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Preface

The presentmonographdescribesresultsof my work carried out at the Institute of
Physicsat Aalborg University, Aalborg, Denmarkin theperiodfrom February1995to
May 1998andat theDepartmentof PhysicsandAstronomyatMississippiStateUniver-
sity, Starkville,Mississippi,UnitedStatesof Americain theperiodfrom August1996
to January1997.This monographis submittedasa Ph.D.thesisto theFacultyof Engi-
neeringandScienceatAalborg University.

With this dissertation,I intendto describein a unified fashionthework donein the
time frameof the programme.It is my intentionthat the contentsof this monograph
shouldgodeeperandbroaderinto thematerialthathasbeenprocessedfor publishingin
articles,andthusincluderesultsandcommentson materialnot suitablefor publication
aspartsof anarticle. Thework is divided into six mainparts,eachconsistingof some
separatechapters.Theoutlineof thismonographis presentedin thefollowing.

Outline of the dissertation

The motivation for carryingout the presentstudyis given in Part I, divided into three
separatechapters.In Chapter1abrief summaryof thecontributionstoscientificprogress
within thelastcentury, whichI believearethemostimportantfor my work, is presented.
Thehistoricalsummaryincludesremarkson nonlinearopticsin general,optical phase
conjugationin particular, near-field optics,andmesoscopicoptics. Chapter2 presents
the theoreticalmodel usually adoptedin optical phaseconjugation(standardtheory).
Chapter3 consistsof a discussionof the limitations of the standardtheoryaswell as
therequirementsto a theoreticalmodelthatcanbeusedwheninteractiontakesplaceon
small lengthscalesand/orin theopticalnear-field region.

In PartII thetaskof developinganonlocaltheoreticaldescriptionof phaseconjugation
of opticalnear-fieldsby degeneratefour wave mixing is undertaken. It consistsof three
chapters.In Chapter4 thebasicworking framefor thepresenttreatmentis established,
startingfrom Maxwell’s equations.Chapter5 setsup thefirst andthird orderresponses
of anelectronusingthedensitymatrix formalismstartingfrom theLiouville equationof
motion.In Chapter6 thegeneralconductivity responsetensorsfor degeneratefour-wave
mixing excludingspin-effectsareestablished,andtheir symmetriesarediscussed.Part
II is concludedwith asmalldiscussion.

v
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Part III discussesdegeneratefour-wavemixing in quantum-wellstructuresonasome-
what generallevel. For this purpose,two chaptersarewritten. In Chapter8 the con-
ductivity responsetensorsin thecasewhereasystemhasbrokentranslationalinvariance
in one spatialdirection are establishedand discussed,and Chapter9 is devoted to a
discussionof theconsequencesof scatteringin aplaneusingpolarizedlight.

In Part IV the optical phaseconjugationresponseof a single-level quantumwell is
studiedin four chapters.In Chapter10 the theoreticalconsiderationsnecessaryto de-
scribethe phaseconjugationresponsefrom a single-level quantumwell arediscussed,
andin Chapter11 thenumericalresultsfor thephaseconjugatedresponsefrom acopper
quantumwell arediscussed.Chapter12consistsof adiscussionof two-dimensionalcon-
finementof light in front of thesingle-level quantum-wellphaseconjugatorconsidered
in Chapters10 and11. Chapter13 concludesthispartwith ashortdiscussion.

Part V takesa similar point of view asPart IV, but for the two-level quantumwell.
Theoreticalconsiderationsarepresentedin Chapter14, while thenumericalresultsare
discussedin Chapter15. A shortdiscussionconcludesthispartin Chapter16.

Part VI containsa concludingdiscussionon thedevelopedtheoryandthenumerical
work followedby anoutlook.

Thereare five Appendicesincluded,consistingof calculationsnot suitablefor the
maintext. AppendixA is a calculationof the linearandnonlinearconductivity tensors
relevantfor studyingdegeneratefour-wavemixing in quantumwell structures.Appendix
B containstheprincipalanalyticsolutionsto the integralsover thestatesparallelto the
planeof translationalinvariancein the quantumwell structures. In Appendix C, the
absolutesolution to the integrals over the statesparallel to the planeof translational
invariancein thequantumwell structuresarepresentedin termsof theprincipalsolutions
given in Appendix B. Appendix D containsa small calculationof the Fermi energy
for a quantumwell in the low-temperaturelimit anda calculationof the minimal and
maximalvaluesof thethicknessof aquantumwell giventhedesirednumberof occupied
eigenstatesacrossthequantumwell. AppendixE containssomeintermediateresultsin
thecalculationof theintegralsover thesourceregion in Chapter14.

Referencesusedin thiswork arelistedin thebibliographyattheendof thedissertation
accordingto the recommendationsby the thirteentheditionof TheChicago Manualof
Stylewith author(s),title, andpublicationdatain alphabeticorderafter thefirst authors
surname.

Notation

Footnotesaremarked usinga superscriptnumberin the text, andthe footnoteitself is
foundatthebottomof thepage.Citationstootherpeople’swork aremadewith reference
to theauthorssurname(s)followedby theyearof publication.Theinternationalsystem
of units(SI) hasbeenadoptedthroughoutthework, exceptthattheunit Ångstr̈om (Å) is
usedto denotecertaindistances(1Å � 10� 10m).

Vectorquantitiesaredenotedwith a unidirectionalarrow above them,i.e., �κ. Like-
wise,tensorquantitiesaredenotedusinga bidirectionalarrow, i.e., σ. Integrationsover
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vector quantitiesare denoted“ � f ���κ � dnκ”, wheren is the numberof elementsin the
vector �κ, and f � �κ � is anarbitraryfunctionof theintegrationvariable�κ. Unit vectorsare
denoted�e with anindex indicatingwhich directionis taken. Theunit tensoris denoted
by 	 , andis usuallya3 
 3 tensor.

Latin indices � i � j � k � h  generallyrefersto thethreespatialcoordinatelabels � x � y� z ,
andthelatin indices � n � m� v� l  generallyrefersto quantumstates.Exceptionsfrom this
are (i) when the letter “i” appearsin formulaeand is not an index, it is the complex
numberi2 ��� 1, (ii) when the letter “k” appearsin formulaeand is not an index, it
is the wavenumberk ��� �k � , (iii) the letter “m” with an index “e” is the electronmass.
Summationsoverrepeatedindicesarestatedexplicitly whenever it shouldbeperformed.

To avoid confusionregardingtheplacementof 2π’s in theFourier integral represen-
tation,theFouriertransformpair� � t ��� 1

2π

� � � ω � e� iωtdω ��� � � ω ��� � � � t � eiωtdt

is adoptedbetweenthetime-andfrequency domains,andthusto beconsistentthetrans-
form pair� � �r ��� 1� 2π � 3 � � � �k � ei �k � �rd3k ��� � � �k ��� � � � �r � e� i �k � �rd3r

is adoptedbetweenrealspaceandk-space,hereshown in threedimensions.
Furthermore,the complex conjugateand the Hermitianadjoint of a quantityA are

denotedA� and A†, respectively. The phrases“+c.c.” and “ � H.a.” at the end of an
equationindicatestheadditionof thecomplex conjugateor theHermitianadjointof the
foregoing terms.Thephrase“ � i.t.” at theendof anequationdenotestheadditionof a
termin which thewave-vector �k is replacedby � �k. TheLaplacianis denoted∇2. The
Heaviside unit stepfunction Θ � x� hasthevalue � 1 for x � 0 and0 for x � 0, andthe
Kronecker deltaδi j hasthevalue � 1 for i � j and0 for i �� j. TheLudolphinenumber
3 � 14159265����� is denotedby thegreekletterπ.

Scientificpapersand presentationsbasedon this work

Partsof thework presentedin this dissertationhasbeenor will bepublishedseparately
in theform of proceedingspapers,articles,andletters.They areasfollows:

Andersen,T. andO. Keller (1995a).Optical near-field phaseconjugation:A nonlocal
DFWM responsetensor. In E. G. Bortchagovsky (Ed.), Proceedingsof the Interna-
tional AutumnSchool-Conferencefor YoungScientists“Solid StatePhysics:Funda-
mentals& Applications” (SSPFA’95), Kiev, pp. R5–R6. Instituteof Semiconductor
Physicsof NASU. ISBN 5-7702-1199-7.

Andersen,T. andO. Keller (1996a).PhaseConjugationof OpticalNearFields: A new
NonlocalMicroscopicResponseTensor. In O. Keller (Ed.),NotionsandPerspectives
of NonlinearOptics, pp.566–573.Singapore:World Scientific.ISBN 981-02-2627-6.
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Andersen,T. andO. Keller (1998a).Local-fieldtheoryfor opticalphaseconjugationby
degeneratefour wavemixing in mesoscopicinteractionvolumesof condensedmedia.
Phys.Scr. 58. In press.

Andersen,T. andO. Keller (1998b). Opticalphaseconjugationin asingle-level metallic
quantumwell. Phys.Rev. B 57, 14793–14808.

Andersen,T. andO. Keller (1998c). Two-dimensionalconfinementof light in front of a
singlelevel quantumwell phaseconjugator. Opt. Commun.Submitted.

Furthermore,an articleon optical phaseconjugationin a two-level (resonant)metallic
quantumwell is in preparation.In additionto theabove-mentionedpublications,presen-
tationsof abstractshasbeengivenatconferences.They are:

Keller, O.,M. Xiao andT. Andersen(1994). PhaseconjugationandNear-Field Micro-
scopy. Posterpresentedat theannualmeetingof theDanishOpticalSociety, Lyngby,
Denmark,November24.

Andersen,T. andO.Keller(1995b)Random-phase-approximation studyof theresponse
function describingphaseconjugationby degeneratefour wave mixing. Posterpre-
sentedat theannualmeetingof theDanishPhysicalSociety, Odense,Denmark,May
31–June2.

Andersen,T. and O. Keller (1995c)Phaseconjugationof optical near-fields: A new
nonlocalresponsetensorallowing degeneratefour wave mixing studieswith probe
beamsstronglydecayingin space.Talk givenattheThird InternationalAalborg Sum-
merSchoolonNonlinearOptics,Aalborg, Denmark,August7–12.

Andersen,T. andO. Keller (1995d)Optical near-field phaseconjugation:A nonlocal
DFWM responsetensor. Talk givenat the InternationalAutumnSchool-Conference
for YoungScientists“Solid StatePhysics:Fundamentals& Applications”(SSPFA’95)
in Uzhgorod,Ukraine,September19–26.

Andersen,T. and O. Keller (1996b) Optical PhaseConjugationby DegenerateFour
WaveMixing in aSingleLevel QuantumWell. Posterpresentedattheannualmeeting
of theDanishPhysicalSociety, Nyborg, Denmark,May 23–24.

Andersen,T. andO.Keller(1996c)MicroscopicDescriptionof OpticalNear-FieldPha-
seConjugation.Talk given at the SouthEasternSectionMeetingof The American
PhysicalSociety, Atlanta-Decatur, Georgia (USA), November14–16.Bulletin of the
AmericanPhysicalSociety41, p. 1660.

Andersen,T. andO. Keller (1997a)Optical Near-Field PhaseConjugation:A Micro-
scopicDescription.Posterpresentedat theFourthInternationalConferenceon Near-
Field Optics(NFO-4)Jerusalem,Israel,February9–13.

Andersen,T. andO. Keller (1997b)Focusingof classicallight beyond the diffraction
limit. Posterpresentedat theannualmeetingof theDanishOpticalSociety, Lyngby,
Denmark,November18–19.

Theabstractsareprintedin therelevantmeetingprogrammes.
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Software usedin this project

Creationof thenumericalresultspresentedin thiswork hasbeendonethroughdevelop-
mentof computerprograms,mainly in Fortran90 (Metcalf andReid 1996). The final
setof programsconsistsof approximately6000linesof codedevelopedby thepresent
author. Becauseof the size I have chosennot to includea reprint of the codein this
monograph.Thepresentationof thecalculateddatais doneusinggnuplotpre-3.6with
some400 linesof codeto generatetheplotsasencapsulatedPostScriptfiles. This dis-
sertationhasbeentypedentirely in LATEX 2ε (Goossens,Mittelbach,andSamarin1994;
Goossens,Rahtz,andMittelbach1997),anenhancedversionof thetypesettingprogram
TEX, originally developedby Knuth (1984).
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Naturainest
in mentibusnostrum
insatiabilisquaedam
cupiditasveri videndi
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Chapter1

Historicalperspective

Indeed,asthegreatoratorexpressedit morethantwo millenia ago,naturehasplanted
in our mindsaninsatiablelongingto seethetruth. This naturalcuriosity, I believe, has
beenthedriving forcebehindscientificinvestigationsin thehistoryof mankind,andthus
alsobehindtheevolutionof electromagnetictheory. But sincetheelectrodynamictheory
aswe know it wasinitiatedby Maxwell (1864,1891),I will in thefollowing historical
remarksconcentrateon thephysicsof thepastcentury. Readerswho wantanoverview
of theevolution of electromagnetictheoriesbeforethiscenturyarereferredto Born and
Wolf (1980),andthecomprehensive survey of Whittaker (1951).

Thework describedin thepresentdissertationis mainly concernedwith a theoretical
descriptionof a nonlineartype of electromagneticinteractionscalleddegeneratefour-
wave mixing (DFWM), particularly in the casewherephaseconjugationis obtained.
Themaininterestbehindthis studyis to modelthebehaviour of theDFWM interaction
in mesoscopicvolumesandin theopticalnear-field zone.Thus,in relationto established
branchesof modernoptics,this work belongsto thefieldsof nonlinearoptics(especial-
ly four-wave mixing), near-field optics,andmesoscopicsystems.In the remainingof
this chapterI thereforeintendto describebriefly thecontributionsto scientificprogress
within thelastcentury, which I believe arethemostsignificantfor thepresentstudy.

Although Einsteinalreadyin 1916 predictedthe existenceof stimulatedemission
(Einstein1916,1917), the main objective of opticsremainedlinear observationsuntil
afterthedevelopmentof themaserin theearly1950’s,whereTownesandco-workersat
ColumbiaUniversity usedstimulatedemissionfor amplificationof an electromagnetic
field in combinationwith a resonator(Gordon,Zeiger, andTownes1954,1955). An
applicationof the principlesof the maserin the optical region of the electromagnetic
spectrumwasproposedin 1958by Schawlow andTownes,andin 1960Maimancon-
structedthefirst laser—a pulsedruby laser. Thefirst laserdeliveringa continous-wave
outputwasconstructedin 1961usinga mixtureof Helium andNeongasses(Javan,Jr.,
andHerriot1961).Thelaserrapidlybecameof significantimportancein opticalphysics,
wherethefield of nonlinearopticswasignitedby thesuccessfulobservationby Franken,
Hill, Peters,andWeinrich(1961)of radiationof light at thesecondharmonicfrequency
(with a wavelengthλ of 3472Å) generatedby a quartzcrystal illuminated with light
from aruby laser(λ � 6943Å). Sincethennonlinearopticshasbeenof interestto many
researchersaroundtheglobeexploring a large numberof differentnonlinearphenom-
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4 Part I: Motivation

ena,suchassecond-,third-, andhigherorderharmonicgeneration,opticalrectification,
sumanddifferencefrequency generation,three-,four-, six-, andhigher-numberwave-
mixing, lasercooling, laser inducedatomic fusion, stimulatedRaman-and Brillouin
scattering,to mentiona few [see,e.g.,Bloembergen(1965),Boyd (1992),Mandeland
Wolf (1995),Yariv andYeh (1984),Shen(1984),SchubertandWilhelmi (1986),and
Mukamel(1995)].

The optical effect of interestin this work, optical phaseconjugation,is nowadays
usuallyproducedby meansof nonlinearoptics,althoughtheproblemof reconstructing
electromagneticwavefrontsstartedin the linear optical regime. The pioneeringwork
on optical wavefront reconstruction(holography)wascarriedout several yearsbefore
the inventionof the laserby Gabor(1948,1949)with thepurposeof improving there-
solving power of the electronmicroscope[seealsoBragg(1950)]. But only with the
high intensitiesandwith thedegreeof temporalandspatialcoherenceprovided by the
laser, holographicimagingbecameof practicalimportance.Suchexperimentswerefirst
reportedby Leith andUpatnieks(1962,1964). SoonthereafterKogelnik (1965)used
a hologramto correctstaticphasedistortionsintroducedontoan opticalwavefront. In
this experimenta photosensitive film wasusedfor holographicrecordingof an image,
and the film had to be developedprior to its applicationfor phasecorrection. This
experimentof Kogelnik appearsto be the first accounton optical phaseconjugation.
However, sincea new film hasto bedevelopedevery time thephasedistortionchanges,
this techniquebecomesrathercumbersomeif thephasedistortionschangesfrequently.
A key discovery of Gerritsen(1967)madeit possibleto storehologramsdynamicallyin
crystalswith anintensity-dependent refractive index, therebyextendingtheapplicability
domainof optical phaseconjugationto cover descriptionswherephasedistortionsare
varying in time. Experimentally, the first real-timeoptical phaseconjugationarecre-
dited to Zel’dovich andco-workers(Zel’dovich, Popovichev, Ragul’skii, andFaizullov
1972;Nosach,Popovichev, Ragul’skii, andFaizullov 1972),in anexperimentbasedon
stimulatedBrillouin scattering.In the late 1970’s, Hellwarth (1977)suggestedthe use
of a degeneratefour-wave mixing processto producethe phaseconjugatedfield. Im-
mediatelythereafterYariv andPepper(1977),andindependently, BloomandBjorklund
(1977),furtheranalyzedtheopticalphaseconjugationvia DFWM, resultingin predic-
tionsof amplifiedreflection,coherentimageamplificationandoscillation.Over thepast
twentyfive years,thousandsof scientificpapers,several booksandreview articlesde-
scribingdifferentaspectsandapplicationsof opticalphaseconjugationhave beenpub-
lished,andphaseconjugationin the form of DFWM is now an establisheddiscipline
in modernexperimentaloptics. Thetheoreticaltreatmentsof opticalphaseconjugation
areusuallybaseduponthe work of Yariv (1978),usingthe phaseconjugatingsystem
asadevice in studiesof otherprocesses.A comprehensive andcoherentintroductionto
thefield of opticalphaseconjugationcanbefoundin thebooksby Zel’dovich, Pilipet-
sky, andShkunov (1985)andSakai(1992),while a morespecializedintroductioncan
be achieved throughcollectionsof review papersappearingin booksby Fisher(1983)
andGower andProch(1994),or separately, by Pepper(1982,1985),Hellwarth(1982),
andKnoesterandMukamel(1991). Othercollectionsof paperscanbe found in, e.g.,
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Goodman(1983),andBrueck(1989).Within thelast few years,DFWM hasbeenused
for creationof optical phaseconjugationin configurationswherethe probefield and
the detectorare within subwavelengthdistancesfrom the phase-conjugatingmedium
(Bozhevolnyi, Keller, andSmolyaninov 1994;Vohnsen1997;Bozhevolnyi 1997).

Thefirst accountof attentionto subwavelength(opticalnear-field) interactionof light
with matterseemsto be Synge(1928, 1932), who proposedan apparatus,in which
a sampleis illuminated througha small aperturein an opaquescreen,the areaof the
aperturebeingsubstantiallysmallerthanthediffractionlimit of thelight usedfor theil-
lumination(of subwavelengthsize).Theapertureshouldbemovedin small increments
(scanned)overthesamplebyuseof apiezo-electriccrystal.At everystepof thescanning
procedurethelight transmittedthroughthesampleshouldbecollectedandtheintensity
measured.Theresolvingpowerof suchaninstrumentshouldbelimited by thesizeof the
apertureandthedistancefrom theapertureto thesampleratherthanby thewavelength
of the illuminating light. For whatever reason,the proposalof Syngewas forgotten,
andeven thoughBethe(1944)andBouwkamp(1950a,1950b)discussedthe problem
of diffractionby smallholes,theideaof anopticalnear-field microscoperemainedfor-
gottenuntil O’Keefe(1956)madethe proposal,apparentlywithout any knowledgeof
the instrumentproposedby Synge.Thefirst demonstrationof an imageobtainedwith
scanningin theelectromagneticnear-field zonewasgiven by Ash andNichols (1972),
whousedmicrowavesof wavelengthof 3cmto resolvemetallicgratingswith linewidths
down to 0.5mm,correspondingto 1) 60-thof awavelength.Anothertwelveyearsshould
passbeforenear-field electrodynamicswasadressedagain.Near-field opticsevolvedin
the mid-eightiesin the wake of the experimentalworks by the groupsof Pohl, Lewis,
andFischer(Pohl, Denk, andLanz 1984; Lewis, Isaacson,Harootunian,andMurray
1984; Fischer1985; FischerandPohl 1989). The main efforts of this new branchof
modernopticsis concentratedon theoriginal ideaof subwavelengthimaging[see,for
example,therecentlypublishedbookby PaeslerandMoyer (1996),theproceedingsof
thefirst conferenceon near-field optics(Pohl andCourjon1993),or proceedingsfrom
laterconferencesin near-field optics(Isaacson1995;PaeslerandvanHulst1995;Nieto-
VesperinasandGarćıa 1996;vanHulst andLewis 1998)].

The appearanceof microscopeswith subwavelengthresolutioninevitably posesthe
questionsof theresolutionlimit andthedegreeof spatialconfinementof light—two in-
separablequestionsin near-field optics.Fundamentally, thespatialconfinementproblem
is linkedto thefield-matterinteractionin thevicinity of thesourceemittingthefield and
in thenear-field region of thedetector. In classicaloptics,near-field effectstraditionally
haveplayedaminorrole,andthepossibilitiesfor studyingmaterialpropertiesonasmall
lengthscaleusuallyarejudgedin relationto thediffraction limit criterionattributedto
ErnstAbbe(1873)andthethird baronRayleigh(1896).TheRayleighcriterion,though
mainly invoked in thecontext of spatialresolution,alsosetsthe limit for thepossibili-
ties of light compressionin far-field studies.As alreadyemphasizedby lord Rayleigh
andlaterdiscussed,for instance,by Ronchi(1961),theresolutionproblemis not asim-
ple one,even in classicaloptics. A recentsurvey of the resolutionproblemwithin the
framework of classicalopticshasbeengivenby denDekker andvandenBos(1997).
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Whenthe interactionlengthof an electromagneticfield acrossthe individual struc-
turesin a condensedmattersystemis on the orderof an optical wavelength(typically
a few atomic distances),the theoreticaldescriptionof the field-matterinteractionbe-
longsto thefield of mesoscopicelectrodynamics.Within thelasttwo decadesstudiesof
the optical propertiesof mesoscopicsystems,suchasquantumwells (singleandmul-
tiple), -wires and -dots, surfaces,interfaces,and more exotic geometrieshave drawn
the attentionof many researchers.Becauseof the immediatepotential for industrial
applicationmany of thesestudieshave beenconcentratedon thepropertiesof semicon-
ductors(see,e.g.,Weisbuch andVinter (1991),andreferencesherein). In recentyears
in particularinvestigationsof thenonlinearelectrodynamicshavebeenin focus.Among
themany nonlinearphenomenastudiesof secondharmonicgeneration(SipeandStege-
man1982; Richmond,Robinson,andShannon1988; Heinz 1991; ReiderandHeinz
1995;Liebsch1995;Pedersen1995),sum-anddifferencefrequency generation(Reider
andHeinz 1995;Bavli andBand1991),photondrag(Keller 1993;Vasko 1996;Chen
andKeller 1997; Keller andWang1997),DC-electric-fieldinducedsecondharmonic
generation(Aktsipetrov, Melnikov, Murzina, Nikulin, andRubtsov 1995;Aktsipetrov,
Fedyanin,and Downer 1996), the Kerr effect (Pustogowa, Hübner, and Bennemann
1994;Liu andKeller 1995;RasingandGoerkamp1995;Rasing1996),electronicand
vibrationalsurfaceRamanscattering(Nkoma1989;Mishchenko andFal’kovskii 1995;
Garcia-Vidal andPentry1996), two-photonphotoemission(Haight 1995; Fausterand
Steinmann1995;Georges1995;Shalaev, Douketis, Haslett,Stuckless,andMoskovits
1996; Tergiman,Warda,Girardeau-Montaut,andGirardeau-Montaut1997),andgen-
erationof higherharmonics(von der Linde 1996;Gavrila 1992)have playeda promi-
nentrole. Amongthemoreexotic phenomena,studiesof theAharonov-Bohmeffect in
mesoscopicrings(Wang1997)andwhispering-gallerymodesin microspheres(Knight,
Dubreuil, Sandoghdar, Hare,Lefèvre-Seguin, Raimond,andHaroche1995)have also
beencarriedout lately.

Fromatheoreticalpointof view therefractive index conceptbecomesmeaninglessfor
structuresof mesoscopicsize.Therefore,macroscopicapproachesto describethefield-
matterinteractionhave to be abandonedfrom the outset,and the theoreticalanalyses
have to bebasedonthemicroscopicMaxwell equationscombinedwith theSchr̈odinger
equation.TheSchr̈odingerequationdescribesthequantumstateof thecondensedmatter
system,andis afundamentalpartof thequantummechanicsinitiatedin thebeginningof
the20thcenturyby suchscientistsasPlanck,Einstein,Bohr, Heisenberg, Born,Jordan,
de Broglie, Schr̈odingerand Dirac. Even an attemptto give a satisfactory historical
survey of the developmentof quantummechanicsat this point will fail becauseof the
almostuniversalstatusquantummechanicshasreachedin the descriptionof modern
physics. Instead,for the history of quantummechanicsincluding a descriptionof the
mathematicalfoundation,pleaseconsult for examplevon Neumann(1932) or Bohm
(1951). A modernandcomprehensive descriptionof quantummechanicsis given by
Cohen-Tannoudji,Diu, andLaloë (1977),wherealsoa comprehensive list of references
to key paperscanbefound. An exampleof interestingpapersis theseriesof articlesby
Schr̈odinger(1926a,1926b).



Chapter2

Standardtheoryof
opticalphaseconjugationby degeneratefour-wavemixing

Opticalphaseconjugationis anonlinearopticalphenomenon,in whichanincomingop-
tical field is reflectedin suchamannerthatthewavefrontsof thereflectedfield coincide
with the incomingfield, hencealsothename“wavefront inversion”, frequentlyusedin
the literature. Theprincipleof opticalphaseconjugationhasgainedwidespreadatten-
tion becauseof its ability to correctfor distortionsintroducedin a pathtraversedby an
optical signal. In principle, it works like this: An optical sourceis placedon oneside
of adistortingmedium(crystal,waveguide,atmosphere,etc.).A systemin whichphase
conjugationtakesplace(calledthephaseconjugator)is placedon theothersideof the
distortingmedium.A field emittedfrom thesourcein thedirectionof thephaseconjuga-
tor thentravel throughthedistortingmedium,andis reflectedby thephaseconjugator.
The phaseconjugatorreversesthe wavefront of the incoming(probe)field, andwhen
thereflectedlight comesbackthroughthedistortingmedium,thewavefront is (ideally)
exactly reversed,comparedto thatoriginally emittedby thesource.Sinceit is possible
to seehow thelight wasoriginally emittedby thesourceby looking at thephaseconju-
gatedreplica,it is sometimesalsogiventhesomewhatmisleadingterm“time reversal”
(Yariv 1978).Severalschemesexist to achieve phaseconjugation,themostwidely used
called“degeneratefour-wave mixing” (DFWM). Opticalphaseconjugationin theform
of degeneratefour-wavemixing (DFWM) is anonlinearthird ordereffect,wheremixing
of two counterpropagating“pump” fieldsanda “probe” (or “signal”) field—all with the
samefrequency ω—resultsin, amongothersignals,a generatedfield (the“conjugate”)
with frequency ω � ω � ω � ω, which is counterpropagatingto theprobefield.

In thefollowing, I presentthetheoreticalmodelusuallyadoptedin studiesof optical
phaseconjugationby degeneratefour-wave mixing, andconsequentlythis chapterwill
consistmainly of textbook material. The treatmentroughly follows that of Yariv and
Fisher(1983)andof Boyd (1992).TheDFWM geometrysuggestedby Yariv andPepper
(1977)is shown in Fig. 2.1. In this configuration,a losslessnonlinearopticalmedium
is illuminatedby two strongcounterpropagatingpumpfields �E1 and �E2 andby a weak
signal(probe)wave �E3. Thepumpfieldsareusuallytaken to beplanewaves,although
they in principleareallowedtohaveany kindof wavefrontaslongastheiramplitudesare
complex conjugatesof eachother. Theprobefield canhave a morecomplex wavefront.
Resultingfrom themixing processin themediumaconjugatefield appears,propagating
in thedirectionoppositelyto theprobe.

7
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Figure2.1: Geometryof phaseconjugationby DFWM in thestandardmodel.

In order to describethe electromagneticfield we first establishthe wave equation
for the interactingfields from the macroscopicMaxwell equations.It is thereafterre-
ducedto its slowly varying envelopeapproximation(SVEA) form. The four macro-
scopicMaxwell equationsare�∇ 
 �E � �r � t �+�,� ∂ �B � �r � t �

∂t
� (2.1)�∇ 
 �H � �r � t �+� �J � �r � t �-� ∂ �D � �r � t �

∂t
� (2.2)�∇  �D � �r � t �+� ρ � �r � t �.� (2.3)�∇  �B � �r � t �+� 0 � (2.4)

We now assumethat the materialis homogeneous,nonmagnetic( �B � µ0 �H), andnon-
conducting( �J � �0) andthattherearenofreecharges(ρ � 0). Wewrite thedisplacement
vector �D � �r � t � as�D � �r � t ��� ε0 �E � �r � t �-� ε0 �P � �r � t �.� (2.5)

where �P � �r � t � is thepolarization,which we split into its linear, �PL , andnonlinear, �PNL,
components�P � �r � t ��� �PL � �r � t �-� �PNL � �r � t �.� (2.6)

Above,thelinearpolarizationdescribesthematerialresponsedueto interactionwith the
field of first order. We thusdefinethe linear susceptibilityχ / 10 from the linear polar-
ization in the manner �PL � χ / 10  �E. The linear permittivity εr is thenfound from the
linear part of the displacement,giving εr �1	 � χ / 10 . Taking thecurl of Eq. (2.1) and
insertingEq. (2.2) into theresultingequation,we obtain(by useof theoperatoridentity�∇ 
 �∇ 
2�3� ∇2 � �∇ �∇  ) thefollowing wave equation4 	 ∇2 � εr

c2

∂2

∂t2 5  �E � �r � t �6� 1
c2

∂2 �PNL � �r � t �
∂t2 � (2.7)
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wherewe have assumedthat theelectricfieldsareperpendicularto their corresponding
wavevector(transversality). Thenonlinearpolarizationis usuallydescribedasa power
seriesin theelectricfield,�P � χ / 10  �E � χ / 20 : �E �E � χ / 30 ... �E �E �E �7������� (2.8)

whereχ / 10 is the linear susceptibility, χ / 20 is the second-ordernonlinearsusceptibility
tensor, χ / 30 is the third-ordernonlinearsusceptibilitytensor, etc. This expansionis of
courseonly of interestif we canassumethat �P / 1098 �P / 2098 �P / 3098  � � (the paramet-
ric approximation).Sincewehaveassumedthemediumto belossless,thesusceptibility
tensorsarerealtime-independentquantities,andhencealsoεr is arealquantity. Thelin-
earsusceptibilitytensoris includedin thelinearpolarization( �PL) above,andthelowest
ordernonlinearpolarizationof interestto DFWM is thethird-orderone,i.e.,�PNL � �r � t ��� χ / 30 ... �E � �r � t � �E � �r � t � �E � �r � t �.� (2.9)

Above, the sum-productoperator“
...” is definedsuchthat elementi of the nonlinear

polarizationis

PNL : i � �r � t ��� ∑
jkh

χ / 30i jkhEh � �r � t � Ek � �r � t � E j � �r � t �.� (2.10)

Thetotalelectricfield is asumof thefour individual fieldsin theDFWM process,�E � �r � t ��� 4

∑
α ; 1

�Eα � �r � t ��� 1
2

4

∑
α ; 1

�Eα � �r � ei / �kα � �r � ωt 0 � c.c.� (2.11)

where �Eα � �r � are slowly varying quantities,and the wavevector �kα is real. Sincewe
assumedthat the pumpfields �E1 � �r � t � and �E2 � �r � t � arecounterpropagating,the sumof
their wavevectorsis zero,i.e., �k1 � �k2 � �0. InsertingEq. (2.11) into Eq. (2.9), a large
numberof termsaregenerated.In the phaseconjugationconfigurationwe arepartic-
ularly interestedin the termsrelatedto the first harmonicin the cyclic frequency ω.
Among thesetermsaretermsthat canact asphase-matchedsourcetermsfor the con-
jugatewave �E4 � �r � t � whenthe probeandconjugatefields arecounterpropagating,i.e.,
when �k3 � �k4 � �0. Using thesetwo propertiesof thewavevectors,termswith a spatial
dependenceof theform ei �kα � �r areparticularlyimportantbecausethey producethephase-
matchedtermsfor thefour interactingelectricfields. Thepolarizationsassociatedwith
thesephase-matchedcontributions(at ω) become�P / 10NL � �r � t �<� 3

8
χ / 30 ... = �E1 �E1 �E �1 � 2 ∑

α >@? 2 : 3 : 4A �Eα �E1 �E �α � 2 �E �2 �E3 �E4 B ei / �k1 � �r � ωt 0 � c.c.� (2.12)

�P / 20NL � �r � t �<� 3
8

χ / 30 ... = �E2 �E2 �E �2 � 2 ∑
α >@? 1 : 3 : 4A �Eα �E2 �E �α � 2 �E �1 �E3 �E4 B ei / �k2 � �r � ωt 0 � c.c.� (2.13)
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8

χ / 30 ... = �E3 �E3 �E �3 � 2 ∑
α >@? 1 : 2 : 4A �Eα �E3 �E �α � 2 �E1 �E2 �E �4 B ei / �k3 � �r � ωt 0 � c.c.� (2.14)

�P / 40NL � �r � t �<� 3
8

χ / 30 ... = �E4 �E4 �E �4 � 2 ∑
α >@? 1 : 2 : 3A �Eα �E4 �E �α � 2 �E1 �E2 �E �3 B ei / �k4 � �r � ωt 0 � c.c.� (2.15)

in a shortnotationwhere �E C �E � �r � . With thissplitting of thenonlinearpolarization,the
wave equationis satisfied,wheneachof the four fields andtheir relatedpolarizations
satisfy the wave equationseparately. Next, assumingthat the pump fields are much
strongerthantheprobeandtheconjugatefields,we candrop thetermsin Eqs.(2.12)–
(2.15)containingmorethanoneweak-fieldcomponent,thusobtaining�P / 10NL � �r � t �<� 3

8
χ / 30 ... D �E1 �E1 �E �1 � 2 �E2 �E1 �E �2 E ei / �k1 � �r � ωt 0 � c.c.� (2.16)�P / 20NL � �r � t �<� 3

8
χ / 30 ... D �E2 �E2 �E �2 � 2 �E1 �E2 �E �1 E ei / �k2 � �r � ωt 0 � c.c.� (2.17)�P / 30NL � �r � t �<� 3

4
χ / 30 ... D �E1 �E3 �E �1 � �E2 �E3 �E �2 � �E1 �E2 �E �4 E ei / �k3 � �r � ωt 0 � c.c.� (2.18)�P / 40NL � �r � t �<� 3

4
χ / 30 ... D �E1 �E4 �E �1 � �E2 �E4 �E �2 � �E1 �E2 �E �3 E ei / �k4 � �r � ωt 0 � c.c.� (2.19)

againin short notation. Note that by this approximationthe polarizationsassociated
with thepumpfieldshavebeendecoupledfrom theprobeandconjugatefields.Thenwe
may first solve the wave equationsfor the pumpfields, andthereafterinsert the result
into thewave equationsfor theprobeandconjugatefields. Following this insertion,the
probeandconjugatefieldscanbefound. Since∇2 � �E � �r � ei / �k � �r � ωt 0 F�G�H� ∇2 � 2i I �k  �∇ JK�
k2 � �E � �r �# ei / �k � �r � ωt 0 , thewaveequationfor pumpfield 1 canbewritten4 	 L ∇2 � 2i I �k1  �∇ J@� k2 M � ω2

c2
εr 5  �E1 �N� 3ω2

8c2 χ / 30 ... D �E1 �E1 �E �1 � 2 �E2 �E1 �E �2 E � (2.20)

still in theshortnotationfrom above. Assumingnow thatwe haveanisotropicmedium,
the susceptibilitytensorsmust be invariant to inversionand rotation aroundany axis
in thechosenCartesiancoordinatesystem.The demandof inversionsymmetryleaves
all tensorelementswith an odd numberof x’s, y’s, or z’s zero,andthusonly diagonal
elementssurvive in thelinearsusceptibilitytensor, andonly the21 elementsin thenon-
linearsusceptibilitytensorof theform χ / 30ii j j , χ / 30i j j i , andχ / 30i j i j arenonzero,i and j beingany
x, y, or z. Thedemandof invarianceto rotationaltransformationsresultsin thedemand
that the threeremainingnonzeroelementsof the linear susceptibilitytensorareequal,
andthuswe find that εr �1	 εr . In termsof the refractive index n of themedium,that
is εr � n2. For thenonlinearsusceptibilitytensorthis demandimplies that thenonzero
elementscanbewritten

χ / 30i jkh � χ / 30xxyyδi jδkh � χ / 30xyxyδikδ jh � χ / 30xyyxδihδ jk � (2.21)
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In theDFWM case,permutationsymmetrybetweenthetwo fieldswithout thecomplex
conjugationmakesk andh interchangeable,andthusχ / 30xyxy is equalto χ / 30xyyx, leaving the
nonzeroelements

χ / 30i jkh � χ / 30xxyyδi jδkh � χ / 30xyyx� δihδ jk � δikδ jh � (2.22)

in thenonlinearsusceptibilitytensor. Furthermore,insidethemediumthemodulusof the
wavevectorsarethesame,k1 � k2 � k3 � k4 � k � nω ) c. Undertheaboveassumptions,
Eq.(2.20)takestheformL ∇2 � 2i I �k1  �∇ J M �E1 � �r ���3� 3ω2

8c2 O χ / 30xxyy D I �E1 � �r �P �E1 � �r �QJ �E �1 � �r �-� 2 I �E2 � �r �P �E1 � �r �QJ �E �2 � �r � E� 2χ / 30xyyx D �E1 � �r �RI �E1 � �r �S �E �1 � �r �QJT� 2 �E2 � �r �RI �E1 � �r �S �E �2 � �r �QJ E+U � (2.23)

Now thesimplestassumptionis that the four fields travel in a directionalmostparallel
to thez-axis(theparaxialapproximation),that they have thesamestateof polarization,
andthat thepumpwaveshave planewavefronts(independentof x andy). Theninstead
of Eq. (2.23),Eq.(2.20)is rewritten into theformV

d2

dz2 � 2ik
d
dz W E1 � z���N� 3ω2

8c2 χ / 30xxxx X �E1 � z�Y� 2 � 2 �E2 � z�Y� 2 Z E1 � z�.� (2.24)

still for an isotropicmedium,andnow having k1 � kz. Introducinginto Eq. (2.24) the
slowly varyingenvelopeapproximation(SVEA), in which it is assumedthat � k � dE ) dz�Y�8 � d2E ) dz2 � , we obtain

dE1 � z�
dz

� 3iω
16nc

χ / 30xxxx X �E1 � z�Y� 2 � 2 �E2 � z�Y� 2 Z E1 � z��C iκ1E1 � z�.� (2.25)

In a similar fashionwe find that thepumpfield going in thenegative z-directionis de-
scibedby theequation

dE2 � z�
dz

�N� 3iω
16nc

χ / 30xxxx X �E2 � z�Y� 2 � 2 �E1 � z�Y� 2 Z E2 � z��C[� iκ2E2 � z�.� (2.26)

sincek2 �3� kz. Sinceχ / 30xxxx andn arerealquantities(from theassumptionof a lossless
medium),κ1 andκ2 arealsorealquantities.Eqs.(2.25)and(2.26)have solutionson the
form E1 � z��� E1 � 0� eiκ1z andE2 � z��� E2 � 0� e� iκ2z, respectively.

Next, we considerthe probeand conjugatefields. If we assumethat the incident
probewavecanbedecomposedinto planewaveswecanfor simplicity consideronly one
of theseat a time. Underthis assumption,andkeepingthe approximationsmentioned
before,thewave equationsfor theprobeandconjugatefieldsare

dE3 � z�
dz

� 3iω
8nc

χ / 30xxxx O X �E1 � 0�Y� 2 � 2 �E2 � 0�Y� 2 Z E3 � z�-� E1 � 0� E2 � 0� E �4 � z� ei / κ1 � κ2 0 z UC iκ3E3 � z�-� iκE �4 � z�.� (2.27)
dE4 � z�

dz
�N� 3iω

8nc
χ / 30xxxx O X �E1 � 0�Y� 2 � 2 �E2 � 0�Y� 2 Z E4 � z�-� E1 � 0� E2 � 0� E �3 � z� ei / κ1 � κ2 0 z UCN� iκ3E4 � z�P� iκE �3 � z�.� (2.28)
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To achieveperfectphasematchingbetweentheprobeandtheconjugatefield,κ hasto be
constantalongz, requiringthatκ1 � κ2, whichmeansthattheintensityof thetwo pump
fieldsmustbe thesame( �E1 � z�Y� 2 �\�E2 � z�Y� 2). If we additionallyintroducea changeof
variablesby letting E3 � z�]� E3̂ � z� eiκ3z andE4 � z�]� E4̂ � z� e� iκ3z, Eqs.(2.27)and(2.28)
become

dE3̂ � z�
dz

� iκE ^ �4 � z�.� (2.29)

dE4̂ � z�
dz

�,� iκE ^ �3 � z�.� (2.30)

and we notice in passingthat the primed and the unprimedvariablescoincidein the
input planeof the interactionregion, i.e., at z � 0. Eqs.(2.29)and(2.30)shows why
degeneratefour-wave mixing leadsto phaseconjugation,sincethegeneratedfield E4̂ � z�
is drivenonly by thecomplex conjugateof theprobefield amplitude.Differentiationof
Eq.(2.29)andinsertionof Eq.(2.30),anviceversa,we get

d2E3̂ � z�
dz2 � κ2E3̂ � z�+� 0 � (2.31)

d2E4̂ � z�
dz2 � κ2E4̂ � z�+� 0 � (2.32)

The characteristicequationis λ2 � κ2 � 0, which hassolutionsλ �3_ iκ. The general
solutionto Eqs.(2.31)and(2.32)is then

E3̂ � z�`� C1eiκz � C2e� iκz � (2.33)

E4̂ � z�`� C3eiκz � C4e� iκz � (2.34)

Assumingthatwe know thevaluesE3̂ � 0� andE4̂ � L � , we canthenfind E3̂ � z� andE4̂ � z�
asa function of thesetwo boundaryvalues. Thenthe solutionsto the coupleddiffer-
ential equations,Eqs. (2.29) and (2.30), describingthe electric field inside the phase
conjugatingmedium,become

E3̂ � z�`� E3̂ � 0� cosI κ � L � z�QJ
cos� κL � � iE ^ �4 � L � sin� κz�

cos� κL � � (2.35)

E4̂ � z�`� E4̂ � L � cos� κz�
cos� κL � � iE ^ �3 � 0� sinI κ � L � z�QJ

cos� κL � � (2.36)

In thepracticalcase,E3̂ � 0� (theprobefield cominginto themedium)is finite andE4̂ � L �
(thephaseconjugatedfield attheotherendof themedium)is zero.Thephaseconjugated
field comingoutof themediumatz � 0 is then

E4̂ � 0���N� iE ^ �3 � 0� tan� κL �.� (2.37)

Thusthephaseconjugatedfield dependson (i) the intensityof thepumpfields,(ii) the
lengthof theactive medium,and(iii) the incomingprobefield, andwe noticethat the
magnitudeof thephaseconjugatedfieldcanbelargerthanthemagnitudeof theincoming
probefield.
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Discussion

The theoreticaldescriptiongiven in the precedingchapteris not the only existing de-
scription of phaseconjugationby DFWM in the macroscopicsense,but it illustrates
quitewell theusualline of thoughtwhenconsideringopticalphaseconjugation.As ex-
ampleson theoreticalpapersgoingbeyondthedescriptionin Chapter2, let usmention
that (i) polarizationpropertieshave beenstudiedby Ducloy andBloch (1984),(ii) de-
scriptionstaking into accountthevectorialproperties[seeEq. (2.20)] have beengiven,
e.g., by Syed,Crofts, Green,andDamzen(1996), (iii) improvementsto the standard
theoryin the form of abandoningthe slowly varying envelopeapproximation(SVEA)
havealsobeendiscussed[see,e.g.,Marburger(1983)andFarzadandTavassoly(1997)].
A featureof thestandardtheory[seeEq. (2.37)] is that thephaseconjugatedresponse
dependsonthelengthof thenonlinearcrystalused(infinite atκL �3� 2p � 1� π ) 2 for any
integervalueof p). Thestandardtheoryhasproven to bea satisfactorydescriptionfor
spatiallynondecayingfieldscontainingno evanescentcomponents.

Thoughtheoverwhelmingmajority of opticalphaseconjugationexperimentscanbe
describedwithout inclusionof evanescentcomponentsof theelectromagneticfield, the
possiblephaseconjugationof thesecomponentshasbeendiscussedfrom time to time.
With the experimentalobservation of Bozhevolnyi, Keller, and Smolyaninov (1994,
1995), the needfor inclusionof near-field componentsand thusevanescentmodesin
thedescriptionof opticalphaseconjugationhasdrawn renewedattention.

In animportantpaperby Agarwal andGupta(1995)thetreatmentwasfocusedon an
analysisof thephaseconjugatedreplicaproducedby aso-calledidealphaseconjugator,
characterizedphenomenologicallyby apolarization-andangleof incidenceindependent
nonlinearamplitudereflectioncoefficient,andin recentarticlesby Keller(1996b,1996c)
attentionwasdevotedto aninvestigationof thespatialconfinementproblemof thephase
conjugatedfield. Macroscopictheoriesincluding near-field componentsin the optical
phaseconjugationprocesshave also appearedrecently (Bozhevolnyi, Bozhevolnaya,
andBerntsen1995;ArnoldusandGeorge1995).

In theirwork Bozhevolnyi, Keller, andSmolyaninov useddegeneratefour-wave mix-
ing (DFWM) producedby a 10mWHeNelaserwith a wavelengthof 633nmin aniron-
dopedlithium-niobate(Fe:LiNbO3) crystalandanexternal-reflectionnear-field optical
microscopeto achieve phaseconjugatedlight foci, which with a diameterof a 180nm
werewell below theclassicaldiffractionlimit. Themainconclusionof theirexperiments
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wasthat to achieve a spotsizeassmallas180nmphaseconjugationof at leastpartsof
theopticalnear-field emittedfrom thesourcemusthave takenplace.

In thepresentwork we go onestepfurther in the theoreticalstudyof thephasecon-
jugationof opticalsignalswhich includenear-field componentsby abandoningtheideal
phaseconjugatorassumption.For simplicity ourdescriptionis limited to cover only the
degeneratefour-wave mixing configurationfor which the interactingoptical fields all
have thesamecyclic frequency ω.

Becauseof the small rangeof the optical evanescentfields from the (mesoscopic)
sourcea substantialpart of the near-field phaseconjugationprocessis boundto take
placein the surfaceregion of the phaseconjugatingmedium. It is thusfrom the very
outsetnecessaryto focustheattentionon thesurfaceregion of thenonlinearmirror and
investigatethephaseconjugationprocesson a lengthscale(much)smallerthantheop-
tical wavelength.This fact in itself makesuseof theidealphaseconjugatorassumption
doubtful. For a bulk phaseconjugatorit may furthermorebe difficult to assurean ef-
fective nonlinearmixing in a surfacelayerasthin asthefield penetrationdepth.Thus,
experimentallyit mightbeadvantageousto useathin film or evenaquantumwell asthe
nonlinearmedium(seeFig. 3.1). Froma differentperspective theuseof a thin film as
thenonlinearmediumhasalreadydrawn attention(MontemezzaniandGünter1996).

Thepresenttheoryhasbeenconstructedin sucha mannerthat it offersa framework
for microscopicstudiesof degeneratefour-wave mixing at surfacesof bulk media,in
thin films andquantumwells,andin smallparticles.To carryout in detailarigorousmi-
croscopicnumericalanalysisof theDFWM processit is, however, necessaryto consider
mesoscopicmediawith a particularlysimpleelectronicstructure,andwe shalldemon-
stratelaterhow thepresenttheorycanbeappliedto asimplequantumwell structure.

In conventionaldescriptionsof opticalphaseconjugationby DFWM it is assumedthat
theinteractionlengthis longcomparedto thewavelengthof theprobefields,thusbuild-
ing up pictorially speakingfrom oneof thepumpbeamsandtheprobebeama grating,
from which theotherpumpbeamis scatteredinto a phaseconjugatedreplica(the‘real-
timeholography’picture).Furthermoreit is assumedthattheamplitudesof thefieldsare
slowly varyingontheopticalwavelengthscale[Slowly varyingenvelope(SVE)approx-
imation] andthusalsoconstantacrosstheindividual scatteringunits(atoms,molecules,
. . . ) [Electric dipole(ED) approximation]of thephaseconjugatingmedium.Consider-
ing optical nearfields, which containcomponentsvarying rapidly in space,the afore-
mentionedapproximationsdo nothold andwe thusexcludethemin thepresentformal-
ism. We alsoavoid otherapproximationsoften madein the literature,namely(i) the
assumptionof a losslessmedium,(ii) the ab initio requirementof phasematchingbe-
tweentheinteractingopticalsignals,and(iii) theassumptionthattheprobefield is weak
comparedto thepumpfields.

To illustrate the needfor a theorygoing beyond the SVE andED approximations,
we have in Fig. 3.2 shown the componentof the probewavevector perpendicularto
the surface,insideaswell asoutsidethe phaseconjugator, asa function of its paral-
lel component.Whenthe parallelcomponentof the probewavevectorbecomeslarger
thanω ) c0, the perpendicularcomponentof the wavevectorbecomespurely imaginary
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Figure 3.1: The upperpart is a schematicillustration showing the Weyl representationof a
sphericalwave-field from a point (mesoscopic)source. In this representationthe field is ex-
pandedin planewavesoveraplane,in practicethesurfacein consideration.Thetwo-dimensional
wavevector( gq h ) expansionconsistsof thosetermsfor which q h6i ω j c0 (c0 beingthe vacuum
speedof light) plus thosehaving q h�k ω j c0. In the first groupof termsthe componentof the
wavevectorperpendicularto thesurface(verticalarrow) is realsothattheindividualplane-wave
modesarepropagating,andin the secondgroup,consistingof evanescentmodes,this compo-
nentis purelyimaginary. Thesolid linesattachedto two of thearrowsindicateplanesof constant
phase,andthedottedlinesattachedto theevanescentmodesindicatelinesof constantamplitude.
Thelowerpartis aschematicillustrationshowing anexponentiallydecayingmodefrom ameso-
scopicsourceplacedneara thin film (quantumwell) phaseconjugator. To phaseconjugatean
evanescentmodein aneffectivemannerthenearfield of thesourcemustoverlapthephasecon-
jugator, andasindicatedit is not alwayscorrectto assumethat the selfconsistentlydetermined
evanescentfield is constantacrossthethin film.

in the vacuum,but it is still real insidethe phaseconjugatingmirror. A purely imagi-
narywavevectorcomponentmeansthattheelectromagneticfield is evanescent,whereas
a realcomponentindicatesthatthefield is propagatingandnondecaying(in theabsense
of absorption).Whentheparallelcomponentbecomeslargerthannω ) c0 (wheren is the
refractive index of thesubstrate)theperpendicularcomponentof theprobewavevector
becomesevanescentalsoinsidethephaseconjugatingmirror, andthelarger theparallel
component,themorewrongtheSVEandED approximationsbecome.Thusto study, for
instance,thephaseconjugationof all field componentspossiblyemittedfrom a meso-
scopicsourcein the vicinity of the phaseconjugatorit is necessaryto abandonthese
approximations.

As alreadymentioned,thepresenttheorynotonly allowsoneto investigatetheoptical
phaseconjugationof evanescentwaveswith smallpenetrationdepths,it alsoenablesone
to investigatethepossibilityof achieving DFWM in mesoscopicfilms (quantumwells),
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Figure 3.2: The componentof the probe wavevector perpendicularto (qn ) a vacuum/bulk
phaseconjugatorinterfaceas a function of its real parallel component(q h ) in vacuum(solid
line, q0n ) and in the substrate(dashedline, qnn ). For q h i ω j c0, q0npo,qsr ω j c0 t 2 u q2hwv 1x 2, and

qnn oyqsr nω j c0 t 2 u q2h v 1x 2 arebothreal,andtheassociatedplanewavesarethuspropagating(and
nondecaying)in boththevacuumandthephaseconjugator, neglectingabsorption.In theregion
ω j c0 z q h i nω j c0 (n beingthelinear(real)refractiveindex of thephaseconjugator),q0n{o iα0n
becomespurely imaginary(we plot α0npo|q q2h u r ω j c0 t 2 v 1x 2), but qn is still real. The field in
the vacuumis thus evanescentin this region. In the region q h k nω j c0, also qn o iα n is a
purely imaginarynumber(we plot αnn o}q q2h u r nω j c0 t 2 v 1x 2), so thatalsothefield in thephase
conjugatoris evanescent.

a subjectof interestin its own right. Themainreasonthat thepresentformulationmay
beusedin near-field opticsaswell asin mesoscopic-filmelectrodynamicsoriginatesin
thefact that in bothcasesthemicroscopiclocal-fieldcalculationis thecrucialquantity.
A furtheradvantageof thepresenttheoryis that it allows usto studyphaseconjugation
whenoneor moreof theinteractingfieldsaresurface-wave fields.

Theconstructionof sucha theoreticalmodelbeginswith themicroscopicMaxwell–
Lorentzequations,which combinedwith the nonlocallinear andthird-ordernonlinear
constitutiveequationsareusedto setupthebasicwaveequationfor thephaseconjugated
field. Thelinearandnonlinearconductivity responsesof theelectronswill becalculated
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within theframework of therandom-phase-approximation theory, thestartingpoint be-
ing theLiouville equationof motion for thedensitymatrix operator. In thedescription
we includein the interactionHamiltoniannot only thestandard�p  �A term( �p beingthe
momentumoperatorand �A beingthevectorpotential)but alsothetermproportionalto
thesquareof thevectorpotential,i.e., �A  �A. For amonochromaticdriving field (of cyclic
frequency ω), this termcontains2ω- andDC-parts,andbothof thesearein generalim-
portantfor thedescriptionof themicroscopicphaseconjugationprocess.In thecurrent
densityoperatorwe includethetermcontainingthevectorpotential.This term,needed
in orderto ensurethegaugeinvarianceof quantumelectrodynamics,alsoturnsout to be
of importancein somecases.Startingfrom a dipolar interactionHamiltonianthe first
explicit microscopicderivationof thethird-orderconductivity (susceptibility)response
appearsto bedueto Bloembergen,Lotem,andLynchJr. (1978). Theresultof Bloem-
bergen,Lotem,andLynchJr. is basedona �r  �E calculationandonly thevector-potential
independentpartof thecurrentdensityoperatoris kept. Apart from a singlestudydeal-
ing with theelectromagneticself-actionin a BCS-pairedsuperconductor(Keller 1995),
it seemsthatin all theoreticalinvestigationsof theDFWM-processin whichmicroscopic
considerationshave appeared,the Bloembergen,Lotem, andLynch Jr. expressionhas
beenused. We cannotusethis expressionhere,however, sincewe needto addressa
local-fieldproblemwhendealingwith mesoscopicinteractionvolumes,andsuchaprob-
lem necessitatesthatwe take into accountvaluesof q " muchlarger thanω ) c0, andthus
thatthecalculationgoesbeyondtheED approximation.Toaccountfor local-fieldeffects
it is necessaryto performaspatiallynonlocalcalculationof thethird-orderconductivity,
andthisis mostadequatelydonebeginningwith theminimalcouplinginteractionHamil-
tonianwhich containsboththe �p  �A and �A  �A terms.In thelocal limit wherethevector
potentialonly dependsontimeourexpressionfor thenonlinearconductivity andthe �r  �E
basedoneof Bloembergen,Lotem,andLynchJr. arephysicallyequivalent,providedthe
termsstemmingfrom thegaugeconservingvectorpotentialdependentpartof thecurrent
densityoperatorareneglected.Thoughphysicallyequivalent,theexplicit formsof the
relationbetweenthenonlinearcurrentdensityandtheelectricfield only coincidesafter
having performeda relevant unitary transformationon the minimal couplingHamilto-
nianandtherelatedelectronicwave functions. In steadof usingtheminimal coupling
Hamiltonianto describethe nonlocaldynamicsone could in principle have usedthe
multipolarHamiltonian.In practicethis is lessconvenientfor thepresentpurposedueto
thefact that thepronouncednonlocalitywe sometimesarefacingin mesoscopicmedia
would requirethatmany multipoletermswerekept in theHamiltonian.Theessentially
nonlocaltermsin thenonlinearconductivity areincludedin our treatmentbecausethey
in certaincases—especiallyfor very small interactionvolumes—aretheonly contribut-
ing ones,andin othercasesthey dominatethephaseconjugatedresponse.Sincewedeal
with a spatiallynonlocaldescriptionit is importantto characterizethespatialstructure
involved in thephysicalprocessesbehindthephaseconjugation,andthevariousphys-
ical processeshiddenin the nonlinearandnonlocalconstitutive equationaretherefore
identified. Following the identificationof thephysicalprocesses,anexpressionfor the
so-calledconductivity responsetensordescribingthenonlinearmaterialresponsein the
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DFWM processis established,andtheeigensymmetriesof theconductivity tensorsbe-
longing to eachof theprocessesoccuringin theDFWM processarediscussed.Rather
thansolving thefull spatialproblem(which would becumbersome,if not impossible),
we considera simplifiedsystempossessinginfinitesimaltranslationalinvariancein two
directions. For sucha systemthe potentialof the relatedSchr̈odingerequationonly
variesin the directionperpendicularto the planeof translationalinvariance.The fun-
damentalsolutionsto the time-independentSchr̈odingerequationareinsertedinto the
linearandnonlinearconductivity tensorsthusgiving ustheframework for a theoretical
descriptionof the DFWM processin mesoscopicfilms (quantumwells) aswell asfor
evanescentwaves. Comparedto conventionaldescriptionsof opticalphaseconjugation
in bulk mediathe conceptof phasematching(momentumconservation) now appears
only in two dimensions.Thelack of translationalinvariancein thethird dimensionim-
plies thatno phasematchingoccursin this dimension.Phasematching(in one,two or
threedimensions)is notapreconditionsetonour theory, it follows to theextentthatthe
phaseconjugatingmediumexhibits infinitesimal translationalinvariance. Despitethe
fact that thephasematchingis lost in the third dimension,phaseconjugationmaystill
take placein quantumwells andthin films, andwith evanescentfields, just assecond
harmonicgenerationcanoccurin quantum-wellsystems,at metallic(andsemiconduct-
ing) surfacesand from nonlinear(sub)monolayerfilms depositedon linear substrates
(Richmond,Robinson,andShannon1988). To completeour local-field calculationof
theopticalphaseconjugationby degeneratefour-wavemixing in mesoscopicinteraction
volumes,weuseaGreen’s functionformalismto establishnew integralequationsfor the
phaseconjugatedfield in thegeneralcase,andin thecasewherethenonlinearmedium
exhibits translationalinvariancein two dimensions.Themicroscopiclocal-field theory
thusestablishedis thenusedto describetheDFWM in one-andtwo-level quantum-well
phaseconjugators.
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Chapter4

Theelectromagneticfield

In thischapteradescriptionof theelectromagneticfield from aphaseconjugatingmedi-
um is established,startingfrom the microscopicMaxwell equations.First, we derive
the relevantwave equationfor thephaseconjugatedfield. Thefield–matterinteraction
is thendescribedthroughtheuseof constitutive relations.In thefinal stepof this basic
framework, aself-consistentdescriptionof thephaseconjugatedfield is established.

4.1 Waveequation for the phaseconjugatedfield

As a startingpoint we take the microscopicMaxwell-Lorentzequations,in which the
materialresponseat the space-timepoint � �r � t � is completelydescribedvia the micro-
scopiccurrentdensity �J � �r � t � , andtherelatedchargedensity, ρ � �r � t � . They are�∇ 
 �E � �r � t �+�|� ∂ �B � �r � t �

∂t
� (4.1)�∇ 
 �B � �r � t �+� µ0 �J � �r � t �H� 1
c2

0

∂ �E � �r � t �
∂t

� (4.2)�∇  �E � �r � t �+� 1
ε0

ρ � �r � t �.� (4.3)�∇  �B � �r � t �+� 0 � (4.4)�E � �r � t � and �B � �r � t � beingtheelectricandmagneticfieldsprevailing at thespacepoint �r at
thetime t.

Taking thecurl of Eq. (4.1) andinsertingthe result into Eq. (4.2) we obtainthe fol-
lowing waveequationfor theprevailing local electricfield �E � �r � t � :L~	 �p� �∇ � �∇ M  �E � �r � t ���N� µ0

∂ �J � �r � t �
∂t

� (4.5)

where �7� 1
c2

∂2

∂t2 � ∇2 is thed’Alembertianoperator, 	 is the(3 
 3) unit tensor, and �
is theouter(dyadic)productoperator.

Introducingtheelectricfield asaFourierseriesin thecyclic frequency ω, viz.�E � �r � t ��� 1
2

∞

∑
α ; 0

�E� αω � �r � e� iαωt � c.c.� (4.6)

21
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whereα is an integer and“c.c.” denotesthe complex conjugateof the first terms,we
subsequentlycanlimit ourselvesto a harmonicanalysis.Since �E � �r � t � is a realquantity,�E �� αω � �r �6� �Eαω � �r � .

Likewise,wewrite thecurrentdensityasaFourierseriesin ω, in whicheachcompo-
nentimplicitly is expressedasapower seriesin theelectricfield. Thus�J � �r � t �6� 1

2

∞

∑
α ; 0

∞

∑
β ; 0

L �J / α � 2β 0� αω � �r � e� iαωt � c.c.M � (4.7)

whereα andβ areintegers.Looking for solutionsat thecyclic frequency ω, only fields
andcurrentdensitieswith α � 1 in Eqs.(4.6) and(4.7) contributes. Accordingly we
in the following write thephaseconjugated(PC)electricfield without the referenceto
thecyclic frequency, i.e., �E� ω � �r �6C �EPC� �r � . In thecaseof DFWM we will assumethat
the lowest order nonlinearinteractiondominatesover higher order mixing processes.
Thus,in orderto describetheDFWM responseof our mediumwe retainonly the two
currentsof lowestorderin β, namelythelinearcontribution �J / 10� ω � �r � andthelowestorder

nonlinearcontribution �J / 30� ω � �r � . Thewaveequationfor thenegative frequency partof the
phaseconjugatedresponsehencetakestheform4 	 V ω2

c2 � ∇2 W � �∇ � �∇ 5  �EPC � �r �6�N� iµ0ω L �J / 10� ω � �r �H� �J / 30� ω � �r � M � (4.8)

4.2 Constitutive relationsfor the current densities

To closetheloop for thecalculationof thephaseconjugatedfield, themicroscopiccur-
rent densities �J / 10� ω � �r � and �J / 30� ω � �r � aregiven in termsof the local electricfield through
constitutive relationsdescribingthe field–matterinteractionin a perturbative manner.
Choosingagaugewherethetime-dependentpartof thescalarpotentialis zero,theelec-
tric field is relatedto the vector potentialvia �E � �r ��� iω �A � �r � . Thus the microscopic
currentdensitiescanbe relatedvia theconstitutive relationsto thevectorpotentialsof
thephaseconjugatedfield ( �APC) andthefieldsdriving theprocess( �A). The linearcon-
stitutive relationwe thereforewrite in theform�J / 10� ω � �r ��� iω

�
σ � �r � �r ^ �S �APC � �r ^ � d3r ^ � (4.9)

whereσ � �r � �r ^ ��C σ � �r � �r ^ ;ω � is the linear conductivity tensor. The i’ th elementof the
first ordercurrentdensityis proportionalto theintegral of I σ  �APCJ i � ∑ j σi jAPC: j . The
nonlinearDFWM constitutive relationis written in asimilar fashion,i.e.,�J / 30� ω � �r ���3� iω � 3 �3�3�

Ξ � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � ... �A � �r ^ ^ ^ � �A � �r ^ ^ � �A� � �r ^ � d3r ^ ^ ^ d3r ^ ^ d3r ^ � (4.10)
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whereΞ � �r � �r ^�� �r ^ ^�� �r ^ ^ ^��+C Ξ � �r � �r ^�� �r ^ ^�� �r ^ ^ ^ ;ω � is thenonlocalthird orderconductivity tensor.

The three-dimensionalsum-productoperator“
...” is heremeantto be interpretedfor the

i’ th elementof thethird ordercurrentdensityin thefollowing way:4
Ξ � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � ... �A � �r ^ ^ ^ � �A � �r ^ ^ � �A� � �r ^ � 5

i
� ∑

jkh

Ξi jkh � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � Ah � �r ^ ^ ^ � Ak � �r ^ ^ � A� j � �r ^ �.�
(4.11)

By insertingEqs.(4.9)and(4.10),with �APC � �EPC)�� iω � , into Eq. (4.8) theloop for the
phaseconjugatedfield is closed.

4.3 The phaseconjugatedfield

Fromtheoutsetwe assumethat theparametricapproximationcanbe adopted,i.e., we
assumethat the generatedphaseconjugatedfield doesnot affect the dynamicsof the
pumpandsignalfields. In thepresentcase,wherethephaseconjugatedfield originates
mainly in evanescentmodesor from aquantumwell, theinteractionvolumeis smalland
the magnitudeof the phaseconjugatedfield thusvery limited so that onemay expect
theparametricapproximationto bequite good. The inherentspatialnonlocalityof the
processeswhich underliesthemicroscopiccalculationof thelocal fieldsandcurrentsis
crucialandmustbekeptthroughoutthefollowing analysis.

AboveweusedthemicroscopicMaxwell-Lorentzequationsto establishawaveequa-
tion [Eq. (4.8)] for thephaseconjugatedelectricfield. Sincethisequationholdsnotonly
insidethe phaseconjugatorbut alsoin the mediumpossiblyin contactwith the phase
conjugator, it is adequateto dividethelinearpartof theinducedcurrentdensityinto two,
i.e.,�J � �r ��� �Jcont � �r;ω �-� �J / 10PC � �r ;ω �.� (4.12)

where �Jcont � �r ;ω � is the linear currentdensityof the mediumin contact(cont) with the

phaseconjugator, and �J / 10PC � �r ;ω � is thelinearcurrentdensityof thephaseconjugator. In
settingup the above-mentionedequationwe have implicitly assumedthat thereis no
(significant)electronicoverlapbetweenthe phaseconjugatorandthe contactmedium.
Thetwo electrondistributionscanstill beelectromagneticallycoupled,of course.In the
quantumwell case, �Jcont � �r ;ω � is to be identifiedas the currentdensityinducedin the
(assumedlinear) responseof the substrate.To dealwith the evanescentresponseof a
(semiinfinite)phaseconjugatoronejustputs �Jcont � �r ;ω ��� �0.

Insteadof proceedingdirectly with thedifferentialequation[Eq. (4.8)] for thephase
conjugatedlocalfieldweconvert it intoanintegralrelationbetweenthephaseconjugated
electricfield andtheprevailing currentdensity, namely�EPC � �r ;ω ��� �Eext

PC � �r;ω �S� iµ0ω
�

G0 � �r � �r ^ ;ω �P D �Jcont � �r ^ ;ω �-� �J / 10PC � �r ^ ;ω � E d3r ^ � (4.13)
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where �Eext
PC � �r ;ω � is theso-calledexternal(ext) field driving thephaseconjugationpro-

cess,andG0 � �r � �r ^ ;ω � is theelectromagneticvacuumpropagator. Insteadof proceeding
with Eq. (4.13) as it stands,if possible,it is often advantageousto eliminatethe cur-
rentdensityof thecontactmediumin favour of a so-calledpseudo-vacuum(or contact-
medium)propagator, G� �r � �r ^ ;ω � . Doing this,oneobtains�EPC � �r ;ω ��� �EB

PC � �r ;ω �S� iµ0ω
�

G� �r � �r ^ ;ω �S �J / 10PC � �r ^ ;ω � d3r ^ � (4.14)

where �EB
PC � �r ;ω � is theso-calledbackground(B) responseof thephaseconjugator. The

backgroundfield is effectively thefield driving thephaseconjugatedresponse.Froma
knowledgeof thenonlinearpart, �J / 30� ω � �r � , of thecurrentdensityof thephaseconjugator,
thebackgroundfield canbecalculatedfrom theintegral relation�EB

PC � �r ;ω ���3� iµ0ω
�

G� �r � �r ^ ;ω �P �J / 30� ω � �r ^ � d3r ^ � (4.15)

In theparametricapproximationadoptedherethebackgroundfield canbeconsideredas
aprescribedquantity. By insertingthelinearconstitutive equation�J / 10PC � �r ;ω ��� � σ � �r � �r ^ ;ω �P �EPC � �r ^ ;ω � d3r ^ (4.16)

into Eq.(4.14)oneobtainsthefollowing integralequationfor thephaseconjugatedfield:�EPC � �r ;ω �9� �EB
PC � �r ;ω �H� iµ0ω

�G�
G � �r � �r ^ ^ ;ω �H σ � �r ^ ^ � �r ^ ;ω �H �EPC � �r ^ ;ω � d3r ^ ^ d3r ^ � (4.17)

Theformal solutionof thisequationis givenby�EPC � �r ;ω ��� � Γ � �r � �r ^ ;ω �P �EB
PC � �r ^ ;ω � d3r ^ � (4.18)

wherethenonlocalfield-fieldresponsetensorΓ � �r � �r ^ ;ω � is to bederivedfrom thedyadic
integral equation

Γ � �r � �r ^ ;ω �6�[	 δ � �r � �r ^ �H� � K � �r � �r ^ ^ ;ω �P Γ � �r ^ ^ � �r ^ ;ω � d3r ^ ^ � (4.19)

In Eq. (4.19)thetensor

K � �r � �r ^ ^ ;ω ���N� iµ0ω
�

G� �r � �r ^ ;ω �S σ � �r ^ � �r ^ ^ ;ω � d3r ^ (4.20)

is thekernelof the integral equationin Eq. (4.17). This kernelformally is identicalto
theoneplayingaprominentrole in theelectrodynamicsof mesoscopicmediaandsmall
particles[seeKeller (1996a),section4].

By insertingEq. (4.15) into Eq. (4.18)andthereaftermakinguseof Eq. (4.10), the
phaseconjugatedfield mayin principlebecalculatedfrom known quantities.In practice
it is not soeasy, sincethe integral equationin Eq. (4.17)for thephaseconjugatedfield
in generalis toodifficult to handlenumericallyevenif rathersimplelinearconductivity
responsetensorsareused,thereasonbeingtheinherentthree-dimensional( �r ) natureof
theproblem. Onethereforehasto resortto onesort of approximationor another. Just
as in other linear and nonlinearstudiesof mesoscopicmedia,or mediawith a small
interactionvolume,a tractableproblemis obtainedif themediumin questionpossesses
translationalinvariancein two directionsasdiscussedin Part III.



Chapter5

Single-electroncurrentdensityresponse

In this chaptertheLiouville equationof motion for thesingle-bodydensitymatrix op-
eratoris usedtogetherwith thesingle-particleHamiltonianto establisha moregeneral
quantummechanicalexpressionfor the third-ordercurrentdensitythanthosehitherto
foundin theliterature.Thegeneralisationis of significantimportancefor thetheoryof
near-field phaseconjugationandfor DFWM in mesoscopicfilms. Following thederiva-
tion of the linearandtheDFWM responses,we endthis chapterby a discussionof the
underlyingphysicalprocesses.

5.1 Densitymatrix operator approach

Thestartingpoint for this calculationis theLiouville equationof motionfor thesingle-
bodydensitymatrixoperatorρ, i.e.,

i � ∂ρ
∂t
�3I ��� ρ JT� (5.1)

In theequationabove, thesingle-particleHamiltonian� appearingin thecommutatorI ��� ρ J in thepresentdescriptionis givenby���y� 0 ��� R ��� / 200 � 1
2

2

∑
α ; 1

L.� / α 0� αωe� iαωt � H.a.M � (5.2)

where� 0 is theHamiltonianoperatorfor theelectronin thematerialwhentheperturb-
ing opticalfield is absent,� / 10 is theinteractionHamiltonianof first orderin thevector
potential �A � �r � , � / 20 is the interactionHamiltonianof secondorderin �A � �r � , � R repre-
sentsthe irreversiblecouplingto the“surroundings”,and“H.a.” denotestheHermitian
adjoint.Althoughthespinandspin-orbitdynamicsmaybeincludedin theformalismin
a reasonablysimplefashionwehave omittedto do sobecausespineffectsarejudgedto
besignificantonly for nonlinearphenomenaof evenorder. Hence� 0 � 1

2me
�p  �p � V � �r �.� (5.3)� / 10� ω � L � / 10ω

M † � e
2me

L �p  �A � �r �-� �A � �r �P �p M � (5.4)
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26 Part II: Microscopicmodelfor DFWM� / 20� 2ω � L � / 202ω
M † � e2

4me

�A � �r �P �A � �r �.� (5.5)� / 200 � e2

4me

�A � �r �P �A� � �r �.� (5.6)

where† standsfor Hermitianadjugation,V � �r � is thescalarpotentialof thefield-unper-
turbedSchr̈odingerequation,�p ��� i � �∇ denotesthemomentumoperator, me is themass
of theelectron,and � e is its electriccharge.

As often is thepracticein opticswe assumethat the irreversiblecouplingto thesur-
roundingreservoir canbedescribedusingaphenomenologicalrelaxation-timeansatzin
theLiouville equation,sothat

1
i � I � R � ρnmJ-� ρ / 00nm � ρnm

τnm
� n �� m� (5.7)

ρ / 00nm beingthenm’ th elementof thethermalequilibriumdensitymatrixoperator, andτnm

theassociatedrelaxationtime.
In the presentharmonicanalysiswe alsousea combinedFourier andpower series

expansionof thedensitymatrix operator, namely

ρ � 1
2

∞

∑
α ; 0

∞

∑
β ; 0

L ρ / α � 2β 0� αω e� iαωt � H.a.M � (5.8)

whereα andβ are integers,asbefore. The densitymatrix operatoris Hermitian, i.e.,� ρ / α � 2β 0� αω � † � ρ / α � 2β 0
αω , andwesolvetheLiouville equationof motionin theusualiterative

manner.
To determinethe conductivity responsetensors,σ � �r � �r ^�� andΞ � �r � �r ^�� �r ^ ^�� �r ^ ^ ^�� , appro-

priatefor describingthephaseconjugationprocess,we considertheensembleaverage�J � �r � t � of the microscopicsingle-bodycurrent-densityoperator �j � �r � t � . This ensemble
averageis obtainedas the traceof ρ �j, carriedout in the usualmanneras a quantum
mechanicaldoublesumover states,i.e.,�J � �r � t �6� Tr O ρ �j U C ∑

nm
ρnm �jmn� (5.9)

In Eq.(5.9)andhereaftertheab’ th matrixelementof asingle-bodyoperator� asusualis
denotedby � ab ��� a ���{� b� . In theabsenceof spineffectsthemicroscopiccurrent-density
operatoris givenby (Bloembergen1965)�j � �r � t ��� �j / 00 � �r �-� 1

2
L �j / 10� ωe� iωt � H.a.M � (5.10)

where�j / 00 � �r �P�|� e
2me

L �p � �re � δ � �r � �re �H� δ � �r � �re� �p � �re � M (5.11)�j / 10� ω �|� e2

me
�A � �re � δ � �r � �re�.� (5.12)
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5.2 Linear response

Becauseof its usefulnessfor a subsequentcomparisonto the forced DFWM current
densitywe first presentthewell known resultfor the linear response(Feibelman1975,
1982). Thus,by usingthe expressionsfor the currentdensity[Eq. (5.10)] anddensity
matrix [Eq. (5.8)] operatorsit is realisedthatthelinearcurrentdensityis to beobtained
from�J / 10� ω � �r ��� Tr O ρ / 00 �j / 10� ω U � Tr O ρ / 10� ω �j / 00 U � (5.13)

In explicit form thetwo tracesare

Tr O ρ / 00 �j / 10� ω U � ∑
n

fn �j / 10� ω : nn � (5.14)

Tr O ρ / 10� ω �j / 00 U � ∑
nm

fn � fm� � / 10� ω : nm

ω̃nm � ω
�j / 00mn � (5.15)

In the equationsabove, we have introducedthe complex cyclic transition frequency
ω̃nm � ωnm � iτ � 1

nm betweenstatesn andm. Therespective energies � n and � m of these
statesappearin theusualtransitionfrequency ωnm �G�f� n �2� m �K)~� . Thequantity

fa � 4
1 � exp

V � a � µ
kBT W 5 � 1

(5.16)

denotestheFermi–Diracdistribution functionfor statea (a ��� m� n above),kB beingthe
Boltzmannconstant,µ thechemicalpotentialof theelectronsystem,andT theabsolute
temperature.

5.3 DFWM response

Thenonlinearcurrentdensityat � ω, whichoriginatesin third ordereffectsin theelectric
field, andwhich is thedriving sourcefor theDFWM processis givenby�J / 30� ω � �r ��� 1

2
Tr O ρ / 20� 2ω �j / 10ω U � Tr O ρ / 200

�j / 10� ω U � Tr O ρ / 30� ω �j / 00 U � (5.17)

asonereadily realisesfrom Eqs.(4.7), (5.8),and(5.10). Thetediouscalculationof the
threetracescanbecarriedout in a fashionsimilar to thatusedfor thelinearcase,finally
leadingto

1
2

Tr O ρ / 20� 2ω �j / 10ω U � ∑
nm

fn � fm
2� � / 20� 2ω : nm

�j / 10ω :mn

ω̃nm � 2ω� ∑
nmv

V
fm � fv

ω̃vm � ω
� fn � fv

ω̃nv � ω W � / 10� ω : nv� / 10� ω : vm �j / 10ω :mn

4� 2 � ω̃nm � 2ω � � (5.18)
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Tr O ρ / 200
�j / 10� ω U � ∑

nm

fn � fm� � / 200 : nm
�j / 10� ω :mn

ω̃nm
� ∑

nmv � V fm � fv
ω̃vm � ω

� fn � fv
ω̃nv � ω W
 � / 10ω : nv � / 10� ω : vm

�j / 10� ω :mn

4� 2ω̃nm
� V

fm � fv
ω̃vm � ω

� fn � fv
ω̃nv � ω W � / 10� ω : nv � / 10ω : vm �j / 10� ω :mn

4� 2ω̃nm � � (5.19)

Tr O ρ / 30� ω �j / 00 U � ∑
nmv

1
2� 2 � ω̃nm � ω � � V fm � fv

2 � ω̃vm � 2ω � � fn � fv
2 � ω̃nv � ω � W � / 10ω : nv � / 20� 2ω : vm� V

fn � fv
2 � ω̃nv � 2ω � � fm � fv

2 � ω̃vm � ω �@W � / 20� 2ω : nv � / 10ω : vm � V
fm � fv

ω̃vm
� fn � fv

ω̃nv � ω W
�� / 10� ω : nv � / 200 : vm � V
fn � fv

ω̃nv
� fm � fv

ω̃vm � ω W � / 200 : nv � / 10� ω : vm � �j / 00mn� ∑
nmvl

1
2�<� ω̃nm � ω � � 4KV fl � fm

ω̃lm � ω
� fl � fv

ω̃vl � ω W 1
4� 2 � ω̃vm � 2ω �� V

fl � fv
ω̃vl � ω

� fn � fv
ω̃nv � ω W 1

4� 2ω̃nl
5 � / 10ω : nv � / 10� ω : vl � / 10� ω : lm� 4KV

fl � fm
ω̃lm � ω

� fl � fv
ω̃vl � ω W 1

4� 2ω̃vm
� V

fl � fv
ω̃vl � ω

� fn � fv
ω̃nv � ω W 1

4� 2ω̃nl
5
�� / 10� ω : nv � / 10ω : vl � / 10� ω : lm � 4~V

fl � fm
ω̃lm � ω

� fl � fv
ω̃vl � ω W 1

4� 2ω̃vm� V
fl � fv

ω̃vl � ω
� fn � fv

ω̃nv � ω W 1
4� 2 � ω̃nl � 2ω � 5 � / 10� ω : nv� / 10� ω : vl � / 10ω : lm � �j / 00mn � (5.20)

Thoughquitecomplicatedin its appearencetheexpressionfor thedriving currentdensity
of theDFWM processis neededin orderto understandthenear-field phaseconjugation
processfrom a generalpoint of view.1 Specialscatteringconfigurationsof coursecan
leadto analyticalsimplificationsof thegeneralresult.Theaboveresultalsoenablesusto
establishamicroscopictheoryfor DFWM in quantumwells andthin films asdescribed
in PartsIII, IV, andV.

5.4 Physical processesunderlying the current densities

To gain insight into the physicsunderlyingthe nonlinearconstitutive equation,given
implicitly in Eqs.(5.18)–(5.20),we next discusstheprocessesconnectingin a nonlocal
fashionthecurrentdensityatagivenpointin spaceto thefieldpointsof thesurroundings.
To facilitatetheunderstandingof thenonlinearresponsewe startby a brief summaryof
thelinearresponse.

1With respectto the resultpublishedin AndersenandKeller (1998)the last sumin Eq. (5.20)above
is written in a morecompactform thanin Eq. (22) of AndersenandKeller (1998). Thecompactform in
Eq. (5.20)is obtainedby exchangingindicesv andl in thelastthreetermsof AndersenandKeller (1998),
Eq.(22). As a consequenceof this, thesamedifferenceoccurbetweenEqs.(6.14)and(8.23)andEqs.(34)
and(51) of AndersenandKeller (1998),respectively.
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(A)

�r
(B)

�r ^
�r

Figure5.1: Schematicillustrationof thetwo processesdescribedby thelinearresponsetensor.
The processin diagramA is purely diamagneticwhereasthe processin diagramB is purely
paramagnetic.

5.4.1 Linear part

The electrodynamiccouplingconnectinga sourcepoint for the field to an observation
point for the currentdensityassociatedto eachof the two linear processesunderly-
ing Eqs.(5.14)and(5.15) is adequatelyillustratedin diagrammaticform asshown in
Fig. 5.1.

Hence,Fig. 5.1.A representsa pictureof thewell known diamagneticprocessorigi-
natingin thequantity �j / 10� ω : nn in Eq. (5.14). In this process,a photonis absorbedat the
observation point �r for thecurrentdensity. Fig. 5.1.B is a pictureof the paramagnetic
processstemmingfrom theterm � / 10� ω : nm appearingin Eq. (5.15). In this case,a photon
is absorbedatspacepoint �r ^ , andobservationtakesplaceat �r .

5.4.2 Nonlinear part

In theDFWM process,thecouplingbetweenthethreesourcepointsfor thefield andthe
observationpointfor thecurrentdensity, describedin Eqs.(5.18)–(5.20),canbepictured
in diagrammaticform asshown in Fig. 5.2.

Hence,in Fig. 5.2.A the mixing processcontainedin the product � / 20� 2ω : nm
�j / 10ω :mn in

Eq. (5.18) is illustrated. Here,two photonsaresimultaneouslyabsorbedat spacepoint�r ^ ^ , and one photon is emitted at the point of observation �r for the currentdensity.
Fig. 5.2.Bpicturestheothermixing processin Eq. (5.18),namelythatassociatedwith
theproduct � / 10� ω : nv � / 10� ω : vm

�j / 10ω :mn. In this process,onephotonis absorbedat �r ^ ^ , another
at �r ^ ^ ^ , andthe last one is emittedat �r. Fig. 5.2.Cgivesa view of the mixing process
from thetermsin Eq.(5.19)containingtheproduct� / 200 : nm

�j / 10� ω :mn. In thiscaseaphotonis
absorbedandanotheris emittedsimultaneouslyatspacepoint �r ^ , andthethird photonis
absorbedat �r . Fig. 5.2.Dshows theothertypeof mixing processoccuringin Eq.(5.19).
This processis describedby theproducts� / 10ω : nv � / 10� ω : vm

�j / 10� ω :mn and � / 10� ω : nv� / 10ω : vm �j / 10� ω :mn.
Here,photonsareabsorbedat �r ^ andat the point of observation �r , while a photonis
emittedat �r ^ ^ . Fig. 5.2.Erepresentsthediagramfor themixing processappearingin the
termscontainingtheproduct � / 10ω : nv � / 20� 2ω : vm (andtheequivalentproduct � / 20� 2ω : vm� / 10ω : nv)
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(A)

�r ^ ^
�r (B)

�r ^ ^
�r
�r ^ ^ ^

(C)

�r ^
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�r ^
�r
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(E)

�r ^ ^
�r
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Figure5.2: Schematicillustrationof theprocessesunderlyingtheDFWM responsetensor. In
this illustration, the solid pathsresultsfrom the u ω terms,andthe dottedpathsfrom the � ω
terms.Theprocessesin diagramsA–D includebothdiamagneticeffects(drawn ascircles)and
paramagneticeffects (lines). The processesin diagramsE–G are purely paramagnetic.The
standardtheoryfor theDFWM susceptibility(conductivity) is obtainedfrom diagramG in the
local limit.

in Eq. (5.20). Heretwo photonsaresimultanouslyabsorbedat �r ^ ^ , andoneis emitted
at �r ^ . Fig. 5.2.Fis thediagrammaticrepresentationof thetermscontainingtheproduct� / 200 : nv � / 10� ω : vm (andtheequivalentone � / 10� ω : nv � / 200 : vm) in Eq. (5.20). In thesetermsa pho-
ton is absorbedat �r ^ andat the sametime oneis emittedfrom there. The last photon
is absorbedat �r ^ ^ . Finally, Fig. 5.2.Ggivesa pictureof oneof six equivalentproducts
of the last type appearingin Eq. (5.20). Theseareof the form � / 10ω : nv � / 10� ω : vl � / 10� ω : lm or
equivalentforms(all six possiblepermutationsof one“ω”-term andtwo “ � ω”-terms).
Here,aphotonis absorbedat �r ^ , anotherat �r ^ ^ , andthelastphotonis emittedat �r ^ ^ ^ .

At thisstageit is fruitful to comparethenonlocalresultfor theDFWM currentdensity,
shown in diagrammaticform in Fig. 5.2, with the commonlyusedstandard(textbook)
result. In thestandarddescriptionall diamagneticeffectsareneglectedfrom theoutset.
Thediamagneticprocessis hiddenin thediagramscontainingaclosedloop,cf. Fig.5.1.
This meansthat all the processesdepictedin Figs.5.2.A–5.2.Dareabsentin the stan-
darddescription. Omissionof diamagneticeffects in the nonlinearopticsof quantum
wells andin mesoscopicnear-field opticsis known to bedangerous(Keller 1996a),and
thuswe cannotomit thesetermshere.Weshallsubstantiateon thispoint later. Also the
interactionchannelsgiven by the diagramsin Figs.5.2.Eand5.2.Fareabsentin text-
book formulations. This is so becausesimultaneoustwo-photonprocessesoriginating
in the �A  �A part of the interactionHamiltonianareleft out from the beginning. These
processeshowever areknown to be importantin mesoscopicelectrodynamicsandcan
not beomitteda priori . In the local limit the resultgivenby thediagramin Fig. 5.2.G
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is identical to the �r  �E dipolar interactionHamiltonian,sincea unitary transformation
of the form S � exp �d� ie �A � t �< �r )~�S� performedon the wave functionsandthe minimal
couplingHamiltonianwould displaytheequivalenceof the two formalisms(Ackerhalt
andMilonni 1984;Milonni, Cook,andAckerhalt1989).
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Chapter6

Conductivity tensorsfor DFWM response

In theprecedingtwo chapters,we have foundexpressionsfor thephaseconjugatedfield
andthesingle-electroncurrentdensityresponse.In thepresentchaptertheconnection
betweenthe single-electroncurrentdensities[Eqs. (5.13)and(5.17)] andtheir related
conductivity tensors[Eqs. (4.9) and(4.10)] is established.First, the matrix elements
of the Hamiltonianandthe currentdensityoperatorarewritten in termsof the vector
potential.Thenthesymmetriesof thevariouscontributionsto theconductivity tensors
arestudied. Finally, the expressionsfor the nonzeroandindependentelementsof the
conductivity tensorsarewrittenon explicit form.

6.1 General considerations

In order to determine(i) the linear conductivity responsetensorσ � �r � �r ^�� introducedin
Eq. (4.9) from the expressionfor the linear currentdensityin Eq. (5.13) [with inser-
tion of Eqs. (5.14) and (5.15)], and (ii) the nonlinearconductivity responsefunction
Ξ � �r � �r ^�� �r ^ ^�� �r ^ ^ ^�� introducedin Eq.(4.10)from theexpressionfor theDFWM currentden-
sity givenin Eq.(5.17)[with Eqs.(5.18)–(5.20)inserted]weby now essentiallyjustneed
to relatethevariousmatrix elementsappearingin Eqs.(5.14),(5.15),and(5.18)–(5.20)
to thevectorpotential.

Takingthenmmatrix elementof the“ � ω” partof thepartof theHamiltonianwhich
is linearin thevectorpotentialonefindson integral form� / 10� ω : nm ��L.� / 10ω :mn

M � �[� � �Jmn � �r �S �A � �r � d3r � (6.1)

wherewe have introducedthe transitioncurrentdensity from statem to staten, i.e.,�j / 00nm C �Jmn, in its explicit form, viz.�Jmn � �r ��� e�
2ime

L ψm � �r � �∇ψ �n � �r �P� ψ �n � �r � �∇ψm � �r � M � (6.2)

ψa (a �2� m� n  ) beingthe electroniceigenstatesatisfyingthe unperturbedSchr̈odinger
equation� 0ψa �,� aψa. FromEq.(6.2)wenotethat �Jnm � �r �<� �J �mn � �r � . Similarly, thenm
matrixelementsof the“ � 2ω” partof theHamiltonianbecomes� / 20� 2ω : nm � e2

4me

�
ψ �n � �r � ψm � �r � �A � �r �P �A � �r � d3r (6.3)
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on integral form. Next, the matrix elementsof the part of the Hamiltonianwhich is
proportionalto �A  �A� aregivenby� / 200 : nm � e2

4me

�
ψ �n � �r � ψm � �r � �A � �r �S �A� � �r � d3r � (6.4)

Finally, thematrixelementsof thecurrentdensityoperator�j / 10 arefoundto be�j / 10� ω : nm � �j / 10 �ω :mn �[� e2

me
ψ �n � �r � ψm � �r � �A � �r �.� (6.5)

The calculationof the DFWM conductivity tensoris finalized in two steps. Thus
we start by insertingEqs. (6.1)–(6.5)into the threetracesin Eqs. (5.18)–(5.20),and
thereafterweextractthevectorpotentialin suchamannerthattheresulttakesthegeneral
form given in Eq. (4.10). For convenience,we in the following divide the nonlinear
conductivity tensorinto asumof subpartsA–G referringto theprocesses(A)–(G) shown
in Fig. 5.2.

Sincewe areusingthelinearresponsefunctionin thedescriptionof thephaseconju-
gatedfield it is adequatefor consistency againto describethe linear process,although
it is alreadywell known. Thecalculationis donein a similar mannerasfor theDFWM
response,by insertingEqs.(6.1), (6.2) and(6.5) into the two tracesin Eqs.(5.14)and
(5.15),andthereafterisolatingthe vectorpotentialso that the result takes the form of
Eq. (4.9). In the following the linear conductivity tensoris divided into a sumof sub-
partsA–B referringto thetwo processesshown in Fig. 5.1.

6.2 Symmetry propertiesof the conductivity tensors

In orderto studythesymmetriesof thevariouscontributionsto theconductivity tensors
σ � �r � �r ^ � andΞ � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � onenoticesthat thevectorpotentialonly appearsvia � / 10� ω ,� / 10ω , � / 20� 2ω, � / 200 , �j / 10� ω, and �j / 10ω of Eqs.(6.1)and(6.3)–(6.5).Onefurtherobservesfrom

Eq. (6.1) that the matrix elementsof � / 10� ω and � / 10ω containinner productsbetweena

transitioncurrentdensityandavectorpotentialandthatthoseof � / 20� 2ω and� / 200 involve
innerproductsbetweentwo vectorpotentials,seeEqs.(6.3)and(6.4). Theselast inner
productsmayconvenientlybewritten in theform 	 : �A �A and 	 : �A �A� , respectively. The
matrix elementsof the currentdensities �j / 10� ω and �j / 10ω are directly proportionalto the
vectorpotentialandmaythusfor thepresentpurposeadequatelybewritten in theforms	  �A and 	  �A� , respectively.

6.2.1 Linear conductivity tensor

In theview of theaforementionedremarksit is concludedthatpartA of thelinearcon-
ductivity tensor, givenby Eq. (5.14)hasthesymmetryof theunit tensor	 . Part A thus
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i j � �

i j �
��� ��� ��� ��� ��� ���(A) (B)

� � � ��� ��� ���
Figure6.1: Symmetryschemesfor thelinearconductivity tensor. Tensorelementslabeledwith
a “ � ” arenonzero,elementslabeledwith a “   ” arezero,andthesolid line connectequalnonzero
elements.

have 3 nonzeroelements.Furthermore,of these3 nonzeroelementsonly 1 is indepen-
dent,sincethe Cartesianindex of the linear currentdensityfollows that of the vector
potentialappearingin �j / 10ω , andthusi � j. Theotherpartof thelinearconductivity ten-
sor (partB) is extractedfrom Eq. (5.15),andit shows a symmetryto theouterproduct�J1 � �J2, where �J1 and �J2 in generalaredifferent,andpart B of the linear conductivity
tensorthushas9 independentnonzeroelements.Thesymmetryschemesof the linear
conductivity tensorareshown in Fig. 6.1.

6.2.2 DFWM conductivity tensor

Takingour symmetryanalysisto theDFWM conductivity tensorwe concludethatpart
A, given by the first sumon the right handsideof Eq. (5.18), hasa symmetrygiven
by theouterproduct 	 �¡	 . Part A thushave 9 nonzeroelements.Furthermore,since
the Cartesianindex of the DFWM currentdensityfollows that of the vectorpotential
appearingin �j / 10ω , i � j in the index notationof Eq. (4.11). Fromtheform of the � / 20� 2ω
termwe next concludethatk � h. Altogetherit is realisedthat the9 nonzeroelements
areidentical. To getanoverview of theconclusion,we show in Fig. 6.2.A theresultin
termsof asymmetryscheme.

Utilising thesametypeof argumentsit is concludedthateachtermin thesecondsum
in Eq. (5.18),which givesrise to partB of theconductivity tensor, whenwritten in the
form of Eq.(4.11)hasasymmetryidenticalto theouterproduct	 � �J1 � �J2, where �J1 and�J2 aretwo generallydifferenttransitioncurrentdensities.Theform of thisouterproduct
leavesuswith 27 nonzeroelements.Also herethecoordinateconventionof Eq. (4.11)
implies that i � j. Furthermorewe observe that elementswith i � x, i � y, and i � z
areidentical,sincethe two � / 10� ω termsessentiallyproducesnumbers.Finally, we see

thattheindependentnatureof thetwo � / 10� ω termsmakestheminterchangeable,andthus
givesus two differentwaysof constructingthe sumin Eq. (4.11). Of the 27 nonzero
elementsonly 9 areindependent,sinceaswe have realised,ΞB

xxkh � ΞB
yykh � ΞB

zzkh for all
permutationsof k andh in the threeCartesiancoordinates� x � y� z . Expressedin terms
of a symmetryscheme,the deductionsabove lead to the symmetryschemeshown in
Fig. 6.2.B.

Thefirst sumin Eq.(5.19)givesriseto partC of theDFWM conductivity tensor, and
thesecondsumin this equationleadsto partD. Looking at thefirst sumit appearsthat
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Figure6.2: The symmetryschemesfor partsA–F of the DFWM conductivity tensorin their
mostgeneralspin-lessforms. Tensorelementslabeledwith a “ � ” arenonzero,elementslabeled
with a “   ” arezero,andthesolid linesconnectnonzeroelementsof equalmagnitude.
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Conductivity Tensorsymmetry

σA � �r � �r ^�� 	
σB � �r � �r ^�� �J1 � �J2

ΞA � �r � �r ^�� �r ^ ^�� �r ^ ^ ^�� 	 �¤	
ΞB � �r � �r ^�� �r ^ ^�� �r ^ ^ ^�� 	 � �J1 � �J2

ΞC � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � �eA �¤	 � �eA

ΞD � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � �eA � �J1 � �J2 � �eA

ΞE � �r � �r ^�� �r ^ ^�� �r ^ ^ ^¥� �J1 �¤	 � �J2

ΞF � �r � �r ^�� �r ^ ^�� �r ^ ^ ^�� �J1 � �J2 �¤	
ΞG � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � �J1 � �J2 � �J3 � �J4

Table6.1: Thetensorsymmetriesof thevariouspartsA–B of thelinear, andA–G of theDFWM
conductivity. As explainedin the text, gJ1– gJ4 arefour in generaldifferentvectorsobtainedby a
weightedsuperpositionof single-particletransitioncurrentdensities,and geA o gAj A.

this is proportionalto �f	 : �A �A�¦� �A, a factwhich in relationto theform givenin Eq.(4.11)
impliesthat thesymmetryof theconductivity tensoris givenby theouterproduct �eA �	 � �eA, with �eA � �A) A. This productform leavesus with 9 nonzeroelements.As far
astheCartesianindicesareconcernedtheabovesymmetryimpliesthat j � h andi � k.
Finally weobserve thatthesameconstantappearsin front of thevectorpotentialindexed
k. This leadsto theconclusionthat thecasesi � x, i � y, andi � z areequal,leaving at
theendonly oneindependentnonzeroelementof partC of theconductivity tensor. The
symmetryschemefor partC is shown in Fig. 6.2.C.

In the secondsumof Eq. (5.19) the symmetryis proportionalto the outerproduct�eA � �J1 � �J2 � �eA andthuswe areleft with 27 nonzeroelements.Then,in the form of
Eq.(4.11),i � h, andthepermutationsover i areseento beequal,sothatweendupwith
only 9 independentelements.Using the fact that ΞD

xjkx � ΞD
yjky � ΞD

zjkz oneobtainsthe
symmetryschemeshown in Fig. 6.2.D.

Let usnow takeacloserlook atthethird tracein Eq.(5.20).It is convenientto split the
first sumin this equationinto two partsrelatedto thetwo differentprocessesthatoccur.
Thefirst partof thesum,which refersto the � / 20� 2ω : nv � / 10ω : vm-typeof terms,givesrise to
part E of the third orderconductivity tensorcorrespondingto process(E) of Fig. 5.2.
Thesecondpartof thefirst sumis relatedto partF of thethird orderconductivity tensor
[process(F) of Fig. 5.2]. Finally, thesecondsumontheright sideof Eq.(5.20)produces
partG of thethird orderconductivity tensor, correspondingto process(G) of Fig. 5.2.

The first part of the first sum, in relation to the representationin Eq. (4.11), hasa
symmetrywhichcanberepresentedby theouterproduct �J1 �§	 � �J2, leaving 27nonzero
elements.Fromtheterm � / 20� 2ω, weseethatk � h in thechosenrepresentationof coordi-
natesets,andfurthermorewerealisethatelementswith k � x, k � y, andk � zareequal.
Thesedeductionsreducethenumberof independentnonzeroelementsto 9, which ful-
fills ΞE

i jxx � ΞE
i jyy � ΞE

i jzz for all permutationsof i and j in thethreeCartesiancoordinates



38 Part II: Microscopicmodelfor DFWM� x � y� z . The result is shown on schematicform in termsof the symmetryschemein
Fig. 6.2.E.

In the secondpart of the first sum in Eq. (5.20) we observe that the symmetryof
part F of the conductivity tensor, in relationto the form of Eq. (4.11), is proportional
to theouterproduct �J1 � �J2 �y	 , againleaving 27 nonzeroelements.Dueto thechosen
conventionof thecoordinatesets,werealisefrom the � / 200 termthattheconditionk � j
applies. We furthermorenotice from this that termswith j � x, j � y, and j � z are
equal,leaving 9 independentnonzeroelementsrelatedby ΞF

ixxh � ΞF
iyyh � ΞF

izzh for all
permutationsof i andh in the threeCartesiancoordinates� x � y� z . This meansthat the
symmetryschemeis asshown in Fig. 6.2.F.

Part G of the third orderconductivity tensor, which originatesin the secondsumin
Eq.(5.20),obviouslyhasthetensorform �J1 � �J2 � �J3 � �J4, andtherewill hencein general
be81 independentnonzeroelementsin theassociatedsymmetryscheme.

The considerationslaying the foundationsfor the symmetryschemesof the various
partsof thelinearandnonlinearconductivity tensorsaredisplayedin Tab. 6.1,wherethe
relevantcombinationsof �J’s and 	 ’s aregiven.

6.3 Expressionsfor the conductivity tensors

We endthis chapterby giving the explicit expressionsfor the independenttensorele-
mentsof σ � �r � �r ^�� andΞ � �r � �r ^�� �r ^ ^�� �r ^ ^ ^�� . Thus,theonly independenttensorelementin part
A of thelinearconductivity tensoris

σA
xx � �r � �r ^ ��� 2i

ω
e2

me
∑
n

fn �ψn � 2δ � �r � �r ^ �.� (6.6)

andthenineindependentelementsof partB are

σB
i j � �r � �r ^ ��� 2i

ω
1� ∑

nm

fn � fm
ω̃nm � ω

J ^j :mnJi : nm � (6.7)

Theonly independenttensorelementin partA of thethird orderconductivity tensorthus
is

ΞA
xxxx� �r � �r ^ � �r ^ ^ � �r ^ ^ ^ ��� 2i

ω3

e4

8m2
e � ∑

nm

fn � fm
ω̃nm � 2ω

ψ �n � �r ^ ^ � ψm � �r ^ ^ � ψ �m � �r � ψn � �r �
 δ � �r � �r ^ � δ � �r ^ ^ � �r ^ ^ ^ �.� (6.8)

andthenineindependentelementsof partB are

ΞB
xxkh � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ ��� 2i

ω3

e2

4me � 2 ∑
nmv

1
ω̃nm � 2ω

V
fm � fv

ω̃vm � ω
� fn � fv

ω̃nv � ω W
 Jh : vn � �r ^ ^ ^ � Jk :mv � �r ^ ^ � ψ �m � �r � ψn � �r � δ � �r � �r ^ �.� (6.9)
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Theonly independentnonzeroelementof partC of thethird orderconductivity tensoris
givenby

ΞC
xxxx� �r � �r ^ � �r ^ ^ � �r ^ ^ ^ ��� 2i

ω3

e4

4m2
e � ∑

nm

fn � fm
ω̃nm

ψ �n � �r ^ � ψm � �r ^ � ψ �m � �r � ψn � �r �
 δ � �r ^ � �r ^ ^ ^ � δ � �r � �r ^ ^ �.� (6.10)

and the nine independentnonzeroelementsof part D of the third order conductivity
tensorare

ΞD
xjkx � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ ��� 2i

ω3

e2

4me � 2 ∑
nmv

1
ω̃nm � V fm � fv

ω̃vm � ω
� fn � fv

ω̃nv � ω W Jj : vn � �r ^ � Jk :mv � �r ^ ^ �� V
fm � fv

ω̃vm � ω
� fn � fv

ω̃nv � ω W Jk : vn � �r ^ ^ � Jj :mv � �r ^ � � ψ �m � �r � ψn � �r � δ � �r � �r ^ ^ ^ �.� (6.11)

Thenineindependentelementsof partE have theexplicit form

ΞE
i jxx � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ ��� 2i

ω3

e2

16me � 2
 ∑
nmv

1
ω̃nm � ω � V fm � fv

ω̃vm � 2ω
� fn � fv

ω̃nv � ω W Jj : vn � �r ^ � ψ �v � �r ^ ^ � ψm � �r ^ ^ �� V
fn � fv

ω̃nv � 2ω
� fm � fv

ω̃vm � ω W Jj :mv � �r ^ � ψ �n � �r ^ ^ � ψv � �r ^ ^ � � Ji : nm � �r � δ � �r ^ ^ � �r ^ ^ ^ �.� (6.12)

andthenineindependentelementsof partF of thethird orderconductivity tensorare

ΞF
ixxh � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ �6� 2i

ω3

e2

8me � 2
 ∑
nmv

1
ω̃nm � ω � V fm � fv

ω̃vm
� fn � fv

ω̃nv � ω W Jh : vn � �r ^ ^ � ψ �v � �r ^ � ψm � �r ^ �� V
fn � fv

ω̃nv
� fm � fv

ω̃vm � ω W Jh:mv � �r ^ ^ � ψ �n � �r ^ � ψv � �r ^ � � Ji : nm � �r � δ � �r ^ � �r ^ ^ ^ �.� (6.13)

Finally, the eighty-oneindependentelementsof part G of the third orderconductivity
tensoraregivenby

ΞG
i jkh � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ ��� 2i

ω3

1
8� 3 ∑

nmvl

1
ω̃nm � ω � 4~V fl � fm

ω̃lm � ω
� fl � fv

ω̃vl � ω W 1
ω̃vm � 2ω� V

fl � fv
ω̃vl � ω

� fn � fv
ω̃nv � ω W 1

ω̃nl
5 Jh :ml � �r ^ ^ ^ � Jk : lv � �r ^ ^ � Jj : vn � �r ^ �� 4KV

fl � fm
ω̃lm � ω

� fl � fv
ω̃vl � ω W 1

ω̃vm
� V

fl � fv
ω̃vl � ω

� fn � fv
ω̃nv � ω W 1

ω̃nl
5
 Jh :ml � �r ^ ^ ^ � Jk : vn � �r ^ ^ � Jj : lv � �r ^ �-� 4@V

fl � fm
ω̃lm � ω

� fl � fv
ω̃vl � ω W 1

ω̃vm� V
fl � fv

ω̃vl � ω
� fn � fv

ω̃nv � ω W 1
ω̃nl � 2ω 5 Jh : lv � �r ^ ^ ^ � Jk : vn � �r ^ ^ � Jj :ml � �r ^ � � Ji : nm � �r �.� (6.14)
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The number2 appearingin the first fraction of eachpart of the conductivity tensors
representsthedegeneracy of thespinenergies,thusgiving two electronsin eachenergy
eigenstate.



Chapter7

Discussion

In Chapters4–6 we have establisheda spatiallynonlocaltheoreticalmodelfor optical
phaseconjugationin mesoscopicmedia.Thecomparisonto theexisting (local)descrip-
tionsof thedegeneratefour-wave mixing responsecanbemadeby takingthelocal limit
of our nonlocalresponsetensorandabandoningthe contributions stemmingfrom the
microscopiccurrentdensityof first orderin �A.

In the local limit, theamplitudesof theinteractingvectorpotentialsareassumednot
to vary with the spatialcoordinates,andthusthe expressionsfor the nonlocalDFWM
conductivity tensorcanbe integratedover the �r ^ ^ ^ , �r ^ ^ , and �r ^ spacesto obtainthe local
DFWM conductivity tensor, i.e.,

Ξ � �r �6� �<�9� Ξ � �r � �r ^ � �r ^ ^ � �r ^ ^ ^ � d3r ^ ^ ^ d3r ^ ^ d3r ^ � (7.1)

Usinganorthogonalsetof wave equations,parity teaches�
ψ �n � �r � ψm � �r � d3r � δnm� (7.2)

whereδnm is theKronecker delta. The integralsover thecurrentdensitiesgiveszeroif
the two quantumnumbersareidentical,otherwisethey dependon the individual wave
functions. Theconsequencesarethe following: (i) Integrationover thespatialcoordi-
nates�r ^ ^ ^ and �r ^ ^ in Eq. (6.8) gives n � m, and thus fn � fm, suchthat part A of the
DFWM conductivity tensorvanish.(ii) In partC, givenby Eq. (6.10),theeffect is sim-
ilar, but is hereobtainedafter integrationover �r ^ ^ ^ , �r ^ ^ , and �r ^ . (iii) In partE, integration
over �r ^ ^ ^ and �r ^ ^ in Eq.(6.12)makestwo termsdisappearimmediately, andaninspection
of the remainingtwo termsshows that they areof equalmagnitude,but with opposite
sign,ultimatelycancellingtherestof partE. (iv) In partF, integrationover �r ^ ^ ^ and �r ^ in
Eq.(6.13)givesaresultsimilar in consequencesasfor partE. Thus,partsA, C, E, andF
of theDFWM conductivity tensorareinherentlynonlocal,while partsB, D, andG also
contributesto theresponsein thelocal limit.

AbandoningpartsB andD of theDFWM conductivity tensorbecausethey arebased
on theresponseof themicroscopiccurrentdensityof first orderin �A, we concludethat
only the local contribution from part G is includedin the previous descriptionsof the
DFWM response(Bloembergen,Lotem,andLynchJr. 1978),aspostulatedon page30.
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42 Part II: Microscopicmodelfor DFWM

Thesingle-electronmodelfor degeneratefour-wave mixing establishedin theprevi-
ouschapterscanbeusedto studythefour-wave mixing responsefrom a numberof dif-
ferentmaterials.For example,onecouldstudy(i) systemsbuilt from moleculesor atoms
with no electronicoverlap(dielectrics),in which casetheresponsefrom eachmolecule
(atom)canbefoundseparately. Thecouplingbetweenthe individual moleculeswould
thenbedescribedusingelectromagneticpropagators.Anotherapproach(ii) canbetaken
for studiesof the responsefrom metals,wherea numberof electronsfrom eachion in
themetallicstructureis sharedwith theotherions in a free-electron-like cloud,or (iii)
onecould studysemiconductors,in which the behaviour of the electronsarestrongly
coupled.

In the presentwork, we will concentrateon the metallic case,and we proceedto
give asimplifieddescriptionof potentialinterestfor DFWM in mesoscopicfilms andin
near-field optics.



Part III

Degeneratefour-wavemixing
in quantumwell structures
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Chapter8

DFWM in two-dimensionallytranslationalinvariantmedia

After having establishedandanalyzedtheDFWM conductivity responsein its mostgen-
eralform wenow turntheattentiontowardsthespecificcasein whichthemediumunder
considerationeffectivelyexhibits translationalinvariancein two directions,sayx andy
in a Cartesian� x � y� z� coordinatesystem. We studysucha casebecauseit appearsto
beof particularimportancefor opticalphaseconjugation(i) in mesoscopicfilms (quan-
tum wells), and(ii) relatedto evanescentwavesin near-field optics. In neitherof these
casesa microscopictheoryexists today to our knowledge. For mesoscopicfilms the
dynamicsperpendicularto thefilm plane(here,thex-y-plane)hasto be treatedfrom a
microscopicnonlocalpoint of view, whereasthedynamicsin theplaneof thefilm often
is well modelledby a local conductivity (dielectric)function. In the following we as-
sumefor simplicity thattheelectronmotionin theplaneof thefilm is free-electron-like.
It is possibleto replacethe free-electron-like behaviour with extendedBloch-function
(or tight-binding)dynamicsif necessarybut we shall not do this here,sinceafter all,
in the local limit only matrix elementsarechangedin the oscillator modelwhen the
free-electrondynamicsis replacedby a more complicatedone. In the optical near-
field casewhereevanescentwaveswith extremelysmall penetrationdepthsin saythe
z-directionappear, it is crucial to keepthe microscopicdynamicsperpendicularto the
surfaceof thephaseconjugatingmirror whencalculatingtheDFWM response.Sofar,
four-wave mixing in mediawith two-dimensionaltranslationalinvariancehasonly been
studiedin the context of phaseconjugationof electromagneticsurfacewaves (Fukui,
Sipe,So, andStegeman1978; Ujihara 1982a,1982b),andof a bulk wave by surface
waves(Zel’dovich, Pilipetskii, Sudarkin,andShkunov 1980; Ujihara 1983; Stegeman
and Karaguleff 1983; Nunzi and Ricard 1984; Mamaev, Mel’nikov, Pilipetskĭı, Su-
darkin,andShkunov 1984;Mukhin, Pilipetskĭı, Sudarkin,andUshakov 1985;Arutyun-
yanandDzhotyan1987;Pilipetskĭı, Sudarkin,andUshakov 1987). In theseinvestiga-
tionsmacroscopicapproacheswasused.

8.1 GeneralDFWM response

Theassumedtwo-dimensionaltranslationalinvarianceagainstdisplacementsparallelto
the x-y-planemakes it naturalto expressthe variousvectorand tensorquantitiesin a
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46 Part III: DFWM in quantumwell structures

mixed Fourier representation.Thus,by a Fourieranalysisin the x- andy-coordinates,
thevectorpotentialis�A � z� �r "*��� 1� 2π � 2 � �A � z; �q "�� ei �q ¨w� �r ¨ d2q ".� (8.1)

where �q "©�ª� qx � qy � 0� and �r "©�ª� x � y� 0� . Likewise, the inverserelation readsfor the
currentdensityof orderα andlinearin thecyclic frequency ω�J / α 0� ω � z; �q "#��� � �J / α 0� ω � z� �r "�� e� i �q ¨�� �r ¨ d2r "¦� (8.2)

In themixedFourierrepresentationtherelevantconstitutive relationstakestheform�J / 10� ω � z; �q "#��� iω
�

σ � z� ẑ ; �q "*�S �A � ẑ ; �q "*� dẑ � (8.3)�J / 30� ω � z; �q "#��� � iω � 3� 2π � 4 �  � � � Ξ � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "¦� �q ^" � �q ^ ^" � �q ^ ^ ^" �
... �A � ẑ ^ ^ ; �q ^ ^ ^" � �A � ẑ ^ ; �q ^ ^" � �A� � ẑ ; �q ^" � d2q̂ ^ ^" d2q̂ ^" d2q̂ " dẑ ^ ^ dẑ ^ dẑ � (8.4)

Dueto themannerin which thenonlinearconductivity responsetensorwasconstructed
in Chapter5, thevariouscomponentsparallelto thex-y-planearenot completelyinde-
pendentbut satisfythemomentumconservationcriterion�q ^ ^ ^" � �q ^ ^" � �q ^" � �q "�� �0 � (8.5)

In passingwe stressagainthatEq. (8.5) is not anextra conditionput on thedynamics,
theequationis derivedfrom thegeneraltheory[seeAppendixA]. To studythephase
conjugatedresponseoriginatingin themixing of threeincomingwavesonemustchoose
for thefieldsof thetwo pumpwaves,denotedby � 1� and � 2� , thevectorpotentialswith
the doubleand triple primesin Eq. (8.4). The incoming probefield [indexed � p� ] is
representedvia thevectorpotentialwith thesingleprime.

8.2 Phaseconjugation DFWM response

So far, we have not utilized the translationalinvarianceconditionon the propertiesof
the medium. We do this first indirectly by assumingthat eachof the threeincoming
electromagneticfieldscontainsonlyoneplane-wavecomponentparallelto thex-y-plane.
Furtherlimiting our study to the casewherethe DFWM responsebecomesthe phase
conjugatedresponse,i.e., thewavevectorof theresponsemustbecounterpropagatingto
theprobefield, conservationof pseudomomentumrequiresthatthetwo pumpfieldsare
counterpropagating.Thuswetake for thepumpfields�A � ẑ ^ ^ ; �q ^ ^ ^" �PC �A � ẑ ^ ^ ; � �k "�� δ � �q ^ ^ ^" � �k "«�.� (8.6)�A � ẑ ^ ; �q ^ ^" �PC �A � ẑ ^ ; �k "�� δ � �q ^ ^" � �k "��.� (8.7)
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where�k " is thecommonwavevectorfor thetwo pumpfields.With thesesubstitutionswe
canperformthe integralsover q̂ ^ ^" andq̂ ^" in Eq. (8.4), andtheconservation of pseudo-
momentumis reducedfrom its generaldegeneratefour-wave mixing form, �q ^ ^ ^" � �q ^ ^" ��q ^" � �q "9� �0, to �q ^" � �q "�� �0. Thisallows usalsoto solve theintegral over q̂ " in Eq.(8.4).

In relationto theconventionaltheoryof three-dimensional(bulk) phaseconjugation,
therelation �q ^" � �q "9� �0 expressesthefactthatthetwo-dimensionalwavevector �q " of the
phaseconjugatedfield is equalin magnitudeto the two-dimensionalprobewavevector
( �q ^" ) but pointsin theoppositedirection.Usingtheaforementionedcriteria,thenonlinear
constitutive equationis reducedto theform

�J / 30� ω � z; �q "#��� � iω � 3� 2π � 4 �3�3�
Ξ � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "R� �k "��

... �A � ẑ ^ ^ ; � �k "�� �A � ẑ ^ ; �k "�� �A� � ẑ ; � �q "«� dẑ ^ ^ dẑ ^ dẑ � i.t. � (8.8)

whereappropriateintegrationover �q ^ ^ ^" , �q ^ ^" , and �q ^" hasbeenperformed.The term“i.t.”
denotestheso-called“interchangedterm”. This term is obtainedfrom thefirst oneby
interchangingthe two pumpfields. Thereasonthat sucha termhasto beaddedarises
from the fact that eachof the vectorpotentialsbasicallyconsistsof a sumof all three
incomingfields,andthatthephaseconjugatedtermfrom theproductof thethreevector
potentialsthusmustincludebothpermutationsof thepumpfields. Thenew phasecon-
jugationDFWM (PCDFWM) conductivity tensorappearingafter integrationover �q ^ ^ ^" ,�q ^ ^" , and �q ^" is denotedΞ � z� ẑw� ẑ ^�� ẑ ^ ^ ; �q "¦� �k "*� .

In order to calculatethe nonlinearconductivity tensorΞ � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q " � �k " � in the
mixedFourier representation[aswell asthe linearone,σ � z� ẑ ; �q "*� ], we begin by look-
ing at the energy eigenstatesfor the light-unperturbedSchr̈odingerequation. Hence,
sincethe potentialenergy of the individual electronsis independentof x and y, i.e.,
V � �r �¬� V � z� underour translationalinvarianceassumption,thebasissetmaybe taken
in thegenericform

ψn � z� �r "#��C ψn : �κ ¨ � z� �r "��6� 1
2π

ψn � z� ei �κ ¨ � �r ¨ (8.9)

where �κ "�®� κx � κy � 0� is the wavevector describingthe free-particlemotion perpen-
dicular to the z-direction. For a mediumof macroscopicextensionin the x- and y-
directions,the setof wavevectorscommonlydenotedby �κ " forms a two-dimensional
quasi-continuum.Albeit theindex n in thewave functionψn � z� �r "�� standsfor a triple set
of quantumnumberswe alsousethis index to classifythevariouswave functionparts,
ψn � z� , belongingto thesingleindexedz-dynamics.In a readilyunderstandablenotation
theenergy eigenstates,� n, associatedwith thegenericsolutionin Eq.(8.9) is

� n � εn � � 2

2me
� �κ "¯� 2 � (8.10)
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wherewe have introducedεn asthe energy of staten in the solutiondependenton the
z-coordinateonly. In theview of theabovementionedconsiderationsthecyclic transition
frequency becomes

ωnm � 1� 4 εn � εm � � 2

2me ° � �κ " : n̄ � 2 �y� �κ " : m̄ � 2 ± 5 � (8.11)

in a notationwhereadequatesubscriptsn̄ andm̄ have beenput on thewavevectors. In
abbreviatedform thecomplex transitionfrequency, which includestherelaxationtime,
is for thesake of thefollowing analysiswritten in theform

ω̃nm � ω̃nm �w�κ " : n̄ �²�κ " : m̄ �.� (8.12)

omitting the referenceto εn and εm, sincethis is alreadyimplicitly given by the nm
subscript.TheFermi-Diracdistribution functionwealsopresentin anabbreviatedform,
viz.

fn �f� n �6� fn ³ εn � � 2κ2" : n̄
2me ´ C fn ���κ " : n̄ �.� (8.13)

By insertingthegenericsolutionin Eq.(8.9)into theexpressionfor thetransitioncurrent
densityin Eq.(6.2),weobtain�Jmn � �r ���3� e�

2ime

1� 2π � 2 = i ���κ " : m̄ �µ�κ " : n̄ � ψ �n � z� ψm � z�
� �ez

V
ψ �n � z� ∂ψm � z�

∂z
� ψm � z� ∂ψ �n � z�

∂z W 5 ei / �κ ¨·¶ m̄ � �κ ¨·¶ n̄ 0�� �r ¨C 1� 2π � 2 �jmn � z; �κ " : m̄ �µ�κ " : n̄ � ei / �κ ¨·¶ m̄ � �κ ¨·¶ n̄ 0�� �r ¨ � (8.14)

wherefor conveniencewe have defineda new transitioncurrentdensity �jmn � z; �κ " : m̄ ��κ " : n̄ � to separateout the dependenceon the Cartesiancoordinates�r " . For the various
Cartesiancomponentsof this currentdensity, we usethe notation j i : nm � z; �κ " : m̄ � �κ " : n̄ � ,
i �¸� x � y� z .
8.3 Conductivity tensors

Theexplicit expressionfor the phaseconjugationdegeneratefour-wave mixing (PCD-
FWM) conductivity tensorΞ � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q " � �k " � is calculatedby insertionof (i) the so-
lutionsto thetime-independentSchr̈odingerequationgivenin Eq. (8.9),(ii) theFourier
representationof the vectorpotentialgiven by Eq. (8.1), and(iii) the new form of the
transitioncurrentgiven in Eq. (8.14) into the nonlinearDFWM constitutive relation
in Eq. (4.10) with the phaseconjugationconductivity tensorin real spacegiven by
Eqs.(6.8)–(6.14),and thereafterinsertingthe outcomeof thesestepsinto the expres-
sion for the nonlinearcurrentdensityin the mixed Fourier representationin Eq. (8.2).
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Finally, we performthe integralsover the two dimensions(x andy) in real spaceand
over relevantsetsof �κ " -states.Altogetherwe areleft with anexpressionon theform of
Eq. (8.8). For the processesin Figs.5.1 and5.2, the abovementionedcalculationsare
suppliedin AppendixA, wherealsothegeneralDFWM conductivity tensorsaregiven.
Thenonzeroelementof thelinearconductivity tensorpartA become

σA
xx � z� ẑ ; �q "#��� 2i

ω
e2

me

1� 2π � 2 ∑
n

�
fn ���κ "�� d2κ "¯�ψn � z�Y� 2δ � z � ẑ �.� (8.15)

andtheninenonzeroelementsof partB are

σB
i j � z� ẑ ; �q "*��� 2i

ω
1� 1� 2π � 2 ∑

nm

� fn ���κ "H� �q "«�P� fm ���κ "*�
ω̃nm �w�κ "H� �q ".�²�κ "��P� ω
 j j :mn � ẑ ;2�κ "-� �q "�� j i : nm � z;2�κ "-� �q "«� d2κ "#� (8.16)

Thenonzeroelementof thePCDFWMconductivity tensorpartA are

ΞA
xxxx� z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "R� �k "*��� e4

8m2
e � 1� 2π � 2 2i

ω3 ∑
nm

ψ �n � ẑ ^ � ψm � ẑ ^ � ψ �m � z� ψn � z�

 δ � z � ẑ � δ � ẑ ^ � ẑ ^ ^ � � fn ���κ "��P� fm ���κ "*�

ω̃nm ���κ ".�²�κ "��S� 2ω
d2κ "#� (8.17)

andtheninenonzeroelementsof partB become

ΞB
xxkh � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "¦� �k "��6� e2

4me � 2

1� 2π � 2 2i
ω3 ∑

nmv
ψ �m � z� ψn � z� δ � z � ẑ �


 � 1
ω̃nm ���κ ".�²�κ "��P� 2ω ³ fm �w�κ " �S� fv ���κ " � �k " �

ω̃vm ���κ "H� �k "#�¹�κ "*�P� ω
� fn ���κ " �P� fv ���κ " � �k " �

ω̃nv ���κ "¦�²�κ "H� �k "��S� ω ´
 jh: vn � ẑ ^ ^ ;2�κ "-� �k "�� jk :mv � ẑ ^ ;2�κ "-� �k "«� d2κ ".� (8.18)

In partC of thenonlinearconductivity tensorthenonzeroelementis

ΞC
xxxx� z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "R� �k "*��� e4

4m2
e � 1� 2π � 2 2i

ω3 ∑
nm

ψ �n � ẑ � ψm � ẑ � ψ �m � z� ψn � z�

 δ � ẑ � ẑ ^ ^ � δ � z � ẑ ^ � � fn ���κ "S� �k "H� �q "��S� fm �w�κ "*�

ω̃nm � �κ "S� �k "H� �q "#� �κ "«� d2κ "#� (8.19)

andtheninenonzerotensorelementsin partD become

ΞD
xjkx � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q ".� �k "*��� e2

4me � 2

1� 2π � 2 2i
ω3 ∑

nmv
ψ �m � z� ψn � z� δ � z � ẑ ^ ^ �


 � 1

ω̃nm � �κ "H� �k "H� �q "#� �κ "��»º ³ fm ���κ "��P� fv �w�κ "H� �k "��
ω̃vm � �κ "H� �k ".� �κ "«�P� ω
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ω̃nv ���κ "H� �k "¼� �q "#�²�κ "-� �k "«�-� ω ´ j j : vn � ẑ ;2�κ "-� 2�k "H� �q "«� jk :mv � ẑ ^ ;2�κ "-� �k "��

� ³ fm � �κ "��S� fv � �κ "-� �q "«�
ω̃vm ���κ "H� �q "#�²�κ "*�H� ω

� fn � �κ "H� �k "H� �q "«�P� fv � �κ "H� �q "��
ω̃nv ���κ "H� �k "H� �q "#�²�κ "H� �q "«�P� ω ´
 jk : vn � ẑ ^ ;2�κ "-� �k "H� 2 �q "«� j j :mv � ẑ ;2�κ "-� �q "«� U d2κ "#� (8.20)

Thenonlinearconductivity tensorpartE hastheninenonzeroelements

ΞE
i jxx � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "¦� �k "���� e2

16me � 2

1� 2π � 2 2i
ω3 ∑

nmv
δ � ẑ ^ � ẑ ^ ^ � � 1

ω̃nm � �κ " � �q " � �κ " �P� ω
 º ³ fm ���κ "*�S� fv ���κ "*�
ω̃vm ���κ ".�²�κ "��S� 2ω

� fn �w�κ "H� �q "��S� fv ���κ "«�
ω̃nv ���κ "-� �q "#�²�κ "��H� ω ´ j j : vn � ẑ ;2�κ "-� �q "�� ψ �v � ẑ ^ � ψm � ẑ ^ �

� ³ fm ���κ "��S� fv ���κ "-� �q "«�
ω̃vm ���κ "H� �q "#�²�κ "*�H� ω

� fn ���κ "H� �q "«�P� fv �w�κ "H� �q "��
ω̃nv ���κ "H� �q "#�²�κ "H� �q "«�P� 2ω ´
 j j :mv � ẑ ;2�κ "-� �q "�� ψ �n � ẑ ^ � ψv � ẑ ^ � U j i : nm � z;2�κ "-� �q "«� d2κ "#� (8.21)

PartF alsohasninenonzeroelements,whichare

ΞF
ixxh � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q ".� �k "*��� e2

8me � 2

1� 2π � 2 2i
ω3 ∑

nmv
δ � ẑ � ẑ ^ ^ � � 1

ω̃nm � �κ "H� �q "¦� �κ "«�P� ω
 º ³ fm ���κ "«�P� fv ���κ "S� �k "H� �q "«�
ω̃vm ���κ "S� �k "H� �q "#�²�κ "�� � fn ���κ "H� �q "«�P� fv ���κ "S� �k "H� �q "��

ω̃nv ���κ "H� �q "#�²�κ "S� �k "H� �q "«�P� ω ´
 jh: vn � ẑ ^ ;2�κ "P� �k "½� �q "�� ψ �v � ẑ � ψm � ẑ �� ³ fm ���κ "��S� fv ���κ "-� �k "«�
ω̃vm � �κ "H� �k "#� �κ "*�S� ω

� fn �w�κ "H� �q "��S� fv ���κ "H� �k "«�
ω̃nv � �κ "H� �q "#� �κ "H� �k "«� ´
 jh:mv � ẑ ^ ;2�κ "H� �k "�� ψ �n � ẑ � ψv � ẑ � U j i : nm � z;2�κ "-� �q "«� d2κ "#� (8.22)

Finally, thePCDFWMconductivity tensorpartG hastheeightyonenonzeroelements

ΞG
i jkh � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "¦� �k "���� 1

8� 3

1� 2π � 2 2i
ω3 ∑

nmvl

�
1

ω̃nm � �κ "H� �q ".� �κ "«�P� ω
 º = ³ fl ���κ "S� �k "«�P� fm �w�κ "��
ω̃lm ���κ "S� �k "#�²�κ "«�P� ω

� fl ���κ "S� �k "«�P� fv �w�κ "*�
ω̃vl ���κ "#�¹�κ "S� �k "��S� ω ´ 1

ω̃vm ���κ "#�²�κ "*�S� 2ω� ³ fl ���κ "S� �k "«�P� fv �w�κ "��
ω̃vl ���κ "#�²�κ "P� �k "��S� ω

� fn ���κ "H� �q "«�P� fv ���κ "«�
ω̃nv ���κ "H� �q "#�²�κ "«�-� ω ´ 1

ω̃nl ���κ "-� �q "#�²�κ "S� �k "«� B
 jh:ml � ẑ ^ ^ ;2�κ "P� �k "«� jk : lv � ẑ ^ ;2�κ "P� �k "«� j j : vn � ẑ ;2�κ "-� �q "«�
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ω̃lm ���κ "P� �k "#�¹�κ "��S� ω

� fl �w�κ "S� �k "��S� fv ���κ "S� �k "H� �q "��
ω̃vl ���κ "P� �k "¼� �q "#�²�κ "S� �k "«�-� ω ´
 1

ω̃vm ���κ "S� �k "H� �q ".�²�κ "«� � ³ fl � �κ "S� �k "��S� fv � �κ "S� �k "H� �q "��
ω̃vl ���κ "S� �k "H� �q "#�²�κ "S� �k "«�-� ω� fn ���κ "H� �q "��S� fv ���κ "S� �k "H� �q "«�

ω̃nv ���κ "-� �q "#�¹�κ "S� �k "¼� �q "��P� ω ´ 1

ω̃nl ���κ "H� �q "#�²�κ "S� �k "«� B
 jh:ml � ẑ ^ ^ ;2�κ "P� �k "«� jk : vn � ẑ ^ ;2�κ "P� �k "H� 2 �q "«� j j : lv � ẑ ;2�κ "P� 2�k "H� �q "����= ³ fl � �κ "H� �q "��S� fm � �κ "��
ω̃lm ���κ "-� �q "#�¹�κ "��H� ω

� fl � �κ "H� �q "��S� fv � �κ "P� �k "¼� �q "��
ω̃vl � �κ " � �k " � �q " � �κ " � �q " �S� ω ´
 1

ω̃vm ���κ "S� �k "H� �q ".�²�κ "«� � ³ fl �w�κ "H� �q "��S� fv ���κ "P� �k "¼� �q "��
ω̃vl ���κ "S� �k "H� �q "#�²�κ "H� �q "«�P� ω� fn ���κ "H� �q "��S� fv ���κ "S� �k "H� �q "«�

ω̃nv ���κ "-� �q "#�¹�κ "S� �k "¼� �q "��P� ω ´ 1
ω̃nl ���κ "H� �q "#�²�κ "H� �q "«�P� 2ω B
 jh: lv � ẑ ^ ^ ;2�κ "S� �k "H� 2 �q "�� jk : vn � ẑ ^ ;2�κ "+� �k "¼� 2 �q "*� j j :ml � ẑ ;2�κ "�� �q "�� U
 j i : nm � z;2�κ "�� �q "�� d2κ "¦� (8.23)

In Eqs.(8.15)–(8.23)above wehave droppedthenow superfluousindex on �κ " .
8.4 Phaseconjugatedfield

After having sketchedthe calculationof the nonlinearDFWM responsewe turn our
attentionto thephaseconjugatedelectricfield. In thepresentcasewherethemainparts
of the interactiontakesplacein very small interactionvolumes,we canexpectthat the
generatedphaseconjugatedfield doesnot affect the dynamicsof the pumpandprobe
fieldsmuch,andthustake theparametricapproximation.

Thenthe loop equationin Eq. (4.17) is reducedto thesingle-coordinateform in the
two-dimensionalphasematchingcase(Keller1996a)�EPC � z; �q "R� ω �6� �EB

PC � z; �q "R� ω �� iµ0ω
�G�

G � z� ẑ ^ ; �q "¦� ω �P σ � ẑ ^ � ẑ ; �q "¦� ω �P �EPC � ẑ ; �q "¦� ω � dẑ ^ dẑ � (8.24)

possiblywith G� z� ẑ ^ ; �q "¦� ω � replacedby G0 � z� ẑ ^ ; �q "¦� ω � . In the quantum-wellcasethe
explicit form of G � z� ẑ ^ ; �q ".� ω � is known (Bagchi,Barrera,andRajagopal1979),andalso
G0 � z� ẑ ^ ; �q ".� ω � , adequatein near-field optics, is of courseknown. For few (one, two,
three,. . . )-level quantumwells several schemesexist for the handlingof the integral
equationproblemin Eq. (8.24),cf., e.g.,Keller (1996a).The only factorwhich in the
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parametricapproximationmakestheDFWM loopproblemdifferentfrom thosehitherto
investigatedis thebackgroundfield. In thepresentcasethis is givenby�EB

PC � z; �q "R� ω �6�N� iµ0ω
�

G� z� ẑ ; �q "¦� ω �P �J / 30� ω � ẑ ; �q "R� ω � dẑ � (8.25)

with �J / 30� ω � ẑ ; �q ".� ω � taken from Eq. (8.8) in the caseof simple two-dimensionalplane-
wavemixing, or in generalfrom Eq.(8.4).

In thequantumwell case,thepseudo-vacuumpropagatorG� z� ẑ ^ ; �q "¦� ω � canbewritten
asasumof threeterms

G� z� ẑ ; �q ".� ω ��� D � z � ẑ ; �q ".� ω �H� I � z � ẑ ; �q ".� ω �H� g � z � ẑ ;ω �.� (8.26)

wherethe first two arenamedafter the processesthey describe.Thusthe termD � z �
ẑ ; �q ".� ω � describesthedirectpropagationof theelectromagneticfield from asourcepoint
at ẑ to theobservationpointat z. It is givenby

D � z � ẑ ; �q ".� ω ��� eiq¾-¿ z� zÀ·¿
2iql X �ey � �ey � Θ � z � ẑ � �ei � �ei � Θ � ẑ � z� �er � �er

Z � (8.27)

Theindirectterm, I � z � ẑ ; �q "¦� ω � , describesthepropagationfrom thesourcepointof the
partof theelectromagneticfield thatis goingto thepoint of observationvia thesurface
of thebulk medium.Theexpressionfor theindirecttermreads

I � z � ẑ ; �q ".� ω ��� e� iq¾ / z� zÀÁ0
2iql I rs �ey � �ey � r p �er � �ei J¯� (8.28)

Finally, theself-field termcharacterizesthefield generatedat theobservation point by
thecurrentdensityat thesamepoint. Theself-fieldpartof thepropagatoris givenby

g � z � ẑ ;ω ��� q� 2δ � z � ẑ � �ez � �ez � (8.29)

whereq � ω ) c0 is thevacuumwavenumber. In theabove equations,ql �1I q2 � q2" J 1Â 2,�ei � q� 1 � ql]� 0 ��� q "*� , and �er � q� 1 �d� qlÃ� 0 ��� q "#� , taking �q "�� q " �ex. The quantitiesrs

andr p aretheamplitudereflectioncoefficientsof thevacuum/substrateinterfacein the
absenceof the quantumwell. In generaltheseare functionsof �q " . The appropriate
propagatorsfor asinglequantumwell systemareshown in Fig. 8.1.

8.5 Somelimits of the PCDFWM conductivity tensor

8.5.1 Local limit in the z-coordinates

In thelocal limit thethreeinteractingfieldsareindependentof thez-coordinate,andthus
we maycalculatethelocal PCDFWMresponsetensoras

Ξ � z; �q " � �k " ��� �`�9� Ξ � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q " � �k " � dẑ ^ ^ dẑ ^ dẑ � (8.30)
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Figure8.1: The propagatorsappearingin the calculationof the phaseconjugatedfield in the
systemwe considerin this communication.Thesystemconsistsof a threelayer thin film struc-
ture,namelyvacuum,film (quantumwell, extendingfrom 0 to u d) andsubstrate(crosshatched).
In thevacuummaybeplaceddifferentkindsof sources,e.g.,aquantumwire with its axisalong
the y-direction(shown asa dot). In Fig. (a) the propagationof the electromagneticfield from
a sourcepoint gr Ä insidethequantumwell to anobservationpoint gr outsidethequantumwell is
shown, while in (b) thepropagationof theelectromagneticfield is illustratedin thecasewhere
both sourceandobservationpoint are insidethe quantumwell. D is the propagationpathde-
scribedby thedirectpropagator, I is thepropagationpathdescribedby the indirectpropagator,
andg denotestheself-fieldactionpropagator. In thecenterof thefigure is shown theCartesian
coordinatesystemusedin ourcalculations.

Sincethedependenceon the threecoordinatesẑ ^ ^ , ẑ ^ , and ẑ arefairly simplewe may
draw someconclusionsdirectly from lookingatEqs.(8.17)–(8.23).Usinganorthogonal
setof wave functions,parity teaches�

ψn � z� ψm � z� dz � δnm� (8.31)

whereδnm is theKronecker delta.By inspectionof Eq.(8.14),this is thetypeof integral
appearingwhenconsideringthex andy coordinatesof this currentdensity.

Thenwe mayconcludethat (i) theonly independentelementof partA of thePCD-
FWM conductivity tensoriszeroin thelocallimit, sincethetwoFermi-Diracdistribution
functionsin Eq. (8.17)becomesidenticalfor n � m. This occurswhentakingthelocal
limit in thecoordinateẑ ^ . In addition,(ii) thefive independentelementsof partE of the
PCDFWMconductivity tensoralsobecomeszero,sincethetwo pureinterbandtermsare
zeroby themselves,andthetwo othertermsareof thesamemagnitudebut with opposite
sign.This occurswhentakingthelocal limit in thecoordinatesẑ ^ ^ andẑ ^ . Furthermore,
(iii) for partG of thePCDFWMconductivity tensor, elementswith theCartesianindex
i � zandtheotherindicesdifferentfrom zbecomeszero,sincetheotherindicesimplies
thatall quantumnumbersin thesummationbecomeidentical. Finally, (iv) theonly in-
dependentelementof partC of thePCDFWMconductivity tensoris reducedto a pure
intrabandcontribution. The samereductionappearsin tensorelementsof partsD, F,
andG with no Cartesiancoordinateindex z in indices jk, ih, and i jkh, respectively. In
partB of thePCDFWMconductivity tensor, theelementswith no Cartesianindex z in
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Figure8.2: Symmetryschemesfor the PCDFWMconductivity tensorpartsB, D, F, andG in
(i) the local limit in the z coordinates,and(ii) the singlelevel quantumwell case.In the local
limit, tensorelementslabeledwith a “ � ” givesnonzeromixedinterband/intrabandcontributions,
elementslabeledwith a “ Å ” givesnonzeropure intrabandcontributions,andelementslabeled
with a “   ” are zero. In the single level quantumwell case,only elementslabeledwith a “ Å ”
contributesto thesolution.Thesolid linesconnectequalnonzeroelements.

kh apparantlygivesthe sameresult,but the following integrationover �κ " makesthem
vanish.Theseconclusionsareshown in theform of symmetryschemesin Fig. 8.2.

8.5.2 Local limit along the surface

Taking the local limit alongthe surfacecoordinates,the wavenumbersareconsidered
to be muchlessthanthe Fermi wavenumber, i.e., we take the limit where �q "¬Æ �0 and�k "�Æ �0 (thedipolelimit).
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Thenfrom Eq.(8.11)we observe thatthetransitionfrequenciesbecomeindependent
of �κ " , andthuswe concludethat this approximationmakesthe integrationover �κ " par-
ticularly simplein the low temperaturelimit, sinceno integrationvariablesappearsin
any of thedenominatorsin Eqs.(8.17)–(8.23).We furtherobserve thatonly interband
contributionsareleft comparedto thefull description.

8.5.3 Local limit in thr eecoordinates

Locality in all threecoordinatesisachievedbyacombinationof thetwo limits mentioned
in Secs.8.5.1 and 8.5.2 above. Thus, in this limit (i) partsA and E of the DFWM
conductivity tensordoesnot contribute for thesamereasonsasbefore.Furthermore(ii)
theintegrationover ẑ in partC makesthispartvanish,(iii) theintegrationover ẑ in part
F of theDFWM conductivity tensorcancelstwo terms,andtheothertwo areof thesame
magnitude,but with oppositesigns,resultingin thefactthatpartF doesnotcontributeto
theresponsein this limit. Finally (iv), all purely intrabandcontributing tensorelements
found in the local limit vanish. All in all we are left with five independentnonzero
elementsof partsB andD, andfiftysevenindependentnonzeroelementsof G,all labeled
with a “ ! ” in Fig. 8.2.

8.5.4 Singlelevel quantum well

A substantialsimplificationof Eqs.(8.17)–(8.23)occurin onespecialcase,namelyin
thecasewherethethin film is asinglelevel quantumwell in thez-direction.In thesingle
level quantumwell, thesummationindicesareall equalto 1.

Specialattentionis in this casedevotedto the currentdensitydefinedin Eq. (8.14),
which in asinglelevel quantumwell is reducedto

jh: 11 � z;κh ���N� e�
2me

� δhx � δhy� κh �ψ1 � z�Y� 2 � (8.32)

for h �2� x � y  , sincethez-dependentpartvanishfor any n � m. This observation leads
to a drasticreductionof thenumberof contributing elementsin mostof thesymmetry
schemesassociatedwith theoccuringprocesses.

The only nonzeroelementin part A of the nonlinearconductivity tensorvanishfor
n � m. In partB of theconductivity tensorall elementswith k or h equalto z vanishfor
n � m � v, andtherestof theelementsvanishby integrationover �κ " . Theonly nonzero
elementof partC of thenonlinearconductivity tensoris conserved,but simplified. Part
D of thenonlinearconductivity tensoris reducedsomewhat,sinceeithercombinationof
j � z or k � z giveszero. Thenwe areleft with four nonzeroindependentelements,as
shown in Fig. 8.2.D.Part E doesnot give any contributionsto theintrabandtransitions,
sincetwo termsin thesumgivesnointrabandcontributionsin general,andtheothertwo
termscanceleachother. Part F is reducedin a mannersimilar to partsB andD, since
any combinationof i � z or h � z giveszero. The resultingfour nonzeroindependent
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elementsareshown in Fig. 8.2.F. In thelastpart(G) of thenonlinearconductivity tensor
any combinationof i � z, j � z, k � z, or h � zgiveszero.As aconsequenceof thisrather
drasticreductionwe areleft with sixteennonzeroelements,asshown in Fig. 8.2.G.



Chapter9

Polarizedlight in thex-z-plane

Restrictingourselvesto considerlight propagatingin thex-z-plane,which furthermore
is polarizedeither in the x-z-plane(p-polarized)or perpendicularto the x-z-plane(s-
polarized),the treatmentcan be split into eight separatepartsrelatedto the possible
combinationsof polarizationof thethreedifferentincidentfields. In this scatteringge-
ometry �q " (and �k " ) lie alongthe x-axis, giving a mirror planeat y � 0. Consequently,
only tensorelementsin the(3 
 3 
 3 
 3) PCDFWMresponsetensorwith a Cartesian
index even numberedin y contributes,andthe 81 tensorelementsgenerallyappearing
arereducedto 41.

Applying the two polarizationstatess and p chosenabove to the threeinteracting
fields, the resultingeight differentcombinationsusesdifferentmatrix elementsin the
nonlinearconductivity tensor, and(aswould beexpected)theseeightcombinationsto-
gethermake useof all elementsof the nonlinearconductivity tensor. This division is
shown in Fig. 9.1 for the41 contributing tensorelementsasdescribedin thefollowing.
Thenoncontributing elementsof thenonlinearconductivity tensoris denotedusingthe
symbol“  ” in Fig. 9.1.

9.1 Eight setsof contributing matrix elements

Fromthepoint of view of theprobe,theeightdifferentcombinationsof polarizedlight
canbedividedinto twogroupsof four, namelyfourgivingaPCDFWMresponsewith the
samepolarizationastheprobeandfour giving theotherpolarizationasthePCDFWM
response.In thefour combinationsgiving responseof thesamepolarizationastheprobe,
thetwo pumpfieldshavethesamepolarizationstates.Theseconfigurationsaresketched
in Fig. 9.2. The other four combinations,wherethe two pump fields are differently
polarizedaresketchedin Fig. 9.3.

Two out of thefirst four combinationsdescribes to s transitions,seenfrom thepoint
of view of theprobe.(i) Thesimplestcombinationariseswhenbothpumpfieldsandthe
probefield ares-polarized,asshown in Fig. 9.2.a. In this case,only the yyyyelement
of the nonlinearconductivity tensoris present.In Fig. 9.1 it is marked with a “ ! ”. It
shouldbenotedthat this is theonly caseof theeight, in which a singlematrix element
canbe determinedindependentlyin an actualexperiment. (ii) Whenboth pumpfields
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Figure9.1: Thecontributingmatrix elementsof thethird orderconductivity tensorin thecases
where r � t boththepumpfieldsandtheprobefield ares-polarized,r Å t boththepumpfieldsand
the probefield are p-polarized, rwÏ t bothpumpfields ares-polarized,andthe probefield is p-
polarized, r � t bothpumpfieldsare p-polarized,andtheprobefield is s-polarized, r�Ð t (and Ñ
for the “interchangedterm”) pump1 is s-polarized,pump2 is p-polarized,andthe probeis s-
polarized,r Ñ t (and Ð for the“interchangedterm”) pump1 is p-polarized,pump2 is s-polarized,
and the probeis s-polarized, r�Ò t (and Ó for the “interchangedterm”) pump1 is s-polarized,
pump2 is p-polarized,andtheprobeis p-polarized,and r Ó t (and Ò for the“interchangedterm”)
pump1 is p-polarized,pump2 is s-polarized,andtheprobeis p-polarized.

are p-polarizedandtheprobefield is s-polarized(seeFig. 9.2.b),the four contributing
matrix elementsin thenonlinearconductivity tensorhave indicesi and j equalto y and
indicesk andh differentfrom y. Eachof thesefour elementsis marked with a “

Ê
” in

Fig. 9.1.

Fromthesamepointof view theothertwo of thefirst four combinationsdescribep to
p transitions.(iii) If bothpumpfieldsares-polarizedandtheprobefield is p-polarized
the configurationis sketchedin Fig. 9.2.c, and four matrix elementsin the nonlinear
conductivity tensorcontribute to thesolution.They have indicesk andh equalto y and
indicesi and j different from y. In Fig. 9.1, eachof theseelementsis marked with a
“
É

”. (iv) Theotherextremecase[the simpleextremehasbeendescribedin item (i)] is
thecombinationwherebothpumpfieldsandtheprobefield are p-polarized,asshown
in Fig. 9.2.d. In order to obtain the solution for this combinationasmany assixteen
elementsof thenonlinearconductivity tensorarerequired,sinceevery elementwith an
index without y’s in it contributes. Eachof theseelementsis marked in Fig. 9.1 with a
“ Ô ”.
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Figure9.2: Schematicillustration showing the four possiblefield polarizationcombinations
giving riseto thesamepolarizationof thephaseconjugatedresponseastheprobefield. Figs.a
andb shows thes to s responsefor s-polarizedandp-polarizedpumpfields,respectively, while
Figs. c andd shows the p to p responsecorrespondingto thesepumpfield polarizations. In
Figs.a–dthepumpfieldsaredenoted(1) and(2) andtheprobefield is denoted(p).

(1)(2)

(p)
(a)

(1)(2)

(p)
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(1)(2)

(p)
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(1)(2)

(p)
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Figure9.3: Schematicillustration showing the four possiblefield polarizationcombinations
giving riseto differentpolarizationof thephaseconjugatedresponseseenfrom thepointof view
of the probefield. Figs.a andb shows the combinationsof thefieldsgiving a s to p response,
while Figs.c andd showsthep to s responseconfigurations.In all four casesthetwo pumpfields
aredifferentlypolarizedwith respectto eachother. In Figs.a–dthepumpfieldsaredenoted(1)
and(2) andtheprobefield is denoted(p).

Still taking the “probe to response”point of view, two of the remainingfour cases
representa probeto responsetransitionfrom s to p. (v) If pumpfield 1 is s-polarized,
pumpfield 2 is p-polarized,andtheprobefield iss-polarized(thecorrespondingdiagram
is showedin Fig.9.3.a),thefour contributing matrixelementshave indices j andk equal
to y andindicesi andh differentfrom y. In Fig.9.1eachof theseelementsis markedwith
thesymbol“

Ë
”. In theotherof thesecases,(vi), pumpfield 1 is p-polarizedandpump

field 2 is s-polarized,andwe take theprobefield to bes-polarized.This combinationis
sketchedin Fig. 9.3.b,andthe four contributing elementsin thenonlinearconductivity
tensorthen have indices j and k equalto y and indices i and h different from y. In
Fig. 9.1 the symbol “

Í
” is usedto show theseelements.As a direct consequenceof

the conservation of momentumcriterion thesetwo combinationsareequivalent, since
by replacing�q " with � �q " and�k " with � �k " thesituationin (vi) changesto thesituationin
(v).

Thelasttwo combinationsrepresenta transitionfrom p to s in thepicturefrom probe
to response.(vii) If pumpfield 1 is s-polarizedandpumpfield 2 is p-polarized,but
the probefield is p-polarized,the situation is as sketchedin Fig. 9.3.c. Then again
four elementsof thenonlinearconductivity tensorcontribute to thesolution.Thesefour
elementshave indicesi andh equalto y andindices j andk differentfrom y, andeach
elementis marked usingthe symbol “

Ì
” in Fig. 9.1. Finally, (viii), whenpumpfield
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1 is p-polarizedandpumpfield 2 is s-polarized,but theprobefield is p-polarized,the
configurationappearsasshown in Fig. 9.3.d,which againgives four elementsof the
nonlinearconductivity tensorcontributing to thesolution,theindicesi andk beingequal
to y andthe indices j andh beingdifferent from y. We mark eachof theseelements
with thesymbol“

Î
” in Fig. 9.1. For thesamereasonasbefore,cases(vii) and(viii) are

equivalent.

9.2 Simplified description by choiceof pump fields

Although the two pumpfieldshasbeendrawn parallelto the interfacein Figs.9.2 and
9.3, this is not a requirement,aslong asthey arecounterpropagatingto eachother. If
we arelooking for a simplificationin thetreatmentof opticalphaseconjugationfrom a
quantumwell structure,a reductionin the numberof tensorelementsto be calculated
couldbeonealternative. Two immediatepossibilitiescomesto mind. In thefirst case,
the pumpfields are taken to be parallel to the x-axis. The secondcasehasthe pump
fields parallel to the z-axis. The consequencesof thesetwo casesaredescribedin the
following.

If thepumpfieldspropagatein a directionparallelto thex-axis, thenumberof con-
tributing tensorelementsin thenonlinearconductivity tensorΞ � z� ẑw� ẑ ^�� ẑ ^ ^ ; �q ".� �k "*� is re-
ducedfrom 41 to 18 when considerings- and p-polarizedlight only. The surviving
elementscan be divided into four casesfollowing the four possiblecombinationsof
polarizationof thepumpfields.When(i) bothpumpfieldsarep-polarized,their respec-
tive electricfieldshave only a z-component,andhenceh � k � z. Similarly (ii), when
bothpumpfields ares-polarized,their electricfields only have a y-component,that is,
h � k � y. In case(iii) pumpfield 1 is p-polarizedwhile pumpfield 2 is s-polarized,
giving h � z andk � y. In thefinal case(iv) thepumpfieldsarepolarizedoppositelyto
thosein case(iii), i.e.,h � y andk � z.

If we choosethe pump fields to propagatein a direction parallel to the z axis in-
stead,the numberof contributing tensorelementsin the nonlinearconductivity ten-
sor Ξ � z� ẑ � ẑ ^ � ẑ ^ ^ ; �q "¦� �k "*� is againreducedfrom 41 to 18 when considerings- and p-
polarizedlight, andagainthe surviving elementsaredivided into four groupsfollow-
ing the four possiblecombinationsof polarizationthe pumpfields canhave. Thus,(i)
whenbothpumpfields are p-polarized,theelectricfields representingthemhave only
x-components,i.e., h � k � x, (ii) for thepumpfieldsbothbeings-polarized,thesame
elementsaswhenthe pumpfields areparallelto the x-axis contributesto thesolution,
giving againh � k � y. In thecasesof differentlypolarizedpumpfields,(iii) h � x and
k � y whenpumpfield 1 is p-polarizedandpumpfield 2 is s-polarized,and(iv) h � y
andk � x whentheoppositepolarizationsoccur.

In conclusion,thesetwo possibilitiesof choicehave five commoncontributing ele-
ments,namelytheoneswherek � h � y. At thesametime,tenelementsof thenonlinear
conductivity tensordoesnotcontributeto eithersimplification.They havekh ��� xz� zx .
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Chapter10

Theoreticalconsiderations

Having discussedthepropertiesof opticalphaseconjugationin quantumwell structures
in general,let usconsiderherethesimplestconfigurationof a mesoscopicmetallicop-
tical quantum-wellphaseconjugator. In this caseonly a singleboundstateexistsbelow
theFermilevel andit is assumedthatnolevelsabovetheFermilevel canbereachedwith
theappliedopticalfield. Suchaquantumwell is calledasingle-level quantumwell.

10.1 Phaseconjugatedfield

In a mesoscopicfilm theelectricfield generatedvia thedirectandindirectprocessesat
agivenpoint is roughlyspeakingof theorder � µ0ω ) ql �K� �J / 30� ωdẑ , whereastheself-field

hasthemagnitude� µ0ω ) q2 � �J / 30� ω. Sinceqd Õ 1, whered is thethicknessof thefilm, we
judgetheself-fieldtermto dominatethephaseconjugatedfield insidethequantumwell,
at leastfor single-level metallic quantumwells which have thicknesseson the atomic
length scale. In the following we thereforeusethe so-calledself-field (electrostatic)
approximationto calculatethephaseconjugatedfield insidethequantumwell. With the
propagatorG� z� ẑ ^ ; �q ".� ω � replacedby g � z � ẑ ;ω � , thephaseconjugatedfield fulfills the
integral equation�EPC � z; �q "R� ω �6� �EB

PC � z; �q "R� ω �-� �ez � �ez

iε0ω
 � σ � z� ẑ ; �q "¦� ω �P �EPC � ẑ ; �q "¦� ω � dẑ (10.1)

insidethewell, andthebackgroundfield is now�EB
PC � z; �q "R� ω �6� �ez � �ez

iε0ω
�J / 30� ω � z; �q "R� ω �.� (10.2)

In the self-field approachthe phaseconjugatedfield hasonly a componentperpendic-
ular to the surface(the z-component)insidethe well andonly the z-componentof the
nonlinearcurrentdensity �J / 30� ω drivestheprocess.

Oncethe phaseconjugatedfield inside the quantumwell hasbeendeterminedin a
self-consistentmannerfrom Eq. (10.1), it canbe determinedoutsideusingEq. (8.24).
Theself-fielddoesof coursenot contribute to theexterior field, andno loop problemis
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involved.All thatneedto bedoneis to integrateknown quantitiesin thez-directionover
thewell.

10.2 Nonlinear conductivity tensor

As we mayrecall,thenonlinearconductivity tensorappearingin Eq. (8.8)mayin gen-
eralbewrittenasasumof sevenparts(A–G) afterthephysicalprocessesthey describe.
Thesehave thetensorsymmetriesshown in Tab. 6.1. In thischapterweusethisconduc-
tivity tensorin theform it takesfor mediawith two-dimensionaltranslationalinvariance
asit wasdevelopedin PartII, but for quantumwellssothin thatonly asingleboundlevel
exists. The quantumwell may be free standing,or it may be depositedon a substrate
thatcanbedescribedby a refractive index n relative to thevacuumon theothersideof
the film. The surfaceof the film is parallel to the x-y-planein a Cartesiancoordinate
system,andtheinterfacebetweenthefilm andthesubstrateis placedat z � 0 asshown
in Fig. 8.1. We further limit our studyto thecasewhere(i) all scatteringtakesplacein
thex-z-plane,(ii) the interactingfieldsarelinearly polarizedin (p) or perpendicularto
(s) thescatteringplane,(iii) thepumpfields in thephaseconjugatingsystemarecoun-
terpropagatingmonochromaticplanewaveswith a uniform amplitudealongthe z-axis
andpropagatingin adirectionparallelto thex-axis,and(iv) thefield is calculatedwithin
theself-fieldapproximation.

From (i) above we get a mirror planeat y � 0, leaving only tensorelementsof the
conductivity tensorswith anevennumber � 0 � 2 � 4� of y’s in theCartesianindex nonzero.
Condition(iii) impliesasa consequenceof condition(ii) thatno tensorelementsof the
nonlinearconductivity tensorwith one or both of the last two Cartesianindicesas x
contributesto thephaseconjugatedresponse.Requirement(iv) above implies that the
first Cartesianindex of a tensorelementshouldbez in orderto contribute to thephase
conjugatedresponse.The choiceof a single level quantumwell in itself restrictsthe
transitioncurrentdensityto containx- andy- componentsonly. Togetherwith the fact
thatpartB giveszeroafterintegrationover �κ " andE givespureinterbandcontributions,
thesechoicesleave two nonzeroelementsof thenonlinearconductivity tensor, namely

ΞC
zyyz� z� ẑ � ẑ ^ � ẑ ^ ^ ;q " � k " ��� ΞC

zzzz� z� ẑ � ẑ ^ � ẑ ^ ^ ;q " � k " ���
e4

24π2i � ω3m2
e
%�� q "S� k "�� δ � ẑ � ẑ ^ ^ � δ � z � ẑ ^ �Y�ψ � ẑ �Y� 2 �ψ � z�Y� 2 � (10.3)

ΞD
zyyz� z� ẑ � ẑ ^ � ẑ ^ ^ ;q "¦� k "*��� e4

26π2iω3m3
e
&¸� q ".� k "�� δ � z � ẑ ^ ^ �Y�ψ � ẑ ^ �Y� 2 �ψ � ẑ �Y� 2 �ψ � z�Y� 2 �

(10.4)

where%�� q "P� k "«��� 2
� f ���κ "H�}I q "S� k "¹J �ex �P� f ���κ "«��<� q "S� k "��RI 2κx � q "�� k "¹J�)�� 2me �P� i ) τd2κ "¦� (10.5)
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� κ2

y�9� q "-� k "«�RI 2κx � q "¼� k "¹J�)�� 2me �S� i ) τ
 ³ f ���κ "*�S� f �w�κ "¼� k " �ex �� k "YI 2κx � k "¹J�)�� 2me �S� i ) τ � ω
� f �w�κ "��¡I k "H� q "QJ �ex �P� f ���κ "H� k " �ex �� q "YI 2κx � q "H� 2k "¹J�)�� 2me �S� i ) τ � ω� f � �κ "*�S� f � �κ "H� q " �ex �� q "RI 2κx � q "¹J�)�� 2me �P� i ) τ � ω
� f � �κ "H�}I k "H� q "¹J �ex �P� f � �κ "H� q " �ex �� k "RI 2κx � k "H� 2q "¹J�)�� 2me �P� i ) τ � ω ´ d2κ ".�

(10.6)

Thenumber2 appearingin front of the integralsabove representsthesummationover
thedegeneratespinenergies.

Thefree-particlecharacterof theelectronmotionin theplaneof thequantumwell en-
ablesusto write thesolutionsto thelight-unperturbedSchr̈odingerequationin theform
Ψ � �r ���G� 2π � � 1ψ � z� exp � i �κ "S �r � , where �κ "��G� κx � κy � 0� is thewavevectorof theelectron
in considerationandψ � z� , appearingin Eqs.(10.3)and(10.4), is the z-dependentpart
of the wave function, commonto all electrons. The x-y-dependentpartsof the wave
functions, � 2π ��� 1 exp � i �κ "� �r � , areorthonormalizedin theDiracsense,i.e., they obey the
equation � 2π � � 2 � exp I i ���κ "`�µ�κ ^ " �` �r J d2r � δ ���κ "<�Ö�κ ^ " � , andthe z-dependentpart fulfills

theseparatenormalizationcondition �×�ψ � z�Y� 2dz � 1. In Eqs.(10.5)and(10.6) the re-
sponseof all electronsis takeninto accountby integratingoverall possible�κ " wavevec-
tors. The eigenenergy �Ø� �κ "�� belongingto the stateΨ � �r � is obtainedby addingto the
commonbound-stateenergy ε, thekineticenergy in theparallelmotion.Thus

�×� �κ "���� ε � � 2

2me
κ2" � (10.7)

Thequantity f ���κ "*�6�\I 1 � exp �H�f�×���κ "*�P� µ��)�� kBT �#YJ�� 1 denotestheFermi-Diracdistri-
bution functionfor thiseigenstate,µ beingthechemicalpotentialof theelectronsystem,
kB theBoltzmannconstant,andT theabsolutetemperature.

10.3 Probewith singleFourier component

In thefollowing wecalculatethephaseconjugatedfield generatedby aprobefield which
consistsof only oneplane-wave componentof wavevector �q �3� q "¦� 0 � ql�� . A probefield

of theform �E � z; �q "#��� �Eeiq¾ z is henceinsertedin Eq.(8.8).
Then,whenusinglinearlypolarizedlight, threedifferentcombinationsof polarization

givesa nonlinearcurrentdensity, namely(i) theonein which all participatingfieldsare
p-polarized(ppp), and(ii) the two combinationswherethepumpfieldsaredifferently
polarizedandtheprobefield is s-polarized(spsandpss). In all cases,thephaseconju-
gatedresponseis p-polarized,andthuscharacterizedin termsof thepolarizationstates
of the probeandphaseconjugatedfields, case(i) may be classifiedasa p to p tran-
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(1)(2)

(p)
(a)

(1)(2)
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(b)

(1)(2)
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(c)

Figure10.1: Schematicillustration showing threeof the possiblefield polarizationcombina-
tionswhich maygiveriseto aphaseconjugatedresponsein asingle-level quantumwell, viz. (a)
thepurely p-polarizedconfiguration,and(b–c) themixedpolarizationconfigurationswherethe
pumpfieldsaredifferentlypolarizedwhile theprobeis s-polarized.Thetwo mixedpolarization
statesarecloselyrelated,sincereplacing gq h with u gq h in oneof themyields the other. In both
(a andb–c)cases,thephaseconjugatedresponseis p-polarized.Theschemesareshown in the
Cartesiancoordinatesystemgivenin Fig. 8.1,suchthatthesmallarrows in theplanerepresents
p-polarizedstatesandthecirclesrepresentss-polarizedstates.Thelargearrowsshow thedirec-
tion of (oneFouriercomponentof) thewavevectorsof thepumpfields (1 and2) andtheprobe
field (p).

sition, andcases(ii) ass to p transitions.A schematicillustration of theseinteraction
configurationsis shown in Fig. 10.1.Definingthez-independentquantityÙ / 30� ω : z � �q "*��C J / 30� ω : z � z; �q "#��ψ � z�Y� 2 � (10.8)

theabove conditionsyieldsfor the p to p transitionÙ / 30� ω : z � �q "*��� e4

28π6i � ω3m2
e
X %�� q "P� k "��H�y%�� q "¼� k "«� Z E / 10z E / 20z E �z
 � �ψ � ẑ �Y� 2e� iqÚ¾ zÀ dẑ (10.9)

andfor thes to p transitionsÙ / 30� ω : z � �q "*��� e4

28π6i � ω3m2
e

4 %�� q "-� k "��H� �
4me

&¸� �q ".��� �k "*� 5 E / 10y E / 20z E �y
 � �ψ � ẑ �Y� 2e� iqÚ¾ zÀ dẑ � (10.10)Ù / 30� ω : z � �q "*��� e4

28π6i � ω3m2
e

4 %�� q "P� k "��H� �
4me

&¸� q ".� k "�� 5 E / 10z E / 20y E �y
 � �ψ � ẑ �Y� 2e� iqÚ¾ zÀ dẑ � (10.11)

In the above threeequations,the superscript� 1� refersto the pumpfield propagating
alongthe x-axis in the positive direction(�k "]� k " �ex), andthe superscript� 2� refersto
theotherpumpfield. Thes to p transitionsaresymmetricin thesensethat if theprobe
wavevector �q " is replacedby � �q " in Eq. (10.10),thenthe resultof Eq. (10.11)is ob-
tained,andvice versa.The p to p transitionis symmetricto itself in this sense.
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For asingle-level quantumwell, thezz-componentof thelinearconductivity tensoris
givenby (Feibelman1982)

σzz� z� ẑ ; �q "*��� ie2 '
me � ω � i ) τ � �ψ � z�Y� 2δ � z � ẑ �.� (10.12)

where'Û� 2� 2π � 2 � f ���κ "�� d2κ "#� (10.13)

In order to take into accountthe couplingto surroundingswe have introduceda phe-
nomenologicalrelaxationtime τ in the diamagneticexpressionfor σzz [Eq. (10.12)]
(Feibelman1982). A factorof two in this equationagainstemsfrom thespinsumma-
tion,andthequantity'Ü�ψ � z�Y� 2 is theconductionelectrondensity. Thephaseconjugated
field insidethe quantumwell hasa z-component,EPC: z � z; �q "*� , only, andby combining
Eqs.(10.1),(10.2),and(10.12)it appearsthatthis is givenby

EPC: z � z; �q "#��� ime � ω � i ) τ �
e2'Ü�ψ � z�Y� 2 � ε0meω � ω � i ) τ � J / 30� ω : z � z; �q "#�.� (10.14)

Usingnow Eq.(8.24),thez-componentsof thephaseconjugatedfield outsidethequan-
tumwell canbecalculated,andtheresultis

EPC: z � z; �q "#��� Ù / 30� ω : z � �q "*� e� iq¾ z
q2" me � ω � i ) τ �

2ql � � eiq¾ zÀ � r pe� iq¾ zÀ �Y�ψ � ẑ �Y� 2
e2 'Ü�ψ � ẑ �Y� 2 � ε0meω � ω � i ) τ � dẑ �

(10.15)

wheretherelevantexpressionfor
Ù / 30� ω : z � �q "*� is takenfrom Eq.(10.9),(10.10),or (10.11).

Given the z-componentof the phaseconjugatedfield, the x-componentmay be found
from

EPC: x � z; �q "#��� ql
q " EPC: z � z; �q "#�.� (10.16)

which follows from the expressionfor the electromagneticpropagator, or equivalently
from thedemandthatthephaseconjugatedfield mustbetransversein vacuum.

Theintegral in Eq.(10.15)isdifferentfromzeroonly in theregionof thequantumwell
[from aroundẑÝ�Þ� d to aroundẑT� 0 in thechosencoordinatesystem,theexactdomain
dependingon theextentof theelectronicwave functionψ � ẑ�� ]. Sincethewidth ( a d) of
asingle-level metallicquantumwell is in theÅngstr̈om range,andql is typically in the
micrometerrangefor opticalsignalssuchthatql d Õ 1, it is agoodapproximationto put
exp �¹_ iql ẑ �9� 1 in Eq.(10.15).For electromagneticfrequenciessohigh thatql a d � 1,
thepresenttheorywould anyway betoo simpleto rely on [the Bloch functioncharacter
of thewavefunctionsalongthesurfaceandexcitationto thecontinuum(photoemission)
shouldbeincorporatedat least].With theabove-mentionedapproximation,Eq. (10.15)
is reducedto

EPC: z � z; �q " ��� Ù / 30� ω : z � �q " � e� iq¾ z
� 1 � r p � q2"
2ε0ωql � �ψ � ẑ��Y� 2

γ �ψ � ẑ �Y� 2 � 1
dẑ � (10.17)
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whereγ � e2'ß)�I ε0meω � ω � i ) τ �QJ . Using the approximationexp � iql ẑ��m� 1 and the
normalizationconditiononψ � ẑ�� , Eqs.(10.9)–(10.11)arereducedtoÙ / 30� ω : z � �q "*�+� e4

28π6i � ω3m2
e
X %�� q "S� k "«�-�¤%�� q "H� k "�� Z E / 10z E / 20z E �z � (10.18)Ù / 30� ω : z � �q "*�+� e4

28π6i � ω3m2
e

4 %�� q "-� k "«�-� �
4me

&Ö� �q ".��� �k "�� 5 E / 10y E / 20z E �y � (10.19)

andÙ / 30� ω : z � �q "*�+� e4

28π6i � ω3m2
e

4 %�� q "P� k "«�-� �
4me

&Ö� q ".� k "*� 5 E / 10z E / 20y E �y � (10.20)

respectively.
Thusthephaseconjugatedfield from a single-level quantumwell is describedin the

mixed Fourier spaceby Eq. (10.17)with insertionof Eq. (10.18),(10.19),or (10.20),
the expressionsfor % [Eq. (10.5)] and & [Eq. (10.6)] carryingthe informationon the
two-dimensionalelectrondynamics.

Sofar, thedescriptionof thephaseconjugatedresponsehasbeenindependentof the
actualwave functionsin the active medium,and thus independentof the form of the
quantumwell potential. In order to prepareour theoryfor a numericalstudywe now
introducea model potential in our quantumwell system,namely the infinite barrier
potential.

10.4 Infinite barrier model

To achieveaqualitative impressionof thephaseconjugationfrom asingle-level metallic
quantumwell it is sufficient to carryoutnumericalcalculationsonthebasisof thesimple
infinite barrier(IB) model. In this modeltheone-dimensionalpotentialV � z� is takento
bezeroin theinterval � d à z à 0 (insidethequantumwell) andinfinite elsewhere.The
stationarystatewave functionnow is given by ψ � z�Ã�ßá 2) dsin� πz) d � insidethewell
andψ � z�6� 0 outside,andtheassociatedenergy is ε �1� π �S� 2 )�� 2med2 � . In theIB model
thenumberof boundstatesis of courseinfinite, andto usethismodelin thecontext of a
singlelevel calculation,onemustbesurethatonly oneof theboundstates(theground
state)hasanenergy below theFermienergy, andthattheopticalfrequency is solow that
interlevel excitationsarenegligible.

For a metallic quantumwell one may even at room temperatureapproximatethe
Fermi-Diracdistribution function appearingin the expressionsfor % , & , and ' in
Eqs.(10.5),(10.6),and(10.13)by its valueat zerotemperature,i.e.,

lim
T â 0

f �w�κ "*��� Θ � � F � � 2

2me

4 L π
d
M 2 � κ2" 5 � � (10.21)

whereΘ is the Heaviside stepfunction and � F is the Fermi energy of the system. In
the low temperaturelimit it is possibleto find analyticalsolutionsto the integralsover



Chapter10: Theoreticalconsiderations 69�κ " appearingin Eqs.(10.5)and(10.6).This is adequatelyachievedby performinga co-
ordinatetransformationinto cylindrical coordinates,sinceeachHeavisidestepfunction
givesnonzerovaluesin the κx-κy-spaceonly insidea circle with radius,say, α. The
explicit calculationsaretediousbut trivial to carry out, andsincethe final expressions
for % and & areratherlongwedo notpresentthemhere.For theinterestedreaderthese
calculationsarereproducedin AppendicesB andC [specifically, SectionC.11].

TheFermienergy is calculatedfrom theglobalchargeneutralitycondition[seeKeller
(1996a)andthecalculationperformedin AppendixD], whichfor asinglelevel quantum
well takestheform'Û� ZN� d � (10.22)

whereN� is thenumberof positive ionsperunit volumeandZ is thevalenceof these
ions.Since'�� me �f� F � ε ��)�� π � 2 � , cf. thecalculationin theSectionC.11,onegets� F � π � 2

me
D ZN� d � π

2d2 E � (10.23)

In orderthatjustthegroundstate(energy ε) hasanenergy lessthantheFermienergy, the
film thicknessmustbelessthana certainmaximumvaluedmax. Whenthethicknessof
thewell becomessolargethattheFermienergy equalstheenergy ε2 �N� 2π �S� 2 )�� 2med2 �
of thefirst excitedstatea secondboundstateof energy lessthan � F will appear. From
the condition � F � dmax�]� ε2 � dmax� , dmax canbe calculated,andonegetsby meansof
Eq.(10.23)

dmax � 3á 3π )�� 2ZN� �H� (10.24)

i.e., a result which dependson the numberof conductionelectronsin the film. The
minimum thicknessis in the IB model zero,but in reality the smallestthicknessis a
singlemonolayer.

InsertingtheIB modelinto theintegraloverthesourceregionappearingin Eq.(10.17)
we get� �ψ � ẑ �Y� 2

γ �ψ � ẑ �Y� 2 � 1
dẑ � � 0� d

2sin2 � πẑ ) d �
2γsin2 � πẑ ) d �S� d

dẑ � (10.25)

whichby substitutionof θ � πẑ ) d, additionandsubtractionof d in thenominatorof the
integral,anduseof 2γsin2θ � d � 2γ I á 1 � d )�� 2γ �P� cosθ JfI á 1 � d )�� 2γ ��� cosθ J gives

d
πγ

= π � d
4γ

1á 1 � d )�� 2γ � � 2π

0

dθá 1 � d )�� 2γ �-� cosθ
B � d

γ
= 1 � 1á 2γ ) d � 1

B�ã d
γ
�

(10.26)

The solutionto the integral in Eq. (10.26)is obtainedby useof Eq. (B.32), andsince
2 � γ �Á) d 8 1 [for metals, � γ � lies typically between1 and100 in theoptical region (e.g.,
for copper� γ � ã 85in thepresentstudy)andd is in theÅngstr̈omrange].Usingthisresult
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andtheexpressionfor theFermienergy givenin Eq.(10.23),weobtainby insertioninto
Eq.(10.17)theresult

EPC: z � z; �q "#��� q2" me � ω � i ) τ �R� 1 � r p �
2ql e2ZN� Ù / 30� ω : z � �q "*� e� iq¾ z � (10.27)

By insertionof the relevant expressionsfor
Ù / 30� ω : z � �q "*� we finally obtain the following

resultsfor thez-componentof thephaseconjugatedfield outsidethequantumwell:

EPC: z � z; �q "#��� e2 � ω � i ) τ �R� 1 � r p �
29π6 � ω3ZN� me

q2"
iql X %�� q "S� k "«�-�¤%�� q "H� k "�� Z
 E / 10z E / 20z E �ze� iq¾ z � (10.28)

for thepurely p-polarizedconfiguration,and

EPC: z � z; �q "#��� e2 � ω � i ) τ �R� 1 � r p �
29π6 � ω3ZN� me

q2"
iql 4 %�� q "H� k "«�-� �

4me
&Ö� q ".��� k "«� 5
 E / 10y E / 20z E �ye� iq¾ z � (10.29)

EPC: z � z; �q "#��� e2 � ω � i ) τ �R� 1 � r p �
29π6 � ω3ZN� me

q2"
iql 4 %�� q "S� k "«�-� �

4me
&Ö� q ".� k "*� 5
 E / 10z E / 20y E �ye� iq¾ z (10.30)

for theconfigurationswith mixedpolarizationof thepumpfields. Thex-componentof
thephaseconjugatedfield is obtainedusingEq.(10.16).
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Numericalresults

Thetheoreticaldescriptionpresentedin thepreviouschapterresultedin expressionsfor
the phaseconjugatedfield from a single level quantumwell. Thus for the numerical
work, thephaseconjugatedfield isgivencompletelyby Eqs.(10.28)–(10.30)and(10.16)
with the insertionof the expressionsfor the electrondynamicsparallel to the surface
plane,givenby Eqs.(C.179)–(C.180)in AppendixC. In thefollowing we will present
the phaseconjugationreflectioncoefficient, succeededby a discussionof a possible
excitationschemewhich might beadequatefor studiesof phaseconjugationof optical
nearfields(Bozhevolnyi, Keller, andSmolyaninov 1994).

11.1 Phaseconjugation reflectioncoefficient

To estimatetheamountof light we getbackthroughthephaseconjugatedchannel,we
definethephaseconjugation(energy) reflectioncoefficient as

RPC � z; �q "#��� IPC � z; �q "*�
I / 10 I / 20 IProbe�d� d; �q "*� � (11.1)

in which I / 10 , I / 20 , IProbe, and IPC arethe intensitiesof the two pumpbeams,theprobe
andthephaseconjugatedfield, respectively. Eachof theintensitiesaregivenby

I � ε0c0

2

�E  �E �� 2π � 4 � (11.2)

wherethe factor of � 2π � � 4 originatesfrom the mannerin which we have introduced
the Fourier amplitudesof the fields. If the probefield is evanescentthe intensity of
thephaseconjugatedfield, IPC � z; �q "#� , will dependon thedistancefrom thesurface,and
consequentlythereflectioncoefficient is z-dependentin suchacase.

For the remainingpart of this work we choosea copperquantumwell with N� �
8 � 47 
 1028m� 3 andZ � 1 [datataken from AshcroftandMermin (1976)]. Thenfrom
Eq. (10.24), the maximal thicknessbecomesdmax � 3 � 82Å, which is more than two
monolayersandlessthanthree.Thuswe have two obviouschoicesfor thethicknessof
thequantumwell, namelya singlemonolayeror two monolayers.We thustake a look

71
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Figure 11.1: The phaseconjugationreflectioncoefficient at the vacuum/filminterfaceof a
singlemonolayercopperquantumwell, RPC r u d; gq h t , is plottedfor (ppp) the p to p transition
(correspondingto diagram(a) in Fig. 10.1), (sps) oneof the s to p transitions(corresponding
to diagram(b) in Fig. 10.1), and (pss) the other s to p transition(correspondingto diagram
(c) in Fig. 10.1),asa functionof thenormalizedcomponentof theprobewavevectoralongthe
interface,q h j q. ThenormalizedFermiwavenumberis indicatedby thevertical line. It is for a
singlemonolayerof copperkF j q o 3 î 38 ï 103. Thesetof arrowslabeledn areplacedatq h o nq.

at bothpossibilitiesin the following, correspondingto a thicknessof d � 1 � 8Å for one
monolayerandd � 3 � 6Å for two monolayers.TheCu quantumwell canadequatelybe
depositedon a glasssubstratefor which we usea refractive index n of 1.51. With this
substrate,a reasonabledescriptionof the linear vaccum/substrateamplitudereflection
coefficient r p is obtainedby useof theclassicalFresnelformula

r p � n2ql �¤� n2q2 � q2" � 1
2

n2ql �¡� n2q2 � q2" � 1
2

� (11.3)

q � ω ) c0 beingthevacuumwavenumber, asbefore.Then,having thepumpfieldspar-
allel to thex-axisgivesa pumpwavenumberk "6� 1 � 51q. Thewavelengthλ of thelight
is chosento beλ � 1061nm.

Thephaseconjugationreflectioncoefficientatthevacuum/filminterface,RPC �d� d; �q "#�
is plotted in Figs. 11.1 and 11.2 as a function of the parallel component(q " ) of the
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Figure 11.2: The phaseconjugationreflectioncoefficient at the vacuum/filminterfaceof a
two-monolayercopperquantumwell, RPC r u d; gq h t , is plotted for (ppp) the p to p transition
(correspondingto diagram(a) in Fig. 10.1), (sps) oneof the s to p transitions(corresponding
to diagram(b) in Fig. 10.1), and (pss) the other s to p transition(correspondingto diagram
(c) in Fig. 10.1),asa functionof thenormalizedcomponentof theprobewavevectoralongthe
interface,q h j q. ThenormalizedFermiwavenumberis indicatedby thevertical line. For a two-
monolayercopperfilm it is kF j q o 2 î 78 ï 103. Thesetof arrowslabeledn areplacedatq h o nq.

wavevector for both the p to p transitionand the two s to p transitions. The reason
that the two curves for the s to p transitionsappearthe samein the high end of the
q "*) q spectrumis dueto thefact that for k "6Õ q " we have %�� q "+� k "«�6ñG%�� q "-� k "�� and&Ö� q "#� k "*�9ñÞ&Ö� q ".��� k "«� . The“bubble”appearingonthespsandpsscurvesfrom around
q "*) q a 100to q "*) q a kF ) q is dueto thetwo-dimensionalelectrondynamicshiddenin&Ö� q "#� k "*� . To bea little morespecific,the left of the two peaksstemsfrom thesecond
term,while thepeakto theright in thebubblestemsfrom thethird term.

To illustrate the similarity betweenthe two possibles to p transitions,we cantake
Eq. (10.29) to describethe phaseconjugatedfield, which for positive valuesof q "*) q
givestheresultin Fig. 11.2(sps). Usingtheothers to p transition,givenby Eq.(10.30),
insteadwe get the result in Fig. 11.2(pss) for positive valuesof q "�) q. The symmetry
betweenthe two configurationsis obtainedby looking at the negative valuesof q "�) q,
sinceEq. (10.29)plottedfor negative valuesof q "�) q givesthe(pss) curve in Fig. 11.2.
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Figure11.3:Thephaseconjugationreflectioncoefficientat thesurfaceof thephaseconjugator
(singlemonolayerCu film) is plottedfor differentvalues(τ ��� 200� 30� 3 � femtoseconds)of the
relaxationtime. The main figure shows the result for the sps configuration,while the inserted
pictureshows the ppp result.Thetwo setsof arrows labeledn areplacedat q ��� nq. Theother
two setsof arrowsareexplainedin themaintext.

Similarly, by startingwith Eq. (10.30),the resultingcurve for negative valuesof q ��� q
givesthe(sps) resultin Fig. 11.2.

Thechoiceof anadequaterelaxationtime τ is adifficult problemandit appearsfrom
Figs.11.3and11.4that thevalueof therelaxationtime hasa greatimpacton thephase
conjugationreflectioncoefficient. Wehaveplottedthereflectioncoefficentfor threeval-
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Figure11.4:Thephaseconjugationreflectioncoefficientat thesurfaceof thephaseconjugator
(two-monolayerCu film) is plotted for differentvalues(τ �G� 200� 30� 3 � femtoseconds)of the
relaxationtime. The main figure shows the result for the sps configuration,while the inserted
pictureshows the ppp result.Thetwo setsof arrows labeledn areplacedat q ��� nq. Theother
two setsof arrowsareexplainedin themaintext.

uesof the relaxationtime, namely(i) 30fsand(ii) 200fs,which aretypical valuesone
would find for bulk copper(Ashcroft andMermin 1976)at (i) room temperatureand
(ii) at 77K, and(iii) 3fs. The value in case(iii) is obtainedby a conjecturebasedon
the differencebetweenmeasureddatafor a leadquantumwell (Jalochowski, Strȯżak,
andZdyb 1997)and the bulk value for leadat room temperature.The differencebe-
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tweenthe relaxationtime measuredby Jalochowski, Strȯżak, andZdyb (1997) is for
two monolayersapproximatelyoneorderof magnitude.Basedon the resultsof Jalo-
chowski, Strȯżak,andZdyb (1997)we have for thedatapresentedin this work chosen
thevalueof therelaxationtime to be3fs. As it canbeseenfrom Fig. 11.4,thebubblein
thecurvecorrespondingto thespsconfigurationappearsearlierin theq ��� q-spectrumfor
highervaluesof τ. For the ppp configurationthe lower endof thespectrumis damped
whenτ becomessmaller.

Sowhatis thedifferencebetweenusingasinglemonolayeror two monolayersin the
quantumwell? In thesinglemonolayerquantumwell, thedistancebetweentheoccupied
energy level andthefirst freeenergy level in theinfinite barriermodel,andbetweenthe
occupiedenergy level andthe continuumstatesin a finite barriermodel is larger than
for a two monolayerwell. Thusthesingle-monolayerwell shouldbehave moreideally
like a single-level quantumwell at higherfrequenciesthanthe two-monolayerwell. If
we take a look at Figs. 11.1 and 11.2 we observe that the bubble in the sps and pss
curveshasthehighestmaximalmagnitudefor thetwo-monolayerwell, andtheearliest
falloff in the high end of the q ��� q-spectrum. The value of eachof the two peaksin
the bubble is reachedat the sameq �H� q-value in the two cases,asis alsoevident from
Figs.11.3and11.4(shown usingasetof arrows for eachpeak).Fromthesetwo figures
we alsoobserve that the relaxation-timedependentlow-q ��� q beginning of the bubble
occursa little earlierand is increasingfasterin the two-monolayerwell comparedto
the other. In the low end of the q ��� q-spectrumthe sps and psscurves are of equal
magnitude.Looking at the ppp curve,we observe thatit is dampedroughlyby a factor
of two in the low endof the q � � q-spectrumusinga single-monolayerfilm in steadof
two monolayers.In the high end it takes its maximalvalue for the single-monolayer
well at rougly twice thevalueof q ��� q thanfor the two-monolayerfilm. In conclusion,
thedifferencesbetweenthephaseconjugatedresponsefor a single-monolayerfilm and
a two-monolayerfilm will probablybe very difficult, if not impossible,to observe in
an experimentwith singlemodeexcitation. In the restof this chapterwe thuspresent
resultsfor thetwo-monolayerfilm only.

Wehave in Fig. 11.5plottedthephaseconjugationreflectioncoefficient for thep to p
transitionandoneof thes to p transitions,respectively, for differentdistancesfrom the
surfaceof thephaseconjugator. Dueto our particularinterestin thephaseconjugation
of theevanescentmodesin theFourierspectrumthechosendistancesarefractionsof the
vacuumwavelength. In Fig. 11.6we have plottedthe part of theFourier spectrumfor
all threeconfigurationswhich is judgedto bethemosteasilyaccessibleto single-mode
excitationin experimentalinvestigations.

It appearsfrom Fig. 11.5 (ppp) that the phaseconjugationreflectioncoefficient is
independentof thedistancefrom themetalfilm in the region whereq ��� q I 1. This is
sobecausetheprobefield, andhencealsothephaseconjugatedfield, areof propagating
character(qJLKNM q2 O q2�QP 1R 2 is real). In theregion whereq �S� q T 1, boththeprobefield

andthephaseconjugatedfield areevanescent(qJ K i M q2� O q2 P 1R 2 is a purely imaginary
quantity),andin consequencethe reflectioncoefficient decreasesrapidly with the dis-
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lower figureshows theresultsfor thes to p transitionwhich correspondsto configuration(b) in
Fig. 10.1.

tancefrom the phaseconjugator. Already a singlewavelengthaway from the surface
of the phaseconjugatorthe evanescentmodesof the phaseconjugatedfield have es-
sentiallyvanishedandonly propagatingmodesaredetectable.Althoughtheevanescent
Fouriercomponentsof the phaseconjugatedfield arepresentonly lessthanan optical
wavelengthfrom thesurface,this doesnot imply that thenonlinearmixing of theelec-
tromagneticwavesis lesseffective in the regime of theevanescentmodes.It is in fact
opposite,asmaybeseenfor instancefrom Fig. 11.2.Themaximumcouplingfor the p
to p transitionis obtainedfor q ��� q ¨ 500,andin comparisonwith RPC at q ��� q ¨ 1, the
maximumin RPC is nineordersof magnitudelarger, andseven,respectively eightorders
of magnitudelarger for the two s to p transitions,which have their maximaat around
q ��� q ¨ 700. As we observe from Fig. 11.5,asthedistancefrom thefilm increasesthe
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maximumvalue decreasesand is shifteddownwardsin the q �S� q spectrum. But only
whenthedistancefrom thephaseconjugatorbecomeslargerthan © λ � 10(ppp) respec-
tively © λ � 60 (sps), thephaseconjugatedsignalis largestat q �H� q ª 1.

Theabsolutevalueof thereflectioncoefficientsmayseemvery small,but utilizing a
high-power Nd:YAG laserwith, sayanenergy of 100mJperpulseavailablefor eachof
the threeincomingfields, a pulse(assumedsquarefor simplicity) durationof 4nsand
aninteractionareaof 25mm2, theintensityof eachof thesefieldswill bein theorderof
1TW/m2, andthephaseconjugatedintensitylies between100pW/m2 and1W/m2 in the
full rangeof q ��� q for whichthereflectioncoefficienthasbeenplottedin Fig.11.5(ppp),
andbetween1µW/m2 and1kW/m2 in relationto thedatain Fig. 11.5(sps).

In many theoreticalstudiesof thepropertiesof phaseconjugatedfields it is assumed
that the phaseconjugatoris ideal (Hendriksand Nienhuis1989; Agarwal and Gupta
1995;Keller 1996c). By this is meantthat thephaseconjugationreflectioncoefficient
is independentof the angleof incidenseof the (propagating)probefield (andmaybe
alsoof thestateof polarization).In thepresentcase,theidealphaseconjugatorassump-
tion is certainlynot good.Prior to theobservation thatevanescentfieldscouldbephase
conjugated(Bozhevolnyi, Keller, andSmolyaninov 1994)it wasoftenassumedin theory
(Yariv 1982)thatRPC K 0 in theregionq ��� q T 1,andin laterstudies(Agarwal andGupta
1995;Keller 1996c)it hasbeenassumedthatalsothephaseconjugationof evanescent
wavesis ideal, i.e., independentof q �H� q ( « 1). Whenit comesto the phaseconjuga-
tion from quantumwell systemsour analysisindicatesthatuseof an energy reflection
coefficient independentof q �H� q in generalis bad. Only at specificdistancesthe ideal
phaseconjugatorassumptionmight be justified, see,e.g.,the resultsrepresentingRPC

at ¬ z  d ¬!K λ � 8 in Fig. 11.6. Thekink in the reflectioncoefficient (which is mostpro-
nouncedcloseto themetal/vacuuminterface)foundatq ��� q K n ( K 1 ® 51) appearswhen
theprobefield changesfrom beingpropagatingto beingevanescentinsidethesubstrate.

Abovewehave discussedthenonlinearreflectioncoefficient for the p to p configura-
tion. It appearsfrom Figs.11.5and11.6thatthequantitative pictureis thesamefor thes
to p cases,thoughthereflectioncoefficient for thes to p transitionsroughlyspeakingare
five ordersof magnitudelarger in theexperimentallymostadequateevanescentregion
of theFourierspectrum(1 I q ��� q ¯ 2 ® 5) for singlemodeexcitation.

TheIB modelonly offersacrudedescriptionof theelectronicpropertiesof aquantum
well. Amongotherthings,theelectrondensityprofile at theion/vacuumedgeis poorly
accountedfor in thismodel,whichgivestoosharpaprofileandunderestimatesthespill-
out of thewave function. Altogetheroneshouldbecarefulto put too muchreality into
theIB modelwhentreatinglocal-fieldvariations(relatedto, say, q � or qJ ) on theatomic
lengthscale.Also theneclectof theBloch characterof thewave functionsaccounting
for thedynamicsin theplaneof thewell is doubtful in investigationsof the local field
amongthe atomsof the quantumwell. The crucial quantity in the above-mentioned
context is theFermiwavenumberkF K±° 2me ² F ³ 1R 2 �µ´ , andin relationto Fig. 11.5,only
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quantum-wellphaseconjugatorarehereshown for thethreepolarizationcombinationsppp, sps,
andpssin therangewhereweexpectsinglemodeexcitationto beexperimentallyfeasible.
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resultsfor q �S� q ratioslessthanapproximately

kF

q � λ

�
ZN� d

2π � 1
4d2 � (11.4)

appearsreliable. Insertionof the appropriatevaluesfor copper: ZN� � 8 � 47 � 1028,
d � 1 � 8Å (singlemonolayerfilm) or d � 3 � 6Å (two-monolayerfilm), andthewavelength
λ � 1061nmgiveskF � 3 � 38 � 103q for a singlemonolayerof copper, andkF � 2 � 76 �
103q for two monolayersof copper, respectively. Thedatapresentedin Fig. 11.5should
thereforebewell within this limit of ourmodel.

Returningto thecurve in Fig. 11.5(ppp) which representsthe reflectioncoefficient
closestto thesurfaceof thephaseconjugator( � z � d � � λ � 256)onefindsapproximately
a relationof the form RPC � b � q ��� q� a with a � 5 in the lower wavenumberendof the
evanescentregion. The falloff of RPC with q �H� q after themaximum(locatedat q �H� q  
50) is muchstrongerthantheincreasetowardsthemaximum.As thedistancefrom the
phaseconjugatoris increasedthe valueof a graduallydecreases.In Fig. 11.5 (b) we
observe a similar behaviour, but this time thevalueof a in theapproximaterelationin
thelow endof theevanescentpartof theFourierspectrumis smaller, namelya � 1 � 5.

The energy reflectioncoefficient calculatedat the vacuum/quantumwell interface,
RPC �"! d; #q �$� , characterizestheeffectivenesswith which a given (q � ) plane-wave probe
field (propagatingor evanescent)may be phaseconjugated,and the resultspresented
in Fig. 11.2indicatethat this effectiveness(nonlinearcoupling)is particularlylarge for
(partof the)evanescentmodes.Themaximumin theeffectivity is reachedfor a value
of q �H� q as large as  500–700. The strongcoupling in part of the evanescentregion
doesnot necessarilyreflect itself in any easymannerexperimentally. First of all, one
mustrealizethat thestrongcouplingeffect only maybeobservedcloseto thequantum
well, i.e., at distancesz % λ. Secondly, onemustbe ableto produceevanescentprobe
fieldswith relatively large valuesof q ��� q. This is in itself by no meanssimpleoutside
therangewhenthestandardOtto (1968,1976)[or possiblyKretschmann(Kretschmann
andRaether1968;Raether1988)] techniquescanbe adopted.Roughlyspeaking,this
rangecoincideswith the onesshown in Fig. 11.6. To createprobefields with larger
q ��� q valuesotherkindsof experimentaltechniquesmustbeused,andin the following
we shallconsidera particularexampleandin a qualitative mannerdiscusstheresulting
Fourierspectrumof thephaseconjugatedfield.

11.2 Phaseconjugatedresponseusinga wir esource

In near-field opticsevanescentfields with relatively large valuesof q �H� q areproduced
by variousmethods,all aimingatcompressingthesourcefield to subwavelengthspatial
extension[see,e.g.,PohlandCourjon(1993)andNieto-VesperinasandGarćıa (1996)].
Fromatheoreticalpointof view theradiationfrom asubwavelengthsourcemayin some
casesbemodelledby theradiationfrom an(electric)point-dipolesource,or anassembly
of suchsources.It is astraightforwardmatterto decomposeanelectricpoint-dipolefield
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into its relevantevanescentandpropagatingmodes,andtherebyestimatetheintensityof
thephaseconjugatedfield in eachof theq � -components.However, in orderto determine
thecharacteristicsof thephaseconjugatedlight focusgeneratedby thequantumwell one
wouldhave to calculatethefour-wave mixing alsofor probefieldswith wavevectorsnot
confinedto thex-z-plane,andtodothisourtheorymustfirst begeneralizedto non-planar
phaseconjugation.

Within theframework of thepresenttheory, it is possible,however, to studythespatial
confinement(focusing)of thephaseconjugatedfield generatedby a quantumwire ade-
quatelyplacedabove thesurfaceof thequantumwell (Keller1998),andlet ustherefore
asanexampleconsiderthecasewherethesourceof theprobefield is a (quantum)wire.
Weimaginethattheaxisof thewire is placedparallelto they-axisandcutsthex-z-plane
in thepoint � 0 � ! z0 � , cf. Fig. 8.1.Undertheassumptionthatthespatialelectronconfine-
mentin thewire is perfect(complete)andthewire currentdensityis thesameall along
thewire atagiventime, theharmonicsourcecurrentdensityis givenby#J �&#r ;ω � � #J0 � ω � δ � x� δ � z � z0 � � (11.5)

where #J0 � ω � is its possiblyfrequency dependentvectorialamplitude.Thespatialdistri-
bution of thefield from thissourceis#E � x � z;ω � � 1� 2π � 2 ' ∞( ∞

#E � z; #q � � ω � ei )q *,+ )rδ � q �.- y � d2q � �� 1� 2π � 2 ' ∞( ∞
#E � z; #q � � ω � eiq * xdq � � (11.6)

where#E � z; #q � � ω � � ! eiq/10 z� z0 2
2ε0ωq3546 q23 0 ! q � q3

0 q2 0! q � q3 0 q2�

78:9 #J0 � ω � � (11.7)

whereashithertoq2� � q23 � q2. At thephaseconjugatingmirror, theFouriercomponents

of thewire probeare #E �"! d; #q � � ω � .
To illustratetheangularspectraldistribution of thefield from thiskind of wire source

at thephaseconjugator, we look closerat thecases,where(i) thecurrentdensityis po-
larized along the x-axis, and (ii) along the y-axis. Thus, in case(i) we use #J0 � ω � �
J0 � ω �;#ex, and by normalizing the electric fields to the amplitudeof the currentden-
sity, the correspondingnormalizeddifferential intensity [∆IProbe < 1

2ε0c0 #E �"! d; #q � � ω � 9#E =>�"! d; #q � � ω �H�?� 2π � 4] becomes

∆IProbe�"! d; #q �$�� J0 � ω �@� 2 � 1
27π4ε0c0 A Θ B 1 !C� q �S� q�$D � Θ BE� q �H� q�F! 1DHG 2 � q ��� q� 2 ! 1I� exp J�! 2 � z0 ! d � q K � q ��� q� 2 ! 1LNM (11.8)
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Figure 11.7: The angularFourier spectrumreachingthe surface of the phaseconjugating
mediumwhenthe probefield is radiatedfrom a (quantum)wire. The dottedcurves(J0 � ω �"�ey)
show theFouriercomponentswhenthewire currentdensityis polarizedalongthey axis. Sim-
ilarly, thedashedcurves(J0 � ω �"�ez) andthefully drawn curves(J0 � ω �"�ex) show theFouriercom-
ponentsfrom a wire sourcewith its currentdensityoscillatingalongthe z-axis andthe x-axis,
respectively. TheangularFourierspectrumis for all threecasesshown for fivedifferentdistances
z0 � d � � λ � 16,λ � 32,λ � 64,λ � 128,λ � 256� of thewire from thephaseconjugator.

is shown in Fig. 11.7 for different valuesof the distancez0 ! d from the wire to the
vacuum/filminterface. In case(ii), #J0 � ω � � J0 � ω �$#ey, and the associatednormalized
intensitywhich is givenby

∆IProbe�"! d; #q �$�� J0 � ω �@� 2 � 1
27π4ε0c0 � Θ B 1 !C� q �S� q� D

1 !C� q � � q� 2 � Θ B � q �H� q�F! 1D� q � � q� 2 ! 1� exp J�! 2 � z0 ! d � q K � q ��� q� 2 ! 1LNM � (11.9)

is alsopresentedin Fig. 11.7, for the samedistancesasin case(i). The third curve in
Fig. 11.7representsthecasewhere #J0 � ω � � J0 � ω �$#ez, andis shown for reference.

Looking at the curve in Fig. 11.7correspondingto #J0 � ω � � J0 � ω �$#ey (andthe curve
correspondingto #J0 � ω � � J0 � ω �;#ez), we noticethata singularityoccurswhenq �H� q � 1,
or equivalently whereq3 � 0. The presenceof this singularity is an artifact originat-
ing in the (model)assumptionthat the electronconfinementis completein the x- and
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z-directions(seeEq. (11.5)). If we hadstartedfrom a quantumwire currentdensityof
finite (but small)extensionin x andz thesingularitywouldhavebeenreplacedby a(nar-
row) peakof finite height. Not only in quantumwire optics,but alsoin opticalstudies
of quantumdotsandwells singularitieswould appearif completeelectronconfinement
wasassumed(in 3D and1D, respectively). In the presentcontext the assumptionof
perfectelectronconfinementworks well becausewe only considerthe generatedfield
outsidetheself-fieldregion of thewire [see,e.g.,Keller (1997b)].In anexperimentone
would alwaysendup integratingover somefinite interval of q � aroundthesingularity,
and this integral can in all casesbe proven finite. At eachdistanceof the wire from
thephaseconjugatorthetwo curvesJ0 #ex andJ0 #ez in Fig. 11.7becomesidenticalwhen� q ��� q� 2 � 1, sincefrom Eq. (11.7)we may draw the relationEz � !�� q �H� q3 � Ex, and
sinceq ��� q3 � 1 when � q �H� q� 2 � 1.

Whenthecurrentoscillatesin thedirectionof thewire, it appearsthatthefield inten-
sity in theevanescentprobemodesis very small.An appreciableamountof theradiated
energy is storedin componentsin theregion q �H� q  1 (andin thepropagatingmodes).
To studythephaseconjugationof evanescentmodesit is thereforebetterto startfrom#J0 � ω � � J0 � ω �;#ex or from #J0 � ω � � J0 � ω �$#ez becausethesetwo probecurrentdensitiesgive
rise to significantprobeintensitiesin theevanescentregime. If we look at thecurve in
Fig. 11.7representingthefield at thesurfaceof thephaseconjugatorwhentheprobeis
placedatz0 ! d � λ � 256,IProbepeaksin boththesecasesatq �H� q  50 in theevanescent
regime.Whenthecurrentdensityoscillatesalongthesurface(in thex-direction)thereis
no singularity(andno peak)at q �S� q  1, andthemaximumvalueof IProbe, occuringat
q ��� q  50, is threeordersof magnitudelargerthantheprobeintensitiesof every oneof
thepropagatingmodes.Aboveq ��� q � 50 theamplitudeof theq � componentsdescends
rapidlyandhaslost six ordersof magnitudewithin thenext orderof magnitudeof q �H� q.
At largerprobeto surfacedistancesthemaximumin theq ��� q spectrumof theprobefield
at thevacuum/filminterfaceis shifteddownwards,andthemagnitudebecomessmaller,
too. Thatis, comparedto theraw p to p reflectioncoefficient,theintensityof eachof the
Fouriercomponentsavailablefrom theprobefield begin their own falloff aboutoneto
two ordersof magnitudebeforethereflectioncoefficientdescends,dependingonthedis-
tancefrom theprobeto thesurfaceof thephaseconjugator. Thes-polarizedprobefield
startsthe descendingtendency alreadywherethe characterof the Fourier components
shifts from beingpropagatingto evanescent(q3 becomingimaginary),cf. the remarks
above.

Usinga quantumwire asthesourcefor theprobefield, theangularspectrumof the
phaseconjugatedresponse,normalizedto thepumpfieldsandtheabsolutesquareof the
amplitudeof thewire currentdensity, is givenby

RPC � z; #q �E� IProbe�"! d; #q ���� J0 � ω �@� 2 � IPC � z; #q �E�
I 0 12 I 0 22 � J0 � ω �@� 2 � (11.10)

andis obtainednumericallyby multiplying theenergy reflectioncoefficient, RPC � z; #q ��� ,
with the normalizedprobeintensity, IProbe�"! d; #q ���H��� J0 � ω �@� 2. In Fig. 11.8, the angular
spectrumat thevacuum/quantum-wellinterface(z � ! d) givenby Eq.(11.10)is shown
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Figure11.8: Theconvolutionof theprobefield from a wire sourcewith thephaseconjugation
reflectioncoefficient at the vacuum/filminterfaceis shown for differentdistancesbetweenthe
wire sourceandthe vacuum/filminterface,namelyz0 � d ÙÛÚ λ � 16Ü λ � 32Ü λ � 64Ü λ � 128Ü λ � 256Ý
asa functionof thenormalizedprobewavenumberq Þ�� q. In thetop figurethecurrentdensityof
thewire oscillatesalongthex-axis,andin thebottomfigurealongthey-axis.

for the caseswhere #J0 � ω � � J0 � ω �;#ex and #J0 � ω � � J0 � ω �$#ey. It is plotted for the two-
monolayerfilm, but sincethemaincontribution is in thelow endof theq ¼�½ q-spectrum,
the similar curves for the single-monolayerfilm would be indistinguishablefrom the
onesplotted(apartfrom afactorof two in theppp case).In bothcasesdataarepresented
for thewire placedatdifferentdistancesfrom thevacuum/filminterface.By comparison
with theraw reflectiondatain Fig. 11.2it appearsthat thehigh endof thereflectedq ¼ -
spectrumis stronglydamped.For thes to p transitionweseethattheenergy of thephase
conjugatedsignalis concentratedaroundq ¼ ½ q � 1, which is mainly dueto thefact that
the concentrationof the radiatedenergy spectrumfrom the wire lies aroundthat same
point. In the p to p transitiontheevanescentcomponentsarestill by far dominatingthe
responseat theplaceof thewire comparedto thepropagatingcomponents.
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Two-dimensionalconfinementof light
in front of asingle-level quantum-wellphaseconjugator

Thepossibilityof compressinglight in spaceto a degree(much)betterthanpredictable
by classicaldiffraction theory hasgainedwidespreadattentiononly with the birth of
near-field optics(PohlandCourjon1993;Nieto-VesperinasandGarćıa 1996).

As statedin Chapter1, sub-wavelengthelectrodynamicswasdiscussedonly sporadi-
cally until near-field opticsevolved in themid-eightiesin thewake of theexperimental
works by the groupsof Pohl, Lewis, andFischer(Pohl,Denk,andLanz 1984;Lewis,
Isaacson,Harootunian,and Murray 1984; Fischer1985). The first investigationsare
usuallyattributed to Synge,who presenteda proposalfor sub-wavelengthmicroscopy
asearly as in 1928. The subjectwasstudiedagainin 1944by Bethe,by Bouwkamp
in 1950,anda proposalmuchsimilar to thatof Syngewasmadeby O’Keefein 1956.
Usingmicrowaves,AshandNicholsresolvedagratingwith alinewidth of λ ½ 60in 1972.

In the wake of theoreticalstudiesof the possibility for phaseconjugatingthe field
emittedfrom a mesoscopicobject carriedout by Keller (1992), creationof light foci
with a diameterbelow the classicaldiffraction limit wasdemonstratedexperimentally
by Bozhevolnyi, Keller, andSmolyaninov (1994,1995),who usedthefibre tip of anear
field opticalmicroscopeto createsourcespotsof redlight (633nm)in front of aphotore-
fractive Fe:LiNbO3 crystal,whichactedasaphaseconjugator. After creation,thephase
conjugatedreplicaof theselight spotscouldbedetectedusingthenearfield microscope,
sincethey weremaintainedfor approximatelytenminutesbecauseof thelong memory
of thephaseconjugationprocessin thecrystal.Theresultingphaseconjugatedlight foci
haddiametersof around180nm,andtheconclusionof their work wasthereforethatat
leastsomeof theevanescentfield componentsof thesourcealsomusthave beenphase
conjugatedin orderto achieve theobservedsizeof thephaseconjugatedimage.

Theabove-mentionedobservationdrew renewedattentionto thedescriptionof focus-
ing of electromagneticfields in front of phaseconjugatingmirrors,andrequiredinclu-
sionof evanescentmodesin thedescriptionof theopticalphaseconjugationprocess.In
an importantpaper, Agarwal andGupta(1995),extendinganoriginal ideaof Agarwal
(1982),undertookan analysisof thephaseconjugatedreplicaof thefield from a point
particleasit is producedby a so-calledidealphaseconjugator, andin recentarticlesby
Keller (1996b,1996c)attentionwasdevotedto aninvestigationof microscopicaspects
of thespatialconfinementproblemof thephaseconjugatedfield.

In the previous chapters,we developeda microscopictheoryfor optical phasecon-
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jugationby degeneratefour-wave mixing in mesoscopicinteractionvolumes,with the
aim of establishinga theoreticalframework for inclusionof nearfield componentsin
theanalysis.In orderfor nearfield componentsto give a significantcontribution to the
phaseconjugatedresponse,thephaseconjugationprocessmustbeeffective in asurface
layer of thickness(much) lessthanthe optical wavelength. This makesquantumwell
systemsparticularlyadequatecandidatesfor thenonlinearmixing process.

In this chapterwe employ the developedmicroscopictheory to a studyof the spa-
tial confinementof anelectromagneticfield emittedfrom anidealline source(quantum
wire with completeelectronconfinement),payingparticularattentionto theevanescent
partof theangularspectrum.As phaseconjugatorasingle-level metallicquantumwell,
particularlyeffective in phaseconjugatingevanescentfield components,albeit with an
overall smallconversionefficiency, is used.Therelevantexpressionfor thephasecon-
jugatedfield is given andthe resultof a numericalcalculationof the nonlinearenergy
reflectioncoefficient for acopperwell presented.Finally, theintensitydistributionof the
phaseconjugatedfield in theregion betweentheline sourceandthephaseconjugatoris
calculatedandthetwo-dimensionalspatialfocusinginvestigated.

12.1 Quantum wir easa two-dimensionalpoint source

As startingpoint,we considera line source(quantumwire) placedparallelto they-axis
of a Cartesiancoordinatesystemandcutting thex-z-planein thepoint � 0 � ! z0 � . In the
descriptionof thesourcewe assume(i) perfectspatialelectronconfinementin thewire
and(ii) constantcurrentdensityalongthewire atagiventime. Choosingthewirecurrent
to oscillatealongthex-direction,theabove-mentionedassumptionsleadto a harmonic
sourcecurrentdensitygivenby#J �&#r ;ω � � J0 � ω � δ � x� δ � z � z0 �$#ex � (12.1)

where #J0 � ω � � J0 � ω �$#ex is its possiblyfrequency dependentvectorialamplitude,#ex being
aunit vectorin thex-direction.In orderto calculatethephaseconjugatedresponseusing
thedevelopedmicroscopicmodelweperformaFourieranalysisof thesourcefield along
thex-axis. Theelectricfield of thequantumwire at thesurface(z � ! d) of thephase
conjugatingmirror thusbecomes#E � x � ! d;ω � � 1� 2π � 2 ' ∞( ∞

#E �"! d; #q ¼ � ω � eiq * xdq ¼ � (12.2)

wherethe parallelcomponentof the probewavevector lies alongthe x-axis, i.e., #q ¼ �
q ¼$#ex, and(Keller1998)#E �"! d; #q ¼ � ω � � ! eiq / 0 z0

( d 2
2ε0ω 46 q3

0! q ¼ 7ß J0 � ω �à� (12.3)
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Figure12.1: Theangularspectraldistribution of thefield generatedby a quantumwire at the
surfaceof the phaseconjugatoris shown for the seven differentdistancesz0 � d Ù Ú λ � 4 Ü λ � 8 Ü
λ
�
16Ü λ � 32Ü λ � 64Ü λ � 128Ü λ � 256Ý of thewire from thephaseconjugatingfilm. Insertedis shown

thescatteringgeometry. Thefilm/substrateandvacuum/filminterfacesareat z � 0 andz � � d,
respectively, andthewire crossesthex-z-planein thepoint � x Ü z���	� 0 Ü � z0 � . As indicatedby the
doublearrow thecurrentoscillationsof thewire is alongthex-direction.Thearrowsbetweenthe
vacuum/filmandfilm/substrateinterfacesindicatethetwo pumpwavevectors.Thearrowsdrawn
from thesourcetowardsthevacuum/filminterfaceindicatetheangularspreadingof thesource
field.

In Eq. (12.3),q
 is determinedfrom the vacuumdispersionrelationfor the field, i.e.,�
q2
� q2¼�� 1� 2 � q, whereq � ω ½ c0 is thevacuumwavenumber. For propagatingmodes,

satisfyingthe inequality � q ¼���� q, q
 � �
q2 � q2¼�� 1� 2 is real (andpositive), whereasfor

evanescentmodeshaving � q ¼���� q, q
 � i
�
q2¼ � q2 � 1� 2 is purely imaginary. To illus-

trate the angularspectraldistribution of the field from the wire at the phaseconjuga-
tor, we calculatethe magnitudeof the differential source(probe)field intensity, i.e.,
∆Iprobe

� � d; �q ¼�� ω � � 1
2ε0c0 �E � � d; �q ¼�� ω ��� �E � � � d; �q ¼�� ω � ½ � 2π � 4. FromEq. (12.3)oneob-

tains[Eq. (11.8)]

∆Iprobe
� � d; �q ¼ �� J0
�
ω � � 2 � 1

27π4ε0c0

 
Θ ! 1 � � q ¼ ½ q�#"$� Θ ! � q ¼ ½ q� � 1"&% 2 � q ¼ ½ q� 2 � 1'
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�
z0
� d � q * � q ¼�½ q� 2 � 1+-,.� (12.4)

whereΘ is the Heaviside unit stepfunction. It appearsfrom Eq. (12.4),that ∆Iprobe is
independentof q ¼ for thepropagatingmodes.In Fig. 12.1,thenormalizeddifferential
probedistribution ∆Iprobe½�� J0

�
ω � � 2 is shown asa functionof q ¼;½ q for variousdistances

z0
� d betweenthe wire andthevaccum/phase-conjugator interface. It is seenthat the

evanescentcomponentstendto dominatetheangularspectrumwhenz0
� d / λ ½ 4.

12.2 Single-level metallic quantum-well phaseconjugator

We take astheactive mediuma metallicquantumwell, andwe describetheconduction
electrondynamicsusingtheinfinite barriermodelpotential.While suchamodelpoten-
tial from a quantitative point of view of courseis too näıve, in particularin caseswhere
theconductionelectronsof thewell areallowedto mix with thoseof a semiconducting
or metallicsubstrate,it sufficesin thepresentcontext. We furtherassumethatonly the
lowestlying bandis below theFermienergy andthat thephotonenergy is sosmall that
interbandtransitionsdo not contribute to theelectrodynamics.Thequantumwell is de-
positedonasubstratethatcanbedescribedaloneby its refractiveindex n. Becauseof the
chosenpolarizationof thewire currentdensitywe have limited thedescriptionto cover
only the casewhereall interactingelectricfields arepolarizedin the scatteringplane
(p-polarization).Then,within thelimits of a self-fieldapproximation,thez-component
of thephaseconjugatedfield becomes[Eq. (10.28)]

EPC0 z � z; �q ¼�� ω � � e2 � ω � i ½ τ � � 1 � r p �
29π6 1 ω3ZN2 me

q2¼
iq 
 %43 � q ¼ � k ¼ �5� 3 � q ¼ � k ¼ � '( E 6 17z E 6 27z E �ze8 iq 9 z � (12.5)

where3 � q ¼;: k ¼ � � 4π
a2 <>= b2 � a2α2 � a

�
q ¼;: k ¼ � � * % b � a

�
q ¼5: k ¼ � ' 2 � a2α2 ? � (12.6)

with a � 1 � q ¼@: k ¼ � ½ me and b � 1 � q ¼@: k ¼ � 2 ½ � 2me � � i ½ τ. The quantity α is the ra-

dius of the (two-dimensional)Fermi circle, given by α �BA k2
F
� � π ½ d � 2 C 1� 2. Given the

z-componentof the phaseconjugatedfield, the x-componentis alsoknown, sincethe
electricfield mustbetransversein vacuum.Above, � e andme aretheelectroncharge
andmass,respectively, ω andτ arethecyclic frequency of theopticalfield andtheelec-
tron relaxationtime, andk ¼D� 0 is the parallelcomponentof the wavevectorof pump

field number1 having a z-componentE 6 17z . Thecorrespondingquantitiesfor pumpfield
number2 are � k ¼ andE 6 27z . Whenthetwo pumpfieldshavenumericallyequalwavevec-
tor componentsin theplaneof thephaseconjugator, conservationof momentumparallel
to thesurfaceimpliesthatgivenangularcomponentsof theprobeandphaseconjugated
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Figure 12.2: The phaseconjugationenergy reflectioncoefficient RPC � q ÞF�.G RPC � � d ÜFHq ÞI� is
shown on a linear scaleasa function of the probewavevectorcomponentparallel to the film
plane,normalizedto the vacuumwavenumber. The upperfigure shows the result for a single
monolayer(1ML) copperfilm [linear plot of Fig. 11.1(ppp)]. The lower figuregivestheresult
for thetwo-monolayer(2ML) film [linear plot of Fig. 11.2(ppp)].

fieldsarecounterpropagatingalongthesurface.Moreover, Z is thenumberof conduc-
tion electronseachatomin the quantumwell contributesto the assumedfree-electron
gas,N2 is the numberof atomsper unit volume in the quantumwell, and kF is the
Fermi wavenumber. Sincethe two pumpfields arecounterpropagating, the wavevec-
tors of the probefield ( �q J¼ ) andthe phaseconjugatedfield ( �q ¼ ) arerelatedthroughthe

conservation of momentum,�q J¼ � �q ¼ � �0. This propertywasusedin the derivation of
Eq. (12.5). Thus, the z-componentof the probefield in Eq. (12.3), Ez, is given by
Ez
�LK Ez

� � d; �q J¼ � ω � δ � �q J¼ � �q ¼ � d2qJ ¼ , whereEz
� � d; �q J¼ � ω � is takenfrom Eq.(12.3).
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12.3 Numerical resultsand discussion

For thenumericalcalculationweconsideracopperquantumwell [d � 1 M 8Å (for single-
monolayerfilm), respectively 3 M 6Å (two monolayers),N2 � 8 M 47 ( 1028m8 3 andZ � 1
(AshcroftandMermin 1976)]depositedon a glasssubstratewith n � 1 M 51,giving k ¼ �
1 M 51q whenthewavevectorsof thepumpfieldsareparallelto thex-axis.Thewavelength
of thelight is chosento beλ � 1061nm.For a glasssubstrateit is adequateto calculate
thelinearvaccum/substrateamplitudereflectioncoefficient r p by meansof theclassical
Fresnelformula r p �NA n2q
 � � n2q2 � q2¼ � 1

2 C ½ A n2q
 � � n2q2 � q2¼ � 1
2 C . In the view of the

recentexperimentaldatadiscussedin Section11.1 (Jalochowski, Strȯżak, and Zdyb
1997),we have chosenan intrabandrelaxationtime of τ � 3fs for the electronsin the
ultrathinquantum-wellfilm.

Togiveanimpressionof theefficiency of thephaseconjugationprocessfor thevarious
evanescentmodes,thenonlinearenergy reflectioncoefficient of thephaseconjugatorat
the vacuum/filminterface,RPC

�
q ¼ � , is shown in Fig. 12.2asa function of the parallel

component(q ¼ ) of theprobewavevectorfor thetwo possiblesingle-level quantumwells.
It appearsfrom this figure that in particularhigh spatialfrequency components(102 /
q ¼�½ q / 103) arephaseconjugatedin aneffectivemanner. This is associatedwith thefact
that in a single-level quantumwell the two-dimensionalintrabandelectrondynamics
along the planeof the well is responsiblefor the main part of the phaseconjugation
process.

Using a square-potentialbarrier model to describethe quantumwell the integra-
tion limits shouldnot extendbeyond the (two-dimensional)Fermi wavenumberkF

�A 2πZN2 d � � π ½ d � 2 C 1� 2 for the singlelevel quantumwell. Looking at the phaseconju-
gationreflectioncoefficient shown in Fig. 12.2,we not only noticethat the main con-
tribution to the phaseconjugatedsignal is well above the point wherethe probefield
becomesevanescentin vaccum,but alsodoesnot extendbeyond theFermi wavenum-
ber. Thephaseconjugatedimageof ourquantum-wiresourcefield is thengivenby�EPC

�
x � z;ω � � 1

2π O kF8 kF

�EPC
�
z; �q ¼�� ω � eiq P xdq ¼�� (12.7)

in thex-z-plane.
It appearsfrom Eq. (12.5),that the individual angularcomponentsof thephasecon-

jugatedfield decayexponentiallywith the distancefrom the phaseconjugatorin the
evanescentpartof theFourierspectrum.Theevanescentcomponentsof thesourcelike-
wisedecayexponentiallywith thedistancefrom thequantumwire. Therefore,thecon-
tribution from theevanescentcomponentsto thetotalphaseconjugatedfield is expected
to increasesignificantlywhenthedistancebetweenthesourceandthephaseconjugator
becomessmaller. Experimentally, it is feasiblepresentlyto carryout measurementsat
distancesfrom thesurfacedown to Q 40Å (usingnear-field microscopes).For thecho-
sensystemthis leadsto anintensitydistribution in thex-z-planebetweentheprobeand
thephaseconjugatorasshown in Figs.12.3and12.4for differentdistancesbetweenthe
probeandthefilm, z0

� d RTS λ ½ 4, 3λ ½ 16, λ ½ 8, 3λ ½ 32, λ ½ 16U , Fig. 12.3corresponding
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to thesingle-monolayerfilm andFig. 12.4to thetwo-monolayerfilm. For z0
� d V λ ½ 2,

theeffect of thenear-field componentsarenegligible. In bothFigs.12.3and12.4,the
figuresto theleft show by equal-intensitycontourstheintensitydistribution of thephase
conjugatedfield in theareaof thex-z-planebetweenthequantumwire andthesurface
of thephaseconjugator. Thewidth (alongthex-axis) of theshown areais in all cases
twice theheight(alongthez-axis)on bothsidesof x � 0. Thecontoursaredrawn in an
exponentialsequence,sothatif thefirst contourcorrespondsto theintensityI 6 17PC then-th

contouris associatedwith theintensityI 6 n7PC
� I 6 17PC exp A � 1 � n� α C , α varyingfrom figureto

figure. To further illustratethecapabilitiesof light focusingthechosensystempossess,
we have to the right on a linear scaleshown the phaseconjugatedintensityat (i) the
surfaceof thephaseconjugator(solid lines)and(ii) alonganaxisparallelto thex-axis
placedat thesamedistancefrom thephaseconjugatorasthewire (dashedlines). The
two curvesin eachof theplotsto theright areadjustedby multiplicationof thecurve in
case(ii) by a factorof (a) 2590,(b) 545,(c) 271,(d) 353,and(e) 586in Fig. 12.3,and
by a factorof (a)555,(b) 212,(c) 204,(d) 322,and(e)528in Fig. 12.4,respectively, so
thatthemaximumvaluescoincidein theplots.

It is seenfrom Figs.12.3and12.4 that the width of the focuscreatedby the phase
conjugatedfield in all casesis smallestat thesurfaceof thephaseconjugator. Further-
moreoneobserve thatthefocusbecomesnarrowerwhenthedistancebetweenthesource
andthefilm becomessmaller, asoneshouldexpectwhenevanescentfield components
give a significantcontribution to theprocess.At thesurfacethewidth of themainpeak
decreasesroughly by a factorof two every time the source-filmdistancedecreasesby
thesamefactor. This tendency continuescloserto thesurfaceof thephaseconjugator, at
leastdown to aroundλ ½ 256 W 4nm,wherethestructureof theintensitydistribution looks
moreor lesslike Fig. 12.3.e[andFig. 12.4.e],scaledappropriatelywith thedistance.

The differencebetweenthe ability of the single-monolayerfilm andthe two-mono-
layerfilm to focusthefield emittedfrom thesourceis small,aswe would expectfrom
theanalysisin thepreviouschapter. We observe from Fig. 12.3thatwhenthesourceis
far away from the film (a–b), the intensityof the phaseconjugatedfield decaysfaster
in thecaseof a single-monolayerfilm thanin theothercase.Furthermore,we observe
thatthewidth of thecentrepeakis somewhatsmallerfor thefocusin front of thesingle-
monolayerphaseconjugator, andthat the heightof the first sidelobeis slightly higher
comparedto thecentrepeak. Takingthesourcecloserto thesurface(c–e)we observe
that thedistancebetweenminima in Fig. 12.3is still smallerthanin Fig. 12.4,but that
thewidth of thecentrepeakbecomesmoreandmoreequalin thetwo cases.

To give an impressionof the sizeof the phaseconjugatedfocus, let us take a look
at Fig. 12.4.e,wherethe distancefrom the probeto the surfaceis λ ½ 16 W 66nm. The
distancebetweenthe two minima at the surfaceof thephaseconjugatoris in this case
around40nm(approximatelyλ ½ 25). In theplaneof theprobethedistancebetweenthe
two minimais around100nm( Q λ ½ 10).
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Figure12.3: The intensityof the phaseconjugatedfield from a quantumwire is plotted for
differentdistancesbetweenthewire andthesurfaceof asingle-monolayercopperquantum-well
phaseconjugator. Thefiguresto theleft show linesof equalintensityonalogarithmicscaleof the
phaseconjugatedintensityin thex-z-planebetweenthesurfaceof thephaseconjugatorandthe
wire. Thefiguresto theright show thephaseconjugatedintensity(i) at thesurfaceof thephase
conjugator(solid lines)and(ii) at theheightof thewire, z � � z0 (dashedlines). The intensity
in thesefiguresis plottedon a linearscale(arbitraryunits). In orderto make thetwo curvesin
theseplotscomparable,thecurveassociatedwith case(ii) hasbeenmultiplied by a factorof (a)
2590,(b) 545,(c) 271,(d) 353,and(e)586.Thesetsof figuresareshown for distancesz0 � d of
(a) λ

�
4, (b) 3λ

�
16, (c) λ

�
8, (d) 3λ

�
32,and(e) λ

�
16 betweenthequantumwire andthesurface

of thephaseconjugatingmirror.
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Figure12.4: The intensityof the phaseconjugatedfield from a quantumwire is plotted for
differentdistancesbetweenthe wire andthe surfaceof a two-monolayercopperquantum-well
phaseconjugator. Thefiguresto theleft show linesof equalintensityonalogarithmicscaleof the
phaseconjugatedintensityin thex-z-planebetweenthesurfaceof thephaseconjugatorandthe
wire. Thefiguresto theright show thephaseconjugatedintensity(i) at thesurfaceof thephase
conjugator(solid lines)and(ii) at theheightof thewire, z � � z0 (dashedlines). The intensity
in thesefiguresis plottedon a linearscale(arbitraryunits). In orderto make thetwo curvesin
theseplotscomparable,thecurveassociatedwith case(ii) hasbeenmultiplied by a factorof (a)
555,(b) 212,(c) 204,(d) 322,and(e) 528. Thesetsof figuresareshown for distancesz0 � d of
(a) λ

�
4, (b) 3λ

�
16, (c) λ

�
8, (d) 3λ

�
32,and(e) λ

�
16 betweenthequantumwire andthesurface

of thephaseconjugatingmirror.
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Chapter13

Discussion

We have in the previous threechaptersdiscussedthe phaseconjugationresponseof a
single-level quantumwell, whereonly intrabandtransitionsarepossible. It is evident
from our analysisthat in this casethe phaseconjugatedresponsedependsstronglyon
thecomponentof theprobewavevectorthat is parallelto thesurfaceof thephasecon-
jugator(q ¼ ). Consequently, theassumptionof an ideal phaseconjugatorwith constant
reflectioncoefficient throughoutthefull q ¼ -spectrummustbeabandoned,at leastwhen
a single-level quantum-wellphaseconjugatoris considered.Thenonlinearcouplingis
strongestin theevanescentpartof theq ¼ -spectrumabove thepointupto whichtheprobe
field is propagatingin thesubstrate(q ¼$½ q � n). As a consequence,if onewantsto ob-
serve thephaseconjugationof a broadFourierspectrumof evanescentmodes,boththe
observation andthe excitation arerequiredto take placenearthe surfaceof the phase
conjugator.

As a possiblemethodto excite the Fourier componentsin the high end of the q ¼ -
spectrumwe have analyzedtheconsequencesof usingaquantumwire. Whenthequan-
tumwire is placedcloseto thephaseconjugatorthephaseconjugatedresponsecontains
a broadrangeof evanescentcomponents.This propertymadeit a goodcandidatefor
investigationsof theproblemof focusinglight to a spatialextent lessthantheRayleigh
limit. Thespatialfocusingof thephaseconjugatedresponsefrom a quantumwire was
studied,andtheproblemof theresolutionlimit hasbeenaddressed.Theconclusionof
this studyis in agreementwith previous studiesandmainly shows that the focusgets
narrower whenthedistancefrom thequantumwire to thephaseconjugatorgetsshorter.
Judgingfrom this we may concludethat in order to establisha betterestimateof the
limit of resolutionthepresentmodelhasto beimproved,sincecontinuingto getcloser
becomesmeaninglessatsomepoint.

In examining the phaseconjugationresponseof the single-level quantumwell we
have chosenaspecificfrequency of theinteractingelectromagneticfields,whichshould
be feasiblefor an experiment. It would be interestingto give a moredetailedaccount
of how (i) thephaseconjugatedresponseand(ii) the focusingof thephaseconjugated
field varieswith the frequency. Thesepropertieswill not be discussedin detail in this
dissertation,but let us at this point just mentionthat (i) it seemslike the evanescent
componentsin the high endof the Fourier spectrumbecomesbetterphaseconjugated
when the interactingfields move to longer wavelengths,and (ii) the spatialdistance
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betweenminimain theintensityof thephaseconjugatedresponsewhenusingaquantum
wire becomessmallerwhenmeasuredin fractionsof thewavelength.Going to shorter
wavelengths,thetendency goesin theoppositedirection.



PartV

Opticalphaseconjugationin
multi-level metallicquantumwells
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Chapter14

Theoreticalproperties

From the simpledescriptionof a quantumwell whereonly intrabandtransitionscon-
tributedto the phaseconjugatedresponsewe now turn our attentionto thecasewhere
transitionsbetweenenergy levels in the quantumwell (interbandtransitions)cantake
place. In this chapterwe thereforegive the theoreticaldescriptionthat is necessaryto
describethephaseconjugatedresponsefrom a quantumwell whereboth interbandand
intrabandtransitionscontributeto theresponse.In thefollowing weadoptthesamescat-
teringgeometryasin theprevioustreatment,i.e., scatteringtakesplacein thex-z-plane
andweuselight thatis polarizedeitherin (p-polarized)or perpendicularto (s-polarized)
thescatteringplane.

14.1 Phaseconjugatedfield

Unlike in the caseof a single-level quantumwell, we cannotrely on the self-field ap-
proximationwhenconsideringmulti-level quantumwells (with resonances).We there-
fore begin this treatmentwith the loop equationfor the phaseconjugatedfield in the
two-dimensionalFourierspace[Eq. (8.24)]. It is repeatedherefor convenience:�EPC

�
z; �q Y�� ω � � �EB

PC
�
z; �q Y�� ω �� iµ0ω OZO G

�
z� zJ J ; �q Y[� ω ��� σ � zJ J � zJ ; �q Y[� ω ��� �EPC

�
zJ ; �q Y�� ω � dzJ J dzJ M (14.1)

Thebackgroundfield in Eq.(14.1)is givenby�EB
PC
�
z; �q Y�� ω � � � iµ0ω O G

�
z� zJ ; �q Y�� ω ��� �J 6 378 ω

�
zJ ; �q Y�� ω � dzJ � (14.2)

andcanbedeterminedfrom theprevious analysis.The linearconductivity tensorcon-
sistsin generalof a diamagneticanda paramagneticpart (seethe discussionin Chap-
ters5 and6). It is, however, possibleto combinethe two partsin sucha way that the
diamagneticconductivity tensorcanbewritten asa correctionto theparamagneticone
(Keller 1996a,1997a,1997b).Thentheexpressionfor thetotal linearconductivity ten-
sorbecomes

σ
� �r �\�r J ;ω � � � 2

iω
11 ∑

nm

ω
ω̃nm

fn � fm
ω̃nm

� ω
�Jnm
� �r �;] �Jmn

� �r J � � (14.3)
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thecorrectionfrom thediamagnetictermto theparamagneticresponsebeingthefactor
ω ^ ω̃nm, which closeto resonancebecomes1. In the two-dimensionalmixed Fourier
spacethis is

σ
�
z� zJ ; �q Y[� ω � � � 2

iω
11 1�

2π � 2 ∑
nm O ω

ω̃nm
� �κ Y � �q Y_� �κ Y � fn

� �κ Y � �q Y � � fm
� �κ Y �

ω̃nm
� �κ Y � �q Y[� �κ Y � � ω( �jnm

�
z;2�κ Y � �q Y �;] �jmn

�
zJ ;2�κ Y � �q Y � d2κ Y_M (14.4)

Thetransitionfrequency appearingin Eq.(14.4)is

ω̃nm
� �κ Y � �q Y[� �κ Y � � 11a` εn

� εm � 1 2

2me
! 2κxqx � q2

x "�b � i
τnm

� (14.5)

which by insertioninto Eq. (14.4)givesthefivenonzeroelementsof thelinearconduc-
tivity tensor

σxx
�
z� zJ ; �q Y � ω � � ∑

nm c xx
nm
� �q Y � ω �_d x

nm
�
z�_d x

mn
�
zJ � � (14.6)

σxz
�
z� zJ ; �q Y�� ω � � � i ∑

nm c xz
nm
� �q Y�� ω �_d x

nm
�
z�_d z

mn
�
zJ � � (14.7)

σyy
�
z� zJ ; �q Y�� ω � � ∑

nm c yy
nm
� �q Y[� ω �_d x

nm
�
z�_d x

mn
�
zJ � � (14.8)

σzx
�
z� zJ ; �q Y�� ω � � � i ∑

nm c xz
nm
� �q Y�� ω �_d z

nm
�
z�_d x

mn
�
zJ � � (14.9)

σzz
�
z� zJ ; �q Y�� ω � � � ∑

nm c zz
nm
� �q Y�� ω �_d z

nm
�
z�_d z

mn
�
zJ � � (14.10)

wherewe for thesake of notationalsimplicity havedividedthetotalexpressionfor each
elementinto a z-dependentpart anda z-independentpart, thez-independentquantities
beingc xx

nm
� �q Y[� ω � � 2i 1�

2π � 2 e e1
2me f 2 O 4κ2

x � 4κxqx � q2
x

εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm( fn
� �κ Y � �q Y � � fm

� �κ Y �
εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm
� 1 ω

d2κ Y[� (14.11)c xz
nm
� �q Y[� ω � � 2i 1�

2π � 2 e e1
2me f 2 O 2κx � qx

εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm( fn
� �κ Y � �q Y � � fm

� �κ Y �
εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm
� 1 ω

d2κ Y[� (14.12)c yy
nm
� �q Y � ω � � 2i 1�

2π � 2 e e1
2me f 2 O 4κ2

y

εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm( fn
� �κ Y � �q Y � � fm

� �κ Y �
εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm
� 1 ω

d2κ Y[� (14.13)c zz
nm
� �q Y[� ω � � 2i 1�

2π � 2 e e1
2me f 2 O 1

εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm
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� �κ Y � �q Y � � fm

� �κ Y �
εn
� εm � 1 � 2κxqx � q2

x � ^ � 2me � � i 1 ^ τnm
� 1 ω

d2κ Y[� (14.14)

since c xz
nm

� �κ Y�� ω � � c zx
nm

� �κ Y[� ω � . The z-dependentquantitiesin Eqs. (14.6)–(14.10)
above ared x

nm
�
z� � d y

nm
�
z� � ψ �m � z� ψn

�
z� � (14.15)d z

nm
�
z� � ψ �m � z� ∂ψn

�
z�

∂z
� ψn

�
z� ∂ψ �m � z�

∂z
M (14.16)

Eqs.(14.11)–(14.14)hasthe solutionsgiven in AppendixC, sectionC.12 in termsof
the analyticsolutionto the integralsgiven in AppendixB. Insertingthis solutioninto
Eq.(14.1),we get�EPC

�
z; �q Y�� ω � � �EB

PC
�
z; �q Y�� ω �;� ∑

nm
Fnm

�
z; �q Y�� ω ��� �Γmn

� �q Y[� ω � � (14.17)

in whichwe have introducedthe3 ( 3 tensorFnm
�
z; �q Y�� ω � with thenonzeroelements

Fxx
nm
�
z; �q Y�� ω � � � iµ0ω < c xx

nm
� �q Y[� ω � O Gxx

�
z� zJ J ; �q Y[� ω �_d x

nm
�
zJ J � dzJ J� i c xz

nm

� �q Y[� ω � O Gxz
�
z� zJ J ; �q Y�� ω �_d z

nm

�
zJ J � dzJ J ? � (14.18)

Fxz
nm

�
z; �q Y�� ω � � iµ0ω < i c xz

nm

� �q Y[� ω � O Gxx
�
z� zJ J ; �q Y[� ω �_d x

nm

�
zJ J � dzJ J� c zz

nm
� �q Y[� ω � O Gxz

�
z� zJ J ; �q Y�� ω �_d z

nm
�
zJ J � dzJ J ? � (14.19)

Fyy
nm
�
z; �q Y�� ω � � � iµ0ω c yy

nm
� �q Y�� ω � O Gyy

�
z� zJ J ; �q Y�� ω �_d x

nm
�
zJ J � dzJ J � (14.20)

Fzx
nm
�
z; �q Y�� ω � � q Y

q
 Fxx
nm
�
z; �q Y�� ω � � (14.21)

Fzz
nm
�
z; �q Y�� ω � � q Y

q
 Fxz
nm
�
z; �q Y�� ω � � (14.22)

andthevector�Γmn
� �q Y�� ω � �hgiiiij O d x

mn
�
zJ � EPC0 x � zJ ; �q Y[� ω � dzJO d x

mn
�
zJ � EPC0 y � zJ ; �q Y[� ω � dzJO d z

mn

�
zJ � EPC0 z � zJ ; �q Y�� ω � dzJ

k�llllm (14.23)

canbedeterminedfrom thefollowing setof algebraicequations:�Γmn
� �q Y�� ω � � ∑

vl

Kvl
mn
� �q Y�� ω ��� �Γvl

� �q Y�� ω � � �Ωmn
� �q Y[� ω � M (14.24)

Sincewe maynow determinethedifferentΓ valuesindependentlyof their dependence
on the phaseconjugatedfield, �EPC

�
z; �q Y�� ω � , we have by this operationkept the self-

consistency in Eq.(14.17),but theproblemof solutionhasbeenreducedto aproblemof
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solvingalinearalgebraicsetof equationswith justasmany unknowns.Thisproblemcan
betreatedasa matrix problemandis thusin principle fairly easyto solve numerically.
In Eq. (14.24)above, thevectorialquantity �Ωmn is givenby�Ωmn

� �q Y�� ω � � giiiij O d x
mn
�
z� EB

PC0 x � z; �q Y�� ω � dzO d x
mn
�
z� EB

PC0 y � z; �q Y�� ω � dzO d z
mn
�
z� EB

PC0 z � z; �q Y�� ω � dz

k�llllm (14.25)

andthe3 ( 3 tensorialquantityKvl
mn

� �q Y[� ω � hasthefivenonzeroelements

Kvl
xx0mn

� �q Y�� ω � � O d x
mn

�
z� Fxx

lv

�
z; �q Y�� ω � dz� (14.26)

Kvl
xz0mn

� �q Y�� ω � � O d x
mn

�
z� Fxz

lv

�
z; �q Y�� ω � dz� (14.27)

Kvl
yy0mn

� �q Y�� ω � � O d x
mn
�
z� Fyy

lv

�
z; �q Y�� ω � dz� (14.28)

Kvl
zx0mn

� �q Y�� ω � � q Y
q
 O d z

mn
�
z� Fxx

lv

�
z; �q Y�� ω � dz� (14.29)

Kvl
zz0mn

� �q Y�� ω � � q Y
q
 O d z

mn

�
z� Fxz

lv

�
z; �q Y�� ω � dzM (14.30)

If we limit our treatmentto polarizedlight perpendicularto thescatteringplane(s) and
in thescatteringplane(p), we getfor s-polarizedlight thesetof equations

Γy0mn
� ∑

vl

Kvl
yy0mnΓy0 vl

� Ωy0mn � (14.31)

which is m ( n equationswith just asmany unknowns,andfor p-polarizedlight theset
of equations

Γx 0mn
� ∑

vl

) Kvl
xx0mnΓx 0 vl � Kvl

xz0mnΓz0 vl + � Ωx0mn � (14.32)

Γz0mn
� ∑

vl

) Kvl
zx0mnΓx0 vl � Kvl

zz0mnΓz0 vl + � Ωz0mn� (14.33)

which is 2m ( n equationswith justasmany unknowns.

14.2 Infinite barrier quantum well

Applying the infinite barrierquantumwell to the above formalism,we areableto de-
terminetheintegralsover theCartesiancoordinatesin explicit form. Thewave function
constructsd � z� becomesin theinfinite barriermodeld x 0 IB

nm
�
z� � 1

d ` cos e � n � m� πz
d f � cos e � n � m� πz

d f b � (14.34)d z0 IB
nm

�
z� � π

d2 ` � n � m� sin e � n � m� πz
d f � � n � m� sin e � n � m� πz

d f b M (14.35)
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With this resultthe integralsover thesourceregion apperaingin Eqs.(14.18)–(14.22)
and(14.26)–(14.30)canbesolved(seeAppendixE), andtheK quantitiesthusbecome

Kvl
xx0mn

� �q Y�� ω � � � 8π4nmlvq
 d % 1 � eiq 9 d � � 1� n2 m'
ε0ω A � iq 
 d � 2 � π2

�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( 1 � r p � ! e8 iq 9 d � r peiq 9 d " � � 1� l 2 vA � iq 
 d � 2 � π2

�
l � v� 2 C A � iq 
 d � 2 � π2

�
l � v� 2 C(on c xx

lv

� �q Y[� ω � q2
 d � c xz
lv

� �q Y[� ω � π2 � l2 � v2 � q Y
d p � (14.36)

Kvl
xz0mn

� �q Y[� ω � � 8π4inmlvq
 d % 1 � eiq 9 d � � 1� n2 m'
ε0ω A � iq 
 d � 2 � π2

�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( 1 � r p � ! e8 iq 9 d � r peiq 9 d " � � 1� l 2 vA � iq 
 d � 2 � π2

�
l � v� 2 C A � iq 
 d � 2 � π2

�
l � v� 2 C(on c xz

lv

� �q Y�� ω � q2
 d � c zz
lv

� �q Y�� ω � π2 � l2 � v2 � q Y
d p � (14.37)

Kvl
yy0mn

� �q Y[� ω � � c yy
lv

� �q Y�� ω � 8π4µ0nmlvωq
 d2 A eiq 9 d � � 1� n2 m � 1CA � iq 
 d � 2 � π2
�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( 1 � rs � ! e8 iq 9 d � rseiq 9 d " � � 1� l 2 vA � iq 
 d � 2 � π2

�
l � v� 2 C A � iq 
 d � 2 � π2

�
l � v� 2 C (14.38)

Kvl
zx0mn

� �q Y[� ω � � � 2π2il v
ε0ω

4π4nm
�
n2 � m2 � A eiq 9 d � � 1� n2 m � 1C

d A � iq 
 d � 2 � π2
�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( 1 � r p � ! e8 iq 9 d � r peiq 9 d " � � 1� l 2 vA � iq 
 d � 2 � π2

�
l � v� 2 C A � iq 
 d � 2 � π2

�
l � v� 2 C( n c xx

lv
� �q Y[� ω � q2
 d � c xz

lv

� �q Y[� ω � π2 � l2 � v2 � q Y
d p (14.39)

Kvl
zz0mn

� �q Y[� ω � � 2π2il v
ε0ω

4π4nm
�
n2 � m2 � A eiq 9 d � � 1� n2 m � 1C

d A � iq 
 d � 2 � π2
�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( 1 � r p � ! e8 iq 9 d � r peiq 9 d " � � 1� l 2 vA � iq 
 d � 2 � π2

�
l � v� 2 C A � iq 
 d � 2 � π2

�
l � v� 2 C( n i c xz

lv

� �q Y�� ω � q2
 d � c zz
lv

� �q Y�� ω � π2 � l2 � v2 � q Y
id p M (14.40)

To find �Ωmn
� �q Y�� ω � is in generala muchmoredifficult task,but insertionof theexpres-

sionfor �EB
PC

�
z; �q Y�� ω � gives

Ωx 0mn
� �q Y[� ω � � � iµ0ω O 08 d

d x
mn

�
z� O 08 d q Gxx

�
z� zJ ; �q Y � J 6 378 ω 0 x � zJ ; �q Y �� Gxz

�
z� zJ ; �q Y � J 6 378 ω 0 z � zJ ; �q Y �Fr dzJ dz� (14.41)
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Ωy0mn
� �q Y�� ω � � � iµ0ω O 08 d

d x
mn

�
z� O 08 d

Gyy
�
z� zJ ; �q Y � J 6 378 ω 0 y � zJ ; �q Y � dzJ dz� (14.42)

Ωz0mn
� �q Y � ω � � � iµ0ω O 08 d

d z
mn
�
z� O 08 d

q Y
q
 q Gxx

�
z� zJ ; �q Y � J 6 378 ω 0 x � zJ ; �q Y �� Gxz

�
z� zJ ; �q Y � J 6 378 ω 0 z � zJ ; �q Y � r dzJ dzM (14.43)

Theseintegralscanby insertionof thepropagatorsandthewave functionsbesolvedfor
theintegral overz, andthuswe find

Ωx 0mn
� �q Y[� ω � � � 2π2inmq
 d % eiq 9 d � � 1� n2 m � 1'

ε0ω A � iq 
 d � 2 � π2
�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( O 08 d q q
s! eiq 9 z � r pe8 iq 9 z" J 6 378 ω 0 x � z; �q Y �;� q YZ! eiq 9 z � r pe8 iq 9 z " J 6 378 ω 0 z � z; �q Y �Fr dz�

(14.44)

Ωy0mn
� �q Y�� ω � � � 2π2iµ0ωnmd % eiq 9 d � � 1� n2 m � 1'A � iq 
 d � 2 � π2

�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( O 08 d

! eiq 9 z � rse8 iq 9 z" J 6 378 ω 0 y � z; �q Y � dz� (14.45)

Ωz0mn
� �q Y�� ω � � � 2π4q Y nm

�
n2 � m2 � % eiq 9 d � � 1� m2 n � 1'

ε0ωd A � iq 
 d � 2 � π2
�
n � m� 2 C A � iq 
 d � 2 � π2

�
n � m� 2 C( O 08 d ` ! eiq 9 z � r pe8 iq 9 z" J 6 378 ω 0 x � z; �q Y �5� q Y

q
 ! eiq 9 z � r pe8 iq 9 z " J 6 378 ω 0 z � z; �q Y � b dz�
(14.46)

wherewe have droppedthenow superfluousmarkingzJ in favor of a new z. Sincethe
z-dependenceof �J 6 378 ω

�
z; �q Y � is expressedvia theinteractingfieldsandthewavefunctions,

andwe arelimiting ourselvesto studieswhere(i) thepumpfieldsareparallelto either
thex-axis or thez-axis andwith uniform amplitudeprofile alongthataxis,and(ii) the
probefield hasonly oneplane-wave componenton the form �E � z; �q Y � � �Eeiq 9 z, the last
integralabovecanbesolved.Thissolutionis discussedin AppendixC, sectionsC.8and
C.9. Thus,in Eq. (14.24),all K’s andΩ’s arenumberswith no inline integralsto solve
numerically.



Chapter15

Numericalresultsfor a two-level quantumwell

Besidescalculationof thenonlinearcurrentdensities,themainnumericalwork consists
of finding the solution to the appropriatesetsof equations,given by Eq. (14.31) for
processeswith s-polarizedresponse,and Eqs.(14.32)and (14.33) for processeswith
p-polarizedresponse.Computationalproceduresto solve thiskind of problemsarewell
known (see,e.g., Press,Teukolsky, Vetterling, and Flannery1992, 1996a,1996bfor
descriptionandFortranroutines).

15.1 Phaseconjugation reflectioncoefficient

To estimatetheamountof light we getbackthroughthephaseconjugatedchannel,we
usethephaseconjugationreflectioncoefficient RPC

�
z; �q Y � definedin Eq.(11.1)together

with the expressionfor the intensitiesgiven by Eq. (11.2). As before, the reflection
coefficient at thesurfaceof thequantumwell is thusRPC

� � d; �q Y � .
In orderto give an impressionof thedifferencebetweenthecalculationwhereonly

intrabandcontributionsweretaken into account(chapter11) the presentcalculationis
alsobasedon the datafor a two-monolayerthick copperquantumwell [N2 � 8 M 47 (
1028m8 3, Z � 1, and d � 3 M 8Å (Ashcroft and Mermin 1976)]. As was the casefor
the single-level Cu quantumwell, the two-level Cu quantumwell can adequatelybe
depositedon a glasssubstratefor which we usea refractive index n of 1.51. With this
substrate,a reasonabledescriptionof the linear vaccum/substrateamplitudereflection
coefficients(r p for the p-polarizedlight andrs for thes-polarizedlight) canbeobtained
by useof theclassicalFresnelformulae,givenby Eq. (11.3)and

rs � q
 � � n2q2 � q2Y � 1
2

q
 � � n2q2 � q2Y � 1
2

M (15.1)

Keepingthepumpfieldsparallelto thex-axis,we getapumpwavenumberk Y � 1 M 51q.
In Figs.15.1and15.2we have plottedthephaseconjugationreflectioncoefficient at

theinterfacebetweenthevacuumandthequantumwell asafunctionof theparallelcom-
ponentof thewavevectornormalizedto thevacuumwavenumber, q Y#^ q. Thewavelength
hasin theseplotsbeenfixedto λ � 1061nm(thesameasin thesingle-level case).The
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Figure15.1:Thephaseconjugationreflectioncoefficientat thevaccum/quantum-wellinterface
is plottedasa functionof thenormalizedcomponentof theprobewavevectoralongthesurface,
q � � q, for the four combinationsof polarizationof the threeinteractingfields, in which the two
pumpfieldshave thesamepolarization(ppp, sss, ssp, andpps), correspondingto thefour dia-
gramsshown in Fig. 9.2. Thevertical line indicatesthenormalizedFermiwavenumber, which
for thetwo-monolayerCu quantumwell is 2 � 78 � 103. Thesetof arrows labeledn areplacedat
q � � nq.

plotshave beendividedinto two sets,togethercoveringall eightdifferentcombinations
of polarizationof the interactingfields. In Fig. 15.1 is plotted the four combinations
leadingto a responsewith thesamestateof polarizationastheprobe,i.e., (i) thepurely
p-polarizedcasewhereall interactingfieldsarepolarizedin thescatteringplane(denoted
ppp), (ii) thepurelys-polarized(sss) casewhereall threeinteractingfieldsarepolarized
perpendicularto thescatteringplane,(iii) thecasewherethetwo pumpfieldsbotharep-
polarizedandtheprobefield is s-polarized(pps), and(iv) thecasewheretheprobefield
is p-polarizedandthe two pumpfields ares-polarized(ssp). The resultsfor the other
four combinationsof polarizationhasbeenplottedin pairsin Fig.15.2.Theupperfigure
in Fig. 15.2shows thetwo caseswherethepumpfieldsaredifferentlypolarizedandthe
probefield is s-polarized,while in the lower figure, theprobefield is p-polarized,still
with differentlypolarizedpumpfields.Theverticalline insertedinto Figs.15.1and15.2
indicatesthenormalizedFermiwavenumber, which for thetwo-monolayerCu quantum
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Figure15.2: Sameparametersasin Fig. 15.1,but for theotherfour polarizationcombinations
(seeFig. 9.3). Theupperfigureshows theresponseswheres-polarizedprobegivesp-polarized
response[pss(solid line) andsps(dottedline)]. Thelowerfigureshows theoppositecases[psp
(solid line) andpsp (dottedline)]. Furtherexplanationcanbefoundin themaintext.
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Figure15.3:Thephaseconjugationreflectioncoefficientat thevaccum/quantum-wellinterface
is plottedasa function of the optical frequency normalizedto the transitionfrequency of the
two-level quantumwell, ω

�
ω12, for the four combinationsof polarizationof the threeinteract-

ing fields which have equalpumpfield polarization(ppp, sss, ssp, and pps). The transition
frequency ω12 in the presentcaseis ω12 � 1 � 32 � 1016rad/s,correspondingto a wavelengthof
λ � 142� 4nm.Theverticalline indicatesλ � 1061nm,thepoint in thefrequency spectrumwhere
Figs.11.1and11.2havebeendrawn.

well is 2 M 78 ( 103. Thediscussionof this quantityhasbeengiven in chapter11 (in the
paragraphstartingat theendof page78).

In additionto theplotsin Figs.15.1and15.2,wherethephaseconjugationreflection
coefficient wasplottedasa functionof q Y�^ q, we have in Figs.15.3and15.4plottedthe
phaseconjugationreflectioncoefficientasafunctionof theopticalfrequency normalized
to theinterbandtransitionfrequency, ω ^ ω12. Theparallelcomponentof thewavevector
hasin this casebeenfixed at q Y � 0 M 8q (in the propagatingregime). Again, the four
casesof pump fields having the samepolarizationare plotted in the first of the two
figures(Fig. 15.3),andtheremainingfour in theotherfigure(Fig. 15.4).

All plots in Figs.15.1–15.4have beenplottedusinga relaxationtime of 200fsin the
interbandtransitionfrom theoccupiedstateto theunoccupiedstateandarelaxationtime
of 3fs within the intrabandtransitionsof theoccupiedstate.Unlike in thecaseof pure
intrabandresponse,thechoiceof adequaterelaxationtimesseemlessimportantin the
two-level quantum-wellcase.Changingeitherof therelaxationtimes(or both)anorder
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Figure15.4:Sameparametersasin Fig. 15.3,but for theotherfour polarizationcombinations.
Theupperfigureshows the responseswheres-polarizedprobegivesp-polarizedresponse[pss
(solid line) andsps (dottedline)]. The lower figure shows the oppositecases[psp (solid line)
andspp (dottedline)]. For furtherexplanation,pleaseconsultthemaintext.
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of magnitudeup or down doesn’t changetheresultsshown in Figs.15.1–15.4somuch
thatthetwo curvesfor therespective choicesof relaxationtimeswoulddiffer from each
other, asit wasthecasein thesingle-level quantumwell (seeFig. 11.4).

Returningour attentionto Fig. 15.1,we observe that the purely p-polarizedcombi-
nationof polarizationgives the strongestphaseconjugatedresponsewhile the purely
s-polarizedcombinationgives the weakest responseof the four. Looking at the ppp
curve, we seethat the maximumvalue is reachedin the propagatingregime of the
q Yz^ q-spectrum,wheretwo peaksoccurapproximatelyat the valuesof q Y � 0 M 18q and
q Y � 0 M 22q. Thesepeaksmustbedueto thepumpwavesbeingp-polarized,sincethey
alsooccurin the ppsconfiguration,but in neitherof thesssandssp configurations.In
theevanescentregimetheppp curve is increasingfrom thepointq Y � nquntil it reaches
its maximalvalueat aroundq Y � 103q. Above q Y � 103q, the ppp responsestartsde-
cayingagain.The ppscurve in Fig. 15.1has,apartfrom thetwo peaksdiscussedabove,
two additionalpeaksoccuringsymmetricallyaroundthepoint nq in theq Y -spectrum,at
approximatelyq Y � 1 M 1q andq Y � 1 M 9q, respectively. After thesecondof thesepeaks,
theamplitudeof theresponsefadesaway with growing valuesof q Y . Thessp curve has
a maximumwhenthe probefield is perpendicularlyincidenton the phaseconjugator
(q Yz^ q � 0), andanotheronewheretheprobefield becomesevanescentin thesubstrate,
i.e.,atq Y � nq. In theevanescentregimeof theq Y#^ q-spectrumtheresponseis increasing,
with two smallnarrow peaksoccuringat q Y�W 10q andq Y�W 13q, andit reachesa max-
imum at q Y W 2 ( 103, andaftergoingdown to a minimumright afterkF ^ q it increases
again.This indicatesthatif weareableto produceprobefieldswith asignificantamount
of evanescentmodesabovekF ^ q, thepresentmodelis probablynotsufficient to describe
thessp response(andmaybenotsufficient to describetheppp responseeither).Thelast
of thecurvesin Fig. 15.1representsthepurelys-polarizedcase(sss). It hasmaximaat
q Yz^ q � 0, andagainatq Y#^ q � n. Above q Y � nq it falls off rapidly.

Lookingattheq Y#^ q-spectrumof thephaseconjugatedresponsein theotherfour com-
binationsof polarization,depictedin Fig. 15.2,we seethatbothpairshave peaksin the
propagatingregimeof theq Y#^ q-spectrumat thesameplacesasthe ppp andppscurves
of Fig. 15.1had.Anotherpeakappearswhenq Y � nq, andin thepurelyevanescentpart
of theq Yz^ q-spectrumpeaksappearat q Y�W 10q andq Y�W 13q, thesameplacesasin the
ssp responseshown in Fig.15.1.After thesetwo peakstheresponsesof thepsŝ sps-pair
increasesuntil they reachtheir maximumat aroundq Y � 5 ( 103, afterwhich they de-
creaseagain.Thismaximumis comparablein magnitudeto thepeaksin thepropagating
endof the q Yz^ q-spectrum.We observe that the two curves in eachof the pairsshown
in Fig. 15.2becomesidenticalfor high valuesof q Y , asthey shouldfrom the previous
analysis.Thespp̂ psp-pair of curvesalsostartsincreasingin magnitudein thehighend
of the q Yz^ q-spectrumshowed. They reachtheir maximumat aroundq Y � 2 M 5 ( 103q,
afterwhich themagnitudedecreasesagain.In this case,however, themagnitudeof this
maximumis somefifteen ordersof magnitudelessthanthemagnitudeof the peaksin
thepropagatingregime. Theproblemin thespŝ pss-pair of curvesis that themaximal
valueis reachedafterthepointq Y � kF ^ q, andtheconclusionmustthereforebethesame
asin thessp case,namelythat if theprobehascomponentsof significancein thehigh
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endof the q Yz^ q-spectrum,thenthe modelshouldprobablybe extendedin oneway or
another.

Continuingto thefrequency plots,weobserve from Fig.15.3thatthetwo caseswhere
bothpumpfieldsares-polarizedhasno resonancesat all. Their decreasein magnitude
asthe frequency increasesis mainly dueto the factorof ω 8 3 occuringin thenonlinear
conductivity tensor. The ppp curve hasapeakof highmagnitudeat ω W ω12 ^ 3, asmall
oneat ω � ω12, and a large one againat ω W 1 M 1ω12. The pps curve hasa peakof
small magnitudeat ω � 0 M 3ω12, two large onesat ω W ω12 ^ 3 andat ω W 1 M 1ω12, and
finally a small oneat ω W 3 M 2ω12. Thepeaksaroundω W ω12 probablyarisefrom the
combinationof thedenominatorsin thenonlinearconductivity tensors,but noneof the
peakshavebeenclearlyidentifiedfrom theformulasyet. Goingto any of thetwo sidesin
thefrequency spectrumaway from this groupof resonances,thecurvesbehave like the
sssandssp curves,with themagnitudeproportionalto ω 8 3. Thefrequency plotsfor the
two pairsof polarizationcombinationswherethe pumpfields aredifferently polarized
(Fig. 15.4)have resonanceswith theapproximatevaluesof ω ^ ω12 of 1̂ 3, 1̂ 2, 2̂ 3, 1,
1 M 1, and2. Like in thepreviouscase,thesepeakshave not beenclearly identifiedfrom
theformulasyet. Againonemightassumethatthepeaksat1 and1 M 1 arisedirectly from
(someof) thedenominatorsin thenonlinearconductivity tensors.As before,outsideof
theshown frequency range,thebehaviour of the responseis proportionalto ω 8 3. The
resultspresentedin thischapterwill betreatedmorethoroughlyin a forthcomingpaper.
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Chapter16

Discussion

In the pasttwo chapterwe have briefly shown how to calculatethe phaseconjugated
responsefrom a multilevel quantumwell andgiven numericalresultsfor a two-level
quantumwell. As we concludedin thesingle-level quantum-wellcase,theassumption
of an ideal phaseconjugatoralso doesnot hold for a two-level quantum-wellphase
conjugator. In this case,however, it is not somuchbecauseof theefficiency in thehigh
endof theq Y -spectrum,sincein mostof thecasesshown in chapter15 theefficiency in
theevanescentregime is not somuchlarger thanin thepropagatingregime. It is more
becausethe two-level phaseconjugatoris muchmoreefficient for certainvaluesof q Y
thanfor therestof thespectrum.

However, beforewecangivea full descriptionof thephaseconjugatedresponsefrom
multi-level quantumwells,someaspectshasto beaddressed.Amongtheimportantones
arethefactthatwe needto identify (i) which termsof thenonlinearconductivity tensor
that aredominatingthe phaseconjugationresponse,and if it is possibleby a careful
choiceof thesystemto make differenttermsdominate.Furthermore(ii) it is desirable
to find out morepreciselywhich individual termsin the nonlinearconductivity tensor
givesrise to eachof the peaksoccuringin the curves in Figs.15.1–15.4.Many other
thingshasto be investigated,for example(i) thebehaviour of theresponsecloseto the
peaksin Figs.15.1–15.4,bothin thefrequency spectrumandin theq Y -spectrum,(ii) the
frequency dependencein general,and(iii) theresponseto sourceswith alargenumberof
Fouriercomponentsin theq Y -spectrum,suchasthequantumwire discussedin Chapter
12.
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Summary of conclusions

Wehave developedaspatiallynonlocaltheoreticalmodelof degeneratefour-wave mix-
ing of electromagneticfields on the mesoscopiclength scale. We have analyzedthe
physicalprocessesinvolved in creatingthe DFWM responseand identified the inde-
pendentnonzeroelementsof the relatedconductivity tensorfor eachtype of process.
Following the moregeneraltreatmentin real spacewe have specializedthe treatment
to take into accountonly caseswheretranslationalinvarianceagainstdisplacementsin
two of thethreespatialdimensionsoccur, therebyfavouringa descriptionin which the
opticalprocessesoccurin surfacesandthin films of condensedmatter.

As a consequenceof this choicewe have transformedthe responsefunction into
Fourierspacein two spatialcoordinates,keepingthe real-spacecoordinatein the third
dimension.Fromthere,theemphasishasbeenlaid on phaseconjugation,althoughthe
moregeneralDFWM responsetensorhasbeencarriedout in this mixedFourierspace
aswell. Theemphasisonphaseconjugationwasrealizedby thechoiceof letting two of
theinteractingfieldsbespatiallycounterpropagating.Letting thetwo counterpropagat-
ing fieldsactaspumpfieldsin thephaseconjugationprocess,thethird of theinteracting
fieldsbecamewhatwe have referredto astheprobefield.

The choiceof a scatteringgeometryin which the pumpfields weretaken to be un-
dampedplanewavestraveling parallelto thetranslationallyinvariantplaneresultedin a
descriptionwherethemaineffort couldbeconcentratedonstudyingtheresponsedueto
theprobefield, thusletting thepumpfieldseffectively beingapartof thephaseconjuga-
tor. We concludedthatusingdifferentcombinationsof light polarizedin thescattering
planeor perpendicularto this planeleadto differentpropertiesof thephaseconjugated
field comparedto the incomingprobefield, including changesin polarizationin some
cases.

Usingthedevelopedmodelon asingle-level metallicquantum-wellphaseconjugator
wehaveshown thatthephase-conjugationreflectioncoefficientbehavesquitedifferently
from theuniform reflectioncoefficient thathasoftenbeenassumedin previousstudies
whereevanescentcomponentshave beenincluded(Agarwal and Gupta1995; Keller
1992).Theresponsein thehigh endof theq Y -spectrumturnedout to beasmuchasten
ordersof magnitudelarger thanin thepropagatingregime. Subsequently, it wasshown
thatby useof thesingle-level phaseconjugatorit waspossibleto phaseconjugatelight
emittedfrom a subwavelengthsourcein the vicinity of the phaseconjugator, andthat
thephaseconjugatedlight at theplaneparallelto thephaseconjugator, wherethesource
hasbeenplaced,hasa subwavelengthdistancebetweenthe minima in the intensity.
Consistentwith anotherrecentprediction(Bozhevolnyi 1997;Bozhevolnyi andVohnsen
1997)wehave observedthatthesmallestdistancebetweenthetwo minimasurrounding
themainlobein thephaseconjugatedfield occurat thesurfaceof thephaseconjugator.

The theoreticalmodelwasconcludedwith a descriptionof a quantumwell with an
arbitrarynumberof boundstates,followed by a numericalcalculationof the response
from a two-level quantumwell. We have shown that alsothe two-level quantumwell
doesnot comecloseto an ideal phaseconjugatorwith a uniform reflectioncoefficient
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in the q Y -spectrum.Furthermore,it doesnot behave the sameway asthe single-level
quantumwell, eventhoughthecombinationsof polarizationfor theinteractingfieldsthat
givesa p-polarizedresponseleadto similarresultsin thehighendof theq Y -spectrum.In
thelow endof theq Y -spectrumthephaseconjugatedresponsefrom atwo-level quantum
well is severalordersof magnitudestrongerin a smallnumberof very narrow rangesin
q Y thanin therest.

Finally, we concludedthat if oneis ableto excite the two-level quantumwell in the
q Y -rangearoundthe point of the Fermi wave numberthe presentmodel could prove
insufficient, becausethemaximumvalueof thephaseconjugationreflectioncoefficient
in thehighendof theq Y -spectrumin severalcasesis above theFermiwavenumber.

Discussionand outlook

With respectto thesingle-level quantumwell severalpropertieswould beinterestingto
examinefrom a fundamentalpoint of view, including(i) theresponsein thefar-infrared
andultraviolet partsof thefrequency spectrum,(ii) how theresponsecanbedividedinto
anelectrostaticandanelectrodynamicpart,(iii) how thewidth of thephaseconjugated
focusfrom aquantumwire scaleswith thewavelengthof theelectromagneticfield used
in theinteraction,and(iv) theproblemof a three-dimensionalsource.

For the two-level quantumwell plenty of work remainsto be donebeforeit would
be wise to take up someof the above-mentionedproperties. First of all, we have to
determinehow mucheachof thetermsin thenonlinearconductivity tensorcontributesto
thephaseconjugatedresponse.Also, theproblemof phaseconjugatinga broadangular
bandshouldbeaddressedin orderto study, for instance,focusingof light in front of a
two-level phaseconjugator.

Theproblemof focusinghasto beaddressedmorecarefully, sincethepresentstudy
hasrevealedonly thatwhenthemesoscopicsourceis movedcloserto thephaseconjuga-
tor thefocusis narrowed. I imaginethatthisproblemcouldbeaddressedproperlyusing
a pureengineeringapproachto make an adjustmentof the presentmodelby (i) aban-
doningthe infinite barriermodelby insertionof a moresophisticatedpotentialacross
thebarrier, and(ii) abandoningthepoint-sourcedescriptionof theprobefield. Thereby
onewouldalsobeableto discusstheproblemof resolutionin anear-field opticalmicro-
scope.

Furthermore,it could be interestingto establisha model which provides a tempo-
ral resolution. It could be usedto study, for example,the time delayanddistortionof
anelectromagneticpulse(wave packet) beingphaseconjugated,initially using,for ex-
ample,planewaves as pumps,and ultimately to give an understandingof four-wave
mixing usingpulsedinteractingfields. Sucha modelwould provide a framework for a
descriptionof time-resolvedopticalphaseconjugationin, for example,communications
systems.

On themoresophisticatedfundamentalsideit couldbe interestingto investigatethe
phaseconjugatedresponsewhen the phaseconjugatoris, for example,a mesoscopic
ring, cylinder, sphere,or a quantumwire. Anotherpossibility is to take into account



118 PartVI: Closingremarks

spin effects in order to treat the phaseconjugationresponsefrom magneticmaterials.
We alsobelieve thatthereis a connectionbetweenthemodelfor electromagneticphase
conjugationpresentedin thiswork andphaseconjugationof electronsandatoms[for an
introductionto atomicphaseconjugationandnonlinearatomoptics,seeLenz,Meystre,
andWright (1993,1994)andGoldstein,Plättner, andMeystre(1995)].

A problemthat hasto be taken into accountwhenusingthe presentformulationto
describenonlinearoptical processesis the apparantlydivergentbehaviour in the long-
wavelength(low-frequency) limit stemming(in third-orderproblems)fromtheω 8 3-term
in thebeginningof thenonlinearconductivity tensor. This problemis a generalonein
thetheoreticalmodel,andalthoughthe linearproblemhasbeensolved (Keller 1996a),
theproblemhasstill notbeensolvedfor any nonlinearcase,includingDFWM.

If timepermits,I shallsubstantiateonsomeof thesepointsin futurework. Otherwise,
it will beleft for othersto do.

Wearevery lucky to live in anagein whichwearestill makingdiscoveries.
Richard P. Feynmanin TheCharacterof PhysicalLaw, p. 172.
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AppendixA

Calculationof linearandnonlinearconductivity tensorsin
two-dimensionallytranslationalinvariantsystems[ � z; �q ��� -space]

In thisappendixI presentacalculationof linearandnonlinearconductivity tensorssuit-
ablefor calculationof thelinearandnonlinearcurrentdensitiesin aphysicalsystemwith
translationalinvarianceonly in thex andy directionsof theCartesianx-y-z-coordinate
system.Thebasicingredientsin this calculationconsistsof (i) theFourier integral rep-
resentationof thevectorpotentialin thex- andy-coordinatesgivenby Eq. (8.1),(ii) the
inverserelationfor the currentdensitieslinear in the cyclic frequency ω (appearedas
Eq. (8.2)), (iii) the basissetof the wave functionstaken on the form of Eq. (8.9), and
(iv) thecorrespondingtransitioncurrentdensityin Eq. (8.14). Using theseingredients
we startfrom the three-dimensionalexpressionsin realspace,which in the linearcase
aregiven by Eq. (4.9) with insertionof Eqs.(6.6)–(6.7)andin the nonlinearcaseare
given by Eq. (4.10) with insertionof Eqs. (6.8)–(6.14). The resultsof thesecalcula-
tions arepresentedasexpressionsfor the individual matrix elementsaccordingto the
definitionsgivenby Eq.(8.3)for thelinearconductivity tensorandEq.(8.8)for thenon-
linearconductivity tensor, thecyclic transitionfrequenciesbeingexpressedin theform
of Eq. (8.12).

For convenience,we in thefollowing treatmentdivide the linearcurrentdensityinto
two partsfollowing the two processesshown in Fig. 5.1. If we definethe linear cur-
rent densityas Ji

�
z; �q Y � � ∑ j Ji j

�
z; �q Y � , the result of calculatingthe linear conductiv-

ity tensoris presentedasthe individual nonzeromatrix elementscorrespondingto the
symmetryanalysispresentedin Chapter6. Like in the linear case,it is convenient
in the nonlinearcaseto definethe nonlinearcurrentdensityas Ji

� �r ��� ∑ jkh Ji jkh
� �r � ,

with Ji jkh
� �r � � Ξi jkh

� �r �\�r J �\�r J J �\�r J J J � Ah
� �r J J J � Ak

� �r J J � A j
� �r J � , and then split the treatmentof

the nonlinearcurrentdensity in sucha way that eachof the processesmentionedin
Fig. 5.2 is treatedseparately.

A.1 Linear processA

FromEq.(6.6)wehave thexxelementof partA of thelinearcurrent,in whichweinsert
the expressionsfor the wave function andthe vectorpotentialin the two-dimensional
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Fourierrepresentation,giving theresult

JA
xx
�
z; �q Y � � � e2

me

2�
2π � 4 OZO@O ∑

n
fn �ψn

�
z� � 2δ

� �r � �r J � Ax
�
zJ ; �q JY � ei �q �P�� �r �P d2qJ Y d3r J( e8 i �q P � �r P d2r Y_M (A.1)

Solving the integrals over the real-spacecoordinatesin the x-y-directions, K d2r J Y andK d2r Y , weobtain

JA
xx
�
z; �q Y � � � e2

me

2�
2π � 2 OZO@O ∑

n
fn
� �κ Y 0 n̄ � �ψn

�
z� � 2δ

�
z � zJ � δ � �q JY � �q Y �( Ax

�
zJ ; �q JY � d2κ Y 0 n̄d2qJ Y dzJ � (A.2)

wherethe(infinite) sumover theκ Y coordinateshasbeenreplacedby anintegral. From
thisexpressionwe extractpartA of thelinearconductivity tensoras

σA
xx

�
z� zJ ; �q Y��#�q JY � � � 2

iω
e2

me

1�
2π � 2 ∑

n O fn
� �κ Y � d2κ Y��ψn

�
z� � 2δ

�
z � zJ � δ � �q JY � �q Y � � (A.3)

wherewehave omittedthenow superfluousreferenceto n from �κ Y . Takinginto account
the conservation of momentumgiven by the Dirac delta function δ

� �q JY � �q Y � we may
integrateover qJ Y in Eq. (A.2), andthereafterextract part A of the linear conductivity
tensoraspresentedin Eq.(8.15).

A.2 Linear processB

Taking from Eq. (6.7) elementi j of part B of the linear currentdensityand insert-
ing the expressionsfor thewave function [Eq. (8.9)] andthe transitioncurrentdensity
[Eq. (8.14)] in thetwo-dimensionalFourierrepresentation,we get

JB
i j
�
z; �q Y � � � 11 2�

2π � 6 O�OZO ∑
nm

fn � fm
ω̃nm

� ω
j j 0mn

�
zJ ; �κ Y 0 m̄ � �κ Y 0 n̄ � j i 0 nm

�
z; �κ Y 0 n̄ � �κ Y 0 m̄ �( ei 6 �κ P � m̄ 8 �κ P � n̄ 7 � �r �P ei 6 �κ P � n̄ 8 �κ P � m̄ 7 � �r P A j

�
zJ ; �q JY � ei �q �P � �r �P d2qJ Y d3r J e8 i �q P � �r P d2r Y[M (A.4)

Solving the Cartesianintegrals K d2r J Y and K d2r Y along the surfaceand replacingthe

infinite sumover �κ Y with anintegral, this is

JB
i j

�
z; �q Y � � � 11 2�

2π � 2 O �#�#� O ∑
nm

fn
� �κ Y 0 n̄ � � fm

� �κ Y 0 m̄ �
ω̃nm

� �κ Y 0 n̄ � �κ Y 0 m̄ � � ω
j j 0mn

�
zJ ; �κ Y 0 m̄ � �κ Y 0 n̄ �( j i 0 nm

�
z; �κ Y 0 n̄ � �κ Y 0 m̄ � δ � �κ Y 0 m̄ � �κ Y 0 n̄ � �q JY � δ � �κ Y 0 n̄ � �κ Y 0 m̄ � �q Y �( A j

�
zJ ; �q JY � d2κ Y 0 n̄d2κ Y 0 m̄d2qJ Y dzJ M (A.5)

Of thesetwo integralsover thesurfacestates,we cansolve onebecauseof thecoupling
betweenthesurfacestatesandthewavevectorsintroducedby theDirac deltafunctions
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appearing.Keepingthe �κ Y 0 m̄ set,andthuswe solve for then set.Solvingfor this set,we
find that �κ Y 0 n̄ is replacedby �κ Y 0 m̄ � �q JY , thusgiving

JB
i j

�
z; �q Y � � � 11 2�

2π � 2 O�OZO ∑
nm

fn
� �κ Y 0 m̄ � �q JY#� � fm

� �κ Y 0 m̄ �
ω̃nm

� �κ Y 0 m̄ � �q JY � �κ Y 0 m̄ � � ω
j j 0mn

�
zJ ;2�κ Y 0 m̄ � �q JY �( j i 0 nm

�
z;2�κ Y 0 m̄ � �q JY � δ � �q JY � �q Y � A j

�
zJ ; �q JY � d2κ Y 0 m̄d2qJ Y dzJ M (A.6)

Fromtheabove expressionweextractpartB of thelinearconductivity tensoras

σB
i j
�
z� zJ ; �q Y��#�q JY � � � 2

iω
11 1�

2π � 2 ∑
nm O fn

� �κ Y � �q JY�� � fm
� �κ Y �

ω̃nm
� �κ Y � �q JY � �κ Y � � ω

j j 0mn
�
zJ ;2�κ Y � �q JY �( j i 0 nm

�
z;2�κ Y � �q JY � δ � �q JY � �q Y � d2κ Y[� (A.7)

wherewehaveomittedthenow superfluousindex m fromthesurfacestates�κ Y . Againwe
take into accounttheconservationof pseudo-momentum,δ

� �q JY � �q Y � , letting usperform
theintegrationover qJ Y in Eq. (A.6). Fromthis resultthe linearconductivity tensorpart
B is extractedon theform shown in Eq. (8.16).

A.3 Nonlinear processA

InsertingEq.(6.8)intoEq.(4.10),wetakeelementxxxxof partA of thenonlinearcurrent
density. In theresultwe inserttheexpressionsfor thewave functionandthevectorpo-
tentialin thetwo-dimensionalFourierrepresentation[Eqs.(8.9)and(8.1),respectively].
Thenby useof Eq. (8.2)wefind

JA
xxxx

�
z; �q Y � � � e4

8m2
e
1 2�
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� 2ω
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zJ J � ψ �m � z� ψn

�
z�( Ax

�
zJ J J ; �q J J JY � Ax

�
zJ J ; �q J JY � A�x � zJ ; �q JY � ei 6 �κ P � m̄ 8 �κ P � n̄ 7 � �r � �P ei 6 �κ P � n̄ 8 �κ P � m̄ 7 � �r P ei �q � � �P � �r � � �P ei �q � �P � �r � �P e8 i �q �P � �r �P( δ

� �r � �r J � δ � �r J J � �r J J J � d2qJ J JY d2qJ JY d2qJ Y d3r J J J d3r J J d3r J e8 i �q P � �r P d2r Y[M (A.8)

In this equation,we first solve the integrals K d2r J Y and K d2r J J JY , thereafterthe remain-

ing Cartesianintegrals K d2r J JY and K d2r Y , andfinally replacethe infinite sumsover the

different �κ Y coordinateswith integrals,therebyobtaining
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Of thetwo integralsover theκ Y quantities,we cansolve onebecauseof thecouplingof
theseto thewavevectorsintroducedby theDiracdeltafunctionsappearing.Keepingthe



124 Appendices�κ Y 0 m̄ setwe thussolve theintegralsfor then set.Solvingfor this set,we find that �κ Y 0 n̄ is
replacedby �κ Y 0 m̄ � �q JY5� �q Y , whichgives
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From this we may extract part A of the nonlinearconductivity tensoras definedin
Eq.(8.4)as
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wherewe have omittedthenow superfluousindex m from thesurfacestates�κ Y . Taking
intoaccountthefactthatwelook for thephaseconjugationresponsewerestrictourselves
to thecasewherethepumpfieldsarecounterpropagating, thustaking�A � zJ J J ; �q J J JY ��� �A � zJ J J ; � �k Y � δ � �q J J JY � �k Y � � (A.12)�A � zJ J ; �q J JY ��� �A � zJ J ; �k Y � δ � �q J JY � �k Y � � (A.13)

where�k Y is thecommonwavevectorfor thetwo pumpfields.With thesesubstitutionswe
canperformtheintegralsoverqJ J JY andqJ JY in Eq.(A.10), andtheconservationof pseudo-
momentumis reducedfrom its generaldegeneratefour-wave mixing form, δ

� �q J J JY¢� �q J JY ��q JY � �q Y � , to δ
� �q JY£� �q Y � . This allows usalsoto solve the integral over qJ Y in Eq. (A.10),

andon the form of Eq. (8.8) we canextract thePCDFWM conductivity tensorpartA,
appearingasEq. (8.17).

A.4 Nonlinear processB

InsertingEq. (6.9) into Eq. (4.10), we take elementxxkh of part B of the nonlinear
currentdensity. In theresultwe inserttheexpressionsfor thewave function,thevector
potentialandthetransitioncurrentdensityin thetwo-dimensionalFourierrepresentation
[Eqs.(8.9),(8.1)and(8.14),respectively]. Thenby useof Eq.(8.2)we find
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Solvingfirst theintegral K d2r J Y , thentheintegrals K d2r J J JY , K d2r J JY , and K d2r Y , andfinally

replacingthesumsover the �κ Y quantitieswith integrals,we obtain
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Of thesethreeintegralsover �κ Y , we cansolve two becauseof thecouplingto thewave-
vectorsintroducedby theDirac deltafunctionsappearing.Keepingthe �κ Y 0 m̄ setof sur-
facestates,wethussolve theintegralsfor thev andn sets(in thatorder).Solvingfor the
v set,we find that �κ Y 0 v̄ is replacedby �κ Y 0 m̄ � �q J JY , which thenallows us to solve then set

by replacing�κ Y 0 n̄ by �κ Y 0 m̄ � �q J J JY � �q J JY . Thenwe get
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On theform of Eq. (8.4)we thusgetpartB of theconductivity tensoras
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wherewehaveomittedthenow superfluousindex m from thesurfacestates�κ Y . Looking
for thephaseconjugationresponsethepumpfieldstake theform of Eqs.(A.12)–(A.13),
andintegrationoverqJ J JY andqJ JY in Eq.(A.16) canbeperformed.TherebytheDiracdelta
functionaccountingfor conservation of pseudo-momentumis reducedfrom its general
DFWM form, δ

� �q J J JY � �q J JY � �q JY � �q Y � , to δ
� �q JY � �q Y � . Thusperformingalsothe integral
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over qJ Y , the PCDFWM conductivity tensoron the form of Eq. (8.8) canbe extracted,
andEq.(8.18)appear.

A.5 Nonlinear processC

InsertingEq. (6.10) into Eq. (4.10), we take elementxxxx of part C of the nonlinear
currentdensity. In the resultwe insert the expressionsfor the wave function and the
vectorpotentialin thetwo-dimensionalFourierrepresentation[Eqs.(8.9)and(8.1), re-
spectively]. Thenby useof Eq.(8.2)we find
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Solving first the integrals K d2r J J JY and K d2r J JY , thenthe integrals K d2r J Y and K d2r Y , and

finally replacingthesumover the �κ Y quantitieswith integrals,we get
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Of thetwo integralsover the �κ Y quantities,we cansolve onebecauseof thecouplingto
thewavevectorsintroducedby theDirac deltafunctionsappearing.We aim at keeping
the �κ Y 0 m̄ set,andthuswe solve the integralsfor then set. Solving for this set,we find
that �κ Y 0 n̄ is replacedby �κ Y 0 m̄ � �q J JY � �q Y , thusleadingto theresult
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On theform of Eq. (8.4)we thusgetpartC of theconductivity tensoras
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wherewe have omitted the now superfluousindex m from the surfacestates�κ Y . The
phaseconjugationresponseis foundusingthesameprocedureasbefore,sinceusingthe
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pumpfields definedin Eqs.(A.12)–(A.13)the integralsover qJ J JY andqJ JY in Eq. (A.20)
canbe performed.Then(again)the conservation of pseudo-momentum,δ

� �q J J JY¨� �q J JY ��q JY � �q Y � , is reducedto δ
� �q JY5� �q Y � , andafterintegrationoverqJ Y weobtainon theform of

Eq.(8.8) thePCDFWMconductivity tensorpartC, appearingasEq. (8.19).

A.6 Nonlinear processD

InsertingEq. (6.11) into Eq. (4.10), we take elementxjkx of part D of the nonlinear
currentdensity. In theresultwe inserttheexpressionsfor thewave function,thevector
potentialandthetransitioncurrentdensityin thetwo-dimensionalFourierrepresentation
[Eqs.(8.9),(8.1)and(8.14),respectively]. Thenby useof Eq.(8.2)we find
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Solving in this equationthe integral K d2r J J JY , andthenthe integrals K d2r J JY , K d2r J Y , andK d2r Y weget,afterhaving replacedthesumsoverthevarious�κ Y quantitieswith integrals
asbefore,
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Of the threeintegralsover �κ Y quantities,we cansolve two becauseof the couplingto
thewavevectorsintroducedby theDirac deltafunctionsappearing.We aim at keeping
the �κ Y 0 m̄ set,andthuswe solve theintegralsfor thev andn sets(in thatorder).Solving
for thev set,we find that �κ Y 0 v̄ is replacedby �κ Y 0 m̄ � �q J JY in the first part of the sumand
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by �κ Y 0 m̄ � �q JY in the secondpart of the sum,which thenallows us to solve the n setby

replacing�κ Y 0 n̄ with �κ Y 0 m̄ � �q J JY � �q JY in general,giving theresult
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On theform of Eq. (8.4)we thusgetpartD of theconductivity tensoras
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wherewe have omittedthenow superfluousindex m from thesurfacestates�κ Y . Again,
when looking for the DFWM responsetensorwe insert the pump fields definedin
Eqs.(A.12)–(A.13)andintegrateoverqJ J JY andqJ JY in Eq.(A.24),againreducingtheDirac
delta function accountingfor conservation of pseudo-momentumto δ

� �q JY�� �q Y � . After
integrationover qJ Y andseparationaccordingto Eq. (8.8),Eq.(8.20)appearasthePCD-
FWM conductivity tensorpartD.

A.7 Nonlinear ProcessE

InsertingEq. (6.12) into Eq. (4.10), we take elementi jxx of part E of the nonlinear
currentdensity. In theresultwe inserttheexpressionsfor thewave function,thevector
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potentialandthetransitioncurrentdensityin thetwo-dimensionalFourierrepresentation
[Eqs.(8.9),(8.1)and(8.14),respectively]. Thenby useof Eq.(8.2)we find
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In this equation,we first solve theintegral K d2r J J JY , andthentheintegrals K d2r J JY , K d2r J Y ,
and K d2r Y , which togetherwith replacementof thesumsover thedifferent �κ Y quantities
with integralsyieldstheresult
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Of thethreeintegralsover �κ Y quantities,wecansolve two becauseof thecouplingto the
wavevectorsintroducedby theDirac deltafunctionsappearing.We aim at keepingthe�κ Y 0 m̄ set,andthuswe solve the integralsfor thev andn sets(in thatorder). Solvingfor
thev set,we find that �κ Y 0 v̄ is replacedby �κ Y 0 m̄ � �q J J JY«� �q J JY in thefirst partof thesumand

by �κ Y 0 m̄ � �q JY in the secondpart of the sum,which thenallows us to solve the n setby

replacing�κ Y 0 n̄ with �κ Y 0 m̄ � �q J J JY¢� �q J JY � �q JY in general,giving
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On theform of Eq. (8.4)we thusgetpartE of theconductivity tensoras
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wherewe have omitted the now superfluousindex m from the surfacestates�κ Y . The
PCDFWM responsetensorpart E we find by insertionof the pumpfields definedby
Eqs.(A.12) and(A.13) into Eq. (A.28) andperformthe integralsover qJ J JY andqJ JY , fol-
lowed by integration over qJ Y becauseof the reductionin the Dirac delta function ac-
countingfor conservation of pseudo-momentum.After theseoperations,the resulting
expressionis separatedin theform of Eq.(8.8),andEq.(8.21)is obtained.

A.8 Nonlinear processF

InsertingEq. (6.13) into Eq. (4.10), we take elementixxh of part F of the nonlinear
currentdensity. In theresultwe inserttheexpressionsfor thewave function,thevector
potentialandthetransitioncurrentdensityin thetwo-dimensionalFourierrepresentation
[Eqs.(8.9),(8.1)and(8.14),respectively]. Thenby useof Eq.(8.2)we find
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Solving in this equationfirst the integral K d2r J J JY , andthenthe integrals K d2r J JY , K d2r J Y ,
and K d2r Y , followed by a replacementof the sumsover thevarious �κ Y quantitieswith
integrals,we get
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Of thethreeintegralsover �κ Y quantities,wecansolve two becauseof thecouplingto the
wavevectorsintroducedby theDirac deltafunctionsappearing.We aim at keepingthe�κ Y 0 m̄ set,andthuswe solve the integralsfor thev andn sets(in thatorder). Solvingfor
thev set,we find that �κ Y 0 v̄ is replacedby �κ Y 0 m̄ � �q J J JY � �q JY in thefirst partof thesumand

by �κ Y 0 m̄ � �q J JY in thesecondpartof thesum,whichafterwardsallows usto solve then set

by replacing�κ Y 0 n̄ with �κ Y 0 m̄ � �q J J JY � �q J JY � �q JY in general,giving
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On theform of Eq. (8.4)we thusgetpartF of theconductivity tensoras
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wherewehaveomittedthenow superfluousindex m from thesurfacestates�κ Y . Inserting
theDFWM pumpfieldsdefinedby Eqs.(A.12) and(A.13) into Eq.(A.32), theintegrals
overqJ J JY andqJ JY canbesolved.Theresultingexpressioncanthenbesolvedfor qJ Y for the
samereasonasbefore,andon theform of Eq. (8.8), thePCDFWMconductivity tensor
partF appearsasEq.(8.22).

A.9 Nonlinear processG

InsertingEq. (6.14) into Eq. (4.10), we take elementi jkh of part G of the nonlinear
currentdensity. In theresultwe inserttheexpressionsfor thewave function,thevector
potentialandthetransitioncurrentdensityin thetwo-dimensionalFourierrepresentation
[Eqs.(8.9),(8.1)and(8.14),respectively]. Thenby useof Eq.(8.2)we find
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In the above equation,we may immediatelysolve the integrals K d2r J J JY , K d2r J JY , K d2r J Y ,
and K d2r Y , andby replacingthesumsover the various �κ Y quantitieswith integrals,as
before,we get
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Of thefour integralsover �κ Y quantities,wecansolve threebecauseof thecouplingto the
wavevectorsintroducedby theDirac deltafunctionsappearing.We aim at keepingthe



134 Appendices�κ Y 0 m̄ set,andthuswe solve theintegralsfor the l , v, andn sets.Thus(i), in thefirst part
of thesum,wefind that �κ Y 0 l̄ canbereplacedby �κ Y 0 m̄ � �q J J JY , thenlettingusreplace�κ Y 0 v̄ by�κ Y 0 m̄ � �q J J JY©� �q J JY , whichagainlet usreplace�κ Y 0 n̄ by �κ Y 0 m̄ � �q J J JY©� �q J JY � �q JY . (ii) In thesecond

partof thesum,we find that �κ Y 0 l̄ canbereplacedby �κ Y 0 m̄ � �q J J JY , thenletting us replace�κ Y 0 v̄ by �κ Y 0 m̄ � �q J J JY � �q JY , which againlet us replace�κ Y 0 n̄ by �κ Y 0 m̄ � �q J J JY°� �q J JY � �q JY . (iii) In

the third partof thesum,we find that �κ Y 0 l̄ canbereplacedby �κ Y 0 m̄ � �q JY , thenletting us

replace�κ Y 0 v̄ by �κ Y 0 m̄ � �q J J JY � �q JY , which againlet usreplace�κ Y 0 n̄ by �κ Y 0 m̄ � �q J J JY¨� �q J JY � �q JY .
Finally (iv), weobserve thatthesubstitutionof �κ Y 0 n̄ by �κ Y 0 m̄ � �q J J JY±� �q J JY � �q JY is global,and
we thusgettheresultingcurrentdensityelement
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On theform of Eq. (8.4)we thusgetpartG of theconductivity tensoras
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ω̃nl
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�
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�
z;2�κ Y � �q J J JY � �q J JY � �q JY � δ � �q J J JY � �q J JY � �q JY � �q Y � d2κ Y�� (A.37)

wherewe have omittedthenow superfluousindex m from thesurfacestates�κ Y . As was
thecasewith partsA–F, weareparticularlyinterestedin findingthePCDFWMresponse
tensor, andthuswe inserttheDFWM pumpfieldsgivenby Eqs.(A.12) and(A.13) into
Eq.(A.36). Thisallows usto carryout theintegralsover qJ J JY andqJ JY , consequentallyfol-
lowedby solutionto theintegraloverqJ Y . Theresultingexpressionis thensplit according
to Eq. (8.8),andthePCDFWMconductivity tensorpartG appearasEq.(8.23).



AppendixB

Principalanalyticsolution
to theintegralsover �κ � in thelow temperaturelimit

In thisappendixwediscusstheanalyticsolutionto theintegralsover �κ Y appearingin the
linearandnonlinearconductivity tensor. Thediscussionis limited to cover thelow tem-
peraturelimit, andit is presentedasaprincipalsolutionto all integralsover �κ Y appearing
in Eqs.(8.15)–(8.23).

B.1 General type of integrals

Every integral over �κ Y in boththelinearconductivity tensor, Eqs.(8.15)and(8.16),and
thenonlinearconductivity tensor, Eqs.(8.17)–(8.23),canwhenscatteringtakesplacein
thex-z-planebeexpressedasasumover termsof thegeneraltype¶ β

pq

�
n ��S a U���S b U�� s� � O·O κp

xκq
y fn

� �κ Y � s�ex �
∏β

ķ 1
A akκx � bk

C dκxdκy � (B.1)

wherep � k � β arenonnegative integers,andq is anevennonnegative integer. The func-
tions in generaldependson (i) thequantumnumbern, which is a positive nonzeroin-
teger, (ii) a setof real quantities,S a U � S a1 �#M#M#M_� aβ U appearingin front of the integra-
tion variableκx in the denominator, (iii) a set of complex nonzeroquantities, S b U �S b1 �#M#M#Mz� bβ U apearingastheotherquantityin eachtermof thedenominator, and(iv) the
realquantitys representingthedisplacementof thecenterof theFermi-Diracdistribu-
tion functionfrom

�
κx � κy � � �

0 � 0� . Thequantitys togetherwith eachelementin thesetS a U is in generala functionof theparallelcomponentsof theprobeandpumpwavevec-
tors, �q Y and�k Y . Eachelementin theset S b U is furthermorea functionof τ, therelaxation
time.

In thelow temperaturelimit theFermi-Diracdistribution functionis zerooutsidethe
Fermisphereandequalto oneinside,andit is thereforeadvantageousto shift κx by � s,
followed by a one-to-onemappingof the x-y-planeinto polar coordinates(r-θ-plane).
Using in this way κx

� r cosθ, κy
� r sinθ, and thus dκxdκy

� rdθdr, the indefinite
integral in Eq. (B.1) is turnedinto thedefiniteintegral¶ β

pq
�
n ��S a U���S b U�� s� � O α 6 n7

0 O 2π

0

r
�
r cosθ � s� p � r sinθ � q

∏β
k ¸ 1

A ak
�
r cosθ � s�;� bk

C dθdr M (B.2)
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FigureB.1: Distribution of theelementsof thenonlinearconductivity tensorin termsof p and
q. In oneelement( Â ) thetermsappearwith � p Ã q���®� 0 Ã 0� . In six elements( Ä ) thetermsappear
with � p Ã q�Z�Å� 0 Ã 2� . In oneelement( Æ ) the termsappearwith � p Ã q���¥� 0 Ã 4� . In four elements
( Ç ) thetermsappearwith � p Ã q�ZÈÊÉv� 1 Ã 0�#ÃË� 0 Ã 0�#Ì . In twelve elements( Í ) thetermsappearwith� p Ã q�ZÈÊÉ�� 1 Ã 2�zÃÎ� 0 Ã 2��Ì . In six elements( Ï ) thetermsappearwith � p Ã q��ÈÊÉv� 2 Ã 0�#ÃÎ� 1 Ã 0�#ÃË� 0 Ã 0�#Ì .
In six elements( � ) thetermsappearwith � p Ã q�@ÈÐÉv� 2 Ã 2�#ÃË� 1 Ã 2�zÃÎ� 0 Ã 2��Ì . In four elements( Ñ ) the
termsappearwith � p Ã q��È©Év� 3 Ã 0�#ÃË� 2 Ã 0�zÃÎ� 1 Ã 0�#ÃË� 0 Ã 0�#Ì . Thefinal element( Ò ) the termsappear
with � p Ã q��Év� 4 Ã 0�#ÃË� 3 Ã 0�zÃÎ� 2 Ã 0�#ÃË� 1 Ã 0�zÃÎ� 0 Ã 0��Ì . Elementslabelledwith a ‘ Ó ’ arezero.

Thequantityα Ô nÕ�ÖØ× k2
F Ù Ô πn̂ d Õ 2 is theradiusof the(two-dimensional)Fermicircle

for staten, givenby Eq.(D.20).TheFermiwavenumberkF obeystherelationkF Ú πn̂ d,
sincetheFermi-Diracdistribution functionis zerofor kF Û πn̂ d, andthusin thatcase
theintegral wouldvanish.

B.2 Specificintegrals to besolved

The necessarycombinationsof p andq in Eq. (B.2) to be calculatedin orderto solve
the integralsover Üκ Y in the nonlinearconductivity tensoraresummarizedin Fig. B.1.
From Fig. B.1 we observe that a total of nine differentcombinationsof p andq need
to becalculated,namelywhen Ô p Ý qÕ takesthevalues Ô 0 Ý 0Õ , Ô 0 Ý 2Õ , Ô 0 Ý 4Õ , Ô 1 Ý 0Õ , Ô 1 Ý 2Õ ,Ô 2 Ý 0Õ , Ô 2 Ý 2Õ , Ô 3 Ý 0Õ , or Ô 4 Ý 0Õ , andit is seenfrom Eqs.(8.15)–(8.23)thatβ cantake the
valuesβ Þ¨ß 1 Ý 2 Ý 3 à . However, thecomplexity of thetotal solutioncanbereduced,since
functionswith β Ö 2 canbeexpressedin termsof functionswith β Ö 1 in thefollowing
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way¶ 2
pq Ô n Ý a1 Ý a2 Ý b1 Ý b2 Ý sÕ�Ö a1

¶ 1
pq Ô n Ý a1 Ý b1 Ý sÕ Ù a2

¶ 1
pq Ô n Ý a2 Ý b2 Ý sÕ

a1b2 Ù a2b1
Ý (B.3)

ak áÖ 0 Ý k Þâß 1 Ý 2 à . In a similar fashion,thefunctionswith β Ö 3 canbewritten in terms
of functionswith β Ö 1, namely¶ 3

pq Ô n Ý a1 Ý a2 Ý a3 Ý b1 Ý b2 Ý b3 Ý sÕ�Ö a2
1
¶ 1

pq Ô n Ý a1 Ý b1 Ý sÕÔ a2b1 Ù b2a1 Õ�Ô a3b1 Ù b3a1 Õã a2
2
¶ 1

pq Ô n Ý a2 Ý b2 Ý sÕÔ a2b1 Ù b2a1 Õ�Ô a3b2 Ù b3a2 Õ ã a2
3
¶ 1

pq Ô n Ý a3 Ý b3 Ý sÕÔ a3b1 Ù b3a1 Õ�Ô a3b2 Ù b3a2 Õ Ý (B.4)

providedak áÖ 0, k Þ¨ß 1 Ý 2 Ý 3 à . If any ak, for instancea1, becomeszero,weobserve from
Eq. (B.2) that the orderof the denominatorbecomessmallerby one. This implies in
Eq. (B.3) that

¶ 2
pq Ô n Ý 0 Ý a2 Ý b1 Ý b2 Ý sÕ�Ö ¶ 1

pq Ô n Ý a2 Ý b2 Ý sÕ#^ b1. Thesimilar conclusionwith
respectto Eq.(B.4) is

¶ 3
pq Ô n Ý 0 Ý a2 Ý a3 Ý b1 Ý b2 Ý b3 Ý sÕ$Ö ¶ 2

pq Ô n Ý a2 Ý a3 Ý b2 Ý b3 Ý sÕ#^ b1. A corre-
spondingreductionappliesfor any otherak Ö 0 in Eqs.(B.3) and(B.4).

As a consequenceof Eqs. (B.3) and (B.4), the integrals appearingin Eqs. (8.15)–
(8.23)cannow bewritten in termsof functionsof thetype¶ 1

pq Ô n Ý a Ý b Ý sÕ.Öåä α æ nç
0

ä 2π

0

r Ô r cosθ Ù sÕ p Ô r sinθ Õ q
b Ù as

ã
arcosθ

dθdr Ý (B.5)

droppingthenow superfluousindex ona andb. Sincethefollowing treatmentis aformal
solutionof Eq.(B.5), we will alsodropthereferenceto n for brevity, letting α � α Ô nÕ .
B.3 Solution whena è 0

Beforecarryingonwith thesolutionto Eq.(B.5) in theappropriatecases,wetakea look
at it in thecasewherea Ö 0 (aswouldbethecasein thelocal limit, for example).Then
theonly termleft in thedenominatorisb, whichisconstantwith respectto theintegration
variables.Thesolutionto theremainingthusbecomestrivial, with theresults¶ 1

00 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0
rdθdr Ö πα2

b
Ý (B.6)¶ 1

02 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0
r3 sin2 θdθdr Ö πα4

4b
Ý (B.7)¶ 1

04 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0
r5 sin4 θdθdr Ö πα6

8b
Ý (B.8)¶ 1

10 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0 é r2 cosθ Ù rsê dθdr Ö Ù πsα2

b
Ý (B.9)¶ 1

12 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0 é r4 cosθsin2θ Ù r3ssin2θ ê dθdr Ö Ù πsα4

4b
Ý (B.10)



140 Appendices¶ 1
20 Ô n Ý 0 Ý b Ý sÕ.Ö 2

b
ä α

0
ä π

0 é r3 cos2 θ ã rs2 Ù 2sr2 cosθ ê dθdr Ö πα4

4b
ã πs2α2

b
Ý (B.11)¶ 1

22 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0 é r5 cos2 θsin2 θ ã r3s2 sin2θ Ù 2r4scosθsin2θ ê dθdrÖ πα6

24b
ã πs2α4

4b
Ý (B.12)¶ 1

30 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0 é r4 cos3 θ Ù 3r3scos2θ ã 3r2s2 cosθ Ù rs3 ê dθdrÖ Ù 3πsα4

4b Ù πs3α2

b
Ý (B.13)¶ 1

40 Ô n Ý 0 Ý b Ý sÕ.Ö 2
b
ä α

0
ä π

0 é r5 cos4 θ Ù 4r4scos3θ ã 6r3s2 cos2θ Ù 4r2s3 cosθã
rs4 ê dθdr Ö πα6

8b
ã 3πs2α4

2b
ã πs4α2

b
Ý (B.14)

wherewehavemadeuseof thefactsthat(i) q is aneveninteger, and(ii) cosθ andsin2θ
aresymmetricaroundθ Ö π in solvingtheangularintegrals.

B.4 General solution

Whena áÖ 0, we have to considerthe full solution to Eq. (B.5) for the nine different
combinationsof p andq we need.To solve Eq. (B.5), let usmake thesubstitutions

η � b Ù as
aα

Ý r � αu Ý (B.15)

giving dr Ö αdu. TherebyEq.(B.5) is turnedinto theninefunctions¶ 1
00 Ô n Ý a Ý b Ý sÕ.Ö α

a
ä 1

0
ä 2π

0

u
η ã ucosθ

dθdu Ý (B.16)¶ 1
02 Ô n Ý a Ý b Ý sÕ.Ö α3

a
ä 1

0
ä 2π

0 ` u3

η ã ucosθ Ù u3 cos2θ
η ã ucosθ b dθdu Ý (B.17)¶ 1

04 Ô n Ý a Ý b Ý sÕ.Ö α5

a
ä 1

0
ä 2π

0 ` u5

η ã ucosθ Ù 2u5 cos2θ
η ã ucosθ

ã u5 cos4θ
η ã ucosθ b dθdu Ý (B.18)¶ 1

10 Ô n Ý a Ý b Ý sÕ.Ö α2

a
ä 1

0
ä 2π

0 ` u2 cosθ
η ã ucosθ Ù s

α
u

η ã ucosθ b dθdu Ý (B.19)¶ 1
12 Ô n Ý a Ý b Ý sÕ.Ö α4

a
ä 1

0
ä 2π

0 ` u4 cosθ
η ã ucosθ Ù u4 cos3θ

η ã ucosθ Ù s
α

u3

η ã ucosθã s
α

u3 cos2 θ
η ã ucosθ b dθdu Ý (B.20)¶ 1

20 Ô n Ý a Ý b Ý sÕ.Ö α3

a
ä 1

0
ä 2π

0 ` u3 cos2 θ
η ã ucosθ Ù 2s

α
u2 cosθ

η ã ucosθ
ã s2

α2

u
η ã ucosθ b dθdu Ý
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(B.21)¶ 1
22 Ô n Ý a Ý b Ý sÕ.Ö α5

a
ä 1

0
ä 2π

0 ` u5 cos2 θ
η ã ucosθ Ù u5 cos4θ

η ã ucosθ Ù 2s
α

u4 cosθ
η ã ucosθã 2s

α
u4 cos3θ

η ã ucosθ
ã s2

α2

u3

η ã ucosθ Ù s2

α2

u3 cos2 θ
η ã ucosθ b dθdu Ý (B.22)¶ 1

30 Ô n Ý a Ý b Ý sÕ.Ö α4

a
ä 1

0
ä 2π

0 ` u4 cos3 θ
η ã ucosθ Ù 3s

α
u3 cos2θ

η ã ucosθ
ã 3s2

α2

u2 cosθ
η ã ucosθÙ s3

α3

u
η ã ucosθ b dθdu Ý (B.23)¶ 1

40 Ô n Ý a Ý b Ý sÕ.Ö α5

a
ä 1

0
ä 2π

0 ` u5 cos4 θ
η ã ucosθ Ù 4s

α
u4 cos3θ

η ã ucosθ
ã 6s2

α2

u3 cos2 θ
η ã ucosθÙ 4s3

α3

u2 cosθ
η ã ucosθ

ã s4

α4

u
η ã ucosθ b dθdu Ý (B.24)

wherewehave madeuseof therelations

sin2θ Ö 1 Ù cos2θ Ý (B.25)

cosθsin2θ Ö cosθ Ù cos3θ Ý (B.26)

cos2 θsin2θ Ö cos2 θ Ù cos4 θ Ý (B.27)

sin4θ Ö 1 Ù 2cos2 θ ã cos4 θ ë (B.28)

B.4.1 Solution to the angular integrals

Next, to carryout theangularintegrals,we put

t Ö eiθ (B.29)

sothattheseintegralsbecomeä 2π

0

coshθ
η ã ucosθ

dθ Ö 1
2hiu ì Ô 1 ã t2 Õ h

th Ô t Ù t í�Õ�Ô t Ù t î$Õ dt Ý (B.30)

whereh Þïß 0 Ý 1 Ý 2 Ý 3 Ý 4à . In Eq.(B.30),thepolesat t ð in thet-planearelocatedat

t ð Ö Ù η
u ñÅò ó η

u ô 2 Ù 1 Ý (B.31)

andtheintegrationrunsalongtheunit circle. Sincewehave t í t î Ö 1, oneof thesepoles
is insidethe unit circle while theotheris outside.Whenh Ú 0 therearean additional
poleof orderh at t Ö 0. Usingtheunit circlesshown in Fig. B.2 astheintegrationpaths,
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FigureB.2: Thepolesappearingin thecomplex t-planein Eq.(B.30)areof order1 at t ö andof
orderh at t ÷ 0, asshown to theleft. To theright is shown thespecialcasewhereh ÷ 0 andthe
poleat t ÷ 0 vanishes.Theclosedcontourshown in eachdiagramis theintegrationpathused.

we find by a residuecalculationä 2π

0

1
η ã ucosθ

dθ Ö 2πø
η2 Ù u2

Ý (B.32)ä 2π

0

cosθ
η ã ucosθ

dθ Ö 2π
u ù 1 Ù ηø

η2 Ù u2 ú Ý (B.33)ä 2π

0

cos2θ
η ã ucosθ

dθ Ö 2πη
u2 ù ηø

η2 Ù u2 Ù 1ú Ý (B.34)ä 2π

0

cos3θ
η ã ucosθ

dθ Ö π
u
ã 2πη2

u3 ù 1 Ù ηø
η2 Ù u2 ú Ý (B.35)ä 2π

0

cos4θ
η ã ucosθ

dθ Ö 2πη3

u4 ù ηø
η2 Ù u2 Ù 1ú Ù πη

u2 ë (B.36)

Insertingtheseresultsinto Eqs.(B.16)–(B.17),we getû 1
00 Ô n Ý a Ý b Ý sÕ.Ö 2πα

a
ä 1

0

uø
η2 Ù u2

du Ý (B.37)û 1
02 Ô n Ý a Ý b Ý sÕ.Ö 2πα3

a
ä 1

0 ù u3ø
η2 Ù u2 Ù η2uø

η2 Ù u2

ã ηuú du Ý (B.38)û 1
04 Ô n Ý a Ý b Ý sÕ.Ö πα5

a
ä 1

0 ù 2u5ø
η2 Ù u2 Ù 4η2u3ø

η2 Ù u2

ã 2η4uø
η2 Ù u2

ã
3ηu3 Ù 2η3uú du Ý

(B.39)û 1
10 Ô n Ý a Ý b Ý sÕ.Ö 2πα2

a
ä 1

0 ù u Ù ó η ã s
α ô uø

η2 Ù u2 ú du Ý (B.40)û 1
12 Ô n Ý a Ý b Ý sÕ.Ö πα4

a
ä 1

0 ù u3 Ùýü 2η2 ã 2sη
α þ u ÙØü 2η ã 2s

α þ u3ø
η2 Ù u2
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α þ uø
η2 Ù u2 ú du Ý (B.41)û 1

20 Ô n Ý a Ý b Ý sÕ.Ö 2πα3

a
ä 1

0 ù ü η2 ã 2sη
α

ã s2

α2 þ uø
η2 Ù u2 Ù ü η ã 2s

α þ uú du Ý (B.42)û 1
22 Ô n Ý a Ý b Ý sÕ.Ö πα5

a
ä 1

0 ù ü 2η2 ã 4ηs
α

ã 2s2

α2 þ u3ø
η2 Ù u2 Ù ü η ã 2s

α þ u3Ù ü 2η4 ã 4η3s
α

ã 2η2s2

α2 þ uø
η2 Ù u2

ã ü 2η3 ã 4sη2

α
ã 2s2η

α2 þ uú du Ý (B.43)û 1
30 Ô n Ý a Ý b Ý sÕ.Ö πα4

a
ä 1

0 � u3 ã ü 2η2 ã 6sη
α

ã 6s2

α2 þ uÙ ü 2η3 ã 6sη2

α
ã 6s2η

α2
ã 2s3

α3 þ uø
η2 Ù u2 ú du Ý (B.44)û 1

40 Ô n Ý a Ý b Ý sÕ.Ö πα5

a
ä 1

0 ù ü 2η4 ã 8sη3

α
ã 12s2η2

α2
ã 8s3η

α3
ã 2s4

α4 þ uø
η2 Ù u2Ù ü η ã 4s

α þ u3 Ùýü 2η3 ã 8sη2

α
ã 12s2η

α2
ã 8s3

α3 þ u� du ë (B.45)

B.4.2 Solution to the radial integrals

This resultleavesuswith radialintegralsof thetypeä 1

0

uhø
η2 Ù u2

du Ý h Þoß 1 Ý 3 Ý 5 à�Ý (B.46)

apartfrom thetrivial un-typeof integrals.Thethreeintegralsin Eq.(B.46)canbefound
for examplein Gradshteyn andRyzhik(1994)asEqs.(2.271.7),(2.272.7),and(2.273.8),
whichby insertionof u andη becomesä uø

η2 Ù u2
du Ö Ù ø η2 Ù u2 Ý (B.47)ä u3ø

η2 Ù u2
du Ö Ù 1

3 � u2 ã 2η2 � ø η2 Ù u2 Ý (B.48)ä u5ø
η2 Ù u2

du Ö Ù 1
15 � 3u4 ã 8η4 ã 4u2η2 � ø η2 Ù u2 Ý (B.49)

in thatorder, verifiedby differentiation,andaftercorrectionof themisprintappearingin
Eq.(2.273.8).By insertionof thelimits we getä 1

0

uø
η2 Ù u2

du Ö η Ù ø η2 Ù 1 Ý (B.50)
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0

u3ø
η2 Ù u2

du Ö 2η3

3 Ù 1
ã

2η2

3

ø
η2 Ù 1 Ý (B.51)ä 1

0

u5ø
η2 Ù u2

du Ö 8
15

η5 Ù 1
15 � 3 ã 8η4 ã 4η2 � ø η2 Ù 1 ë (B.52)

By insertionof Eqs.(B.50)–(B.52)into Eqs.(B.37)–(B.45)andsolving the trivial un-
typeof integrals,theresultingexpressionsfor theninedifferentcasesof Eq. (B.5) thus
becomeû 1

00 Ô n Ý a Ý b Ý sÕ.Ö 2πα
a � η Ù ø η2 Ù 1� Ý (B.53)û 1

02 Ô n Ý a Ý b Ý sÕ.Ö 2πα3

a � η2 Ù 1
3

ø
η2 Ù 1 Ù η3

3
ã η

2
� Ý (B.54)û 1

04 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � ü 4
5

η2 Ù 2
5

η4 Ù 2
5 þ ø η2 Ù 1

ã 2
5

η5 Ù η3 ã 3
4

η � (B.55)û 1
10 Ô n Ý a Ý b Ý sÕ.Ö 2πα2

a � 12 Ù ó η ã s
α ô«ó η Ù ø η2 Ù 1ô �³Ý (B.56)û 1

12 Ô n Ý a Ý b Ý sÕ.Ö πα4

a � ü 2s
3α

ã 2
3

η Ù 2s
3α

η2 Ù 2
3

η3 þ ø η2 Ù 1
ã 2

3
η4 ã 2s

3α
η3Ù η2 Ù s

α
η ã 1

4
�²Ý (B.57)û 1

20 Ô n Ý a Ý b Ý sÕ.Ö 2πα3

a � ü η2 ã 2sη
α

ã s2

α2 þ ó η Ù ø η2 Ù 1ô Ù 1
2 ü η ã 2s

α þ � Ý (B.58)û 1
22 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � ü 2
3

η4 ã 4s
3α

η3 ã ü 2s2

3α2 Ù 2
3 þ η2 Ù 4s

3α
η Ù 2s2

3α2 þ ø η2 Ù 1Ù 2
3

η5 Ù 4s
3α

η4 ã ü 1 Ù 2s2

3α2 þ η3 ã 2s
α

η2 ã ü s2

α2 Ù 1
4 þ η Ù s

2α
� Ý (B.59)û 1

30 Ô n Ý a Ý b Ý sÕ.Ö πα4

a � 14 ã 1
2 ü 2η2 ã 6sη

α
ã 6s2

α2 þÙ ü 2η3 ã 6sη2

α
ã 6s2η

α2
ã 2s3

α3 þ ó η Ù ø η2 Ù 1ô � Ý (B.60)û 1
40 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � ü 2η4 ã 8sη3

α
ã 12s2η2

α2
ã 8s3η

α3
ã 2s4

α4 þ ó η Ù ø η2 Ù 1ôÙ 1
4 ü η ã 4s

α þ Ù 1
2 ü 2η3 ã 8sη2

α
ã 12s2η

α2
ã 8s3

α3 þ � ë (B.61)
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B.5 Verification

In orderto verify the result,we take the limit wherea � 0, we usethebinomialseries
expansionø

η2 Ù 1 Ö η Ù 1
2η Ù ∞

∑
n� 2

Ô 2n Ù 3Õ !!Ô 2nÕ !!η2nî 1Ö η Ù 1
2η Ù 1

8η3 Ù 1
16η5 Ù 5

128η7 Ù 7
256η9 Ù 21

1024η11 Ù 33
2048η13Ù 429

32768η15 Ù 715
65536η17 Ù ë#ë#ë#Ý (B.62)

where ‘x!!’ is the ‘double factorial’ operatortaken for the integer x, given by x!! �
x Ô x Ù 2Õ�Ô x Ù 4Õ��	�	��Ô x Ù k Õ for x Ú k. Thusby insertionof Eq. (B.62) into Eqs.(B.53)–
(B.61)we getfor smallvaluesof aû 1

00 Ô n Ý a Ý b Ý sÕ.Ö 2πα
a � 1

2η
ã 1

8η3
ã 1

16η5
ã 5

128η7
ã �	�	� �³Ý (B.63)û 1

02 Ô n Ý a Ý b Ý sÕ.Ö 2πα3

a � 1
8η

ã 1
48η3

ã 3
384η5

ã 3
768η7

ã �	�	� � Ý (B.64)û 1
04 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � 1
8η

ã 1
320η3

ã 19
640η5

ã 21
2560η7

ã �	�	� � (B.65)û 1
10 Ô n Ý a Ý b Ý sÕ.Ö Ù 2πα2

a � s
2αη

ã 1
8η2

ã s
8αη3

ã 1
16η4

ã �	�	� � Ý (B.66)û 1
12 Ô n Ý a Ý b Ý sÕ.Ö Ù πα4

a � s
4αη

ã 1
24η2

ã s
24αη3

ã 3
192η4

ã �	�	� �²Ý (B.67)û 1
20 Ô n Ý a Ý b Ý sÕ.Ö 2πα3

a � ü s2

2α2
ã 1

8 þ 1
η
ã s

4αη2
ã ü s2

8α2
ã 1

16 þ 1
η3
ã s

8αη4
ã �	�	� � Ý

(B.68)û 1
22 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � ü s2

4α2
ã 1

24þ 1
η
ã s

12αη2
ã ü s2

24α2
ã 7

192þ 1
η3
ã 7s

96αη4
ã �	�	� �ZÝ
(B.69)û 1

30 Ô n Ý a Ý b Ý sÕ.Ö Ù πα4

a � ü s3

α3
ã 3s

4α þ 1
η
ã ü 3s2

4α2
ã 1

8 þ 1
η2
ã ü s3

4α3
ã 3s

8α þ 1
η3ã ü 3s2

8α2
ã 5

64 þ 1
η4
ã �	�	� � Ý (B.70)û 1

40 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � ü s4

α4
ã 3s2

2α2
ã 1

8 þ 1
η
ã ü s3

α3
ã s

2α þ 1
η2ã ü s4

4α4
ã 3s2

4α2
ã 5

64 þ 1
η3
ã ü s3

2α3
ã 5s

16α þ 1
η4
ã �	�	� � Ý (B.71)

which by insertionof η Ö Ô b Ù asÕ	
£Ô aα Õ andsubsequentlyletting a Ö 0 reducesto the
resultsof Eqs.(B.6)–(B.14).
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B.6 Result

In termsof the original a and b quantities,the resultingexpressionsfor the specific
integralsare:û 1

00 Ô n Ý a Ý b Ý sÕ.Ö 2π
a2 � b Ù as Ù × Ô b Ù asÕ 2 Ù a2α2 � Ý (B.72)û 1

02 Ô n Ý a Ý b Ý sÕ.Ö 2π
3a4 ��� Ô b Ù asÕ 2 Ù α2a2  3

2 Ù Ô b Ù asÕ 3 ã 3
2

α2a2 Ô b Ù asÕ��³ë (B.73)û 1
04 Ô n Ý a Ý b Ý sÕ.Ö 2π

5a6 � Ô b Ù asÕ 5 Ù 5
2

a2α2 Ô b Ù asÕ 3 ã 15
8

a4α4 Ô b Ù asÕÙ � Ô b Ù asÕ 2 Ù a2α2  5
2 � (B.74)û 1

10 Ô n Ý a Ý b Ý sÕ.Ö 2πα2

a � 12 Ù b
a2α2 ü b Ù as Ù × Ô b Ù asÕ 2 Ù a2α2 þ �²Ý (B.75)û 1

12 Ô n Ý a Ý b Ý sÕ.Ö π
a5 � 14a4α4 Ù b � a2α2 Ô b Ù asÕ Ù 2 Ô b Ù asÕ 2 Ù 2b

3 � Ô b Ù asÕ 2 Ù a2α2  3
2 � (B.76)û 1

20 Ô n Ý a Ý b Ý sÕ.Ö 2π
a4 � b2 ü b Ù as Ù × Ô b Ù asÕ 2 Ù a2α2 þ Ù 1

2
a2α2 Ô b ã asÕ�� Ý (B.77)û 1

22 Ô n Ý a Ý b Ý sÕ.Ö 2π
3a6 � b2 ü 6a2α2 Ô b Ù asÕ Ù 4aα Ô b Ù asÕ 3 ã � Ô b Ù asÕ 2 Ù a2α2  3

2 þÙ 3
8

a4α4 Ô b ã asÕ � (B.78)û 1
30 Ô n Ý a Ý b Ý sÕ.Ö πα4

a � 14 ã Ô b ã asÕ 2
a2α2 Ù 2b3

a4α4 ü b Ù as Ù × Ô b Ù asÕ 2 Ù a2α2 þ �³Ý (B.79)û 1
40 Ô n Ý a Ý b Ý sÕ.Ö πα5

a � 2b4

a5α5 ü b Ù as Ù × Ô b Ù asÕ 2 Ù a2α2 þ Ù b
4aα Ù b3

a3α3Ù s
α ü 3

4
ã Ô b ã asÕ 2

a2α2 þ � ë (B.80)

Using Eqs. (B.72)–(B.80)togetherwith Eqs. (B.3) and (B.4) when they are needed,
thesolutionto theintegralsappearingin Eqs.(8.15)–(8.23),(10.5),(10.6),(10.13),and
(14.11)–(14.14)areobtainedin astraightforwardmanner. They canbefoundondetailed
form in AppendixC.



AppendixC

Analytic solutionto theintegralsover �κ � appearingin the
conductivity tensorswhenscatteringtakesplacein thex-z-plane

Takingacloselookattheexpressionsfor thedifferentnonlinearconductivity tensorparts
in Eqs.(8.17)–(8.23)we observe by insertionof thetransitioncurrentdensitygivenby
Eq. (8.14) that they canbe separatedinto two independentparts. One of theseparts
dependssolely on Üκ ÿ and the other part dependsonly on z. In the remainingof this
Appendixthey will bedenotedby ξ and � , respectively. Thequantityξ canbesolved
accordingto the solution schemegiven in AppendixB, and the explicit solutionwill
thereforein the following be given in termsof the functionssolved in Appendix B.
Furthermoreit is possibleto split the z-dependentpart into independentfunctionsof
eachz-coordinate.Sincethez-dependenceinvolvesonly thewave functions,we define
thefollowing threenew quantities� x

nm � z����� y
nm � z��� ψ �m � z� ψn � z�[Ý (C.1)� z

nm � z��� ψ �m � z� ∂ψn � z�
∂z Ù ψn � z� ∂ψ �m � z�

∂z
Ý (C.2)

in orderto reducetheexpressionsin thefollowing.
As the first stepin preparingthe solutionsto the integrals over Üκ ÿ we identify the

transitionfrequenciesoccuringin thenonlinearconductivity tensorparts.Eachof these
transitionfrequenciescanongeneralform bewritten

ωnm � Üκ ÿ ã Üβ Ý Üκ ÿ ã Üγ ��� 1� � εn Ù εm
ã �

2

2me � 2κx � βx Ù γx � ã β2
x Ù γ2

x
 � ë (C.3)

Looking at Eqs.(8.17)–(8.23),we observe that thefollowing transitionfrequenciesap-
pearin thenonlinearconductivity tensor:

ωnm � Üκ ÿ[ÝIÜκ ÿ	��� ωnm � Üκ ÿ ã Üq ÿ_ÝIÜκ ÿ ã Üq ÿ	��� 1���
εn Ù εm� Ý (C.4)

ωnm � Üκ ÿ ã Ük ÿ_ÝIÜκ ÿ	��� 1� � εn Ù εm
ã �

2kx

2me
� 2κx

ã
kx ���²Ý (C.5)

ωnm � Üκ ÿ�Ý Üκ ÿ ã Ük ÿ	��� 1� � εn Ù εm Ù �
2kx

2me
� 2κx

ã
kx � � Ý (C.6)

ωnm � Üκ ÿ Ù Ük ÿ_Ý Üκ ÿ	��� 1� � εn Ù εm
ã �

2kx

2me
� kx Ù 2κx � � Ý (C.7)
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ωnm � Üκ ÿ�Ý Üκ ÿ Ù Ük ÿ	��� 1� � εn Ù εm
ã �

2kx

2me
� 2κx Ù kx � � Ý (C.8)

ωnm � Üκ ÿ ã Üq ÿ[ÝIÜκ ÿ	��� 1� � εn Ù εm
ã �

2qx

2me
� 2κx

ã
qx ���²Ý (C.9)

ωnm � Üκ ÿ ã Üq ÿ[Ý Üκ ÿ ã Ük ÿ	��� 1� � εn Ù εm
ã �

2

2me � 2κx � qx Ù kx � ã q2
x Ù k2

x
 � Ý (C.10)

ωnm � Üκ ÿ ã Üq ÿ[Ý Üκ ÿ Ù Ük ÿ	��� 1� � εn Ù εm
ã �

2

2me � 2κx � qx
ã

kx � ã q2
x Ù k2

x
 � Ý (C.11)

ωnm � Üκ ÿ Ù Ük ÿ ã Üq ÿ[ÝIÜκ ÿ	��� 1� � εn Ù εm
ã �

2

2me
� qx Ù kx � � 2κx

ã � qx Ù kx �	���²Ý (C.12)

ωnm � Üκ ÿ ã Ük ÿ ã Üq ÿ[ÝIÜκ ÿ	��� 1� � εn Ù εm
ã �

2

2me
� qx

ã
kx � � 2κx

ã � qx
ã

kx �	� � Ý (C.13)

ωnm � Üκ ÿ ã Ük ÿ ã Üq ÿ[Ý Üκ ÿ ã Ük ÿ	��� 1� � εn Ù εm
ã �

2qx

2me
� 2κx

ã
qx
ã

2kx � � Ý (C.14)

ωnm � Üκ ÿ ã Ük ÿ ã Üq ÿ[Ý Üκ ÿ ã Üq ÿ	��� 1� � εn Ù εm
ã �

2kx

2me
� 2κx

ã
kx
ã

2qx ���²Ý (C.15)

ωnm � Üκ ÿ ã Üq ÿ[Ý Üκ ÿ Ù Ük ÿ ã Üq ÿ	��� 1� � εn Ù εm
ã �

2kx

2me
� 2κx

ã
2qx Ù kx ���²Ý (C.16)

ωnm � Üκ ÿ Ù Ük ÿ ã Üq ÿ[Ý Üκ ÿ Ù Ük ÿ	��� 1� � εn Ù εm
ã �

2qx

2me
� 2κx

ã
qx Ù 2kx � � Ý (C.17)

ωnm � Üκ ÿ Ù Ük ÿ ã Üq ÿ[Ý Üκ ÿ ã Üq ÿ	��� 1� � εn Ù εm
ã �

2kx

2me
� kx Ù 2qx Ù 2κx � � ë (C.18)

Weobserve from Eqs.(8.17)–(8.23)thatthesetransitionfrequenciesgivesriseto anum-
berof differenta andb coefficients,which we will usein the latersectionsof this Ap-
pendix.It turnsoutthatthereareatotalof four differenta’sandthirteendifferentb’s. To
presentanoverview andfor thesakeof easyreferencethey areall listedtogetherbelow,
viz.

a1 � �
kx

me
Ý (C.19)

a2 � �
qx

me
Ý (C.20)

a3 � �
me

� qx
ã

kx �[Ý (C.21)

a4 � �
me

� qx Ù kx �[Ý (C.22)

b1
nm � 1� � εn Ù εm � ã �

k2
x

2me
Ù ω Ù iτ î 1

nm Ý (C.23)

b2
nm � 1� � εn Ù εm � Ù �

k2
x

2me
Ù ω Ù iτ î 1

nm Ý (C.24)



AppendixC: Analytic solutionto theintegralsover Üκ ÿ 149

b3
nm � 1� � εn Ù εm � ã �

q2
x

2me

ã ω Ù iτ î 1
nm Ý (C.25)

b4
nm � 1� � εn Ù εm � ã �

q2
x

2me
Ù ω Ù iτ î 1

nm Ý (C.26)

b5
nm � 1� � εn Ù εm � ã �

2me
� qx Ù kx � 2 Ù iτ î 1

nm Ý (C.27)

b6
nm � 1� � εn Ù εm � Ù �

2me
� qx Ù kx � 2 Ù iτ î 1

nm Ý (C.28)

b7
nm � 1� � εn Ù εm � ã �

2me
� qx

ã
kx � 2 Ù iτ î 1

nm Ý (C.29)

b8
nm � 1� � εn Ù εm � ã �

2me
� q2

x Ù k2
x � Ù iτ î 1

nm Ý (C.30)

b9
nm � 1� � εn Ù εm � ã �

qx

2me
� qx

ã
2kx � ã ω Ù iτ î 1

nm Ý (C.31)

b10
nm � 1� � εn Ù εm � ã �

kx

2me
� kx
ã

2qx � Ù ω Ù iτ î 1
nm Ý (C.32)

b11
nm � 1� � εn Ù εm � ã �

qx

2me
� qx Ù 2kx � ã ω Ù iτ î 1

nm Ý (C.33)

b12
nm � 1� � εn Ù εm � ã �

kx

2me
� 2qx Ù kx � Ù ω Ù iτ î 1

nm Ý (C.34)

b13
nm � 1� � εn Ù εm � ã �

kx

2me
� kx Ù 2qx � Ù ω Ù iτ î 1

nm ë (C.35)

C.1 Nonlinear processA

Startingwith thepureinterbandtermin Eq. (8.17)we separatethez-dependentandtheÜκ ÿ -dependentpartsin thefollowing way:

ΞA
xxxx� zÝ z�\Ý z� �¬Ý z� � � ; Üq ÿ�Ý Ük ÿ �!� 2� iω � 3 ∑

nm
� A

nm � zÝ z�\Ý z� ��Ý z� � �"� ξA
nmÝ (C.36)

wheretheindiceson thequantities� andξ follows theindicesof thequantumnumbers
in thesum.Thez-dependentpartabove is� A

nm � zÝ z� Ý z� � Ý z� � � �!�#� x
mn � z� � �$� x

nm � z� δ � z Ù z� � δ � z� � Ù z� � � �[Ý (C.37)

andthesolutionto theintegral over Üκ ÿ in thelow-temperaturelimit

ξA
nm � Ù e4

32πm2
e

� α2
n Ù α2

m� εn Ù εm�	
 � Ù 2ω Ù iτ î 1
nm

(C.38)

readilyappearsby useof Eq. (C.178),sinceonly theFermi-Diracdistribution functions
dependon Üκ ÿ .
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C.2 Nonlinear processB

In orderto solve theintegral over κ ÿ in Eq. (8.18),we rewrite it into

ΞB
xxkh � zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ	��� 2� iω � 3 ü e

�
2me þ 2

∑
nmv

� B
kh% nmv� zÝ z� Ý z� � Ý z� � � � ξB

kh % nmv� Üq ÿ[Ý Ük ÿ �[Ý
(C.39)

in which bothquantities� andξ areindexedaccordingto their dependenceon thetwo
Cartesianindicesof Ξ andthe quantumnumbersin the sum. Above, the z-dependent
partin generalis givenby� B

kh % nmv� zÝ z��Ý z� �\Ý z� � �&���#� h
vn � z� � �"�$� k

mv � z� �'� δ � z Ù z�(�$� x
nm � z�[Ý (C.40)

in termsof Eqs.(C.1)and(C.2). Of these,thetwo with Cartesianindicesxx andyy are
equal. Thesolutionto theotherquantityabove, ξB

kh % nmv� Üq ÿ�Ý Ük ÿ � , in termsof thea’s and
b’s andthefunctionssolvedin AppendixB, is written

ξB
kh % nmv� Üq ÿ�Ý Ük ÿ ��� Ù e2

4me

�
2

1� 2π � 2 1� εn Ù εm�	
 � Ù 2ω Ù iτ î 1
nm ) û B

kh � mÝ a1 Ý b1
vm Ý 0�Ù û B

kh � vÝ a1 Ý b1
vm Ý kx � ã û B

kh � n Ý Ù a1 Ý b2
nv Ý 0� Ù û B

kh � vÝ Ù a1 Ý b2
nv Ý kx �+* Ý (C.41)

whichiswrittenin termsof asetof functions
û

thatvaryfromelementto element.These
functionsareof the orderβ � 1 becauseonly onetransitionfrequency appearsinside
eachintegral. They are determinedfrom the Üκ ÿ -dependentpartsof the microscopic
currentdensities,andthey becomeû B

zz � û 1
00 Ý (C.42)û B

yy � 4
û 1

02 Ý (C.43)û B
xz � û B

zx � 2
û 1

10% n ã kx
û 1

00 Ý (C.44)û B
xx � 4

û 1
20
ã

4kx
û 1

10
ã

k2
x
û 1

00 Ý (C.45)

in shortnotation,sincethe functionsat the right sideof theseequationstake thesame
argumentsasthefunctionsto theleft.

C.3 Nonlinear processC

SeparatingEq. (8.19)into its z-dependentand Üκ ÿ -dependentparts,we write

ΞC
xxxx� zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ �!� 2� iω � 3 ∑

nm
� C

nm � zÝ z� Ý z� � Ý z� � � � ξC
nm � Üq ÿ�Ý Ük ÿ � (C.46)

wherethe indiceson thenew quantitiesfollows thequantumnumbersin thesum. The
z-independentpartin thispartof theconductivity tensoris� C

nm � zÝ z� Ý z� � Ý z� � � �!�#� x
mn � z� �$� x

nm � z� δ � z� Ù z� � � � δ � z Ù z� � �[Ý (C.47)
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in termsof Eq. (C.1). Thesolutionto thequantityξC
nm � Üq ÿ�Ý Ük ÿ � thenappearsas

ξC
nm � Üq ÿ�Ý Ük ÿ	�!� Ù e4

16π2m2
e

� ) û 1
00 � n Ý a4 Ý b5

nm Ý qx Ù kx � Ù û 1
00 � mÝ a4 Ý b5

nm Ý 0� * (C.48)

in termsof thea’s andb’s andthefunctionssolvedin AppendixB.

C.4 Nonlinear processD

Performinganadequateseparationof variablesin Eq.(8.20),it is written

ΞD
xjkx � zÝ z��Ý z� ��Ý z� � � ; Üq ÿ[Ý Ük ÿ �!� 2� iω � 3 ü e

�
2me þ 2

∑
nmv , � Da

jk % nmv� zÝ z�\Ý z� ��Ý z� � �'� ξDa
jk % nmv� Üq ÿ[Ý Ük ÿ �ã � Db

jk % nmv� zÝ z�\Ý z� �¬Ý z� � �&� ξDb
jk % nmv� Üq ÿ�Ý Ük ÿ	�+- Ý (C.49)

wherethefour new quantitiesareindexedaccordingto thevaryingCartesiancoordinates
of Ξ andthequantumnumbersin thesum.Thez-dependenttermsin Eq. (C.49)are� Da

jk % nmv� zÝ z� Ý z� � Ý z� � � �.� δ � z Ù z� � � �$� k
mv � z� � �$� j

vn � z� �$� x
nm � z�[Ý (C.50)� Db

jk % nmv� zÝ z� Ý z� � Ý z� � � �.� δ � z Ù z� � � �$� k
vn � z� � �$� j

mv � z� �$� x
nm � z� (C.51)

in termsof Eqs.(C.1) and(C.2). In both equationsabove, thexx andyy permutations
arethesame.Thesolutionto theξ quantitieswe write in termsof thea’s, b’s, andthe
functionssolvedin AppendixB, theresultbeing

ξDa
jk % nmv� Üq ÿ[Ý Ük ÿ ��� Ù e2

16π2me

�
2 ) û Da

jk � mÝ�ß a3 Ý a1 à�Ý�ß b7
nm Ý b1

vmà�Ý 0�Ù û Da
jk � vÝ�ß a3 Ý a1 à�Ý�ß b7

nm Ý b1
vmà�Ý kx � ã û Da

jk � n Ý�ß a3 Ý a2 à�Ý�ß b7
nm Ý b9

nv à�Ý qx
ã

kx �Ù û Da
jk � vÝ�ß a3 Ý a2 à�Ý�ß b7

nm Ý b9
nv à�Ý kx � * Ý (C.52)

ξDb
jk % nmv� Üq ÿ[Ý Ük ÿ ��� Ù e2

16π2me

�
2 ) û Db

jk � mÝ�ß a3 Ý a2 à�Ý�ß b7
nm Ý b3

vmà�Ý 0�Ù û Db
jk � vÝ�ß a3 Ý a2 à�Ý�ß b7

nm Ý b3
vmà�Ý qx � ã û Db

jk � n Ý�ß a3 Ý a1 à�Ý�ß b7
nm Ý b10

nv à�Ý qx
ã

kx �Ù û Db
jk � vÝ�ß a3 Ý a1 à�Ý�ß b7

nm Ý b10
nv à�Ý qx � * Ý (C.53)

which have beenwritten in termsof a set of functions
û

that vary from elementto
element.Thesefunctionsareagaindeterminedfrom the Üκ ÿ -dependentpartof themicro-

scopiccurrentdensitiesappearingin ΞD
xjkx � zÝ z� Ý z� � Ý z� � � ; Üq ÿ[Ý Ük ÿ � . They areû Da

zz � û Db
zz � û 2

00 Ý (C.54)û Da
yy � û Db

yy � 4
û 2

02 Ý (C.55)û Da
xz � 2

û 2
10
ã � 2kx

ã
qx � û 2

00% n Ý (C.56)û Db
xz � 2

û 2
10
ã

qx
û 2

00 Ý (C.57)
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zx � 2

û 2
10
ã

kx
û 2

00 Ý (C.58)û Db
zx � 2

û 2
10
ã � kx

ã
2qx � û 2

00 Ý (C.59)û Da
xx � 4

û 2
20
ã

2 � qx
ã

3kx � û 2
10
ã � 2k2

x
ã

qxkx � û 2
00 Ý (C.60)û Db

xx � 4
û 2

20
ã

2 � 3qx
ã

kx � û 2
10
ã � 2q2

x
ã

qxkx � û 2
00 Ý (C.61)

againin shortnotation,andfor thesamereasonasbefore.

C.5 Nonlinear processE

Separationof thez-dependentpartandthe Üκ ÿ -dependentpart in Eq.(8.21)yields

ΞE
i jxx � zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ	�!� 2� iω � 3 ü e

�
2me þ 2

∑
nmv , � Ea

i j % nmv� zÝ z� Ý z� � Ý z� � � � ξEa
i j % nmv� Üq ÿ�Ý Ük ÿ �ã � Eb

i j % nmv� zÝ z� Ý z� � Ý z� � � � ξEb
i j % nmv� Üq ÿ�Ý Ük ÿ �+- Ý (C.62)

thenew quantitiesbeingindexedaccordingto theirdependenceonthevaryingCartesian
coordinatesin ΞE

i jxx � zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ � and the quantumnumbersin the sum. The z-
dependentquantitiesareagainwritten in termsof Eqs.(C.1)–(C.2),with theresult� Ea

i j % nmv� zÝ z� Ý z� � Ý z� � � ��� δ � z� � Ù z� � � �$� x
mv � z� � �$� j

vn � z� �$� i
nm � z�[Ý (C.63)� Eb

i j % nmv� zÝ z� Ý z� � Ý z� � � ��� δ � z� � Ù z� � � �$� x
vn � z� � �$� j

mv � z� �$� i
nm � z�[Ý (C.64)

andagainit appears,thequantitieswith Cartesianindicesxx andyy areequalin eachof
theabove equations.Thesolutionsto the two ξ quantitiesareobtainedin termsof the
a’s andb’s andthefunctionssolvedin AppendixB, andthey become

ξEa
i j % nmv� Üq ÿ�Ý Ük ÿ �!� Ù e2

26π2me

�
2 / û E1

i j � mÝ a2 Ý b4
nm Ý 0� Ù û E1

i j � vÝ a2 Ý b4
nm Ý 0�� εv Ù εm�	
 � Ù 2ω Ù iτ î 1

vmã û E2
i j � n Ý�ß a2 Ý a2 à�Ý�ß b4

nm Ý b3
nv à�Ý qx � Ù û E2

i j � vÝ�ß a2 Ý a2 à�Ý�ß b4
nm Ý b3

nv à�Ý 0�+- Ý (C.65)

ξEb
i j % nmv� Üq ÿ�Ý Ük ÿ �!� Ù e2

26π2me

�
2 / û E1

i j � n Ý a2 Ý b4
nm Ý qx � Ù û E1

i j � vÝ a2 Ý b4
nm Ý qx �� εn Ù εv �	
 � Ù 2ω Ù iτ î 1

nvã û E2
i j � mÝ�ß a2 Ý a2 à�Ý�ß b4

nm Ý b3
vm à�Ý 0� Ù û E2

i j � vÝ�ß a2 Ý a2 à�Ý�ß b4
nm Ý b3

vmà�Ý qx �+-.Ý (C.66)

whichis writtenin termsof asetof functions
û

thatvaryfrom elementto element.Their
structureis asbeforedeterminedfrom the Üκ ÿ -dependentpartsof the transitioncurrent
densities,andwe find for thepureinterbandtransitionsfunctionsof orderβ � 1, since
only onetransitionfrequency occursin eachintegral. They areû E1

zz � û 1
00 Ý (C.67)û E1

yy � 4
û 1

02 Ý (C.68)û E1
xz � û E1

zx � 2
û 1

10
ã

qx
û 1

00 Ý (C.69)û E1
xx � 4

û 1
20
ã

2qx
û 1

10
ã

2q2
x
û 1

00 Ý (C.70)
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in shortnotation,andfor the mixed interband/intrabandtransitionsfunctionsof order
β � 2 becausetwo transitionfrequenciesoccurin eachintegral. They areû E2

zz � û 2
00 Ý (C.71)û E2

yy � 4
û 2

02 Ý (C.72)û E2
xz � û E2

zx � 2
û 2

10
ã

qx
û 2

00 Ý (C.73)û E2
xx � 4

û 2
20
ã

2qx
û 2

10
ã

2q2
x
û 2

00 Ý (C.74)

againin shortnotation,sinceall argumentsto thefunctionsareof thesametype.

C.6 Nonlinear processF

Theseparationof variablesof Eq. (8.22) into z-independentand Üκ ÿ -independentterms
gives

ΞF
ixxh � zÝ z�\Ý z� ��Ý z� � � ; Üq ÿ[Ý Ük ÿ �!� 2� iω � 3 ü e

�
2me þ 2

∑
nmv , � Fa

ih % nmv� zÝ z�\Ý z� �¬Ý z� � �&� ξFa
ih % nmv� Üq ÿ�Ý Ük ÿ �ã � Fb

ih % nmv� zÝ z� Ý z� � Ý z� � � � ξFb
ih % nmv� Üq ÿ[Ý Ük ÿ �+- Ý (C.75)

wherethenew quantitieshavebeenindexedaccordingto theirdependenceontheCarte-
sian indicesof Ξ andthe quantumnumbersin the sum. In Eq. (C.75) above, the Üκ ÿ -
independenttermsare� Fa

ih % nmv� zÝ z� Ý z� � Ý z� � � ��� δ � z� Ù z� � � �$� h
vn � z� � �$� x

mv � z� �$� i
nm � z�[Ý (C.76)� Fb

ih % nmv� zÝ z� Ý z� � Ý z� � � ��� δ � z� Ù z� � � �$� h
mv � z� � �$� x

vn � z� �$� i
nm � z�[ë (C.77)

in termsof thethreequantitiesdefinedin Eqs.(C.1)–(C.2),andagainthexx andyy ele-
mentsin eachof thetwo above quantitiesareequal.Thesolutionsto thez-independent
termsappearin termsof thea’s andb’s andthefunctionssolvedin AppendixB as

ξFa
ih % nmv� Üq ÿ�Ý Ük ÿ	��� Ù e2

25π2me

�
2 , û Fa

ih � mÝ�ß a2 Ý a4 à�Ý�ß b4
nm Ý b5

vmà�Ý 0�Ù û Fa
ih � vÝ�ß a2 Ý a4 à�Ý�ß b4

nm Ý b5
vmà�Ý qx Ù kx � ã û Fa

ih � n Ý�ß a2 Ý a1 à�Ý�ß b4
nm Ý b12

nv à�Ý qx �Ù û Fa
ih � vÝ�ß a2 Ý a1 à�Ý�ß b4

nm Ý b12
nv à�Ý qx Ù kx �+-.Ý (C.78)

ξFb
ih % nmv� Üq ÿ�Ý Ük ÿ	��� Ù e2

25π2me

�
2 , û Fb

ih � mÝ�ß a2 Ý a1 à�Ý�ß b4
nm Ý b1

vmà�Ý 0�Ù û Fb
ih � vÝ�ß a2 Ý a1 à�Ý�ß b4

nm Ý b1
vmà�Ý kx � ã û Fb

ih � n Ý�ß a2 Ý a4 à�Ý�ß b4
nm Ý b8

nv à�Ý qx �Ù û Fb
ih � vÝ�ß a2 Ý a4 à�Ý�ß b4

nm Ý b8
nv à�Ý kx �+-.Ý (C.79)

which arewritten in termsof a setof functions
û

that vary from elementto element.
They areagaindeterminedfrom the Üκ ÿ -dependentpartsof thetransitioncurrentdensities
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appearing,andthusthey becomeû Fa
zz � û Fb

zz � û 2
00 Ý (C.80)û Fa

yy � û Fb
yy � 4

û 2
02 Ý (C.81)û Fa

xz � û Fb
xz � 2

û 2
00
ã

qx
û 2

00 Ý (C.82)û Fa
zx � 2

û 2
10
ã � qx Ù kx � û 2

00 Ý (C.83)û Fb
zx � 2

û 2
10
ã

kx
û 2

00 Ý (C.84)û Fa
xx � 4

û 2
20
ã

2 � 2qx Ù kx � û 2
00
ã � 2q2

x Ù qxkx � û 2
00 Ý (C.85)û Fb

xx � 4
û 2

20
ã

2 � qx
ã

kx � û 2
10
ã

qxkx
û 2

00 Ý (C.86)

againin theabbreviatednotation,wherethefunctionsin generaltake argumentsof the
type � n Ý�ß a1 Ý a2 à�Ý�ß b1 Ý b2 à�Ý s� .
C.7 Nonlinear processG

Finally, Eq.(8.23)becomesin termsof z-independentand Üκ ÿ -independentterms

ΞG
i jkh � zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ	��� 2� iω � 3 ü e

�
2me þ 4

∑
nmvl , � Ga

i jkh % nmvl � zÝ z� Ý z� � Ý z� � � � ξGa
i jkh % nmvl � Üq ÿ�Ý Ük ÿ	�ã � Gb

i jkh % nmvl � zÝ z� Ý z� � Ý z� � � � ξGb
i jkh % nmvl � Üq ÿ[Ý Ük ÿ � ã � Gc

i jkh % nmvl � zÝ z� Ý z� � Ý z� � � � ξGc
i jkh % nmvl � Üq ÿ[Ý Ük ÿ �0- Ý

(C.87)

whereagainthenew quantitieshave beenindexedaccordingto their dependenceon the
variousCartesianindicesof Ξ andthequantumnumbersof thesum. Thez-dependent
termsin Eq.(C.87)areongeneralform� Ga

i jkh % nmvl � zÝ z�\Ý z� �¬Ý z� � �'�!�#� h
ml � z� � �'�$� k

lv � z� �&�$� j
vn � z�'�$� i

nm � z�[Ý (C.88)� Gb
i jkh % nmvl � zÝ z�\Ý z� �¬Ý z� � �'�!�#� h

ml � z� � �'�$� k
vn � z� �&�$� j

lv � z�'�$� i
nm � z�[Ý (C.89)� Gc

i jkh % nmvl � zÝ z�\Ý z� �¬Ý z� � �'�!�#� h
lv � z� � �&�$� k

vn � z� �"�$� j
ml � z�&�$� i

nm � z�[Ý (C.90)

in termsof the quantitiesdefinedin Eqs.(C.1)–(C.2),andasin theprevious caseswe
may observe that any elementwith a Cartesianindex x is equalto the elementwith
theCartesianindex y on thesameplace,theotherCartesianindicesunchanged.Thez-
independenttermswewrite usingthea’sandb’sandthefunctionssolvedin AppendixB,
asbefore.They finally become

ξGa
i jkh % nmvl � Üq ÿ[Ý Ük ÿ �!� Ù 1

8
�

3

1� 2π � 2 1 1� εv Ù εm �	
 � Ù 2ω Ù iτ î 1
vm2 � û Ga1

i jkh � l Ý�ß a2 Ý Ù a1 à�Ý�ß b4
nm Ý b1

lm à�Ý Ù kx
 Ù û Ga1

i jkh � mÝ�ß a2 Ý Ù a1 à�Ý�ß b4
nm Ý b1

lm à�Ý 0ã û Ga1
i jkh � l Ý�ß a2 Ý a1 à�Ý�ß b4

nm Ý b2
vl à�Ý Ù kx

 Ù û Ga1
i jkh � vÝ�ß a2 Ý a1 à�Ý�ß b4

nm Ý b2
vl à�Ý 0+�
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i jkh � l Ý�ß a2 Ý a1 Ý a3 à�Ý�ß b4

nm Ý b2
vl Ý b8

nl à�Ý Ù kx
Ù û Ga2

i jkh � vÝ�ß a2 Ý a1 Ý a3 à�Ý�ß b4
nm Ý b2

vl Ý b8
nl à�Ý 0ã û Ga2

i jkh � n Ý�ß a2 Ý a2 Ý a3 à�Ý�ß b4
nm Ý b3

nv Ý b8
nl à�Ý qx

Ù û Ga2
i jkh � vÝ�ß a2 Ý a2 Ý a3 à�Ý�ß b4

nm Ý b3
nv Ý b8

nl à�Ý 0 - (C.91)

ξGb
i jkh % nmvl � Üq ÿ[Ý Ük ÿ �!� Ù 1

8
�

3

1� 2π � 2 , û Gb
i jkh � l Ý�ß a2 Ý Ù a1 Ý a4 à�Ý�ß b4

nm Ý b1
lm Ý b5

vmà�Ý Ù kx
Ù û Gb

i jkh � mÝ�ß a2 Ý Ù a1 Ý a4 à�Ý�ß b4
nm Ý b1

lm Ý b5
vm à�Ý 0ã û Gb

i jkh � l Ý�ß a2 Ý a2 Ý a4 à�Ý�ß b4
nm Ý b11

vl Ý b5
vm à�Ý Ù kx

Ù û Gb
i jkh � vÝ�ß a2 Ý a2 Ý a4 à�Ý�ß b4

nm Ý b11
vl Ý b5

vmà�Ý qx Ù kx
ã û Gb

i jkh � l Ý�ß a2 Ý a2 Ý a3 à�Ý�ß b4
nm Ý b11

vl Ý b8
nl à�Ý Ù kx

Ù û Gb
i jkh � vÝ�ß a2 Ý a2 Ý a3 à�Ý�ß b4

nm Ý b11
vl Ý b8

nl à�Ý qx Ù kx
ã û Gb

i jkh � n Ý�ß a2 Ý a1 Ý a3 à�Ý�ß b4
nm Ý b12

nv Ý b8
nl à�Ý qx

Ù û Gb
i jkh � vÝ�ß a2 Ý a1 Ý a3 à�Ý�ß b4

nm Ý b12
nv Ý b8

nl à�Ý qx Ù kx
 - (C.92)

ξGc
i jkh % nmvl � Üq ÿ[Ý Ük ÿ �!� Ù 1

8
�

3

1� 2π � 2 , û Gc1
i jkh � l Ý�ß a2 Ý a2 Ý a4 à�Ý�ß b4

nm Ý b3
lm Ý b5

vmà�Ý qx
Ù û Gc1

i jkh � mÝ�ß a2 Ý a2 Ý a4 à�Ý�ß b4
nm Ý b3

lm Ý b5
vm à�Ý 0ã û Gc1

i jkh � l Ý�ß a2 Ý Ù a1 Ý a4 à�Ý�ß b4
nm Ý b13

vl Ý b5
vmà�Ý qx

Ù û Gc1
i jkh � vÝ�ß a2 Ý Ù a1 Ý a4 à�Ý�ß b4

nm Ý b13
vl Ý b5

vmà�Ý qx Ù kx
 ã 1� εn Ù εl �	
 � Ù 2ω Ù iτ î 1

nl2 � û Gc2
i jkh � l Ý�ß a2 Ý Ù a1 à�Ý�ß b4

nm Ý b13
vl à�Ý qx

 Ù û Gc2
i jkh � vÝ�ß a2 Ý Ù a1 à�Ý�ß b4

nm Ý b13
vl à�Ý qx Ù kx

ã û Gc2
i jkh � n Ý�ß a2 Ý a1 à�Ý�ß b4

nm Ý b12
nv à�Ý qx

 Ù û Gc2
i jkh � vÝ�ß a2 Ý a1 à�Ý�ß b4

nm Ý b12
nv à�Ý qx Ù kx

3� -�Ý
(C.93)

andagainthey arewritten in termsof a setof functions
û

that vary from elementto
element.As wasthecasein theprevioussections,thesefunctionsaredeterminedfrom
thez-independentpartsof thetransitioncurrentdensitiesappearingin Ξ.

In passingweshouldnoticethatparts � Ga1� and � Gc2� hasβ � 2 becauseof thepure
interbandtransitionappearingin oneof their denominators,while parts � Ga2� , � Gb� ,
and � Gc1� hasβ � 3 sinceall their transitionsaremixedinterband/intrabandtransitions,
we observe thata lot of

û
functionsareequal.In thesimplestcase,we observeû Ga1

zzzz � û Gc2
zzzz � û 2

00 (C.94)û Gb
zzzz� û Gc1

zzzz � û Ga2
zzzz � û 3

00 ë (C.95)

At thesecondlevel of complexity we findû Ga1
yyzz � û Gc2

yyzz � û Ga1
yzyz � û Gc2

yzyz � û Ga1
yzzy � û Gc2

yzzy � û Ga1
zyyz � û Gc2

zyyz � û Ga1
zyzy � û Gc2

zyzy �
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zzyy � û Gc2

zzyy � 4
û 2

02 Ý (C.96)û Gb
yyzz � û Gc1

yyzz � û Ga2
yyzz � û Gb

yzyz � û Gc1
yzyz � û Ga2

yzyz � û Gb
yzzy � û Gc1

yzzy � û Ga2
yzzy � û Gb

zyyz �û Gc1
zyyz � û Ga2

zyyz � û Gb
zyzy � û Gc1

zyzy � û Ga2
zyzy � û Gb

zzyy � û Gc1
zzyy � û Ga2

zzyy � 4
û 3

02 ë (C.97)

Thethird level of complexity givesû Ga1
yyyy � û Gc2

yyyy � 16
û 2

04 Ý (C.98)û Gb
yyyy � û Gc1

yyyy � û Ga2
yyyy � 16

û 3
04 ë (C.99)

At thefourth level of complexity we observeû Ga1
xzzz � û Gc2

xzzz � û Ga1
zxzz � û Gc2

zxzz � 2i
û 2

10
ã

2iqx
û 2

00 Ý (C.100)û Gb
xzzz� û Gc1

xzzz � û Ga2
xzzz � û Gc1

zxzz � û Ga2
zxzz � 2i

û 3
10
ã

2iqx
û 3

00 Ý (C.101)û Ga1
zzxz � û Ga1

zzzx � 2i
û 2

10 Ù 2ikx
û 2

00 Ý (C.102)û Ga2
zzxz � û Gb

zzzx � û Ga2
zzzx � 2i

û 3
10 Ù ikx

û 3
00 Ý (C.103)û Gc2

zzxz � û Gc2
zzzx � 2i

û 2
10
ã

i � 2qx Ù kx � û 2
00 Ý (C.104)û Gb

zzxz� û Gc1
zzxz � û Gc1

zzzx � 2i
û 3

10
ã

i � 2qx Ù kx � û 3
00 Ý (C.105)

andtheindependentelementû Gb
zxzz � 2i

û 3
10
ã

2i � qx Ù 2kx � û 3
00 ë (C.106)

In thefifth casewefindû Ga1
xyyz � û Gc2

xyyz � û Ga1
xyzy � û Gc2

xyzy � û Ga1
xzyy � û Gc2

xzyy � û Ga1
yxyz � û Gc2

yxyz � û Ga1
yxzy � û Gc2

yxzy �û Ga1
zxyy � û Gc2

zxyy � Ù 8i
û 2

12 Ù 4iqx
û 2

02 Ý (C.107)û Gb
xyyz � û Gc1

xyyz � û Ga2
xyyz � û Gb

xyzy � û Gc1
xyzy � û Ga2

xyzy � û Gb
xzyy � û Gc1

xzyy � û Ga2
xzyy � û Gc1

yxyz �û Ga2
yxyz � û Gc1

yxzy � û Ga2
yxzy � û Gc1

zxyy � û Ga2
zxyy � Ù 8i

û 3
12 Ù 4iqx

û 3
02 Ý (C.108)û Gb

yxyz � û Gb
yxzy � û Gb

zxyy � Ù 8i
û 3

12 Ù 4i � qx Ù 2kx � û 3
02 Ý (C.109)û Ga1

yyxz � û Ga1
yzxy � û Ga1

zyxy � û Ga1
yyzx � û Ga1

yzyx � û Ga1
zyyx � Ù 8i

û 2
12
ã

4ikx
û 2

02 Ý (C.110)û Ga2
yyxz � û Ga2

yzxy � û Ga2
zyxy � û Gb

yyzx � û Ga2
yyzx � û Gb

yzyx � û Ga2
yzyx � û Gb

zyyx � û Ga2
zyyx �Ù 8i

û 3
12
ã

4ikx
û 3

02 Ý (C.111)û Gc2
yyxz � û Gc2

yzxy � û Gc2
zyxy � û Gc2

yyzx � û Gc2
yzyx � û Gc2

zyyx � Ù 8i
û 2

12
ã

4i � kx Ù 2qx � û 2
02 Ý (C.112)û Gb

yyxz � û Gc1
yyxz � û Gb

yzxy � û Gc1
yzxy � û Gb

zyxy � û Gc1
zyxy � û Gc1

yyzx � û Gc1
yzyx � û Gc1

zyyx �Ù 8i
û 3

12
ã

4i � kx Ù 2qx � û 3
02 Ý (C.113)

In thesixth casewe observe therelatedfunctionsû Ga1
xxzz � û Gc2

xxzz � Ù 4
û 2

20 Ù 4qx
û 2

10 Ù q2
x
û 2

00 Ý (C.114)û Gc1
xxzz � û Ga2

xxzz � Ù 4
û 3

20 Ù 4qx
û 3

10 Ù q2
x
û 3

00 Ý (C.115)û Ga1
xzxz � û Ga1

xzzx � û Ga1
zxxz � û Ga1

zxzx � Ù 4
û 2

20 Ù 2 � qx Ù kx � û 2
10
ã

qxkx
û 2

00 Ý (C.116)
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xzxz � û Gb

xzzx � û Ga2
xzzx � û Ga2

zxxz � û Ga2
zxzx � Ù 4

û 3
20 Ù 4 � qx Ù kx � û 3

10
ã

qxkx
û 3

00 Ý (C.117)û Gb
xzxz � û Gc1

xzxz � û Gc1
xzzx � û Gc1

zxxz � û Gc1
zxzx �Ù 4

û 3
20 Ù 2 � 3qx Ù kx � û 3

10 Ù qx � 2qx Ù kx � û 3
00 Ý (C.118)û Gc2

xzxz � û Gc2
xzzx � û Gc2

zxxz � û Gc2
zxzx � Ù 4

û 2
20 Ù 2 � 3qx Ù kx � û 2

10 Ù qx � 2qx Ù kx � û 2
00 Ý (C.119)

andtheeightindependentfunctionsû Gb
xxzz � Ù 4

û 3
20 Ù 4 � qx Ù kx � û 3

10 Ù qx � qx Ù 2kx � û 3
00 Ý (C.120)û Gb

zxxz � Ù 4
û 3

20 Ù 6 � qx Ù kx � û 3
10 Ù � 2q2

x
ã

2k2
x Ù 5qxkx � û 3

00 Ý (C.121)û Gb
zxzx � Ù 4

û 3
20 Ù 2 � qx Ù 3kx � û 3

10 Ù kx � 2kx Ù qx � û 3
00 Ý (C.122)û Ga1

zzxx � Ù 4
û 2

20
ã

4kx
û 2

10 Ù k2
x
û 2

00 Ý (C.123)û Ga2
zzxx � Ù 4

û 3
20
ã

4kx
û 3

10 Ù k2
x
û 3

00 Ý (C.124)û Gb
zzxx � Ù 4

û 3
20 Ù 4 � qx Ù kx � û 3

10 Ù kx � kx Ù 2qx � û 3
00 Ý (C.125)û Gc1

zzxx � Ù 4
û 3

20 Ù 2 � 2qx Ù kx � û 3
10 Ù � 2qx Ù kx � 2 û 3

00 Ý (C.126)û Gc2
zzxx � Ù 4

û 2
20 Ù 2 � 2qx Ù kx � û 2

10 Ù � 2qx Ù kx � 2 û 2
00 ë (C.127)

Theseventhcasehasthefollowing relatedfunctionsû Ga1
xxyy � û Gc2

xxyy � 16
û 2

22
ã

16qx
û 2

12
ã

4q2
x
û 2

02 Ý (C.128)û Gc1
xxyy � û Ga2

xxyy � 16
û 3

22
ã

16qx
û 3

12
ã

4q2
x
û 3

02 Ý (C.129)û Ga1
xyxy � û Ga1

xyyx � û Ga1
yxxy � û Ga1

yxyx � 16
û 2

22
ã

8 � qx Ù kx � û 2
12 Ù 4qxkx

û 2
02 Ý (C.130)û Ga2

xyxy � û Gb
xyyx � û Ga2

xyyx � û Ga2
yxxy � û Ga2

yxyx � 16
û 3

22
ã

8 � qx Ù kx � û 3
12 Ù 4qxkx

û 3
02 Ý (C.131)û Gb

xyxy � û Gc1
xyxy � û Gc1

xyyx � û Gc1
yxxy � û Gc1

yxyx �
16
û 3

22
ã

8 � 3qx Ù kx � û 3
12
ã

4qx � 2qx Ù kx � û 3
02 Ý (C.132)û Gc2

xyxy � û Gc2
xyyx � û Gc2

yxxy � û Gc2
yxyx � 16

û 2
22
ã

8 � 3qx Ù kx � û 2
12
ã

4qx � 2qx Ù kx � û 2
02 Ý (C.133)

andtheeightindependentfunctionsû Gb
xxyy � 16

û 3
22
ã

16� qx Ù kx � û 3
12
ã

4qx � qx Ù 2kx � û 3
02 Ý (C.134)û Gb

yxxy � 16
û 3

22
ã

24� qx Ù kx � û 3
12
ã

4 � 2q2
x
ã

2k2
x Ù 5qxkx � û 3

02 Ý (C.135)û Gb
yxyx � 16

û 3
22
ã

8 � qx Ù 3kx � û 3
12
ã

4kx � 2kx Ù qx � û 3
02 Ý (C.136)û Ga1

yyxx � 16
û 2

22 Ù 16kx
û 2

12
ã

4k2
x
û 2

02 Ý (C.137)û Ga2
yyxx � 16

û 3
22 Ù 16kx

û 3
12
ã

4k2
x
û 3

02 Ý (C.138)û Gb
yyxx � 16

û 3
22
ã

16� qx Ù kx � û 3
12
ã

4kx � kx Ù 2qx � û 3
02 Ý (C.139)û Gc1

yyxx � 16
û 3

22
ã

16� 2qx Ù kx � û 3
12
ã

4 � 2qx Ù kx � 2 û 3
02 Ý (C.140)û Gc2

yyxx � 16
û 2

22
ã

16� 2qx Ù kx � û 2
12
ã

4 � 2qx Ù kx � 2 û 2
02 ë (C.141)

Theeighthcasegivesû Ga1
xxxz � û Ga1

xxzx � Ù 8i
û 2

30 Ù 4i � 2qx Ù kx � û 2
20 Ù 2iqx � qx Ù 2kx � û 2

10
ã

iq2
xkx
û 2

00 Ý (C.142)
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xxxz � û Ga2

xxzx � Ù 8i
û 3

30 Ù 4i � 2qx Ù kx � û 3
20 Ù 2iqx � qx Ù 2kx � û 3

10
ã

iq2
xkx
û 3

00 Ý (C.143)û Gc1
xxxz � û Gc1

xxzx � Ù 8i
û 3

30 Ù 4i � 4qx Ù kx � û 3
20 Ù 2iqx � 5qx Ù 2kx � û 3

10Ù iq2
x � 2qx Ù kx � û 3

00 Ý (C.144)û Gc2
xxxz � û Gc2

xxzx � Ù 8i
û 2

30 Ù 4i � 4qx Ù kx � û 2
20 Ù 2iqx � 5qx Ù 2kx � û 2

10Ù iq2
x � 2qx Ù kx � û 2

00 Ý (C.145)û Ga1
xzxx � û Ga1

zxxx � Ù 8i
û 2

30 Ù 4i � qx Ù 2kx � û 2
20 Ù 2ikx � kx Ù 2qx � û 2

10 Ù iqxk
2
x
û 2

00 Ý (C.146)û Ga2
xzxx � û Ga2

zxxx � Ù 8i
û 3

30 Ù 4i � qx Ù 2kx � û 3
20 Ù 2ikx � kx Ù 2qx � û 3

10 Ù iqxk
2
x
û 3

00 Ý (C.147)û Gc1
xzxx � û Gc1

zxxx � Ù 8i
û 3

30 Ù 4i � 5qx Ù 2kx � û 3
20 Ù 2i � 2qx Ù kx � � 4qx Ù kx � û 3

10Ù iqx � 2qx Ù kx � 2 û 3
00 Ý (C.148)û Gc2

xzxx � û Gc2
zxxx � Ù 8i

û 2
30 Ù 4i � 5qx Ù 2kx � û 2

20 Ù 2i � 2qx Ù kx � � 4qx Ù kx � û 2
10Ù iqx � 2qx Ù kx � 2 û 2

00 Ý (C.149)

andthefour independentelementsû Gb
xxxz � Ù 8i

û 3
30 Ù 4i � 4qx Ù 3kx � û 3

20 Ù 2i � 5q2
x
ã

2k2
x Ù 8qxkx � û 3

10Ù iqx � 2q2
x
ã

2k2
x Ù 5qxkx � û 3

00 Ý (C.150)û Gb
xxzx � Ù 8i

û 3
30 Ù 4i � 2qx Ù 3kx � û 3

20 Ù 2i � q2
x
ã

2k2
x Ù 4qxkx � û 3

10ã
iqxkx � qx Ù 2kx � û 3

00 Ý (C.151)û Gb
xzxx � Ù 8i

û 3
30 Ù 4i � 3qx Ù 2kx � û 3

20 Ù 2i � 2q2
x
ã

k2
x Ù 4qxkx � û 3

10ã
iqxkx � 2qx Ù kx � û 3

00 Ý (C.152)û Gb
zxxx � Ù 8i

û 3
30 Ù 4i � 3qx Ù 4kx � û 3

20 Ù 2i � 2q2
x
ã

5k2
x Ù 8qxkx � û 3

10ã
ikx � 2q2

x
ã

2k2
x Ù 5qxkx � û 3

00 ë (C.153)

Themostcomplex solutiongroupof Cartesianindicesgivesthefive independentfunc-
tionsû Ga1

xxxx � 16
û 2

40
ã

16� qx Ù kx � û 2
30
ã

4 � q2
x
ã

k2
x Ù 4qxkx � û 2

20
ã

4qxkx � kx Ù qx � û 2
10ã � qxkx � 2 û 2

00 Ý (C.154)û Ga2
xxxx � 16

û 3
40
ã

16� qx Ù kx � û 3
30
ã

4 � q2
x
ã

k2
x Ù 4qxkx � û 3

20
ã

4qxkx � kx Ù qx � û 3
10ã � qxkx � 2 û 3

00 Ý (C.155)û Gb
xxxx � 16

û 3
40
ã

32� qx Ù kx � û 3
30
ã

4 � 5q2
x
ã

5k2
x Ù 12qxkx � û 3

20ã
2 � qx Ù kx � � 2q2

x
ã

2k2
x Ù 8qxkx � û 3

10 Ù qxkx � 2q2
x
ã

2k2
x Ù 5qxkx � û 3

00 Ý (C.156)û Gc1
xxxx � 16

û 3
40
ã

16� 3qx Ù kx � û 3
30
ã

4 �	� 2qx Ù kx � 2 ã qx � 9qx Ù 4kx �	� û 3
20ã

4qx � 2qx Ù kx � � 3qx Ù kx � û 3
10
ã

q2
x � 2qx Ù kx � 2 û 3

00 Ý (C.157)û Gc2
xxxx � 16

û 2
40
ã

16� 3qx Ù kx � û 2
30
ã

4 �	� 2qx Ù kx � 2 ã qx � 9qx Ù 4kx �	� û 2
20ã

4qx � 2qx Ù kx � � 3qx Ù kx � û 2
10
ã

q2
x � 2qx Ù kx � 2 û 2

00 ë (C.158)

Theimmediateconclusionof theseobservationsis thatonly 65 of theoriginal 246pos-
siblefunctionsareindependent.
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C.8 The 4 coefficientswith uniform pump field amplitudes

If thepumpfields have uniform amplitudesalongthez-axis,we take the local limit in
thetwo coordinatesz� � � andz� � in the � coefficients,suchthatin generalwemaywrite,� � zÝ z� �!�åäZä5� � zÝ z� Ý z� � Ý z� � � � dz� � � dz� � Ý (C.159)

andthus

Ξ � zÝ z� ; Üq ÿ[Ý Ük ÿ ��� ä�ä Ξ � zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ � dz� � � dz� � ë (C.160)

Usinganorthogonalsetof wave functions,parity teachesthat the integralsover x- and
y-componentsgivesä � x

nm � z� dz � ä � y
nm � z� dz � δnm Ý (C.161)

whereδnm is theKroneckerdelta.Theonly questionleft is thez-components,whichmay
be determinedassoonasthe wave functionsfor the systemis known. Thenpart A of
thenonlinearconductivity tensordoesnot contribute to thephaseconjugatedresponse
becauseof the resultof integrationover z� � . For the samereason,part E vanish,since
the pureinterbandtermsvanishby themselves,andthe restof part Ea becomesequal
in magnitudeto the rest of part Eb, but with the oppositesign. All other termsstill
contributeto theresponse.

C.8.1 Infinite barrier quantum well

If we choosea quantumwell within the infinite barriermodelwith boundariesat 0 andÙ d asthesource,thenwefind� � zÝ z�'�!�åä 0î d
ä 0î d

� � zÝ z�\Ý z� �¬Ý z� � �'� dz� � � dz� �¬Ý (C.162)

andthus

Ξ � zÝ z� ; Üq ÿ[Ý Ük ÿ ��� ä 0î d
ä 0î d

Ξ � zÝ z� Ý z� � Ý z� � � ; Üq ÿ[Ý Ük ÿ � dz� � � dz� � Ý (C.163)

in general.Sincetheindividual � x% y% z
nm � z� areindependent,theresultis written asa prod-

uct of thesein the coordinatesz, z� , z� � , andz� � � . Thenthe integralsover z-components
givesä 0î d

� z
nm � z� dz � 4nm

�
1 Ù � Ù 1� ní m�� n2 Ù m2 � d ë (C.164)
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C.8.2 Probewith a singlewavevector

If we take theprobefield as ÜE � z� ; Üq ÿ$��� ÜEeiq6 z7 andthus ÜE � � z� ; Üq ÿ ��� ÜE � eî iq6 z7 , thenwe
mayfurtherreducethez-dependence,if we define8 � z���åä 0î d

� � zÝ z� � eî iq6 z7 dz� Ý (C.165)

wherewe have indicatedthemodificationbeforeintegrationof the � � zÝ z� � quantityby
shifting thesymbolfrom calligraphicstyleto fraktur. Then,from thetwo integralsä 0î d

� x
nm � z� eð iq6 zdz � ä 0î d

� y
nm � z� eð iq6 zdz �9 4π2nmiq: d

�
e; iq6 d � Ù 1� ní m Ù 1�� � iq: d � 2 ã π2 � n ã m� 2 � � � iq: d � 2 ã π2 � n Ù m� 2 � Ý (C.166)ä 0î d

� z
nm � z� eð iq6 zdz � 4π4 � n2 Ù m2 � nm

�
e; iq6 d � Ù 1� ní m Ù 1�

d
� � iq: d � 2 ã π2 � n ã m� 2 � � � iq: d � 2 ã π2 � n Ù m� 2 � Ý (C.167)

we maydeducethereducedquantities.

C.8.3 Combining
8

with Ω

If we combinethe
8

-quantitieswith thetwo differentexponentialsappearingin theΩ-
quantities,we getnew quantitiesthatareindependentof z. Defining8 ð �åä 0î d

8 � z� eð iq6 zdzÝ (C.168)

we maynow deducethez-independentquantitiesthatwill finally appearin theexpres-
sionsfor theΩ-quantities.Eventhoughwehavemodifiedthe

8
coefficientsagainbefore

integration,we keepthesymbol,sincethemainpurposeof selectinganothersymbolis
to indicatethatit is modifiedfrom theoriginal � quantities.

C.9 The nonlinear conductivity tensor in the Ω coefficients

If we concatenatethedefinitionsmadein this complimentuntil now, we maydefinethe
new quantityto beconsideredin theΩ coefficients[Eqs.(14.44)–(14.46)]< ð � Üq ÿ�Ý Ük ÿ	��� ä 0î d

ä 0î d
ä 0î d

ä 0î d
Ξ � zÝ z��Ý z� ��Ý z� � � ; Üq ÿ[Ý Ük ÿ � eî iq6 z7 eð iq6 zdz� � � dz� � dz� dzë (C.169)

As we did with the � coefficients, the modificationbeforeintegration have led us to
definethenew quantityin fraktur ratherasΞ.
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Thenthenonlinearconductivity tensorscombinedwith the z-dependentpartsof the
probeandtheΩ coefficient canbewritten< A ð

xxxx� Üq ÿ[Ý Ük ÿ �!� 2� iω � 3 ∑
nm

8 A ð
nm ξA

nm Ý (C.170)< B ð
xxkh � Üq ÿ[Ý Ük ÿ ��� 2� iω � 3 ü e

�
2me þ 2

∑
nmv

8 B ð
kh % nmvξ

B
kh% nmv� Üq ÿ�Ý Ük ÿ	�[Ý (C.171)< Cð

xxxx� Üq ÿ[Ý Ük ÿ �!� 2� iω � 3 ∑
nm

8 Cð
nmξC

nm � Üq ÿ�Ý Ük ÿ	�[Ý (C.172)< D ð
xjkx � Üq ÿ�Ý Ük ÿ	�!� 2� iω � 3 ü e

�
2me þ 2

∑
nmv , 8 Dað

jk % nmvξ
Da
jk % nmv� Üq ÿ�Ý Ük ÿ � ã 8 Dbð

jk % nmvξ
Db
jk % nmv� Üq ÿ�Ý Ük ÿ � - Ý

(C.173)< Eð
i jxx � Üq ÿ[Ý Ük ÿ �!� 2� iω � 3 ü e

�
2me þ 2

∑
nmv , 8 Eað

i j % nmvξ
Ea
i j % nmv� Üq ÿ�Ý Ük ÿ	� ã 8 Ebð

i j % nmvξ
Eb
i j % nmv� Üq ÿ�Ý Ük ÿ	� - Ý

(C.174)< Fð
ixxh � Üq ÿ�Ý Ük ÿ	�!� 2� iω � 3 ü e

�
2me þ 2

∑
nmv , 8 Fað

ih % nmvξ
Fa
ih % nmv� Üq ÿ�Ý Ük ÿ	� ã 8 Fbð

ih % nmvξ
Fb
ih % nmv� Üq ÿ�Ý Ük ÿ �+- Ý

(C.175)< G ð
i jkh � Üq ÿ�Ý Ük ÿ ��� 2� iω � 3 ü e

�
2me þ 4

∑
nmvl , 8 Gað

i jkh % nmvlξ
Ga
i jkh% nmvl � Üq ÿ[Ý Ük ÿ �ã 8 Gbð

i jkh % nmvlξ
Gb
i jkh % nmvl � Üq ÿ�Ý Ük ÿ	� ã 8 Gcð

i jkh % nmvlξ
Gc
i jkh % nmvl � Üq ÿ�Ý Ük ÿ	�+- Ý (C.176)

in termsof the
8

coefficientsjust calculated.

C.10 The local limit in threecoordinates

In the local limit, the vectorpotentials(andelectricfields) are independentof their z-
coordinate,andthusthenonlinearconductivity tensoralonehasto beintegratedover the
z� � � , z� � , andz� coordinates,viz.

Ξ � z; Üq ÿ�Ý Ük ÿ	��� ä@äZä Ξ � zÝ z� Ý z� � Ý z� � � ; Üq ÿ�Ý Ük ÿ � dz� � � dz� � dz� ë (C.177)

C.11 Analytical expressionsfor = , > , and ?
In thequantity @ � q ÿ Ù k ÿA� , givenby Eq. (10.5),β � 1 in Eq.(B.1) andp � 0, andin the
quantity B � q ÿDC k ÿ	� [Eq. (10.6)],β � p � 2. In thequantity E [Eq. (10.13)],p � ak � 0
andbk � 1, andit canbesolvedimmediately, with theresultEF� 4� 2π � 2 G α

0 G π

0
rdθdr � α2

2π H (C.178)
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Using the analysisin AppendixB, the quantities @ � q ÿJI k ÿ � and B � q ÿ�C k ÿ � canbe ex-
pressedas@ � q ÿKI k ÿA�!� 2 L û 1

0 � a1 C b1 C q ÿKI k ÿM� Ù û 1
0 � a1 C b1 C 0��NOC (C.179)

andB � q ÿDC k ÿ �!� 2 L û 2
2 � a2 C a3 C b2 C b3 C 0� Ù û 2

2 � a2 C a3 C b2 C b3 C k ÿ	�P û 2
2 � a2 C a4 C b2 C b4 C k ÿ P q ÿA� Ù û 2

2 � a2 C a4 C b2 C b4 C k ÿ �P û 2
2 � a2 C a4 C b2 C b5 C 0� Ù û 2

2 � a2 C a4 C b2 C b5 C q ÿ �P û 2
2 � a2 C a3 C b2 C b6 C k ÿ P q ÿA� Ù û 2

2 � a2 C a3 C b2 C b6 C q ÿ ��NQC
(C.180)

where

a1 � � � q ÿ Ù k ÿ	�	
 me C (C.181)

a2 � � � q ÿ P k ÿ	�	
 me C (C.182)

a3 � �
k ÿ 
 me C (C.183)

a4 � �
q ÿ 
 me C (C.184)

b1 � � � q ÿ Ù k ÿ	� 2 
 � 2me � Ù i 
 τ C (C.185)

b2 � � � q ÿ P k ÿ	� 2 
 � 2me � Ù i 
 τ C (C.186)

b3 � �
k2ÿ 
 � 2me � Ù i 
 τ Ù ω C (C.187)

b4 � �
q ÿ � q ÿ P 2k ÿA�	
 � 2me � Ù i 
 τ P ω C (C.188)

b5 � �
q2ÿ 
 � 2me � Ù i 
 τ P ω C (C.189)

b6 � �
k ÿ � k ÿ P 2q ÿ	�	
 � 2me � Ù i 
 τ Ù ω H (C.190)

C.12 Analytic expressionsfor the R quantities

Let usfinish thisappendixby giving thesolutionsto Eqs.(14.11)–(14.14).They areS xx
nm �MTq ÿDC ω ��� 2i

�� 2π � 2 ü e
�

2me þ 22 L 4 û 2
20% n � a1 C a2 C b1 % nm C b2% nm C qx � P 4qx

û 2
10% n � a1 C a2 C b1% nm C b2 % nm C qx �P

q2
x
û 2

00% n � a1 C a2 C b1 % nm C b2 % nm C qx � Ù 4
û 2

20% m � a1 C a2 C b1% nm C b2 % nm C 0�Ù 4qx
û 2

10% m � a1 C a2 C b1 % nm C b2 % nm C 0� Ù q2
x
û 2

00% m � a1 C a2 C b1% nm C b2 % nm C 0��NQC (C.191)S xz
nm �MTq ÿDC ω ��� 2i

�� 2π � 2 ü e
�

2me þ 22 L 2 û 2
10% n � a1 C a2 C b1 % nm C b2% nm C qx � P qx

û 2
00% n � a1 C a2 C b1% nm C b2 % nm C qx �
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û 2

10% m � a1 C a2 C b1 % nm C b2 % nm C 0� Ù qx
û 2

00% m � a1 C a2 C b1 % nm C b2% nm C 0��NOC (C.192)S yy
nm �MTq ÿDC ω ��� 2i

�� 2π � 2 ü e
�

2me þ 22 4 L û 2
02% n � a1 C a2 C b1 % nm C b2% nm C qx � Ù û 2

02%m � a1 C a2 C b1% nm C b2 % nm C 0� N C (C.193)S zz
nm �MTq ÿDC ω ��� 2i

�� 2π � 2 ü e
�

2me þ 22 L û 2
00% n � a1 C a2 C b1 % nm C b2 % nm C qx � Ù û 2

00% m � a1 C a2 C b1% nm C b2 % nm C 0� N C (C.194)

accordingto thetreatmentof thesetypesof integralsgivenin ComplementB. Abovewe
have used

a1 � a2 � �
qx

me
C (C.195)

b1 % nm � εn Ù εm
P �

q2
x

2me
Ù i

�
τnm

C (C.196)

b2 % nm � εn Ù εm
P �

q2
x

2me
Ù i

�
τnm

Ù �
ω H (C.197)
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Fermienergy, quantumwell thickness,andα U nV
Thenumberof electronsn �WTr � in a systemwherethespinenergiesaredegeneratecanbe
written

n �WTr ��� 2∑
N X ΨN �WTr � X 2 fN C (D.1)

wherethe number2 representsthe degeneracy of the spin energies,andthe sumruns
over all electronstatesin thesystemmultiplied by theprobabilityof finding anelectron
in thatstate.Thisprobabilityis givenasaFermi-Diracdistribution

fN � 1
1
P

exp �	��Y N Ù µ�	
 � kBT �	� C (D.2)

where Y N is the energy of the electronin stateN, µ is the chemicalpotential,kB is
Boltzmann’s constantandT is theabsolutetemperature.

Wewill now look at thecasewherewehave two-dimensionaltranslationalinvariance
along the x-y-plane. In this casethe wave function givesplane-wave solutionsin the
directionof theplane,

ΨN �WTr �!� 1
2π

ψn � z� ei Zκ []\ Zr (D.3)

andthecorrespondingenergy isY N � εn
P �

2κ2ÿ
2me

C (D.4)

whereκ ÿ!� X κ ÿ X . By insertioninto Eq. (D.1), it is convertedinto

n � z��� 2∑
n X ψn � z� X 2 G ∞^ ∞ _ 1

P
exp ù εn

P � � 2κ2ÿ �	
 � 2me � Ù µ

kBT ú!` ^ 1
d2κ ÿ� 2π � 2 C (D.5)

takingintoaccountthatthesumovertheplane-waveexpansionparallelto thesurfacecan
beconvertedinto anintegral,andthenotationn � z��� n �WTr � is introducedfor consistency.
Solvingtheintegral,we get

n � z��� 2m�
2 ∑

n
Gn X ψn � z� X 2 C (D.6)
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with

Gn � kBT
2π

ln � 1 P
exp ü µ Ù εn

kBT þ � (D.7)

asthenumberof electronsin thequantumwell for any temperatureT.

D.1 Fermi energy in the low temperature limit

In thelow temperaturelimit, thechemicalpotentialobeys,

lim
T a 0

µ � Y F C (D.8)

where Y F is theFermienergy. Then

Gn � 1 0 for εn b Y F C��Y F Ù εn �	
 � 2π � for εn c Y F C (D.9)

for T � 0, andthus

n � z� X T a 0 � m
π
�

2 ∑
n

��Y F Ù εn � Θ ��Y F Ù εn � X ψn � z� X 2 (D.10)

is thenumberof electrons(negative charges)in thesystem.
Additionally, the global neutrality condition teachesthat if the net electric charge

shouldbezero,thenumberof positivechargesshouldbeequalto thenumberof negative
charges,thatis

ZNd d � G n � z� dz� m
π
�

2 ∑
n

��Y F Ù εn � Θ ��Y F Ù εn � G X ψn � z� X 2dz� m
π
�

2 ∑
n

��Y F Ù εn � Θ ��Y F Ù εn � (D.11)

whereNd is thenumberof positive ionsperunit volumeandZ is thevalenceof eachof
theseions.

DefiningthequantityNF astheindex of thehighestoccupiedlevel, thismayberewrit-
teninto

ZNd d � m
π
�

2

NF

∑
n� 1

�MY F Ù εn �eC (D.12)

from which theFermienergy easilyis extractedasY F � 1
NF ù π �

2

me
ZNd d

P NF

∑
n� 1

εn ú H (D.13)
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D.2 Infinite barrier quantum well

In theinfinite barriermodelfor aquantumwell extendingfrom 0 to Ù d in thez-direction
andinfinitely in thex-y-plane,we have

εn � π2
�

2n2

2med2 C (D.14)

which insertedinto Eq. (D.13)givesY F � 1
NF ù π �

2

me
ZNd d

P π2
�

2

2med2

NF

∑
n� 1

n2 ú� π
�

2

NFme � ZNd d
P π

2d2

NF � NF
P

1� � 2NF
P

1�
6

� H (D.15)

Fromthis equation,the limits on the thicknessof thequantumwell canbedetermined
if we know the numberof boundstateswe want below the Fermi level, the minimal
thicknessfor thequantumwell tohaven levelsbeingdeterminedfromthesimplerelationY F � εn, andthusthe maximal thicknesscanbe determinedfrom Y F � εnd 1, sinceit
hasthesamelimit valueastheminimal thicknessto obtainn

P
1 boundstates.Thus,for

n boundstatesbelow theFermilevel,

π
�

2

nme � ZNd d
P π

2d2

n � n P
1� � 2n

P
1�

6
�f� π2

�
2n2

2med2 C (D.16)

whichgivestherelatedminimalandmaximalthicknessesto have thesen boundstates

dn
min � 3 πn

2ZNd � n2 Ù � n P
1� � 2n

P
1�

6
� C

dn
max � 3 π � n P

1�
2ZNd � � n P

1� 2 Ù � n P
2� � 2n

P
3�

6
� H (D.17)

For a quantumwell with only a singleboundstatewe thusget

d g 1hmin � 0 C
d g 1hmax � 3

ø
3π 
 2ZNd C (D.18)

for two boundstates

d g 2hmin � 3
ø

3π 
 2ZNd C
d g 2hmax � 3

ø
39π 
 6ZNdiC (D.19)

andsoon.
Since

�
2k2

F � 2me Y F , theradiusof thetwo-dimensionalFermicircle for staten, α � n� ,
usedasintegrationboundaryin AppendixB canbefoundusingEq. (D.15). It is

α � n�j� πZNd d
NF

P π2

2d
� NF

P
1� � 2NF

P
1�

6 Ù n2π2

d2 H (D.20)
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Solutionto integralsover z in Chapter14

In thisappendixwegivesomeintermediatestepsof thesolutionto integralsin thequan-
tity K �MTq ÿDC ω � apperingin thedescriptionof themultilevel quantumwell in Chapter14.

Insertingthe expressionsfor the different F quantities[Eqs. (14.18)–(14.22)]into
Eqs.(14.26)–(14.30),weget

Kvl
xx% mn �ATq ÿ�C ω ��� Ù iµ0ω 1 S xx

lv �MTq ÿDC ω � GOG � x
mn � z� Gxx � zC z� � ; Tq ÿDC ω �$� x

lv � z� �&� dz� � dzÙ i
S xz

lv �ATq ÿ�C ω � GOG � x
mn � z� Gxz � zC z� � ; Tq ÿ�C ω �$� z

lv � z� � � dz� � dz klC (E.1)

Kvl
xz% mn �MTq ÿDC ω ��� iµ0ω 1 i

S xz
lv �MTq ÿ�C ω � GOG � x

mn � z� Gxx � zC z� � ; Tq ÿ�C ω �$� x
lv � z� � � dz� � dzP S zz

lv �MTq ÿDC ω � GQG � x
mn � z� Gxz � zC z� � ; Tq ÿDC ω �$� z

lv � z� � � dz� � dz k C (E.2)

Kvl
yy%mn �MTq ÿDC ω ��� Ù iµ0ω

S yy
lv �MTq ÿ�C ω � G!G � x

mn � z� Gyy � zC z� � ; Tq ÿ�C ω �$� x
lv � z� � � dz� � dzC (E.3)

Kvl
zx% mn �MTq ÿDC ω ��� Ù iµ0ω 1 S xx

lv �MTq ÿ�C ω � q ÿ
q: GOG � z

mn � z� Gxx � zC z� � ; Tq ÿ�C ω �$� x
lv � z� � � dz� � dzÙ i

S xz
lv �ATq ÿ�C ω � q ÿ

q: GOG � z
mn � z� Gxz � zC z� � ; Tq ÿ�C ω �$� z

lv � z� � � dz� � dz klC (E.4)

Kvl
zz% mn �MTq ÿDC ω ��� iµ0ω 1 i

S xz
lv �ATq ÿ�C ω � q ÿ

q: GOG � z
mn � z� Gxx � zC z� � ; Tq ÿ�C ω �$� x

lv � z� � � dz� � dzP S zz
lv �MTq ÿ C ω � q ÿ

q: GOG � z
mn � z� Gxz � zC z� � ; Tq ÿ C ω �$� z

lv � z� � � dz� � dz k H (E.5)

Using an infinite barrierpotentialalongthe z-directionof the quantumwell, the � � z�
quantitiesaredescribedin Eqs.(14.34)and(14.35). Thenby useof Gradshteyn and
Ryzhik (1994),Eqs.2.663.1and2.663.3,G eaxsin� bx� dx � eax � asin� bx� Ù bcos� bx� �

a2 P
b2 C (E.6)G eaxcos� bx� dx � eax � acos� bx� P bsin� bx� �

a2 P
b2 C (E.7)
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we find thatintegralsover thesourceregion takestheformG 0^ d
eaxsin ü bπx

d þ dx � πbd
�
ê ad � Ù 1� b Ù 1�
a2d2 P π2b2 C (E.8)

G 0^ d
eaxcos ü bπx

d þ dx � ad2 � 1 Ù ê ad � Ù 1� b �
a2d2 P π2b2 C (E.9)

in whichb is aninteger. This resultleadstoG Gxx � zC z� ; Tq ÿ C ω �$� x
nm � z�&� dz�m�

2π2nmc20q2: d L 1 P
r p Ù � ê iq 6 d P

r peiq 6 d  � Ù 1� nd mN
ω2 � � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P

m� 2 � ê iq 6 z C (E.10)G Gxz � zC z� ; Tq ÿ�C ω �$� x
nm � z� � dz� �

2π2nmc20q ÿ q: d L 1 Ù r p Ù � ê iq 6 d Ù r peiq 6 d  � Ù 1� nd mN
ω2 � � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P

m� 2 � ê iq 6 z C (E.11)G Gyy � zC z� ; Tq ÿ�C ω �$� x
nm � z� � dz� �

2π2nmd L 1 Ù rs Ù � ê iq 6 d Ù rseiq 6 d  � Ù 1� nd mN� � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P
m� 2 � ê iq 6 z C (E.12)G Gxz � zC z� ; Tq ÿ�C ω �$� z

nm � z� � dz� �
2π4nm� n2 Ù m2 � c2

0q ÿ � � ê iq 6 d P
r peiq 6 d � � Ù 1� nd m Ù 1 Ù r p�

iω2d
� � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P

m� 2 � ê iq 6 z C (E.13)

andG � x
mn � z� ê iq 6 zdz � 4π2nmiq: d

�
eiq 6 d � Ù 1� nd m Ù 1�� � iq : d � 2 P π2 � n Ù m� 2� � � iq : d � 2 P π2 � n P

m� 2� C (E.14)

G � z
mn � z� ê iq 6 zdz � 4π4nm� n2 Ù m2 � � eiq 6 d � Ù 1� nd m Ù 1�

d
� � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P

m� 2 � C (E.15)

since � Ù 1� n ^ m � � Ù 1� nd m for n andm integers.Then

Fxx
nm � z; Tq ÿ3C ω ��� Ù 2π2inm

ε0ω
ê iq 6 z / S xx

nm �MTq ÿDC ω � q2: d
P S xz

nm �MTq ÿ�C ω � π2 � n2 Ù m2 � q ÿ
d n2 1

P
r p Ù � ê iq 6 d P

r peiq 6 d  � Ù 1� nd m� � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P
m� 2 � (E.16)

Fxz
nm � z; Tq ÿ3C ω ��� 2π2inm

ε0ω
ê iq 6 z / i

S xz
nm �MTq ÿDC ω � q2: d Ù S zz

nm �MTq ÿ�C ω � π2 � n2 Ù m2 � q ÿ
id n2 1

P
r p Ù � ê iq 6 d P

r peiq 6 d  � Ù 1� nd m� � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P
m� 2 � C (E.17)
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Fyy
nm � z; Tq ÿ3C ω ��� Ù 2π2iµ0ωnmdê iq 6 z S yy

nm �MTq ÿ�C ω �2 1 Ù rs Ù � ê iq 6 d Ù rseiq 6 d  � Ù 1� nd m� � iq : d � 2 P π2 � n Ù m� 2 � � � iq : d � 2 P π2 � n P
m� 2 � C (E.18)

If we now insertEqs.(E.16)–(E.18),(14.21)and(14.22)into Eqs.(E.1)–(E.5)andper-
form theremainingintegration,we getEqs.(14.26)–(14.30).
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Nieto-Vesperinas,M. andN. Garćıa(Eds.)(1996).Opticsat theNanometerScale:Imag-
ing andStoringwith PhotonicNearFields. Dordrecht:Kluwer. ISBN 0-7923-4020-5.



180 Bibliography

Nkoma,J.S. (1989).Theoryof Ramanscatteringby surfacepolaritonsin a four-media
system.J. Phys.Cond.Matt. 1, 9623–9636.

Nosach,O.Y., V. I. Popovichev, V. V. Ragul’skii, andF. S.Faizullov (1972).Cancellation
of phasedistortionsin anamplifying mediumwith a “Brillouin mirror”. ZhETFPis.
Red.16, 617–621.

Nunzi,J.M. andD. Ricard(1984).OpticalPhaseConjugationandRelatedExperiments
with SurfacePlasmaWaves.Appl.Phys.B 35, 209–216.

O’Keefe,J.A. (1956).ResolvingPowerof VisibleLight. J. Opt.Soc.Amer. 46, 359.

Otto, A. (1968). Excitation of Nonradiative Surface PlasmaWaves in Silver by the
Methodof FrustratedTotal reflection.Z. Phys.216, 398.

Otto, A. (1976).Spectroscopy of surfacepolaritonsby attenuatedtotal reflection.In
B. O. Seraphin(Ed.),OpticalPropertiesof Solids– New Developments, pp.677–729.
Amsterdam:North-Holland.ISBN 0-7204-0363-4.

Paesler, M. andN. vanHulst (Eds.)(1995).Near-field OpticsandRelatedTechniques.
Amsterdam:North-Holland.Ultramicroscopy61, Nos.1–4,1–304.

Paesler, M. A. andP. J.Moyer (1996).Near-Field Optics:Theory, Instrumentation,and
Applications. New York: Wiley. ISBN 0-471-04311-7.

Pedersen,K. (1995).Second-harmonicgenerationfrom surfacesof centrosymmetricme-
dia. In O. Keller (Ed.),Studiesin ClassicalandQuantumNonlinearPhenomena, pp.
385–418.New York: NovaScience.ISBN 1-56072-168-5.

Pepper, D. M. (1982).Nonlinearopticalphaseconjugation.OpticalEngineering21, No.
2, 156–186.

Pepper, D. M. (1985).NonlinearOpticalPhaseConjugation.In M. L. StitchandM. Bass
(Eds.),LaserHandbook,Volume4, pp.333–485.Amsterdam:North-Holland.ISBN
0-444-86927-1.
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Dansk resuḿe

For at studereden mulige fasekonjugationaf optiske nærfelterer det nødvendigt at
gå ud over denlangsomtvarierendeindhyldningskurve approksimationsamtdenelek-
triske dipoltilnærmelse,der normalt anvendesi fasekonjugationsstudier hvor rumligt
udæmpede(eller i detmindstesvagtdæmpede)svingningerblandes.I denforeliggende
afhandlingpræsenteresen vilkårlig-fasetilnærmetberegning af denulineæreog ikke-
lokale optiske responstensorder beskriver denulinerærestrømtæthedaf tredieorden,
somgenereresaf firebølgeblandingi en uensartetelektrongas.Beskrivelsener baseret
på en halvklassiskmodel,hvori det elektromagnetiske felt antagesat væreen klassisk
størrelseogudgangspunkteterbevægelsesligningenfor tæthedsmatrix-operatoren. Vek-
selvirkningsHamilton-operatorenanvendesi densminimalekoblingsform,ogdeninde-
holderdet led i strømtæthedsoperatoren,der er proportionaltmeddet påtryktevektor-
potential. Ved brug af denneformalismeer denrumlige strukturaf systemetsoptiske
responsbeskrevet ved hjælp af mikroskopiske overgangsstrømtætheder. Beregningen
inkludererderfor bådebidrag fra Tp � TA og TA � TA leddenei vekselvirknings-Hamilton-
operatoren.Det er vist at der introduceresnoglevigtige fænomener, somer begrebs-
mæssigtforskellige fra dederharderesoprindelsei Tp � TA-leddet,vedat inkludere TA � TA
leddeti vekselvirkningsHamilton-operatoren.For atfremhævedenfysiskemeningaf de
forskellige processerer koblingernemellemobservationspunkterfor feltet og strømtæt-
hedenpræsentereti form af diagrammer. Resultatetaf enanalyseaf tensorsymmetrierne,
der er tilknyttet Tp � TA og TA � TA vekselvirkningerne er summereti form af symmetriske-
maerfor fasekonjugationsprocessen. Den teoretiske modelefterfølgesaf en beregning
af detfasekonjugerederesponsfra enet-niveaumetalliskkvantebrønd.Et-niveaukvan-
tebrøndenrepræsentererdensimplestmuligekonfigurationenkvantebrønds-fasekonju-
gatorkan have. Ydermereer denet interessantobjekt, idet densoptiske responsikke
indeholdernogetdipol-led. Diskussionenaf responseter baseretpå stimuleringaf pro-
cessenvedbrugaf lys,dererpolariseretenteni spredningsplanetellervinkelretpåspred-
ningsplanet. Det vises,at fasekonjugationsprocessen er ekstremteffektiv i det dæm-
pedeomr̊adeaf bølgevektor-spektret.Dernæstanskuesproblemetmedatgenerereplane
bølgertil excitationi denhøjeendeaf detdæmpedespektrum,ogvi diskutererbrugenaf
enbredb̊andskilde(i vinkelspektret)til at stimulereprocessen.Ensådanbredb̊andskilde
kanværeenkvantetr̊ad,og det fasekonjugeredevinkelspektrumfra enkvantetr̊ad præ-
senteresogdiskuteres.Kvantetr̊adenssubbølgelængdestørrelsegørdenenmulig kandi-
dattil endiskussionaf denmuligerumligekomprimeringaf lys, og rumlig begrænsning
af lys foranenet-niveaumetalliskkvantebrøndsfasekonjugator er diskutereti to dimen-
sioner. Det retfærdiggøresat manved et passendevalg af strømtæthedensorientering
i kvantetr̊adenkan opn̊a en feltkomprimering,der er væsentligtpå denandensideaf
Rayleighsgrænseværdi. Afhandlingenafsluttesmed en kort beskrivelseaf det mere
generelletilfælde,hvor kvantebrøndentilladesat have mereendenenergi-egentilstand.
Numeriske resultater, der viser responsethvis en to-niveaukvantebrøndanvendessom
fasekonjugerendemedium,er præsenteretogdiskuteret.
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In orderto studythepossiblephaseconjugationof opticalnear-fields, it is necessaryto go
beyond the slowly varying envelope-andelectricdipole approximationsthat arenormally
appliedin phaseconjugationstudieswherespatiallynon-decaying(or at leastslowly decay-
ing) modesaremixed. In thepresentdissertationarandom-phase-approximation calculation
of the nonlocalnonlinearoptical responsetensordescribingthe third ordernonlinearcur-
rent densitygeneratedby degeneratefour-wave mixing in an inhomogeneouselectrongas
is established.Thedescriptionis basedon a semi-classicalapproach,in which theelectro-
magneticfield is consideredasa classicalquantity, andthestartingpoint is theequationof
motionfor thedensitymatrix operator. The interactionHamiltonianis taken in its minimal
couplingform, andit includesthetermin thecurrentdensityoperatorwhich is proportional
to the prevailing vectorpotential. Using this formalismthe spatialstructureof the optical
responseof thesystemis describedin termsof themicroscopictransitioncurrentdensities.
The calculationthusincludescontributionsoriginatingfrom both the Tp � TA and TA � TA terms
in the interactionHamiltonian. It is demonstratedthat inclusionof the TA � TA termin the in-
teractionHamiltonianintroducessomeimportantphenomenathatareconceptuallydifferent
from thoseoriginatingin the Tp � TA part. To emphasizethephysicalmeaningof thevarious
processes,thecouplingsbetweenobservation pointsfor thefield andthecurrentdensityis
presentedin a diagrammaticform. Theresultof ananalysisof thetensorsymmetriesasso-
ciatedwith the Tp � TA and TA � TA interactionsaresummarizedin termsof symmetryschemes
for the phaseconjugationprocess.The theoreticalmodel is followed by a calculationof
thephaseconjugatedresponsefrom a single-level metallicquantumwell. Thesingle-level
quantumwell representsthesimplestpossibleconfigurationof a quantum-wellphasecon-
jugator. Furthermore,it is aninterestingobject,sinceits opticalresponsecontainsnodipole
terms. The discussionof the responseis basedon the useof light that is polarizedeither
in the scatteringplaneor perpendicularto the scatteringplaneto excite the process.It is
demonstratedthat the phaseconjugationprocessis extremely efficient in the evanescent
regimeof thewavevectorspectrum.Weaddresstheproblemof plane-wave excitationin the
high wavenumberendof theevanescentregimeanddiscusstheuseof a broadbandsource
to excite the process.Onepossiblebroadangularbandsourceis a quantumwire, andthe
phaseconjugatedangularspectrumfrom a quantumwire is presentedanddiscussed.The
subwavelengthsizeof thequantumwire makesit apossiblecandidatefor discussionof con-
finementof light, andtheconfinementof light in two dimensionsin front of a single-level
metallicquantum-wellphaseconjugatoris discussed.It is justified thatby a properchoice
of orientationof thecurrentin thequantumwire a field compressionsubstantiallybeyond
theRayleighlimit is obtained.Thethesisis concludedwith a shortdescriptionof themore
generalcasewherethe quantumwell is allowed to have morethanoneenergy eigenstate,
and numericalresultsshowing the responsefrom a two-level quantumwell as the phase
conjugatingmediumarepresentedanddiscussed.

MED ET RESUMÉ PÅ DANSK . ISBN 87-89195-16-7


