes in the
relative price of nontradables generally are accompanied by simultaneous changes
in other components of the numerator in eq. (28). In equilibrium, some of the
effects cancel. For example, reversal of the reasoning at the beginning of this sub-
section shows that eq. (28) can be written
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Notice that, for a given P, ceteris paribus changes in real interest rates due to
changes in future P; have no wealth effect on C,. [That is, P, doesn’t enter the
numerator in eq. (29).] A rise in Py, say, lowers the real interest rate between dates
1 and s, raising the present real value of real income to be received later; but it also
lowers the real consumption value of net date s income in proportion. The result is
a wash, analogous to the effect of higher expected CPI inflation on the value of a
CPI-indexed bond.

To understand better the role of expected changes in the price of nontraded goods,
we proceed to examine the economy's equilibrium.

*4.4.2 The Current Account in Equilibrium

The analysis up until now has shown close similarities between the behavior of
individual real consumption in this model and its behavior in the one-good model!
of Chapter 2. Because the current account reflects output exchanges with other
countries, however, it is most naturally measured in terms of tradable goods rather
than in real consumption units. We now rewrite the mode! in terms of tradable
output, investment, and foreign assets to see its current-account implications. Most
importantly, this perspective clarifies the economy’s behavior in equilibrium, when
the nontraded goods market clears.

Both of the economy’s industries produce with constant returns to scale. Thus,
the result in eq. (59) of Chapter 2 applies to each industry separately. That is, each
industry's capital, measured at its price of 1 in tradables, equals the industry’s future
discounted profits, also measured in tradables. At the aggregate level, therefore,

K, = Kr.r + KNJ

I +r

~ 1 st 1
= Z ( ) [r (Kis + Kns) — AKrg41 — ARy ]

N=f

o0 1 s—1+1
= (] +r) (rK, —1Iy).

v={
The economy’s capital stock at the end of date r — 1 equals the present value of

future capital income less investment (assuming investment is set optimally by
competitive firms).>? Since Yy = rKy + wL; and pYn =rKy + wLy, total GDP

30. To refresh your memory, work backward. The asserted equality can be written in terms of the lead
operator L=} as
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(in units of tradables) is ¥+ pYy =rK + wl. Using these relations, we rewrite
eq. (24) as

Y I st
Z(l+r> A,

K=t

X 1 y-f
=(1+r(B+K)+ ; (I +r) (w,L, = Gy)
e I s—1
:“+”H’+Z<T—:,f) (yl..\‘+p.\yN,,\‘_I‘\_G\’) (30)

s =1
(presuming capital yields the ex post rate of return r on date 1 as well as subse-
quently).

Budget constraint (30) isn’t quite what we want for understanding the current
account because 1t incorporates nontradable consumption and output. But these
are easily netted out. By eq. (21) and the definition (14) of Z, PC = Cy + pCx.
Furthermore, since we have assumed that nontradeds cannot be invested, only
consumed, consumption of nontradeds equals their supply in equilibrium. Let us
divide total government spending into its constituent parts: G = G + pGy. Then
the market for nontraded goods is in equilibrium when

Cv+Gn=Y (31)

Thus nontradable consumption and production drop out from eq. (30), leaving us
with

") ] L (2. 9] l st
Z(ﬁ:) (c“,,\+/\+(;,_\):(x+r>B,+Z(l+r) Yis (32)

s=1 s=1

The reason the economy’s budget constraint vis-a-vis the rest of the world takes
this form should be clear after a moment’s reflection. By definition, all of the
cconomy’'s trade with the outside world consists of exchanges of tradable goods.
Thus a more stringent intertemporal budget constraint holds at the national level
than at that of the individual (who has the opportunity to purchase tradables with
nontradables from other domestic residents). The present value of the economy’s
tradable expenditure must equal the present value of its rradable income.

1 1
b ()= ek
I +r 147

(see Supplement C to Chapter 2). Multiplying through by the inverted lag polynomial, we tind

1 1
K~ ——Kip1 = (A‘_‘)(,Kl ~ 1),
I+r Y +r

which is equivalent 1o the identity K, - K,y = —~1,.
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Together with an Euler equation for tradable consumption, constraint (32) de-
termines the current account. Let us again assume that «(C) is isoelastic with in-
tertemporal substitution elasticity o. The Euler equation for C, eq. (26), therefore

IS

1 P’
Covi= [(—ii’—} poC.. (33)
R\ +1

To derive the Euler equation for C, that we seek, we need, for the first time since
introducing it in section 4.4.1.1, the assumption that the consumption index C has
a CES form. When combined with the last Euler equation, the equation for Cy in
eq. (22) implies that

P, a—H
Ciypr = <_-“) (1 +r)"ﬁ"C1.x- (34)

)
s+1

We see from thts equation that tradables consumption conforms to the predictions
of the Euler equation of the one-good model, except insofar as the price index
P changes over time. Only when o = ¢ do price changes have no influence on
consumption growth.

The reason the difference o — ¢ figures into eq. (34) isn’t hard to grasp. If
other things are equal, a falling P. for example, raises the gross real interest rate,
this increase raises the optimal gross growth rate of real consumption, C, with
elasticity o. But as P falls, tradables consumption Cy becomes relatively dearer
and falls as a fraction of C with clasticity 0 [recall eq. (22)]. These intertemporal
and intratemporal substitution eftects on Cy pull in opposite directions.

We can combine Euler equation (34) with budget constraint (32) to calculate the

optimal consumption of tradables:

AL
(I +ryB + Z:‘;, ( l ) (yl,s ~ Iy - GT,.&)

‘ 7
Ci=

X\l:, [(1 +r)° r—lﬁn].\w (%)OAH

This equation reduces to eq. (16) of Chapter 2 when P is constant (although here
it involves only tradables). The current account is the difference between total in-

(35)

come and absorption: in equilibrium, it is the difference between rradable income
and traduble absorption:

CAr =B = Bi=rB+ Y, +pYus—Cry—pCns— I =G

It

rBr+ Yo — Cop— Iy — Gyt (36)

Thus the presence of nontradables affects the current account, given current and
future net outputs of tradables, only by influencing the path of the consumer price
index P. For example, if P is constant (or if o = 8), egs. (35) and (36) together can
be used to deduce the tradables analog of fundamental current-account equation

LA
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(20) of Chapter 2, which we derived in section 2.2.1. The current account behavior
studied in Chapter 2 therefore provides the natural benchmark against which to
understand the effects of nontraded goods.

If P is rising over time, for example, eq. (35) shows that initial consumption of
tradables exceeds its Chapter 2 level if o > ¢. The initial current account balance
thus is below the level consistent with the tradables version of consumption func-
tion (16) in Chapter 2. The reason is that the relevant real interest rate is below
1 + r and intertemporal substitution is strong enough to raise tradables consump-
tion. It # > o the intratemporal substitution eftect wins out: initial consumption is
lower and the initial current account stronger so that consumption of tradables can
rise more rapidly as P (and hence the price of nontradables, p) rises.

The preceding analysis illuminates how the interplay between o and # influ-
ences the current account response o alternative disturbances, including endow-
ment changes and productivity shocks. We leave the details as (advanced) ex-
ercises.’’ When nontradables arrive in the economy as a pure endowment, the
current account behaves much as in a tradables-only model provided the net sup-
ply of nontradables is constant through time. But that case, in which nontrad-
ables eftectively become an unchanging parameter of the utility function, is very
special.

Appendix 4A takes a detailed look at labor supply and its relation to the current
account. Because leisure can be thought of as a nontraded good, real wage variation
(which affects labor supply and therefore the supply of leisure) can have current
account effects analogous to those of variation in the relative price of nontraded
goods.

Appendix 4B analyzes the effects of output changes in a model with costly
investment 1 the nontraded goods sector. Convex capital installation costs slow
the economy’s response to productivity and demand shocks, making their effects

more persistent.

4.5

The Terms of Trade in a Dynamic Ricardian Model

So far in this chapter we have simplified by assuming that there is a single com-
posite traded good. This assumption has usefully focused attention on the factors
determining the relative price of nontradables and tradables taken as a group. In re-
ality, however, the goods a country exports tend to differ in at least some respects
from those it imports, and the relative price of imports and exports—the terms of
trade-——change as a result of shifts in demand and supply. These terms-of-trade
changes affect private consumption decisions, induce the creation and extinction of

31. See also Dormnbusch ( 1983), who focuses on the # = | case.
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entire industries, and are a major channel for the global transmission of macroeco-
nomic shocks. Importantly, intratemporal terms of trade changes also atfect a coun-
try’s welfare—in the same way as did the intertemporal terms of trade changes on
which we focused in the one-good-per-date models of Chapters 1 through 3. The
reason is basic: a country whose terms of trade fall receives less in return for each
unit of the good it exports.

To capture these important effects, we turn in this section to the explicit incor-
poration of the terms of trade.3? Our dynamic model, inspired by a classic paper of
Dornbusch, Fischer, and Samuelson (1977), simultaneously determines the range
of goods a country produces and its current account. The basic source of static
comparative advantage in the model is a Ricardian production structure based on
international differences in labor productivity.??

An ultimate goal of this section is to understand how the set of nontradable
goods is endogenously determined by international transport costs. Our extended
model addresses some time-honored and much-debated questions in international
economics that cannot even be asked in models with only a single good. One
of these concerns the macroeconomic factors that cause some countries to lose
industries while others gain them.

A Model with a Continuum of Goods

It proves convenient to assume that the world economy can potentially produce
a continuum of goods, indexed by z € {0, 1]. There are two countries, Home and
Foreign, and only one factor of production, labor, available in fixed quantities L in
Home and L* in Foreign. In line with Ricardo’s famous account of comparative
advantage, the countries have different technologies for producing goods out of
labor. In Home a unit of good z can be made out of ¢(z) units of labor, while in
Foreign a unit of good z can be made out of a*(z) units of labor. Our neglect of
an explicit role for capital in production reflects a desire to focus on medium-term
dynamics.

On the consumption side, there is a representative individual in each country
who maximizes

oo
U, = Z B log Cy, 37

Nt
where C is a consumption index that depends on consumption of every good z €
{0, 1] through the formula

22. The large literature on the dynamic effects of terms-of-trade shocks started with Obstfeld (1982),
Sachs (19819, and Svensson and Razin (1983). See Sen (1994) for an overview.

33, Since MacDougall's (1951) classic study, researchers have consistently found relative labor costs 10
be a powerful explanatory vanable for trade flows. The many follow-up studies include Balassa (1963)
and Golub and Hsieh (1995).
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I
C =exp / log e(z)dz |. (38)

4

As usual, Foreign consumptions are denoted by asterisks.

Take good z = 1 as the numeraire, so that the wage rates w and w* and commod-
ity prices p(z) are expressed in units of good 1. [Of course, p(1) =1 in this case.]
The consumption-based price index in terms of the numeraire is defined (as in sec-
tion 4.4.1.1) as the lowest possible cost, measured in units of good 1, of purchasing
aunit of C. Here, the price index is

!
P =exp / log p(z)dz | . 3%
0

Its derivation yields the individual’s consumption demands, and therefore merits a
digression.
Consider the problem of finding

]
min / p(Qc(z)dz
{Clyizel0M} Jo

subject to the constraint
1
C =exp / loge(z)dz | = 1.
0

Because the latter constraint 1s equivalent to

1
/ logc(2)dz =0,
)

we can find first-order conditions by differentiating [with respect to ¢(z)] the La-
Erangian cxpression

! 1
L =/ p(De()dz - /\/ log c(2)dz,

0 0
where A is a multiphier, and equating the result to 2zero. The resulting condition,
which holds for all z, is

pla)e(z) = A,

so that every good receives an equal weight in expenditure. To find the value of A
when consumption expenditure is allocated optimally, substitute the above relation
into the constraint fol log ¢(z)dz = 0 and derive

!
A =exp / log p(z)dz
0

The index P is thus given by
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1 1 1
/ pDe)dz = / rdz =X =exp / log p(z)dz |,
0 0 4]

as eq. (39) states.

Since P = A in the preceding problem, consumption of good z is given by ¢(z) =
P/p(z) when C = 1. Therefore, because the intratemporal preferences specified
in (38) are homothetic, the demand for good z when C # | is the corresponding
fraction of C,

[)
(D) = C. 40
( {/’mj} @

According to eq. (40), individual expenditure on any interval [z;. 23] C [0, 1] of
goods ts given by jl p(2)c(z)dz = (z2 — 21) PC. We will make use of this demand

function shortly. ™
Costless International Trade: Determining Wages, Prices, and Production

The easiest case to start with is one in which there are no costs of transporting
goods internationally. Since we will later derive nontradability explicitly from the
assumption of transport costs, we think of the present, frictionless, case as one in
which all goods are traded. In that setting it is easy to derive the international trade
pattern.

A useful tool for understanding the pattern of trade is the relative Home labor
productivity schedule A(z), which gives ratios of Foreign to Home required unit

labor inputs:
A(Z) = (41)

On the assumption that goods have been ordered along {0, I] so that the relative
Foreign labor requirement falls as ¢ rises, A(2) is a downward-sloping schedule,

A'(z) < 0.

The A(z) schedule helps to determine international specialization. Any good
z such that wa(z) < w*a*(z) can be produced more cheaply in Home than in

Foreign, whereas Foreign has a cost advantage over Home for any good satisfying
the reverse inequahty. Consequently, any good such that

is produced 1in Home, while goods for which

3 You may recognize eq. (40) as the special case of eq. (22) corresponding to ¢ = |
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Relative Home wage,
relative Foreign cost

A(z) = a*(z)/a(z)

wiw

0 z 1

Figure 4.8
Determining the pattern of specialization

u
— > A(2)

w*
are produced in Foreign. We arbitrarily allocate production of the marginal “cut-
oft™ good . defined by

u -
— = A(Q),

e
to Home. Given the international wage ratio, Home therefore produces the goods
in the range |0, 2} while Foreign produces the rest. Figure 4.8 is a graphic depiction
of the determination of 2.

Equilibrivm relative wages depend, however, on the range of products a country
produces. When the range of goods produced in Home expands, world demand for
Home labor services rises while world demand for Foreign labor falls. The result
is a rise in the relative Home wage. This positively sloped relationship between
production range and relative Home wages, when added to the negatively sloped
one shown in Figure 4.8, closes the model of product and factor markets.

To derive this second schedule formally, notice that in a world equilibrium, total
world consumption measured in any numeraire (good 1, say) must equal world
output, which, in turn, equals world labor income. (There is no capital in the
model) Thus

PIC+CHY=wl +uw'lL™ (42)

In equilibrium the supply of Home output, equal to Home labor income, must also
equal the demand for it. Equation (40) implies that if Home produces the goods
in [0, 7] itselt, its demand for its own goods (measured in good 1) is 2PC, and
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Relative Home wage,
relative Foreign cost

Afz) B(z;L*/L})

0

N1
-

Figure 4.9
Joint determination of wages and industry location

Foreign's demand for Home goods (similarly measured) is zPC*. By eq. (42),
clearing of the Home goods market therefore requires

wl =2P(C+ C*) =z(wlL + w*L*),

which can be solved to yield

w z L* L
= e B . 43
e lA:<L) (Z L> “3)

This upward-sloping schedule, which has been added in Figure 4.9, shows that
the relative Home wage rises with an increase in the derived demand for Home
labor. Both w/w* and ? are uniquely determined by the intersection of the A(z)
and B(z: L*/L) schedules in Figure 4.9.

il

Labor-Supply and Productivity Changes and the Terms of Trade

Some exercises help in building intuition about the model. Consider a rise in the
relative Foreign labor supply, L*/L, to L*/L’. In Figure 4.10, this change shifts
the B(z; L*/L) schedule inward (why?), resulting in a rise in the relative Home
wage 10 w'/w™ and a fall in the range of goods produced at Home, from Z to Z'.
The interval (Z’, Z] gives the range of industries that Home loses to Foreign.

How does the increase in relative Foreign labor affect real wages? Let us con-
tinue to use primes (') to denote the values of variables after the Foreign labor
supply increase.

For all goods produced by Home both before and after (that is, for all z < ),
w'/p(z)’ remains unchanged at w/p(z), since the price of any Home-produced
good z is

4.5  The Terms of Trade in a Dynamic Ricardian Model
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Figure 4.10

A nise in relative Foreign labor supply

p2) =a(Dw (44)

and the technological coefficient a(z) has not changed. That is, the purchasing
power of Home wages in terms of Home-produced goods remains constant. By the
same argument, w*'/p(z) = w*/p(z) for all z > Z, since the price of any Foreign-
produced good 1s

P =a*(Qyu’. (45)

Foreign real wages therefore remain constant in terms of goods that Foreign con-
tinues to produce.

What about Home real wages in terms of the goods Foreign produces before as
well as after its labor-supply increase? For these goods z > Z, the zero-profit con-
dition (45) holds both before and after the change. Thus the inequality w'/w* >
w/w* shows that

w’ w’ w w

—_— = > TI e
p@)  ar(QwY  a*(Qwr p(2)

implying that Home’s real wage must rise in terms of these consistent Foreign
products. A parallel argument shows that Foreign’s real wage must fall in terms
of the initial Home goods z < 7’ whose production sites remain in Home.

Finally, consider the industries that Home loses to Foreign. These z € (7', Z] can
now be produced more cheaply in Foreign than in Home, so p(z) = w¥a*(z) <
w'a(z), which implies that

' 1 w

[J(C'? alz) /)(z)'
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Home's real wage rises in terms of those goods that have become imports. precisely
because foreign costs now are lower than domestic costs. At the same time, it must

be true that

w*’ 1 u*

plzy a*(z) - P2
for Foreign's new export goods. Foreign's real wage in terms of these goods has
fallen enough to make Foreign the lower-cost production location.

Our unsurprising conclusion is that, overall, a rise in Foreign relative Tabor sup-
ply lowers its own real wage and raises Home's. What this means, though, s that
Home is better off and Foreign worse oft (per unit of labor) despite the migration of
industries tfrom Home to Foreign! The example shows that, contrary to popular no-
tions, there is no intrinsic connection between a country’s “‘competitiveness”™—its
ability to undercut rivals in international markets—and its per capita living stan-
dards.

Another way to represent the improvement in Home's relative welfare is as an
improvement in its ferms of trade. the price of its exports in terms of its imports
trom Foreign.

To evaluate how the terms of trade move, we look at the change in the average
price of Home's exports relative to the change in the average price of Foreign's
(which are Home's imports). For any good ¢ < 7’ that Home still exports after the
rise in Foreign labor supply, the log change in its price is given by log p(z)’ —
log p(z) = logw’ — log w. The log prices of goods z > Z that originally were For-
eign exports rise by the smaller percentage log w* —log w* < logw’ — log w. If no
industries at all relocated in Foreign, Home’s average export prices would simply
rise by logw’ — logw — (logw* — log w*) > O relative to Foreign's. The overall
rise in Foreign’s export prices is an average, however, of the rises in the prices of
its prior exports and in those of the new export goods it actually does capture from
Home. The log prices of the latter goods = € (27, 2} must change by strictly /ess than
log v/ — log w as a result of their move to Foreign; otherwise Foreign would have
no cost advantage over Home for those goods. As a result, Home's average export
prices still rise relative to Foreign's even after we account for industrial relocation.
Thus Home's terms of trade improve while Foreign’s worsen.

Consider next a proportional fall in Foreign unit labor requirements for all
goods, so that @*(z) = a*(z)/v. v > 1. The change induces a proportional down-
ward shift in the A(z) schedule in Figure 4.9. The Home relative wage falls, but
its decline is less than proportionate to the decline in relative Home productivity
[because B(z; L*/L) has a finite positive slope]. Home loses some industries, but
this fact does not imply that Home is worse off. Indeed, Home guins from the For-
eign productivity increase because its workers’ real wage, like that of Foreign's
workers, rises. (Show this result.) Foreign’s productivity gain is shared with Home
because Foreign's terms of trade tall (and Home's correspondingly improve) as a
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result of a more productive Foreign labor force. To see why, observe that the prices
of goods that consistently remain Home exports rise relative to those that consis-
tently remain Foreign exports because the percent fall in Home's relative wage
is less than the percent fall in Foreign unit labor requirements. Goods that shift
production from Home to Foreign experience proportional price rises below those
for consistent Home exports. Thus Home's terms of trade must rise. The example
shows that when higher productivity raises a country’'s relative wage, the relative
price of its exports may tall. The result is not general, however. In models that al-
low countries to produce the same goods that they import, higher productivity in a
country’s import-competing sector can raise its terms of trade and have a negative
impact abroad

Costless International Trade: The Current Account

As developed so far, the model determines relative wages and the international spe-
cializanon pattern without reference to saving behavior. This property comes from
the assumptions of identical international tastes and zero transport costs, without
which the division of world aggregate demand between Home and Foreign would
influence the demand for particular commodities or supply conditions. Even in the
present simple model, however, temporary economic changes influence saving and
the current account, leading to persistent changes in national welfare. We now ex-
amine these etfects.

4.54.1 Saving

The first step is to take a detailed look at saving behavior. Suppose individuals in
the two countries can borrow and lend through bonds denominated in units of the
real consumption index given in eq. (38). (That is, a bond with face value 1 costs
1 unit of C today and 15 a claim on 1 + r units of C tomorrow, where r is the real
consumption-based interest rate.) The Home current-account identity (expressed in
units of the consumption index) is
. uy, L
CA, =8, - B = 5 +rnB —C,. (46)

I

while the corresponding Foreign identity is

I*[4*
CA =B, - B ="

) 7 +rB - C. 47
!

Of course, CA = ~CA* and B = —B*. As always, we can combine eq. (46) with
the appropriate no-Ponzi condition on foreign assets to derive Home's intertempo-
ral budget constraint (similarly for Foreign).

35. For a classic analysis, see Johnson (1955).
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The intertemporal Euler equation is derived by maximizing U, in eq. (37) subject
to eq. (46). Substituting eq. (46) into eq. (37) gives the maximand

[ ¥}
wy L
U= log l:(l +r)By — Byt + A;)—} ,

y=1 !

which, upon differentiation with respect to B, 1, yields the intertemporal Euler

condition
Crpr= (1 +r1IBC (48)

The corresponding (and identical) Euler equation for C* follows similarly.
To carry out our dynamic analysis, we assume the world economy starts out ina
steady state. Equation (48) implies that the steady-state world real interest rate is

(Steady-state variables are marked with overbars.) Steady-state Home and Foreign

total consumption levels are

- - wl - - w*L*

C=rB+ —, C*=—rB+ —=—. (49)
P P

The steady-state wages, international production pattern, and prices are those de-

termined by Figure 4.9 and egs. (44) and (45), given unchanging technologies and

labor forces. Consumption levels for individual commodities are determined by eq.

(40).

4.5.4.2 Current-Account Effects of Temporary Changes

Unexpected permanent changes, such as a permanent rise in Foreign productivity,
have no current-account effects in the model. Consumption levels adjust immedi-
ately to those given by eq. (49). Temporary changes can induce changes in current
accounts and the world interest rate, however. To analyze these, we make two sim-
plitying assumptions. First, the world economy is initially (before the unexpected,
temporary shock occurs) in a symmetric steady state, denoted by zero subscripts,
in which By = ~ B’(’; = 0. Second, the temporary shock is reversed after a single pe-
riod. The second assumption means that the world economy reaches its new steady
state in only one period. We refer to the initial, preshock steady state as the world
economy’s “baseline” path, and we compute deviations from that reference path.
To illustrate the workings of the model, we consider an unexpected, one-period
increase in Foreign productivity—the same proportional fall in a”(z) (across all z)
that we studied in section 4.5.3. To parameterize the change, we suppose that, for
every z, a*(z) falls to a*(z)/v, where v > 1 for one period only before reverting
to its prior level. The easiest way to compute the short-run impact 1s to work

ro
w
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backward from the new steady state that is reached the period after the temporary
Foreign productivity increase.

The productivity shock is temporary, and wages and prices do not depend on
the international distribution of wealth. Furthermore, the steady-state interest rate
r doesn’t change. Thus, ¢q. (49) imphes that percent changes in steady-state con-
sumption levels are simply
= FdB = —rdB

C‘—‘iV, C*: e 5
Cy c; (50)

In general, “hats™ over variables with overbars will denote percent changes in
steady-state values, for example, C = dC/Cy.

For infinitesimal changes, a logarithmic approximation to the Euler equation (48)
shows the relationship between short-run and long-run consumption changes and
the world nterest rate. (Since we rely heavily on logarithmic approximations in
what follows, we will refresh your memory and present the first derivation in detail.)
Taking natural logarithms of the Euler equation yields

log Cryy =log(l + rpy) +log B+ log G,

the differential of which is

dCryy driyy dC;
e = e e,
Cri L+ ry C,

If the economy is initially (on date 1) on a baseline steady-state path with Cr4) =
C,=Cyand riy =r = (1 — 8)/B, and will reach 1ts new steady state in period
1 + 1, the preceding equation becomes

C=0-pr+C, (5D

where hatted variables without overbars refer to short-run (i.e., date r) deviations
trom the baseline path. The corresponding Foreign equation is

Cr=(1~ P+ O (52)
To economize on notation, let’s assume that, initially,

L=L" and A(1/2)=1,

so that

0=1/2

and the two countries initially have equal wage, real-output, and consumption
levels. Under these assumptions, we compute the short-run real interest rate change.
Since the new steady-state output levels equal the original ones, the long-run change
in world consumption is nik:
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e Y Cr =

JdC + 4 C = e ~ (C+Cr
= 2

which shows that a temporary expansion of world consumption must be associ-

ated with o fall in the world real interest rate. To determine 7, we next want to
. . V5 P
solve for the percentage short-run change in world consumption, 5 ((_ +C*).

Log-differentiating eq. (42) yields

c+e _wtuwt 4 (53)

R 2

Price equations (44) and (45), together with the definition of the price index P in
eq. (39), show that, while Foreign productivity is temporarily high,

: 1 * %

: w*a™(z)
P o= cexp [|:/ log wa(z)dz + / log ————dz

0" : v
Log-differentiating with respect to v and evaluating at the initia} symmetric steady
state (where v = 1), we get™
b W+ w _ i (54)
2 2

Combination of this with eq. (53) leads to the simple result that world consumption
rises by the percentage increase in world productivity,

which implies a fall in the world interest rate equal to

PO (55)
200 = p)

30, To derive the tollowing, notice that because the wages and 7 are functions of v but the technological
coetticients ¢(z) and ¢*(2) do not change,

V2
dP = P { [log iaall/2) — logiga”(1/2)] 42 +/ tdz +/
v 1/2

(@* - ) d:} .

But dga(1/2) = wia*(1/2) st the initial steady state, by our assumption of initial symmetry.
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We next use the preceding real interest rate change to figure out short- and long-
run consumption changes and the current account. Log-differentiation of eq. (46)
shows that*?
dB . . dB”
== Co= ==
Co )

|

i
~

T

|

|

|

|

\
1!

|

Use of eq. {54) to eliminate P in this expression shows, however, that

dB W -0t 40 ¢ 56
S = e — 56)
Co 2

Let's find the change in relative international wages. From the fact that w/w” =
A(Z)/v, we see that, starting from the initial steady state,

Wt =0+ A'(1/2)dz

[recall we've assumed A(1/2) = 1 and 2 = 1/2]. But now go back to eq. (43): log-
differentiation of that relationship and evaluation at the initial steady state yields
w— = 4dz,

which allows us to solve for o — % as

D

wo— ot = ?:—%—;—(—%—5 (57

Home's relative wage falls temporarily, but less than in proportion to the increased
average productivity ditterential (just as in the static analysis of section 4.5.3).

To find the equilibrium current-account effect of the productivity disturbance,
substitute egs. (51) and (57) into eq. (56) 1o obtain

37. Equation {(46) is

uy L
By~ B = e +r B - C.
t

Since the economy goes from one zero-saving steady state 10 a new one between dates r and 1 + 1, the
left-hund side above 1s dB. Taking the ditferential of the right-hand side, and noting that d(r,; B,) = 0
because date £ interest carnings are determined in period 1 — 1, we have

dw wol AP wel e

dB = - = = =
wy o v Py

Initial foreign assets are zero by assumption, so eq. (49) states that Co = wyL/ Py. Division by Cy thus
yields the next equation in the text,
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Then substitute egs. (50) and (55) into the last expression to conclude that

air_ ~A(3)0 B

oo m) Co 2

which simplities to
dB -9
o (4 [2 ‘A(L)]

Obviously, Foreign's current account surplus has to balance Home's deficit,

< 0. (58)

e
o +i-)[2— %A'(g)]

Correspondingly, eq. (50) yields the long-run consumption changes

> 0.

= o -
‘ _(1+f)[ ~%A/<%)j|— < (59)

The last equation has a clear and intuitive interpretation. The temporary produc-

tivity rise in Foreign opens up a one-period real wage differential given by eq.
(57). Given the fall in the world interest rate, eq. (55), implied by our symmetry
assumptions, Foreign's current-account surplus is only large enough to raise long-
run consumption by hulf the annuity value of its temporary income gain relative 1o
Home. Without the short-run interest rate fall, Home would actually desire a sur-
plus, too. Why? As in the static analysis of section 4.5.3, despite the loss of some
industries, Home's real income rises temporarily when Foreign productivity does.

In this dynamic setting, Home regains its lost industries in the long run but its
weltare is lower after the initial period due to the permanent debt it has incurred
to Foreign. Foreign is better off in the long as well as in the short run. One can
also show (as we ask you to do in end-of-chapter exercise 7) that Home’s first-
period welfare gain outweighs its subsequent losses. The intuition is that Home's
optimizing residents would, by the envelope theorem, incur only a second-order
welfare loss were they to spend exactly their income in the first period. Thus the
logic of the static case applies: Foreign’s good fortune indirectly benefits Home by
raising its terms of trade.

| .

[ N—
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Transport Costs and Nontraded Goods

So far we have abstracted trom costs of shipping goods between countries, but con-
sideration of international transport costs shows how some of the goods countries
produce can become nontraded.

4.5.5.1 Transport Costs and International Specialization

Imagine that a fraction « of any good shipped between countries evaporates in
transit. (Think of melung ice cream.) Under this assumption, it is no longer true
that countries will produce only those goods they can produce more cheaply than
foreign competitors. It costs Home wa(z) to produce a unit of good z, but the cost
of importing a unit of the good from Foreign is no Jonger u*a™(2): instead 1t costs
atotad of wrat(2)/(1 -~ «) to import a unit of good = from Foreign. Given wages,
those goods such that wa(e) - wa®(2)/(1 - ), that s,

w A(2) u*(z)

<

w* -« (I —x)a(z)

are produced in Home. Similarly, Foreign produces goods such that w*a*(z) <
wa(z) /{1 — «). Foreign therefore produces when

w a*(z)

— > (1 —x}A@) = (1 —«) .
w* a(z)

Figure 4.11 depicts the pattern of international specialization for a given inter-
national wage ratio w/w* and a given proportional international transport cost «.
Home produces all 2 to the left of the cutoft 2", which is defined by
wo AY)

w* I —«

To be detinitive, we assume, arbitrarily, that Home does not produce good z".
Similarly, Foreign produces all z to the right of =", which is defined by
w
il U KA,
but we assume Foreign does not produce good z'. Goods z € {0, z'] are produced
exclusively in Home and exported, since Home's inherent cost advantage in these
products is high enough to outweigh the transport costs. At the same time, For-
eign’s cost advantage in goods z € [z, 1] s so great that those goods are produced
exclusively there and exported.

Goods z € (zF, z") are produced in both countries—something that could not
occur without posttive transport costs——and do not enter international trade. Why?
If z € (2%, "), then, as Figure 4.11 shows,
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Relative Home wage,
relative Foreign cost
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Figure 4.11
Specialization with transport costs

wrart(z)
wa(g) < —.
1 —«
but
. walz)
wiaT{I) < e
I —«

meaning that each country can obtain the good more cheaply through domestic
production than through importation.

Since the goods in (", z") are nontraded, they may have distinct prices p(z) =
wa(zy and p*(z) = w*a*(z) in Home and in Foreign. But traded goods—those in
10,21 U 2", I]—are no longer subject to the law of one price either. The price
of a traded good must be « percent higher in the importing than in the exporting
country. An implication of these cross-border price differentials, of course, is that
each country will have its own consumer price index in terms of the numeraire,
which we can take to be units of good 1 delivered in Foreign. Formula (39) implies
that the Home and Foreign price levels now are given, respectively, by

o

z ! w*a*(z)
exp /(: l()g[ll)a(z)]dz+[‘| log[ﬁj] 7.

! a(z) ‘ .
exp / l()g[ua( “dz +/ log [w*a*(z)]dz
1] R

1 —« |

/)

il

(60)

i

P

From these expressions follows the real exchange rate,

Lo
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n

P N (s
— =¢xp / I()g ': "ﬁ(_, L] d: + [f, - (] — ?")] |(\g(| — K)

re wrart(z)

This ratio depends on the ratio of nontraded goods® prices in the two countries. But
in the present model 22/ is not a function simply of the ratio of Home to Foreign
prices for nontraded goods. More subtly, the real exchange rate also depends on
the international specialization pattern. If 2" rises, say, the range of goods Foreign
must import trom Home expands (other things being the sume). Because the prices
of these goods mclude transport costs, Foreign's consumer price index rises relative
to Home's [recall that log(l - x) < O]

4.5.5.2  Joint Determination of Relative Wages and
International Specialization

We now develop a diagram to illustrate the joint determination of 7', ", and
w/w*. For that purpose, we need, as earlier, to analyze the linkage between world
spending patterns and international relative wages. The global equality of income

and consumption spending corresponding to eq. (42) is™¥
PCH+ PC =wl +uw"L". (61)

Moreover, the equilibrium supply of Home output, equal to wi., must balance the
equilibnum global demand for it:

wl =2"PC+ P pPC*

JPC+ I (wh +uwtlr ~ PC). (62)

To simplify this expression, recall that Home's trade balance T B is the excess of
output over spending:

T'B=wl - PC. (63)

[Observe that T B, equal to the current account less the interest earnings on Home's
claims on Foreign, 1s the net transfer of currently available resources to Foreign
from Home, or the excess of output exports over imports. Clearly, eq. (61) implies
TB = —TA8"] Using eq. (63) to eliminate PC from the second line of eq. (62)
yields the present model’s analog of eq. (43):

AR Because some portion of a truded good dissipates in transit, it is no longer the case that world
consumption equals world output. The price indexes £ and P* in eq. (60), however, explicitly account
for transport costs by recogmizing that people must pay CIF (cost, insurance, and freight) prices for
imports, not FOB (tree on board) prices. Equation (61) below therefore states that world output equals
world consumption spending inclusive of spending on transport costs. Equations (62) and (63) have
similar interpretations.
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, _ :'." vzl- TB LA\ L
B e KA g L (64)
u* [L‘/(l'(l)} (l _Z”)

where we have used the fact that, since the numeraire is good | delivered in For-
eign, w* = p*(1H/a*(1) = 1/a*(1)."

So far our analysis is very similar to that in section 4.5.2. The main complication
is that, instead of simply determining w/w* and the single cutoft commodity Z,
there are now two separate cutofts, z"* and z, to be determined. We simplify our
problem by observing that we can write one of these, z", say, as a function of the
other. Notice from Figure 4.11 that, whatever the wage ratio, z' and =" must satisfy

the relationship®

(1 - )A(Z") = A/ = «x).

Because the A(z) function is strictly decreasing over [0, 1], it has an inverse, de-
noted A~ '(z). The preceding equation can be solved for z" in terms of that inverse:
M=t [(1 - KA (:,‘ )} Purely to cut down on notation, we now assume a spe-
citic tunctional form for A(z),

A(z) =exp(l —22),

which corresponds, for example, to the assumptions a(z) = exp(z) and a*(z) =
exp(] — z). Under the functional form above, z" and z© are related by the equation
(I —x)exp(l =2z = {cxp(l — 21”)] /(1 — «), or, taking natural logs,

M= = log(l —«). (65)
This last equation lets us write eq. (64) in terms of zF alone:

log(l —x)T B . 1L*/L
wo_Jles =i B / _ (66)
w* {L*/u*(l)] [l + log(1 —K)«Z’]

We write this last schedule, viewed as a function of z, as w/w* = B (z). To summa-
rize. B(z) shows the market-clearing international wage ratio given any z¥, taking
account of the implied value of 2"

Figure 4.12 (the analog of Figure 4.9) shows the determination of z*, 2", and
w/w*, given 7B = 0. The intersection of the schedule (1 — «x)A(z) with ii(z)

determines zF and w/w*. From the schedule A(z)/(1 — «) we then read off 4

39. Of course, eq. (64) reduces to eq. (43) when there are no transport costs and, theretore, M=z
40). Recall how this condition follows from the two conditions wa{z") = w”¢*(z"")/(1 — «), which
equates the domestic production cost of Home's cutoff good to the cost of importing that good from
Foreign, and the corresponding condition for Foreign’s cutoff good, w*a*(z") = wa(z")/(1 — ).

41. We have drawn B(z) as positively sloped. You can verify from eq. (66) that this is correct. Of
course, we assume « is small enough that there actually is some trade.

4.5  The Terms of Trade in 4 Dynamic Ricardian Model

Relative Home wags,
relative Foreign cost

(1 - K)A(Z) B(z)

w/w

0 zF 2H 1

Figure 4.12
Endogenous determination of nontradability

4.5.5.3 Permanent Shocks and Relative Prices

Figure 4.12 allows straightforward extension of the exercises carried out in the
case of zero transport costs. One major difference between the present case and
the earlier one, however, is that demand conditions now affect international wages
and the pattern of global specialization through the trade balance term in eq. (66),
which shifts the B(z) schedule. Permanent changes of the sort we discuss next,
however, do not alter a stock of net foreign claims that initially is zero or create
a current-account imbalance. They accordingly leave the trade balance unchanged.
The term T B in eq. (66) therefore can be held tixed at 7B = 0. In this special case
B(z) reduces 1o

2! L*
| (T

and thus is simply a steeper leftward-shifted version of the function B (z; L*/L)
introduced 1n eq. (43).

Consider first a rise in the relative Foreign labor supply, illustrated in Fig-
ure 4.13. The function B(z) shifts inward, leading to a rise in Home's relative
wage, a reduction in the range of goods produced in Home, and an expansion
in the range produced in Foreign. The fall in Foreign’s relative wage allows it
to export some goods, those in {z%, z"), that previously were nontraded. For the
same reason, some goods previously exported by Home, those in (z¥, ¥}, become
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Relative Home wage,
relative Foreign cost

L1 - 0A®) B(z)' B(z)

A@)/(1 - K)

Figure 4.13
A rise 1 relative Foreign labor supply

nontraded. Home benetits at Foreign's expense from the resulting change in the
- . - 2

terins of trade, just as in the case of zero transports costs ¥

Furthermore, Home's real exchange rate, P/ P*, rises. To see why, we refer 1o
eq. (60) and urgue that for every z € [0, 1] p(2)'/p™(2)" = p(2)/ p*(2). Figure 4.13
shows that {0, 1] is made up of four disjoint categories:
1. For goods that were and remain nontraded, those in (2", 2'), the nse in w/w*
obviously implies a rise in the Home price relative to that in Foreign.
2. Goods in (z¥, 2] are newly nontraded goods that Home previously exported to
Foreign. For these goods, the new Home-Foreign price ratio exceeds its prior vatue
| — x because
w'alz)
e s M a " (2),
l —«
3. Goods in [2'Y, 2" are formerly nontraded goods that Foreign now exports to
Home. Because these goods satisfled

wra™(z)

wa(z) < —4——

| —«
before the change. the new Home-Foreign price ratio, 1/(1 — ), also exceeds its

prior level.

42, This i left as an exercise, which you should not attempt until completing excrcise 7 at the end of

this chapter

PAN

4.5 The Terms of Trade in a Dynamic Ricardian Model

4. Finally, goods in {0, z*'JU 2", 1] were and remain traded. These goods continue
at the same international price ratio, which is determined entirely by transport

COSts.

What is the effect of a proportional fall in Foreign’s unit labor requirements for
all goods? You can verify that, as in the & = 0 case, Home’s wage falls relative to
Foreign's, but its real wage and terms of trade rise. Home's terms-of-trade increase
allows it to pay for the wider range of exports Foreign now produces despite the
shift of more of the Home labor foree into nontraded goods. Finally, P* nses
relative to £, so that Foreign's relative productivity gain leads to a nise in its real

exchange rate.
4.5.5.4 The Classical Transfer Problem

The Versailles Treaty that ended World War 1 required Germany to make large
reparations payments to the victors. In the late 1920s, John Maynard Keynes and
Berul Ohlin carried on a famous debate over the effects of such payments on the
terms of trade.** Keynes argued that the paying country would suffer a deterio-
ration in its terms of trade that would aggravate the primary harm of making a
foreign tribute. Ohlin took a different view, pointing out that the payer’s terms of
trade would not need to deteriorate if the recipient spent the transfer on the payer’s
goods. Ohlin’s case seems to be borne out by the model of section 4.5.2, in which
international wages and the production pattern are determined independently of na-
tional consumption levels. In that model, a pure redistribution of income between
countries has no effects.

The mode! with transport costs, however, does incorporate a transfer effect of
the sort Keynes predicted: it enters through the term 78 in eq. (66). A positive
Home trade balance, for example, implies that Home's production exceeds its
consumption in value, so that Home is making a transfer of resources to Foreign.
Suppose that T'B rises from an initial value of zero. In Figure 4.12, the effect is to
tower the B(z) schedule, lowering Home's relative wage and increasing the range
of goods Home produces for export. Accompanying this change is a fall in Home's
real wage, a fall in its real exchange rate, and, as Keynes asserted, a fall in its terms
of trade.

What explains the Keynesian transfer effect here? Foreign spends part of any
transfer from Home on its own nontraded goods, and this additional demand
draws labor out of Foreign's export sector, whose output contracts. The relative
scarcity of Foreign exports raises their price compared with Home exports, and,
by implication, raises the relative Foreign wage. The wage change turns some of
Homie's iitial nontraded goods into exports and some of Foreign’s initial exports

43 See Keynes (1929) and Ohlin (19249)
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Box 4.2
The Transter Etfect for Industrial Countries

For industrial countries, the Keynesian transfer effect receives confirmation from
the cross-sectional relation between changes in countries’ net external assets and
changes in their real exchange rates and terms of trade vis-a-vis trading partners.
Figure 4.14 shows the positive association between the 1981-90 change in net for-
eign assets (measured as a percent of GDP) and the change in a trade-weighted real
exchange rate measure based on wholesale price indexes, which contain fewer non-
tradables than CPls. Changes are calculated as 1986-90 averages less 1981-85 aver-
ages.

Least squares regression yields a significantly positive slope estimate, the magni-
tude of which suggests that a | percent of GDP rise in net foreign wealth is associated
with a | percent real appreciation. The precise structural mechanism generating the
statistical association between these two endogenous variables is, however, uncertain.
Our Ricurdian model with transport costs suggests one, but others are possible.”

* For alternative models, see Buiter (1989) and Obstleld and Rogottf (1995b).

into nontradables. Box 4.2 provides some evidence consistent with this transfer

effect.
Temporary Productivity Shocks and the Current Account

The model with transport costs provides a richer setting in which to investigate
temporary shocks, such as the temporary foreign productivity rise we thought
about earlier. Such shocks not only have current account effects, but those ef-
fects now permanently alter the terms of trade, the relative prices of traded
and nontraded goods, and the international location of industries.*! As in sec-
tion 4.5.4.2, we illustrate the model’s dynamics by considering an unexpected
temporary (one-period) Foreign productivity increase, modeled once again as a
uniform fall in a*(z) to a*(z)/v, v > 1. lasting one period only.

While conceptually straightforward, a complete algebraic analysis of the model
is lengthy, and therefore we provide only a verbal description of what happens.
Home runs a current account deficit (and Foreign runs a surplus) while Foreign's
productivity is temporarily high. Thus, dB < 0. Even though Home experiences a
transitory increase in its terms of trade, a fall in the world interest rate induces it to
raise Hrst-period consumption beyond the first-period increase in its real income.
Foreign also raises its consumption, but initially does so by less than its short-run
income increase. Home experiences a short-run real appreciation, and Foreign, a

44, As usual, eftects that are permanent in the present model might erode over time in models with
alternative demographic structures.
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Net foreign assets and the terms of trade, 1981-90

real depreciation, as the relative prices of nontraded goods are bid up in Home and
tall in Foreign.

The other factor contributing to Home’s real appreciation is a short-run shift in
the international production pattern. Home's relative wage does not fall in propor-
tion to its greater productivity disadvantage, so its traded-goods sector contracts (21
falls) while Foreign's expands (z" falls). Perhaps surprisingly, these effects are re-
versed in the long run. In the steady state Home is making a transfer of —FdB > 0
to Foreign and productivity has returned to initial levels, so Home's relative wage
15 lower than before the shock. In terms of Figure 4.12, the B(z) curve has shifted
outward along unchanged A(z) curves. The reduction in Home's relative wage al-
lows it to run a wider range of industries in the long run.

This expansion of the traded-goods sector is no cause for joy, however. Home's
greater competitiveness comes from the lower real wages at which its labor force
works. Starting from the new long-run position, Home is worse off because of the
primary and secondary etfects of the transfer it must make to Foreign. It can be
shown, however, that Home's first-period gain outweighs its subsequent losses. In
a present-value sense Home benefits from Foreign’s temporarily high productivity.
So, of course, does Foreign. As we noted in discussing the similar welfare effects
of productivity changes when there are no transport costs, the proposition that all
countries gain from a productivity increase anywhere in the world need not always
be true.
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Appendix 4A  Endogenous Labor Supply, Revisited

In section 2.5.3, we introduced a period utility function of the form u(C, I — L), where C
was consumption of the single available good, L the individual's time endowment, L his
lubor supply, and L. — L. therefore. leisure. The results of that section can be readily under-
stood and extended now, because leisure is an example of a nontraded good. Our previous
results go through with C = . L — L = Cy. and w, the wage in terms of tradables, inter-
preted as p. Insection 2.5.3 we implicitly assumed a CES-isoelastic period utility function
such that # = 1, but now we are less restrictive. For an arbitrary 6 = (0. Euler equation (34)
governs the behavior of consumption, with £ given by

I
T
I’r[y+(l—y)uv‘ ”] .

The number of hours in a day, L, cannot change, but several other factors, notably
shifts in productivity, can change the wage and the consumption-based real interest rate.
Accordingly, the current account will not be determined the same way as in a mode! with no
leisure, except in special cases.

This is apparent from the consumption function, which we derive by working backward
from eq. (35). (We retain T subscripts on consumptions and outputs to avord confusion, even
though all consusmption goods are now tradable.) Reasoning similar to that used in eq. (30)
lets us rewrite eq. (35) (under pertect foresight) as

s
000+ B () -6

N
X ] ()

This form is somewhat inconvenient as an analytical tool, however, because labor supply
1., is now an endogenous variable. To get around this inconvenience, we note that L, =
I~ (L. — L.}, and, using the implication of eq. (22) that

) ] -
L L, =0, (4)/) w ",
4

we transtorm the ast version of the consumption function into

. LT - ARG . i
O +rQ + Y, (r;';> wl - (L= —1)c -G,

S ()

In deriving this equation we have manipulated the price index to write u
y)/t1 — y). Now use Euler equation (34) 1o write the future consumption levels C ; on the
right-hand side of the preceding equation in terms of the date 7 value ¢, ,. Simplification

Cryp =

1t pl®

yields

-

> 1 ¥ .
():(l+r)Q1+Z<'I"17> (ul = Gry)
Ne=d

_ o-f
(D o (5 e
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Observe that we can rewrite the summation that multiplies C, ; as

i R [11 + )n:xﬁn]‘“’ (l’\‘ ""(H)”"”
L , b L
; ) (&

s=1
PI-H Y P a-—1
= Z[(l+r)‘ '<}5')} poun.
14 y=d s

Solving for €y, therefore gives

‘ oy aene s £ () el -6 Ly
() el e
! Py, [(|+,).\—:('}:‘L)} pgots-n 3

where C, = Q(C, ;. L — L) is the CES consumption index given in eq. (13). The second
equality in eq. (67) follows from reinterpreting the exogenous labor endowment variables in
eq. (29) as being equal o L. [tis the sume as eq. (22).

To complete the picture of equilibrium, we recall how wages are determined. Let out-
put (all of which is tradable here) be given by the production function Y = Af (k)L. Then
w depends on r and A through the factor-price tronuer (6): w = w(r, 4). Equilibrium con-
sumption theretore 1s

) s (1+r)Q,+)::i,(IL,>PI[w(r,AJ)I:—Gm]
} . (68)

C”:y{f’[uv(r Al Platr.an 127! )
A D {(I+r)‘ IA,LM} gD

Plur.A}Y)

s=t

where the price index P has been written in a way that exhibits its dependence on the
current wage. The associated optimal demand for leisure is just L - L, = [(X -y) C,.,/y}
w(r, A" International capital flows ensure that, given the wage, this demand for leisure
plus the demand for labor by firms equals L.

To see some implications ot the model, assume consumers come 1o expect a future rise
in the productivity parameter A, an event that will raise the wage w and, with it, the price
level P Even though the current wage and price level are unchanged, the anticipated wage
changes represented in the numerator of eq. (68) work to raise current consumption as well
as letsure. I o > 1 the foregoing positive effects on consumption and leisure are reinforced
by long-term real interest rates that are below r. Butif o < 1, the real interest rate changes
dampen the rises in consumption and leisure.

The current-account effects of the anticipated productivity rise mirror these consumption
and leisure effects. The higher is o, the greater is the fall in the current account. This
happens for two reasons: the consumption increase is greater, and since the increase in
leisure also is greater, output falls more. See Bean (1986) for discussion of terms-of-trade
shocks.

Macroeconomic theories seeking to explain business-cycle fluctuations in terms of
market-clearing models rely heavily on the effect of wage movements on leisure, Consider a
variant of the problem we've just analyzed, an unanticipated temporary fall in the productiv-
ity parameter A, which temporarily depresses the wage. The effect on leisure is ambiguous:
the income ctfect of lower lifetime wealth calls for less leisure, the substitution effect of a
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lower current wage, for more. If o > 1, however, the real interest rate etfect of the expected
future rise in w (and hence in P) pulls in the direction of more leisure.

The intertemporal-substitution theory of employment fluctuatrions holds that these mech-
anisms can rationalize observed business-cycle fluctuations in employment. In theory, a
transitory negative productivity shock, even if it leads to a wage decline as small as those
typically observed, could elicit a large negative labor-supply response through its effect on
the consumption-based real interest rate. Some (though by no means all) economists believe,
however, that actual intertemporal substitution elasticities are o low (somewhere below
o = 0.5) to make this story plausible.*® Furthermore, an important role for real interest rates
makes it harder to explain the negative correlation between leisure and consumption that we
see in the data.

Appendix 4B Costly Capital Mobility and Short-Run Relative Price Adjustment

4B.1

The chapter has so far assumed that capital can move without cost both across national
borders and within different sectors of an economy. This assumption is patently unrealis-
tic: while it may apply in the long run, it obscures the short-run response of relative prices
to demand and productivity shocks, as well as the concurrent transitional consumption ef-
fects. To give an idea of the effects of costly capital mobility, this appendix develops a
simple model with costly capital installation, along the lines of the ¢ model introduced
in Chapter 2. The resulting short-run “stickiness™ in capital gives demand-side factors a
prominent and persistent role in determining the relative price of tradables.*® This role
is in sharp contrast to our analysis in section 4.2.1, where demand fuctors did not af-
fect p.

Assumptions of the Model

The model assumes that there is a speed-of-adjustment difterential between the sectors pro-
ducing traded and nontraded goods. The traded-goods sector can adjust its entire capital
stock 1n a single period, as in the chapter, whereas the nontraded-goods sector fuces increas-
ing marginal costs of capital instatlation, as in the ¢ model. Thus the representative producer
of nontradables maximizes

. l ol « B X 5 .
> ( "FZ) [p\AMKN,(LLV\.“ = 5 (R K =L = 1} ,

yist

given K. subject to Iy, = AKy 41, where the notation is as in section 2.5.2 except
that we assume a specific Cobb-Douglas form for the production function. The “short run”
we will refer to considers the variable Ky, as predetermined. We are assuming that the
mstallation costs § (Is_\/KN.\) are “paid” in terms of tradables and do not reduce net output

45, For a review of micro-data estimates of intertemporal substitution elasticities relating to labor
supply. see Heckman (1993). It is hard in any case o detect any definite cyclical pattern in aggregate
measures of United States real wages, except perhaps atter 1970 (see Abraham and Haltiwanger, 1995).
Ostry and Reinhart (1992) present aggregate Euler equation estimates of o tor developing countries in
the range of o = 0.4 10 0.8,

46, Alternative models with nontradables and costly investment are studied by McKenzie (1982), P.
Brock (19881, and Gavin (1990).
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of nontradables. This assumption is irrelevant at the level of the firm, but it does affect the
way we specity the economy’s equilibrium.

Our assumption on differential adjustment speeds reflects the idea that the outward-
oriented tradables sector is relatively flexible and dynamic. Otherwise, the production side
of the model is exactly as in section .21, In particular, labor can migrate instantaneously
between sectors, ensuring a unigue economy-wide wage.

Letting ¢ denote the shadow price of installed capital in nontradables, we record the first-
arder conditions for profit maximization by firms as

(= a)p Ay, M
LN‘.! = [" ! e } KN..\v (69)
uyv)
. q. -
KN,.H! — Ky =~ Ky (70)
X
Ly 701 )
dort =G =rdy = poaiAnsnra | 2 - =Gt — D (1)
N+ 1 <X

The first of these equations results from equating the marginal value product of labor to the
wage, and the second and third are derived exactly as in Chapter 2, egs. (63) and (64). As
in this chapter’s body, the wage is given by the factor-price frontier for tradables [eq. (6}],
with costless capital mobility in that sector ensuring a cleared national labor market at the
technologically determined wage.

Now we make some simplifying assumptions on demand. The period utility function has
constant, unitary elasticities of inter- and intratemporal substitution (o = # = 1). Further,
A1+ r) = 1. Accordingly, equilibrium consumption of tradables is constant along perfect-
foresight paths, and is given by eq. (35), modified to retlect the deadweight cost of installing
capital in the nontraded sector:

(‘l,l :61

r x 1 st
:ITr (1+V)BI+Z<‘+r> ;:yr,xfls‘GLx‘

y=1

RN

(If,s/KN,.e)} (1)

Short-Run Equilibrium

Equilibrium in the nontradables market holds when
Cu+ Gy=VYu=AKELL™

(we omit time subscripts until they are needed again). Assume that each period the govern-
ment fixes its expenditure of tradables on nontraded goods at Gy = pGy. Because eq. (22)
implics that Cy = (1 — y)C,/y p, the equilibrium condition for nontradeds becomes

_(_l: )’)61 + g
ypr

Putting this together with e¢q. (69), we find short-run equilibrium values of p and Ly:

= A KL

IUIA& [(l - y)(—l/)’ + GN]
A S 3
r (I~ )" AKE 7
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(74)

(1 —a) [(l - Ci/y + (;N]
Ly= .
u

Notice that when K is given in the short run, eq. (73) makes p a function of the demand
variable [(l —y)C,/y + Gy |, in contrast to the long-run result of section 4.2.1.

As you can verify, however, eq. (74), even though valid in the short run. is the same as in
a model without investment costs. Indeed, Ly does not depend on Ky at all! It K, rises by
n percent, other things being the same, output of nontradables rises by an percent, and their
price therefore falls by an percent to generate a market-clearing orn percent rise in demand.
So the nontradables market 1s restored to equilibrium with no reallocation of labor between
sectors. This remarkable result, which is not in the least general, comes from our assumption
of unitary intratemporal substitution elasticities in production and consumption. Despite its
knife-edge nature, we can use this special case to shed light on the price dynamics that result
when Ky adjusts only gradually to its long-run position.

Equilibrium Dynamics and Long-Run Equilibrium

The casiest case to consider is one in which the productivity parameters A, and Ay (as well
as the world interest rate) are expected to remain constant in the future, so that the wage
w and lubor input Ly also are constant along a perfect-foresight path. As in Chapter 2, we
can develop a two-equation phase diagram in ¢ and Ky depicting the economy’s dynamics.
Equation (70) provides one equation. The other comes from substituting eys. (73), (74), and
(70y into eq. (71) to obtain

U[H“Y)(ir/}’“f"(.;r«] 1 ,
Giv) = o = gy e e e ( - 1" (75)
{1+ ) Y« oy Ko {l g - I)/X] Iy i+l

The stationary position of the system of egs. (75) and (70) is denoted by

g=1, Ku=

o [(1 — iy + (;N]
. .

Notice that Ku/Ly = aw/(1 — a)r, which implies that in the long run, the marginal value
product of capital in the nontraded sector is restored to r.

As 1n section 2.5.2, it is simplest to analyze the dynamics of egs. (75) and (70) by lineariz-
ing those equations around the steady state ¢ = 1, K. The approximate linear system is

. . K
Knrot = Kno= 2% (g = 1),
X

o [“ - )’)El/y +(;N]
XK

Gy — 4 =7+ (g — 1

u[(l-y)ﬁ‘,/y+(}~] _
]_X' (KN-'_KN)'

-+
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Capital shadow price, g
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1
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Market clearing in
nontradables
Price of nontradables, p
Figure 4.15

Nontradables and gradual capital adjustment

The dynamics of this system are of the usual saddle-point variety, as illustrated in the upper
panel of Figure 4.15, where 8§ is the unique convergent path. The lower panel is drawn
so that the relative price of nontradables, p, rises as one moves downward along the vertical
axis. Graphed there is the short-run equilibrium condition (73), which shows how p depends
on K for given values of w, Ax, Cy, and Gy. Since these four variables are constant during
the transition process (it no unforeseen shocks occur), eq. (73) shows how p will fall as K
rises over ime and shifts the economy's supply curve for nontradables to the right.

Shocks to Government Spending and Productivity

We now have a framework allowing us to analyze in detail the dynamic impact of demand
tactors. Consider what happens on date 1, for example, when the government unexpect-
edly and permanently increases Gy, the total amount of tradable goods budgeted for public
spending on nontradables. Equation (72) can be used to show that a fall in Cy to a per-
manently lower level results from the rise in Gy. The reasoning is as follows. There is an
immediate shift of labor into nontradables production and, after a period, a further labor out-
flow from tradables to balance the reduction AK, in the tradable sector’s capital at the end
of period 1. The capital thus released flows abroad to maintain at r the domestic marginal
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product of capital in tradables. The intersectoral allocation of the labor force remains steady
absent further surprises [recall eq. (74)], so neither Ky nor Yy changes again after the ini-
tial period of the public spending shift. But the increase in demand for nontradables sets
off a period of costly investment in that sector. Let ALy denote the total (negative) change
in tradables employment between dates 1 — 1 and 1 + | that occurs in response to the ini-
tial shock. Adding up all of the relevant effects shows that the date 1 present value of net

tradables output talls by the positive amount:

. A
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(Y, loss) — wsevee wAL, + (present vilue of Iy, including installation losses).
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As iresult, € also falls.

Notice that the sum (1 -~ y)(i',/y + (?N, which equals total spending on nontradables
measured in units of trudables, necessarily rises; otherwise, the factors causing C, to fall
in the first place would be reversed. Equation (73) therefore shows that p rises for every
value of K. making the locus in the lower panel of Figure 4.15 shift toward the bottom of
the page. In the upper panel of Figure 4.15, the Ag = 0 schedule and 88 both shift to the
right because of the rise in the steady-state capital stock in nontradables, Kw. Thus, p and q
both rise in the short run as investment in nontradables commences. Over time, ¢ falls back
toward 1 and p talls toward the long-run value described in section 4.2.1. We know p cannot
remain above that leve! permanently because the investment process relentlessly drives the
marginal value product of K toward r.

In contrast to the effect of an increase in GN‘ an increase in G, which also lowers é‘l.
causes a short-run fall in p and starts a process of gradual disinvestment in the nontraded

sector.

Like demand shocks, other shocks to the economy can set off protracted adjustment peri-
ods. but need not. For example, an unexpected permanent rise in nontradables productivity,
An. causes a proportional fall in p, see eq. (73), but has no further etfects given our assump-
nons on tastes and (cchnnlngy

A rise in tradables productivity, A,, has quite different effects. The wage w rises as does
¢, and, with i1, the demand for nontradables. In the short run labor leaves the nontraded
sector (why?), but K rises over time as production there shifts toward a tong-run production
technigue that economizes on labor. The rise in w means that p is higher in the long run. It
is higher in the short run, too. Indeed, because supply initially falls as demand rises, the
price of nontradables overshoots in the short run, rising more than in the long run. Countries
that liberalize their foreign trade, thereby raising traded-sector productivity, often experience
sharp increases both in real wages and in the relative price of nontradables. The model of this
appendix provides one explanation for that phenomenon.

Exercises

1. Lubor-saving technical change and the manufacturing sector. In eq. (1) we assumed
that productivity growth is “Hicks-neutral,” raising the marginal products of capital
and labor in the same proportion. If the constant-retumns production function in trad-

ables now takes the form

Y, = F(K. E;Lp).
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Exercises

to

50 that technological progress Eyis labor-saving, how does this assumption affect
the result of section 4.3.27 (Assume the production function in nontradables is the
same as in that section.) Does it become more likely that faster productivity growth in
tradables causes a labor exodus from that sector”?

The world interest rate and long-run resource allocation. In the long-run GDP-GNP
diagram of section 4.3, explain the effects of a rise in the world interest rate r.

The current account in termy of real consumprion. Retrace the steps that led 0 eq.
(27). using eq. (30) instead of eq. (24) (these last two budget constraints are equivalent
under perfect foresight). You will obtain another version of eg. (27),

i"" AL i“‘ Yio + pYa, = 1 = G,
1 yoT P[_] I o 7[»)‘\ " T,

s=1 =

Deduce from this an alternative rendition of eq. (28) that parallels eq. (25) of Chap-
ter 2:
(L+r0)B, o Yo, 4 pYe,—1,—G,
Gl 4 Y, gy, Ttslipod G
C' = x I—-a
YL g (R)

Finally, compute the change in B,/ P, the stock of foreign assets measured in real
consumption units. Show that this change is given by an equation exactly parallel to
eq. (26) in secuon 2.2.2.

The supply of nontradables and the current account. Consider an economy in which
consumer choice is as in section 4.4, (1 + r) = 1, and the outputs of tradables and
nontradables are exogenous endowments.

(a) Show thatif the net endowment ¥y — Gy of nontradables is constant, consumption
of tradables is constant too. What is the constant consumption level for tradables, and
how does it compare to that predicted by eq. (10) of Chapter 27

(b) Suppose that the economy is in a steady state with a zero current account balance
when its suddenly becomes known that the constant nontradable supply Yy, — Gy will
nise permanently to ¥, ~ G in T periods. Describe the responses of consumption and
the current account, and explain how they depend on the signof o — 6.

Another derivation of eq. (67). Give an alternative derivation of eq. (67), based on egs.
(29).(22), and (33).

Endogenous labor productivity and the real exchange rate. The economy has two sec-
tors, tradables and nontradables. Tradables are produced out of capital K and skilled
labor S, which earn factor rewards of r and h, respectively. Nontradables are pro-
duced out of capital and raw labor L, which earns the factor reward w. All factor
rewards are expressed in terms of tradables. Let both sectors have linear-homogeneous
production technologies, so that & = h(r), h'(r) < 0, according to the factor-price
frontier in tradables. Individuals have uncertain lifetimes with a constant death proba-
bility I — ¢ each period. We will assume a continuous-time version of the Blanchard
(1985) model of Chapter 3, exercise 3, under which the effective market discount fac-
tor was ¢/{}! + r). In continuous time, however, we shall denote the discount rate
by r + 7, where m is an instantaneous death probability (see Blanchard, 1985). The
ceonomy is in a steady state with constant factor rewards. (If you are uncomfortable
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with continuous-time mathematics, you may wish to return to this problem after cov-
ering models based on those methods in Chapter 8.)

(a) Consider the human-capita! accumulation decision. Each individual has a unit en-
dowment of labor time that can be used for unskilled or (after schooling) skilled em-
ployment, or be devoted to schooling. If a person spends 4 time interval T in school,
he accumulates an amount of human capital equal to AT, 0 < « < 1. (During that
period, ot course, all employment income is foregone; however, there is no charge for
attending school.) Show that at birth (¢ = 0) the individual selects 7' to maximize

2 ) N w
cxp[f(r+n)l] AT“hdr — .
T r+n
(b) For an interior solution, of course, there must be some 7" such that the integral
exceeds w/(r + 7). Assuming an interior solution, calculate the necessary first-order
condition for 7. Show that the condition implies an optimal choice of T* = a/(r +
). Is this answer sensible?

(¢) Show that the lifetime earnings of the educated (discounted at the rate r + 1),
equal (r + )" 'exp [,(, + n)T‘] AT**h. In equilibrium this must equal w/(r +
1) if there are to be any unskilled workers to produce nontradables. Show that the
implied relative wage of skilled and unskilled workers is

h | r+ o\
—~ =A ‘expla){-—mm) .
w o

(Of course AT**h, the hourly earnings of a worker schooled for the optimal length
of time, must exceed w.)

(d) Using the solution for A/w above, show that w rises with « and with A, and falls
with higher r or 7. Explain intuitively. (You may assume the inequality @ > r +m.)

(e) Show that given r, the relative price of nontradables, p. is higher in countries
where more schooling is sought (because of high a, high A, or low mortality 7). Note
that if we measure labor input simply by man-hours. more human capital translates
into higher measured relative productivity in tradables.

Intertemporal welfare effects in the Ricardian model. In the setting of section 4.5.4.2,
show that a transitory increase in Foreign productivity makes Home better off in
terms of its lifetime utility.

The current account and the terms of trade (following Obstfeld 1996a). In a small
open economy the representative individual maximizes

i/" JXTME T

o 1 —-1ljo

where X is consumption of an export good and M consumption of an import good.
The country is specialized in production of the export good (the endowment of which
is constant at ¥) and faces the fixed world interest rate r = (1 — )/ in terms of the
real consumption index C = XY M!=7_ (In section 4.5.4.1 we similarly assumed that
the bonds countries trade are indexed to real consumption, so that a loan of | real
consumption unit today returns 1 + r real consumption units next period.) There is
no investment or government spending.
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Exercises

(u) Let p be the price of exponts in terms of imports. (A rise in p is an improvement
|n.(.hc terms of trade.) Show directly that the consumption-based price index in terms
ofimports is P = p¥ /y7 (1 — y)!" 7.

(b) Show that the home country’s current account identity is

Yy - X
By — B =rB + Bd*‘ 2 M.

What is the intertemporal budget constraint corresponding to this finance identity?

(c.) Derive necessary first-order conditions for the consumer’s problem. (You may
wish 1o reformulate the utility function and budget constraint in terms of real con-
sumption €'.) What are the optimal time paths for X and M?

(d) Suppose initially p is expected to remain constant over time. What is the effect

on the current account (measured as in part b) of a sudden temporary fall in the terms
of trade to p’ < p?

(e) Suppose bonds are indexed to the imporr good rather than to real consumption
and let r now denote the own-rate of interest on imports. On the assumption that r is

constant at‘ f,l — 8)/8. how does a temporary fall in p affect the current account? If
there are differences compared (o your answer in part d, how do you explain them?



Uncertainty and International Financial Markets

Until now, we have limited our discussion of uncertainty mainly to economies
that trade riskless real bonds in an environment of unexpected output, government
spending, and productivity shocks. Our earlier framework is a useful one for many
purposes, but it has at least two important drawbacks. First, it prevents study of
the nature, pricing, and economic role of the increasingly wide array of assets
truded in today’s international tinancial markets. Second, it obscures the channels
through which prior asset trades influence an economy’s reaction to unexpected
events.

This chapter is based on the idea that people often have sufficient foresight to
make asset trades that protect them, at least partially, against future contingencies
affecting their economic well-being. An individual can guard against such risks by
buying assets with payoffs that are themselves uncertain, but tend to be unexpect-
edly high when the individual has unexpected bad economic luck elsewhere. Some
types of hedges, such as health, disability, homeowner’s, and auto insurance, are fa-
miliar. But other types of risky assets, such as currencies, stocks, long-term bonds,
and their derivatives, can also play an insurance role. Indeed, the market value of
any asset with uncertain returns depends in part on its effectiveness as a means of
insurance. Asset pricing in general equilibrium will be one important application of
our analysis.

International trade in risky assets can dramatically alter the way an economy’s
consumption, investment, and current account respond to unanticipated shocks.
Consider the simple example of a small endowment economy in which the rep-
resentative citizen faces uncertainty over the future path of gross domestic product.
Suppose further, for the sake of illustration, that the representative individual lays
off 100) percent of his output risk in international markets. He might accomplish
this purpose either by selling off all local industries to foreign investors in exchange
for riskless international bonds, or simply by purchasing an insurance policy that
guarantees an income level. Now think about the current-account effect of a tem-
porary rise in the country’s gross domestic product. In the bonds-only framework
of our earlier chapters, a temporary productivity shock causes a current-account
surplus motivated by residents’ desire to smooth consumption. But if foretgners
have taken on all the country’s output risk, a shock to its GDP does not affect its
GNP. The increase in domestic output is matched exactly by a lower net inflow of
asset income from abroad. Neither income, consumption, nor the current account
changes.

This simple example sidesteps many issues. What price will a country pay to
insure its income, and will it choose full insurance at that price? Will countries
invest in riskless bonds or buy instead a portfolio of risky foreign assets? The
point is clear enough. though. The presence of international markets for risky as-
sets weakens and may sever the link between shocks to a country’s output or factor
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productivity and shocks to its residents’ incomes. Sophisticated international finan-
cial markets thus force us to rethink the channels through which macroeconomic
shocks impinge on the world economy.

In reality, factors such as moral hazard or imperfect international contract en-
forcement make it impossible for any country fully to insure itself against all the
risks it faces. For much of the analysis in this chapter, however, we suspend skep-
ticism over the scope and etficiency of international financial markets and consider
a world with no practical limitations on the kinds of contracts people (and coun-
tries) can write with one another. As in the classic models of complete contingent
claims markets developed by Kenneth Arrow (1964) and Gerard Debreu (1959),
we assume that there is a market for insuning any type of risk. While admittedly
extreme, this assumption provides an indispensable starting point for clear thinking
about the economic effects of risks and markets for risks.

The Arrow-Debreu paradigm of complete markets allows us to think about risk
allocation in the same way we think about the allocation of standard commodi-
ties at a point in time and over time. Thus, despite more elaborate notation, the
maximization problems individuals solve in complete-markets models are no more
difficult mathematically than those of our earlier chapters. In addition, standard
principles of trade theory apply to the international sharing of risks, allowing us
to analyze asset trade in terms of the familiar principle of comparative advan-
tage.

Because it is a straightforward generalization of dynamic macroeconomic analy-
sis under certainty, the Arrow-Debreu setup is easier to analyze than intermediate
cases with partially complete markets, one of which we take up toward the end
of this chapter. Yet the intuition that a complete-markets benchmark yields also
provides critical help in inferring and interpreting the predictions of models with
tncomplete financial markets.

A final advantage of complete-markets analysis derives from its very strong em-
pirical predictions concerning a host of issues, including global portfolio diversi-
fication, asset pricing, and patterns of international consumption growth (to name
just a few). In many cases these predictions do not stand up to careful empircal
testing, as we shall see, but by looking at the complete-markets model’s empiri-
cal failures we gain important clues about the kinds of asset-market imperfections
most likely to be important in practice.

5.1

Trade across Random States of Nature: The Small-Country Case

We introduce trade in risky assets within the simplest possible setting: a small open
endowment economy that exists for two periods (labeled 1 and 2) and produces and
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consumes a single tradable good.’ To simplify further, we assume for most of this
section that on date 2 only two “states of nature” are possible. The two states occur
randomly according to a specified probability distribution and differ only in their
associated output levels.

Uncertainty and Preferences

As usual when population size is constant, we will normalize population to 1 and
identify the consumption and endowment of a representative individual with na-
tional aggregate consumption and output. The representative individual has known
tirst-period income Yy and starts out with zero net toreign assets. From the perspec-
tive of date 1, however, output on date 2 is uncertain. Either of two states of nature
may occur on date 2. In state s, which occurs with probability m (s), the economy’s
output equals Ya(s), s=1,2.

An individual with uncertain future income cannot predict his future optimal
consumption level exactly. In general, the best he can do is predict a range of
consumption levels, each contingent on the state of nature that occurs. In analyzing
how an individual plans consumption under uncertainty, we therefore focus on a set
of desired contingency plans for consumption. Exactly which plan is brought into
play on a future date will depend on the history of economic outcomes up to then.
In terms of our simple two-period, two-state example, we denote by Ca(s), s =
1, 2, the two state-contingent consumption plans for date 2.

How does an individual evaluate lifetime utility when future consumption
prospects are uncertain? Our usual assumption will be that satisfaction is mea-
sured on date | by lifetime expected utility, that is, by average lifetime utility given
the chosen contingency plans for future consumption.? Let €y denote consumption
on date 1, which must be chosen before the uncertainty is resolved and thus can-
not depend on the state of nature that occurs on date 2. The individual's lifetime
expected utility on date 1 is

Uy = a1 (D {(Cpy + BulC2() ]} + 7 CNu(Cy) + BulC2(D)]],
which, because (1) + 7 (2) = 1, implies

Uy =u(Cy) + n(HBulC2(D] + 7 (2)BulC2(D)). (1

1. For related models of international asset trade, see Cole (1988) and Svensson (1988).

2. We also ook this approach in the stochastic model of Chapter 2. The assumption that individu-
als maximize expected utility can be justified by appealing to the standard Savage (1954) axioms on
individual preferences over state-contingent commodities. As with the assumption of intertemporally
additive preferences that we discussed in Chapter 1, the assumption of expected utility has the advan-
tages that it is analytically tractable and delivers sharp predictions. However, the framework can be
restrictive for some purposes (as we shall illustrate soon) and is subject to some well-known anomalies;
see Machina (1987). Section 5.1.8 will briefly consider a richer preference setup.
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Notice the tacit assumption that the utility function #(C) in eq. (1) does not
depend in any way on the realized state of nature. This need not be the case in
general: an individual who unexpectedly falls ill, for example, may well experience
a shift in his relative preference for various commodities. We will discuss this
possibility in section 5.5.2, but we assume throughout most of this chapter that
w{C) is stable across states of nature.

Arrow-Debreu Securities and Complete Asset Markets

The asset-market structure that the Arrow-Debreu paradigm posits makes the
choice of consumption in different stares completely analogous to the choice of
consumption on different dutes or, for that matter, to the choice of different con-
sumption goods on a single date. We assume that there is a worldwide market in
which people can buy or self contingent claims. These contingent claims have pe-
riod 2 payofts that vary according to the exogenous shocks that actually occur in
period 2; that is, their payoffs depend on the state of nature.

Specifically, suppose that on date 1 people can buy or sell securities with the
tollowing, payoft structure: the owner (seller) of the security receives (pays) 1 unit
of output on date 2 if state s occurs then, but receives (pays) nothing in all other
states. We call this security the Arrow-Debreu security tor state of nature s and
assume that there is a competitive market in Arrow-Debreu securities for every
state .

Of course, we will continue to allow people to borrow and lend, that is, to sell
and buy noncontingent (or riskless) assets, bonds, that pay 1 + r per unit on date
2 regardless of the state of nature, where r is the riskless real rate of interest. If
there exist Arrow-Debreu securities for every state, however, the bond market is
redundant, in the sense that its elimination would not atfect the economy’s equilib-
rium. With only two states, for example, the simultaneous purchase of 1 + r state 1
Arrow-Debreu securities and 1 + r state 2 Arrow-Debreu securities assures a pay-
off of 1 + r output units next period regardless of the economy’s state, just as a
bond does. Bonds thus add nothing to the trading opportunities people have once a
full set of Arrow-Debreu claims can be traded. This example provides a very sim-
ple illustration of how prices for more complicated assets (such us options) can
casily be constructed once one knows the primal Arrow-Debreu prices.* When we

3. One pussible interpretation of the model's initial date | is as the date on which securities markets
first open. From a multiperiod perspective, however, there is a more sophisticated interpretation: the
current and future endowments as of date | could be the endogenous result of contingent securities trade
prior o that date. Our discussion of dynamic consistency in appendix SD shows that the economy’s
equuithrium on dates T and 2 will be the same (given the same endowments as of date 1) regardiess of
which interpretation is adopted.

3. By analogy, any 7 -period bond can be viewed as a collection of 7' pure “discount” bonds, each of
which makes a payment in a single period only. (A one-period discount hond makes o payoff after one
pertod, a two-period discount bond makes a single payof! after two periods, cte. In contrast, a standard
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say an economy has complete asset markets, we mean that people can trade an
Arrow-Debreu security corresponding to every future state of nature.’

It may seem unrealistic to assume that markets in Arrow-Debreu securities
exist-—no price quotations for such assets are reported in the Wall Street Journal or
Financial Times! Virtually all assets, however, have state-contingent payoffs. Some
of these assets, such as stocks and stock options, are traded in organized markets,
while others, such as various types of insurance contracts, are not. Later in this
chapter (section 5.3 and uppendix SA) we shall see that repeated trading in familiar
securities such as stocks can sometimes replicate the allocations that arise when
a complete set of Arrow-Debreu securities is traded. Thus, even though Arrow-
Debreu securities may seem to be stylized theoretical constructs, thinking about
them helps to clarify the economic roles of the more complex securities tracked
daily in the financial press.

Budget Constraints with Arrow-Debreu Securities

We now turn to analyzing a country’s budget constraint under uncertainty and
complete asset markets. Let B(y) be the representative individual's net purchase
of state 5 Arrow-Debreu securities on date 1. | Thus, Ba(s) is the stock of state
s Artow-Debreu securities the individual holds at the end of date 1 and the start
of date 2.} Let p(sy/(1 + r) denote the world price, quoted in terms of date |
consumption, of one of these securities—that is, of a claim to one output unit to
be delivered on date 2 if, and only if, state s occurs.® Since this price is determined
in a world market, it is exogenously given from the standpoint of the small country.
As usual in an exchange economy, the value of a country’s net accumulation of
assets on date | must equal the difference between its income and consumption:

(We need not explicitly consider purchases of bonds because, as we have seen,
bonds are redundant given the two Arrow-Debreu securities available.) When date
2 arrives, the state of nature s is observed, and the country will be able to consume

T -period bond makes interest payments in all 7 periods, and repays principal in the last period.) In the
same way, analyzing simple assets that pay of{ only in a single state of nature allows one to construct
the price of any more complex asset.

S. Scholars of Islamic banking have long emphasized that the ban in the Qur’an (holy book) on riba,
or interest, does not rule out profit-sharing or other arrangements where the lender takes on nisk; see
Khan and Mirakhor (1987). When there are complete markets for Arrow-Debreu securities, a ban on
noncontingent debt contracts alone would not interfere with the efticiency of the economy.

6. Thus p(a) s the price of date 2 consumption conditional on state s in terms of certain date 2

consumption. We adopt this notation for two reasons: to remind the reader that transactions in Arrow-
Debreu securities transter purchasing power across time as well as states, and to render the resulting
budget constraints and Euler cquations i a form that is easily compared with their certainty analogs.
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Box 5.1
Lloyd's of London and the Custom Market for Risks

1f the world truly had complete markets, one would be able to insure against virtually
any of lite’s vicissitudes. The typical college student would have access (o insurance
covering the risk of an unsuccessful career.” Homeowners or prospective home buy-
ers would be able to hedge against changes in real estate values. Taxpayers might
purchase insurance against unanticipated tax increases. Indeed, the Kinds of risks one
would be able to insure in a true complete-markets environment are limited only by

one’s imagination.

Not surprisingly. there are markets for insuring exotic risks—at u price. The lead-
ing provider of unusual insurance policies over the past three centunies has been
Lloyd's of London.” Lioyd's consists of & group of wealthy individuals—the famous
“names”—who accept unlimited lability for the insurance their underwriters provide.
Lloyd’s origins are in maritime insurance, an area in which it has remained active.
The company made a fortune insuring merchant vessels and gold cargoes during the
Napoleonic Wars, but paid more than $1 billion in claims during the 1991 Persian
Gulf war. In addition to its core shipping and reinsurance businesses, Lloyd's has
long stood ready to quote rates for singular contingencies. Lloyd’s was a pioneer
in nuclear power plant insurance (although its share of the U.S. market had fallen
to 7 percent by the time of the 1979 Three Mile Island accident). At Lloyd’s, star
basehall pitchers can insure their arms, top opera singers can insure their voices,
and thoroughbred racchorse owners can insure their prize stattions. Need isurance
on a commercial satellite? It's big business at Lloyd’s. A store owner can buy riot
insurance, and Lloyd's will tailor certain kinds of political risk insurance contracts.
Worried about being kidnapped and ransomed? “K&R™ insurance, as it is known in
the trade, peaked during the terrorism sprees of late of 1970s when world premiums
exceeded $75 million, but it is still available.**

Most of the world's insurance business, of course, deals with more mundane mat-
ters such as life, fire, and auto insurance. Lloyd’s accounts for only a very small
fraction of the overall OECD market for standard insurance policies. The table be-
low gives total gross insurance premiums as a percent of GDP for the entire OECD
and for the five large countries that account for more than four-fifths of the total ¥

Total Gross [nsurance Premiums Paid by Country, 1993

Country Total Premiums Life Insurance Only
(as percent of GDP)  (as percent of GDP)

France 8.6 4.7
Germany 7.9 2.8
Japan 8.8 6.5
United Kingdom 129 7.6
United States 10.6 4.3
| OECD 8.2 4.0

Source: Organization for Economic Cooperation and Development, Insurance Statistics Year-
hook, 1985-1993 (Paris: OECD, 1995).

5.1 Trade across Random States of Nature: The Small-Country Case

Box 5.1 (cominued)

It must be emphasized that the figures in the table refer only to the conventional
detinition of the insurance industry. Therefore, while significant, these figures grossly
understate the true overall level of insurance in the world economy according to the
much broader concept used in this chapter. Nevertheless, the rarity of exotic con-
tracts of the type Lloyd's of London writes suggests we are making a considerable
leap of fuith in assuming complete contingent-claims markets. As with other scien-
titic abstractions—for example, the perfect-competition paradigm in economics or
the frictionless surface of physics—bold simplification pays off by providing a con-
ceptual framework without which complex real-world situations would be impossible
to grasp. As we proceed, we will Took closely at the empirical evidence on complete
markets.

* In this spint, several universities (including Yale) have experimented with loan programs in
which repayments are indexed to future income.

' Lioyd's has suffered severe financial setbacks in recent years, especially because of uncertainty
over settlements on U.S. lawsuits involving asbestos and pollution. But even if Lloyd's the
institution does not survive, it is likety that other insurers will fill its place.

** For turther reading on Lloyd's, see Hodgson (1984).

YOn a per capita basis, Swizerland was the most heavily insured country in the OECD in
the early 1990s, followed by (in order) Japan, the United States, and the United Kingdom.
Although a substantial fraction of all insurance policies is resold through the reinsurance market,
forergn hotdings of domestie insurance pohicies are smabh in most OECT countries (less than 10
percent). This s an example of the home bias phenomenon that we discuss below.

the sum of its endowment and any payments on its state s contingent assets,’
Ca(s) = Ya(s) + Bals), s=1,2. 3

Using egs. (3) to eliminate B(1) and B2(2) in the asset-accumulation identity (2),
we derive the intertemporal budget constraint for this Arrow-Debreu economy:

p(HCD) + p)Ca(2) Y+ p(MY2(1) + p(2)N(2)
= ] .

Cy +
L+r 1+r

4)

Equation (4) is a shght vanation on the usual present-value constraint. It says
that the date 1 present value of the country’s uncertain consumption stream must
equal the date | present value of its uncertain income, where contingent quanti-
ties are evaluated at world Arrow-Debreu prices. Here international markets allow
the country to smooth consumption not only across time but across states of na-
ture. Suppose that the country’s output is extremely low in state 1 and extremely

7. In the present setting a person’s period 2 income can fall short of required payments on the state-
contingent securities issued in peniod 1 only if this shortfall is planned. Such a plan would be fraudulent,
and, as in previous chapters, we continue to assume that people do not plan to violate their intertemporal
budget constraints.
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high i state 2. Then by going “short™ in state 2 securities {choosing B2(2) < O}
and “long™ in state | securities [ B2(1) > 0, the country can smooth consumption
across states. Indeed, a consumer could assure himself of a completely nonrandom
period 2 consumption level by, for example, selling his future state 1 output for
pC1yYa(1y/¢1 + r) in bonds and his future state 2 output for p(2)¥2(2)/(1 +r) in
bonds. That strategy guarantees the safe date 2 consumption level

Cr=phY(h) + pQ)yYa(2).
But, as we now see, a strategy of full insurance is not necessarily optimal.
Optimal Behavior

The country’s optimal saving and portfolio allocations maximize expected utility
(1) subject to constraint (4). To accomplish that end we use eqgs. (2) and (3) to ex-
press the consumption levels in eq. (1) as functions of asset choices, by analogy
with the procedure followed in earlier chapters. The resulting problem is to maxi-
mize over Ba(1) and B2(2) the unconstrained expected utility

r pl) p(2) 2
Ul =u LyI — | +’:Bz(l)— —I—EBZQ) -+ \E=lTI(S),HU[YQ(.Y)"‘}-B:(S)J.
The necessary first-order conditions are
plsy o, . ’
g (Ch) = () B’ [ Cals) ], s=1,2. (5)
I+

Equation (5) is closely related to the intertemporal Euler equation introduced in
Chapter 1, although it pertains to an Arrow-Debreu security rather than a riskless

bond. The keft-hand side of eq. (5) is the cost, in terms of date | marginal utility, of

acquiring the Arrow-Debreu security for state s. After referring back to eq. (1), you
will see that the right-hand side of eq. (5) is the expected discounted benefit from
having an additional unit of consumption in state s on date 2. As usual, eq. (5) can
be rearranged to show that the marginal rate of substitution between Cy and Ca(s)
is equal o the two goods’ relative price:

A Pu'[Cals)] )
u'(Cp) T+

s=1,2 (6)

One can use egs. (5) to derive the intertemporal Euler conditions for more com-
plex securities that pay off in more than one state of nature. The first such asset that
comes to mind is probably a riskless bond, which pays 1 + r output units on date
2 for every one output unit worth of bonds bought on date 1. As we have already
noted, one can create a synthetic bond by buying 1 + r units of the state | Arrow-
Debreu security on date 1 at price p(1)/(1 + r) per unit and 1 + r units of the state
2 Arrow-Debreu security at price p(2)/(1 + r) per unit. Since this “portfolio™ as-

277

5.1 Trade across Random States of Nature: The Small-Country Case

sures delivery of 1 + r output units on date 2 regardless of which state oceurs, it
must have the same date 1 price as & bond paying 1 + r output units next period
(that is, 1t must cost 1 output unit). Thus,

(I+rpthy  (1+rp2)
+

:]'
1+r 1 +r

or equivalently,
ph+p2y=1. (7

[For § > 2 states, the obvious generalization of eq. (7) 1s Z:’_l pis)y=1]
We derive the bond Euler equation by adding egs. (5) over the two states:

[Py + p) e (Cpy = (1 + H{r (O’ 1CaD ] + 1) pu'1Ca2) 1)

Using the definition of a mathematical expectation and eq. (7), we can write this
last equality as the stochastic Euler equation for riskless bonds,

W(C) = (1 + rBE W (C), ®)
where E,{-} is the expectation operator conditioned on information known on date

r. This Euler equation is identical to the stochastic Euler equation (29) in Chapter 2.
Its intuitive meaning is the same. Equation (8) can be rewritten as

BE {1 (C2)) 1

u'(Cy) Tl

The expected marginal rate of substitution of present for future consumption equals
1/¢1 + r). the price of certain future consumption in terms of present consumption.
Another critical implication of ¢q. (5) is

(D' [Ca()] B ph

(2t Ca(2)) - P2y

9

That is, the marginal rate of substitution of state 2 for state | consumption must
equal the relative price of state 1 in terms of state 2 consumption. (This equality
is an incarnation of the familiar static optimality condition from consumer theory.)
Observe that only when

pth _ w(h)

= 10
p2)y () 10

does condition (9) imply that C2(1) = C3(2), so that it is optimal to equate con-
sumption in different states of nature. We say that Arrow-Debreu security prices
are actuarially fair when eq. (10) holds. At actuarially fair prices, a country trading
in complete asset markets will fully insure against all future consumption fluctua-
tions. If prices aren’t actuarially fair, however, the country will chose to “dlt” its
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consumption across states. Given two equiprobable states, for example, the coun-
try will plan for relatively lower consumption in the state for which consumption
insurance is relatively expensive. Similarly, if other things are equal, individuals
confronted with a higher relative price of auto insurance buy less of it (lower cov-
erage limits, higher deductible, and so on).

The Role of Risk Aversion

As you will recall from studying microeconomics, it is the strict concavity of the
period utility function u(C) that makes an expected-utility maximizer risk averse
and, thus, interested in purchasing insurance. Concavity implies that individuals
strictly prefer the expected value of a finite gamble to the gamble itself. The main
point we make in this subsection is that, loosely speaking, the degree of concav-
ity of the utility function, which measures the extent of risk aversion, is an in-
verse measure of the individual's portfolio response to changes in Arrow-Debreu
prices.

To see the role of risk aversion in determining the demands for state-contingent
consumptions, take natural logarithms of the across-state first-order condition (9),
and then totally differentiate it (holding probabilities constant, of course, since they
are fixed). The resultis

p(])<l u1Cy u"|C(2)]
"5[,,@“ e W e
C(hHu”[C(1)] Cu"(C(2)]
= T dlogC(l) — ———"dlogC(2). 11
P C] ogC(1) ICD 0gC(2) an
The ratio
Cu"(C)
C)= ——n’ 12
p(C) Tl (12)

is the celebrated Arrow-Pratt coefficient of relative risk aversion. If we assume that
0(C) is a constant, denoted p, for all consumption levels, then eq. (11) simplifies
to

cl 1 p(1)
dlog = —dl —_—
“*’[cm1 p °g[p(2)]

—
This equation shows that the inverse of the coefficient of relative risk aversion
is also the elasticity of substitution between state-contingent consumption levels
with respect to relative Arrow-Debreu prices. Intuitively, high risk aversion pro-
duces an inelastic response of consumption-insurance demands to relative insur-
ance prices.
The constant relative risk aversion (CRRA) class of utility functions is given by
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Cl 1
. 0,p %!
wey=1{71=p, #>0P#ED (13)

log(C)  (p=1),

a description that also fits the familiar isoelastic class if o, the intertemporal substi-
ttion elasticity, equals 1/p! This example Hlustrates a shortcoming of the expected
utility framework: it does not permit us to vary the consumer’s aversions (o risk
and intertemporal substitution (two very different things) independently of each
other. Notwithstanding this drawback, the need for tractability leads us to retain the
expected-utility assumption in most of what follows, and we continue to specialize
to CRRA (or isoelastic) preferences when it is helpful to do 0.8 (In section 5.1.8 it
will prove illuminating to relax the expected-utility assumption briefly.)

A consumer is said to be risk neutral when u”(C) = 0, implying that p, as
defined previously, is 0. As p — 0 and the demand elasticity 1/p grows without
bound, individuals respond by concentrating all of their consumption in states s
with m(s) > p(s). As we will see in the next section, in a world equilibrium the
date 2 output market must clear state by state. Thus the only price vector consistent
with general equilibrium as p — 0 is p(s) = m(s) (in which case risk-neutral
agents are indifferent as to the allocation of their consumption across states of
nature).

Consumption Demands and the Current Account: A Log Utility Example

Thus far we have focused on the first-order conditions characterizing a country’s
equilibrium. For log utility, it is straightforward to derive closed-form solutions for
the current account.

With 1 (C) = log(C), the lifetime utility function that the representative individ-
ual maximizes subject to lifetime budget constraint (4) 1s

Uy =log(Cy) + m(hH)B loglCa(D)] + m(2)B log[C2(2)]. (14)
Let W) be the present value of lifetime resources on date 1:

p(HYa) + p(2)Y2(2)

Wi=Y +
1 +r

From earlier encounters with logarithmic utility we know that a country whose
representative resident has the preferences in eq. (14) will spend Wy/(1 + B),

8. These preferences have the advantage that they are consistent with a steady long-run rate of con-
sumption growth, a factor that will be important in Chapter 7. The reason risk aversion and intertempo-
ral substitutability are indistinguishable with CRRA expected-utility preferences is that utility is addi-
tive across states as well as time, with probabilities weighting the period utility function as applied to
different states in the same multiplicative fashion that the temporal discount factor weights the value of
period utitlity en difterent dates.
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T(HBW /(1 + B).and m (W /(1 + B) on Cy, Ca(1), and Cy(2), respcctively."
Thus consumption demands are

1 DHYa(1) + p(2)Ya(2
C = Y1+p()~() p(2)Y2(2) ‘ (15)
1+ 8 1+
¥ () HYa(l 2)Y>(2
l’(_‘l s :v(s)ﬂ Y|+p( yWa(l) + p(2)Y2(2) ' =12, (16)
I +r 1+ 8 L +r

The date 1 consumption demand (15) is completely paralle!l to that for the non-
stochastic case with tog preferences, but in place of u known ¥, eq. (15) has
pLLYa(1) + p(2)Y2(2), the date 1 value of random date 2 output at world market

prices."!
Using the solution for Cy, one can thus express the date | current account bal-

ance as

Car=Yi—C= Ly - [”(”quw”—(z—)yz(z)] an
1+ 8 L+ B[ 1+r 1+
Again, this expression is parallel to the nonstochastic log case.

In the two-date certainty model of Chapter 1, we showed how a country’s current
account can be interpreted as depending on comparative advantage in trade across
time, by analogy with comparative advantage in trade across ditferent goods at the
same point in time in classic international trade theory. In particular, the sign of
CA, depended on the ditference between the world and autarky interest rates, r
and r*. As we show in appendix 5B, this simple form of compuarative advantage
does not apply here.!' The basic difticulty is that there are three goods 1n this
model: consumption on date I, and consumption on date 2 in each of two states of
nature. In standard trade theory, the law of comparative advantage penerally holds
only in a weaker form when there are more than two goods, and such is the case
here.

A General Result on Comparative Advantage
Even though comparative advantage does not hold in its simplest and strongest
form here, it still holds in a weaker but more general form. As we shall see, the
more general form does not require any strong restrictions either on the utility
function or on the number of states of nature, 8.

9. Be sure you can show these conclusions.

10. In general, the world market value in terms of sure date 2 consumption of the country’s date 2
output. p(1)¥2(1) + p(2)¥2(2). is not the same as its expected output, E(Yy) =r (DY) +m(DY2(2).
That equality holds only in the actuarially fair case with p(1) = ( 1) and p(2) = m(2).

11 Appendix SB also derives closed-form soluttons for the country's optimal porttolio allocation and
shows that gross asset lows can be large even when the net flow (i.e.. the current account) 1s small.
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We begin by defining the autarky price p(s)*/(1 + r*) as the price for the Arrow-
Debreu sccurity corresponding to state s that would obtain if the country could not
engage in any type of asset trade with the rest of the world. From the first-order
Euler condition (5) corresponding to state s, we see that for the general case of
additive preferences

plsyt () Bu'[Ya(s)]
P4rr WYy

where we have imposed the autarky market-clearing conditions that C} = Yy,
Cs) = Yals).

Now let ) and Cas), s =1,2,...,8, be the country’s consumption choices
under free trade. They must satisfy the country’s intertemporal budget constraint at
free-trade prices, which is the obvious generalization of eq. (4) to § possible states
on date 2:

8
p(s)
Ci =Y + ——[Ca(s) = Yals)] = 0.
1= §1+,‘ 28) = V2(9)]) (18)
Of course, the country must be made (weakly) better off by the opportunity to trade.
Thus its consumption choices under free trade must be (weakly) more valuable than
its endowment at autarky prices:

2o
Cr =Y+ Z} | 1;M[(‘zm - Ya(s)] > 0. (19)
(If the preceding inequality tailed, the country would be able to buy its free-trade
consumption bundle, and then some, at autarky prices, contradicting the presence
of gains from trade.)
Subtracting eq. (18) from eq. (19) and using the second-period budget constraint
(3) yields the principle of comparative advantage,

S et ps S Tps)yt pls)
o4 _ R N — Vol - pS _ pS
> [ww ——Hr]lam Y=Y LMA HJBz(s)zo.

v=1 s=1 &

This fundamental inequality states that, on average, a country’s net imports of date
2, state s consumption tend to be high when the date 1 autarky price of state s
consumption is high compared with the world price.

The deterministic case of Chapter | corresponds to the standard two-good case
of classical trade theory: the two goods are date | consumption and (sure) date
2 consumption, s0 8§ = | and the last inequality states merely that countries with
low autarky interest rates import date 2 consumption and, by the budget constraint,
run current account surpluses on date 1. In general, for § > 1 one cannot link net
imports of any one specitic commodity to the difference between its world and
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autarky prices. Comparative advantage applies only in the average sense given by
the last inequality.'”

Because the preceding result requires only the weakest assumptions about pref-
erences (e.g., that more consumption is preferred to less), it is quite general. In-
deed, the result holds true for nonexpected- as well as expected-utility preferences.

%518 Risk Aversion and Intertemporal Substitution in a General Characterization
of the Current Account

The analysis has simplified the problem of choice under uncertainty by treating
consumption in each possible date 2 state as a distinct commodity. In this section
we draw out further implications of this abstraction, making use of the general ana-
Iytical approach to multicommodity intertemporal models developed in Chapter 4.
A small amount of notational translation permits a straightforward transplant of
Chapter 4’s framework to complete-markets models of uncertainty. The analogy
with Chapter 4 is most transparent if we temporarily relax the assumption of ex-
pected utility maximization. Thus this subsection yields as a by-product a quick
look at how recent research on choice under uncertainty has attempted to decouple
risk aversion and intertemporal substitutability.

We continue to assume that there are s = 1,2, ..., § possible date 2 states of
nature. Suppose, by analogy with section 4.4.1.1, that we can write lifetime utility

as

Uy = u(Cy) + BulQUCa(l). ..., Co(8); (D), ... w(8)H]), (20)
where the consumption index Q{C(1), ..., CoHS)m (), ..., m(8)] is homoge-
neous of degree 1 in Ca(1), ..., C1(8). Let Z5 be total spending on date 2 goods,

measured in terms of sure (that is, noncontingent) date 2 consumption. Further-
more, define the date 2 consumption-based price index P as the minimal ex-
penditure, measured in terms of sure date 2 consumption, necessary to achieve
QIC(1), ... Ca(8); (1), ..., m(8)] = 1. Then, since the consumption index is
linear homogeneous, we write lifetime utility as

Uy = ul(C1) + Bu(Zz/ P) 21

and the lifetime budget constraint as

7> I
Gt 2=V —— 3 pl)Yas 22
1+l+r l+l+’_\:|p(‘)2(‘) (22)

12. This version of the comparative advantage theorem is offered by Deardorff (1980) and Dixit and
Normitn (1980). Svensson (1988), who explores a framework similar to the one in this section, notes
the application to trade in risky assets. Svensson’s model and results cover cases of incomplete asset
markets.

S.1  Trade across Random States of Nature: The Small-Country Case

{recalling that 1/(1 + r) is the date | price of sure date 2 consumption, the unit
in which Z, is measured|. Given these preliminaries, one can, as in Chapter 4,
envision individuals performing a two-stage maximization process:

1. Maximize eq. (21) subject to eq. (22) to find the optimal division of lifetime
spending across dates, Cy and Z>.

2. Then, to find the optimal division of date 2 spending Z» across states, max-
imi‘ze the consumption index Q{C2(1), ..., Cu8)im(l), ..., w(8)] subject to
S5 p)Cals) = 2.

To highlight the close parallel with section 4.4.1.1, we take Q{Ca(1), ..., C2(8);
(..., 7($)] 1o be of the constant elasticity of substitution (CES) form pro-
posed in eq. (13) of Chapter 4. Section 5.1.5 showed that in the CRRA utility
case described by the present chapter’s eq. (13), 1/p is the constant elasticity of
substitution between state-contingent consumptions. Our view of state-contingent
consumptions as distinct commodities suggests that we replace the intratemporal
substitution clasticity ¢ in eq. (13) of Chapter 4 by 1/p and choose

|
8 T
QUCaD), .. .. Co(8): (), ..., 7(8)} = ZH(A')CQ(S)]"” . (23)

s=1
Under this choice, date 2 contingent consumption demands are given by the analog
of eq. (22) in Chapter 4 [with 8 replaced by 1/p and the weights of the form y
replaced by m(s)!77],

. /)(.\)/Jr(s)] ey,
Cas)y=| — ==
[ e B (24)

where [the analog of ¢q. (20) in Chapter 4]

8 \ \ pip—1)
P = Zn(x)zp(s)[bf . (25)
o

The postulate that «(C) in eq. (20) is itself isoelastic, together with eq. (23),
leads to an intertemporal utility function that generalizes both isoelastic and CRRA
utility by allowing o, the intertemporal substitution elasticity, to differ from 1/p:

3 I 1-1/o
1-1/o [Zi’:l”(»")CZ(j)l"/)}m

— (26)
a
Notice that the contingent consumption demand (24) confirms that 1/p is the price
elasticity of substitution, so that p is the coefficient of relative risk aversion (recall
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section 5.1.5). However, o the intertemporal substitution elasticity. is a distinct
parameter.! Only when o = 1/p does eq. (26) reduce to the expected lifetime
utility
Aep 5 ~ 1—p
C (2(,\') &

Uy=——+ T (3) =

T o 0 p ; 1 —p

To see the current-account implications of this framework, maximize eq. (21)
subject to eq. (22) when P is given by eq. (25). The resulting intertemporal Euler

equation for bonds is

" ! LY (%
w(Cy = +nrp P u 5 )

When «(C) is isoelastic with substitution elasticity o, this Euler equation becomes

1 a1 i
Z::(l+r)”ﬁn <'[‘;> (1, (27)
which implies that date 1 consumption equals
(:) = ———-—TT‘—
t+ ()
[As before, W) is date 1 lifetime resources, the right-hand side of eq. (22).)

Euler equation (27) differs from those we saw in deterministic one-good mod-

els only through the presence of the date 2 price index P. Absent this factor,
expenditure on the two dates, measured in noncontingent output units, would be
determined by the same consumption smoothing and tilting factors explained in
Chapter 1. [Compare the last equation giving optimal C; with eq. (26) in Chapter
1.] Indeed, there are some special cases in which it actually is legitimate to extrap-
olute from the deterministic results in Chapter 1 simply by treating the country’s
date 2 endowment Y p(s)Ya(s) as if it were derived from a deterministic date 2

output level:

1. o = 1. In this case the real interest rate effect associated with P # 1 has exactly
offsetting income and substitution effects. The logarithmic expected-utility exam-
ple of section 5.1.6 has this property, but so do the cases inwhicheo = I but p # 1,
2. w(s) = pix). For actuarially fair prices, eq. (25) implies that P = 1. The cur-
rent account of a country that has laid off all of its second-period risk in world

13. Multiperiod versions of the preferences described by eq. (26) are proposed by Epstein and Zin
(19891 and Weil (1989b, 1990). As usual, the special cases with p = ] or o =1 are hundled by
L Hospital's rule. (Recall Chapter 1. footnote 14.)

-

1 d
'
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markets is, quite intuitively, the same as in a deterministic model. More formally,
in this case the date 2 consumption index (23) corresponds to noncontingent date 2
consumption.

What do we make of cases in which £ can differ from 1? Notice first that P
can only be below |, never above. The reason is that by choosing Ca(s) =1 for
all s, one can set the consumption index in eq. (23) equal to | at an expenditure of
S p()Cr(s) = 1, regardless of the prices p(s). We have seen that for actuarially
fair prices this is the best one can do. For p(s) # m(s), one therefore does strictly
better, implying that P < 1.

More intuitively, an economy facing prices that are not actuarially fair could
finance a noncontingent date 2 consumption level of Z> = (1 4+ r)(Yy — C1) +
37 p(s)Yas) by selling date 2 output forward on date 1 and investing the proceeds
in bonds that mature on date 2. The date 2 output expenditure required is, of course,
just Z». This strategy 1s suboptimal, however, when prices aren’t actuarially fair,
meanming that the consumption index €2 could have been set to Za at a price PZ;
strictly below Z».

When P < |, the consumption-based real interest rate is above ! +r. Foro > 1,
date | consumption therefore is lower, and C A} higher, than in a parallel certainty
model with Y2 = L: ps)Ya(s). When o < | the effect of a real interest rate above
1 4+ r is reversed. Thus, even tf (1 +r)=1and ¥} = Zp(s))’g(s), eq. (27)
implies that for /> < 1, the country will have a first-period current account surplus
when o > | and a deficit when o < 1.1

5.2 A Global Model

The last section showed how a small country allocates its consumption across dates
and across uncertain states of nature, given world prices of contingent securities.
While the small-country case is & useful starting point for thinking about intertem-
poral trade under uncertainty, several important implications of the complete mar-
kets approach becomes clear only in a world general-equilibrium setting.

In this sect